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1 Introduction

In many estimation problems the parameters can be divided into two groups. The
first group contains the target parameter; it answers the question of interest. The
second group consists of nuisance parameters; they are not of primary interest but
have to be estimated along the way. In program evaluation where the target is an
average treatment effect the nuisance parameters may describe a propensity score.
In structural settings they may be the parameters of the underlying model needed
to generate policy counterfactuals. In the panel and network settings that we will
focus on here they are fixed effects, one or more of them for each individual, firm, or
network node.

Identification of the target parameter is typically based on a moment condition in
which the nuisance parameters appear. A feasible estimating equation then requires
these to be replaced by an estimator. When nuisance parameters are numerous or
imprecisely estimated, as in panel and network data models with fixed effects, the
estimating equation is generally biased and inference may be substantially affected.

A popular response is to replace or modify the moment function to render it
less sensitive to the nuisance parameters, in a well-defined sense. In this paper we
review and connect three such possibilities. The first one is Neyman orthogonality,
introduced in Neyman (1959). It requires the first derivative of the expected moment
with respect to the nuisance parameters to be zero at the truth. This zero expected-
Jacobian condition is at the heart of the modern double/debiased machine-learning
(DDML) literature as in Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey,
and Robins (2018). It introduces enough insensitivity to permit the target parameter
to be estimated at the parametric rate while allowing for (sample-split) first-step

/4 where n is the sample size (see
M )

estimators that converge at a rate faster than n~
e.g., Newey, 1994).

In this paper we focus on models that have a likelihood structure, where the
density of the data depends on a fixed-dimensional parameter vector, a vector of
(many) nuisance parameters, and possibly a set of exogenous covariates. In this
setting a Neyman-orthogonal moment can be constructed by projecting the original
moment function onto the orthogonal complement of the score of the nuisance pa-
rameters, as Neyman (1959) originally proposed. The DDML approach to estimation

then consists of generalized method of moments (GMM) estimation based on such a



Neyman-orthogonal moment, with a sample-split estimate of the nuisance parameter
plugged in.

However, the faster-than-n~"/* convergence may be too strong a requirement in
practice, when the nuisance parameters are too many or too hard to estimate. As
discussed in Bonhomme, Jochmans, and Weidner (2024), standard panel data settings
with NV units, 7" periods, and n = N'T' observations are a case in point. Indeed, unit
fixed effects are estimated at the 772 rate, which is not asymptotically negligible
relative to n=/* = (NT)~"/* unless N is negligible relative to T’; that is, unless the
panel is so long that there is no incidental parameter problem to start with.

In panel data, it is sometimes possible to difference out the fixed effects entirely,
as happens in linear panel data models (e.g., Arellano, 2003b, Chamberlain, 1992)
and certain classes of nonlinear models where quasi-differencing approaches are avail-
able (e.g., Arellano and Honoré, 2001). This gives rise to moment functions whose
expectation is equal to zero irrespective of the value of the nuisance parameters, and
to estimators that are consistent for fixed T as N tends to infinity without the need
for first-step estimates of nuisance parameters or sample splitting. In panel data,
informative such moments do not necessarily exist (Chamberlain, 2010). A general
approach to find them is functional differencing, as introduced in Bonhomme (2012).

Motivated by these differencing approaches in panel data settings, the second no-
tion of insensitivity that we consider here is full orthogonality, in the sense that the
expected moment is zero at every value of the nuisance parameters. We show that
the projection approach of functional differencing can be applied to general nuisance
parameters, not only fixed effects in panel data. This broadens the observation in
Bonhomme and Dano (2024), who consider functional differencing in network set-
tings. In contrast to Neyman orthogonality, full orthogonality is a global property.
We show that fully orthogonal moments can be obtained by projecting the original
moment function, similarly to Neyman’s original proposal, with the difference that
the projection is orthogonal to the closed span of likelihood ratios under the model,
hence infinite-dimensional in general.

The third notion, Neyman orthogonality to order ¢ (Mackey, Syrgkanis, and Zadik,
2018), lies between the other two. Here, all derivatives to order g of the moment
vanish at true parameter values. This notion is a local one, and it coincides with
usual Neyman orthogonality when ¢ = 1. While estimation using order-q orthogonal

moments requires first-step estimates of nuisance parameters and sample splitting,



Figure 1: Achieving orthogonality by projection

Neyman orthogonality order-q orthogonality Full orthogonality

S =span{V, In f} S= span{V%f/f7 forj=1,..,q} S = span{ f,/ fy, for all 0}

Notes: u denotes the original moment, u* the orthogonal moment, S is the space that defines the
projection: scores with respect to the nuisance parameter 7 for Neyman orthogonality, derivatives
of likelihood ratios (or Bhattacharyya basis) for order-¢g orthogonality, and likelihood ratios for full
orthogonality. All these concepts will be defined in detail in the text.

the rate requirement is less restrictive compared to Neyman orthogonality: a rate
faster than n~"72@*+V is sufficient to ensure asymptotic unbiasedness. For example,
in panel data settings where unit fixed effects are estimated at the T~2 rate, the
condition requires N to be negligible relative to 79. This is less restrictive the larger
q is, and it corrects for first-order incidental parameter bias as soon as ¢ > 2. This
property is similar to large-/N,T" bias reduction approaches in the panel literature
(see, e.g., Hahn and Newey, 2004 and Dhaene and Jochmans, 2015a,b).

An explicit construction of such order-¢ orthogonal moment functions is given
in Bonhomme, Jochmans, and Weidner (2024). It consists in projecting the original
moment function orthogonally to the span of the first ¢ elements of the Bhattacharyya
(1946) basis (which are generalized score functions). This construction generalizes the
projected-score approach (Small and McLeish, 1989, Waterman and Lindsay, 1996)
to general moments and target parameters, and it can be interpreted as constructing
a higher-order influence function (Robins, Li, Tchetgen Tchetgen, and van der Vaart,
2008) in models with a likelihood structure.

In our likelihood setting, each of the three notions of orthogonality arises from

the same operation. In each case, we project the original moment function u on a



subspace S spanned by functions of the data and keep the residual u*, which is the
orthogonal moment. We provide a graphical illustration in Figure 1. For Neyman
orthogonality, the subspace S is the span of the nuisance score. For orthogonality to
order ¢ it is the span of the first ¢ generalized score functions. For full orthogonality
it is the closed span of all likelihood ratios of the model. The three subspaces are
nested, and so the trade-off between each of the three forms of orthogonality is easy
to see: the larger the subspace, the more of the original moment is removed. This
increases robustness to estimation noise in the nuisance parameters but, at the same
time, decreases the information about the target parameter that remains present.
This geometric principle allows us to connect seemingly-different procedures that
have appeared in the literature.

While our aim is largely expository, several of the connections we draw appear
to be new. We characterize full orthogonality as orthogonality to the closed span of
the model’s likelihood ratios, which yields a projection-based construction of fully-
orthogonal moments in general likelihood models that generalizes the scope of the
functional differencing approach. We show that this construction coincides with Ney-
man’s projection device, applied to a semiparametric mixture model in which the
distribution of the nuisance parameter is itself the nuisance parameter. We also show
that, under an analyticity condition, a moment that is orthogonal to every order ¢
is fully orthogonal, so that the three notions can be viewed as a single increasing
sequence of projections. Finally, we show that the orthogonality notions and pro-
jections can be naturally adapted to handle more general target parameters such as
average effects, for example.

Throughout the presentation we use several examples: a binary-choice logit model,
a panel data Poisson model, and a nonlinear regression model with Gaussian errors.
The logit case is sufficiently general to cover the classic fixed-effect panel-data model
going back to Rasch (1961), the S-model of network formation (Chatterjee, Diaconis,
and Sly, 2011, Graham, 2017), as well as generic high-dimensional logistic regression
(Sur and Candes, 2019). An interesting feature of this model is that all projections
can be written down in closed form. For example, Neyman orthogonalization amounts
to variance-weighted demeaning, whereas higher-order orthogonalization consists in
projecting on powers of the sufficient statistic. For the panel logit in particular,
the construction naturally comes to an end when ¢ is equal to the length of the

panel, in which case it delivers the conditional-logit score of Rasch (1961), Andersen



(1970), and Chamberlain (1980). The panel Poisson example shows a case where
Neyman orthogonality automatically achieves full orthogonality. Lastly, the nonlinear
regression example differs from the other two in that it belongs to a curved exponential
family (Efron, 1975), and does not possess a low-dimensional sufficient statistic. Yet,

higher-order projections remain tractable in this case.

2 Three notions of orthogonality

2.1 Moment conditions and plug-in bias

We will work in a setting where we are interested in a target parameter 6, € ©, known

to be identified through a vector of d, moment conditions
E [u(y>$7907770)] =0. (21)

Here the vectors y and x are data and represent outcomes and regressors, respectively,
no € H C R% is a nuisance parameter, and the function u is known. Estimation
problems of this kind are common. For example, a propensity score or a conditional
mean of potential outcomes plays the role of 7y in program evaluation, where an
average treatment effect may be the target 6. Difference-in-differences settings, both
linear and nonlinear, collect unit and time effects into 7y and a policy parameter into
0y. In structural analysis 1y would usually contain the parameters of the underlying
structural model, whereas 6, would then be a policy counterfactual of interest. In
applications, estimands that depend on 7, such as average treatment effects or welfare
quantities, are also of interest, and we will study them in Section 6.

Consider a sample of independent observations (y;, x;), and let 7 be an estimator
of the nuisance parameter. It is then natural to estimate 6y by the plug-in generalized
method of moments (GMM) estimator (Hansen, 1982)

2 , (2.2)

Z U(yz; Zi, 07 ﬁ)

i

f = argmin
€O

for a chosen positive-definite weight matrix Q, where ||a||3, = a'Qa. We denote the

total number of observations as n.!

'In N x T panel-data settings an observation is the set of T' time-series observations on a given



However, estimation noise in 7 introduces bias in the estimating equation for 6,
in that

E [U(y, T, 907 7/7\)] 7é 0.

This bias can be substantial when 7 is very imprecise; for example, this occurs when
7o is high-dimensional as in models with fixed effects. Bias in the moment equation
generally implies that the plug-in estimator 0 is biased as well. This, then, invalidates
conventional inference procedures based on it.

One way to proceed is to work with a modified version of the moment function w,

say u*, which still satisfies

E [u*(y, x,00,m0)] = 0, (2.3)

but which at the same time is less sensitive to estimation noise in the nuisance pa-
rameter. Then, estimation is simply based on (2.2) using u* instead of u. We will

consider three notions of insensitivity, or orthogonality.

2.2 Definitions

Each of the three notions of orthogonality that we consider delivers a modified es-
timating equation. We will denote these as uj for Neyman orthogonality, wu; for
orthogonality to order ¢, and u’, for full orthogonality. In addition to (2.3), these

functions are designed to satisfy, respectively,
E[V,ui(y, z,00,m0)] = 0, (2.4)
where V,u is the d, x d,, matrix of partial derivatives in 7,
E[Vius(y,z,00,m)] =0  j=1,..0 (2.5)

where V%u denotes the matrix of partial derivatives at order j, again with d, columns,
and, finally,
E [ul (y,z,00,m)] =0 forallneH. (2.6)

unit, out of a total of N units. Thus, in that case (2.2) concerns N summands, whereas the total
sample size is n = N7T. In a single network involving N nodes the sum collapses to a single term,
whereas the number of observations is n = N(N — 1)/2 (in the undirected case). All rate conditions
below are written in terms of n.



Neyman orthogonality, in (2.4), is the weakest of the three requirements, and general
recipes exist to transform a given u into uf. Full orthogonality, in (2.6), in contrast
is the strongest. However, informative fully-orthogonal moments do not always exist.
Orthogonality to a certain order ¢, in (2.5), then interpolates between these two
cases. We will study the three notions of orthogonality in Sections 3, 4, and 5,
respectively, within the scope of the likelihood framework, as in Neyman’s (1959)

original contribution. We describe this framework next.

2.3 Model and examples

In the conditional likelihood framework, the distribution of y given x belongs to the
family
{f(ylx:0.m): 0 €O,neM}

and so is known up to values of the parameters ¢ and 7. We will write E,.¢,, to denote
expectations under f(-|x;#0,n) and, as before, indicate true parameter values by 6,
and 7ny. Here, the parameter of interest is 6 and one natural option for the function u
would be the score function VyIn f, where we use Vy to denote the partial-derivative
operator with respect to 6. Other choices for u are possible, for example when the
score is difficult to calculate.

We now introduce the three examples we use as illustrations: a logistic regression

model, a Poisson model with fixed effects, and a nonlinear regression model.

Example 1 (Logit). Consider a generic logistic regression
y = 1{x16y + xomo + ¢ > 0}, e | 1,19 ~ iid. Logistic, (2.7)

where y € {0,1}", z; € R™% 2, € R™% and the indicator acts coordinate-wise.
We focus on situations where dy is moderate and d,, is large, and here our target
parameter is fy. A useful property of the model is that s = x,y is a sufficient
statistic for 79 at a given 6. Model (2.7) nests several popular specifications in the
literature, as we now illustrate.

A first special case of model (2.7) is the panel binary-choice model. Given a

random sample on individuals ¢+ = 1, ..., N, followed over time periods t = 1,...,T,



the panel logit model with a scalar outcome and individual-specific fixed effects is
Yit = 1 {LCIHO —+ Mio + €t 2 O} s Eit ’ Lilye ooy Xy ii.d. LOngth (28)

In this model, the maximum likelihood estimator is inconsistent for 7' fixed as N
tends to infinity (Chamberlain, 1980). Likewise, the plug-in estimator 6 based on
first-step estimates 7); is inconsistent too.

A second special case is a logistic model of network formation. Consider a process
of conditionally-independent undirected link formation where each pair of agents ¢ < j

decide whether to form a link according to the binary-choice model
Yij = 1 {.I’;;QO -+ Mio + 150 + €ij Z 0} s €ij | T ~ iid. LOngth (29)

Homophily is captured by the pair-level covariates gathered in x = (z;;);<;, and degree
heterogeneity by the agent effects gathered in 79 = (910, - .., mn0) ", where there are N
agents and n = N(N —1)/2 pairs. The maximum likelihood estimator 6 is consistent
as N tends to infinity but the asymptotic distribution of /n(f — 6;) is not centered
at zero (Graham, 2017, Jochmans, 2018).

More generally, model (2.7) also nests logistic regression models with a high-
dimensional matrix x5 of controls. In such settings, maximum likelihood is unreliable,
or fails to exist altogether, when d,, is not small relative to n, as shown by Sur and
Candes (2019). Models of binary choice on bipartite networks also share this structure
(Bonhomme and Dano, 2024).

Example 2 (Poisson with fixed effects). For a panel of counts, a common specification
is the Poisson model (see, e.g., Hausman, Hall, and Griliches 1984; Blundell, Griffith,
and Windmeijer 2002). For units ¢ = 1,..., N and time periods t = 1,...,T we
specify

Yie | Ti1, ..., xir ~ independent Poisson (), (2.10)

where p; = exp(z,,0p + 1) is the conditional mean. This model has the special
property that the Neyman-orthogonal score is in fact fully orthogonal, as we will see

in Section 3.

Example 3 (Nonlinear regression). Our third example is a nonlinear model for a



continuous outcome y € R,
y = m(z, Bo, M) + 00¢, e|x ~ iid. standard Gaussian, (2.11)

for a known function m, a matrix of covariates z, 1y a high-dimensional vector of
parameters, and 6y = (8, ,02)" a low-dimensional parameter. Model (2.11) contains
as special cases the model with two-way (e.g., worker and firm) heterogeneity of
Abowd, Kramarz, and Margolis (1999) and its nonlinear generalization introduced in
Crippa (2025), under the assumption that errors are Gaussian. The model also nests
models of team production (as in Ahmadpoor and Jones, 2019, for example). Unlike
the first two examples, the nonlinear regression model is not part of the standard
exponential family in general, and it does not admit a low-dimensional sufficient

statistic for ny.

3 Neyman orthogonality

3.1 DMotivation

Recall that a function uj is Neyman orthogonal if two conditions hold: it has mean
zero at the truth, as in (2.3), and its derivative in 1 has mean zero at the truth,
as in (2.4). To motivate this second condition, suppose for the presentation that
d, = d, = 1, so both the nuisance parameter and moment condition are scalar.
Expand u} around the nuisance parameter, take expectations, and exploit (2.3) to

arrive at
E [ui(y, z,00,7)] = E[V,ui(y, z,60,m0) (7 — 1n0)] + (higher-order terms), (3.1)

where here expectations are taken at 6y, 1y, and the population distribution of x.

We will assume that the estimator 7 is independent of the estimation sample.
Under random sampling, a way to enforce independence is to estimate 7 on one part
of the sample, and to estimate the target parameter 5, given the first-step estimate
7, based on the left-out observations. This sample-splitting strategy is popular in
the literature, and variability can be reduced by using multiple splits and averaging
the resulting estimates, through cross-fitting (Chernozhukov, Chetverikov, Demirer,
Duflo, Hansen, Newey, and Robins, 2018).

10



The dominant term on the right-hand side of (3.1) can then be written as

cov [Vyyu(y, 2,00, 10), (71 = no)] + E [Vyui(y, x, 6o, m0) E [(17 = 10)]

=0 by independence (sample-splitting) =0 under (2.4)

where the first term is zero by independence and the second term is also zero since
uj is Neyman orthogonal, i.e., (2.4) holds.

As such, Neyman orthogonality removes the leading term from the bias expansion
(3.1). The remaining bias is of the order of the mean-squared error E(||7 — no|[*)
in general. It will be asymptotically negligible provided that it goes to zero faster

than n="

/2. This requires the first-step estimator 7j to converge at a rate faster than
n~"*. Hence, with Neyman orthogonality and sample splitting, bias is asymptotically
negligible even though nuisance parameters are estimated at a slower-than-parametric

rate.

3.2 Neyman’s (1959) orthogonality construction

In our likelihood setting, the requirement of Neyman orthogonality can be expressed
in terms of the correlation between uj and the score for the nuisance parameter. To
see this, we first adapt the Neyman orthogonality property to the current setting, by
requiring that it holds conditionally on = and at all values of the parameters. That

is, we call u] Neyman orthogonal if
Eso, [Vyui(y, z,60,1m)] =0 for all # € ©, n € H, almost every z. (3.2)

We will also require uj to be unbiased conditionally on x and at all values of the

parameters; that is,
Eyo. [ui(y,z,0,nm)] =0 for all 6 € ©, n € H, almost every x. (3.3)

The construction below will guarantee (3.3) and (3.2), which are slightly stronger
than (2.3) and (2.4), respectively.
To proceed, note that (3.3) is equivalent to

/uf(y,x,ﬁ,n) fly|z;0,n)dy=0 for all 0 € ©, n € H, almost every z. (3.4)

11



Differentiation with respect to n produces

B [V} (4,7, 0,0)] + By [V In f(y | 250,m) ui(y,2,0,m) | = 0.

Hence, letting
w1<yax7877]) = Vn hlf(y | ]7;9,7]),

it follows that the Neyman orthogonality property (3.2) is equivalent, under (3.3), to

E..0, {uf(y,x, 0,m)w(y,x,0, n)T} =0 for all 0 € ©, n € H, almost every .
(3.5)
The characterization in (3.5) readily points to the practical construction of Neyman-
orthogonal moments, as initially proposed in Neyman (1959). Denote the orthogonal

projection of a function v onto a space S by
Pr0j., [0 8] = argmin Euvoy [[0(y) = h(v)I]. (3.6)

The orthogonal moment u] is simply constructed by projecting the original u onto

the span of w; and keeping the residual,

UT(',I, 97 77) = U(‘, T, 9777) - Projx;@,n [U(',%, 67 77) H span {wl('a T, 9777)}] : (37)

The projection guarantees that (3.5) holds. Moreover, since Eg, [wi(y,z,0,n)] =
0, (3.3) holds as well whenever the original moment function u is unbiased at all
parameter values.

Finally, since 7 is finite-dimensional, the projection is finite-dimensional as well

and the orthogonal moment w7} in (3.7) takes the explicit form
Ui(y, xz, 97 77) = U(y, xz, 97 77) - A1<£L', 97 77) wl(y7 Z, 67 n)’ (38)
with least-squares projection coefficient
T 7171
Al(%e’??) = Em;@,n [U(yﬂfae’??) wl(y,l’ﬁ;??) } ]EI;G,T] [wl(%%eﬂ?) wl(y7x79777) } )

provided the Gram matrix Eg.g, [wl(y, x,0,n)w (y,z,0, n)T} is non-singular.

12



3.3 Examples

Example 2 (continued). Take a single unit from the panel Poisson model (2.10)
and let p; = vl 01 = (0 en, Here, taking the original moment function u to be the

score with respect to 6, we have

T T
wy = Vyln f = (y — ), u=Volnf=> z (g — ).
=1

t=1
By the mean-variance equality of the Poisson distribution, the least-squares projection
coefficient is

exje

2ot ey _
A]. = —— = ptxt = x’ pt = = 7
Zt Kt zt: Z’T ezIG

which is a weighted mean of the regressors. Hence,

™=

*
ul_

(@ — ) (ye — pue), (3.9)

t=1

in which the weighted covariate mean 7 is free of 7.

In fact, in this model ] itself is free of 7. To see this, note that

£,
I
™=

(T —7) (Y — )
(l’t—f)yt—e"Z(xt—*
(xy —T)yy — €" (Ze TG) z;pt (xy — T)

1

~+~
I

|
M=

o~
Il

1

Il
™=

t=1

Il
M=

(xe — @)y, (3.10)

-
Il

1
where the last equality uses that >, p;(x; — T) = 0. Consequently, for every 7',
T
Evom [ui(y, 2,0,1)] = > (20 = T) py = €" (Z e” ) S (w =0, (3.11)

t=1

and the Poisson model’s Neyman-orthogonal score is fully orthogonal in the sense of
(2.6).

This robustness property arises from multiplicative separability, and relates to

13



the property that the Poisson fixed-effects maximum likelihood estimator is immune
to the incidental parameter problem (Hausman, Hall, and Griliches, 1984, Blundell,
Griffith, and Windmeijer, 2002, Lancaster, 2002, Dhaene and Jochmans, 2015a).

Figure 2 illustrates this observation, based on a Monte Carlo simulation exercise
with N = 1000 and 7" = 5. There is a single binary covariate, and the parameter
¢ is shown on the x-axis. On the y-axis we report the mean (in solid), 5th and
95th percentiles (in dashed) based on 1000 simulations. Details on the design and
estimation, including sample splitting, can be found in Appendix C.

The left graph shows the plug-in estimator. The plug-in moment is not orthogonal,
and whether the resulting estimator is biased therefore depends on the first-step
estimator. In our design, the bias arises because units with no positive split-sample
count are dropped, which makes e an upward-biased estimate of " among retained
units. While the bias is moderate, it is somewhat larger at lower values of 6y,. In
contrast, the Neyman-orthogonal estimator shown in the right graph does not depend

on 7] at all, and is unaffected.

Figure 2: Plug-in and Neyman-orthogonal estimators in a Poisson model

Plug-in Neyman

Estimate of ¢
Estimate of ¢

Notes: Monte Carlo mean (solid), 5th and 95th percentiles (dashed), and the 45-degree
line (dotted), as functions of y. N = 1000, T' = 5, Tipi = 2 periods for sample splitting
(without cross-fitting), and 1000 replications. Units with no positive split-sample count are
dropped. The Neyman-orthogonal estimator does not require first-step nuisance estimates,
but here we still drop units with no positive split-sample count.
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Example 1 (continued). In the panel logit model (2.8), the scores for the slope

coefficients and fixed effect have the same structure as in the Poisson model,

T
=V,Inf= Z ¢ — ), u:Vglnf:th(yt—wt),
=1

where m; = exp(z; 0 +n)/(1 + exp(z; 0 +n)). Let v, = (1 — m;) be the conditional

variance of y;. Then projecting u orthogonally to w; delivers

T T
Z xt—a: yt—ﬂ't>, T = M (312)
t=1 D=1 Ut
The key difference with the previous example is that, now, the weights v; in T still
depend on 7, while the weights p; in the Poisson model did not.
For fixed 6, n, and x, let

T
Gw;97n<77l) =Esp, [ul(y, 0, 77 Z re —T(n')) (m(n) — 7Tt<77/)) ) (3.13)
=1

where we have made the dependence of m on 7 explicit. We have G9,(n) = 0.
Furthermore, by Neyman orthogonality, it equally holds that 0, G..0.,(7)|;y=y, = 0.

However, we have (see Appendix A.1 for a proof)

02 G (1) ¢ (1 —2m) (2 — ), (3.14)

1M
[

n'=n

where all quantities are evaluated at 1. This quantity differs from zero in general.
For example, for T' = 2 and a scalar covariate we have
2 (iL‘l — 1’2) V1V2 (7TQ - 7T1)

= , (3.15)

n'=n V1 + Vg

87,2]/ GI§0777 (77/)

which is non-zero unless the covariate is constant over time or # = 0. The mean of
uj is thus still subject to quadratic noise in 7’ — 7. In this example the nuisance
parameter estimate converges at the 772 rate, which then translates into a bias of
order T~1. This is the same order as the bias of the standard maximum likelihood
estimator (Arellano, 2003a).

The panel logit example reveals that we need N = o(7T) for Neyman-orthogonal

15



moments to alleviate the incidental-parameter bias in panel data. This rate corre-
sponds to panels that are substantially longer than they are wide. Furthermore, it
is also the same rate required for maximum likelihood to be asymptotically unbiased
(see, e.g., Hahn and Newey 2004). As such, first-order orthogonalization of the likeli-
hood score does not improve the order of the bias over estimation based on the score
itself.

It is worth noting that the projection underlying (3.12) can be described in terms

of the sufficient statistic. Indeed,

T T
wlzz<yt_7rt):S_Ex;9,n [5]7 Szzyta
t=1 t=1

where s is sufficient for 7 at a given . The nuisance score and the centered sufficient
statistic therefore span the same space, and uj is the residual from projecting u
orthogonally to s. The same holds in the general logit model (2.7), where s = xJy
and

w =V, Inf=xz, (y—7)=5—Eup,[s].

The same property also holds in the Poisson model of Example 2, where w; =
ST (v — pe) = s — Epg[s] for the same sufficient statistic s = S~ y;, with the
difference that, as (3.11) shows, in that model Neyman’s projection yields full orthog-
onality:.

Figure 3 illustrates this in a logit model. Details on the design and estimation,
including sample splitting, can be again found in Appendix C. The left graph shows
that the plug-in estimator is biased, and the bias increases with |fy|. Moreover, the
right graph shows that the Neyman-orthogonal estimator remains biased, although
the bias is in the other direction (in this case, towards zero) compared to plug-in.
This confirms that the Neyman-orthogonal estimator is not fully orthogonal in the

logit model, and shows that the bias can be large in practice.

4 Fully-orthogonal moments

4.1 Definition and motivation

In the likelihood setting, we require full orthogonality to hold conditionally on x and

at all values of the parameters. We thus define a moment function u}, to be fully
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Figure 3: Plug-in and Neyman-orthogonal estimators in a logit model

Plug-in Neyman

Estimate of ¢
Estimate of ¢

-2 -1 0 1 2
True 0 True 0

Notes: see notes to Figure 2. Units whose split-sample outcomes are all zero or all one are
dropped.

orthogonal if

Eppnui(y,2,0,m)) =0  forall 0 € ©,ne H,n € H, almost every z.  (4.1)

When (4.1) holds, the mean of u}_ is completely insensitive to the value of the nuisance
parameter at which it is evaluated. Note that (4.1) implies E,.g ,[u’ (y, z,6,7)] = 0,
so a separate unbiasedness requirement is not needed.

Because (4.1) holds at every ', one may fix 1’ at any convenient value. We then

write u’_(y, x,0) for the resulting function, so that full orthogonality reads
Epon [ui(y, x,0)] =0 for all 0 € ©, n € H, almost every . (4.2)

In some models a fully-orthogonal moment can be chosen so as not to depend on the
value at which 1’ was fixed, as with the panel data moments in differences discussed
in the introduction. In general, the projection construction of the next subsection
requires setting 7’ to a particular value.

The attractiveness of a fully-orthogonal estimating equation is immediate. Unlike

in the Neyman-orthogonal case, GMM estimation based on a fully-orthogonal moment
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does not require a first-step estimator of 7y converging at a specific rate: by (4.1) the
moment condition holds at every value of the nuisance parameter. Standard GMM
theory can then be applied to establish the asymptotic properties of the resulting
estimator. In panel data, this leads to estimators that are consistent for fixed T" as N

tends to infinity, in contrast with estimators based on Neyman orthogonality alone.

4.2 Orthogonality construction

Condition (4.2) is
/uzo(y, z,0) f(y|z;0,m)dy =0 for all # € ©,n € H, almost every x.  (4.3)

We will now show that (4.3) is equivalent to u’, being uncorrelated with the closed
span of likelihood ratios of the model. This characterization, which is reminiscent
of (3.5) in the Neyman case, will suggest a construction of fully-orthogonal moments
based on a projection argument.

To proceed, fix some covariate value z and parameter values 6 € © and n € H.
We denote the likelihood ratios of the model as

flylz;0,7) )

7"77’(?979579777) = f(y|x9 77)7 77 E H

Throughout this section we assume that, for every x and 6 € O, the distributions
f(-]x;6,7m), n € H, are mutually absolutely continuous, so that the likelihood ratios
ry are well defined and the support of y does not vary with n. For the projection
arguments below we further assume that r,/ (-, z,60,n) € L* (f(-|x;60,n)) for all n,n’ €
H.

With this definition, we have

(4.3) <:>/ (y,2,0) fy|z;0,1) dy = for all ' € H
0 /
<:>/ y,x@M (y|z;0,n)dy =0 for all ' € H
flylz:6,m)

<:>/ (y,2,0)ry(y,2,0,0)f(y|x;0,n)dy =0 for all ' € H.

18



This shows that u’_ is fully orthogonal in the sense of (4.2) if and only if

Ey.0, [us(y, 2, 0) ry(y,2,0,1n)] =0 forall 0 € ©, n e H, 0’ € H, almost every z.
(4.4)

Condition (4.4) is the full-orthogonality counterpart to the Neyman characteriza-
tion (3.5). It shows that u}_ is fully orthogonal if and only if it is uncorrelated with
all likelihood ratios r,, for ' € H. Hence, collecting the likelihood ratios into the

closed linear span (for given x, 0, 1),

Suom =5pan{y = ry(y,2,0,m) « f €M} C L*(f(-|2:0,m)),  (45)

it follows from (4.4) and continuity of the inner product that u’_ is fully orthogonal
if and only if it is orthogonal in L? to the linear space S;.q..

This characterization suggests the following construction, based on a projection
argument. Given any moment function u, the projection residual, which now carries

the reference value 7 as an argument,

u:;o(a xz, 97 77) - ’LL(', z, (9, 77) - Projm;@,n (u(’ T, 97 77) H Sﬂﬁﬂﬂ?) ) (46)

where Proj,., [v]||S] is given by (3.6), is fully orthogonal and, among all fully-
orthogonal functions, minimizes the L2(f(- | z;60,n)) distance to w.

Note that (4.6) depends on the value 7, through the inner product used in the
projection and, when u depends on it, through the moment function itself. This
dependence is of a different nature from the one in the Neyman construction. There,
7 is the unknown nuisance parameter and must be replaced by an estimate. Here,
7 is merely a reference value that we are free to choose: by (4.3), full orthogonality
of a given function involves no reference value, so every choice of n produces a valid
element of the same set. The choice does affect which element is selected, hence
the precision of the resulting estimator, but is immaterial for the full orthogonality
property.

Unlike the Neyman case where the projection is finite-dimensional (since we focus
on a finite-dimensional 1), the projection in (4.6) is infinite-dimensional in general.
The moment function u’  can be expressed as the solution to an operator equation.

We provide details in Appendix B.
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4.3 Examples

Example 2 (continued). In the panel Poisson model (2.10), a fully-orthogonal
moment based on u = Vyln f is u’, = u — Epg,[uls], where s = 7y, A key
property of this model is that the conditional expectation E,g,[u|s| is linear. In-
deed, conditionally on s the vector y is multinomial with probabilities p;, so that
E,onlu|s] = T (s — >, ), which lies in the span of wy. Hence, u’, coincides with

the Neyman-orthogonal score uj in (3.9).

Example 1 (continued). Consider the general logistic regression model (2.7), for
a vector of outcomes y € {0,1}". The likelihood is

no Y exp (1,0 + 23,m)
z;:0,n) = [[n'(1 —m)' ¥, T =
fly | ;0,m) 1;[1 (1—m) T exp(el 0+ o)’
the rows of the matrices z; and x5 being x|, and xJ, for i = 1,...,n. In this expo-

nential family in 1 at fixed 6, with sufficient statistic s = 5y € R%, the likelihood

ratios are given by

Syl z;:0,7) : /
ry (Y, x,0,m) = [z c(x,0,',m) exp (s" (' = n)), (4.7)

where

s 1—|—expx19+$277)
0 ) 7
x n 77 1;[ 1 + exp(xlﬂ + 5172z77 )

does not depend on y. The likelihood ratios are thus, up to a normalization, expo-

nentials in the sufficient statistic s, and
S0 = spﬁ{ Y — exp (STT) . T €RM } . (4.8)
Since s has finite support this span is the set of all functions of s, so that
ulo(y, ,0,m) = uly, ,0,n) — Eagy [uly, x,6,n) | 5] (4.9)

Hence, the logit model provides an example where fully-orthogonal moments (in
fact, all of them) can be obtained by de-meaning. However, this does not mean

that the resulting moments are automatically informative about 6. Indeed, nontrivial
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moments are available if and only if y — zj y is a non-injective mapping; that is, if
two distinct outcome configurations share the same value of the sufficient statistic.
Suppose that x5 has continuously-distributed entries. Then, the 2" values {zyy : y €
{0,1}"} are almost surely distinct, so the map y — x4 y is injective, and (4.9) always
returns u’, = 0 irrespective of the original moment w. It follows that a nontrivial
fully-orthogonal moment does not exist.

Consider now the panel logit model (2.8). In this case the nuisance parameter
is a set of fixed effects, and so the x5 matrix in the previous example is a matrix
of unit indicators. Here, T' > 2 already suffices to obtain nontrivial fully-orthogonal
moments provided x;; varies within units. Indeed, (Z) distinct outcome sequences all
yield >°, y; = c¢. The conditional logit score is one such moment.

Consider next the f-model (2.9) of network formation. In this model, the degree
sequence d; = 3,4 Yij, ¢ = 1,..., N, serves as sufficient statistic for n at given ¢. The
non-injectivity of the degree map can be shown by the following invariance argument,
which underlies the estimators of Graham (2017) and Jochmans (2018): for any four
distinct agents {1, j, k,(}, the configurations

{vis =y =1, yir =y = 0} and {vis =y =0, yix =y =1}

leave the degree sequence unchanged. This delivers informative fully-orthogonal mo-

ments based on network tetrads.

4.4 A mixture interpretation

The projection in (4.6) that constructs fully-orthogonal moments can be understood
as implementing the construction in Neyman (1959), applied to a different nuisance
parameter and with a different reference measure. In turn, this approach is closely
related to functional differencing, which was initially proposed for panel data models
in Bonhomme (2012).

To describe this interpretation, let us treat n as a random vector, drawn from
an unrestricted conditional distribution given covariates, p(n | x). This perspective is
natural in panel data, where it is sometimes referred to as “correlated random effects”,

but we do not need to restrict ourselves to the panel data setting. The model then
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becomes a semiparametric mixture, with likelihood

Uy ai6,0) = [ Fly]ws0m) pln| ) dn, (4.10)

We leave p unrestricted, aside from the requirement that H be its support. Note that
fmixt depends linearly on p.

In this mixture model, u* being fully orthogonal as in (4.3) can be interpreted as
u*(y, x,0) having zero mean conditional on x and 7, almost surely in z,7. Hence, u*
being fully orthogonal is equivalent to it belonging to the null space of the conditional

expectation operator

Evo: u(y) = Erolul(n) = [ u(y)f(y]2:0,n)dy.

Finding such functions is the goal of functional differencing. Elements in the null-
space of I, can be found analytically in certain models, as shown by Honoré and
Weidner (2025) and Dano (2023) in a variety of discrete choice panel models and in
Bonhomme and Dano (2024) in some network models. However, as we have seen in
Example 1, fully-orthogonal moments may be uninformative about the parameter of
interest. Chamberlain (2010) highlights that most binary choice models only possess
trivial fully-orthogonal moments outside the logit case.

We now show that the construction in Neyman (1959), in the mixture model
(4.10), provides a general way to construct such functions, which coincides with the
functional differencing projection in Bonhomme (2012). To see this, note that in the
mixture model the nuisance parameter is p, and the score with respect to it is the

collection

Jfy | 2;0,m) Vslnps(n | 2)ls=0 p(n | x)dn

mixt . =
Voln ["5 y 130, ps)| = [ F(yT:0.m) pln | ) d |

(4.11)

for all sufficiently regular one-dimensional submodels {ps} passing through p (see
Chapter 25 in Van der Vaart, 2000). Neyman’s orthogonal moment, see (3.7), is then
the projection of u onto the orthogonal complement to the span of these scores, the
orthocomplement of the tangent set of the semiparametric model.

Now, since the quantities Vs1n ps(n | )|s=0 in (4.11) are essentially unrestricted,

the zero-mean functions in the orthocomplement of the tangent set at given x and 6
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are

{werr(pclw0.0) s [w@) fleomdy=0  forallye i},

that is, they are all the fully-orthogonal moments that are square integrable with re-
spect to f™*(. | z;0, p).? This shows that Neyman’s strategy applied to the semipara-
metric mixture model, and the fully-orthogonal projection in (4.6), coincide, except
for the fact that the two projections use different reference measures — f™>*(- | x; 6, p)
for the former and f(- | z;0,n) for the latter. Furthermore, the projection onto the
orthocomplement of the tangent set of the mixture model coincides with the func-
tional differencing projection. Bonhomme (2012) proposes a numerical strategy to

approximate this projection for estimation.

Remark 1 (Efficiency). The tangent set interpretation reveals that, when u =
Vo ln ™t the corresponding projection residual is the efficient score of the semipara-
metric mixture model. While achieving efficiency requires knowledge of the mixing
distribution p, the characterization remains useful in practice. One may compute the
projection at a convenient density p rather than at the true py: the resulting moment
is still fully orthogonal, since full orthogonality does not depend on the reference mea-
sure, and it is efficient under p. The choice of p thus plays the role of a working model,

guiding the selection among fully-orthogonal moments without affecting validity.

Remark 2 (Dynamics). The mixture formulation extends to richer conditioning
structures. Bonhomme, Dano, and Graham (2023, 2025) apply it to nonlinear panel
models in which strict exogeneity of covariates is relaxed to allow for dynamic feed-
back. There, the nuisance parameter is not only the density of the heterogeneity
(given initial conditions), but also the density of covariates given past covariates,

past outcomes, and the heterogeneity, also known as the feedback process.

2To see this, note that u* is orthogonal to the score (4.11) if and only if, by Fubini’s theorem,

[ smpstn 9],y ([ w0100 150,01 ol 21 .

As the submodel scores Vslnps(- | x)|s=o range over the mean-zero functions of 7, this holds for
all submodels if and only if [w*(y)f(y | x;60,n)dy does not vary with n on the support H of p.
Requiring in addition that u* have mean zero under f™** sets the constant to zero.
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5 Higher-order orthogonality

We now consider a third notion of orthogonality that is intermediate between the

previous two.

5.1 Motivation

To motivate (2.5), consider first a moment function u} orthogonal to order ¢ = 2.
Suppose in this subsection that the nuisance parameter and the moment function are
both univariate, so d,, = d, = 1. Expanding u3 around 7, (this time to second order)

and taking expectations while noting that uj has mean zero at the truth, gives

E[u;(y’ , 0o, 7/7\)] = E[VHUZ(% x, 0, 770) (ﬁ - 770) ]

1 . . _
+ iE[V%uz(y, z,00,m0) (71 — no)?] + (higher-order terms).

When 7 is independent of the data (for example, estimated on a separate sample,

as explained in Subsection 3.1), this gives

E[Uz(ya%emﬁ)] = E[Vnuz(%%@o’??on E[(ﬁ_ 770) ]

=0 under (2.5) at j =1

1 . N )
+ iE[V%uz(y, z,00,70)] E[(7 — 10)?] + (higher-order terms).

=0 under (2.5) at j =2

(5.1)

Hence, since uj is orthogonal to order ¢ = 2, the two dominant terms in (5.1) are
equal to zero. Furthermore, the remainder term will generally be of order E[||7j—no||?],
implying that the bias induced by estimation noise in the nuisance parameter is
asymptotically negligible when /nE[||7] — no]|*] = 0 as n — oo.

More generally, while the case ¢ = 1 recovers the classical Neyman-orthogonality
condition, larger values of ¢ yield increased robustness to estimation noise in the nui-
sance parameter. By the same logic, if uj is orthogonal to order g, then E[u; (y,x,00,7)]
is of order E[||7—no||?™], implying that the bias induced by estimation noise in the nui-
sance parameter is asymptotically negligible when /nE[||7j — no]|9T'] — 0 as n — oc.
This requires that the first-step estimator 7 converge at a rate faster than n="/2@+\,

thus relaxing Neyman’s n~7/* condition when ¢ > 1 (Mackey, Syrgkanis, and Zadik,
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2018).

5.2 Construction by projection on generalized scores

In the likelihood setting, we require orthogonality to order ¢ to hold conditionally on
x and at all values of the parameters, similarly to our definitions of Neyman and full

orthogonality. That is, we call u; orthogonal to order g if it is conditionally unbiased,
Ez.0, {uZ(y,x, 0, n)} =0 for all 0 € ©, n € H, almost every z, (5.2)
and all its first ¢ derivatives in 7 have zero expectation as well,

E..0, [V%uZ(y,x,@,n)} =0 forall j =1,...,q, 6 € ©, n € H, almost every z,
(5.3)
where recall that V% collects all derivatives at order j in a vector.
Orthogonality to order ¢ can be equivalently written as an uncorrelatedness con-
dition, similarly to the other two notions of orthogonality we have considered. To see

this, recall the likelihood ratio, for given x and 6,

flylz;0,7)

, "eH.
fylzon "

Ty (y7 Z, 97 77) =

Denote its vector of jth derivatives as

_ Vifylz:0,m)
n=n flylx;0,n)

wj(y7 z,0, 77) = Vﬁ]’ Tn’(yu x,0, 77)

Observe that, when j = 1, w; coincides with the score for the nuisance parameter,

wy, from Section 3. When j = 2,

wy(y, x,0,m) = Viln f(y|z;:0,m) + V,In f(y|z;0,7) @ V,In f(y|2;0,n),

which has mean zero by the information identity. The set of functions {w,} is known

as the Bhattacharyya (1946) basis.®> Its elements can be interpreted as generalized

3More generally, wj is a polynomial in V, In f,..., V% In f. In the scalar case, it is given by the
complete Bell polynomial evaluated at these elements. The vector case follows from the multivariate
Faa di Bruno formula (Constantine and Savits, 1996).
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score functions, and they satisfy (by differentiating j times [r, f,dy =1 at ¥ =n):
Ey.0,wi(y, z,60,n)] =0 forall j > 1, 0 € ©, n € H, almost every x.  (5.4)

Now consider again ¢ = 2 in the all-scalar case. As in our derivation of Neyman’s
original device, differentiate the unbiasedness condition (5.2) once with respect to 7.

This yields the moment condition

]Eac;ﬂ,n [anZ(y) x, 97 77)] + ]E;B;e,n [UZ(y’ X, 07 77) w1 (yu €, 07 7])] = 07 (55)

=0 under (5.3) at j =1

SO
Eu0 [us(y, z,0,n)wi(y,z,0,n)] =0 for all § € ©, n € H, almost every z. (5.6)

Next, twice differentiate (5.2) to see that

E..0. [V%ug(y, z,0, 7})}

=0 under (5.3) at j =2

+ 2 EI;@,T) [Vnuz (y7 Z, 07 77) wy (y7 x, 97 77)] + EZ;Q,W [U;(y, xZ, 97 77) w2<y7 z, 97 7])] = 07

SO

2E.0, [Vaus(y, z,0,n) wi(y, z,0,n)] + Egg,y [us(y, 2,0,n) we(y, z,0,m)] = 0. (5.7)

Furthermore, because (5.6) can be written as [u3V, fdy = 0 and needs to hold

at all parameter values, we obtain, by differentiating it,
Bap.n [Vous(y, 2, 0,m) wi(y, ©,0,n)] + Eagy [us(y, ,0,m) waly, x,0,m)] = 0. (5.8)
Combining (5.7) and (5.8) then implies
Eas.n [u5(y, 2, 0,m) waly, z,0,m)] = 0. (5.9)

This argument shows that, if uj is orthogonal to order ¢ = 2, then it is uncorrelated
with the first two Bhattacharyya functions w; and ws. Moreover, by following the

same argument in reverse it is easy to see that the converse is also true. Hence, second-
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order orthogonality, for a moment satisfying (5.2), can be equivalently expressed as
(5.6) and (5.9).

Iterating the argument, now for the general vector-valued case, reveals that wu; is
orthogonal to order ¢ if and only if it satisfies the unbiasedness condition (5.2) and

the orthogonality conditions

Ex;@,n[u;(yax>9>77) wj(yax79777)—r] - 07 ] = 17"'aq' (510)

The representation in (5.10) suggests constructing higher-order orthogonal func-
tions by projection, as we did before for the other two notions of orthogonality. Specif-
ically, uy is constructed as the residual of a projection of the original moment function

u onto the span of wy, ..., wy:

UZ(, L, 97 77) = U(', T, 07 77>_Projx;9,n (u<> T, 97 77) H Span{wl('a z, 97 77)7 cee 7wq('7 x, 97 77)})

(5.11)
where Proj,.4 , [v ]| S] is again given by (3.6).
Stacking W, = (w],...,w, )", we can write the explicit expression
uy (y,,0,n) = uly,z,0,n) — Ay (z;0,m)Wy(y, z,0,m), (5.12)

with least-squares projection coefficient

1

Aq(flf;@,n) = Ey04 [U(ym@,n) Wq(yw,@,n)T] B0 {Wq(ya%@ﬂ?) Wq(y,%@ﬂ?ﬂ_ .

Note that, by (5.4), u; automatically satisfies (5.2) provided the original moment u
is unbiased at all parameter values.

The explicit expression in (5.12) requires nonsingularity of the Gram matrix of
the leading basis functions Wy, E,.4 , [Wq(y, z,0,m) W,(y,z,0, n)T], as Subsection 5.4
below illustrates. For the special case where u = Vyln f, (5.12) reduces to the
projected score of Small and McLeish (1989) and Waterman and Lindsay (1996).
The more general construction is introduced in Bonhomme, Jochmans, and Weidner
(2024).

Remark 3 (Nested spaces). Note that, as anticipated in Figure 1, the three notions
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of orthogonality correspond to a sequence of nested spaces:

Span{wl('a x, 9777>} - Span{wl(’a Z, 0777)7 cee 7wq('7 z, 97”)} - Sm;@,na
~——

Neyman order ¢ full

where S, is the closed span of likelihood ratios defined in (4.5). The second inclu-
sion holds because each w; is a limit of finite differences of likelihood ratios. A larger
space brings more robustness to estimation noise in 7, at the cost of less information
about 6.

5.3 Examples

Example 1 (continued). Consider again the general logistic regression model
(2.7), for a vector of outcomes y € {0,1}". Writing the log-likelihood as

Inf(y|z;0,n) = y'ri04+s'n— k(z,0,n),

for .
k(z,0,m) => In (1 + exp (xlTﬂ + x;n)) :
i=1
we have V, In f = s — V,r, for s = z, y the sufficient statistic, while VJ In f = —V/x

for j > 2 does not depend on y. Hence w; is a polynomial of degree j in the sufficient
statistic s, its degree-j term being wi”.

The coefficients of this polynomial can be expressed in terms of the cumulants of
s. Indeed, k is the cumulant generating function of the exponential family in 7, so
that VJx is the jth cumulant of s under f(- | x;6,7). In particular V,k = Eqp,|s]

and V2 = vec (Vargg ,(s)), so that
wy =s—Eu9,]9], we = (s — Egyp, [s])®2 — vec (Vargg,(s)) .

Since the w; have mean zero and are of degree j, they form a basis of the mean-
zero polynomials in s of total degree at most ¢. Orthogonality to order ¢ therefore

amounts to projecting the original moment on powers of the sufficient statistic:

u;<7 T, (9’ 77) = U(', T, 97 77) - Projz;@,n (U(, Z, 07 77) H {polynomials in s of degree < Q}) )
(5.13)
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where the constants may be included in the projection space without affecting the
residual, since v has mean zero.

Specializing to the panel logit model (2.8) makes the construction fully explicit.
At the level of a single unit, x5 is a vector of ones and the sufficient statistic is the
scalar s = 3.1 | y;, so that wj; is a polynomial of degree j in s whose coefficients are
the cumulants of a sum of T' independent Bernoulli variables; Appendix A collects

the explicit formulas. Orthogonality to order ¢ therefore projects the score on the

powers s, s, ..., s

Figure 4 illustrates this in Monte Carlo simulations based on the logit model, using
the design mentioned in Section 3. The left graph shows the estimator orthogonal to
q = 2, the middle one shows the estimator orthogonal to ¢ = 3, and the right one
shows the conditional logit estimator, which is based on a fully-orthogonal moment.
We see that the estimators behave very similarly in this simulation. Hence, even if
there is no guarantee for the second-order orthogonal moment to be fully orthogonal
in the logit model, increasing the orthogonality requirement by a single order (from

q =1 to g = 2) is sufficient to almost fully remove the bias of the Neyman-orthogonal

estimator.

Figure 4: Orthogonal estimators in a logit model

q=2 q=3 Conditional logit

Estimate of
Estimate of 6
Estimate of 6

True 0 True ¢ True ¢

Notes: see notes to Figure 3.

Example 3 (continued). Consider now the nonlinear regression model (2.11). Its
log-likelihood is

1 1
I f(y | 2:60.m) = —y'm(x,B,m)— 53 (v"y +m(x, 8,n) m(x, 8,m)) - % In (270°) ,
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where recall that = (37, 02)7. Viewed as a family in 1 at fixed @, this is a Gaussian
location family whose natural parameter is m(x, 8,7)/0? and whose sufficient statistic
is y itself. Since 7 is d,-dimensional while y is n-dimensional, the natural parameter
belongs to a d,-dimensional submanifold of R", and unless m is linear in 7 the model
is a curved exponential family in the sense of Efron (1975).* This is the difference with
Examples 1 and 2: there the sufficient statistic s reduced the data to d,, dimensions,
whereas here no reduction takes place.

Writing z = (y —m)/o for the vector of standardized residuals, the score for the

nuisance parameter is

1
=V, Inf = = Vym(z, B,n)z.

and the higher-order elements of the Bhattacharyya basis follow from the chain rule.
Indeed, the components of z being independent standard normal, the derivatives of the
Gaussian location family with respect to m deliver products of Hermite polynomials:

for a multi-index j = (j1,...,Jn),

mflz0n) 1 £ L
(y | z;0,m) ol 1;[ ;
where Hj denotes the (probabilitists’) Hermite polynomial of degree k and V7, the
corresponding mixed partial derivative with respect to m. Composing with n —
m(x, 5,n) by the multivariate Faa di Bruno formula (Constantine and Savits, 1996)
then expresses w; as a combination of such products of total degree at most j, with
coefficients built from the derivatives of m up to order j. When n = 1 and 7 is scalar,
for instance,
V2 v,m)’
wQ—THl( ) (2_2)[{2(2)

The projection (5.11) is available in closed form despite the absence of a sufficient

statistic. The reason is the orthogonality of the Hermite polynomials under the

4In our context with covariates and nuisance parameters, a member of the curved exponential
family takes the form

fyl@0,n) = as(y,z) be(z,n) exp (s(y, ) " 1o(2,m)),

where s(y, x) is the sufficient statistic and 79(x,7) the natural parameter.
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Gaussian reference measure,

n

Eq0.n H Hj,(z) H Hy,(z)| = H{j =k} Hji!7
i=1 i=1 i=1
which delivers the Gram matrix of W, and the cross moments with v as explicit func-
tions of the derivatives of m. Bonhomme, Jochmans, and Weidner (2024) implement
this approach to estimate the model of team production of Ahmadpoor and Jones

(2019) using a sample of researchers in economics.

5.4 The large-q limit: connection to full orthogonality

Full orthogonality implies orthogonality to every order ¢ > 1 (by differentiating
Ey.04u*(y,z,6,1')] = 0 in 7' under the integral sign). We now show that the con-
verse is also true, provided that an analyticity condition holds.® In this sense, order-q
orthogonality interpolates continuously between Neyman and full orthogonality, with
the limit recovering the latter under analyticity.

To develop the argument, suppose H is open and connected, u*(y,x,0,n) is or-

thogonal to every order ¢ > 1, and the function

G : n' EI;G,W[U*(% z,0,1)]

is real-analytic on H, for all 6, n, almost every x. Then, the entire Taylor expansion
of G.9,, around 7 has vanishing coefficients, so G, is identically zero on H. This

implies that, for all 6, n, and almost every =,

Guon(n') = /U*(y,m,é,n’) fly|x;0,n)dy=0  foralln eH.

It follows that u* is fully orthogonal.

Example 1 (continued). In the panel logit model, because s takes only the T+ 1
values {0,1,..., T}, polynomials of degree at most T" already exhaust all functions
of s. Since w; has degree j in s, the functions wy,...,wy are linearly independent

while w7, is a combination of them. The construction thus terminates at ¢ = T": the

®Small and McLeish (2011) similarly invoke analyticity to show that the Bhattacharyya basis
spans the set of conditional-mean zero functions of the sufficient statistic in exponential family
models.
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Gram matrix of W, is singular for ¢ > T', and at ¢ = T' the projection space contains

all mean-zero functions of s, so that, by (4.9),

wp=u—Egg,[u]|s] =ul.

When u = Vy1n f, the factorization In f(y | z;0,n) =In f(y | s,2;0)+1n f(s | z;0,n)
gives E,0,[u | s] = Vgln f(s | ;6,n), so that u}, is the conditional-logit score. The
sequence uj,...,us thus interpolates between the variance-weighted demeaning of
(3.12) and the fully-orthogonal moment u_.

This property is consistent with the Monte Carlo exercise reported in Figure 4. In
that setting, we used T.s; = 3 periods for estimation after having used two periods for
sample splitting. In the simulations, u3 and the conditional-logit score u, coincide
up to the tolerance of the root-finding algorithm.

The same argument applies to the general form (2.7). There s = x,y is multi-
variate and the basis consists of the centered monomials in s of degree j. Since s has
finite support, polynomials of sufficiently high degree exhaust the functions on that
support (a bound on the required degree is the number of support points of s minus
1). However, when the map y + x, y is injective, the limiting moment is u?_, = 0.

We illustrate this last point with simulations based on a panel logit model with

two scalar covariates and a heterogeneous coefficient,

Yie = 1{00zs + miozit + € > 0}, € | @iy - s i, 21, - - -, 27 ~ 1.1.d. Logistic,
(5.14)
where x;; is binary and z;; is continuously distributed.

Figure 5 shows two orthogonal estimators, to order ¢ = 2 (left) and ¢ = 3 (right).
The ¢ = 2 estimator is well-behaved and shows little bias. In contrast, the ¢ = 3
estimator exhibits bias and much wider confidence bands. In fact, the estimator
fails to exist in approximately a quarter of the simulations. This contrasts sharply
with Figure 4, in the standard panel logit case, where the ¢ = 3 estimator was
numerically identical to the fully-orthogonal conditional logit estimator. The model
with a heterogeneous coefficient of a continuous covariate is a setting where the map
Yi —> > ZiYi 1s injective, and there is thus no non-trivial fully-orthogonal moment
in this model. The simulations show that, in such cases, increasing the orthogonality

order can have a high cost in terms of variability.
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Figure 5: Orthogonal estimators in a logit model with a heterogeneous coefficient
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Notes: see notes to Figure 3. The results are computed based on the instances where the
estimator exists (100% of cases for ¢ = 2, approximately 75% of cases for ¢ = 3).

6 Other target parameters

In many applications the researcher is interested in a parameter py € M that satisfies
the moment condition

and thus is a functional of 6y, 7y, and the distribution of x. Leading examples are

E[U(y, xz, 807 Mo, /JJO)] = 07

(6.1)

average partial effects, average elasticities, and counterfactual policy effects in struc-

tural models. The three notions of orthogonality can be adapted to handle these

quantities.

6.1 Orthogonality

The key difference with the case discussed in the earlier sections is that u is not
unbiased at all parameter values, that is,

Em;@,n [u(ya z, 97 m, ,LL)]
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is not identically zero: only its expectation over x is zero when evaluated at the true
values 0 = (907 n="To, b= [o.
For all three notions, we replace the unbiasedness requirement on the orthogonal

moment by

EI?@W [U* (y7 Z, ‘97 7, :U’)] = EZL";@J] [u(yv z, 97 , ;U/)]
forall € ©, n e H, p e M, almost every z, (6.2)

and we will require (6.2) for all u* € {uj, u;, uZ }.
With this change, Neyman orthogonality is as before, except for the presence of u
and for the replacement of unbiasedness by (6.2). That is, we say that u} is Neyman

orthogonal if
Eyon [Vaui(y,z,0,m,p)] =0forall € ©, n € H, p € M, almost every z, (6.3)

and u* = u] satisfies (6.2).

Likewise, for all ¢ > 1, we say that u; is orthogonal to order g if

Eogn |Vius(y, 0,7, )| =0
forall yj=1,...,q, 0€ 0, neH, ne M, almost every z, (6.4)

and u* = u; satisfies (6.2).

Finally, we say that u}  is fully orthogonal if

B0 (Ui (y, 0,1, 1)] does not depend on ' € H
forall € ©, n € H, up € M, almost every z, (6.5)

and u* = u}_ satisfies (6.2).
Under full orthogonality, plugging in any arbitrary value for n’, using (6.5) and
(6.2), and noting that w is unbiased at the truth, we obtain

*

E [EJE;@OJ]O [uoo (y, z, 907 77/7 /JJO)]]
E [Ewﬂmno [uio(yu z, 607 Mo, :U’O)H
E [Ex;eo,no [U(y; X, 907 Mo, MO)H = 07

E [u;o<y7 z, 907 77/> MO)] =
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where the outer expectations are taken with respect to the distribution of x. Given a

consistent estimate of 6y, o can then be consistently estimated using standard GMM.

6.2 The Neyman projection

The orthogonal constructions take a different form in the case of the target parameter
o. Starting with Neyman orthogonality, note that differentiating (6.2) in n for u* =

uj implies

E:U;GJI [vnuﬂy’ T, 07 777 ,LL)] + Eﬁ@,’? [wl(y’ Z, 9’ n) ui (y’ Z, 9’ n’ M>T]
= VnEg;;e,n [U<y7 ,0, n, M)] )

where w; is the score with respect to 7, and recall that, with our definition, the matrix
VU]EI;@J] [U(y, X, ‘97 n, ,U/)] is d’f] X du

Hence, Neyman orthogonality is equivalent to (6.2) at u* = u}, and

Eog [w1(y, 7, 0,m) ui(y,2,0,m,10)"| = Vo Basg y [uy, 7, 0,m, 1)
forall # € ©, n € H, p € M, almost every z. (6.6)

Conditions (6.2) and (6.6) define a set of affine restrictions on uj. Denote this set
by T,

0. Given an original moment function u, we construct a Neyman-orthogonal

*
uj as

UT(, Z, 97 , :u) = Projx;@,n [u<7 Z, 67 7, :u) H E%O,n,u} ) (67>

where Proj,.q, [v]| S] is given by (3.6).
Since 7 is finite-dimensional, the projection is finite-dimensional as well, and u}

in (6.7) takes the explicit form

uT(y7x797n7/1’> = u(ywrueannu) - Al(x7677]7:u) w1<y7x7977]>7 (68>

with projection coefficient

Al(x7 97 7]7 /’L) = (Ew;em [U‘(y? T, 97 7]7 /vL) wq (y7 z, 07 77)1 - bl (I’, 97 777 :LL)T)
-1
X E:c;G,n {wl(y>$a97n) wl(y’x79777)—r] )
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where

bl (JI, 87 7, M) = vn ]E:B;G,n [u(yv X, 67 n, :U’)]

is the sensitivity of the expected moment to the nuisance parameter. Indeed, u] in
(6.8) satisfies (6.2), since w; has mean zero, and it satisfies (6.6) by construction
of Ay. Comparing with (3.8), the only difference is the subtraction of b; from the

covariance between u and the nuisance score.

6.3 The order-q projection

The same argument applies at higher orders. Proceeding as in Section 5.2, but starting
from (6.2) in place of unbiasedness at all parameter values, orthogonality to order ¢

is equivalent to (6.2) at u* = u; and

B0, [wj(y, x,0,m) uy(y, x,0,n, M)T] = V! Eu [uly, z, 0,71, 1))
forall j=1,...,q, 0 €O, neH, pe M, almost every z, (6.9)

where the right-hand side is a total derivative, with 1 entering both the expectation
and wu.
Conditions (6.2) and (6.9) again define a set of affine restrictions on u;, which we

denote by T and we construct

0,m,p1°
(2, 0,m, 1) = Proj,g, [u 2, 0,m, 1) || T, - (6.10)
T
Stacking W, = (w],...,w])T and b, = (bf, L ,qu) , where

bi(:0,n, 1) = Vi By [uly, ©,0,1, )],

the projection (6.10) takes the explicit form

ug(y, x,0,m, 1) = u(y, x,0,m, 1) — Ny(250,m, 1) Wy, ,0,n), (6.11)
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with projection coefficient

Ag(w; 0,0, 1) = (Basgy [uly, 2,0,m, 1) Wy(y, z,0,m)"] = by(; 0,7, 1))
-1
X Ex§9777 [Wq(y7ma07n) Wq(yaxaean)T} .

Similarly to the case ¢ = 1, (6.2) holds at u* = u; because the w; have mean zero,
and (6.9) holds by construction of A,. Comparing with (5.12), the construction differs
only through the subtraction of b,. Expression (6.11) is Theorem 1 in Bonhomme,

Jochmans, and Weidner (2024).

6.4 The fully-orthogonal projection

Since (6.5) holds at every value of 1/, we may fix it at any convenient value and simply

write u’_(y,x,0, 1), as in Section 4.1. The condition then reads, for all 8, n, and z,

B [l (y, 2,0, 1)) = bo(x;0,m, ) for all n € H,

where by(z; 0,1, 1) = Epp,[u(y,z,0,n,1)"]. Fixing a reference value n € H and

applying the change of measure of Section 4.2, we obtain that (6.5) is equivalent to

Em;9ﬂ7 {UZO (yu z, 07 ,LL) Tﬁ(y7 z, ‘97 77)} = bO (ZL’, ‘97 ﬁ7 ,U/)T
foralld € ©, neH, neH, pe M, almost every z. (6.12)

Condition (6.12) defines an affine subset of L? ( f ] z0, 77)), which we denote by

[e.e]
w0 As before, we construct

] (6.13)

UZO(, xz, 97”7#) = Prij;Q,n {U(‘,Q?, (9,77:/0 ‘ z;0,m,1

the closest fully-orthogonal moment to u in L? (f( | 0, 77)) As in Section 4.2, the
feasible set consists of functions that do not involve n, whereas the projected moment
does. When w is unbiased at all parameter values we have by = 0, and (6.13) coincides
with the residual construction (4.6) of Section 4.2.

Two differences with the other projections are worth noting. First, the fully-
orthogonal projection is again infinite-dimensional; Appendix B gives the correspond-

[e.e]

ing operator equation. Second, 7;;9777, , may be empty, in which case no fully-orthogonal
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moment exists for the target po, as we illustrate in Example 1 next.

6.5 Examples

Example 1 (continued). Consider the panel logit model (2.8) with a scalar con-
tinuous covariate, suppress the unit index as before, and consider the average partial
effect of =y
1 1<
Ho = E TzvxPI‘(yt =1 | Ty = ZL‘)‘| =K [TZQOM(I - ’7Tt) . (614)
t=1

t=1

A unit’s contribution to the moment condition is

> v(0,m) — p, vy = m (1 — ).

t=1

Nl

u(y,x,0,n, 1) =

This moment does not depend on the outcome, so that E,.g ,[u wJT] = ( for every j and
the construction only depends on the sensitivities b;. Those have a compact form.
Recall from Section 5.3 that V%K, is the jth cumulant x; of the sufficient statistic
s = >, yt, and note that >°, v; = ko. Hence

0 0

boZTﬁz—/ﬁ, bj:T’fjHa Jj= 1

The orthogonal moments follow. With E,.4 ,[w]] = k2, the Neyman construction

(6.8) gives

R3
uy =u+ = —w, wy = S — K1,
Tlig

and, using wy = (s — K1)? — Ko together with Elw ws] = k3 and E[w?] = k4 + 2K3, the

order-2 construction (6.11) gives

-1
% 0 K9 R3 w1

Uy = U+ — (K3, K .
2 T ( s 4) (I{3 K4 + 2%%) (U)Q

Fully-orthogonal moments, in contrast, do not exist here. Fix x and 6, and write
a candidate as ul, = g(s,z,0,pn) + h, with E,9,[h | s] = 0. By sufficiency, the

conditional distribution of y given s does not depend on 7, so h contributes nothing
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at any value of the fixed effect and

T
EI;@U [uZo<y7 T, 97“)] = Z g(k,x, 97”) PI‘ (S = k ‘ x; 97 77) .
k=0
Full orthogonality thus requires the 7'+ 1 numbers ¢(0,z,0, ), ..., g(T,x,0, 1) to
satisfy

T
Y g(k,2,0,u) Pr(s =k | x;0,m) = bo(x;0,n,p),  forallne?,
k=0

which is a finite-dimensional system facing a continuum of restrictions. For T' = 2,

clearing denominators and matching powers of € leaves the restriction

N D

(exla o 6J:29>2 627] — O,
which holds only when z; = x5 or § = 0.

Example 3 (continued). As a special case of model (2.11), consider the linear
model
y = 0o + o0&, elx ~ N(0,I,). (6.15)

A leading application is the two-way model of Abowd, Kramarz, and Margolis (1999),
in which y collects log wages, = encodes worker and firm identities, and 7y the cor-
responding effects. Besides o2, interest centers on variance components: quadratic
forms pg = 1y Qno for a symmetric @, measuring the dispersion of worker and firm
effects and their covariance (see Bonhomme, Lamadon, and Manresa, 2026 for a
survey). Here we take 02 as known, and start with the original moment function
u(y,x,0,m, 1) =n"Qn — . We provide detailed derivations in Appendix D.

Since u does not depend on the outcome, the construction is governed by the
sensitivities alone. Here the construction terminates at ¢ = 2, since the w; are

uncorrelated and

bo=n'Qn—p, b =2Qn,  by=2vec(Q), bj=0 forj>3.

2

With wy = 67227 (y — an) and E,g,[wiw]] = 722"z, the Neyman construction
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gives
wi=n'Qn—p+2n Q' x) a (y — an), (6.16)

which still involves n. This moment is moreover of no practical use when 7} is the
least-squares estimator computed on the same sample: then z'(y — x7)) = 0, the
correction vanishes, and u} reduces to the uncorrected plug-in 7' Q7.

Imposing second-order orthogonality changes the picture. Adding
4 T(

wy = vec (—0’236Tx +o " (y —an)(y — 1'77)T£L‘>

to the basis, the order-two moment is
uwy =y z(x 1) 'Qx x) ey — o tr (Q(:L'Ta;)’l) — 1, (6.17)

which no longer depends on 7 and is unbiased at every value of it. Moreover, u} is
fully orthogonal. Note the contrast with Example 1: while no fully-orthogonal mo-
ment exists for the average effect in the panel logit model with a continuous covariate,
in model (6.15) quadratic forms in 7 admit fully-orthogonal moments. We recognize
the trace-corrected variance-component expression of Andrews, Gill, Schank, and Up-
ward (2008), generalized by Kline, Saggio, and Se¢lvsten (2020) to the non-Gaussian,
heteroskedastic case.%

A second special case is the nonlinear model
y=x1m0 + Box2(no @ mo) + ooe, €| x ~iid N(0, I,), (6.18)

where = (x1,23), ® denotes the Kronecker product, and (3, is scalar. This model
contains as a special case the Tukey generalization of Abowd, Kramarz, and Margolis
(1999) studied in Crippa (2025), here for Gaussian errors, and reduces to (6.15) when
the complementarity parameter (5, equals zero.

Let us focus on the variance component o = 1y Qno. Since the sensitivities b;

6 A second-order projection also provides an unbiased estimator of o3 itself, which we have taken
as known. Writing M, = I, —x(z"x) 'z " and taking u = V,2 In f = — 5% + #(yf )" (y—xn),
the moment 1

* T 2

Uy = @(y My — (n—dy)0?)
has mean zero at every n € H, since M,y = oM,e does not involve  and E[e" M, e] = tr(M,) =
n — dy. It is thus fully orthogonal. Solving uj = 0 gives the degrees-of-freedom corrected variance

estimator y " M,y/(n — d,). See Appendix D.
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depend on the target alone, they are as above. However, the Bhattacharyya basis
changes relative to the linear model. Writing m(n) = x1n + Sza(n ® ) and z =
(y —m(n))/o, the Jacobian

M(n) = (Vnm(ﬁ))T =1 + [ T2 (]dn XnN+n& Idn)

now depends on 7, and V%m is a nonzero constant proportional to 8. Following Ex-
ample 3 in Subsection 5.3, w; = 07 M(n) "z and wy is the corresponding combination
of first- and second-order Hermite polynomials in z, with coefficients built from M (n)
and V%m. The Gram matrix of W5 and the cross moments follow in closed form from
the orthogonality of the Hermite polynomials, so that the order-two moment u} in
(6.11) is available in closed form, and the same holds at higher orders. Unlike (6.17),
however, u} still depends on 7 through M (n), so that estimation requires a first-step
estimate and sample splitting. Crippa (2025) constructs fully-orthogonal moments
for [y in the special case of the Tukey model. Whether informative fully-orthogonal

moments exist for quadratic forms o in (6.18) is left for future work.

7 Conclusion

We have described three constructions that make a moment function insensitive to
the presence of nuisance parameters in a nonlinear model. The first is Neyman or-
thogonality, the second is orthogonality to order ¢, and the third is full orthogonality.
All three apply the same principle. In each case the moment function is projected
on a subspace of functions of the data determined by the likelihood, and the residual
is retained. The three differ only in the choice of subspace, which is spanned by
the nuisance score, by the first ¢ generalized scores, and by all the likelihood ratios,
respectively. These subspaces are nested and, under an analyticity condition, orthog-
onality to every order implies full orthogonality, so that the three notions form a single
increasing sequence of projections. We have also shown that the projection delivering
full orthogonality is Neyman’s own construction, applied to a model in which the
distribution of the nuisance parameter is itself the nuisance parameter. Finally, we
have shown that the projection approach extends naturally to target parameters that
are functionals of the nuisance parameters and of the distribution of the covariates.

Our examples illustrate when each notion is available. In the panel Poisson model,
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Neyman orthogonality already delivers a fully-orthogonal moment. In the panel logit,
taking ¢ = T returns the conditional-likelihood score. For average effects of a contin-
uous covariate in that model no fully-orthogonal moment exists, and orthogonality
to a finite order is the only route available among these constructions. Choosing the
order ¢ in practice remains an open question.

Developing methods to construct orthogonal moments outside likelihood models
is an important direction for future research. Neyman orthogonality extends natu-
rally to this case, as shown by an active recent literature on double/debiased machine
learning. Recent research has extended higher-order orthogonality to moment con-
dition models without a likelihood structure (Chetverikov, Sgrensen, and Tsyvinski,
2026; Bonhomme, Jochmans, Newey, and Weidner, 2026). More work in this direction
is needed to better understand the properties of estimators based on orthogonal mo-
ments in settings such as panels, networks, and non- and semiparametric estimation

problems where nuisance parameters are high-dimensional.
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APPENDIX

A Details for the panel data logit model

A.1 The second derivative of the expected Neyman-orthogonal
moment

To show (3.14), note that 0, m = v, and J,yv; = v(1 — 2m;). Applying the quotient

rule to Z(n') = >, vixy/ 3, vy and collecting terms gives

_ ST v (1—2m) (2, — 7)
ZtT:1 (% .

Oy (1)

Differentiating (3.13) twice with respect to ' produces three terms. The first one
carries m(n) — m(n') as a factor and so vanishes at ' = 7. The second one is
20,T(n') Xy v, which by the previous display equals twice the right-hand side of
(3.14). The third one is — >, (z; — T) 0,yv;, which equals minus the right-hand side
of (3.14). Adding the last two terms gives the result. In turn, (3.15) follows on

substituting

_ Vs (351 —!EQ) _ U (351 —$2)
T —r=—————, T9—T = ——"-—"—"°-
V1 + U V1 + Vg

into (314) and using (1 — 27T1)U1U2 — (1 — 271'2)1)1?)2 = 2U1U2(7T2 — 7T1).

A.2 Moments of the sufficient statistic

Carrying out the projection (5.13) in the panel logit model requires the moments of
s = >, y;, which supply the coefficients of the w;, together with the cross moments
Eai,[u s7].

The cumulants of s are obtained by adding up the per-period Bernoulli cumulants,
and coincide with the derivatives V%/@ of the cumulant generating function of Section

5.3. Writing vy = m(1 — ), the four lowest are

T T T T
K1 :Zm, Ko :th, n3:th(1—2m), 54:th(1—6vt),
t=1 =1 =1

t=1

and the standard moment-cumulant relations turn these into the moments of s.
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For the cross moments, decompose s = y;+s_;, where s_; = >, 9, is independent

of y;, and use yF = y; for k > 1 to obtain

j .
. .] .
Ea0.n {(yt — ) SJ] = U Z <k‘> Ez00 [Sit k} )
k=1
the moments of s_; following from its cumulants in the same way. Summing over ¢

against x; delivers E g ,[u s’] for the score u = Y, z¢(yr — ).

B Construction of fully-orthogonal moments

B.1 The target parameter ¢

Given a moment function u, and for x, 6, n fixed, the projection residual u}_ in (4.6)

solves

*

ul, (2, 0,m) = argmin By, [[|u(y, 2,60,m) — u*(v)[*] (B.1)

st. E,,-[u(y)] =0 for all 7 € H. (B.2)

;0,1

Components of u decouple in the objective and in the constraints alike, so nothing
is lost by treating a scalar component. The constraints are associated to a Lagrange

multiplier A(77). We then define the Lagrangian

L(u",\) = %Eﬂfﬂm [(U - “*)2} - /

| @) By [u” 5] i, (B.3)

each constraint having been expressed under the reference distribution using the
change of measure underlying (4.4).
Taken pointwise in y, the first-order condition delivers

( )

x; 0
) = 6.0 + [ NG T (B.4)

so the program is solved by the original moment plus a correction drawn from Sg.g,,.

Finally, imposing the constraints, the Lagrange multiplier solves the following
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integral equation

[ K@ MA@ 0=~y fuly. e, 0m) . K 0) = Baay [rr] . (B5)

Remark 4 (Existence). Note that (B.5) is a Fredholm integral equation of the first
kind. Its kernel K is positive semi-definite and, in general, compact, so that the
inverse operator is unbounded and a solution A need not exist (see, e.g., Engl, Hanke,
and Neubauer, 1996). This does not affect the existence of u}  itself. The feasible set
in (B.2) is a closed affine subspace of L? (f( | x; 9,77)> and the objective in (B.1) is
strictly convex, so the program has a unique solution, given by the projection residual
(4.6). What may fail is only the representation (B.4) of the correction u’, — u as an
integral against a multiplier: the projection belongs to the closed span S,.9,,, whereas

(B.4) requires it to lie in the span itself.

B.2 Other target parameters

We now turn to the targets of Section 6. The relevant program is

uio(? €, 97 m, :u) = argr*nin Ew;9,77 {(U(y, x, 07 m, M) - u*<y))2} ) (B6)
st. E,px[u"(y)] = bo(x; 0,7, ) for all 7 € H, (B.7)
which reduces to (B.1)—(B.2) when by = 0.

The Lagrangian and the first-order condition are as before, so that the solution

again takes the form

ﬂw%&md~

UQ%%&WMZU%L&mM+/Aﬁ 1. B.8
( )=l Y Rl ey ()
Imposing the constraints, the multiplier now solves

/'H K(ﬁlu ﬁ) )\(ﬁ) dﬁ = ]Eac;e,;{’ ['Ll/(’y, T, 07 77/7 ,LL) - U(% T, 97 n, /“L)] ) (Bg)

with K the Gram kernel of (B.5). The right-hand side measures how much the
nuisance argument of the original moment matters, relative to the reference value n

at which the projection is computed; it vanishes when u does not depend on 7, and
(B.9) reduces to (B.5) when by = 0.
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The solution is

e = go+ (u = Projg,, (u]| Snon)) (B.10)

where go € Sy, is the unique element (when it exists) satisfying E.p,[9077] =
bo(x; 0,1, p) for all 7 € H. The second term in (B.10) is the fully-orthogonal projection

residual of Section 4.2.

Remark 5 (Existence, other targets). Unlike in (B.1)—(B.2), the feasible set may now
be empty: the zero function satisfies (B.7) only when by = 0, and gy exists only if by
lies in the range of the map g — (ﬁ — Euonlg rﬁ]). Existence of a fully-orthogonal
moment for the target is thus a genuine restriction on the model, as Example 1
illustrates, and it is distinct from the question of whether the multiplier A in (B.8)

admits an integral representation.

C Monte Carlo simulations

This appendix collects the designs and estimators underlying the simulation evidence

reported in the text.

Common design. In each experiment there are N = 1000 units and 7" = 5 periods.
The covariate of interest is z; ~ Bernoulli(0.5) drawn independently across i and ¢,
and the individual effects are drawn as 7; ~ N (0, 1), independently of the covariates.
The parameter 6y moves across a grid from —2 to 2 in increments of 0.25, with 1000
replications at each point. Sample splitting follows Section 3.1, without cross-fitting:
each unit contributes its first Ty, = |7/2] = 2 periods to the estimation of 7;, and
the estimating equation uses the Tty = T — T, = 3 left-out periods. All estimating
equations for 6 are solved on [—5,5], and the first-step equations on [—10,10]. An
estimate is recorded as missing when its estimating equation has no sign change on

that interval; means and percentiles are computed over the remaining replications.

Poisson. The data are generated from (2.10). First-step estimates are obtained
by maximizing the split-sample likelihood jointly in (6,7,...,ny). Given 6, the

individual effects have the closed form

n:;(0) = ln( Z yz‘t) — ln< Z exp(:pite)),

tSTsplit tSTsplit
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and the split-sample estimate of # solves the resulting concentrated score, which is
the Poisson conditional-likelihood score. We keep 7); evaluated at the split-sample
estimate of # and discard the latter; the estimating equations are then solved holding
7; fixed. The closed form is finite provided the unit has a positive count in at least one
split-sample period, and units with Dt< Ty Yir = 0 are dropped; between about 60%
(6o = —2) and 93% (0p = 2) of units are retained. We report the plug-in estimator,

solving

S @i (yie — pa(0,7;)) =0,

1 t>Tsplit
and the Neyman-orthogonal estimator based on (3.9), with the weighted covariate

mean computed over the left-out periods. By (3.10), the latter does not involve 7;; it

is computed on the same retained units.

Logit. The data are generated from (2.8), with the same covariate and effect distri-
butions. Split-sample maximum likelihood again provides 7);: for each 6, 7;(6) solves
Zthspm(yz‘t —mi) = 0 by Newton’s method, and the split-sample estimate of € solves
the resulting profile score. As in the Poisson design, we keep 7; evaluated at the
split-sample estimate of # and discard the latter. For a unit whose split-sample out-
comes are all zero or all one the effect is unbounded, and such units are dropped;
roughly 40% of units are retained under this design. All estimators are computed on
the retained units. Besides the plug-in estimator, we report the order-g orthogonal
estimators for ¢ = 1, 2,3 and the conditional-logit estimator. For ¢ = 1 the moment
is (3.12). For ¢ > 2 we project the estimation-sample score on the centered powers
of S; = Yom,, (Yit — mit), computing the moments E[S!] and E[u;S!] exactly by enu-
meration over the 27et outcome configurations of a unit, and solving the resulting

q X q system unit by unit. The conditional-logit score conditions on the choice count

Zt>T‘split yit .

A heterogeneous coefficient. The third design is based on model (5.14), where
the individual effect is multiplied by a continuously distributed regressor, and the

choice probabilities are

exp(zibo + zin;)
1+ exp(zybo + zim;)’

Pr(yu =11 2, zi,m:) = (C.1)
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with x;; ~ Bernoulli(0.5) and z;; ~ Uniform[1/2,3/2] drawn independently across i
and ¢, n; ~ N(0,1), and no intercept. First-step estimation and the drop rule are
as in the logit design, with the individual-effect equation Zthspm Zit(Yir — mit) = 0.
We report the order-g orthogonal estimators for ¢ = 2, 3, obtained by projecting the

estimation-sample score on the centered powers of >, 2 (yis — i), with the Gram

split
and cross moments again computed exactly by enumeration over the 2%t outcome

configurations.

D Orthogonal moments in the linear model

This appendix derives the expressions stated in Example 3 of Section 6. We work
throughout with y = an + o¢, ¢ | © ~ iid N(0, I,,), taking 2"z nonsingular and o?
known unless stated otherwise; n has dimension r = d,. Three matrices will prove
useful for the derivations. The elimination matrix L, satisfies vech(C') = L, vec(C);
the commutation matrix K, satisfies K, vec(C) = vec(C"); and for symmetric C
the duplication matrix D, satisfies D, vech(C) = vec(C'). On these, see Magnus and
Neudecker (1979, 1980).

D.1 Generalized scores and two lemmas

The log-likelihood is £ = —2 In(270?) — 355 (y — 2n) ' (y — xn), with derivatives V, ¢ =
x"(y —an)/o® and V2l = —z"x /0. The first- and second-order generalized scores

are therefore

1 1 1
w = — z" (y—mn), wy = vech(V), Vi=—— xTx—F; ' (y—an)(y—an) 'z,

o2

(D.1)
where wsy collects the distinct entries of the matrix V%E +V, t VLT, and we stack Wy =
(w{ ,wy )". This differs from the convention used in the main text where w, collected
all, possibly redundant, entries; the two conventions give the same projection, since

the redundant entries are linear combinations of the distinct ones.

Lemma 1. E, 4, {wlwf] = %xTx, Eqz0.0 [wlw;] =0, and

E..0, [wgw;] = 014 L, (xT ® xT) (Io + Kp) (z®@2) L. (D.2)
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Proof of Lemma 1. Substituting y —an = oe givesw; = 2'e/cand V =2 (e —
I,)x/o?. The first claim is immediate from E[ee "] = I,,, and the second holds because
all third moments of a centered Gaussian vector vanish. For the third claim, w, =
0 2L.(z" ® x")vec(ee" — I,), and the Gaussian fourth-moment identity, equation

(4.3) of Ghazal and Neudecker (2000),
E [vec(seT) Vec(asT)T} = vec(I,) vee(I,) " + I + K,

implies E[vec(es” — I,) vec(ee” — I,)"] = I,2 + K,,, which yields (D.2). O

Lemma 2. For symmetric r X r matrices A and B,

vech(A) " [Lr (:cT ® xT) (Iz + K,) (zr ® x) LH o vech(B) = Ltr (A (xT:L')il B (xTa:)1> :

2

(D.3)
Proof of Lemma 2. We use the identities
D, = (Lo + K) L] (L, (L= + K) L)) (D.4)
(I +K,)(z®@z)=(x@x) (I + K,), (D.5)
D,L, (L + K,) =12 + K,, (D.6)
K.D, = D,, (D.7)

from Magnus and Neudecker (1980). By (D.5), the matrix inside the inverse equals
L.(x"z ® 2"2)(I,- + K,)L,}, and combining (D.4)—(D.7) shows that its inverse is
;D ((az’T:c)_l ® (Z'Tl')_l) D,. Since D, vech(A) = vec(A) for symmetric A, the left-
hand side of (D.3) equals

;vec(A)T (672) " @ (2 2) ") vee(B) = ;tr(A(xTx)_lB(xTx)_l).

D.2 Variance components

Here 119 = 1y Qno and the base moment is u = " Qn — u, which does not involve y,
so that Efu W, ] = wE[W, ] = 0 and the construction (6.11) reduces to

uy=u+ b (E[Wawy]) " we,

o4



where by = ((QQn)T, vech(QQ)T>T is the column vector collecting the sensitivities of
Section 6 in the coordinates of Wy: the gradient V,(n"Qn) = 2Qn and, in the vech
convention of (D.1), the second-derivative block vech(2Q)). By Lemma 1 the Gram
matrix is block diagonal, so the two blocks contribute separately. The first-order

block contributes

A ANl Yy —xn _
I G !

2an”

and truncating the construction after this block yields u} in (6.16). The second-order
block contributes, by Lemma 2 with A = 2Q) and B = o*V/,

ot vech(2Q)" {Lr(xT @) (I + K,z ® x)LTT} - vech(V)

=o' tr (Q(xTx)_lV(a:Tx)_l) :

and substituting the definition of V',

ot tr (Q(Q:Tx)_IV(xTx)_l)

= (y—an) 2@ 2) QT w) 2T (y —am) — o tr (QaT2) ).

Adding the three pieces and expanding (y—xn) "z =y z—n "2 "z, the terms involving

71 cancel,

' Qn+2n0"Qx ) (y — xn) + (y —an) "x(zTw) T Qa 2) 2 (y — wn)
=y a(z'2)7'Q(z x) Ty,
which gives uj in (6.17). As a check, substituting 2"y = 2" an + o2 e shows directly

that E[y "z(z"2)'Q(z"2)*aTy] = n"Qn + o tr(Q(z ")) for every 0, confirming

that w3 is fully orthogonal, and, in this case, exactly unbiased.

D.3 The variance parameter

We now derive the expression given in footnote 6, taking § = o2 as the target and

U=Vl = —3%+55(y—an)" (y—an). Being a score, u is unbiased at all parameter

values, so that all sensitivities vanish and the construction of Section 5.2 applies, with
-1

uy = u—EuWy] (BWLW,]) Wa.
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Writing u = (¢'e — n)/(20?), the first-order block vanishes because E[uw] ] in-
volves third moments of €. For the second-order block, Ele;e ere;] = 650 + dindj +
6udjr gives E[(eTe)ee’] = (n + 2)1,,, hence E[(¢"e — n)eec'| = 2I,, and

E V] = 1 T E T T I _ 1 T
[u ]—ﬁx [(6 s—n)(ee —nﬂx—;x x.
Applying Lemma 2 with A = 2"'2z/0* and B = 0%V, the second-order block con-
tributes 1 tr (V(:UT:U)_1>, so that

uy=u—tr (V(me)_1> .

Finally, writing P, = z(z'2z)"'z" and M, = I, — P,, the definition of V gives

tr(V(zTx)™t) = (eTsz - dn) /o2, and since M,z = 0 implies y' M,y = 0% " M,e,

ele—n ¢e'Pe—d, B e Mye — (n—d,) 1
202 202 N 202 20

uj = (v My — (n—d,) %),

as claimed. It is free of 7 and has mean zero at every value of it, since Ele" M,e| =
tr(M,) =n — d,.
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