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Summary

In this PhD thesis, I study dynamic incentives, private information, and commitment in three essays
in economic theory. The common thread is that incentives, contracts, and policy promises depend
not only on current outcomes, but also on how actions shape future states, future information, and
future credibility. The three chapters analyze optimal contracts or policy promises when effort has
intertemporal effects, when ex post signals affect screening, and when policymakers cannot fully commit.

In Chapter 1, Exhaustion and Burnout: a Principal-Agent Approach, I study a dynamic moral hazard
problem in which effort increases current output but also raises the probability of future exhaustion. I
model this as a continuous-time principal-agent problem with hidden action, limited liability, and a
productivity state that switches between a productive regime and an exhausted one. The key insight
is that exhaustion is harmful for future profits, yet informative about past effort, since harder work
makes it more likely. The principal can therefore use protection during low-productivity spells as an
incentive device. When exhaustion is more informative than success, the optimal contract relies more
on payments during downturns; when success is more informative, it relies mainly on success-contingent
bonuses. I also show that, when the productivity state is privately observed by the agent, the contract
can still induce both effort and truthful revelation. The chapter thus shows that technologically harmful
interruptions can nonetheless strengthen incentives.

In Chapter 2, On the (Relative) Merits of Money Burning for Optimal Contracting, coauthored with
David Martimort, we study a screening problem in which an informed agent reports private information
and the principal later receives an ex post private signal correlated with that information. A central
contribution of the chapter is to incorporate money burning explicitly as an instrument of contractual
design, alongside standard transfers. We characterize the set of incentive-feasible allocations and analyze
when the first best can be implemented with transfers alone and when money burning becomes necessary.
The analysis shows that the role of money burning depends on two key features of the informational
environment: the timing at which the signal is learned and its quality. In particular, money burning is
useful only when the signal is sufficiently informative, and its desirability differs sharply depending on
whether the signal is observed before or after production. The chapter therefore shows that wasteful
instruments may become part of the optimal contract because informational constraints make them
valuable screening devices.

In Chapter 3, Forward Guidance with Limited Commitment and Reputation, coauthored with Emil
Mortensen, we study monetary policy at the zero lower bound when the central bank cannot perfectly
commit to future policy. In the standard New Keynesian model, forward guidance can have implausibly
large effects on current output, giving rise to the forward guidance puzzle. We show that this puzzle is
mitigated once private agents recognize that future policymakers may not wish to honor previously
announced promises. We build a model with limited commitment and endogenous reputation, in which
the central banker may be more or less forward-looking. In this environment, forward guidance remains
useful, but its effects are bounded because longer promises are harder to sustain credibly. The chapter
therefore provides a more disciplined theory of forward guidance by making credibility an endogenous
equilibrium object.
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Résumé

Dans cette thèse de doctorat, j’étudie les incitations dynamiques, l’information privée et le commitment
à travers trois essais de théorie économique. Le fil conducteur est que les contrats et les promesses
de politique dépendent non seulement des résultats présents, mais aussi de la manière dont les
actions influencent les états futurs, l’information future et la crédibilité. Les trois chapitres analysent la
conception optimale des contrats ou des promesses de politique lorsque l’effort a des effets intertemporels,
lorsque des signaux ex post interagissent avec la sélection adverse, et lorsque les autorités ne peuvent
pas s’engager parfaitement.

Dans le chapitre 1, Exhaustion and Burnout: a Principal-Agent Approach, j’étudie un problème d’aléa
moral dynamique dans lequel l’effort augmente la production courante mais accroît aussi la probabilité
d’un épuisement futur. Je modélise cette situation comme un problème principal-agent en temps continu
avec action cachée, responsabilité limitée, et une productivité qui alterne entre un régime productif
et un régime d’épuisement. L’idée centrale est que l’épuisement nuit aux profits futurs tout en étant
informatif sur l’effort passé. Le principal peut donc utiliser la protection pendant les périodes de faible
productivité comme instrument incitatif. Lorsque l’épuisement est plus informatif que le succès, le
contrat optimal repose davantage sur les paiements pendant les interruptions ; lorsque le succès est plus
informatif, il privilégie les primes de performance. Je montre aussi que, lorsque l’état de productivité
est privé à l’agent, le contrat peut encore induire l’effort et la révélation sincère de l’état.

Dans le chapitre 2, On the (Relative) Merits of Money Burning for Optimal Contracting, coécrit avec
David Martimort, nous étudions un problème de sélection adverse dans lequel un agent informé déclare
une information privée, puis le principal reçoit un signal privé ex post corrélé à cette information.
Une contribution centrale du chapitre consiste à introduire explicitement le money burning comme
instrument contractuel, en plus des transferts usuels. Nous caractérisons les allocations compatibles
avec les contraintes d’incitation et analysons dans quels cas le premier best peut être mis en œuvre
avec les seuls transferts, et dans quels cas le money burning devient nécessaire. Son rôle dépend
de deux dimensions de l’environnement informationnel : le moment où le signal est observé et sa
qualité informative. En particulier, le money burning n’est utile que lorsque le signal est suffisamment
informatif, et son intérêt diffère selon que le signal est observé avant ou après la production.

Dans le chapitre 3, Forward Guidance with Limited Commitment and Reputation, coécrit avec Emil
Mortensen, nous étudions la politique monétaire à la borne inférieure zéro lorsque la banque centrale
ne peut pas s’engager parfaitement sur sa politique future. Dans le modèle keynésien standard, la
forward guidance peut avoir des effets excessifs sur l’activité courante, ce qui donne lieu au forward
guidance puzzle. Nous montrons que ce puzzle est atténué lorsque les agents privés comprennent que les
décideurs futurs peuvent ne pas respecter les promesses passées. Nous développons un modèle avec
commitment limité et réputation endogène. Dans cet environnement, la forward guidance reste utile,
mais ses effets sont bornés, car les promesses longues sont plus difficiles à rendre crédibles.
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Chapter 1

Exhaustion and Burnout: a
Principal-Agent Approach

Javier González-Morín

Abstract

I study dynamic contracts where effort increases output but also raises the risk of exhaustion, leading
to temporary downturns in productivity. Although exhaustion is a bad signal about future profits, it is
a good signal of the agent’s effort. These downturns can thus be used as incentive devices: the principal
commits to compensate the agent when productivity collapses, while successes play the conventional
role of performance pay. Optimal contracts thus blend rewards with protection. My results show
that negative intertemporal effects, although technologically harmful, can be leveraged to strengthen
incentives in dynamic moral hazard settings. When downturns are private information of the agent,
the contracts still provide payments during those periods to induce truthful revelation.

1.1. Introduction

Can peak performance be sustained indefinitely? Across many settings, periods of intensive workload
are followed by costly slowdowns. When teams push, output rises in the moment but the risk of
incidents increases—an injury at a worksite, a safety stand-down, a machine failure, or fatigue-driven
errors that take time to unwind. Evidence from call centres, hospitals, and emergency services shows
that heavier workloads and within-shift fatigue reduce performance, raise errors and delays, and can
increase accident risk (Collewet and Sauermann, 2017; Kc and Terwiesch, 2009; Bavafa and Jónasson,
2024; Ibanez and Toffel, 2020).

In practice, many workplaces build recovery into operations—micro-breaks on assembly lines, shift caps
and handovers in hospitals, “time-out” protocols after safety events, and paid sick leave. Reviews and
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meta-analyses show that brief resets, rest, and time off tend to improve safety and, in many settings,
performance (Tucker, 2003; Albulescu et al., 2022; see also Vander Weerdt et al., 2023, on paid sick
leave and firm outcomes). This finding motivates a clear economic question: How should long-term
relationships be structured to induce strong performance and manage such interruptions?

In this paper I study dynamic contracts in environments where exhaustion—linking today’s effort to
tomorrow’s risk of depletion—is a first-order feature of production. These downturns result in foregone
output, yet they can be leveraged to sharpen incentives. The key idea is simple: the principal commits
ex ante to protect the worker when production must pause, and that protection serves as a reward
for past effort. Because working harder today both raises output and makes a future interruption
more likely, promised support during interruptions becomes more valuable ex ante, strengthening the
incentive to exert effort in the first place.

Specifically, I consider a continuous-time principal–agent relationship with hidden effort. The agent is
protected by limited liability, and both players are risk-neutral. The agent’s productivity is modelled as
a controlled Markov chain with two regimes—productive and exhausted—so that both exhaustion and
recovery arrive with positive intensity. Effort raises the arrival rate of successes in the productive regime
and, crucially, shifts the transition intensities between regimes by increasing the hazard of exhaustion
and reducing the rate of recovery. The principal observes successes and the current productivity regime,
but not effort. A contract specifies the compensation that is given to the agent conditional on the
public history. The optimal contract is designed to maximize the principal’s profit.

My main results are as follows: (1) when the technology is exhaustion-dominant—extra effort raises
the hazard of exhaustion more than the rate of successes—the optimal contract loads incentives on
exhaustion events by committing to pay during low-productivity spells; (2) when the technology is
success-dominant—effort boosts successes more than it increases exhaustion—the optimal contract
loads incentives on successes, committing to large success-contingent bonuses sized to compensate both
for effort and for the time spent in low productivity; and (3) when productivity is privately observed,
the contract commits to pay on both successes and during downturns, using these two contingencies
together to induce high effort and elicit the agent’s productivity state.

Effort has two observable consequences in this environment: it raises contemporaneous successes when
production runs smoothly, and it also makes a pause more likely by pushing the system towards a
low-productivity spell. Because both traces come from the same effort, a downturn is bad news about
future output yet good evidence of past effort. The contract exploits this double signal in the spirit of
the classic Informativeness Principle (Holmström, 1979): it places most of the incentive weight on the
history that effort makes most revealing, while still using both sides to shape continuation promises. In
this sense, the technology itself—how effort tilts success rates versus transition hazards—determines
the contract’s shape: which event becomes decisive, where incentive weight is concentrated, and how
histories govern continuation.

If an exhaustion event is more informative about effort than a success is—the exhaustion-dominant
case—the relationship unfolds as follows. Initially, the contract runs a probationary phase of fixed
length. If neither a success nor an exhaustion event arrives within this window, the principal fires the
agent and pays no compensation. If a switch into low productivity occurs before probation ends, the
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agent passes probation and the relationship moves to a stationary phase with no further termination
risk. From then on, compensation is tied to the low-productivity spells. The principal pays a lump sum
at each exhaustion event and a constant flow while the spell lasts. This schedule resembles accident
insurance—an onset payment plus a per-period indemnity—but here it functions as and incentive device:
it rewards past effort by putting transfers on the paths that higher effort makes more likely. During
probation, successes are weaker evidence than a switch, so they are not paid directly. Instead, each
success extends the probation window, raising continuation value, lowering the chance of termination,
and increasing the likelihood of reaching the stationary phase.

If a success is more informative about effort than an exhaustion event is—the success-dominant case—the
relationship also begins with a fixed-length probation. A first success ends probation and moves the
relationship into a stationary phase with no further firing risk. From then on, pay is tied to successes
through sizable success-contingent bonuses. If no success arrives before probation ends but the agent
switches to the low-productivity state, the principal treats this as mild evidence of effort: probation
is paused while productivity is low (with no firing risk) and, upon recovery, resumes with a granted
extension. Because bonuses are not paid while productivity is low, they are chosen ex ante to offset
expected time spent there. Their level therefore rises with both the probability of switching into low
productivity and the expected share of time spent there, resembling a compensating premium.

While accidents and injuries are readily verifiable, depletion and burnout typically are not. To capture
this, I consider the setting in which productivity is privately observed by the agent, so that the
principal must elicit the state along the relationship. Because the state is reported by the agent,
the contract should not reward nor punish the report itself—doing so would invite over- or under-
reporting. The design keeps the worker through reported low-productivity spells and specifies transfers
on two contingencies: publicly verifiable success events and time spent in reported low productivity.
Success-contingent bonuses are set to satisfy the effort incentive constraint, since higher effort increases
the arrival rate of successes and therefore the agent’s expected continuation value. Payments during
low-productivity periods are set to satisfy the truth-telling constraints, making honest revelation weakly
optimal at every date—there is no gain from concealing a downturn, and no profit from falsely declaring
one. Calibrated jointly, these schedules implement high effort and truthful reporting while avoiding any
direct reward or penalty tied to the act of reporting.

This paper contributes to the continuous-time dynamic moral-hazard literature using recursive promised-
utility methods, with Sannikov (2008) as the canonical reference. The setup is a close variant of Biais
et al. (2010)—risk-neutral agents under limited liability with Poisson timing—with successes as the
arrival events instead of failures. My main addition is a dynamic technological externality of effort, i.e.,
exhaustion and recovery, so the productivity state is endogenous and effort-controlled. The work by
Bernard (2024, 2025) is related methodologically, characterizing efficient payoff frontiers under Poisson
information. However, while his framework studies strategic interactions between multiple players in
repeated or stochastic games, my paper focuses on a single principal designing incentive-compatible
contracts—that is, on the upper boundary of the implementable set rather than the equilibrium payoff
set sustained by mutual incentives. Related is Zhu (2013), where shirking provides private utility and
may be deliberately permitted. In my model, low effort is technological recovery rather than indirect pay,
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and thus not a wage substitute. Because the relationship features two observables (performance events
and regime transitions), my design results are related to the Informativeness Principle Holmström
(1979): the more revealing observable bears most of the incentive load, while the other manages
promises.

A related line of work studies the intertemporal technological links created by effort. Fernandes
and Phelan (2000) develop recursive machinery for intertemporal links in repeated agency (although
tractability for hidden-action moral hazard is limited); Sannikov (2014) analyses long-run incentives
when effort has cumulative, positive effects; DeMarzo and Sannikov (2017) study effort-driven learning
that separates beliefs; and Martimort and Straub (2016) generate dynamics via an irreversibility
constraint that ties actions across periods. My contribution differs in that effort depletes—rather than
builds—the state, and I study how an optimal contract should allocate incentives across two observables
when effort both improves the current performance and increases the risk of tomorrow’s interruption.

Close in spirit are Halac and Prat (2016) and Board and Meyer-ter-Vehn (2022), which feature an
endogenous state directly controlled by effort (attention, reputation). These papers study how effort
builds the state and shapes information or reputation dynamics; in contrast, I instead study how
effort erodes the state and derive the contract’s allocation of rewards across performance events versus
depletion episodes.

A separate branch of the literature models fatigue and recovery as economic states. Bechtold et al.
(1984), provide early work–rest scheduling in operations with productivity decay, showing how planned
pauses can raise output. Nocetti (2008) models fatigue as a stock that depresses marginal productivity,
yielding intertemporal substitution in effort and lower average output—evidence for the mechanism that
hard work today can hinder performance later. Dragone (2009) studies a renewable effort stock in which
rest rebuilds capacity, characterizing optimal effort–rest cycles. Baucells and Zhao (2019) axiomatize
the accumulation and decay of fatigue and derive optimal pacing rules in single-agent settings, and
Sáez-Martí (2025) embeds breaks and remote work in a principal–agent framework with schedule control.
My contribution differs in that I place an effort-controlled depletion state inside an optimal contracting
problem with hidden action and two observables: effort affects transition hazards, and the contract
endogenously allocates bonuses vs. depletion-side payments to provide incentives—using “insurance”
during exhaustion as an incentive instrument rather than only for risk sharing.

The results in this paper connects to firms’ use of policies such as paid sick leave when adopted
on a voluntary basis. Indeed, before San Francisco’s mandate, 73% of firms already provided paid
sick leave Colla et al. (2014), and nationally 79–81% of workers have employer-provided access even
without a federal mandate (U.S. BLS, 2024). Conceptually, these practices fall under non-wage
amenities—including paid leave/paid recovery—which are standard components of compensation (Mas,
2025) and account for a sizable share of total compensation (Maideu-Morera, 2024). This matters for
measurement: the premium predicted by my model may appear in bonuses or in paid-recovery benefits,
rather than in posted wage rates.

The result also relates to the literature on compensating differentials: success-contingent bonuses play
the role of the premium for exposure to downtime and should compress when exposure falls. This
aligns with Lavetti (2023), who reviews credible evidence that compensation co-moves with job risk,
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and with Guardado and Ziebarth (2019), who document positive premia for exogenous workplace risk.

Recent work debates the private provision of disability insurance (Seibold et al., 2025; Fischer et al.,
2024; Cabral and Cullen, 2019). I contribute to this debate by providing a theoretical framework that
predicts when employers embed disability-like protection in employment contracts and when they do
not.

The remainder of the paper proceeds as follows. Section 2 presents a two-period benchmark to identify
the key mechanisms. Section 3 lays out the continuous-time model. Section 4 characterizes optimal
contracts in the two informativeness regimes (Propositions 2 and 3) and their dynamic evolution
(Corollaries 1 and 2). Section 5 discusses some modelling assumptions and how modifying those
assumptions would affect the optimal contract. Section 5 concludes. The Appendix contains proofs
and omitted derivations.

1.2. Two-Period Model

I first present a simplified version of the model that allows me to highlight important features of
extenuation in optimal contracts. High effort in the first period leads to a higher probability of depletion
in the second period, when the agent is known to be unable to perform well. The principal anticipates
these events and therefore combines bonuses (payments for performance) and insurance (payments
when the agent is known to be depleted) in the optimal contract.

There are two players: a principal and an agent. The principal can hire the agent to run a project over
two periods, indexed by t ∈ {1, 2}. The two players are risk neutral and discount payoffs with common
factor δ = 1. The agent is protected by limited liability.

If the agent is hired, he decides how much effort at ∈ {0, 1} to exert in each period t. Effort is costly
for the agent, and entails a disutility equal to cat with c > 0. In every period, the project can result
in either a success or a failure. Each success has a value of v > 0 for the principal, and each failure
has a value of 0. The probability of a success is affected by the effort exerted by the agent, and by a
productivity state variable θt ∈ {H,L}. The probability of a success in period t in state θt is

P (successt|at, θt) =

 π0 if θt = L

π0 + (π1 − π0)at if θt = H

with 0 < π0 < π1 < 1. In state H the likelihood of a success is higher the more effort the agent exerts,
while effort is useless in state L. 1 A success can still be realized in state L; however the probability
of such an event is indistinguishable from the probability of a success if a productive agent exerts no
effort at all.

The state is commonly known to be θ1 = H in period t = 1. Note that it is common knowledge that in
period t = 1 both successes and failures realize on-path with positive probability regardless of the effort
exerted by the agent. Effort exerted in period t = 1 triggers a stochastic transition of the productivity

1This situation is clearly an extreme case, since one could consider that productivity in state L is reduced to a smaller,
though still positive, value. The results remain unchanged as long as the productivity of effort in state L is small enough.
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state variable θt. In particular:

P (θ2 = L|a1) = ϕ0 + (ϕ1 − ϕ0)a1,

P (θ2 = H|a1) = 1 − ϕ0 − (ϕ1 − ϕ0)a1.

where 0 < ϕ0 < ϕ1 < 1. The more effort that is exerted in period t = 1, the more likely the agent is to
become unproductive in period t = 2, but neither of the two realisations of the state in period t = 2
perfectly reveals the effort in period t = 1. The productivity state is public in every period.

The principal offers a long-term contract that specifies transfers contingent on the public events. Effort
is privately chosen by the agent; thus the principal can write a contract contingent on the successes
and failures and the realisation of the productivity state in period t = 2. Thus, a contract is a tuple
(w1, b1, w

F L
2 , wSL

2 , wSH
2 , bSH

2 , wF H
2 , bF H

2 ) ∈ R8
+, where the notation w1 stands for the base payment that

the principal commits to give to the agent in period t = 1 regardless of the success/failure realisation,
and b1 stands for the additional success-contingent bonus paid in period t = 1. The contract is
history-dependent, such that wjθ

2 is the base payment given in period t = 2 if a success or failure,
indexed by j ∈ {S, F}, was observed in period 1 and the productivity state θ ∈ {H,L} is realized in
period 2, whereas bjθ

2 is the additional success-contingent bonus paid in period 2 if the combination
jθ was observed. It is not necessary to specify bonuses in period 2 if the state is θ2 = L, since it is
common knowledge that the agent deserves no credit for any realized success. In addition, as both
players are risk-neutral and share a common discount factor, it is well known that there is no loss of
generality when only terminal payments are considered, as any payment in period 1 can always be
rescaled by a factor 1

δ and entails no benefit or cost for either the principal or the agent. However, I
will consider the optimal contract that front-loads transfers as much as possible. 2 Since the agent is
protected by limited liability, all the payments must be nonnegative.

The timing of events is as follows:

Period 0

0.1 The principal proposes a contract C.

0.2 The agent accepts/rejects C. If the contract is rejected, both the principal and the agent
obtain their outside option; otherwise:

Period 1

1.1 If C is accepted, them the agent chooses a1 privately.

1.2 A success/failure j ∈ {F, S} is realized; payment w1 or w1 + b1 is provided.

Period 2

2.1 The state θ2 ∈ {L,H} is publicly realized.

2.2 The agent chooses a2 privately.
2Payments will be front-loaded if the discount factor of the agent, δA, is smaller than the discount factor of the

principal, δP . This contract can be seen as the limit of the optimal contract as δA ↑ δP .
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2.3 A success/failure is realized; payment wji
2 or wji

2 + bji
2 is provided.

The contract can induce profiles of effort of the form (a1, a
SH
2 , aF H

2 ) ∈ {0, 1}3. Since the addition of
fatigue effects is detrimental for the implementation of effort, I assume that the optimal contract absent
fatigue effects, i.e., when ϕ1 = ϕ0 = 0, induces maximal effort in all periods. This amounts to assume
that:

π1 − π0

c
v ≥ 1 + π0

π1 − π0

1
1 − π1

In particular, this assumption implies that inducing effort in one period only has a positive value even
though the agent earns some limited liability rent. Since there is discounting and the agent is known
to be in the productive state in period 1, the principal would prefer to induce effort in period 1 only
rather than in period 2 only. The optimal contract thus trades-off how much effort to induce in period
2 versus the size of the limited liability rents that are left to the agent.

Proposition 1.1. Any optimal contract induces a1 = 1 and features wSL
2 > 0. In addition, there exist

cutoffs 0 < ϕ < ϕ̄ < 1 such that:

1. If ϕ1 ≤ ϕ, the optimal contract induces at = 1 if and only if θt = H; and the only positive
transfers are as follows:

wSL
2 = c

π1 − π0

π1 − π0[1 − (ϕ1 − ϕ0)]
π1ϕ1 − π0ϕ0

> 0

bSH
2 = bF H

2 = c

π1 − π0

2. If ϕ1 ∈ [ϕ, ϕ̄], the optimal contract induces (a1, a
SH
2 , aF H

2 ) = (1, 1, 0); and the only positive
transfers are as follows:

wSL
2 = π0c

π1 − π0
+ (1 − π0)c
π1ϕ1 − π0ϕ0

> 0

bSH
2 = c

π1 − π0

3. Assume ϕ1 ≥ ϕ̄ the optimal contract induces (a1, a
SH
2 , aF H

2 ) = (1, 0, 0); the only positive transfer
is as follows:

wSL
2 = c

ϕ1π1 − ϕ0π0
> 0

The optimal contract is essentially3 unique except for the cases ϕ = ϕ and ϕ = ϕ̄.

Since period 2 is the last period, the optimal way of inducing high effort is to use the one-shot optimal
contract, which involves a zero base payment wjH

2 = 0 and positive bonus bjH
2 = c

π1−π0
. Since successes

realize with positive probability of at least π0 when the agent shirks, the bonus exceeds the actual flow
cost of effort, thus leaving the agent some limited liability rent π0c

π1−π0
> 0. The incentives to exert effort

3Had I allowed bonuses in period t = 2 when θ2 = L one could set bSL
2 = wSL

2
π0

and use any convex combination of the
two. All those are different forms of insurance, since the agent is known to be unproductive and exerts no effort. The
contract is therefore unique up to equivalent forms of insurance.
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in period 1 are affected by various channels. First, the agent faces the static component of the trade-off,
which accounts for the flow cost of effort and the bonus obtained in period 1 after a success is realized,
b1. Second, the agent anticipates that, if he is productive again in period 2, he will obtain a limited
liability rent when he is asked to work in that period. However, if he works in period 1, the state will
be more likely to be θ2 = L, and part of that rent will be lost in expectation. Reducing that rent can
make it easier for the principal to induce high effort in period 1. Third, the principal can commit to
reward the agent when the state is θ2 = L to compensate for the lost rent. Proposition 1 states that the
principal should always reward the agent when the state θ2 = L is realized after a success in period 1,
to combine both signals about effort. The static reward b1 should be zero since it provides low-powered
incentives relative to wSL

2 . When exhaustion effects are low, ϕ1 < ϕ, the principal finds it optimal to
induce maximal effort in period 2 when θ2 = H, since the expected rent that the agent misses when
θ2 = L is not significant enough. As exhaustion effects become more severe, ϕ1 ∈ (ϕ, ϕ̄), the optimal
contract dictates that effort in period 2 should be induced only after a success in period 1 is realized
and θ2 = H. The effect of this downsizing is twofold: the agent obtains a rent in period 2 only if he
had a success in period 1; and the rent that the agent loses when the state is θ2 = L is reduced. Both
cases induce higher effort in period 1. Finally, when exhaustion effects are more significant, ϕ1 > ϕ̄, the
principal decides to not induce effort in period 2 at all. In expectation, the agent becomes too worried
about the rent he will lose if he becomes exhausted that it would become too costly to induce effort in
period 1.

Although extenuation is technologically harmful, the principal leverages the low-productivity event to
strengthen incentives. The optimal contract therefore uses insurance as an incentive device: it rewards
past effort precisely when the agent is known to be depleted, even though both parties are risk-neutral.
This situation contrasts with standard hidden action models in which insurance is motivated by risk
sharing with a risk-averse agent: under first-best case one would fully insure, whereas under the
moral hazard case only partial insurance is provided to preserve incentives by making pay depend on
outcomes. Here, by contrast, transfers in the low state are not about smoothing risk; they are the
very instrument that implements effort, because paying when θ = L credibly rewards past performance
without distorting current effort (effort is unproductive in L).

In the remainder of the paper I adopt a continuous-time setting to capture two economically salient
features missing from two periods: recovery—after depletion the match can return to high productivity;
and recurrence—depletion and recovery can repeat, making insurance a reusable incentive and turning
continuation versus termination into a genuine economic margin.

1.3. Fully-fledged Model

There are two players: a principal and an agent. The principal can hire the agent to run a project over
time. Time is continuous and is indexed by t ∈ [0,+∞). The agent must choose a process a = (at)t≥0,
where at ∈ [0, 1] is the effort exerted at each instant t. The cost of exerting effort is captured by a flow
catdt. Effort generates (stochastically) some profits over time. In particular, a success of value v > 0
for the principal is generated at time t with intensity pt(at, θt)dt. The state θt ∈ {L,H} determines
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the productivity of effort at time t. In particular:

pt(at, θt) =

 π0 if θt = L,

π0 + (π1 − π0)at if θt = H,

where 0 < π0 < π1. That is, effort increases the likelihood of a success if the state is H, but is completely
useless if the state is L. The state θt evolves over time as a controlled Markov chain: if the state is H
at time t, the state jumps to L with instantaneous probability [ϕ0 + (ϕ1 − ϕ0)at]dt, with ϕ1 > ϕ0 > 0.
If the state is L at time t, the state jumps to H with instantaneous probability [γ0 + (γ1 − γ0)at]dt,
with γ0 > γ1 > 0. That is, the transitions from H to L are more likely to occur with higher levels of
effort, while the transitions from L to H are more likely to occur with lower levels of effort.

H L1 − [ϕ0 + (ϕ1 − ϕ0)at]dt

[ϕ0 + (ϕ1 − ϕ0)at]dt

[γ0 + (γ1 − γ0)at]dt

1 − [γ0 + (γ1 − γ0)at]dt

Figure 1.1: Productivity process as a Markov chain. Extenuation increases with effort (ϕ1 > ϕ0), and recovery
decreases with effort (γ1 < γ0).

Let (Xt)t≥0 denote the process of accumulated successes. This process is nonnegative and nondecreasing,
with stochastic upwards jumps of size dXt = 1. This process takes an initial value Xt− = 0. Let τH be
the stopping time at which the state jumps from H to L, and let τL be the stopping time at which
the system jumps from L to H. Let the associated jump processes be denoted as (Jθ

t )t. The state
θ ∈ {L,H}, jointly with an effort profile a, defines a probability measure Pa,θ over the random variables
Xt, τL, and τH . The associated expectation operator is denoted by E.

I denote by (Ft)t the filtration generated by the processes (Xt, θt)t, whose paths are publicly observed.
This filtration satisfies the usual assumptions.4 A contract is an Ft-adapted process (Yt)t that represents
the cumulative transfers paid to the agent up to time t. Because of limited liability, this process
is nonnegative and nondecreasing: Yt− = 0, Yt ≥ 0 and dYt ≥ 0. The effort process a = (at)t is
Ft-predictable; that is, it is a function of all the information up to t−.

Both principal and agent are risk-neutral and discount the future at the common rate r > 0.5 Fixing a
4That is, the filtration is complete (all Pa,θ–null sets are in F0) and right–continuous, i.e., Ft =

⋂
s>t

Fs for all t ≥ 0.
5In continuous time environments with risk-averse players it is quite common to assume different discount rates.

Letting the agent be weakly more patient than the principal usually ends up with the nonexistence of an optimal contract,
since the principal would prefer to delay transfers infinitely and compensate the agent with increases in the continuation
payoff only. However, in this paper I find optimal contracts where, at sufficiently high continuation values, increasing the
promise is as costly as an immediate transfer. Thus, there is no strict incentive to delay transfers thereafter.
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pair (Y, a), the expected payoffs for the principal and the agent are respectively6

V (Y, a, θ0) = E
[∫ ∞

0
e−rt (vdXt − dYt)

]
,

U(Y, a, θ0) = E
[∫ ∞

0
e−rt (dYt − catdt)

]
.

1.3.1. First-best benchmark

I start by characterizing the benchmark allocation in which effort is directly chosen and paid for by the
principal. This case corresponds to the first-best benchmark, without incentive or liability constraints.
It provides an upper bound on attainable welfare and a useful reference point for the constrained
problems that will be studied later.

The first-best effort profile a∗ = (a∗
t )t solves

W (θ0) = sup
a

E

[∫ ∞

0
e−rt

(
dXt − cat dt

)]
,

Because the problem is Markovian in the state θt, the value functions admit the following Hamilton–
Jacobi–Bellman (HJB) characterization:

rW (H) = sup
aH ∈[0,1]

{
v
(
π0 + (π1 − π0)aH

)
− caH +

[
ϕ0 + (ϕ1 − ϕ0)aH

]
[W (L) −W (H)]

}
,

rW (L) = sup
aL∈[0,1]

{
vπ0 − caL +

[
γ0 + (γ1 − γ0)aL

]
[W (H) −W (L)]

}
.

(Pfb)

Each objective combines three components: (i) the expected instantaneous output, E[vdXt | at, H] =
v[π0 + (π1 − π0)at]dt in state H and E[vdXt | at, L] = vπ0dt in state L; (ii) the contemporaneous flow
cost catdt; and (iii) the expected continuation value from a state switch, weighted by its intensity
ϕ0 + (ϕ1 − ϕ0)aH when moving to L and γ0 + (γ1 − γ0)aL when moving to H.

Under the minimal assumption (π1 − π0)v > c, to ensure that effort in the productive state is profitable
from a static point of view, the efficient effort profile is bang-bang:

a∗
t =

1 if θt = H,

0 if θt = L.

Details can be found in the Appendix. When productivity is low (θt = L), effort has no effect on the
success rate: it only increases costs and slows recovery (reducing the transition rate from γ0 to γ1).
Hence the optimal choice is no effort. When productivity is high (θt = H), the marginal return to effort
is strictly positive regardless of any dynamic concerns. Hence maximal effort is always optimal, allowing
the decision maker to exploit the productive state fully while it lasts, before the process eventually

6Integrals are of Lebesgue-Stieltjes type, where
∫ t

s
denotes

∫
[s,t] and

∫ t−

s
denotes

∫
[s,t).



18

transitions to the low state L.

The values derived from being in states H and L are respectively as follows:

W (H) = r + γ0

r + γ0 + ϕ1

π1v − c

r
+ ϕ1

r + γ0 + ϕ1

π0v

r
> 0,

W (L) = γ0

r + γ0 + ϕ1

π1v − c

r
+ r + ϕ1

r + γ0 + ϕ1

π0v

r
∈ (0,W (H)).

These expressions can be read as convex combinations of two benchmark payoffs: (i) the expected
discounted net flow under high productivity with maximal effort, (π1v − c)/r; and (ii) the expected
discounted flow under low productivity, π0v/r. The weights on these benchmarks reflect both transition
intensities and discounting. Higher recovery (γ0) and lower extenuation (ϕ1) shift the weight towards a
high payoff. As the discount rate r → 0, the weights converge to ( γ0

γ0+ϕ1
, ϕ1

γ0+ϕ1
), which is the stationary

distribution of the Markov chain θt when controlled by the effort process a∗.

The first-best solution derived above serves as a reference point for the constrained problems studied
next. In particular, it will be useful to work with the principal’s net payoff once she commits to deliver
a continuation utility U to the agent, while otherwise retaining the first-best allocation. I therefore
define

V fb
H (U) = W (H) − U,

V fb
L (U) = W (L) − U,

which represent the principal’s value in states H and L, respectively, when incentive constraints are
relaxed but the agent is guaranteed U .

1.3.2. Incentive Compatibility

Having characterized the first-best allocation, I now turn to the central constraint of the problem:
how to design transfers so that the agent voluntarily implements the efficient effort profile a∗ derived
above. Since effort is privately chosen and costly, the contract must align the agent’s incentives with
the principal’s objectives in every productivity state. My focus is therefore not on arbitrary effort
processes, but specifically on making a∗ incentive compatible until the eventual event of termination.
In Section 1.4.3, I show that this effort process is indeed the optimal one to induce when the principal
seeks to maximize her profits.

To formalize this approach, fix a contract Y and an effort profile a, which is a best reply to contract Y .
Let (Ua

t )t denote the agent’s continuation utility at time t. This process is defined as follows:

Ua
t = E

[∫ ∞

t

e−r(s−t)(dYs − casds
) ∣∣∣∣ Ft

]
= sup

â
E
[∫ ∞

t

e−r(s−t)(dYs − câsds
) ∣∣∣∣ Ft

]
,

where the state θt is part of the history up to time t through Ft. To capture how contracts provide
incentives, it is convenient to introduce the so-called sensitivity processes. Intuitively, these processes
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measure how strongly the agent’s continuation utility reacts to observable shocks. Since the payoff-
relevant shocks differ across states, I allow the sensitivities to depend on the current productivity
state.7 That is, I denote by βθ

t the sensitivity of the agent’s continuation value to successes in state θ at
time t, and by χθ

t the sensitivity to transitions out of state θ at time t. These sensitivities summarize
how the agent’s future payoff changes after each type of event, and thus provide a compact way to
express the marginal incentives for effort. When the state is θt = H, reducing effort from a∗

t = 1 to
ât = 1 − ε reduces (i) the intensity of a success by (π1 − π0)ε; (ii) the intensity of a jump to state
L by (ϕ1 − ϕ0)ε; and (iii) the cost of effort borne by the agent by cε. Shirking is profitable if the
reduction in effort cost overcomes the loss of continuation value from the reduced intensities of the
shocks: βH

t (π1 − π0)ε+ χH
t (ϕ1 − ϕ0)ε < cε. When the state is θt = L, increasing effort by ε does not

affect the intensity of successes, but reduces the intensity of jumps to the H state by (γ1 − γ0)ε < 0.
Increasing effort is profitable if the expected change in continuation value overcomes the added effort
cost: χL

t (γ1 − γ0)ε > cε. The next lemma formalizes this intuition and characterizes the evolution of
the continuation value Ut ≡ Ua∗

t on the equilibrium path:

Lemma 1.1. The efficient effort process a∗ is a best reply to contract Y if and only if the sensitivity
processes satisfy at all t:

βH
t (π1 − π0) + χH

t (ϕ1 − ϕ0) ≥ c, χL
t (γ1 − γ0) ≤ c. (1.3.1)

The agent’s continuation utility then evolves according to

dUt =

rUtdt+ cdt− dYt + βH
t dMt + χH

t dN
H
t if θt = H,

rUtdt− dYt + βL
t dMt + χL

t dN
L
t if θt = L,

(1.3.2)

where dMt = dXt − π11 {θt = H} dt − π01 {θt = L} dt, dNH
t = dJH

t − ϕ1dt, and dNL
t = dJL

t − γ0dt

are Pa∗,θ-martingales.

Relative to a benchmark without exhaustion, incentives can now be provided through two distinct
channels: successes and state transitions. In the productive state H, the incentive compatibility
condition in equation (1.3.1) requires that the combined sensitivity to both types of shocks is large
enough to cover the flow cost of effort. The principal may therefore rely on either success-contingent
rewards (βH

t ) exhaustion-contingent rewards (χH
t ), or a mixture of both to implement effort.

In the unproductive state L, successes are uninformative about effort, and the only relevant sensitivity
is that to transitions, χL

t . Since γ1 < γ0, the inequality in equation (1.3.1) becomes a negative lower
bound for χL

t . Any nonnegative χL
t thus satisfies it, so incentive compatibility in L is easy to satisfy in

principle. This observation reflects the fact that the principal and agent are more naturally aligned in
the L state: both prefer the agent to rest. However, the contract must still be designed carefully. If
transfers during L are too attractive, the agent could have an incentive to exert positive effort precisely
to delay recovery and extend the period of receiving those benefits.

7This notation is redundant, since the sensitivities are also Ft-adapted, so they should include all the information up
to time t, including the state θt. However, since the sensitivities at time t depend explicitly on the state θt, I find it
useful for the sake of exposition to emphasize the state in the notation.



20

Equation (1.3.2) describes how the agent’s continuation utility evolves on the equilibrium path. The
drift terms reflect discounting and effort costs: in state H, the continuation value must increase at rate c
to compensate for the cost of exerting effort, whereas in state L, no such term appears. The martingale
terms, weighted by the sensitivities βθ

t and χθ
t , capture the random adjustments in continuation value

following realized successes and transitions.

Finally, the −dYt term reflects the fact that transfers are part of the continuation promise itself.
Delivering dYt to the agent at time t amounts to paying out a portion of the promised utility Ut. For
the same continuation value Ut, a higher transfer today necessarily reduces the amount of utility that
remains to be delivered in the future. For this reason, current transfers appear as a negative drift in
the law of motion for Ut.

1.4. Optimal Contracting

This section characterizes how the principal exploits the available shocks to design optimal contracts
that maximize her profits. My approach is to first derive the HJB equations heuristically, assuming
differentiability of the value functions so that they can be manipulated in the usual way. I then verify
that the candidate analytical solutions indeed satisfy the HJB equations and are differentiable, which
justifies the heuristic derivation. I separately study the two possible regimes, depending on whether
transitions or successes are the more informative signals of effort.

The principal’s problem is to design a schedule of transfers—and thereby the associated continuation
sensitivities—that implements the efficient effort profile a∗ until termination while maximising her
expected payoff. Transfers can depend on the current productivity state θt ∈ {H,L} and on observed
shocks. Formally, I can represent a contract by the transfer rule

dY θ
t = wθ

t dt + bθ
t dXt + pθ

t dJ
θ
t ,

where wθ
t is a flow transfer, bθ

t is a success-contingent bonus, and pθ
t is a transition-contingent lump-sum

transfer.8 Given this transfer scheme, the agent’s continuation utility evolves according to

dUt =


(
rUt + c− wH

t − π1β
H
t − ϕ1χ

H
t

)
dt + (βH

t − bH
t ) dXt + (χH

t − pH
t ) dJH

t if θt = H,(
rUt − wL

t − π0β
L
t − γ0χ

L
t

)
dt + (βL

t − bL
t ) dXt + (χL

t − pL
t ) dJL

t if θt = L.

(1.4.1)

The principal chooses transfers (wθ
t , b

θ
t , p

θ
t ) and sensitivities (βθ

t , χ
θ
t ) to maximize her continuation value,

subject to incentive compatibility (1.3.1) and limited liability. To see how the dynamic programming
equations are derived, consider first the state to be H. At the discount rate r, the expected flow of the
principal’s value when arriving at time t equals

r VH(Ut−). (1.4.2)
8Again, the state notation is redundant since Y is F-adapted, but useful since the transfers will explicitly depend on

the current state θt.
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This flow can be decomposed into two parts. First, the principal obtains the net benefits from current
events. A success arrives at rate π1, yielding v but requiring that the bonus bH

t be paid; a transition
H →L arrives at rate ϕ1, requiring that the lump-sum pH

t be paid; and the flow wH
t must be paid

continuously. The expected current payoff is therefore

π1(v − bH
t ) − ϕ1p

H
t − wH

t . (1.4.3)

Second, the principal must account for how her continuation value evolves. Using (1.4.1), three forces
matter: the deterministic drift of Ut, the jumps after successes, and the jumps after transitions. This
account gives

V ′
H(Ut−)

[
rUt− + c− π1β

H
t − ϕ1χ

H
t − wH

t

]︸ ︷︷ ︸
deterministic drift

+ π1

(
VH(Ut− + βH

t − bH
t ) − VH(Ut−)

)
︸ ︷︷ ︸

jump after success

+ ϕ1

(
VL(Ut− + χH

t − pH
t ) − VH(Ut−)

)
︸ ︷︷ ︸

jump after transition

. (1.4.4)

Adding (1.4.3) and (1.4.4) and identifying the result with (1.4.2) yields the HJB equation in state H:

r VH(U) = sup
βH ,χH ,bH ,pH ,wH

{
π1(v − bH) − ϕ1p

H − wH

+ V ′
H(U)

[
rU + c− π1β

H − ϕ1χ
H − wH

]
+ π1

[
VH(U + βH − bH) − VH(U)

]
+ ϕ1

[
VL(U + χH − pH) − VH(U)

]}
.

(1.4.5)

An analogous argument for θt = L gives the following:

r VL(U) = sup
βL,χL,bL,pL,wL

{
π0(v − bL) − γ0p

L − wL

+ V ′
L(U)

[
rU − π0β

L − γ0χ
L − wL

]
+ π0

[
VL(U + βL − bL) − VL(U)

]
+ γ0

[
VH(U + χL − pL) − VL(U)

]}
.

(1.4.6)

These HJB equations hold subject to the limited liability requirement that transfers are nonnegative
at each instant, dY θ

t ≥ 0. This requirement does not strictly imply that each component (wθ, bθ, pθ)
must be nonnegative, since only the total transfer matters. For example, one could in principle allow a
negative bonus bθ < 0 as long as the continuous payment wθ is large enough that wθ + bθ ≥ 0 whenever
a success occurs; similarly for pθ in the case of transitions. However, in the absence of shocks, it
must be that dY θ

t = wθdt ≥ 0, which implies wθ ≥ 0. Moreover, since successes and transitions are
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independent Poisson shocks (conditional on the exerted effort level at), the probability that they occur
simultaneously is of order o(dt2), so contracts that rely on offsetting a negative bθ with a positive pθ

(or viceversa) are irrelevant.

The boundary conditions are given by VH(0) = VL(0) = π0v
r . Intuitively, when the promised continuation

value to the agent reaches zero, the principal cannot incentivize any positive effort from that point on.
The agent is then left with her outside option, which corresponds to exerting no effort forever. From
that point onwards, successes occur only at the baseline rate π0, yielding a perpetual flow of expected
value π0v to the principal, discounted at rate r. This outcome explains why both value functions
collapse to π0v

r at U = 0.

1.4.1. Exhaustion-Dominant Technology

I first consider the case in which state transitions provide more informative signals about effort than
successes, i.e.,

ϕ1

ϕ0
>
π1

π0
.

In this regime, the principal relies mostly on transitions to provide incentives. The resulting contract is
simple: in the high state (H), effort is induced through exhaustion-contingent payments; in the low
state (L), both parties prefer to rest, so the principal simply keeps the agent’s continuation value stable
until the state returns to H. Termination can occur only in the high state, when the continuation value
drifts downwards in the absence of good news. The next proposition characterizes the optimal contract
in this regime.

Proposition 1.2. Assume that ϕ1
ϕ0
> π1

π0
, r ≥ ϕ0

(
1 + π1−π0

ϕ1−ϕ0

)
and

π1 − π0

c
v > 1 + ϕ0

ϕ1 − ϕ0

r + γ0 + ϕ1

r + γ0
,

and let U∗ ≡ c
r

ϕ0
ϕ1−ϕ0

. There exists an optimal contract given by:

βH(Ut) = C1 · (U∗ − Ut) bH(Ut) = 0,

χH(Ut) = c
ϕ1−ϕ0

− βH(Ut) π1−π0
ϕ1−ϕ0

pH(Ut) = χH(Ut) + Ut − U∗,

χL(Ut) =


r

γ0
Ut, Ut ≤ γ0

r+γ0
U∗,

U∗ − Ut,
γ0

r+γ0
U∗ < Ut ≤ U∗,

pL(Ut) = 0,

wL(Ut) = rU∗ · 1 {Ut = U∗} , βL(Ut) = bL(Ut) = wH(Ut) = 0,

where C1 =
(

1 −
(

ϕ1π0−ϕ0π1
π1(ϕ1−ϕ0)

) 1
α−1
)

∈ (0, 1) and α > 1 is an implicit function of parameters

(π0, π1, ϕ0, ϕ1, r).

The associated value functions are shown in Figure 1.2. Under the regularity assumptions required for
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Figure 1.2: Value functions in the optimal contract under the exhaustion-dominant case: ϕ1
ϕ0

> π1
π0

.

Proposition 1.2, these value functions can be solved in closed form:

VH(U) = V fb
H (U) − [(π1 − π0)v − c](r + γ0)

(r + γ0 + ϕ1)r

(
1 − U

U∗

)α

,

VL(U) = V fb
L (U) − [(π1 − π0)v − c]γ0

(r + γ0 + ϕ1)r

(
1 − U

U∗
r + γ0

γ0

)α

1

{
0 ≤ U <

γ0

r + γ0
U∗
}
.

These value functions are concave and single peaked at interiors values of the agent’s continuation
payoff U , ensuring that the principal indeed prefers to initiate the contract. The optimal contract then
starts at one of the two peaks, depending on the initial state θ0. It then moves along the curve while
the same state remains, and jumps between curves when transitions occur.

When the productivity state is L, the objectives of the principal and the agent are naturally aligned,
since both prefer the agent to rest. Incentive compatibility constraints are therefore slack. The
principal can simply perfectly align her marginal value pre- and post transition from L to H, leading to
V ′

H(U + χL(U)) = V ′
L(U). In addition, when this functional equation in U is solved, one obtains that

the sensitivity χL(U) is also chosen to stabilize the continuation value: for low Ut, χL(U) is chosen so
that the deterministic drift is exactly zero (rUt − γ0χ

L(U) = 0), keeping Ut constant in the absence of
shocks. For larger Ut, χL(U) is capped so that the continuation value never exceeds U∗, although this
value will never be part of the equilibrium path under this contract. As a result, the continuation value
never drifts to zero and the contract is never terminated in L. Transfers are deferred until Ut reaches
U∗, at which point the principal delivers it smoothly with a flow wL(U∗) = rU∗. The precise form of
this delivery is not unique: once the continuation value is fixed at U∗, the principal can equivalently
use flow transfers, bonuses, or transition-contingent payments to deliver the same utility, as long as
they sum to rU∗.

When the productivity state is H, the incentive constraint binds. The contract relies primarily on
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transitions as the informative signal that ultimately triggers payments, while successes are used only to
extend the probationary phase. Accordingly, the principal disregards successes as a payment instrument
(bH(U) = 0) but maintains a positive sensitivity βH(U) = C1(U∗ − U) so that a success increases the
promise without any transfer. Incentives are provided through exhaustion-contingent adjustments: the
principal sets χH(U) to satisfy incentive compatibility, and commits to lump-sum transfers pH(U) to
ensure continuation values never exceed U∗. These transfers are increasing in Ut, and once Ut = U∗,
the principal maintains it with constant payments pH(U∗) > 0. Additionally, once the continuation
value is U∗, the marginal benefit of increasing the continuation value and the marginal benefit of
increasing the lump-sum transfer pH(U) are equal: −ϕ1V

′
L(U∗) = −ϕ1. Thus, there is no incentive

for the principal to delay transfers once the contract enters the stationary phase. Termination may
occur in H during the probationary phase: absent transitions or successes, the continuation value drifts
downwards deterministically,

dUt =
(
rUt + c− ϕ1χ

H(Ut) − π1β
H(Ut)

)
dt

=
(
r + C1

ϕ1π0 − ϕ0π1

ϕ1 − ϕ0

)
︸ ︷︷ ︸

≡κ>0

(Ut − U∗)dt < 0,

and eventually reaches zero. A success during probation extends the relationship but never pays on
impact: the jump Ut 7→ C1U

∗ + (1 −C1)Ut postpones the termination time by a constant ∆T > 0 that
does not depend on Ut. In contrast, only a transition H→L moves the promise all the way to U∗ and
issues an immediate payment pH(U) > 0, after which the relationship remains in the mature stationary
phase.

This dual use of signals can be understood from the concavity of the principal’s value in the promise
U . Concavity means that the marginal cost of raising U increases with the level of U . Relying on
a single instrument would force large jumps in continuation values whenever an informative event
occurs, making the path more volatile and pushing U too close to zero, risking premature termination.
By combining both signals, the principal smooths these adjustments: transitions provide the main
incentive device and eventually trigger payments, while successes, although less informative, extend the
probationary phase and stabilize the path of U at lower cost. More specifically, consider the optimality
conditions associated with the HJB system (1.4.5)-(1.4.6). Since there is a shadow cost associated with
incentive compatibility constraints, the optimal contract must include a wedge between the principal’s
marginal payoff pre- and post-success: V ′

H(U∗) < V ′
H(U + βH(U)) < V ′

H(U). The concavity of VH in U
thus delivers βH(U) ∈ (0, U∗ − U).

The assumption r ≥ ϕ0

(
1 + π1−π0

ϕ1−ϕ0
C1

)
guarantees that the transfer pH needed to cap the continuation

value at U∗ is nonnegative. This condition means that discounting is strong enough that the principal
prefers to pay the agent immediately after an (informative) transition rather than postponing all the
rewards. If discounting is weak, each upwards jump in continuation value after a transition H → L

may fall short of U∗. Since the continuation value then drifts downwards once the state returns to H,
the agent can reach the mature phase only if a sufficiently rapid sequence of positive shocks arrives
before Ut reaches zero.
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A further implication is that, provided the contract is not terminated by the lack of good news, it
eventually implements the first-best, in the sense that the principal’s value coincides with the first-best
surplus net of the agent’s promised utility U . In the current regime, this outcome occurs precisely
when a transition pushes the continuation value to the threshold U∗. From that point on, incentive
compatibility is enforced at minimal cost, the threat of termination is no longer needed, and the
principal sustains efficient effort forever with constant transfers. When the state is L, the first-best is
effectively attained as soon as the promised utility is such that, after a transition to H, the agent’s
continuation value jumps exactly to U∗. From that moment on, both parties behave as if in the
stationary first-best phase, with efficient effort permanently implemented. The long-run dynamics
therefore admit only two possibilities: either the contract is terminated if no sufficiently informative
shocks arrive, or it converges to maturity at U∗, where incentive compatibility ceases to bind and only
promise-keeping matters.

For these dynamics to be well defined, certain parameter restrictions are needed. In particular,
Proposition 1.2 assumes that π1−π0

c v > 1 + ϕ0
ϕ1−ϕ0

r+γ0+ϕ1
r+γ0

. This restriction ensures that both VH(U)
and VL(U) are strictly increasing at U = 0. Intuitively, it guarantees that initiating the contract in
either state is worthwhile for the principal: even when the promised utility is arbitrarily small, the
marginal surplus created by a success outweighs the incentive and transition costs on the right-hand
side. If the inequality fails, VH(U) and VL(U) are decreasing everywhere, and the optimal policy
is immediate termination (i.e., no contract is offered at inception). If the recovery rate γ0 is low,
non-initiation becomes more attractive because the prospects of returning quickly to high productivity
are weak. The role of transitions is captured by the ratio ϕ1

ϕ0
. When this ratio is high, transitions

are highly informative and the principal can provide incentives efficiently. However, if the ratio falls,
transitions lose their power as incentive devices and the condition is more difficult to satisfy, making
immediate termination more likely. Holding the ratio constant while reducing ϕ0 also increases the
effective cost of incentive provision: although a lower ϕ0 means fewer harmful transitions on average,
it also makes the informative transitions rarer, such that reaching the mature phase through them
becomes less likely before the promise drifts to zero. At the limit ϕ0 → 0, the contract converges to a
stationary contract without termination (provided it remains profitable).

The overall structure of the contract can also be understood by analogy with insurance-type arrangements.
Rather than rewarding routine successes, which here carry less information about effort, the contract
makes the agent’s payoff contingent on the most informative adverse shocks: compensation is triggered
by transitions to the low state, while successes only prolong the relationship without paying on impact.
In my model this situation reflects the fact that negative shocks are the most informative signals of
hidden effort, and the contract is therefore structured around them.

The dynamic implications of this optimal contract are captured in the following corollaries. They show
how the relationship unfolds once it starts, depending on whether the initial productivity state is H or
L: how the continuation value evolves, when termination may occur, and how payments are structured
along the path.

Corollary 1.1. Assume θ0 = H. The contract begins with a probationary phase. The agent is
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promised an initial continuation value strictly between zero and U∗,

ÛH
0 = U∗

[
1 −

(
U∗

α

r

r + γ0

r + γ0 + ϕ1

(π1 − π0)v − c

) 1
α−1
]

∈ (0, U∗),

and the continuation value drifts down deterministically as long as no shock occurs. If no shock is
observed before

T∅ = − 1
κ log

(
1 − ÛH

0
U∗

)
,

the continuation value reaches UT∅ = 0, and the contract is terminated.

If there is any success dXt = 1 during the probatory phase, such phase is extended by some constant
∆T > 0, independent of the current continuation value.

If instead a transition occurs at some t < T∅, the agent’s continuation value jumps to the stationary
level U∗ and remains there forever (the contract is never terminated from then on). At that instant, the
principal pays a lump sum pH(Ut) > 0, and from that point, the contract enters a stationary phase:

• While θt = L, the principal pays a flow wL(U∗) = rU∗ = ϕ0c
ϕ1−ϕ0

;

• At every H→L transition, a lump sum pH(U∗) = c
ϕ1−ϕ0

is paid;

If instead the contract begins in the low state, the picture is simpler: no transfers are paid while the
agent rests, the promise is kept constant, and termination never occurs. The continuation value changes
only when a transition to H arrives, at which point it jumps to the probationary level associated
with starting in the high state. From then on the path follows exactly the dynamics in Corollary 1.1:
successes may prolong probation but never trigger payments, while only a transition resets the promise
to U∗ and delivers compensation. In the long term, therefore, the two possibilities are again either
termination in the absence of sufficiently informative shocks or maturity at U∗ if such a transition
arrives in time. This result resembles situations in which an employee on sick leave or in training
receives little or no pay during their absence, but once they resume normal work, the same probationary
structure applies as if they had been newly hired.

A pertinent limiting case arises when γ0 = 0, such that recovery from a downturn is impossible. In that
event a transition to the low state represents a permanent collapse of productivity. The optimal contract
then resembles an invalidity scheme: at the moment of the accident the principal makes an immediate
transfer, after which the agent receives a perpetual “pension,” corresponding to early retirement due to
permanent incapacity. Incentive provision becomes irrelevant once productivity is lost forever.

The sample paths of the continuation value in the exhaustion-dominant regime, and the associated
sample paths for the cumulative transfers are shown in Figure 1.3. The blue line represents the case in
which no shock arrives before the probationary horizon expires; thus, the continuation value drifts down
to zero and the agent is fired. The red dashed line shows the case in which a transition H→L is the first
shock observed: the continuation value jumps immediately to U∗, a transfer is made, and the contract
locks into the stationary phase forever. The green dotted-dashed line depicts a history with three
successes during probation: each raises the continuation value above its previous level and prolongs the
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t

Ut

ÛH
0

U∗

t

Yt

No shocks Early exhaustion Extended probation (successes)

Figure 1.3: Top panel: Sample paths of the agent’s continuation value Ut in the exhaustion-dominant case,
π1
π0

< ϕ1
ϕ0

, starting from θ0 = H under three scenarios: no shocks (blue), early exhaustion with an immediate jump
to U∗ (red, dashed), and extended probation with spaced positive shocks followed by exponential exhaustion
(green, dotted-dashed). Bottom panel: Corresponding cumulative transfers Yt, with payments occurring only at
success times and bonus sizes increasing with the prevailing continuation value.

probationary phase, until the contract is eventually terminated due to insufficient performance over
time. No transfer is ever paid in this particular sample path.

To conclude, in the exhaustion-dominant regime the contract relies primarily on transitions, which are
the more informative signals and the ones that eventually trigger payments, while successes play a
secondary role by merely prolonging the probationary phase without paying on impact. The long-run
outcome is either termination if no informative shocks occur in time, or maturity at U∗ after a transition,
where the relationship settles into the stationary first-best phase.



28

1.4.2. Success-Dominant Technology

I now turn to the opposite case, in which successes are the more informative signals of effort,

ϕ1

ϕ0
<
π1

π0
.

In this regime the logic mirrors that of exhaustion-dominance: the contract relies on the more informative
signal—here, successes—to provide incentives, whereas the less informative one—transitions—plays
only a supporting role. Successes are tied to bonuses that eventually pay on impact, whereas transitions
merely adjust continuation values across states to preserve promises and credibility through periods of
low productivity. The formal characterization is given in the following proposition.

Proposition 1.3. Assume that ϕ1
ϕ0
< π1

π0
, r ≥ π0

(
1 + ϕ1−ϕ0

π1−π0

)
, and

π1 − π0

c
v > 1 + (r + γ0 + ϕ1)π0

(r + γ0)(π1 − π0) + π1ϕ0 − π0ϕ1
,

and let U∗ ≡ r+γ0
r

π0c
(r+γ0)(π1−π0)+π1ϕ0−π0ϕ1

. There exists an optimal contract, which is given by the
following:

χH(Ut) = γ0
r+γ0

(
C2U

∗ + (1 − C2)Ut

)
− Ut pH(Ut) = 0,

βH(Ut) = c
π1−π0

− ϕ1−ϕ0
π1−π0

χH(Ut) bH(Ut) = βH(Ut) + Ut − U∗,

χL(Ut) =


r

γ0
Ut, Ut ≤ γ0

r+γ0
U∗,

U∗ − Ut,
γ0

r+γ0
U∗ < Ut ≤ U∗,

pL(Ut) = 0,

wL(Ut) = rU∗ · 1 {Ut = U∗} βL(Ut) = bL(Ut) = wH(Ut) = 0,

where C2 =
(

1 −
(

π1ϕ0−π0ϕ1
ϕ1(π1−π0)

) 1
α−1

)
∈ (0, 1), and α > 1 is an implicit function of parameters

(r, π0, π1, ϕ0, ϕ1, γ0).

Although the value functions in Figure 1.4 display the same qualitative features as in the exhaustion-
dominant case—convergence towards the stationary level U∗ and the absence of termination once
that level is reached—the instruments that implement them now flip roles. Incentives are powered
by successes: whenever a success arrives, the principal pays a bonus bH(U) and sets the sensitivity
to successes to implement effort at minimal per-success cost. Transitions remain essential but do not
pay on impact (pH ≡ 0). Instead, χH and χL are chosen to stabilize the promise across states so that
temporary spells of low productivity neither unravel incentives nor violate limited liability.

The structure is therefore the mirror image of the exhaustion-dominant regime. The more informative
signal—successes—carries the incentive burden and eventually triggers payments, whereas the less
informative signal—transitions—never pays on impact but shapes the path of continuation values. In
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Figure 1.4: Value functions in the optimal contract under the success-dominant case: ϕ1
ϕ0

< π1
π0

.

particular, during a low-productivity spell the agent is not penalized: the promise is maintained until
productivity returns. Moreover, a cycle H→L→H acts as a positive, albeit less informative, signal of
effort so that after returning to H, the continuation value is reset at a higher level that extends the
length of the probatory phase.

The same concavity logic explains why transitions are not discarded altogether in this regime. Relying
only on successes would make continuation values jump too sharply, undermining stability. Using
transitions to adjust promises during low-productivity spells ensures a smoother trajectory of U , even
though only successes ultimately trigger payments.

The dynamic implications mirror this logic. Starting in H with a promise U ∈ (0, U∗), the continuation
value drifts down deterministically in the absence of informative events, and termination occurs if no
success arrives in time. A success during the probatory phase jumps the promise up to U∗ and pays a
bonus on impact; from that moment the relationship remains in the stationary phase with efficient effort
in H, rest in L, and no further risk of termination. Transitions H→L along the way do not trigger
payments; they are accommodated by χ so that the promised utility remains credible and, after a return
to H, the promise sits at the level consistent with U∗ and continued performance pay. When the state
is L, the promise is simply stabilized with no transfers until a transition back to H occurs, at which
point the same probationary logic applies. In the long run, therefore, the two possibilities are again
either termination if no success arrives within the window, or maturity at U∗ following a success, after
which incentive compatibility is enforced at minimal cost and only promise-keeping remains relevant.

Corollary 1.2. Assume that θ0 = H. The contract begins with a probationary phase. The agent is
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promised an initial continuation value strictly between zero and U∗,

ÛH
0 = U∗

[
1 −

(
U∗

α

r

r + γ0

r + γ0 + ϕ1

(π1 − π0)v − c

) 1
α−1
]

∈ (0, U∗),

If no success or transition H→L occurs before

T∅ = − 1
κ̃ log

(
1 − ÛH

0
U∗

)
,

the continuation value drifts down smoothly until UT∅ = 0 and the contract is terminated.

If there is any transition H → L during the probatory phase, this phase is paused until the state returns
to H again (keeping the agent’s continuation value constant). After returning to the H state, the
remaining probatory time is extended by an amount ∆T > 0.

If instead a success occurs at some t < T∅, the continuation value jumps to U∗. From then on the
contract never terminates. At that instant, the principal pays a bonus bH(Ut) > 0, and the continuation
value oscillates between two values:

• As long as the state is H, the continuation value is constant at U∗, and the principal pays a bonus
bH(U∗) > c

π1−π0
with every success.

• As long as the state is L, the continuation value is constant at γ0
r+γ0

U∗, and no transfers are paid.

In other words, if the relationship starts in the high state, the agent faces a probationary phase similar
in spirit to the exhaustion-dominant case: unless sufficiently informative events arrive within a finite
window, the contract is terminated. Here the phase ends as soon as the first informative success is
observed: a success directly rewards effort, jumps the promise to U∗, and locks the relationship into
the stationary phase with efficient effort in H and rest in L. If instead a transition H →L occurs
during probation, the phase is paused with the promise held fixed; once productivity returns to H, the
remaining probation is extended by a constant amount ∆T > 0 (reflecting that an H→L→H cycle
is a weaker but still positive signal of effort). From then on, the first success pushes the promise to
U∗, and the relationship becomes stationary. This logic resembles a trial period in which the employer
requires some early signal of performance or resilience: a demonstrated success or evidence of recovery
after an adverse shock is enough to lock the relationship into a secure, long-term phase. Once in the
long-term phase, bonuses are paid in spells of high productivity, but they are higher than they would
be absent any extenuation effects to compensate for the spells of low productivity in which there is no
compensation.

If the relationship starts in the low state, the picture is simpler and mirrors the exhaustion-dominant
case. The agent begins with a smaller promise, ÛL

0 = γ0
r+γ0

ÛH
0 , receives no transfers while in L, and

faces no risk of termination. When a transition L→H occurs, the promise jumps to ÛH
0 , and from that

moment, the path proceeds exactly as in Corollary 1.2: the phase is probationary until the first success
arrives, which both pays a bonus on impact and moves the promise to U∗, after which the relationship
remains in the stationary phase.
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When γ0 = 0, the exhaustion-dominant regime delivers an invalidity-style contract with perpetual
payments after an accident. The success-dominant regime behaves very differently: if recovery is
impossible, a transition H → L eliminates the arrival of successes forever, so the agent can never
again produce the informative signals that sustain incentives. Since transitions are weaker and now
permanent, the principal prefers immediate termination with no compensation if the first shock is an
H→L event. Similarly, if the relationship starts in L under γ0 = 0, it is never initiated, as no success
can arrive at any time in the future.

t

Ut

ÛH
0

U∗

γ0
r+γ0

U∗

t

Yt

No shocks Early success Extended probation

Figure 1.5: Top panel: Sample paths of the agent’s continuation value Ut in the success-dominant case, π1
π0

> ϕ1
ϕ0

,
starting from θ0 = H under three scenarios: no shocks (blue), early success with a temporary setback (red,
dashed), and extended probation with eventual promotion (green, dotted-dashed). Bottom panel: Corresponding
cumulative transfers Yt when payments occur only at success times during productive spells, with larger bonuses
associated with higher continuation values.

Figure 1.5 illustrates sample paths in the success-dominant regime. The blue line again represents the
case with no shocks before the horizon, so the contract is terminated. The red dashed line corresponds
to an early success: the continuation value jumps directly to U∗, a bonus is paid, and from then on the
relationship is mature, with the continuation value oscillating between U∗ when the state is H and

γ0
r+γ0

U∗ < U∗ when the state is L. The green dotted-dashed line illustrates the case where a transition
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H→L occurs before any success. In this phase the continuation value is frozen until the state returns
to H, at which point it increases and the probationary phase is extended. A second spell in L has
the same effect. Eventually a success arrives while in H, which both pays a bonus and pushes the
continuation value to U∗, locking the contract into the stationary phase.

To summarize, in the success-dominant regime the more informative signal (successes) carries the
incentive burden and eventually triggers payments, while the less informative signal (exhaustion) shapes
the path of continuation values without paying on impact. The long-run outcome is either termination
if no success arrives in time, or maturity at U∗ following a success, after which incentive compatibility
no longer binds and promise-keeping becomes the relevant constraint. This situation mirrors the
exhaustion-dominant case with the roles of signals reversed.

1.4.3. Optimality of a∗ under private effort

The efficient effort process a∗ prescribes maximal effort in state H and minimal effort in state L until
termination. While many moral hazard settings feature underprovision of effort—since reducing effort
can reduce the agent’s rent—the principal here has no incentive to do so. To demonstrate this point,
suppose that in state H the principal induces zero effort (at = 0) when the agent’s continuation value
is U . The success intensity then falls to π0, and the transition rate to L falls to ϕ0. Ignoring the
now-slack incentive constraint (π1 − π0)βH

t + (ϕ1 − ϕ0)χH ≤ c, the principal optimally sets all the
transfers and the sensitivity to successes to zero, βH(U) = bH(U) = pH(U) = wH(U) = 0, and chooses
the continuation adjustment χH(U) = − r

r+γ0
U ≤ 0 so that her marginal value is equalized before and

after a transition. The principal does not gain from such a deviation if

rVH(U) ≥ π0v + V ′
H(U)

[
rU + ϕ0

r
r+γ0

U
]

+ ϕ0

[
VL

(
γ0

r+γ0
U
)

− VH(U)
]
, (1.4.7)

which is precisely the optimality condition for high effort in the HJB equation (1.4.5). The concavity of
VH and the fact that VH(U) ≥ VL

(
γ0

r+γ0
U
)

for all U ensure that this inequality holds for all U ∈ [0, U∗]
since both

VH(U) − VH(0) − UV ′
H(U) ≥ 0 and VH(U) − VL

(
γ0

r+γ0
U
)

−
(
U − γ0U

r+γ0

)
V ′

H(U) ≥ 0.

Hence, the principal strictly prefers to induce maximal effort in state H at all continuation values,
confirming the optimality of the efficient effort process.

1.5. Extensions and Robustness

In this section I relax some of the modelling and analysis assumptions and discuss how the optimal
contract changes when these assumptions are relaxed. First, I address how to modify the contract to
remain incentive compatible when the productivity state (and thus transitions) is private information
of the agent; thus, the principal must rely on the agent’s reports. Second, I allow the productivity of
effort in the L state to be small but positive, and show that the efficient effort process and the optimal
contract implementing it are the same as in the baseline if the productivity in the L state is small
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enough. Third, I discuss the implications when the evolution of the productivity status is determined
by the accumulation of past effort rather than by the current effort only.

1.5.1. Private productivity state

A key assumption of my model is that the productivity status is public and can be contracted on.
This assumption fits better examples where the exhaustion events are verifiable accidents or injuries.
However, it is not difficult to think of cases where exhaustion and recovery can be faked by the agent.
For instance, psychological burnout is typically not easy for the employer to detect. Therefore, employee
must convince the employer that he or she is unable to work. Because the principal has commitment
power when designing the contract, the Revelation Principle states that the contract can incorporate
reports of the agent about the productivity state once this state is his private information, and that we
can look for a contract that induces truthful revelation of the state on the equilibrium path.

Assuming that the optimal contract still exhibits the structure of the probationary phase and either
termination or promotion, it is not difficult to adapt the contract to make the effort profile a∗ and
truthful revelation of the state θt incentive compatible. Indeed, to induce truthful revelation of the state,
the contract cannot reward or punish any report. Otherwise, the agent would overreport the transitions
H → L if he can obtain some reward by doing so, as in the contracts described in Section 1.4. If, instead,
the contract were to punish those reports to prevent opportunistic overreporting, the agent would
be tempted to hide the transition to still benefit from eventual successes that happen with positive
probability in any history. In other words, the sensitivities to the transitions (in this case, to the reports
made by the agents) and the associated transfers must satisfy χH(U) = pH(U) = χL(U) = pL(U) = 0.
All the load of incentives should then be put in the sensitivity of the agent’s continuation value to
successes when the state is H: βH = c

π1−π0
. Paying success-contingent bonuses during these H-spells

are the best reward that the principal can offer. To maintain the incentive to report truthfully, the
principal can commit to pay a flow transfer wL(U) = rU ≥ 0 while the state is reported to be θt = L.

To illustrate that such a contract satisfies incentive compatibility, consider first the case in which the
agent’s continuation value is U∗,9 so that the mature, permanent phase has been achieved. If the
agent’s true state is θt = H and reports so, the agent expects to obtain bonuses bH(U∗) = c

π1−π0

with intensity π1 and pays the effort cost c, until a transition to the state L is realized and reported,
providing the agent continuation value U∗ thereafter. Thus, the agent at time t is indeed delivered
continuation value Ut = U∗. If instead the agent reports to be in state L, he would equally obtain
continuation value U∗, so no misleading report is profitable. The same argument works for the case in
which the true state is L.

Now consider that the contract is still in the probationary phase, at some time t in which the agent is
promised a continuation value Ut ∈ (0, U∗). On the equilibrium path, if the state is H, the continuation
value drifts downwards until it hits the zero lower bound or until a success is realized. If the state is L,
the probationary phase is paused, and the continuation value remains constant at Ut until a transition
to H is realized. In contrast to the contract described in Proposition 1.3, the probationary phase is
resumed from that moment on without any extension. If there were any extension associated with it,

9In this case, we have U∗ = π0
r

c
π1−π0

.
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the agent would like to repeatedly report transitions between H and L to extend for free the length of
the probationary phase. If the agent with a true state H were to report to be in state L between time
t and time τ̃ , the agent would obtain the flow transfer as long as the state does not switch:

∫ τ̃−

t

e−(r+ϕ0)(s−t)
(

rUt︸︷︷︸
=wL(Ut)

+ ϕ0Ut︸ ︷︷ ︸
actual switch to L

)
ds+ e−(r+ϕ0)(τ̃−t)Ut = Ut for all τ̃ .

Thus, the agent has no incentive to falsely report being in state L. Instead, if the agent in true state
L were to report being in state H, the probationary phase would not stop and the contract would
behave as if the continuation value were drifting downwards: Ũs = U∗ − (U∗ − Ut)er(s−t) for s ∈ (t, τ̃).
The agent could then obtain a success with intensity π0, earning him a bonus bH(Ũs) and a jump to
the permanent phase, as long as there no actual switch to the H state. The expected payoff he would
obtain is as follows:∫ τ̃−

t

e−(r+π0+γ0)(s−t)
[
π0

(
c

π1 − π0
+ Ũs − U∗︸ ︷︷ ︸

=bH (Ũs)

+U∗
)

+ γ0Ũs

]
ds+ e−(r+π0+γ0)(τ̃−t)Ũτ̃ = Ut for all τ̃ .

Hence the agent has no incentive to misreport being in state H when the true state is L. Indeed, such
a contract is actually the solution to the system of HJB equations where the incentive compatibility
constraints are χH(U) = pH(U) = χL(U) = pL(U) = 0 and wL(U) = rU . The value functions admit a
closed-form solution:

VH(U) = V fb
H (U) +

(
W (H) − π0v

r

)(
1 − U

U∗

)1+ π1
r + ϕ1

r+γ0
,

VL(U) = V fb
L (U) +

(
W (L) − π0v

r

)(
1 − U

U∗

)1+ π1
r + ϕ1

r+γ0
.

In this case, both value functions achieve the first-best payoff only at U = U∗ in either state. A
representation of these value functions can be seen in Figure 1.6.

In Figure 1.7 we also display three sample paths of the continuation value at the optimal contract when
starting at θ0 = H. The blue line represents the evolution when no shock occurs before the deadline of
the probationary phase, so that the agent is fired. The red dashed line represents the case in which a
success is the first realized shock, thus inducing the promotion of the agent to the permanent phase
with constant continuation value U∗. The green dotted-dashed line represents the case in which several
transitions are realized (and are reported by the agent). The continuation value remains constant
during the spells in the L state, and drifts downwards when the state returns to H.

1.5.2. Positive productivity in the L state

In the baseline model I adopted the extreme assumption that effort does not affect output in state L.
Indeed this situation can be seen as a rather restrictive case, since for instance mild illness may reduce
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π0v
r

W (L)

W (H)

U∗

VH(U)
VL(U)
V fb

H (U)
V fb

L (U)

Figure 1.6: Value functions in the optimal contract when θt is private information.

but not completely annihilate productivity. For some δ ∈ (0, 1), consider the following:

pt(at, L) = π0 + (π1 − π0)δat,

and keep all of the other baseline model features unchanged. The lower δ is, the more severe the state
L is for productivity. Setting δ = 0 corresponds to the baseline model, and setting δ = 1 corresponds
to the case in which exhaustion has no effect on productivity. The efficient effort process with interior
δ can therefore involve positive effort in the L state if the loss in productivity is not significant enough.

Assuming that (π1 − π0)v > c, inducing at = 1 when the state is θt = H is optimal for achieving
aggregate welfare. Define a cutoff δ̂ ∈ (0, 1) as follows:

δ̂ = c

(π1 − π0)v
r + γ1 + ϕ1

r + γ0 + ϕ1
+ γ0 − γ1

r + γ0 + ϕ1
.

If the loss in productivity derived from exhaustion satisfies δ < δ̂, the optimal effort process sets at = 0
if θt = L. In that case, the optimal contracts derived in section 1.4 remain unchanged and optimal,
since the incentive compatibility constraint in state L remains slack. As mentioned, inducing rest is easy
and inexpensive for the principal. The extreme baseline assumption δ = 0 is thus a useful simplification
for the case of sufficiently small δ. This situation is more likely to occur when the recovery rate γ0

is high and the discount rate r is small (these two increase δ̂) since the option of resting in state L
and waiting for a quick transition back to H overcomes the short-run benefit of exerting effort when
exhausted. Instead, high recovery rate γ1 and high ratio (π1−π0)v

c make rest less desirable.

If instead the loss of productivity is such that δ > δ̂, the efficient effort process sets maximal effort
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t

Ut

U0

U∗

No shocks Early success Pauses (exhaustion)

t

Yt

Figure 1.7: Top panel: Sample paths of the agent’s continuation value Ut starting from U0 < U∗ and θ0 = H
under three scenarios: no shocks (blue), early success (red, dashed), and pauses/exhaustion spells (green,
dotted-dashed). Bottom panel: Corresponding cumulative transfers Yt, illustrating how bonuses and rest-period
payments are delivered along each path.

when the state is L as well. Inducing that effort level when effort is unobserved might however be too
costly for the principal. There are two reasons for this statement. First, transitions from the L state
to the H state are, if anything, a bad signal about effort, since high effort decreases the likelihood
of those transitions. Positive rewards linked to those events induce the agent to exert less effort.
Second, although successes are positive signals about effort, the informativeness load in those signals is
diminished compared with that of successes in state H: δπ1+(1−δ)π0

π0
< π1

π0
. A worse signal forces the

principal to concede higher rewards for the same effort level, thus augmenting the limited liability rent
that the agent obtains.

1.5.3. Accumulated fatigue

In shift work and safety-critical jobs, exhaustion usually reflects accumulated load and missed rest.
Sustained work builds a stock of fatigue, while rest enable that stock to dissipate; the higher the
accumulated fatigue is, the easier it is to become exhausted and the more difficult it is to bounce back.
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To capture this situation, one can replace effort-driven transitions with a privately evolving fatigue
stock At that increases with effort and decays with rest. Hence the hazards H→L and L→H depend
on At. This modelling choice is close in spirit to that of Sakamoto (2014).

This change introduces path dependence into the observable regime. Under current effort transitions,
θt is a two-state Markov chain with memoryless (exponential) spell lengths. With fatigue, an outside
observer would detect duration dependence: the hazard of leaving H increases over the spell as fatigue
accumulates, and the hazard of leaving L increases as fatigue dissipates. The efficient effort rule
remains simple: work in H, rest in L. Thus, At drifts upwards in productive spells and downwards in
unproductive spells, generating endogenous cycles.

This addition of accumulated fatigue introduces a new informational difficulty: because effort is hidden,
the stock At is also hidden. If the agent deviates, he privately knows how fatigue has evolved and thus
forecasts transitions more accurately than the principal does. The environment therefore combines
hidden action with a hidden state (private information). Despite these technical difficulties, the study
of optimal stationary contracts remains tractable, which can be found in the Online Appendix.

From an informativeness perspective, the relevant signal changes with the level of fatigue. If At were
known (or correctly inferred) to be low, an observable transition from H to L is a rare event. It typically
requires a long history of high effort to accumulate sufficient fatigue. In that case, a transition is a
strong signal of past effort relative to success. In contrast, when At is high, exhaustion is likely in the
short term even if the agent shirks, so transitions become weakly informative while successes—which
load directly on current effort via π1 > π0—correspond to the higher likelihood ratio. Hence, on the
equilibrium path, as fatigue builds within an H-spell and then dissipates in L, the signal that should
be rewarded more intensely shifts over time: transitions early in H, successes late in H.

1.6. Conclusion

In this paper I study dynamic contracts in environments where effort increases performance as well as
the risk of exhaustion. When exhaustion is observed, it carries a double message: it is bad news for
near-term performance but a sign that the worker has been trying hard. Optimal contracts thus reward
such episodes to induce effort. If exhaustion is the more informative signal of effort, pay is delivered at
the onset of, and during, those low-productivity periods. Anticipating this promise of downtime pay
encourages the worker to exert high effort. If successes are more informative, pay takes the form of
larger bonuses when good results arrive. Those bonuses are larger when exhaustion episodes are more
likely or last longer—compensating for the loss of income during those periods.

Beyond exhaustion, one may consider several settings where the setup analyzed here can be applied. In
software and product work, a push to add new features is followed by a stabilization phase—testing,
integration, and fixes—that adds little new output by itself but is essential to keep creating value. In
work that relies on high motivation and deep focus, periods of rest are necessary to restore both. In
tenant farming, heavy cultivation within a season raises the harvest and is then followed by a period
of fallow or lighter cultivation on the same plot. In manufacturing, running equipment at very high
use lifts output on the day but brings forward cleaning and maintenance that interrupt production.
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Recognising that high- and low-productivity phases are both part of the technology—and that effort
shapes the timing of each—is essential for optimal incentive design.
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Appendices

1.A. Main Proofs

Proof of Proposition 1.1. Let me first write the objective the expected payoff of the agent with such a
contract:

U(a; C) = w1 + (π0 + (π1 − π0)a1)b1 − ca1

+ (π0 + (π1 − π0)a1) · (ϕ0 + (ϕ1 − ϕ0)a1)wSL
2

+ (1 − π0 − (π1 − π0)a1) · (ϕ0 + (ϕ1 − ϕ0)a1)wF L
2

+ (π0 + (π1 − π0)a1) · (1 − ϕ0 − (ϕ1 − ϕ0)a1)

· [wSH
2 + (π0 + (π1 − π0)aSH

2 )bSH
2 − caSH

2 ]

+ (1 − π0 − (π1 − π0)a1) · (1 − ϕ0 − (ϕ1 − ϕ0)a1)

· [wF H
2 + (π0 + (π1 − π0)aF H

2 )bF H
2 − caF H

2 ]

Since there is limited liability, the agent can always shirk and obtain a nonnegative payoff, so that one
can ignore the participation constraint of the agent. Consequently, it is optimal for the principal to
set w1 = 0, as it does not affect incentive to exert effort and is not required to meet the participation
constraint.

Now consider the incentive compatibility constraints for inducing effort in period 2 when the agent is
productive (θ2 = H). The payoff function is affine in both aSH

2 and aF H
2 , so the corresponding incentive

compatibility constraints are:

ajH
2 =


1 if bjH

2 > c
π1−π0

∈ {0, 1} if bjH
2 = c

π1−π0

0 if bjH
2 < c

π1−π0

j ∈ {S, F}

Notice that the bonus bjH
2 is the only incentive tool to induce ajH

2 ,a it is enough to set it at c
π1−π0

to
induce ajH

2 = 1. Any excess bonus is helpful only to provide incentives for effort in period 1, but one
can achieve the same incentive by increasing wjH

2 . Thus, without loss of generality I will consider only
bjH

2 = 0 to induce ajH
2 = 0 and bjH

2 = c
π1−π0

to induce ajH
2 = 1.

Now consider the incentive compatibility condition for effort in period 1. The agent optimally chooses

40
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a1 = 1 if and only if:

(π1 − π0)b1 + [π1ϕ1 − ϕ0π0]wSL
2 + [(1 − π1)ϕ1 − (1 − π0)ϕ0]wF L

2

+ [π1(1 − ϕ1) − π0(1 − ϕ0)] [wSH
2 + (π0 + (π1 − π0)aSH

2 )bSH
2 − caSH

2 ]

+ [(1 − π1)(1 − ϕ1) − (1 − π0)(1 − ϕ0)] [wF H
2 + (π0 + (π1 − π0)aF H

2 )bF H
2 − caF H

2 ] ≥ c

(IC1)

In order to induce a1 = 0, the principal can set optimally b1 = wSL
2 = wF L

2 = wSH
2 = wF H

2 = 0.
However, the left-hand side of the above inequality can still be positive if the principal sets bSH

2 = c
π1−π0

and bF H
2 = 0, and the condition π1(1 − ϕ1) > π0(1 − ϕ0) is satisfied. Alas, even in that case the

left-hand side does not exceed the right-hand side:

[π1(1 − ϕ1) − π0(1 − ϕ0)] cπ0

π1 − π0
= π0c

[
1 − ϕ1π1 − ϕ0π0

π1 − π0

]
< c

Thus, one needs to find which is the most efficient tool amongst b1, wSL
2 , wF L

2 , wSH
2 and wF H

2 to induce
a1. I build a Lagrangean to minimize the cost of the principal subject to (IC1):

L = −π1b1 − π1ϕ1w
SL
2 − (1 − π1)ϕ1w

F L
2 − π1(1 − ϕ1)wSH

2 − (1 − π1)(1 − ϕ1)wF H
2

+ λ

[
(π1 − π0)b1 + [π1ϕ1 − ϕ0π0]wSL

2 + [(1 − π1)ϕ1 − (1 − π0)ϕ0]wF L
2

+ [π1(1 − ϕ1) − π0(1 − ϕ0)]wSH
2 + [(1 − π1)(1 − ϕ1) − (1 − π0)(1 − ϕ0)]wF H

2

]

where I have omitted all the irrelevant terms in this optimisation problem for the sake of exposition.
The transfer wSL

2 combines two positive signals for effort, and thus it is the most efficient one. To see
this, notice that:

∂L
∂wSL

2
= −π1ϕ1 + λ[π1ϕ1 − π0ϕ0] = 0

⇐⇒ λ = λ∗ ≡ π1ϕ1

π1ϕ1 − π0ϕ0
> 0

And plugging such value for λ = λ∗ in the derivatives with respect to the remaining control variables, a
negative value is obtained for any parametrisation, and hence it is optimal to set them equal to zero:

∂L
∂b1

∣∣∣∣
λ=λ∗

= −π1 + π1ϕ1

π1ϕ1 − π0ϕ0
[π1 − π0] < 0

∂L
∂wF L

2

∣∣∣∣
λ=λ∗

= −ϕ1(1 − π1) + π1ϕ1

π1ϕ1 − π0ϕ0
[ϕ1(1 − π1) − ϕ0(1 − π0)] < 0

∂L
∂wSH

2

∣∣∣∣
λ=λ∗

= −π1(1 − ϕ1) + π1ϕ1

π1ϕ1 − π0ϕ0
[π1(1 − ϕ1) − π0(1 − ϕ0)] < 0

∂L
∂wSL

2

∣∣∣∣
λ=λ∗

= −(1 − π1)(1 − ϕ1) + π1ϕ1

π1ϕ1 − π0ϕ0
[(1 − π1)(1 − ϕ1) − (1 − π0)(1 − ϕ0)] < 0

So wSL
2 is the only positive transfer, and is set to meet condition (IC1) with equality. There are four
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cases depending on whether ajH
2 = 0 or ajH

2 = 1 is induced in period 2 for each j ∈ {S, F}:

bSH
2 = c

π1−π0
bSH

2 = 0

bF H
2 = c

π1−π0
wSL

2 = c
π1−π0

π1−π0[1−(ϕ1−ϕ0)]
π1ϕ1−π0ϕ0

wSL
2 = c

π1−π0

π1−π0[1−(ϕ1−ϕ0+π1(1−ϕ1)−π0(1−ϕ0))]
π1ϕ1−π0ϕ0

bF H
2 = 0 wSL

2 = π0c
π1−π0

+ (1−π0)c
π1ϕ1−π0ϕ0

wSL
2 = c

π1ϕ1−π0ϕ0

It remains to show which effort profile the principal wants to induce given the corresponding transfer
schemes. I need to consider eight possible profiles (a1, a

SH
2 , aF H

2 ) ∈ {0, 1}3. Denote by V (a1, a
SH
2 , aF H

2 )
the principal’s payoff from the optimal contract that induces profile (a1, a

SH
2 , aF H

2 ).

Recall that I assumed that the optimal second-best profile absent any fatigue effect (ϕ1 = ϕ0 = 0) is
(1, 1, 1):

π1 − π0

c
v ≥ 1 + π0

π1 − π0

1
1 − π1

(1.A.1)

In particular, equation (1.A.1) implies that inducing maximal effort in period 2 only is preferred to
inducing some effort in period 2 only, and to induce no effort at all, so I can ignore the profiles (0, 0, 0),
(0, 0, 1) and (0, 1, 0).

Now, I prove that inducing effort in period 1 only is preferred to induced maximal effort in period 2
only:

V (1, 0, 0) > V (0, 1, 1) ⇐⇒ π1v− π1ϕ1
c

π1ϕ1 − π0ϕ0
+ π0v > π0v+ ϕ0π0v+ (1 − ϕ0)π1

(
v − c

π1 − π0

)
π1 − π0

c
v >

π1

ϕ0

(
ϕ1

π1ϕ1 − π0ϕ0
− 1 − ϕ0

π1 − π0

)
The right-hand side is decreasing in ϕ1, so it can be bounded from above by:

π1

ϕ0

(
ϕ1

π1ϕ1 − π0ϕ0
− 1 − ϕ0

π1 − π0

)
≤ π1

ϕ0

(
ϕ0

π1ϕ0 − π0ϕ0
− 1 − ϕ0

π1 − π0

)
= 1 + π0

π1 − π0

which is smaller than the right-hand side of equation (1.A.1). Thus, I only need to consider profiles
such that a1 = 1.

I first consider the profiles (1, 1, 1), (1, 1, 0) and (1, 0, 0); and I then verify that the profile (1, 0, 1) cannot
improve with respect to the three simultaneously. Profile (1, 1, 1) is preferred to (1, 1, 0) if and only if:

V (1, 1, 1) ≥ V (1, 1, 0) ⇐⇒ π1 − π0

c
v ≥ 1 + π0

π1 − π0

1
1 − π1

π1ϕ1(1 − π0 − ϕ0) − π0ϕ0(1 − π1 − ϕ1)
(1 − ϕ1)(π1ϕ1 − π0ϕ0)

(1.A.2)

Profile (1, 1, 1) is preferred to (1, 0, 0) if and only if:

V (1, 1, 1) ≥ V (1, 0, 0) ⇐⇒ π1 − π0

c
v ≥ 1 + π0

π1 − π0

π1ϕ1(1 − ϕ0) − π0ϕ0(1 − ϕ1)
(1 − ϕ1)(π1ϕ1 − π0ϕ0) (1.A.3)

The right-hand side of equation (1.A.2) can be shown to be larger than that of (1.A.3). Profile (1, 1, 0)
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is preferred to (1, 0, 0) if and only if:

V (1, 1, 0) ≥ V (1, 0, 0) ⇐⇒ π1 − π0

c
v ≥ 1 + π0

π1 − π0

(ϕ1 − ϕ0)π0

(1 − ϕ1)(π1ϕ1 − π0ϕ0) (1.A.4)

The right-hand side of equation (1.A.4) can be shown to be smaller than those of (1.A.2) and (1.A.3).
Therefore, I can rank the profiles as follows: profile (1, 1, 1) is preferred if (1.A.2) is satisfied; if (1.A.2)
is not satisfied but (1.A.4) is, then (1, 1, 0) is preferred; if none of them are satisfied, then (1, 0, 0) is
preferred by the principal.

Cutoff ϕ is the value of ϕ1 such that equation (1.A.2) holds with equality. Notice that this equation
can be rearranged as a quadratic equation in ϕ1. In addition, the right-hand side converges to +∞ as
ϕ1 → 1; and reduces to the right-hand side of equation (1.A.1) when ϕ1 → ϕ0, so that there is a unique
value ϕ ∈ (ϕ0, 1) such that equation (1.A.2) holds with equality. The inequality is therefore satisfied
when ϕ1 ≤ ϕ.

Similarly, cutoff ϕ̄ is the value of ϕ1 such that equation (1.A.4) holds with equality. Notice that this
equation can also be rearranged as a quadratic equation in ϕ1. In addition, the right-hand side converges
to +∞ as ϕ1 → 1; and reduces to 1 + π0

π−π0
when ϕ1 → ϕ0, which is smaller than the right-hand side

of equation (1.A.1), so that there is a unique value ϕ̄ ∈ (ϕ0, 1) such that equation (1.A.4) holds with
equality. The inequality is therefore satisfied when ϕ1 ≤ ϕ̄.

Finally, noticing that the right-hand side of equation (1.A.4) is strictly increasing in ϕ1 on (ϕ0, 1), and
taking into account the ranking of equations (1.A.2) and (1.A.4), I conclude that ϕ < ϕ̄. Hence, the
cutoffs satisfy ϕ0 < ϕ < ϕ̄ < 1.

It remains to show that the profile (1, 0, 1) does not improve with respect to (1, 1, 1), and (1, 0, 0)
simultaneously (it can improve on each of them individually, though). If (1, 0, 1) is preferred to (1, 1, 1),
then it must be that:

V (1, 0, 1) ≥ V (1, 1, 1) ⇐⇒ π1 − π0

c
v ≤ 1 + π0

π1 − π0

(ϕ1 − ϕ0)π0

(1 − ϕ1)(π1ϕ1 − π0ϕ0) (1.A.5)

And if (1, 0, 1) is preferred to (1, 0, 0), then it must be that:

V (1, 0, 1) ≥ V (1, 0, 0) ⇐⇒ π1 − π0

c
v ≥ 1 + π0

π1 − π0

1
1 − π1

π1ϕ1(1 − π0 − ϕ0) − π0ϕ0(1 − π1 − ϕ1)
(1 − ϕ1)(π1ϕ1 − π0ϕ0)

(1.A.6)

So that one must verify:

1
1 − π1

π1ϕ1(1 − π0 − ϕ0) − π0ϕ0(1 − π1 − ϕ1)
(1 − ϕ1)(π1ϕ1 − π0ϕ0) ≤ (ϕ1 − ϕ0)π0

(1 − ϕ1)(π1ϕ1 − π0ϕ0)

⇐⇒ π1 ≤ π0

Which is a contradiction. This concludes the proof.
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Proof of Lemma 1.1. For a given pair (Y, a) of a contract Y and an effort process a, recall the definition
of the continuation payoff of the agent as the process (Ua

t )t that satisfies:

Ua
t = E

[∫ ∞

t

e−r(s−t) (dYs − casds)
∣∣∣∣ Ft

]
.

Let me also define the expected lifetime utility of the agent conditional on the public information at t:

Ua
t = E

[∫ ∞

0
e−rs (dYs − casds)

∣∣∣∣ Ft

]
(1.A.7)

=
∫ t−

0
e−rs (dYs − casds) + e−rtUa

t (1.A.8)

Notice that Ua
t is the expectation of a given random variable conditional on Ft, and hence the process

(Ua
t )t is a Ft-martingale under Pa,θ. From the martingale representation theorem:

Ua
t = Ua

0 +
∫ t

0
e−rs

(
βa

s dM
a
s + χa,H

s dNa,H
s + χa,L

s dNa,L
s

)
(1.A.9)

for some Ft-predictable processes {(βa
t )t, (χa,H

t )t, (χa,L
t )t}, where the processes

Ma
t = Xt −

∫ t

0
pθ(as)ds

= Xt −
∫ t

0
[π0 + (π1 − π0)as1 {θs− = H}]ds

Na,H
t = JH

t −
∫ t

0
[ϕ0 + (ϕ1 − ϕ0)as]1 {θs− = H} ds

Na,L
t = JL

t −
∫ t

0
[γ0 + (γ1 − γ0)as]1 {θs− = L} ds

are Ft-martingales under Pa,θ. Combining the evolution dUa
t from equations (1.A.8) and (1.A.9), one

obtains the evolution of the continuation value:

dUa
t = rUa

t dt− dYt + catdt+ βa
t dM

a
t + χa,H

t 1 {θt− = H} dNa,H
t + χa,L

t 1 {θt− = L} dNa,L
t

Which is equivalent to the law of motion (1.3.2) when one plugs a∗. Notice that βa
t measures the

sensitivity of the continuation value to successes, and χa,θ
t measures the sensitivity of the continuation

payoff to switches in the productivity state θ.

The idea is to show, as usual, that the optimal effort profile a∗ induces a F-martingale (Ua∗

t )t, and
that any deviation ât induces a F-supermartingale (U â

t )t.

Consider a profile â such that (âs)s is chosen until some time t, and then reverts to a = (as)s. The
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expected lifetime utility from such profile is:

U â
t =

∫ t

0
e−rs (dYs − câsds) + e−rtUa

t

So that:

U â
t = Ua

t +
∫ t

0
e−rsc(as − âs)ds

= Ua
0 +

∫ t

0
e−rs

(
βa

s dM
a
s + χa,H

s 1 {θs− = H} dNa,H
s + χa,L

s 1 {θs− = L} dNa,L
s

)
+
∫ t

0
e−rsc(as − âs)ds

= Ua
0 +

∫ t

0
e−rs

(
βa

s dM
â
s + χa,H

s 1 {θs− = H} dN â,H
s + χa,L

s 1 {θs− = L} dN â,L
s

)
+
∫ t

0
e−rs

[
βa

s1 {θs− = H} (π1 − π0)(âs − as) + χa,H
s 1 {θs− = H} (ϕ1 − ϕ0)(âs − as)

]
ds

+
∫ t

0
e−rsχa,L

s 1 {θs− = L} (γ1 − γ0)(âs − as)ds

+
∫ t

0
e−rsc(as − âs)ds

Recall that the processes (β, χH , χL) are predictable, so under Pâ,θ, the drift of U â
t has the same sign

as:

(
[βa

t (π1 − π0) + χa,H
t (ϕ1 − ϕ0)]1 {θt− = H} + χa,L

t (γ1 − γ0)1 {θt− = L} − c
)

(ât − at)dt

Maximal effort is induced in state θt = H if and only if:

βa
t (π1 − π0) + χa,H

t (ϕ1 − ϕ0) ≥ c.

That is, the principal can provide incentives to the agent by rewarding or punishing either successes or
observable transitions. Minimal effort is induced in state θt = L if and only if:

χa,L
t (γ1 − γ0) ≤ c.

In this case, successes cannot be used to provide incentives, since the agent has no influence on them.

Proof of Proposition 1.2. In this proof I show that closed form candidates for the value functions,
together with the candidates to optimal control that are described, indeed solve the system of HJB
equations (1.4.5)-(1.4.6). The usual verification step can be found and proved in Lemma 1.2.

Let U∗ = ϕ0c
(ϕ1−ϕ0)r , and consider the following candidates for value functions defined on the domain
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[0, U∗]:

VH(U) = V fb
H (U) − [(π1 − π0)v − c](r + γ0)

(r + γ0 + ϕ1)r

[
1 − U

U∗

]α

VL(U) = V fb
L (U) − [(π1 − π0)v − c]γ0

(r + γ0 + ϕ1)r

[
1 − U

U∗
r + γ0

γ0

]α

1

{
0 ≤ U <

γ0

r + γ0
U∗
}

As I will verify later, these value functions are concave and single-peaked at interior values for U . I
now check the optimality of the controls, for which I will need the derivatives of the value functions:

V ′
H(U) = −1 + [(π1 − π0)v − c](r + γ0)

(r + γ0 + ϕ1)r
α

U∗

[
1 − U

U∗

]α−1
≥ −1

V ′
L(U) =

−1 + (π1−π0)v−c
r+γ0+ϕ1

r+γ0
r

α
U∗

[
1 − U

U∗
r+γ0

γ0

]α−1
> −1 if 0 ≤ U < γ0

r+γ0
U∗

−1 if γ0
r+γ0

U∗ ≤ U ≤ U∗

Notice in particular that V ′
H(U∗) = V ′

L(U∗) = −1. Let me first look at the HJB equation for
the state θt = H. Denote by λ(U) ≥ 0 the multiplier associated to the incentive compatibility
constraint for each value of the state variable U . The only nonzero controls are χH , pH and βH , where
χH(U) − pH(U) = U∗ − U , βH(U) = C1(U∗ − U), and C1 is a constant to be specified later. Taking
derivatives with respect to the control variable χH , and evaluating at my candidates to optimal controls,
it follows that:

(ϕ1 − ϕ0)λ(U) + ϕ1
[
V ′

L(U + χH − pH︸ ︷︷ ︸
=U∗

)

︸ ︷︷ ︸
=−1

−V ′
H(U)

]
= 0, (χH)

which pins down the value of the multiplier:

λ(U) = ϕ1

ϕ1 − ϕ0
[V ′

H(U) + 1] ≥ 0,

with strict inequality if U < U∗. I now perform the same step with the control variable βH :

(π1 − π0)λ(U) + π1
[
V ′

H( U + βH − bH︸ ︷︷ ︸
=C1U∗+(1−C1)U

) − V ′
H(U)

]
= 0 (βH)

⇐⇒ ϕ1

ϕ1 − ϕ0
[V ′

H(U) + 1] = π1

π1 − π0
[V ′

H(U) − V ′
H(C1U

∗ + (1 − C1)U)]

Given my candidates for value functions, the above equation is satisfied for all U if and only if:

C1 = 1 −
(
ϕ1π0 − ϕ0π1

π1(ϕ1 − ϕ0)

) 1
α−1

∈ (0, 1)

Taking derivatives with respect to the remaining control variables and evaluating at the optimal controls,
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it follows that:

ϕ1
[
−V ′

L(U + χH − pH) − 1
]

= ϕ1 [−V ′
L(U∗) − 1] = 0 (pH)

π1
[
−V ′

H(U + βH − bH) − 1
]

= π1 [−V ′
H(C1U

∗ + (1 − C1)U) − 1] ≤ 0 (bH)

− 1 − V ′
H(U) ≤ 0 (wH)

So indeed my proposed candidate satisfies the KKT first order conditions for a constrained maximum.
The Hessian at the candidate point is:

HessH(U) =


0 0 0 0 0
0 π1V

′′
H(C1U

∗ + (1 − C1)U) 0 −π1V
′′

H(C1U
∗ + (1 − C1)U) 0

0 0 0 0 0
0 −π1V

′′
H(C1U

∗ + (1 − C1)U) 0 π1V
′′

H(C1U
∗ + (1 − C1)U) 0

0 0 0 0 0

 ,

with V ′′
H(·) ≤ 0, and strict inequality if U < U∗. To verify the second-order condition, I consider feasible

directions that are nonnegative in the corner variables and orthogonal to the gradient. The only nonzero
part of the Hessian lies in the βH–bH block. For directions of the form (0, x, 0, y, 0), I compute:

d⊤HessHd = π1V
′′

H(C1U
∗ + (1 − C1)U)(x− y)2 ≤ 0

This confirms that the restricted second-order condition holds.

I now look at the HJB equation for the state θt = L. In this case, the incentive compatibility constraint
is slack for my candidate χL(U) = r

γ0
U ≥ 0, so I will ignore the constraint. Taking derivatives with

respect to the control variables and evaluating at the optimal controls, it follows that:
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γ0
[
V ′

H(U + χL − pL) − V ′
L(U)

]
=

γ0

[
V ′

H

(
U r+γ0

γ0

)
− V ′

L(U)
]

if U < γ0
r+γ0

U∗

γ0 [V ′
H(U∗) − V ′

L(U)] if γ0
r+γ0

U∗ ≤ U ≤ U∗

=

0 if U < γ0
r+γ0

U∗

0 if γ0
r+γ0

U∗ ≤ U ≤ U∗

(χL)

π0
[
V ′

L(U + βL − bL) − V ′
L(U)

]
= π0 [V ′

L(U) − V ′
L(U)] = 0 (βL)

γ0
[
−V ′

H(U + χL − pL) − 1
]

=

γ0

[
−V ′

H

(
U r+γ0

γ0

)
− 1
]

if U < γ0
r+γ0

U∗

γ0 [−V ′
H(U∗) − 1] if γ0

r+γ0
U∗ ≤ U ≤ U∗

=

< 0 if U < γ0
r+γ0

U∗

0 if γ0
r+γ0

U∗ ≤ U ≤ U∗

(pL)

π0
[
−V ′

L(U + βL − bL) − 1
]

= π0 [−V ′
L(U) − 1]

< 0 if U < γ0
r+γ0

U∗

= 0 if γ0
r+γ0

U∗ ≤ U ≤ U∗
(bL)

− 1 − V ′
L(U)

< 0 if U < γ0
r+γ0

U∗

= 0 if γ0
r+γ0

U∗ ≤ U ≤ U∗
(wL)

So indeed my proposed candidate satisfies the KKT first order conditions for a constrained maximum.
The Hessian at the candidate point is:

HessL(U) =


γ0V

′′
H(U + χL(U)) 0 −γ0V

′′
H(U + χL(U)) 0 0

0 π0V
′′

L (U) 0 −π0V
′′

L (U) 0
−γ0V

′′
H(U + χL(U)) 0 γ0V

′′
H(U + χL(U)) 0 0

0 −π0V
′′

L (U) 0 π0V
′′

L (U) 0
0 0 0 0 0

 ,

with V ′′
L (·) ≤ 0, and strict inequality if U < U∗. To verify the second-order condition, I consider feasible

directions that are nonnegative in the corner variables and orthogonal to the gradient. For directions of
the form d = (x, y, z, s, 0), I compute:

d⊤HessLd = π0V
′′

L (U)(y − s)2 + γ0V
′′

H(U + χL(U))(x− z)2 ≤ 0

This confirms that the restricted second-order condition holds.

It remains to show that the proposed value functions indeed solve the HJB equations. Both equations
are satisfied for all values of U if and only if α solves:(

r + π1 + ϕ1 − π1

(
ϕ1π0 − π1ϕ0

π1(ϕ1 − ϕ0)

) α
α−1
)

− α

(
r + ϕ1π0 − π1ϕ0

ϕ1 − ϕ0

(
1 −

(
ϕ1π0 − π1ϕ0

π1(ϕ1 − ϕ0)

) 1
α−1
))

= 0

The left-hand side of the above equation is strictly decreasing in α in the exhaustion-dominant case
(ϕ1π0 > π1ϕ0), with a strictly positive limit when α → 1+, and with a strictly negative limit for α large
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enough, which means that there is a unique solution with α > 1.

Finally, I verify the role of my assumptions in guaranteeing that my contract is well defined. First,
limited liability imposes that no transfer is negative, so it must be verified that pH(0) ≥ 0:

pH(0) = χH(0) − U∗

= c

ϕ1 − ϕ0
− U∗ − βH(0)π1 − π0

ϕ1 − ϕ0

= c

ϕ1 − ϕ0
− U∗ − C1U

∗ π1 − π0

ϕ1 − ϕ0

= c

ϕ1 − ϕ0

(
1 − ϕ0

r
− π1 − π0

ϕ1 − ϕ0

ϕ0

r
C1

)

Thus, nonnegativity is satisfied if the discount factor is large enough:

r ≥ ϕ0

(
1 + π1 − π0

ϕ1 − ϕ0
C1

)

In particular, since C1 < 1, it is enough to assume that r ≥ ϕ0

(
1 + π1−π0

ϕ1−ϕ0

)
. Next, to ensure that the

optimal initialising continuation value is positive, I verify that the slope of the principal value function
is strictly positive at U = 0:

V ′
H(0) = V ′

L(0) = −1 + α

U∗
[(π1 − π0)v − c](r + γ0)

(r + γ0 + ϕ1)r > 0

⇐⇒ (π1 − π0)v − c

r + γ0 + ϕ1

r + γ0

r
>

cϕ0

r(ϕ1 − ϕ0)
1
α

⇐⇒ π1 − π0

c
v > 1 + ϕ0

ϕ1 − ϕ0

r + γ0 + ϕ1

r + γ0

1
α

In particular, since α > 1, it is enough to assume π1−π0
c v ≥ 1 + ϕ0

ϕ1−ϕ0

r+γ0+ϕ1
r+γ0

.

Lemma 1.2 (Verification). Let V : R+ × {H,L} → R be a continuous function that is piecewise C1 in
its first argument and concave. Assume V satisfies the system of HJB equations (1.4.5)-(1.4.6) on the
domain [0, U∗], and is extended linearly with slope −1 for U > U∗. Then any contract Y ∗ that attains
the HJB system is optimal among admissible Ft-adapted contracts implementing a∗.

Proof of Lemma 1.2. Consider any admissible Ft-adapted contract Y that implements the effort process
a∗. By the Lebesgue Decomposition Theorem, we decompose Y into an absolutely continuous part
(wt), a pure jump part tied to successes (bt), pure jumps tied to transitions (pH

t , pL
t ), other pure jumps

(∆Yt), and a singular continuous part (Y sc
t ):

dYt = wtdt+ btdXt + pH
t dJ

H→L
t + pL

t dJ
L→H
t + ∆Yt + dY sc

t .

Let Vt = e−rtV (Ut, θt) +
∫ t

0 e
−rs(vdXs − dYs) be the principal’s expected total payoff process. By the
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Meyer-Itô formula for semimartingales, we analyze the dynamic evolution of Vt. Consider the case
where the current state is high, θt− = H. We obtain:

ertdVt =
(
π1(v − bt) − wt − ϕ1p

H
t + ∂V

∂U
(Ut−, H)[rUt− + c− π1βt − ϕ1χ

H
t − wt] − rV (Ut−, H)

+ π1[V (Ut− + βt − bt, H) − V (Ut−, H)] + ϕ1[V (Ut− + χH
t − pH

t , L) − V (Ut−, H)]
)
dt

+ [v − bt + V (Ut− + βt − bt, H) − V (Ut−, H)]dMt

+ [−pH
t + V (Ut− + χH

t − pH
t , L) − V (Ut−, H)]dNH→L

t

−
[
1 + ∂V

∂U
(Ut−, H)

]
dY sc

t

+ [V (Ut− − ∆Yt, H) − V (Ut−, H) − ∆Yt],

where dMt = dXt − π1dt and dNH→L
t = dJH→L

t − ϕ1dt. The first term (multiplied by dt) is less or
equal to zero since V solves the HJB system. The second and third terms are zero in expectation, since
both Mt and NH→L

t are martingales, the contract is admissible,10 and the shape of V solving the HJB
system: bounded from above and linearly decreasing in U for U > U∗.11 The fourth term is no greater
than zero since ∂

∂U V (U,H) ≥ −1 for all U . The fifth term is not greater than zero since V is concave
in U and again ∂

∂U V (U,H) ≥ −1. All the inequalities become equalities at the contract Y ∗ that solves
the HJB system. An analogous derivation holds for the case θt− = L, where the HJB equation for the
low state ensures the drift is non-positive.

Thus, Vt is a supermartingale. For any T > 0:

V (U0, θ0) = V0 ≥ E[VT ] = E

[∫ T

0
e−rs(vdXs − dYs)

]
+ E

[
e−rTV (UT , θT )

]
.

Taking the limit as T → ∞:

V (U0, θ0) ≥ E
[∫ ∞

0
e−rs(vdXs − dYs)

]
+ lim inf

T →∞
E
[
e−rTV (UT , θT )

]
.

10Indeed, the admissibility condition states that E[
∫∞

0 e−rtdYt] < ∞, which first implies that bt is integrable. Moreover,
it also implies that the transversality condition lim inft→∞ E[e−rT UT ] = 0 is satisfied. To see this, notice that:

E[e−rT UT ] = E

[∫ ∞

T

e−rt(dYt − catdt)
]

.

By limited liability, we can find the following bounds:

0 ≤ E[e−rT UT ] ≤ E

[∫ ∞

T

e−rtdYt

]
.

The desired result follows by taking limit as T → ∞, since both upper and lower bounds must vanish.
11For U > U∗, the value function satisfies V (U, H) = V (U∗, H) + U∗ − U , which means that V (U, H) ≥ K − U for

some constant K. Thus, e−rT V (UT , H) ≥ e−rT (K − UT ). Taking expectation and limits one obtains:

lim
T →∞

E[e−rT V (UT , H)] ≥ lim
T →∞

(e−rT K − E[e−rT UT ]) = 0.
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The admissibility condition (finite expected cost) implies the transversality condition on the promised
utility: limT →∞ E[e−rTUT ] = 0. Since V (U, θ) behaves linearly as −U for large U , this implies
limT →∞ E[e−rTV (UT , θT )] = 0. Therefore, V (U0, θ0) is an upper bound on the principal’s payoff. By a
similar argument, one obtains that the contract Y ∗ that solves the system of HJB equations achieves
the supremum:

V (U0, θ0) = V0 = E[VT ] = lim
T →∞

E[VT ] = E
[∫ ∞

0
e−rs

(
vdXs − dY ∗

s

)]
.

Proof of Corollary 1.1. The claim follows from observing that the value functions VH(U) and VL(U)
are concave in U , and from taking first-order conditions with respect to U . The assumptions in
Proposition 1.2 ensure that the optimal value ÛH

0 is interior, and hence so is ÛL
0 = γ0

r+γ0
ÛH

0 .

The stopping time T∅ is then calculated as the time it takes for the continuation value to move from
ÛH

0 at time 0 to UT = 0 in the absence of any shock:

dUt = κ(Ut − U∗)dt, UT∅ = 0, U0 = ÛH
0 ⇒ ÛH

0 = U∗(1 − e−κT∅
).

Finally, I show how to obtain the extensions ∆T after each success during the probatory phase. At time
t, if the continuation value is Ut, the remaining until termination if no other shock arrives is given by:

Ut = U∗(1 − eκ(t−T∅)). (1.A.10)

If instead a success is realized at time t, the continuation value jumps from Ut to

Ut + βH(Ut) − bH(Ut) = C1U
∗ + (1 − C1)Ut > Ut

And the new remaining time is now given by:

C1U
∗ + (1 − C1)Ut = U∗(1 − eκ(t−T −∆T )). (1.A.11)

Combining (1.A.10) and (1.A.11), it follows that:

∆T = − log (1 − C1)
κ

> 0

which does not depend on calendar time t nor in the continuation value Ut.

Proof of Proposition 1.3. In this proof I show that closed form candidates for value functions, together
with the candidates to optimal control that are described, indeed solve the system of HJB equations
(1.4.5)-(1.4.6). The usual verification step can be found and proved in Lemma 1.2.
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Let U∗ = r+γ0
r

π0c
(r+γ0)(π1−π0)+π1ϕ0−π0ϕ1

> 0, and consider the following candidates for value functions
defined on the domain [0, U∗]:

VH(U) = V fb
H (U) − [(π1 − π0)v − c](r + γ0)

(r + γ0 + ϕ1)r

[
1 − U

U∗

]α

VL(U) = V fb
L (U) − [(π1 − π0)v − c]γ0

(r + γ0 + ϕ1)r

[
1 − U

U∗
r + γ0

γ0

]α

1

{
0 ≤ U <

γ0

r + γ0
U∗
}

As I will verify later, these value functions are concave and single-peaked at interior values for U . I
now check the optimality of the controls, for which I will need the derivatives of the value functions:

V ′
H(U) = −1 + [(π1 − π0)v − c](r + γ0)

(r + γ0 + ϕ1)r
α

U∗

[
1 − U

U∗

]α−1
≥ −1

V ′
L(U) =

−1 + (π1−π0)v−c
r+γ0+ϕ1

r+γ0
r

α
U∗

[
1 − U

U∗
r+γ0

γ0

]α−1
> −1 if 0 ≤ U < γ0

r+γ0
U∗

−1 if γ0
r+γ0

U∗ ≤ U ≤ U∗

Notice in particular that V ′
H(U∗) = V ′

L(U∗) = −1. Let me first look at the HJB equation for
the state θt = H. Denote by λ(U) ≥ 0 the multiplier associated to the incentive compatibility
constraint for each value of the state variable U . The only nonzero controls are βH , bH and χH , where
βH(U) − bH(U) = U∗ −U , χH(U) = γ0

r+γ0
(C2U

∗ + (1 −C2)U) −U , and C2 is a constant to be specified
later. Taking derivatives with respect to the control variable βH , and evaluating at my candidates to
optimal controls, it follows that:

(π1 − π0)λ(U) + π1
[
V ′

H(U + βH − bH︸ ︷︷ ︸
=U∗

)

︸ ︷︷ ︸
=−1

−V ′
H(U)

]
= 0, (βH)

which pins down the value of the multiplier:

λ(U) = π1

π1 − π0
[V ′

H(U) + 1] ≥ 0,

with strict inequality if U < U∗. I now perform the same step with the control variable χH :

(ϕ1 − ϕ0)λ(U) + ϕ1
[
V ′

L( U + χH − pH︸ ︷︷ ︸
= γ0

r+γ0
(C2U∗+(1−C2)U)

) − V ′
H(U)

]
= 0 (χH)

⇐⇒ π1

π1 − π0
[V ′

H(U) + 1] = ϕ1

ϕ1 − ϕ0

[
V ′

H(U) − V ′
L

(
γ0

r + γ0
(C2U

∗ + (1 − C2)U)
)]

(1.A.12)

Given my candidates for value functions, the above equation is satisfied for all U if and only if:

C2 = 1 −
(
π1ϕ0 − π0ϕ1

ϕ1(π1 − π0)

) 1
α−1

∈ (0, 1) (1.A.13)
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Taking derivatives with respect to the remaining control variables and evaluating at the optimal controls,
it follows that:

π1
[
−V ′

H(U + βH − bH) − 1
]

= π1 [−V ′
H(U∗) − 1] = 0 (bH)

ϕ1
[
−V ′

L(U + χH − pH) − 1
]

= ϕ1

[
−V ′

L

(
γ0

r + γ0
(C2U

∗ + (1 − C2)U
)

− 1
]

≤ 0 (pH)

− 1 − V ′
H(U) ≤ 0 (wH)

So indeed my proposed candidate satisfies the KKT first order conditions for a constrained maximum.
The Hessian at the candidate point is:

HessH(U) =


0 0 0 0 0
0 ϕ1V

′′
L ( γ0

r+γ0
(C2U

∗ + (1 − C2)U)) 0 −ϕ1V
′′

L ( γ0
r+γ0

(C2U
∗ + (1 − C2)U)) 0

0 0 0 0 0
0 −ϕ1V

′′
L ( γ0

r+γ0
(C2U

∗ + (1 − C2)U)) 0 ϕ1V
′′

L ( γ0
r+γ0

(C2U
∗ + (1 − C2)U)) 0

0 0 0 0 0

 ,

with V ′′
L (·) ≤ 0, and strict inequality if U < U∗. To verify the second-order condition, I consider feasible

directions that are nonnegative in the corner variables and orthogonal to the gradient. The only nonzero
part of the Hessian lies in the χH–pH block. For directions of the form d = (0, x, 0, y, 0), I compute:

d⊤HessHd = ϕ1V
′′

L ( γ0
r+γ0

(C2U
∗ + (1 − C2)U))(x− y)2 ≤ 0

This confirms that the restricted second-order condition holds.

I now look at the HJB equation for the state θ = L. In this case, the incentive compatibility constraint
is slack for my candidate χL(U) = r

γ0
U ≥ 0, so I will ignore the constraint. Taking derivatives with

respect to the control variables and evaluating at the optimal controls, it follows that:
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π0
[
V ′

L(U + βL − bL) − V ′
L(U)

]
= π0 [V ′

L(U) − V ′
L(U)] = 0 (βL)

γ0
[
V ′

H(U + χL − pL) − V ′
L(U)

]
=

γ0

[
V ′

H

(
U r+γ0

γ0

)
− V ′

L(U)
]

if U < γ0
r+γ0

U∗

γ0 [V ′
H(U∗) − V ′

L(U)] if γ0
r+γ0

U∗ ≤ U ≤ U∗

=

0 if U < γ0
r+γ0

U∗

0 if γ0
r+γ0

U∗ ≤ U ≤ U∗

(χL)

π0
[
−V ′

L(U + βL − bL) − 1
]

= π0 [−V ′
L(U) − 1]

< 0 if U < γ0
r+γ0

U∗

= 0 if γ0
r+γ0

U∗ ≤ U ≤ U∗
(bL)

γ0
[
−V ′

H(U + χL − pL) − 1
]

=

γ0

[
−V ′

H

(
U r+γ0

γ0

)
− 1
]

if U < γ0
r+γ0

U∗

γ0 [−V ′
H(U∗) − 1] if γ0

r+γ0
U∗ ≤ U ≤ U∗

=

< 0 if U < γ0
r+γ0

U∗

0 if γ0
r+γ0

U∗ ≤ U ≤ U∗

(pL)

− 1 − V ′
L(U)

< 0 if U < γ0
r+γ0

U∗

= 0 if γ0
r+γ0

U∗ ≤ U ≤ U∗
(wL)

So indeed my proposed candidate satisfies the KKT first order conditions for a constrained maximum.
The Hessian at the candidate point is:

HessL(U) =


γ0V

′′
H(U + χL(U)) 0 −γ0V

′′
H(U + χL(U)) 0 0

0 π0V
′′

L (U) 0 −π0V
′′

L (U) 0
−γ0V

′′
H(U + χL(U)) 0 γ0V

′′
H(U + χL(U)) 0 0

0 −π0V
′′

L (U) 0 π0V
′′

L (U) 0
0 0 0 0 0

 ,

with V ′′
L (·) ≤ 0, and strict inequality if U < U∗. To verify the second-order condition, I consider feasible

directions that are nonnegative in the corner variables and orthogonal to the gradient. For directions of
the form d = (x, y, z, s, 0), I compute:

d⊤HessLd = π0V
′′

L (U)(y − s)2 + γ0V
′′

H(U + χL(U))(x− z)2 ≤ 0

This confirms that the restricted second-order condition holds.

It remains to show that the proposed value functions indeed solve the HJB equations. Both equations
are satisfied for all values of U if and only if α and C2 solve:

C2 = 1 + r + γ0

γ0

(
1 − (π1 − π0)(π1 + ϕ1 + r(1 − α))

α(π1ϕ0 − π0ϕ1)

)
(1.A.14)
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Combining (1.A.13) and (1.A.14), a single equation for α is obtained:

r + γ0

γ0

(
1 − (π1 − π0)(π1 + ϕ1 + r(1 − α))

α(π1ϕ0 − π0ϕ1)

)
+
(
π1ϕ0 − π0ϕ1

ϕ1(π1 − π0)

) 1
α−1

= 0

The left-hand side of the above equation is strictly increasing in α in the success-dominant case
(π1ϕ0 > ϕ1π0), with a strictly negative limit when α → 1+, and a strictly positive limit for when
α → +∞, which means that there is a unique solution with α > 1.

Finally, I verify the role of my assumptions in guaranteeing that my contract is well defined. First,
limited liability imposes that no transfer is negative, so I need to verify that bH(0) ≥ 0:

bH(0) = βH(0) − U∗

= c

π1 − π0
− U∗ − χH(0)ϕ1 − ϕ0

π1 − π0

= c

π1 − π0
− U∗

(
1 + C2

ϕ1 − ϕ0

π1 − π0

γ0

r + γ0

)
= c

π1 − π0
− r + γ0

r

π0c

(r + γ0)(π1 − π0) + π1ϕ0 − π0ϕ1

(
1 + C2

ϕ1 − ϕ0

π1 − π0

γ0

r + γ0

)

Thus, nonnegativity is satisfied if the discount factor is large enough:

r ≥ π0
(r + γ0)(π1 − π0)

(r + γ0)(π1 − π0) + π1ϕ0 − π0ϕ1

(
1 + C2

ϕ1 − ϕ0

π1 − π0

γ0

r + γ0

)

In particular, since C2 < 1, it is enough to assume that r ≥ π0

(
1 + ϕ1−ϕ0

π1−π0

)
. Next, to ensure that the

optimal initialising continuation value is positive, I verify that the slope of the principal value function
is strictly positive at U = 0:

V ′
H(0) = V ′

L(0) = −1 + α

U∗
[(π1 − π0)v − c](r + γ0)

(r + γ0 + ϕ1)r > 0

⇐⇒ (π1 − π0)v − c

r + γ0 + ϕ1

r + γ0

r
>
r + γ0

r

π0c

(r + γ0)(π1 − π0) + π1ϕ0 − π0ϕ1

1
α

⇐⇒ π1 − π0

c
v > 1 + (r + γ0 + ϕ1)π0

(r + γ0)(π1 − π0) + π1ϕ0 − π0ϕ1

1
α

In particular, since α > 1, it is enough to assume π1−π0
c v ≥ 1 + (r+γ0+ϕ1)π0

(r+γ0)(π1−π0)+π1ϕ0−π0ϕ1
.

Proof of Corollary 1.2. The claim follows from observing that the value functions VH(U) and VL(U)
are concave in U , and from taking first-order conditions with respect to U . The assumptions in
Proposition 1.3 ensure that the optimal value ÛH

0 is interior, and hence so is ÛL
0 = γ0

r+γ0
ÛH

0 .

The stopping time T∅ is then calculated as the time it takes for the continuation value to move from
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ÛH
0 at time 0 to UT = 0 in the absence of any shock:

dUt = κ̃(Ut − U∗)dt, UT∅ = 0, U0 = ÛH
0 ⇒ ÛH

0 = U∗(1 − e−κ̃T∅
),

where

κ̃ = r + π1ϕ0 − π0ϕ1

π1 − π0

(
1 − γ0

r + γ0

(
π1ϕ0 − π0ϕ1

ϕ1(π1 − π0)

) 1
α−1
)
> 0.

Finally, I show how to obtain the extensions ∆T after each transition during the probatory phase. At
time t, if the continuation value is t, the remaining until termination if no other shock arrives is given
by:

Ut = U∗(1 − eκ̃(t−T )). (1.A.15)

Suppose instead a transition from H to L is realized at time t, the continuation value jumps from Ut to

Ut + χH(Ut) − pH(Ut) = γ0

r + γ0

(
C2U

∗ + (1 − C2)Ut

)
,

and the probatory phase is stopped until there is a new transition from L to H. At such moment, the
continuation value jumps to

γ0

r + γ0

(
C2U

∗ + (1 − C2)Ut

)
+ χL

(
γ0

r + γ0

(
C2U

∗ + (1 − C2)Ut

))
= C2U

∗ + (1 − C2)Ut > Ut.

The new remaining time is now given by:

C2U
∗ + (1 − C2)Ut = U∗(1 − eκ̃(t−T −∆T )). (1.A.16)

Combining (1.A.15) and (1.A.16), it follows that:

∆T = − log (1 − C2)
κ̃

> 0

which does not depend on calendar time t nor in the continuation value Ut.
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1.B. First-best effort profile

I derive here the first-best effort profile as shown in Section 1.3.1. Recall that the problem is:

rW (H) = sup
aH ∈[0,1]

{
v
(
π0 + (π1 − π0)aH

)
− caH +

[
ϕ0 + (ϕ1 − ϕ0)aH

]
(W (L) −W (H))

}
,

rW (L) = sup
aL∈[0,1]

{
vπ0 − caL +

[
γ0 + (γ1 − γ0)aL

]
(W (H) −W (L))

}
.

(Pfb)

Proposition 1.1. Assume (π1 − π0)v > c. Then the optimal effort process a∗is bang–bang: full effort
in the high state and no effort in the low state,

a∗
t =

1 if θt = H,

0 if θt = L.

The corresponding value functions are

W (H) = r + γ0

r + γ0 + ϕ1

π1v − c

r
+ ϕ1

r + γ0 + ϕ1

π0v

r
> 0,

W (L) = γ0

r + γ0 + ϕ1

π1v − c

r
+ r + ϕ1

r + γ0 + ϕ1

π0v

r
∈ (0,W (H)).

Proof of Proposition 1.1. It is straightforward to verify that the HJB equations are satisfied when
plugging W (H), W (L) and a∗. I just need to show that a∗ indeed prescribes an optimal control. The
objective functions are linear in effort, and thus at = 1 is optimal when θt = H if and only if:

(π1 − π0)v − c+ (ϕ1 − ϕ0)(W (L) −W (H)) ≥ 0

⇐⇒ [(π1 − π0)v − c]
(

1 − ϕ1 − ϕ0

r + γ0 + ϕ1

)
≥ 0

⇐⇒ [(π1 − π0)v − c]r + γ0 + ϕ0

r + γ0 + ϕ1
≥ 0

And thus it is optimal if and only if (π1 − π0)v ≥ c. Finally, at = 0 is optimal when θt = L if and only
if:

0 − c+ (γ1 − γ0)(W (H) −W (L)) ≤ 0

⇐⇒ −c+ [(π1 − π0)v − c] γ1 − γ0

r + γ0 + ϕ1
≤ 0

⇐⇒ (γ1 − γ0)(π1 − π0)v − (r + γ1 + ϕ1)c ≤ 0

Since effort slows down the recovery rate, γ1 < γ0, and thus the marginal benefit of effort is always
negative, so I have a corner solution with at = 0.



Chapter 2

On the (Relative) Merits of Money
Burning for Optimal Contracting

Javier González-Morín and David Martimort

Abstract

We consider the following screening model of procurement. An agent (the seller) has private information
on his cost parameter. A principal (the buyer) learns an ex post signal on this parameter. The signal
is private information to the principal and proper incentives to reveal this signal must be designed.
In related contexts, money burning, i.e., the ex post destruction of some of the gains from trade, has
shown to be useful to provide such incentives. We demonstrate that money burning allows the principal
to implement the first-best output with zero information rent for the agent; although it is never optimal
to do so since output distortions are less costly. More generally, money burning is rarely optimal, and
only used as a tool of last resort if output distortions are no longer feasible. In particular, when output
must be chosen before the non-verifiable signal realizes, money burning becomes more attractive.

2.1. Introduction

We consider the following screening model of procurement. The principal (the buyer, she) contracts for
the delivery of good or service. The agent in charge (the seller, he) has private information on his cost
parameter. In this adverse selection context, the principal should offer a menu of contracts to maximise
her surplus and let the agent select the right option within the menu according to his type. However,
achieving successful self-selection requires that the principal leaves some information rent to the agent.
To reduce this rent that she views as costly, the principal must distort quantities downwards. The so
called rent/efficiency trade-off as exemplified in Baron and Myerson (1982) is at play.
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Of course, a more direct access to information would facilitate the principal’s task in extracting more
information rent from her agent and could thus be useful to better regulate the agent. As a result,
lesser output distortions might be implemented; and the aforementioned rent/efficiency trade-off would
be tilted towards efficiency. Benchmarking of the seller’s performances with those of related sellers on
the market place, or even more extreme forms of yardstick information where individual compensations
are linked to peers’ performances are all information management techniques that are often used in
practice to this end and that fall under this umbrella.

On the theory side, the benefit of an additional ex post public signal, which is correlated with the agent’s
type and can be used by a principal to fully extract the agent’s information rent is well documented, at
least since the work of Riordan and Sappington (1988).1 When the principal has access to an ex post
public signal on the agent’s cost parameter, the optimal contract can be designed so as to fully extract
the agent’s information rent and implement the first-best.2 Contingent payments that depend on how
the agent’s report is confirmed or not by the principal’s signal suffice to do the trick.

Much less is known when the principal ex post signal is non-verifiable, or private information. Indeed,
there are many instances where the principal may obtain information that cannot be verified by a
Court of Law. For instance, there could be a leakage of information, such as insider knowledge being
revealed by an employee of the seller’s unit, that makes the principal learn about the agent. In such
scenario, the principal cannot write down an explicit contract contingent on the realized signal. The
principal may behave opportunistically and report whatever signal would minimize her payment to the
agent. The principal thus faces the challenge of designing ex ante a contract that prevents her own
opportunism ex post. In addition to the more standard incentive compatibility constraints on the agent,
incentive constraints on the principal’s side must also be imposed to induce her to truthful report
whatever signal she has learned. In our context, simple sell-out contracts that leave the principal’s
payoff unchanged across signal realizations and make the agent residual claimant for the gains from
trade solve the credibility problem.

Two scenarios could then envisioned. In the first scenario, there is no waste of money and whatever is
paid by the principal for the agent’s services ends up being pocketed by the agent. This requirement is
akin to assuming that trade is balanced, or that any putative waste of resource would be renegotiated
away on efficiency grounds. Solving simultaneously with the sole use of a single payment scheme the
principal’s and the agent’s incentive problems may be difficult in those circumstances.3 Breaking the
budget could thus be attractive; the second scenario that is the focus of this paper. Money burning,
since it creates a wedge between what the principal pays for the agent’s services and what the latter
receives, precisely performs this task. In practice, money burning can be viewed as a metaphor for the
costs of conflicts arising from contradictory information, costly and useless actions, or artificial costs
implemented to prevent voluntary resignations or contractual terminations.

1More recent works on this front are Kessler et al. (2005), Krähmer (2020) and Kattwinkel and Knoepfle (2023).
2The logic is also familiar from the work of Crémer and McLean (1985), Crémer and McLean (1988), McAfee and

Reny (1992), Lopomo et al. (2022) and Rahman (2012a) in multi-agent environments.
3This tension is reminiscent of the moral hazard in teams problem à la Holmström (1982) or to the difficulty of

satisfying requirement of budget balance in mechanism design environment as in Laffont and Maskin (1980).
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A priori, one could think that this extra degree of freedom in contracting might allow to implement
cheaper incentives and thereby improve the terms of the rent/efficiency trade-off. Money burning gives
an extra possibility for keeping the principal’s payoff constant across realizations of her signal, satisfying
thereby her incentive constraints, without changing the agent’s payments and thus perturbating his own
incentives. As a result, money burning could allow to reduce output distortions and lower informational
rents. To illustrate, we demonstrate that money burning certainly allows to implement first-best output
while it permits full rent extraction.

Although attractive and intuitive, this line of reasoning stressing the beneficial role of money burning
is somewhat incomplete. Money burning may just not be optimal, even when allowed. The waste of
surplus might be too large. The intuition is the following. Remember that the principal’s incentives hold
provided that her net payoff is constant over possible realizations of her signal. Without money burning,
this constancy can be achieved by varying at the same time payments and outputs. A higher payment
to the agent in case the observed signal confirms the agent’s report should then be compensated by
a greater output so as to leave the principal’s net surplus unchanged. Under broad circumstances,
the value of contracting is positive at a given pair of signal-cost realizations and it is always better
to use such variations in output and payment rather than just burn money. Under weak conditions
(technically, the principal’s problem should be regular, i.e., local incentive compatibility constraints are
sufficient for global incentive compatibility and the agent’s participation constraint binds for the worst
realization of his cost parameter), it is never optimal to burn money. Adjusting output requirements
and payments to the principal’s signal suffice. Fine tuning production and payment is always preferable
as long as surplus has a positive social value even when taking incentive constraints into account.

Of course, adjusting output itself might not be always feasible. It is especially so when production
is a commitment that requires investments or dedicated assets that cannot be acquired or sold at
wish along the production process. In those circumstances, output can certainly be contingent on
the agent’s report early on but might not be on the principal’s own claim ex post, once she learns
her signal. Together with contingent payments, money burning becomes a complementary tool to
write a contract contingent on the signal. We show in fact that money burning puts the agent under
countervailing incentives (Lewis and Sappington, 1989a,b). Exaggerating his cost allows the agent to
produce a lower quantity targeted to a less efficient type at a lower cost; saving thereby an information
rent. Yet, exaggerating cost makes it more likely that the principal’s signal strongly conflicts with this
claim; which in turn increases the probability of money burning. Since money burning destroys surplus
and the agent ends up being residual claimant for that surplus, increasing that probability reduces
the benefits of exaggerating costs. Money burning then ends up being useful on two grounds. First, it
might allow to extract more rent from the agent while keeping the same output distortions as absent
any signal. This scenario arises when the incentive problem remains regular. The sole role of money
burning is that it reduces the payment for the agent’s services but the standard Baron-Myerson output
distortion prevails. Second, money burning cannot only extract more rent but also reduces output
distortions. This case arises when countervailing incentives are strong enough to keep a whole subset
of the agent’s types indifferent between participating or not. To prove the existence of such milder
distortions, we use techniques from the principal-agent literature with type-dependent participation
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constraints, especially the work of Jullien (2000) and Martimort and Stole (2022).

Literature Review. Our paper borrows its framework from Riordan and Sappington (1988). Those
authors have also developed a simple procurement model with the additional ingredient that the
principal receives an ex post signal correlated with the agent’s private information. There, the signal
is verifiable and contractible, allowing for first-best implementation and full rent extraction under
fairly weak conditions on the conditional distribution of the signal and the agent’s cost function. The
intuition is that correlation between the ex post signal and the agent’s type can be used to cross-check
his report with the observed signal and punish (at least stochastically) any discrepancy.4 This paper
extends this basic environment on two fronts. First, the ex post signal is non-verifiable; which a priori
prevents first-best implementation. Second, we elaborate on the potential benefits of money burning
under those circumstances.

On this front, Strausz (2006) also considered a pure adverse selection procurement model with binary
signals and types. This author shows how the non-verifiability of the signal prevents the principal
from implementing the first-best output with full rent extraction but can still be useful to improve the
rent-efficiency trade-off even when budget balance is maintained. Dequiedt and Martimort (2015) also
considered an adverse selection setup in which two agents have correlated types which are drawn from
a continuous distribution.5 The principal must run bilateral contracts with each of them, so that the
report made by one of the agents cannot be publicly used for the allocation regarding the other agent.
However, because the principal may still use the information that she gathers, the contract allows for
principal’s discretion in the last step. In both Strausz (2006) and Dequiedt and Martimort (2015), the
benefits of using the signal, though non-verifiable, is that the agent’s virtual cost (in the Myersonian
parlance) can now be tailored to its precise realization; which lead to implement output contingent
on this signal. Neither Strausz (2006) nor Dequiedt and Martimort (2015) consider the possibility of
burning money. Because the present paper provides conditions under which money burning is actually
useless, we also offer in passing a rationale for the approach taken by this earlier literature.

Subjective evaluations have also been an important and lively topic for managerial economics over the
recent years. More specifically, departing from the benchmark à la Holmström (1979) where principals
may rely on objective measures of performances to solve a moral hazard problem, several authors have
investigated the design of compensation schemes when only non-verifiable measures of performances are
available. Here, the work of MacLeod (2003) stands as a leading reference.6 This author studies a moral
hazard environment in which agent’s performance is private information to the principal. Preventing the
principal’s opportunism might thus call for a fixed payment that dampens any incentives on the agent’s
side. Money burning is not only sufficient but also necessary to provide incentives to both parties. Since
money burning is costly, it is not used unless in the worst state where the agent’s performance is the
lowest. There is a form of wage compression but it comes also with reduced effort in comparison with

4This implementation of the first-best bears some ressemblance with the results of Crémer and McLean (1985),
Crémer and McLean (1988) and McAfee and Reny (1992) in multi-agent environments. The difference is that in those
environments, there is no ex post signal and cross-checking arises by comparing agents’ reports.

5See also Celik et al. (2021).
6Relevant references on this front also include Baker et al. (1994), Rajan and Reichelstein (2006), Rahman (2012b),

Zábojník (2014) and Cheng (2021) among others.
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the scenario of an objective performance measure. In contrast, a screening environment has (generally)
more contracting variables available. The principal’s incentive constraints can also be adjusted by
modifying trading volume; which might make money burning just suboptimal. This result bears thus
some resemblance with Fuchs (2007) who studied a repeated moral hazard environment. His main
finding is that the principal can rely on the threat of terminating the contract with the agent instead
of wasting payments. Termination destroys the remaining surplus form the relationship, even if such
surplus is positive. However, the principal must rely on such threat to provide incentives to the agent.7

Along the same vein, Lang (2023) demonstrates that stochastic compensations may be more attractive
than money burning because a risk-averse agent may incur some disutility from that randomness which
has a similar impact to money burning.

Finally, Khalil et al. (2015) study a mixed model with both adverse selection and moral hazard elements.
The principal can there also learn a non-verifiable signal and money burning is allowed. Those authors
demonstrate that the date at which the non-verifiable signal is learned matters a great deal. If the
effort decision is taken after the signal is realised, money burning is a priori optimal but rescaling
the project in response to the signal may be a more attractive strategy. This result is reminiscent
of the sub-optimality found for money burning in our pure adverse selection contexts. Yet, we also
demonstrate the attractiveness of money burning when production is committed earlier on.

Organization of the paper. Section 2.2 presents our model. Section 2.3 presents several benchmarks:
the complete information scenario, the case where no signal is available (which boils down to Baron
and Myerson (1982)’s well known model), the case where an ex post signal is available but it can be
contracted upon. Section 2.4 describes the set of incentive feasible allocations when the ex post signal is
non-verifiable. Section 2.5 characterizes the optimal contract when output can be made contingent on
the principal’s report on her signal. Section 2.5.1 shows that money burning can be used to implement
the first best outcome but Section 2.5.2 argues that it is not optimal when the principal’s problem is
regular. Section 2.6 characterizes the optimal contract when output cannot be made contingent on
the principal’s report on her signal. Money burning may now be attractive in case of strong conflicts
between the principal’s and the agent’s assessments of costs. We again characterize the optimal contract
under those circumstances and show the role of money burning as vehicle for countervailing incentives
that might facilitate rent extraction but also ease production. Proofs are relegated to 2.A.

2.2. The Model

Technology and Preferences. We consider the following simple model of procurement. A principal
(thereafter she) wants to purchase a good or service from an agent (he). The principal derives utility
v(q, t) from purchasing a non-negative quantity q at price y:

v(q, y) = S(q) − y

where the gross surplus function S is twice continuously differentiable, increasing and strictly concave
(S′ > 0 > S′′), and satisfies the Inada conditions limq→0 S

′(q) = +∞, limq→∞ S′(q) = 0 and S(0) = 0.
7A similar result can also be found in Levin (2003).
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Let Q ⊆ R+ be the set of possible quantities and T ⊆ R is the set of possible payments.

The agent has a quasi-linear utility function:

u(q, t; θ) = t− θq

where θ is his marginal cost of production and t stands for the agent’s reward, which a priori should be
lower than the principal’s payment when money burning is allowed.

Information Structure. The agent has private information on the cost parameter θ. This parameter
is drawn from a distribution according to a cumulative distribution function F , atomless and continuously
differentiable, admitting a density function f and with support Θ = [θ, θ] with 0 < θ < θ. As it is
standard in most of the screening literature,8 we shall impose the following familiar assumption:

Assumption 2.1. Monotone Hazard Rate Property:

F (θ)
f(θ) non-decreasing.

This standard procurement model is augmented by adding the possibility for the principal to learn an
informative signal σ on the agent’s type. The set Σ of possible signal realizations of this signal is a
compact interval of the real line, with its lowest and its maximal elements respectively denoted by σ
and σ. Let ∆(Σ) be the set of probability distributions on Σ and let g(σ|θ) ∈ ∆(Σ) be the distribution
of signals conditional on θ. This conditional distribution is assumed to have full support so that no
signal may reveal a given type with certainty.

Following an approach already taken in MacLeod (2003), this signal σ stands for a subjective evaluation
of the agent’s performance. It is private information to the principal and thus non-verifiable by any
third party. In a moral hazard context with subjective evaluation, MacLeod (2003) argues that a
money burning is a useful tool to provide incentives to both the principal and the agent. Accordingly,
we follow this author and allow the principal’s payment, y, and the agent’s rewards t to differ, i.e.,
y = t + b, with b ∈ B = [0, B] with B being an upper bound on the amount of money that can be
burned.

Assumptions. Let denote by gθ(σ|θ), the derivative with respect to the cost parameter θ of the the
conditional density of signal. For future reference, the conditional cumulative distribution will be
denoted as G(σ|θ) =

∫ σ

σ
g(σ̃|θ)dσ̃. For technical reasons, we shall assume that g is twice continuously

differentiable in θ and that the score gθ(σ|θ)
g(σ|θ) is absolutely continuous in θ. Furthermore, we shall also

impose the following conditions.

Assumption 2.2. Monotone Likelihood Ratio Property:

gθ(σ|θ)
g(σ|θ) non-decreasing in σ, ∀θ ∈ Θ.

8Bagnoli and Bergstrom (2005).
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Assumption 2.2 is a familiar requirement that ensures that higher values of the signal σ are more likely
to arise when the agent’s true type increases. It is well known that this condition also implies first-order
stochastic dominance, Gθ(σ|θ) ≤ 0, i.e., as the agent’s type increases it becomes less likely that signals
become good news. Next condition focuses on scenarios where there is some form of decreasing returns
in this respect.

Assumption 2.3. Convexity of the Conditional Cumulative Distribution Function:

Gθθ(σ|θ) ≥ 0, ∀σ ∈ Σ, ∀θ ∈ Θ

Convexity of the conditional distribution of signal is a more technical assumption needed at several
places below to ensure that global incentive compatibility constraints always hold.

Example 2.1. As a running example, we take θ to be uniform on [θ, θ]:

F (θ) = θ − θ

θ − θ
and f(θ) = 1

θ − θ
for θ ∈ [θ, θ],

and the signal distribution conditional on θ is:

g(σ|θ) = (1 − α) + α (2σF (θ) + 2(1 − σ)[1 − F (θ)]) for σ ∈ [0, 1],

where α ∈ [0, 1] is a measure of the informativeness of the signal: if α = 0, the signal is uniformly
distributed on [0, 1]; if α > 0, the signal σ is positively correlated with θ. In particular, Assumptions
2.1, 2.2 and 2.3 are satisfied.

Moreover, we specify S(q) = 2q1/2, so that Inada conditions are satisfied.

Terminology. Since the relevant incentive problem is to deter over-reporting of the cost parameter
θ, we define news relative to the agent’s report. A high realization of σ will be called good news, as
it is more consistent with a high reported cost and therefore makes over-reporting less likely. A low
realization of σ will be called bad news, as it is more indicative of a low cost parameter and therefore
more suggestive of over-reporting. Thus, “good” and “bad” refer to consistency with the report, not to
whether the signal is favorable or unfavorable about the true type.

Mechanisms. A direct revelation mechanism (DRM) in our environment is an allocation rule
{(q(θ̂, σ̂), t(θ̂, σ̂), b(θ̂, σ̂))}θ̂∈Θ,σ̂∈Σ, that stipulates a quantity q(θ̂, σ̂), a payment t(θ̂, σ̂) to the agent and
an amount of money to be burnt b(θ̂, σ̂) as a function of the agent’s report θ̂ ∈ Θ on her type and the
principal’s report on his signal σ̂ ∈ Σ.

Timing. The game unfolds as follows.

1. The principal proposes a DRM, namely {(q(θ̂, σ̂), t(θ̂, σ̂), b(θ̂, σ̂))}θ̂∈Θ,σ̂∈Σ.
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2. The agent learns θ.

3. The agent accepts or rejects the mechanism. Following acceptance, the agent sends a report θ̂ ∈ Θ
to the mechanism. Otherwise, the principal and the agent both get their reservation values that
are normalized at zero.

4. The principal observes the report θ̂, learns the signal σ, and then reports σ̂ ∈ Σ to the mecha-
nism.9,10

5. The allocation (q(θ̂, σ̂), t(θ̂, σ̂), b(θ̂, σ̂)) is implemented. Payoffs are realized.

A DRM as described above, with the sequential timing of communication stands as a metaphor for
other indirect mechanisms that would appear as more natural in practice but may be more complex to
analyze without the apparatus of direct communication. To illustrate, the production process may be a
dynamic one, with earlier production stages producing a signal on the agent’s underlying cost that is
privately observed by the principal. The agent’s report in the direct communication game corresponds
to the choice of a whole menu of production plans before the informative signal realizes and is learned
by the principal in the indirect version. Such a plan stipulates a final output, a payment received the
principal and the amount of money burnt as a function of this output. A menu is a family of such plans
indexed by the signal realization. Finally, the principal picks an item within a menu of such contingent
plans according to the signal she has learned. To reflect the sequential turn of actions in the indirect
version of the game, communication in the direct version is also sequential. As proved in a related
context by Dequiedt and Martimort (2015), the Revelation Principle still applies in our procurement
context provided incentive constraints are properly defined for both the principal and the agent.11

In the first part of the paper, we will consider an environment where such output plans, contingent on
the principal’s report on his signal are feasible. In practice, it corresponds to scenarios where production
is an ongoing process that can easily be modified. Output adjustments may be useful to better screen
the agent’s cost parameter. In Section 2.6, we consider an alternative timing where the signal is learned
after output has been committed. This scenario is meant to capture environments where the agent
must incur some (unmodeled) investment (productive assets) that determines the scale of production
and, in the short run, no additional investment or no sale of existing assets is feasible.

2.3. Benchmarks

Complete Information. When θ is common knowledge, there is no point using a subjective evaluation
and money burning is useless. A simple forcing contract can be used to induce the first-best output
and extracts all surplus from the agent. The first-best outcome entails:

S′(qfb(θ)) = θ, Ufb(θ) = 0, bfb(θ) = 0, ∀θ ∈ Θ. (2.3.1)
9The exact timing has no impact. It could be that the principal learns her signal before observing the agent’s report

with no change in the optimal contract.
10Our timing is such that the principal learns her private information after having designed the mechanism; in contrast

with Cella (2008) who analyzed an informed principal’s problem with correlated information.
11See 2.B for details.
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For future reference, letW fb(θ) = S(qfb(θ))−θqfb(θ) be the first-best surplus and let Wfb = Eθ(W fb(θ))
its expected value.

Asymmetric Information With No Signal. This scenario boils down to the standard procurement
model à la Baron and Myerson (1982). In particular, there is no need for money burning while the
rest of the solution is well known and highlights the main features of the rent-efficiency trade-off of
screening models:

S′(qbm(θ)) = θ + F (θ)
f(θ) , U bm(θ) =

∫ θ

θ

qbm(x)dx ≥ 0, bbm(θ) = 0, ∀θ ∈ Θ. (2.3.2)

There is a downward distortion of output for all types except at the top and all types except the
least-efficient one receives a positive information rent. Assumption 2.1 ensures that qbm so defined
is non-increasing as requested by incentive compatibility while the assumptions made on the surplus
function ensure that qbm is always positive so that all types always produce.

Asymmetric Information with a Verifiable Signal. Suppose now that the signal σ is verifiable
and thus can be contracted upon. Clearly, money burning is useless in this context. Money burning
wastes resource and it has no benefits whatsoever in relaxing the agent’s incentive constraints; payments
contingent on σ suffices.

From Riordan and Sappington (1988), and following the logic of Crémer and McLean (1988) and
McAfee and Reny (1992)’s more general results, it is well-known that the first-best outcome can be
be implemented with no surplus left to the agent under weak assumptions on the distribution of the
verifiable signal. To see how, consider the following payment schedule

t(θ̂, σ) = S(qfb(θ̂)) −W fb(θ̂) + z(θ̂, σ) ∀θ̂ ∈ Θ,∀σ ∈ Σ. (2.3.3)

Those payments make the agent residual claimant for the choice of the output qfb(θ̂) but request
him to pay a fee W fb(θ̂) independent of σ that is designed to extract the agent’s surplus. This fee is
augmented by an extra payment z(θ̂, σ) contingent on the realized signal. This payment corrects any
stochastic discrepancy that may arise between the agent’s report θ̂ and the realized ex post signal.

Proposition 2.1. Suppose that σ is verifiable and that Assumption 2.3 holds. There exists an optimal
contract that implements the first-best outcome (2.3.1). In such optimal contract, money burning is
useless and the transfers described in (2.3.3) are such that:

z(θ̂, σ) = qfb(θ̂)gθ(σ|θ̂)
g(σ|θ̂)

1

Eσ

((
gθ(σ|θ̂)
g(σ|θ̂)

)2
∣∣∣∣θ̂) (2.3.4)

The first-best implementation when σ is verifiable relies on the possibility for the principal to offer
lotteries z(θ̂, σ) that tie the agent’s ex post payment to the realization of the signal; punishing the agent
when the ex post signal conflicts too much with his report and rewarding otherwise. In particular, such
lotteries can be reinterpreted as the principal estimating the type of the agent by maximum likelihood
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methods, and comparing this estimate with the agent’s report. The score s(σ|θ) ≡ gθ(σ|θ)
g(σ|θ) indicates the

sign of the gradient of the log-likelihood with respect to θ. If the agent reports θ̂ and the realized signal
is such that s(σ|θ̂) < 0, then the principal would find that the likelihood would be higher with a lower
report of the type. Since the main incentive problem is to prevent over-reporting the type, the principal
must punish such combination of signal and report, and thus z(θ̂, σ) < 0. On the contrary, the principal
rewards the agent with z(θ̂, σ) > 0 when s(σ|θ̂) > 0, and there is neither a punishment nor a reward
when the reported type of the agent matches the maximum likelihood estimate based on σ. The size of
rewards and punishments is scaled by the inverse of the Fisher information I(θ) ≡ Eσ

((
gθ(σ|θ)
g(σ|θ)

)2
∣∣∣∣θ),

which is the variance of the score. If the signal contains little information about θ, the principal must
use extreme lotteries to prevent misreporting. Thus, the higher this information, the smaller the scale
of the transfers for any realization of the signal.

θ

t(θ, σ)

θ θ

t(θ, σ = 0) t(θ, σ = 0.5) = θqfb(θ) t(θ, σ = 1)

Figure 2.1: Transfers that implement the first-best allocation of output and zero rent when σ is verifiable. For
σ = 0.5, the score of the signal is zero, which corresponds to a case with neither good nor bad news: the agent
is compensated for the total cost of production θqfb(θ). For σ = 0, the principal punishes the agent with a
negative transfer, in order to disincentivize over-reporting. For σ = 1, the principal rewards the agent with
higher transfers.

2.4. Incentive-Feasible Allocations

When deciding whether to accept the mechanism or not, the agent must form an expectation about
the possible reports of the principal. Expecting a truthful report of the principal’s subjective signal,
the agent’s payoff must be computed taking expectation over σ conditional on the realised type θ.
Accordingly, we define the agent’s interim rent when his type is θ as

U(θ) = Eσ (t(θ, σ) − θq(θ, σ) | θ) .
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The agent’s participation constraint can thus be written as

U(θ) ≥ 0, ∀θ ∈ Θ. (2.4.1)

Being given that the principal will report truthfully her subjective signal, the agent’s incentive-
compatibility constraints write as

U(θ) = max
θ̂∈Θ

Eσ

(
t(θ̂, σ) − θq(θ̂, σ)|θ

)
, ∀θ ∈ Θ. (2.4.2)

Additional incentive compatibility constraints must be incorporated to indeed induce the principal to
truthfully report her signal. Importantly, note that these constraints are written ex post, once the
agent has reported (truthfully in equilibrium) her type θ. For any such report, the principal must
prefer not to manipulate her subjective evaluation of the agent; a condition written as

S(q(θ, σ)) − t(θ, σ) − b(θ, σ) ≥ S(q(θ, σ̂)) − t(θ, σ̂) − b(θ, σ̂), ∀θ ∈ Θ,∀(σ, σ̂) ∈ Σ2. (2.4.3)

Because σ is not payoff-relevant, the role of σ and σ̂ can be reversed. In fact, the principal should be
made indifferent between any of her available reports and (2.4.3) amounts to the existence of a function
H(θ) that correspond to the constant value of the principal’s net payoff over all realizations of her
signal:

S(q(θ, σ)) − t(θ, σ) − b(θ, σ) = H(θ) ∀θ ∈ Θ,∀σ ∈ Σ. (2.4.4)

The principal is thus willing to report truthfully as she is indifferent between any of her available reports.
The contract takes the form of a sell-out contract. Anticipating such truthful reporting, the agent is
right to evaluate his own incentives to report the truth and participate with the true expectation on
signal conditional on his type.

The principal’s incentive constraint (2.4.4) deserves further comments. In a standard moral hazard à la
MacLeod (2003), the principal can only use transfers to incentivize her agent. She can reduce the wage
being paid by reporting a particular realization of the subjective signal on the agent’s performance and
she would thus always choose that very report. But then the payment schedule can no longer depend on
performance and incentives to exert effort can no longer be provided. Money burning is thus necessary
to simultaneously induce truthful reporting by the principal and incentivize effort by the agent. In our
adverse selection setup, money burning is no longer necessary. It could still be possible to satisfy (2.4.4)
without burning money (i.e., setting b(θ, σ) ≡ 0). In particular, different combinations of outputs and
transfers (q(θ, σ), t(θ, σ)) could be implemented for different realizations of σ the principal’s payoff is
kept constant. Hence, money burning is not necessary in a screening environment.

Using the expression of the transfers t(θ, σ) coming from (2.4.4), the agent’s incentive compatibility
constraints can be written in terms of interim payoffs as

U(θ) = max
θ̂∈Θ

−H(θ̂) + Eσ

(
S(q(θ̂, σ)) − θq(θ̂, σ) − b(θ̂, σ)|θ

)
, ∀θ ∈ Θ. (2.4.5)
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This expression makes it clear that the agent’s is made residual claimant for the maximization of the
overall surplus S(q) − θq − b, choosing among production plans q(θ̂, σ) contingent on the ex post signal
σ that each corresponds to a payment back to the principal worth H(θ̂).

The Principal’s Problem. Expressing also the maximand in terms of the agent’s interim rent, the
principal’s problem is to choose an allocation (q(θ, σ), b(θ, σ), U(θ))(θ,σ)∈Θ×Σ that solves

(P) : max
(q,b,U)

Eθ,σ (S(q(θ, σ)) − θq(θ, σ) − b(θ, σ) − U(θ))

subject to (2.4.1), (2.4.5) and

b(θ, σ) ∈ [0, B] , ∀(θ, σ) ∈ Θ × Σ. (2.4.6)

This expression of the principal’s maximization problem showcases an extension of the classic rent-
efficiency trade-off. The principal would like to maximise the surplus that is created and reduce the rent
that is left to the agent. In sharp contrast with the standard procurement model, part of the surplus
can here be burnt. Yet, money burning can also be used to relax the agent’s incentive compatibility
constraint (2.4.5).

Necessary Conditions for Incentive Compatibility. A standard approach in mechanism design
consists in studying a relaxed maximization problem where the whole set of incentive compatibility
constraints (2.4.5) (whose description already encompasses the characterization of the principal’s
incentive compatibility constraints (2.4.4) is replaced by a necessary Envelope Condition. Next Lemma
expresses this condition.

Lemma 2.1. An allocation (q(θ, σ), b(θ, σ), U(θ)) satisfying (2.4.5) is necessarily such that U is absolutely
continuous and thus a.e. differentiable with a derivative when it exists given by

U̇(θ) = Eσ

(
−q(θ, σ) + (S(q(θ, σ)) − θq(θ, σ) − b(θ, σ))gθ(σ|θ)

g(σ|θ)

∣∣∣∣ θ) . (2.4.7)

2.5. When the Signal Is Learned before Production

2.5.1. On the (Possible) Value of Money Burning

The full surplus-extraction result of Proposition 2.1 that holds even in the absence of any money
burning crucially depends on the fact that the signal σ was supposed to be verifiable. Next Proposition
shows that with non-verifiability of the signal the first-best can no longer be implemented unless money
is burned.

Proposition 2.2. Suppose that σ is non-verifiable. The first-best allocation (qfb(θ), Ufb(θ))

1. cannot be implemented without money burning;
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2. can be implemented with money burning when Assumption 2.3 holds and B is large enough. It is
so by using money burning following bad news, i.e.,

b(θ, σ) =

B if σ ∈ [σ, σfb(θ)),

0 if σ ∈ (σfb(θ), σ],
(2.5.1)

where σfb(θ) solves
−qfb(θ) = BGθ(σfb(θ)|θ). (2.5.2)

The intuition for Item 1. is straightforward and can easily be grasped from the expression of the
transfers in (2.3.3). Lotteries are no longer possible when the principal can manipulate her report on
the realized signal and money burning is not feasible. The principal would just report the signal with
the lowest such transfer minσ∈Σ z(θ̂, σ); which voids lotteries of their value.

Item 2. shows that, if enough money can be burned, full extraction of the agent’s surplus is possible
and the first-best output can be implemented provided that the principal burns the largest possible
amount B whenever the signal she observes is sufficiently bad news relative to the agent’s report. To
understand this result, observe that the agent wants to overstate his cost parameter θ and claim he
has a cost θ + dθ to produce a lower quantity qfb(θ + dθ) at a lower marginal cost and thereby save
qfb(θ + dθ)dθ ≈ qfb(θ)dθ. Of course, this effect would still be present in the absence of any ex post
signal. With an ex post signal that can be manipulated by the principal, (2.4.4) constraint requires
that the principal gets a payoff independent of the signal. In other words, the agent ends up being
residual claimant not only for the whole gains from trade but also for the money burned. To create
countervailing incentives12 and thus better extract the agent’s surplus, more money should thus be
burned as the agent overstates his cost parameter.

2.5.2. On the Irrelevance of Money Burning

When The Incentive Problem Is Regular. In a first pass and to simplify the analysis, we first
focus on a relaxed incentive problem (Pr) where the requirement of incentive compatibility (2.4.5)
reduces to the necessary condition (2.4.7) while the participation constraint (2.4.1) is now only imposed
for the least efficient type:

U(θ) ≥ 0. (2.5.3)

Definition 2.1. (P) is said to be regular when its solutions also solve (Pr).

A key assumption to ensure regularity is the following generalization of Assumption 2.1.

Assumption 2.4. Generalized Monotone Hazard Rate Property:

F (θ)
f(θ)

1 + gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ)

 non-decreasing in θ, ∀σ ∈ Σ,

non-increasing in σ, ∀θ ∈ Θ,
(2.5.4)

12Lewis and Sappington (1989a,b).
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θ
θ θ

σfb(θ) P [b(θ, σ) = B | θ]

Figure 2.2: In blue, the threshold for the signal σ conditional on θ that determines money burning. In purple,
dashed, the probability of money burning conditional on the reported type θ.

with
1 + gθ(σ|θ)

g(σ|θ)
F (θ)
f(θ) > 0, ∀(θ, σ) ∈ Θ × Σ. (2.5.5)

The first of those monotonicity conditions ensures that the second-best solution qsb(θ, σ) remains
non-increasing with type while the second monotonicity condition that follows from Assumption 2.2
shall ensure that the agent will produce more when signals are good news. Example 2.1 satisfies this
property if α ≤ 1

3 , i.e., the signal is not too informative about the cost θ. The full characterization of
the second-best solution is provided below.

Proposition 2.3. Suppose that Assumption 2.4 holds. The optimal contract solution to (Pr) entails
the following features.

1. The second-best output qsb(θ, σ) entails a generalized Baron-Myerson distortion:

S′(qsb(θ, σ)) = θ +
F (θ)
f(θ)

1 + gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ)

, ∀(θ, σ) ∈ Θ × Σ. (2.5.6)

qsb(θ, σ) is positive, non-increasing (resp. non-decreasing) in θ (resp. in σ).

2. Money burning is useless:
bsb(θ, σ) = 0, ∀(θ, σ) ∈ Θ × Σ. (2.5.7)
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3. The agent’s information rent is given by:

Usb(θ) =
∫ θ

θ

Eσ

(
qsb(θ̃, σ) − (S(qsb(θ̃, σ)) − θ̃qsb(θ̃, σ))gθ(σ|θ̃)

g(σ|θ̃)

∣∣∣∣θ̃) dθ̃. (2.5.8)

4. The incentive problem is regular provided that ∆θ = θ − θ is small enough and

1 +
Gθ(σ|θ)
g(σ|θ)

(
F (θ)
f(θ)

)2

1 + gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ)

d

dσ

(
gθ(σ|θ)
g(σ|θ)

)
≥ 0, ∀(θ, σ) ∈ Θ × Σ. (2.5.9)

Output Distortions. To understand (2.5.6), it is first useful to think about the case where the signal σ
would be uninformative (i.e., gθ ≡ 0). In that polar scenario, the signal has no value and the optimal
output exhibits the standard Baron-Myerson distortion expressed in (2.3.2). With an informative signal,
the principal instead would like to link the agent’s payment to what she learns from the signal if the
latter was verifiable and the first-best output could be implemented as shown in Proposition 2.1. When
this signal is non-verifiable, the principal’s incentive compatibility constraints (2.4.4) limit how flexible
payments can be made to fulfil this task. Output distortions, contingent on the signal’s realization, are
always needed for any realization of the signal while full rent extraction is no longer possible as shown
in (2.5.8). Because the agent’s rent is costly for the principal, downward distortions of output below the
first-best level are needed to reduce this rent. The logic is familiar from most screening models. Yet,
details differ. The comparison of (2.5.6) with the standard Baron-Myerson formula (2.3.2) showcases
the nature of those output distortions. At a rough level, the logic of screening models à la Baron and
Myerson (1982) still holds; the optimal output is such that the marginal benefit of production is equal
to what can be viewed as (marginal) generalized virtual cost of the agent.13 Indeed, Assumption 2.2
implies that a signal σ such that gθ(σ|θ)

g(σ|θ) > 0 (resp. < 0) is good news (resp. bad news) and it makes
the principal think that the agent has not exaggerated his cost parameter. Output distortions are less
(resp. more) attractive under those conditions.

No Money Burning. Remarkably, output distortions are not only necessary but are also sufficient to
solve the bilateral incentive problem between the principal and her agent. When (2.5.5) holds, the
principal’s optimization problem remains strictly concave in output. Production remains valuable while
money burning is necessarily costly. Only output is used to take into account signal realizations and no
money needs to be burned. For a regular problem, imposing budget balance between the principal and
the agent is enough to reach the informationally constrained optimum.

The Value of the Signal. Using the fact that no money is burned, we may rewrite (2.4.7) as

U̇sb(θ) = Eσ

(
−qsb(θ, σ) + (S(qsb(θ, σ)) − θqsb(θ, σ))gθ(σ|θ)

g(σ|θ) |θ
)
.

13The expression was coined by Dequiedt and Martimort (2015).
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θ

q

θ θ

qfb(θ) qsb(θ, σ = 0.5) = qbm(θ) qsb(θ, σ = 0) qsb(θ, σ = 1)

Figure 2.3: Output schemes. In blue, the first-best level of output. For σ = 0.5 (purple), the score gθ(σ|θ)
g(σ|θ)

of the signal is zero, which corresponds to a case with neither good nor bad news: output hence equals the
Baron-Myerson amount. For σ = 0 (green, dashed), the principal exacerbates the downwards distortions, in
order to disincentivize over-reporting. For σ = 1 (orange, dotted), the principal softens the distortions in
output.

Integrating by parts the second term in this expectation yields

U̇sb(θ) = Eσ

(
−qsb(θ, σ)|θ

)
− Eσ

(
(S′(qsb(θ, σ)) − θ)qsb

σ (θ, σ)Gθ(σ|θ)
g(σ|θ) |θ

)
. (2.5.10)

For a non-informative signal, gθ = Gθ ≡ 0, and the second term above disappears. Otherwise, the fact
that qsb is distorted downwards (i.e., S′(qsb(θ, σ)) ≥ θ) together with qsb

σ ≥ 0 and Gθ ≤ 0 (which are
both implied by Assumption 2.2) implies that this second term on the right-hand side of (2.5.10) is
always non-negative. This sign captures the fact that, overall, the principal can design countervailing
incentives for the agent once the signal is available, even if it remains non-verifiable.

Average Distortions. Different realizations of the signal σ induce different distortions on output, as
shown in (2.5.6). When the realized signal is good news, the optimal contract implements smaller
distortions; while larger distortions are introduced with bad news. However, thanks to strict convexity
of the distortions in the score gθ(σ|θ)

g(σ|θ) , Jensen’s inequality allows us to derive:

Eσ

 F (θ)
f(θ)

1 + gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ)

∣∣∣∣∣∣θ
 ≥

F (θ)
f(θ)

1 + Eσ

(
gθ(σ|θ)
g(σ|θ)

∣∣∣θ) F (θ)
f(θ)

= F (θ)
f(θ) , (2.5.11)

with strict inequality provided that gθ ̸≡ 0. In words, for each type θ, the expected distortion induced
in the optimal contract is larger when the principal has a private signal available.
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“Very Bad News". As a corollary of those findings, money might only be burned when (P) is regular
if (2.5.5) fails for some combinations of signal and type. This possibility arises when σ is very bad
news on the agent’s cost, i.e., gθ(σ|θ) is sufficiently negative at such a combination. It characterizes
a scenario of strong conflict between the principal’s assessment of the agent’s performance and the
latter’s report on his type. In Example 2.1, this occurs when α > 1

3 .

To explore the consequences of this possibility for contract design, we first consider the case of a regular
problem. Next Assumption, which is a strengthening of Assumption 2.1 gives us a clear configuration
of the optimal contract under those circumstances.

Assumption 2.5. Mixed Monotonicity.

F (θ)
f(θ) + g(σ|θ)

gθ(σ|θ) non-decreasing in θ, ∀σ ∈ Σ.

Proposition 2.4. Suppose that Assumption 2.5 holds and that there exists θ∗ ∈ (θ, θ] such that

1 + gθ(σ|θ∗)
g(σ|θ∗)

F (θ∗)
f(θ∗) = 0. (2.5.12)

Then, there exists a threshold value σsb(θ) ∈ (σ, σ]14 defined as

1 + gθ(σsb(θ)|θ)
g(σsb(θ)|θ)

F (θ)
f(θ) = 0, ∀θ ∈

[
θ∗, θ

]
. (2.5.13)

such that solution to the relaxed problem (Pr) is characterized as follows.

1. The optimal output entails:
qsb(θ, σ) = 0 if θ ∈

[
θ∗, θ

]
and σ ∈

[
σ, σsb(θ)

]
,

S′(qsb(θ, σ)) = θ +
F (θ)
f(θ)

1+ gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ)

, otherwise.
(2.5.14)

2. Money is burned following very bad news only:

bsb(θ, σ) =

B if θ ∈
[
θ∗, θ

]
and σ ∈

[
σ, σsb(θ)

]
,

0 otherwise.
(2.5.15)

Proposition 2.4 demonstrates that burning money is now useful in the case of a strong conflict between
the principal’s assessment and the agent’s report; the agent claiming a cost parameter which is high
enough while the principal’s evaluation is much more favorable. We already know from Proposition
2.3 that, following bad news, the principal wants to reduce the agent’s output. The novelty is that,
when Assumption 2.5 and Condition (2.5.12) hold altogether, the principal prefers not to ask for any

14With the convention that σsb(θ) = σ for θ ∈ [θ, θ∗).
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θ

q

θ θ
θ∗

qfb(θ) qsb(θ, σ = 0.5) = qbm(θ) qsb(θ, σ = 0) qsb(θ, σ = 1)

(a) Output schemes. In blue, the first-best level of output. For σ = 0.5 (purple), the score gθ(σ|θ)
g(σ|θ) of

the signal is zero, which corresponds to a case with neither good nor bad news: output hence equals
the Baron-Myerson amount. For σ = 0 (green, dashed), the principal exacerbates the downwards
distortions, in order to disincentivize over-reporting. Distortions can be large enough to bring output
to zero for the upper tail of types θ > θ∗. For σ = 1 (orange, dotted), the principal softens the
distortions in output.

θ

θ θ
θ∗

σsb(θ) P [b(θ, σ) = B | θ]

(b) In blue, the threshold for the signal σ conditional on θ that determines money burning. In purple,
dashed, the probability of money burning conditional on the reported type θ.

Figure 2.4: Signal-dependent distortions and money burning thresholds.
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production so as there are no gains from trade. At the same time, even more surplus can be destroyed
when money is also burned. Money burning acts as a credible threat to extract more of the agent’s
surplus when reports are strongly conflicting. Instead, when the principal’s signal does not conflict
much with the agent’s report, production remains attractive. The principal finds profitable to reduce
output but retains from burning money.

Nonregularity. The availability of the signal σ may cause the contracting problem to be non-regular.
Indeed Strausz (2006) shows in his binary model without money burning that the participation constraint
may be binding for both the inefficient and the efficient type. In our continuous type space scenario,
dealing with this problem requires the use of techniques borrowed from Jullien (2000) and Martimort
and Stole (2022). In 2.C we extend Propositions 2.3 and 2.4 to consider such a possibility.

2.6. When the Signal Is Learned after Production

In order to further illustrate the use of money burning, we consider an alternative scenario where the
signal σ is realised after output q has already been chosen by the agent. Under those circumstances,
production can no longer be made contingent on the principal’s report about the signal. Yet, payments
can be delayed to account for this possibility. We will thus simplify notations accordingly by suppressing
the dependence of output on signal and we shall write q(θ̂). The principal’s incentive compatibility
constraints (2.4.4) show that there must exist a function H ′ such that the principal overall payment,
including money burned, must be kept constant across all realizations of the signal as:

t(θ, σ) + b(θ, σ) = H ′(θ) ∀θ ∈ Θ,∀σ ∈ Σ. (2.6.1)

If the principal were to use different payments for the agent’s services as the signal he receives varies,
those payments should be compensated by equal variations in the amount of money burned. To
illustrate, suppose that the principal wants to punish the agent in case she gets a favorable signal by
lowering the payment t(θ, σ1) when σ1 is small enough while, at the same time, she would like to reward
the agent when the signal is less favorable, i.e., setting t(θ, σ2) > t(θ, σ1) when σ2 > σ1. Since output
can no longer vary with the signal, the only way of making such signal-dependent rewards incentive
compatible for the principal is to also increase money burning following σ1 precisely by an amount
t(θ, σ2) − t(θ, σ1). In other words, money burning is given its best chance when the principal learns
signal after production because it is only with money burning that the principal can credibly commit
to incorporate her subjective evaluation in the agent’s compensation.

Adapting our findings in Lemma 2.1, the agent’s rent profile must now satisfy a simpler Envelope
Condition

U̇(θ) = −q(θ) − Eσ

(
b(θ, σ)gθ(σ|θ)

g(σ|θ) |θ
)
. (2.6.2)

This condition is already illuminative of the key forces at play. By eventually choosing to burn money
for all signal realizations σ such that gθ(σ|θ) < 0, the principal creates countervailing incentives for his
agent. On the one hand, the latter wants again to overstate his cost parameter θ and claim he has a
cost θ + dθ to save q(θ + dθ)dθ ≈ q(θ)dθ in doing so. On the other hand, the likelihood of a favorable
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signal (i.e., σ small enough) is greater at type θ than at type θ + dθ. Burning money for sufficiently
favorable signals thus induces a significant cost on the exaggerating agent which limits those incentives
to exaggerate costs.

We are now equipped for a characterization of the optimal contract. We shall distinguish two scenarios
depending on how strong those countervailing incentives are.

2.6.1. Wage Compression

In the first scenario, the maximal amount of money that can be burned is not too large. The
countervailing effect discussed above is of limited magnitude even if the principal uses money burning
with some probability, doing so does not perturb too much the standard lessons of the Baron-Myerson
scenario. The incentive problem (P) remains regular, with the agent’s participation constraint being
again reduced to (2.5.3) and the Envelope Condition (2.6.2) being sufficient for (2.4.5).

Proposition 2.5. Suppose that Assumption 2.5 holds and again define θ∗ as in (2.5.12). Then, the
solution to the relaxed problem (Pr) entails the following properties.

1. The optimal output is always the Baron-Myerson outcome:

qsb(θ) = qbm(θ), ∀θ ∈ Θ. (2.6.3)

2. Money is burned following very bad news only:

bsb(θ, σ) =

B if θ ∈
[
θ∗, θ

]
and σ ∈

[
σ, σsb(θ)

]
,

0 otherwise.
(2.6.4)

(P) is regular provided that

B ∈

[
0, min

θ∈[θ∗,θ]

{
−qbm(θ)

Gθ(σsb(θ)|θ)

}]
. (2.6.5)

Proposition 2.5 delineates circumstances where the sole role of money burning is to reduce payments;
a form of wage compression. It has no consequences whatsoever for the volume of trade and output
remains at its Baron-Myerson level.

This result is reminiscent of MacLeod (2003). This author demonstrates that, under pure moral hazard,
the optimal wage exhibits some form of compression. The principal commits to a fixed payment,
independent of her own subjective evaluation of the agent, for all outcomes except the worst one and
burn some money in that state. The incentive power of such a scheme is reduced in comparison with the
ideal scenario where an objective performance evaluation would be available. As a result, the agent’s
effort and its liability rent are both reduced. Proposition 2.5 shows also that the agent’s information
rent is somewhat reduced in comparison in our pure screening scenario. Indeed, using the fact that
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(2.5.3) is binding at the optimum for a regular problem and the Envelope Condition (2.6.2), a simple
integration gives us the expression of the agent’s information rent as

Usb(θ) =
∫ θ

θ

(
qbm(θ̃) +BGθ(σsb(θ̃)|θ̃)

)
dθ̃ ≤ U bm(θ), ∀θ ∈ Θ; (2.6.6)

where the inequality is strict for all θ < θ since money burning occurs with positive probability for θ
close enough of θ. From there, we may rewrite the agent’s overall payment as

S(qbm(θ)) −BG(σsb(θ)|θ) −Hsb(θ) = Usb(θ) + θqbm(θ) (2.6.7)

≤ U bm(θ) + θqbm(θ) = S(qbm(θ)) −Hbm(θ), ∀θ ∈ Θ

where the right-hand side stands for the payment received in the absence of any signal and has been
rewritten to stress, that even in that scenario, one possible implementation of the Baron-Myerson
outcome is to let the agent enjoy all gross surplus of the transaction S(qbm(θ)) against a fee Hbm(θ).
Condition (2.6.7) then shows that the agent is asked to disgorge more of the overall surplus of the
transaction when a signal is available.

A remarkable finding of Proposition 2.5 is that the volume of trade remains unchanged, in contrast
with MacLeod (2003)’s findings under pure moral hazard. The reason is simple. In our hidden
information environment, the principal can use both quantity and payments for screening purposes.
When production is chosen before any signal can be learned, money burning can help to save on
payments but, as long as countervailing incentives are not too strong, the reduction of payments
available when the signal can be used does not interact with output requirements. Instead, in a pure
moral hazard environment, payments have always a direct impact on effort.

2.6.2. Output Expansion

Consider now a scenario where countervailing incentives are more pronounced. That is, condition (2.6.5)
fails to hold: B > minθ∈[θ∗,θ]

{
−qbm(θ)

Gθ(σsb(θ)|θ)

}
. We consider a partially relaxed problem (Pr′) where

the participation constraint writes as (2.4.1), a pure state constraint, while incentive compatibility
constraints (2.4.5) are still reduced to the Envelope Condition (2.6.2). The solution to this problem is
now characterized.

Proposition 2.6. Suppose that Assumption 2.5 holds and again define θ∗ as in (2.5.12). Then, the
solution to the relaxed problem (Pr′) entails the following properties.

1. There exists a probability measure µ whose support is Ω = {θ : Ur′(θ) = 0} such that

S′(qr′(θ)) = θ + F (θ) −M(θ)
f(θ) , ∀θ ∈ Θ. (2.6.8)

where M(θ) =
∫

[θ,θ) µ(dθ̃). In particular, we have

qr′(θ) ≥ qbm(θ), ∀θ ∈ Θ. (2.6.9)
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2. Money is burned following very bad news only

br′(θ, σ) =

B if θ ∈
[
θ∗, θ

]
and σ ∈ [σ, σr′(θ)],

0 otherwise.
(2.6.10)

where σr′(θ) is now defined as

1 + gθ(σr′(θ)|θ)
g(σr′(θ)|θ)

F (θ) −M(θ)
f(θ) = 0, ∀θ ∈

[
θ∗, θ

]
. (2.6.11)

In particular, we have
σr′(θ) ≤ σsb(θ) if qr′(θ) ≤ qfb(θ) ∀θ ∈ Θ. (2.6.12)

Moreover, it must be that
min{Ω} > θ∗ (2.6.13)

and
qr′(θ) = −BGθ(σr′(θ)|θ), ∀θ ∈

◦
Ω. (2.6.14)

The incentive constraints (2.4.5) hold provided that qr′ is non-increasing and σr′ non-decreasing.

Proposition 2.6 accounts for the possibility that countervailing incentives are so strong that the
agent’s participation constraint binds on an interval with non-empty interior.15 The solution is then
characterized by a probability measure over this set. On this set, money burning is optimally used
to extract all the agent’s information rent. Some distortions in output are still present, but these are
lower compared to the Baron-Myerson solution. At the same time, money burning is less useful and
limited in comparison with the scenario described in Proposition 2.5, since the rents of some mass of
agent’s types are already zero.

Example 2.1. (continued) When condition (2.6.5) fails to hold, the type space [θ, θ] is partitioned
into three subsets under the optimal contract. On [θ, θ∗], output equals the Baron-Myerson level, no
money is burned, and rents are positive. On (θ∗, θ′), output equals the Baron-Myerson level, some
money is burned with σr′(θ) = σsb(θ)but rents are still strictly positive. Finally, on Ω = [θ′, θ], output
is constant at qbm(θ′), money is burnt with σr′(θ) ≤ σsb(θ), and rents are zero. The type θ′ ∈ (θ∗, θ) is
the smallest θ such that

−qbm(θ) −BGθ(σsb(θ)|θ) ≥ 0,

which represents the value at which the rent would hit zero with the allocation described in Proposition
2.5 when (2.6.5) fails. As a consequence, there is output expansion on

◦
Ω.

By combining (2.6.8) (2.6.11) and (2.6.14), we can find the cutoff σr′(θ) on
◦
Ω:

S′(−BGθ(σr′(θ)|θ)) = θ − g(σr′(θ)|θ)
gθ(σr′(θ)|θ) , ∀θ ∈

◦
Ω.

15If condition (2.6.5) holds, then the measure is such that M(θ) = 0 for all θ ∈ Θ, meaning that the measure puts all
the mass on the atom θ, which is the regular case.
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θ θ′
θ

qfb(θ) qbm(θ) qr′(θ)

(a) Output schemes. In blue (dotted), first-best output. In orange, Baron-Myerson scheme. In green (dashed),
scheme with money burning.

θ

U

θ θ′
θ

U bm(θ) Ur′(θ)

(b) Rents. In blue (dashed), rents obtained by the agent in Baron-Myerson. In orange, rents with signals and
money burning as defined in Proposition 2.6. There is a positive measure of types for which U(θ) = 0.

θ

σ

θ θ∗ θ′
θ

σsb(θ) σr′(θ)

(c) Money burning thresholds. In blue (dashed), threshold σsb(θ) as defined in 2.5.13. In orange, threshold
σr′(θ) as defined in Proposition 2.6.

Figure 2.5: Optimal contract of Proposition 2.6.
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Since g(σ|θ) is affine in θ in this example, gθ and Gθ are constant in θ. It follows that the cutoff σr′(θ)
is constant in θ on

◦
Ω. From (2.6.14), it follows that qr′(θ) is also constant on

◦
Ω.

The measure is such that:

M(θ) =

0 if θ ≤ θ′,

F (θ) + f(θ) g(σr′(θ)|θ)
gθ(σr′(θ)|θ) ∈ (0, 1) if θ′ ≤ θ ≤ θ,

In particular, the measure puts positive mass on the atom θ. A representation of the optimal contract
can be found in Figure 2.5.
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Appendices

2.A. Main Proofs

Proof of Proposition 2.1. Consider the payments as in (2.3.3) with, in addition,

z(θ̂, σ) = k(θ̂)gθ(σ|θ̂)
g(σ|θ̂)

∀θ̂ ∈ Θ,∀σ ∈ Σ (2.A.1)

with a convenient function k to be found below.

Incentive compatibility constraints (2.4.2) are still valid when σ is verifiable. Those constraints thus
rewrite as

U(θ) = max
θ̂∈Θ

S(qfb(θ̂)) − θqfb(θ̂) −W fb(θ̂) + k(θ̂)Eσ

(
gθ(σ|θ̂)
g(σ|θ̂)

|θ

)
, ∀θ ∈ Θ. (2.A.2)

By incentive compatibility plus the fact that Eσ

(
gθ(σ|θ)
g(σ|θ) |θ

)
= 0, we check that there is full extraction

of the agent’s surplus when the agent tells the truth on his type, namely

U(θ) = S(qfb(θ)) − θqfb(θ) −W fb(θ) = 0, ∀θ ∈ Θ. (2.A.3)

Observe that the maximand in (2.A.2) is absolutely continuous in θ when gθ(σ|θ̂)
g(σ|θ̂) is so as we assumed.

We can thus apply the Envelope Theorem in Milgrom and Segal (2002, Theorem 2), to show that
U is absolutely continuous with a derivative (which is actually defined everywhere in the case under
scrutiny) which is now worth

U̇(θ) = −qfb(θ) + k(θ)Eσ

((
gθ(σ|θ)
g(σ|θ)

)2
|θ

)
, ∀θ ∈ Θ. (2.A.4)

Identifying this envelope condition with the derivative of (2.A.3), we must thus have

k(θ) = qfb(θ)

Eσ

((
gθ(σ|θ)
g(σ|θ)

)2
|θ
) , ∀θ ∈ Θ. (2.A.5)

84



85

Taking together (2.A.2) and (2.A.3), global incentive compatibility holds when

(θ − θ̂)qfb(θ̂) ≥ k(θ̂)Eσ

(
gθ(σ|θ̂)
g(σ|θ̂)

|θ

)
, ∀(θ, θ̂) ∈ Θ2

or, using (2.A.4),

(θ − θ̂)Eσ

(gθ(σ|θ̂)
g(σ|θ̂)

)2

|θ̂

 ≥ Eσ

(
gθ(σ|θ̂)
g(σ|θ̂)

|θ

)
, ∀(θ, θ̂) ∈ Θ2. (2.A.6)

Let us now define

ψ(θ, θ̂) = Eσ

(
gθ(σ|θ̂)
g(σ|θ̂)

|θ

)
.

We may compute

ψθ(θ̂, θ̂) = Eσ

(gθ(σ|θ̂)
g(σ|θ̂)

)2

|θ̂

 , ψθθ(θ, θ̂) = Eσ

(
gθ(σ|θ̂)gθθ(σ|θ)
g(σ|θ̂)g(σ|θ)

|θ

)
.

Integrating by parts yields

ψθθ(θ, θ̂) = −
∫ σ

σ

d

dσ

(
gθ(σ|θ̂)
g(σ|θ̂)

)
Gθθ(σ|θ)dσ.

When Assumptions 2.2 and 2.3 both hold, ψ(θ, θ̂) is concave with respect to θ and thus

ψ(θ, θ̂) ≤ ψ(θ̂, θ̂) + ψθ(θ̂, θ̂)(θ − θ̂)

which, taking into account ψ(θ̂, θ̂) = 0, amounts to (2.A.6).

Proof of Lemma 2.1. Observe that the maximand in (2.A.2) is absolutely continuous in θ for any θ̂
when g is twice continuously differentiable in θ as assumed. We can thus apply the Envelope Theorem
in Milgrom and Segal (2002, Theorem 2), to show that U is absolutely continuous with a derivative,
when it exists, which is defined as in (2.4.7).

Proof of Proposition 2.2. We prove each item in turn.

1. Suppose that the first-best output profile qfb(θ) is implementable without money burning. Then,
using (2.4.5), there would exist a rent profile U and a function H(θ) such that

U(θ) = max
θ̂∈Θ

S(qfb(θ̂)) − θqfb(θ̂) −H(θ̂), ∀θ ∈ Θ. (2.A.7)
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We can again apply Lemma 2.1 to show that U is absolutely continuous with a derivative (almost
everywhere) worth

U̇(θ) = −qfb(θ) ∀θ ∈ Θ.

With full surplus extraction, we should have U(θ) = Ufb(θ) = 0 and thus qfb(θ) = 0 a.e.; a
contradiction with the fact that output remains positive in (2.3.1).

2. Suppose that the first-best output allocation (qfb(θ), Ufb(θ)) is implementable with money
burning. Then, using (2.4.5), there would exist a function H(θ) such that

Ufb(θ) = 0 = max
θ̂∈Θ

S(qfb(θ̂)) − θqfb(θ̂) −H(θ̂) − Eσ

(
b(θ̂, σ)|θ

)
, ∀θ ∈ Θ. (2.A.8)

We can again apply the Envelope Theorem in Milgrom and Segal (2002, Theorem 2) to get

U̇fb(θ) = 0 = −qfb(θ) − Eσ

(
b(θ, σ)gθ(σ|θ)

g(σ|θ) |θ
)
, ∀θ ∈ Θ.

With full surplus extraction, we should thus have

−qfb(θ) − Eσ

(
b(θ, σ)gθ(σ|θ)

g(σ|θ) |θ
)

= 0, ∀θ ∈ Θ. (2.A.9)

From (2.A.8), global incentive compatibility holds when

0 ≥ S(qfb(θ̂)) − θqfb(θ̂) −H(θ̂) − Eσ

(
b(θ̂, σ)|θ

)
, ∀(θ, θ̂) ∈ Θ2

or,
(θ − θ̂)qfb(θ̂) ≥ Eσ

(
b(θ̂, σ)|θ̂

)
− Eσ

(
b(θ̂, σ)|θ

)
, ∀(θ, θ̂) ∈ Θ2. (2.A.10)

Consider the principal’s optimization problem when willing to implement the first-best allocation
(qfb(θ), Ufb(θ) = 0). It consists in pointwise maximizing with respect to b(θ, σ) ∈ [0, B] the
following objective

Eθ

(
S(qfb(θ)) − θqfb(θ̂) − Eσ

(
b(θ̂, σ)|θ

))
subject to (2.A.9) only. Provided that (2.A.10) holds for the solution to this relaxed problem, we
shall have find the optimal mechanism that extracts all surplus from the agent whatever his type
and implements the first-best output.

Let denote by λ(θ) the Lagrange multiplier for (2.A.9). Because the corresponding Lagrangean is
linear in b(θ, σ), the solution is bang-bang with

b(θ, σ)


= B if g(σ|θ)f(θ) + λ(θ)gθ(σ|θ) < 0,

∈ [0, B] if g(σ|θ)f(θ) + λ(θ)gθ(σ|θ) = 0,

= 0 if g(σ|θ)f(θ) + λ(θ)gθ(σ|θ) > 0.

(2.A.11)

First, notice that λ(θ) = 0 cannot be; because, otherwise, b(θ, σ) = 0 for all σ ∈ Σ and (2.A.9)
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cannot hold. Second, suppose now that λ(θ) < 0. Then, Assumption 2.2 would imply that
b(θ, σ) = B for σ ∈

[
σfb(θ), σ

]
where σfb(θ) is defined as

gθ(σfb(θ)|θ)
g(σfb(θ)|θ) = −f(θ)

λ(θ) . (2.A.12)

Moreover, gθ(σ|θ) > 0 for all σ ∈ (σfb(θ), σ]. But then, the left-hand side of (2.A.9) is necessarily
negative; a contradiction. Hence, λ(θ) > 0. Then, Assumption 2.2 implies that b(θ, σ) = B for
σ ∈

[
σ, σfb(θ)

]
. Now, observe that we have gθ(σ|θ) < 0 for all σ ∈

[
σ, σfb(θ)

)
. Finally, σfb(θ) is

defined as (2.5.2). In fact, Assumption 2.2 implies that
∫ σ

σ
gθ(σ̃|θ)dσ̃ = Gθ(σ|θ) is quasi-convex

in σ and thus minimum at σ0(θ) such that gθ(σ0(θ)|θ) = 0. Condition (2.5.2) has thus a solution
σfb(θ) ∈ [σ, σ0(θ)] when B is large enough, namely

B ≥ max
θ∈Θ

{
−qfb(θ)

Gθ(σ0(θ)|θ)

}
.

Let us check that (2.A.10) holds for the solution so obtained. First, notice that H is defined as

H(θ) = S(qfb(θ)) − θqfb(θ) −BGθ(σfb(θ)|θ), ∀θ ∈ Θ. (2.A.13)

Second, global incentive compatibility amounts to checking that

(θ − θ̂)qfb(θ̂) ≥ B

(∫ σfb(θ̂)

σ

(g(σ|θ̂) − g(σ|θ))dσ
)
, ∀(θ, θ̂) ∈ Θ2. (2.A.14)

Using

−qfb(θ) = B

∫ σfb(θ)

σ

gθ(σ|θ)dσ = BGθ(σfb(θ)|θ),

and inserting into (2.A.14) allows us to rewrite this condition as

(θ̂ − θ)Gθ(σfb(θ̂)|θ̂) ≥ G(σfb(θ̂)|θ̂) −G(σfb(θ̂)|θ)), ∀(θ, θ̂) ∈ Θ2. (2.A.15)

This condition holds under Assumption 2.3.

Proof of Proposition 2.3. When the incentive problem is regular, we can recover from the binding
participation constraint for the worst type θ (2.5.3) and the Envelope Condition (2.4.7), the expression
of the rent profile U(θ) in terms of the output allocation as (2.5.8). From there, the fee H(θ) is obtained
as

U(θ) = Eσ (S(q(θ, σ)) − θq(θ, σ) − b(θ, σ)|θ) −H(θ). (2.A.16)

Inserting (2.5.8) into the maximand (Pr) and integrating by parts yields that qsb(θ, σ) and b(θ, σ)
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should now be pointwise-optimizers for

Eθ,σ

((
1 + gθ(σ|θ)

g(σ|θ)
F (θ)
f(θ)

)
(S(q(θ, σ)) − θq(θ, σ) − b(θ, σ)) − F (θ)

f(θ) q(θ, σ)
)
. (2.A.17)

From there, the following consequences are immediately drawn.

1. Observe that Condition (2.5.5) implies that the coefficient of the surplus S(q(θ, σ)) − θq(θ, σ))
in this maximand remains positive. Hence, the optimization problem remains strictly concave.
Pointwise optimization of this objective then yields the expression of the second-best output in
(2.5.6). Inada conditions on S, as assumed, imply that qsb(θ, σ) remains positive.

2. Because Condition (2.5.5) holds and the objective is linear in b(θ, σ), (2.5.7) immediately follows.

Monotonicity. Condition (2.5.4) implies that qsb(θ, σ) is non-increasing in θ. That qsb(θ, σ) is
non-decreasing in σ follows from Assumption 2.2.

Regularity. Regularity follows from checking that the necessary condition (2.4.7) suffices for (2.4.5)
while the participation constraint (2.4.1) follows from (2.5.3). We check each item in turn.

1. We rewrite the incentive compatibility conditions (2.4.5) using (2.5.7) as

Usb(θ) ≥ Eσ

(
S(qsb(θ̂, σ)) − θqsb(θ̂, σ)|θ

)
−Hsb(θ̂)

or

Usb(θ)−Usb(θ̂) ≥ Eσ

(
S(qsb(θ̂, σ)) − θqsb(θ̂, σ)|θ

)
−Eσ

(
S(qsb(θ̂, σ)) − θ̂qsb(θ̂, σ)|θ̂

)
,∀(θ, θ̂) ∈ Θ2.

Using the necessary condition (2.4.7), we rewrite the left-hand side above and get∫ θ

θ̂

Eσ

(
−qsb(θ̃, σ) +

(
S(qsb(θ̃, σ)) − θ̃qsb(θ̃, σ)

) gθ(σ|θ̃)
g(σ|θ̃)

|θ̃
)
dθ̃ (2.A.18)

≥ Eσ

(
S(qsb(θ̂, σ)) − θqsb(θ̂, σ)|θ

)
− Eσ

((
S(qsb(θ̂, σ)) − θ̂qsb(θ̂, σ)

)
|θ̂
)
, ∀(θ, θ̂) ∈ Θ2.

Define now ψ as
ψ(θ, θ̂) = Eσ

(
S(qsb(θ̂, σ)) − θqsb(θ̂, σ)|θ

)
. (2.A.19)

We rewrite (2.A.18) as ∫ θ

θ̂

ψθ(θ̃, θ̃)dθ̃ ≥ ψ(θ̂, θ̂) − ψ(θ, θ̂) ∀(θ, θ̂) ∈ Θ2. (2.A.20)

Condition (2.A.20) amounts to ∫ θ

θ̂

[ψθ(θ̃, θ̃) − ψθ(θ̃, θ̂)]dθ̃ ≥ 0
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∫ θ

θ̂

∫ θ̃

θ̂

ψθθ̂(θ̃, x)dxdθ̃ ≥ 0

It immediately follows that (2.A.18) is satisfied when

ψθθ̂(θ, θ̂) ≥ 0 ∀(θ, θ̂) ∈ Θ2. (2.A.21)

Using (2.A.19), we compute

ψθθ̂(θ, θ̂) =
∫ σ

σ

qsb
θ (θ̂, σ)

(
−1 + (S′(qsb(θ̂, σ)) − θ)gθ(σ|θ)

g(σ|θ)

)
g(σ|θ)dσ. (2.A.22)

Using (2.5.6), observe that

−1 + (S′(qsb(θ, σ)) − θ)gθ(σ|θ)
g(σ|θ) = − 1

1 + gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ)

< 0

Taken this with the monotonicity condition qsb
θ < 0, we get ψθθ̂(θ, θ) > 0 and so (2.A.21) holds

when ∆ = θ − θ is small enough.

2. We now demonstrate that Usb(θ) is decreasing and thus the conjecture that (2.4.1) can be replaced
by (2.5.3) is correct. To this end, we compute

Eσ

(
(S(qsb(θ, σ)) − θqsb(θ, σ))gθ(σ|θ)

g(σ|θ) |θ
)

=
∫ σ

σ

(S(qsb(θ, σ)) − θqsb(θ, σ)gθ(σ|θ)dσ

=
[
S(qsb(θ, σ)) − θqsb(θ, σ)Gθ(σ|θ)

]σ
σ

−
∫ σ

σ

(S′(qsb(θ, σ)) − θ)qsb
σ (θ, σ)Gθ(σ|θ)dσ.

Using Gθ(σ|θ) = Gθ(σ|θ) = 0 and (2.5.6), we rewrite the right-hand side as

−
∫ σ

σ

F (θ)
f(θ)

1 + gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ)

qsb
σ (θ, σ)Gθ(σ|θ)dσ.

The right-hand side of (2.4.7) thus becomes

−
∫ σ

σ

qsb(θ, σ)g(σ|θ)

 1
1 + gθ(σ|θ)

g(σ|θ)
F (θ)
f(θ)

+
Gθ(σ|θ)
g(σ|θ)

(
F (θ)
f(θ)

)2

(
1 + gθ(σ|θ)

g(σ|θ)
F (θ)
f(θ)

)2
d

dσ

(
gθ(σ|θ)
g(σ|θ)

) dσ. (2.A.23)

Hence, Usb is indeed certainly decreasing when Condition (2.5.9) holds.

Proof of Proposition 2.4. Remember from the Proof of Proposition 2.3 that, when looking for a
solution to (Pr), the principal must end up maximizing pointwise the expression (2.A.17). Suppose
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that (2.5.5) fails at some pair (θ, σ). From Assumption 2.2, this condition also fails for all σ′ ≤ σ. In
other words,

1 + gθ(σ′|θ)
g(σ′|θ)

F (θ)
f(θ) < 0, ∀σ′ ∈

[
σ, σsb(θ)

]
(2.A.24)

where σsb(θ) > σ is uniquely defined (again from Assumption 2.2) by (2.5.13). when

1 + gθ(σ|θ)
g(σ|θ)

F (θ)
f(θ) < 0. (2.A.25)

Moreover, this latter condition itself requires θ ≥ θ∗ for some θ∗ > θ that solves (2.5.12), again from
Assumption 2.5.

Pointwise optimization for (2.A.17) with respect to b(θ, σ) then leads to (2.5.15). The optimality
condition (2.5.14) is also straightforward.

Proof of Proposition 2.5. We first consider the relaxed problem (Pr). Following previous steps,
the principal must end up maximizing pointwise the following expression (where we take into account
the fact that output is no longer contingent on signal):

Eθ

(
S(q(θ)) −

(
θ + F (θ)

f(θ)

)
q(θ) − Eσ

(
b(θ, σ)

(
1 + F (θ)

f(θ)
gθ(σ|θ)
g(σ|θ)

)
|θ
))

. (2.A.26)

It immediately follows that the optimal output is given by (2.6.3) while, thanks to the bang-bang
nature of the problem, the optimal level of money burned is characterized in (2.6.4).

Regularity. Given the structure of the contract laid out in (2.6.3) and (2.6.4), we may rewrite the
incentive compatibility conditions (2.4.5) as

Usb(θ) = S(qbm(θ)) − θqbm(θ) −BG(σsb(θ)|θ) −Hbm(θ)

≥ S(qbm(θ̂)) − θqbm(θ̂) −BG(σsb(θ̂)|θ) −Hbm(θ̂)

or
Usb(θ) − Usb(θ̂) ≥ (θ̂ − θ)qbm(θ̂) −B(G(σsb(θ̂)|θ) −G(σsb(θ̂)|θ̂)), ∀(θ, θ̂) ∈ Θ2.

Using the necessary condition (2.6.2), we rewrite the right-hand side above and get

∫ θ̂

θ

(
qbm(θ̃) +BGθ(σsb(θ̃)|θ̃)

)
dθ̃ ≥ (θ̂−θ)qbm(θ̂)−B(G(σsb(θ̂)|θ)−G(σsb(θ̂)|θ̂)), ∀(θ, θ̂) ∈ Θ2. (2.A.27)

Note that qbm is non-increasing and thus

∫ θ̂

θ

qbm(θ̃)dθ̃ ≥ (θ̂ − θ)qbm(θ̂), ∀(θ, θ̂) ∈ Θ2. (2.A.28)
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A sufficient condition for (2.A.27) to hold is thus:

∫ θ̂

θ

Gθ(σsb(θ̃)|θ̃)dθ̃ ≥ G(σsb(θ̂)|θ̂) −G(σsb(θ̂)|θ), ∀(θ, θ̂) ∈ Θ2. (2.A.29)

Condition (2.A.29) amounts to

∫ θ̂

θ

[Gθ(σsb(θ̃)|θ̃) −Gθ(σsb(θ̂)|θ̃)]dθ̃ ≥ 0

∫ θ̂

θ

∫ σsb(θ̃)

σsb(θ̂)
gθ(σ|θ̃)dσdθ̃ ≥ 0

It immediately follows that (2.A.29) is satisfied when σsb is non-decreasing and gθ(σ|θ) ≤ 0 for
σ ∈

[
σsb(θ̂), σsb(θ)

]
if θ̂ ≥ θ (or σ ∈

[
σsb(θ), σsb(θ̂)

]
if θ ≥ θ̂). This last condition holds since

Assumption 2.2 with the definition of σ∗(θ) in (2.5.13) altogether imply that

gθ(σ|θ)
g(σ|θ) < − f(θ)

F (θ) < 0, ∀θ ∈
[
θ∗, θ

]
,∀σ ≤ σsb(θ). (2.A.30)

It remains to prove that σsb is non-decreasing, let us first differentiate (2.5.13) to get

∂

∂σ

(
gθ(σsb(θ)|θ)
g(σsb(θ)|θ)

)
σ̇sb(θ) = − d

dθ

(
f(θ)
F (θ)

)
− ∂

∂θ

(
gθ(σsb(θ)|θ)
g(σsb(θ)|θ)

)
. (2.A.31)

Observe that the coefficient on the left-hand side is non-negative from Assumption 2.2 while the
right-hand side, is non-negative from Assumption 2.5 and (2.5.13).16 Hence, σ̇sb(θ) ≥ 0 as requested.

We now demonstrate that Usb(θ) is decreasing and thus the conjecture that (2.4.1) can be replaced by
(2.5.3) is correct. It is true when

qbm(θ) ≥ −BGθ(σsb(θ)|θ), ∀θ ∈ Θ;

a condition that follows from (2.6.5).
16Indeed, we have

−
d

dθ

(
f(θ)
F (θ)

)
=

d
dθ

(
F (θ)
f(θ)

)(
F (θ)
f(θ)

)2

and

−
∂

∂θ

(
gθ(σsb(θ)|θ)
g(σsb(θ)|θ)

)
= −

∂

∂θ

(
1

g(σsb(θ)|θ)
gθ(σsb(θ)|θ)

)
=

∂
∂θ

(
g(σsb(θ)|θ)

gθ(σsb(θ)|θ)

)
(

g(σsb(θ)|θ)
gθ(σsb(θ)|θ)

)2 .

From (2.5.13), it follows that
(

g(σsb(θ)|θ)
gθ(σsb(θ)|θ)

)2
=
(

F (θ)
f(θ)

)2
, and thus:

−
d

dθ

(
f(θ)
F (θ)

)
−

∂

∂θ

(
gθ(σsb(θ)|θ)
g(σsb(θ)|θ)

)
=

∂
∂θ

(
F (θ)
f(θ) + g(σsb(θ)|θ)

gθ(σsb(θ)|θ)

)
(

F (θ)
f(θ)

)2 ≥ 0,

which is non-negative by Assumption 2.5.



92

Proof of Proposition 2.6. We use Jullien (2000)’s and Martimort and Stole (2022)’s techniques
to characterize the solution (denoted as with a supercript r′) to (Pr′). We thus associate to the
participation constraint (2.4.1), a probability measure µ defined over the Borel subsets of Θ with an
associated adjoint function, M : Θ → [0, 1], defined by M(θ) = 0, M(θ+) = 1 and

M(θ) =
∫

[θ,θ)
µ(dθ̃) for θ > θ.

Necessary and sufficient conditions (thanks to strict concavity of the maximand) are then stated in
terms of thus probability measure which serves to first express a complementary slackness condition:

∫ θ

θ

Ur′(θ̃)µ(dθ̃) = 0. (2.A.32)

This condition states that the probability measure µ has support Ω = {θ : Ur′(θ) = 0}. When
◦
Ω ̸= ∅,

we may differentiate Ur′(θ) = 0 with respect to θ and, using (2.6.2), get (2.6.14).

Second, the optimality conditions write as

(qr′(θ), br′(θ, σ)) ∈ arg max
(q,b(·))

{
f(θ) (S(q) − θq − Eσ (b(σ)|θ))

− (F (θ) −M(θ))
(
q + Eσ

(
b(σ)gθ(σ|θ)

g(σ|θ) |θ
))}

for a.e. θ ∈ Θ.
(2.A.33)

The first-order optimality condition with respect to output q is given by (2.6.8). Because M(θ) ≥ 0, it
immediately follows that (2.6.9) holds.

Given the linearity of the objective function on the right-hand side of (2.A.33) in b(·) , the optimality
condition with respect to the amount of money burned is given by then bang-bang solution (2.6.10).
Observe that (2.6.14) requires σr′(θ) > σ for all θ ∈

◦
Ω ̸= ∅. Thus, (2.6.13) must necessarily hold.

Finally, when qr′(θ) ≤ qfb(θ) implies M(θ) ≤ F (θ). Hence, (2.6.12) implies

gθ(σr′(θ)|θ)
g(σr′(θ)|θ) = − f(θ)

F (θ) −M(θ) < − f(θ)
F (θ) = gθ(σsb(θ)|θ)

g(σsb(θ)|θ) , ∀θ ∈
[
θ∗, θ

]
. (2.A.34)

Assumption 2.2 then implies (2.6.12).

Incentive Compatibility. The proof of that (2.4.5) hold provided that qr′ is non-increasing and σr′

non-decreasing is similar to that made in the Proof of Proposition 2.5 and is thus omitted.
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2.B. A Revelation Principle

We provide here a proof of the Revelation Principle that is used in the main text. It follows quite
closely the one formulated in Appendix B in Dequiedt and Martimort (2015). A general mechanism in
this case consists in a message spaces MA and MP respectively for the agent and the principal, and an
allocation rule x that maps the set MA × MP into the set ∆(Q × T × B) of probability distributions
over Q × T × B, where we remind the reader that Q is the set of possible quantities and T is the set
of possible transfers. The agent’s strategy maps Θ into the set ∆(MA) of probability distributions
over MA. The principal’s strategy maps Σ × Ma into the set ∆(MP ) of probability distributions over
MP . Fixing the mechanism allocation x, a message pair (mA,mP ) induces the following utilities for
principal and agent respectively:

V(x(mA,mP )) =
∫

Q×T ×B
v(q, t+ b)dx(q, t, b|mA,mP )

U(x(mA,mP ); θ) =
∫

Q×T ×B
u(q, t; θ)dx(q, t, b|mA,mP )

The timing is the following:

1. The principal proposes a mechanism {MA,MP , x}

2. The agent and the principal respectively learn θ and σ.

3. The agent decides whether to accept the mechanism. In the affirmative case, the agent sends a
message mA ∈ MA. Otherwise, both get their reservation values that are normalised to zero.

4. The principal observes the message ma, and then send a message mP ∈ MP .

5. The allocation rule x inputs (mA,mP ) and outputs (q, t, b) ∈ Q × T × B .

6. Payoffs are realised, and the interaction ends.

The appropriate equilibrium concept for the induced game after acceptance is that of Perfect Bayesian
Equilibrium. Thus, after observing σ and mA, the principal updates her beliefs about θ according to
Bayes’ rule whenever applicable. Similarly, the agent updates his beliefs about σ after observing θ. The
message strategies must be optimal for each player:

∀σ ∈ Σ : ∀mA ∈ MA : ∀mP ∈ supp (m∗
P (mA, σ)) : mP ∈ arg max

m̂P ∈MP

Eθ (V(x(mA, m̂P )) |mA, σ)

= arg max
m̂P ∈MP

V(x(mA, m̂P ))
(2.B.1)

∀θ ∈ Θ : ∀mA ∈ supp(m∗
A(θ)) : mA ∈ arg max

m̂A∈MA

Eσ

(∫
MP

U(x(m̂A,mP ); θ)dm∗
P (mP | m̂A, σ)

∣∣∣∣ θ)
(2.B.2)
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Where the second line follows because we are in a private values context in which θ does not enter
principal’s utility. Moreover, because we are in the continuation game after acceptance, we must have:

∀θ ∈ Θ : ∀mA ∈ supp(m∗
A(θ)) : Eσ

(∫
MP

U(x(mA,mP ); θ)dm∗
P (mP | m̂A, σ)

∣∣∣∣ θ) ≥ 0 (2.B.3)

We now consider the direct revelation mechanism {Θ,Σ, x̃}, where Θ is the set of reports of the agent,
Σ is the set of reports of the principal, and x̃ is the allocation rule defined as:

∀θ̂ ∈ Θ : ∀σ̂ ∈ Σ : x̃(θ̂, σ̂) = x(m∗
A(θ̂),m∗

P (m∗
A(θ̂), σ̂)) (2.B.4)

Proposition 2.7. Any allocation rule achieved in a continuation equilibrium (m∗
A,m

∗
P ) with the offer

and acceptance of (MA,MP , x) can be replicated with a direct revelation mechanism {Θ,Σ, x̃} satisfying
(2.B.4), acceptance and truthful reporting:

∀θ ∈ Θ : Eσ (U (x̃(θ, σ); θ) | θ) ≥ 0 (2.B.5)

∀θ ∈ Θ : Eσ (U (x̃(θ, σ); θ) | θ) = max
θ̂∈Θ

Eσ

(
U
(
x̃(θ̂, σ); θ

) ∣∣∣ θ) (2.B.6)

∀θ ∈ Θ : ∀σ ∈ Σ : V (x̃(θ, σ)) = max
σ̂∈Σ

V (x̃(θ, σ̂)) (2.B.7)

Proof. We use the following notations:

U (x(m∗
A(θ),m∗

P (m∗
A(θ), σ)); θ) =

∫
MA

∫
MP

U (x(mA,mP ); θ) dm∗
P (mP |mA, σ)dm∗

A(mA|θ)

V (x(m∗
A(θ),m∗

P (m∗
A(θ), σ))) =

∫
MA

∫
MP

V (x(mA,mP )) dm∗
P (mP |mA, σ)dm∗

A(mA|θ)

Condition (2.B.5) follows straightforwardly from the combination of (2.B.3) and (2.B.4):

Eσ (U (x̃(θ, σ); θ) | θ) =︸︷︷︸
by (2.B.4)

Eσ (U (x(m∗
A(θ),m∗

P (m∗
A(θ), σ)); θ) | θ) ≥︸︷︷︸

by (2.B.3)

0

Condition (2.B.6) is implied by (2.B.2) and (2.B.4):

Eσ (U (x̃(θ, σ); θ) | θ) =︸︷︷︸
by (2.B.4)

Eσ (U (x(m∗
A(θ),m∗

P (m∗
A(θ), σ)); θ) | θ)

≥︸︷︷︸
by (2.B.2)

Eσ

(
U
(
x(m∗

A(θ̂),m∗
P (m∗

A(θ̂), σ)); θ
) ∣∣∣ θ)

=︸︷︷︸
by (2.B.4)

Eσ

(
U
(
x̃(θ̂, σ); θ

) ∣∣∣ θ)

where we took m̂A ∈ supp
(
m∗

A(θ̂)
)

in the second line. Finally, condition (2.B.7) is implied by
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conditions (2.B.1) and (2.B.4):

V (x̃(θ, σ)) =︸︷︷︸
by (2.B.4)

V (x(m∗
A(θ),m∗

P (m∗
A(θ), σ)))

≥︸︷︷︸
by (2.B.1)

V (x(m∗
A(θ),m∗

P (m∗
A(θ), σ̂)))

=︸︷︷︸
by (2.B.4)

V (x̃(θ, σ̂))

where we took m̂P ∈ supp (mP (m∗
A(θ), σ̂)) in the second line.

2.C. Participation Constraints

Propositions 2.3 and 2.4 are valid provided that U̇(θ) < 0 for all θ < θ, and that global IC constraints
are all met. However, the informativeness of the signal may be strong enough to bring the rents of
some positive mass of types to zero. Thus, in a similar fashion to that in Proposition 2.6, we consider a
partially relaxed problem where the participation constraint writes as (2.4.1), a pure state constraint,
while incentive compatibility constraints (2.4.5) are still reduced to the Envelope Condition (2.4.7).
The solution to this problem is now characterized.

Proposition 2.8. The solution to the relaxed problem (Pr′) entails the following properties.

1. There exists a probability measure µ whose support is Ω = {θ : Ur′(θ) = 0} such that
qr′(θ, σ) = 0 if 1 + gθ(σ|θ)

g(σ|θ)
F (θ)−M(θ)

f(θ) ≤ 0 and F (θ) ≥ M(θ),

S′(qr′(θ)) = θ +
F (θ)−M(θ)

f(θ)

1+ gθ(σ|θ)
g(σ|θ)

F (θ)−M(θ)
f(θ)

, otherwise.
(2.C.1)

where M(θ) =
∫

[θ,θ) µ(dθ̃).

2. Money is burned following very bad news only

br′(θ, σ) =

B if 1 + gθ(σ|θ)
g(σ|θ)

F (θ)−M(θ)
f(θ) ≤ 0,

0 otherwise.
(2.C.2)

3. And

Eσ (qr′(θ, σ)|θ) = Eσ

(
(S(qr′(θ, σ)) − θqr′(θ, σ) − br′(θ, σ)) gθ(σ|θ)

g(σ|θ)

∣∣∣∣θ) , ∀θ ∈
◦
Ω. (2.C.3)

Proof of Proposition 2.8. The proof replicates that of Proposition 2.6, and is therefore omitted.
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The main difference stems from the objective function of the Principal’s problem:

(qr′(θ, σ), br′(θ, σ)) ∈ arg max
(q,b)

{
f(θ)g(σ|θ) (S(q) − θq − b)

+ [F (θ) −M(θ)] [−qg(σ|θ) + gθ(σ|θ) (S(q) − θq − b)]
}

for a.e. θ ∈ Θ.

(2.C.4)



Chapter 3

Forward Guidance with Limited
Commitment and Reputation

Javier González-Morín and Emil Mortensen

Abstract

We argue that reputational concerns and limited commitment help overcome the forward guidance
puzzle. Specifically, we study monetary policy in a New Keynesian model with a recurrent Zero Lower
Bound where 1) the central bank is unable to commit to future policy, and 2) has private information
about its discount factor giving rise to type-based reputation. Limited commitment imposes an upper
bound on the length of sustainable promises while reputational concerns imply that forward guidance
remains a useful policy tool at the Zero Lower Bound. Quantitative exploration shows that there is
a non-monotonic relationship between the potency of forward guidance and the persistence of the
Zero Lower Bound when the central bank cannot commit, while it is monotonically decreasing with
full commitment. We find that the optimal length of forward guidance is 5 quarters with limited
commitment compared to just 1 quarter with full commitment.

3.1. Introduction

The welfare cost of the Zero Lower Bound (ZLB) depends on the effectiveness of the unconventional
monetary policy tools that the central bank can resort to, among which forward guidance. In the
baseline New Keynesian model, forward guidance is excessively expansionary: the effect on current
output grows without bounds in the promised length of a zero-interest rate path – the so called "forward
guidance puzzle" (Del Negro, Giannoni and Patterson, 2012). Hence, any recession can be abated by a
sufficiently generous promise about future interest rates (McKay, Nakamura and Steinsson, 2016).
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In this paper, we take seriously one important, but overlooked, aspect of forward guidance: time
inconsistency. We abandon the strong assumption that central banks can commit to a time-inconsistent
policy, and we assume that forward-looking households understand the incentives of the central bank
to keep its promise. We argue that this is sufficient to overcome the forward guidance puzzle.

We make two departures from a baseline New Keynesian model with recurrent ZLB events. First,
we add limited commitment to capture the idea that central banks have an incentive to promise an
expansionary future path of interest rates at the ZLB, but as soon as the economy leaves the ZLB,
they would like to fulfill their actual mandate instead of sticking to the promised path of interest rates.
Second, we add type-based reputation that we model by introducing private information of the central
banker about her preferences. We assume that a central banker is only in charge of the central bank for
a finite period, while the central bank is infinitely-lived. The central banker can be of two types: she
may either be 1) a forward-looking one who wants to maximize the lifetime utility of infinitely-lived
households, or 2) a myopic central banker who only cares about the utility of the households when
she is in charge of the central bank. Modeling type-based reputation allows us to study how the
effectiveness of forward guidance evolves over time as a function of the central bank’s past policy
decisions. In this environment, we first derive some theoretical properties of forward guidance under
limited commitment. We then develop new insights by exploring the effect of forward guidance under
limited commitment quantitatively, and we see how this effect compares to a model with full commitment.

In our model, the key decision faced by a central banker is whether to honor a past promise to
keep interest rates low. The central banker trades off the cost of an excess expansion upon exiting
the ZLB to honor a past promise against signaling its willingness to keep promises, which builds
reputation. When ZLB events are recurrent, reputation is valuable to the central bank as it determines
the effectiveness of forward guidance, and hence the severity of recessions in future ZLB episodes. An
economy with a myopic central banker will not face an excess expansion upon exiting the ZLB while a
forward-looking central banker may be willing to incur this cost to gain reputation.

We prove that the effect of forward guidance is less potent once agents factor in the incentives
of the central bank to keep its promise. In particular, we show that there are realizations of the demand
shock such that no promise is ever kept. We further prove that there exists a maximum duration of
forward guidance that can be sustained in equilibrium. Any promise of a longer duration is not credible
and hence futile. As a corollary, the marginal effect of increasing the promised duration of zero-interest
is negative at this length.

We then calibrate the model to the US economy to explore the quantitative features of our model.
We find that the effect of forward guidance is much mitigated once agents factor in the incentives of
the central bank to keep its promises. The effect on output gap of promising one quarter of forward
guidance is only half as powerful under limited commitment compared to full commitment. As agents
realize that more expansionary promises are harder to keep, this mitigation is increasing in the promised
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duration of keeping the interest rate at zero. For instance, the effect of promising forward guidance
for three quarters is a 0.55 percentage points increase in the output gap under limited commitment
while it is 1.4 percentage points under full commitment. For our calibration, the maximum sustainable
length of forward guidance is five quarters, which is also the optimal duration of forward guidance,
while the optimal length is one quarter with full commitment.

The incentives to keep a promise are linked to the persistence of ZLB episodes, resulting in a non-
monotonic relationship between this persistence and the effect of forward guidance. More persistent
ZLB episodes decrease the probability of exiting to a more expansionary state where interest rates are
still kept at zero. This reduces the effect of forward guidance. Yet, the persistence of the ZLB under
limited commitment also determines the value of having a high reputation. The more persistent the
ZLB and therefore the more severe the drop in output and inflation, the more important it is for the
central bank to have a high reputation implying that they will be more likely to honor its past promise.
With full commitment, this latter effect is absent and therefore the effectiveness of forward guidance is
monotonically decreasing in the persistence of the ZLB.

We then move on the compare our paper with the discounted Euler literature which is one of the more
prominent attempts of solving the forward guidance puzzle. The main difference is that attenuation
in our paper works though expected interest rates not responding fully to announcements about
forward guidance while fully credible changes in expectations are still as potent as in the standard New
Keynesian model. One possible way to distinguish our paper from that literature would be to look at
how the yield curve responds to policy announcements. In our framework, we would not expect the
yield curve to respond perfectly to forward guidance which is consistent with the results in Campbell,
Ferroni, Fisher and Melosi (2019) that the FED has only limited influence on expected future interest at
long horizons. We also relate our paper to Bhattarai, Eggertsson and Gafarov (2023) which show that
quantitative easing serves as a commitment device for forward guidance and hence is complementary.
We find that these two policies can actually be substitutes as quantitative easing is already reducing
the expected future interest rates.

The paper is organized as follows. Section 3.2 relates our paper to the existing literature. Sec-
tion 3.3 introduces forward guidance in a New Keynesian model augmented with limited commitment
and reputation. Section 3.4 presents the main results. Section 3.5 explores some quantitative features of
the model. Section 3.6 relates our model to the literature on the discounted Euler equation. Section 3.7
extends the model to study the interaction between forward guidance and quantitative easing. Section
3.8 concludes. Appendix 3.A contains all the proofs.

3.2. Related Literature

Our paper is related to four strands of literature: forward guidance, time inconsistency of monetary
policy, reputation, and loose commitment.

Forward guidance has been the subject of a large and growing literature. Eggertsson and Wood-
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ford (2003) shows that the possibility of engaging in forward guidance may significantly reduce the
welfare cost of the ZLB which is consistent with the view expressed in Bernanke (2020), while Bilbiie
(2019) solves for the optimal level of forward guidance in a New Keynesian model with full commitment.
Nevertheless, the large impact of forward guidance predicted by the plain vanilla NK model has been
questioned by Del Negro, Giannoni and Patterson (2012), which has given rise to the well-known
"forward guidance puzzle." This puzzle has spurred a literature trying to solve it where a common
approach has been to mute the importance of expected future output on current output by assuming
some kind of bounded rationality as in Farhi and Werning (2019), Gabaix (2020) and García-Schmidt
and Woodford (2019) or lack of common knowledge as in Angeletos and Lian (2018). Another approach
is to assume incomplete markets as McKay, Nakamura and Steinsson (2016), yet the degree to which
market incompleteness provides a solution to the forward guidance puzzle depends on the cyclicality
of risk as remarked by Werning (2015), and elaborated further by Acharya and Dogra (2020). One
common implication of these papers is that they give rise to a "discounted" Euler equation which
attenuates the effect of higher expected future output. Nakata, Ogaki, Schmidt and Yoo (2019) show
that this implies the prediction that to obtain the same effect of forward guidance as in the standard
model, interest rates should be kept low for longer time.

Since the seminal contribution of Kydland and Prescott (1977) and Barro and Gordon (1983), it
has been known that optimal policies may be time inconsistent, which implies that there are gains to
commitment. Forward guidance is a perfect example of this. The ability of committing to a low future
interest rate at the ZLB can enhance welfare but the policy is time-inconsistent: once the economy
exits the zero lower bound, the central bank would be better off by setting a higher interest rate than
promised to stabilize current economic outcomes. Related to this observation, Barthélemy and Mengus
(2018) argue that central banks should increase inflation prior to the ZLB to make forward guidance
more credible while Bhattarai, Eggertsson and Gafarov (2023) shows how quantitative easing can serve
as a commitment device to keep future interest rates low. Following Stokey (1991) and Chari and Kehoe
(1990), we study forward guidance in a model where central banks cannot commit to future policy, and
the usefulness of forward guidance therefore depends on the extent to which it constitutes a sustainable
plan in the sense that honoring past promises is sequentially optimal. Similar to Walsh (2018) and
Nakata (2018), we exploit the recurrence of ZLB events, which provides incentives to honor past promises.

Another strand of literature that is relevant to our paper is reputation as pioneered by Kreps and
Wilson (1982) and Milgrom and Roberts (1982). King and Lu (2022) estimate how the reputation
of the FED has evolved assuming that the FED has private information about its discount factor,
and Lu, King and Pasten (2016) solves for optimal reputation building in a New Keynesian model.
Dovis and Kirpalani (2020) study a model where the government can be of a commitment type or an
optimizing type. The optimizing type chooses policy sequentially which also happens to be the case in
our framework for the myopic type. Contrary to them, we don’t assume that some type can perfectly
commit, and the subject of study is different as they study how the effect of fiscal rules depend on the
reputation of the government. Loisel (2008) shows how the inflation bias and the stabilization bias can
be overcome by a reputation-concerned central bank if the punishment length is at least a few years.
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This can induce the central bank to implement otherwise time-inconsistent optimal monetary policy in
the NK model.

Finally, our paper is also related to the literature on loose commitment as developed in Debor-
toli and Nunes (2010), Debortoli and Lakdawala (2016), and Debortoli, Maih and Nunes (2014). These
papers assume that the policy maker re-optimizes each period with some exogenous probability, while in
our model the probability that a promise is kept is endogenous to the promise given. This endogeneity
is key to solving the forward guidance puzzle.

The paper which is most closely related to ours is Nakata (2018), which uses a trigger strategy to
sustain the optimal Ramsey plan in the tradition of Chari and Kehoe (1990). Our main departure
from Nakata (2018) is that credibility arises as an equilibrium outcome of a signaling game with
reputation, rather than being imposed through an exogenous punishment mechanism. This distinction
has several important consequences. First, while the effect of forward guidance is constant across ZLB
episodes in Nakata (2018), it varies over time on the equilibrium path in our model, as the probability
that a promise is kept is an equilibrium object that evolves with the central bank’s track record of
promise-keeping. This probability increases upon promise-keeping and decreases upon deviations.
Second, our model implies that the first ZLB episode a central bank faces is categorically different
from subsequent ones: with no prior ZLB history to update on, households rely solely on their prior,
making forward guidance least effective precisely when it is first deployed. This provides a natural
interpretation of the evidence in Del Negro, Giannoni and Patterson (2012), who document that the
forward guidance puzzle is most severe in 2008-2009 — the Federal Reserve’s inaugural ZLB episode

— consistent with our model’s prediction rather than constituting a puzzle within our framework.
Finally, the time-variation in credibility is consistent with the empirical evidence in King and Lu (2022),
who estimate that the Fed’s reputation for commitment has varied substantially over time — exactly
the kind of variation that our model predicts should translate into heterogeneous forward guidance
effectiveness across ZLB episodes.

3.3. A Model of Forward Guidance

We consider a plain vanilla New Keynesian model where demand shocks can bring the economy to the
ZLB. Following Eggertsson and Woodford (2003) the central bank engages in forward guidance once the
nominal interest rate reaches the lower bound of zero. We first define this policy with full commitment,
and we then re-define it under the assumption of limited commitment. Forward guidance under limited
commitment is modeled as a reputational game where the central banker can be of two types: myopic
or forward-looking. Uncertainty about the discount factor captures the idea that forward guidance is a
policy entailing a dynamic trade off and hence valued differently by the two types of central bankers.
One natural way of thinking about these types is that there is uncertainty about how accommodative
the central banker is to pressure from politicians to stabilize current economic outcomes.
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3.3.1. New Keynesian model with a ZLB

We consider a standard New Keynesian model summarized by the New Keynesian Phillips curve and
the IS curve following the text book treatment by Woodford (2003) and Galí (2015).

πt = βEt[πt+1] + κyt (PC)

yt = Et[yt+1] − 1
η

(it − Et[πt+1] − rn
t ) (IS)

where κ is the slope of the New Keynesian Phillips curve, i.e. it measures the sensitivity of inflation
to the output gap, and η is the coefficient of relative risk aversion. The natural rate of interest (rn

t )
follows a finite-state Markov process that is assumed to be time-homogeneous and regular. Following
the New Keynesian literature, we interpret a change to this rate as a demand shock.

As is standard in the New Keynesian literature, we need to close the model by making an assumption
about how the interest rate is determined. We assume that monetary policy is determined by a central
banker with the following quadratic loss function

L
(
{yt}∞

t=0, {πt}∞
t=0
)

=
∞∑

t=0
δt
(
λy2

t + π2
t

)
, λ = κ

θ
.

where the notation follows Woodford (2003), except that we allow the central banker to have a discount
factor δ that may differ from that of the representative household. When δ = β, this loss function
represents an approximation to the level of expected utility of the household under some regularity
conditions for an appropriately chosen weight on the output gap (λ).1

We assume that a central banker is only in charge for one period, and that she cannot commit
future central bankers. In addition, in this baseline model with no Forward Guidance, the central
banker is assumed to design policy according to optimal discretion. That is, she re-optimizes the
interest rate at each period taking expectations as given. This is equivalent to restrict the chosen policy
to be stationary Markov in rn

t . As a result, the central banker faces a sequence of static problems and
therefore solves:

min
it,yt,πt

λy2
t + π2

t (DP)

subject to (PC), (IS) and

it ≥ 0, (ZLB)

where we impose that the central bank is constrained to choose a non-negative nominal interest rate,
which gives rise to ZLB events. 2 We notice that the actual discount factor of the central banker does

1The conditions are that the disturbances are small enough, the outcomes are close enough to the allocation around
which the expansion is taken, and finally that distortions are small enough (Woodford, 2003).

2For this to be the case, we require the support of rn
t to be rich enough.
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not enter in the loss minimization problem due to discretionary restriction. In what follows, we assume
that a solution to DP, also called discretionary outcome, exists. 3

3.3.2. Forward Guidance with Full Commitment

Once the constraint it ≥ 0 is binding (i.e. the ZLB is hit), we assume that the central bank engages in
forward guidance with full commitment which we define as a binding promise on future interest rates.
This promise specifies a commitment to keeping the interest rate at zero for τF C periods.

Definition 3.1. Forward guidance with full commitment is an exogenous integer τF C ∈ N that
prescribes the binding duration of a zero nominal interest rate path after exiting the ZLB.

We thus consider a form of Odyssean forward guidance where the central bank gives a promise about
future policy rates rather than Delphic forward guidance where the central gives a prediction about
future output and inflation. We define the effect of forward guidance as follows:

Definition 3.2. Let yZLB(τF C , rn
t ) be the level of the output gap at the ZLB under forward guidance.

The impact response of output to forward guidance is IRy(τF C , rn
t ) = yZLB(τF C , rn

t ) − yZLB(0, rn
t ).

Forward guidance is called effective if IRy(τF C , rn
t ) > 0.

Hence, the impact response is the change in output at the ZLB when there is a promise of keeping the
interest at zero for τF C periods.

A well-known result emphasized by for instance Del Negro, Giannoni and Patterson (2012), Farhi
and Werning (2019) and García-Schmidt and Woodford (2019) is that the response of the output gap
grows without bounds in τF C . This has become known as the "forward guidance puzzle." The IS curve
illustrates the root of this puzzle. Future increases in expected output increase one-to-one output today.
Hence, any changes in future interest rates that are believed with probability one can have arbitrarily
large effects on current output.

3.3.3. Reputation and Limited Commitment

We add type-based reputation and limited commitment to the New Keynesian model with a ZLB.
To model type-based reputation, we assume that the central banker may have a different discount
factor than households as the central banker faces a finite mandate as she is replaced each period while
households live forever. In particular, the discount factor of the central banker is δ ∈ {0, β}. We assume
that this discount factor is private information to the central banker with common prior µ0 ∈ ∆({0, β}).
In words, we imagine that monetary policy is conducted by a central banker who can be of two types:
1) she can be a myopic one who only cares about consumer welfare during her mandate, or 2) she can
be a forward-looking central banker who cares about consumer welfare even when she is not in charge.

3Existence of the discretionary outcome requires consistency between the two regimes associated with the ZLB. A
candidate equilibrium must induce a partition of the state space such that the ZLB binds exactly in the states where the
implied unconstrained nominal rate is non-positive, and is slack otherwise. In the quantitative section, we verify that this
consistency condition is satisfied under our parameterization.
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We assume that a mandate lasts for one period causing the myopic central banker to have a discount
factor of zero while the forward-looking one has a discount factor of β.

We suppose that the central banker is replaced by someone with the same type as herself with probability
1 − γ, while she is replaced by someone with a different type with probability γ < 1

2 . This gives rise to
stochastic and persistent types, which is meant to capture stability of the central bank as an institution.

Each central banker engages in forward guidance at the ZLB under limited commitment. We define
this as follows:

Definition 3.3. Forward guidance with limited commitment is an exogenous integer τ ∈ N that
prescribes a non-binding promised duration of a zero nominal interest rate path after exiting the ZLB.

Hence, we consider whether some exogenously given τ can be sustained as an equilibrium. The definition
of the impact response to forward guidance under full commitment extends naturally to the case under
limited commitment.

As there is limited commitment, the central banker faces the strategic choice of whether to stick
to the promised zero interest rate path or deviate to discretion in any of the τ periods upon exiting the
ZLB. Following Maskin and Tirole (2001), we restrict attention to stationary Markovian strategies such
that the central banker bases her decision on the following state:

Definition 3.4. A state is a triplet (rn
t , µt, Pt) such that:

• rn
t ∈ R is the natural interest rate at time t

• µt ∈ ∆
(
{0, β}

)
is the private agents’ belief distribution over types at time t

• Pt ∈ P = {0, 1, . . . , τ} is the number of periods for which forward guidance is honored at calendar
time t.

The first dimension is the natural interest rate rn
t . The second dimension is the private sector assessment

about the distribution of types, µt, namely reputation. The third dimension Pt is the number of
times that a promise has been kept at calendar time t. For instance, Pt = 0 means that so far a
promise has not been kept at time t, while Pt = 3 means that at time t, the central bank has kept
the promise in period t− 2, t− 1, and t. We restrict attention to stationary Markovian equilibria in
which both strategies and continuation beliefs depend on past history only through this state. This
equilibrium-selection device yields a tractable recursive formulation, as inflation and output gap are
pinned down by the natural interest rate, reputation and monetary policy status.

For each state of the economy, the central banker needs to decide whether or not to honor a past
promise. Hence, we define strategies as follows:
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Definition 3.5. Fix a promise τ . For each calendar period t and type δ, a strategy σ prescribes the
probability of transitioning from the promise period Pt−1 ∈ P to the promise period Pt = Pt−1 + 1 ∈ P
with natural real interest rate rn

t and reputation µt−1:

σ : {0, β} × R × ∆
(
{0, β}

)
× P −→ [0, 1]

(δ, rn
t , µt−1, Pt−1) 7−−−−→ P( (P )t |Pt − 1, rn

t , µt−1, δ)

We only consider pure strategies, so the possible transition probabilities are either zero or one. Instead,
under full commitment σ ≡ 1.

All actions are publicly observed, so the private sector will learn about the likelihood of each possible
type, and the central bank perfectly tracks the evolution of agent’s beliefs. The prior distribution
µ0 ∈ ∆

(
{0, β}

)
is common knowledge. The private sector is composed of Bayesian agents, such that

beliefs after promise keeping evolve according to:

µt(δ; rn
t , µt−1, Pt) =

∑
δ̂

σ(δ̂, rn
t , µt−1, Pt) · µt−1(δ̂)∑

δ̃ σ(δ̃, rn
t , µt−1, Pt) · µt−1(δ̃)

· Γ(δ̂, δ)

where

Γ(δ̂, δ) =

Γ(δ̂, δ) = 1 − γ if δ̂ = δ

Γ(δ̂, δ) = γ if δ̂ ̸= δ

for δ, δ̂ ∈ {0, β}, where γ < 1
2 .

Whenever there is no promise in place, reputation mechanically evolves following the transition
probabilities, as there is no strategic choice being made by the central banker, and hence households do
not update from policy.

3.3.4. Equilibrium

An equilibrium in our limited commitment-reputation model is to constitute both a macroeconomic
equilibrium, in the sense that the macroeconomic variables are given by the New Keynesian model, and
a strategic equilibrium such that the strategies of the central bankers together with the private sector’s
beliefs constitute a Perfect Bayesian Equilibrium.

Definition 3.6. An equilibrium is a tuple (σ, µ, y, π, i) such that:

• Given (y, π, i), the pair (σ, µ) is a Perfect Bayesian Equilibrium:

– Beliefs µ are consistent with the strategies σ of the central bankers on the equilibrium path.
– Strategies σ of the central bankers are sequentially rational given the beliefs µ.

• Given strategies and beliefs (σ, µ), output gap y, inflation π, and nominal interest rates i satisfy
(IS) and (PC).
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3.3.5. Computation of the Equilibrium

To solve for the macroeconomic equilibrium, we first notice that for each pair (σ, µ) there is a subset
Zσ,µ ⊂ R such that the ZLB binds if and only if rn

t ∈ Zσ,µ. At the ZLB, output gap and inflation are
given by the New Keynesian Phillips curve and the IS curve, imposing that the nominal interest rate is
zero. We report the full set of equations characterizing the macroeconomic equilibrium in Appendix
3.C. Below we report the expression for the IS curve at the ZLB.

yZ
t = E[yt+1] + 1

η
(E[πt+1] + rn

t )

where expected output gap is given by4

E[yt+1] = E

yZ
t+11{rn

t+1 ∈ Zσ,µ}︸ ︷︷ ︸
(a)

+1{rn
t+1 ̸∈ Zσ,µ}

(
yP

t+1E
µt

δ [σ(δ)]︸ ︷︷ ︸
(b)

+ yD
t+1E

µt

δ [1 − σ(δ)]︸ ︷︷ ︸
(c)

)
The operator E denotes the expectation over rn

t+1 given rn
t , Eµt

δ denotes the expectation with respect
to δ using distribution µt. Z denotes the zero lower bound, P denotes promise keeping and D denotes
discretion. Hence, yP

t is output under promise keeping, and yD
t is output in discretion. We emphasize

that output gap and inflation depend on the state of the economy but we have suppressed it for the
sake of exposition.

To better describe how to calculate the expectation, we decompose expected output gap into three
terms. The term (a) corresponds to output gap whenever the ZLB is binding again. Terms (b) and
(c) refer to a realization of the natural rate of interest such that the ZLB is not binding. Term (b)
is output gap under promise keeping, i.e. the output gap that prevails if the central bank chooses
it+1 = 0, multiplied by the probability that the central bank keeps its promise, Eµt

δ [σ(δ)]. For notational
convenience, we have suppressed the dependence of this probability on the state of the economy. Finally,
term (c) is output gap in normal times, which is multiplied by the probability that the central bank
breaks the promise, Eµt

δ [1 − σ(δ)].

Having explained how to solve for the macroeconomic equilibrium at the ZLB, we now explain how to
solve for the macroeconomic equilibrium in normal times, i.e. for any shock rn

t ̸∈ Zσ,µ and Pt = 0. As
the central bank follows optimal discretion, monetary policy is set to minimize the instantaneous loss
function such that the first order condition reads:

−κπt = λyt

Output gap and inflation are then given by the New Keynesian Phillips curve and the IS curve. The
full system of equations is reported in Appendix 3.C.

4Expected inflation can be obtained similarly.
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Finally, the economy can also be in promise keeping, i.e. it is away from the ZLB (rn
t ̸∈ Zσ,µ)

and there is a promise in place (Pt > 0). The central banker then decides whether to keep the promise
or not for another period as captured by the strategy σ. Finally, the economy can be in the last period
of promise keeping out of the ZLB, in which Pt = τ and no strategic choice is made. This follows as
the economy simply transitions to either discretion or the ZLB depending on the realization of the
natural interest rate. If the economy were to hit the ZLB in the sense that the desired interest rate
is negative, we assume that the central bank renews the promise of length τ . This helps us gain a
recursive structure.

Assumption 3.1. If Pt ≥ 0, and rn
t+1 ∈ Zσ,µ, then Pt+1 = 0.

The problem of the central bank given the state of the economy at the ZLB is given by

LZ
t (δ) = λ(yZ

t )2 + (πZ
t )2 + δE

LZ
t+1(δ)1{rn

t+1 ∈ Zσ,µ}︸ ︷︷ ︸
(a)

+ min
x∈{0,1}

{
xLP

t+1(δ)︸ ︷︷ ︸
(b)

+ (1 − x)LD
t+1(δ)︸ ︷︷ ︸

(c)

}
1{rt+1 ̸∈ Zσ,µ}


The loss at the ZLB depends on the current realization of output and inflation and the discounted
expected future loss. The future expected loss can be decomposed into 3 terms. Term (a) reflects the loss
of being at the ZLB, while term (b) reflects the loss of promise keeping. Finally, term (c) is the loss from
discretion. The problems in normal times and in promise keeping are carefully described in Appendix 3.C.

The above intertemporal loss function plays an important role once the economy exits the ZLB,
and the central banker decides whether to honor a promise or to break it and conduct discretionary
monetary policy. The trade off she faces is the following: on the one hand, by keeping the promise,
inflation and the output gap are too expansionary compared to what could have been achieved by
setting the interest rate according to optimal discretion. All else equal, this provides the central banker
with an incentive to renege on her promise. On the other hand, by keeping the promise the central
banker signals its ability to keep promises in future ZLB events. Consequently, the private sector’s
assessment about her type evolves over time as a function of the behavior of the central banker and the
state of the economy.

3.4. Solution to the Forward Guidance Puzzle

A New Keynesian model augmented with limited commitment and reputation does not suffer from the
forward guidance puzzle. While some level of forward guidance at the ZLB remains useful, we find that
an unreasonably expansionary promise cannot be sustained as an equilibrium strategy.

When the central banker decides whether to keep the promise or conduct optimal discretionary
policy, she faces the following trade off: on the one hand, keeping a promise causes an excess expansion
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today. On the other hand, keeping the promise helps the central bank gain reputation which is useful
to stabilize output gap and inflation in future ZLB events. A first result is the following:

Proposition 3.1. For any state s = (rn
t , µt, Pt), there exists λ̄(s) > 0 such that if λ ∈ [0, λ̄(s)], then

the myopic central banker optimally breaks any promise τ > 0 at state s. Equivalently,

σ(0, rn
t , µt, Pt) = 0 whenever λ ≤ λ̄(rn

t , µt, Pt).

For a large λ > 0, even the myopic central banker may keep her promise as reputational gains have a
direct impact on current economic outcomes. In fact, in this case it is possible to find values of the
parameters such that the myopic central banker will be willing to keep the promise.5 Going forward we
assume that λ is small enough such that the myopic central banker never keeps her promise.

Another result is that there are states of the world where the reputation gains are not important enough
to outweigh the cost of an excess expansion:

Proposition 3.2. There exists a sufficiently high realization R̂ in the support of rn
t such that, in any

equilibrium, for all states (rn
t , µt, Pt) with rn

t ≥ R̂, and for both types δ ∈ {0, β}, we have

σ(δ, rn
t , µt, Pt) = 0.

The intuition is that for a very positive demand shock, the expansion that the economy would undergo
with a zero interest rate would be too costly. It would therefore be preferable to deviate to discretion
to mitigate the boom in output gap and inflation. In fact, while the loss of the central banker is always
bounded under optimal discretion for any realization of the demand shock, the loss goes to infinity as
the realization increases if the interest rate is kept at zero.

We further find that the existence of even a minimal cost of keeping the promise is enough to
ensure the existence of a pooling equilibrium where neither type keeps the promise:

Proposition 3.3. For any promise τ , there exist equilibrium strategies σ such that for any δ, rn
t , µt

and Pt, we have that σ(δ, rn
t , µt, Pt) = 0.

This is due to the fact that pessimistic off-path beliefs render deviations to promise keeping futile as
the reputation channel is muted.

Combined with Proposition 3.1, we can therefore restrict attention to semi-separating equilibria where
the forward-looking central banker keeps her promise in some states of the world only, and the myopic
central banker never keeps her promise. There can be no other equilibrium in which forward guidance
is effective.

While an excess expansion provides the central banker with a reason to renege on past promises,
the reputation channel can be strong enough to provide her with an adequate incentive to honor them.

5However, we find that with our preferred parameterization, the myopic central banker never keeps her promise.
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To better understand how this channel works, suppose that the forward-looking central banker keeps
her promise in some states of the world. In that case, the effect of forward guidance increases in the
probability that agents assign to the central banker being of the forward-looking type. This, in turn,
provides the central banker with a reason to indeed keep the promise. For a strong enough reputation
channel, there exists a semi-separating equilibrium where the forward-looking central banker keeps her
promise in some states of the world. We verify that, with our preferred parameterization of the model,
such an equilibrium indeed exists, i.e. promises are kept in states of the world where the realization of
the demand is sufficiently moderate. We are now ready to state the main result of the paper: for a too
generous promise, the effect of forward guidance is zero.

Proposition 3.4. There exists τ̄ ∈ N such that for all τ > τ̄ , no equilibrium can sustain promise-
keeping.

We thus find that there is a maximum level of forward guidance that is sustainable in the sense that
promises are kept in some states of the world. Any promise with a longer duration will not be believed
and hence it will fail to stabilize economic outcomes at the ZLB.

Intuitively, the cost of keeping a promise is increasing in its length. A generous promise, if be-
lieved, implies a significant expansion once the economy exists the ZLB. Hence, agents understand that
a promise cannot be kept if it is too generous, and therefore keeping it does not constitute a strategic
equilibrium. The only equilibrium is therefore pooling where promises are never kept, rendering forward
guidance ineffective. From Proposition 3.4, we immediately have the following corollary:

Corollary 3.1. The marginal impact of forward guidance is negative at τ = τ̄ :

IRy(τ̄ + 1) − IRy(τ̄) < 0

Once a promise goes from being sustainable to unsustainable, the effect of forward guidance drops to
zero, and hence the marginal effect of increasing the duration is negative. This corollary is an example
of how our model is different from the literature giving rise to a "discounted Euler equation" where the
marginal effect of forward guidance is always weakly positive. We further discuss differences with that
literature in section 3.6.

We provide a graphical representation of Proposition 3.4 and Corollary 3.1 in Figure 3.1. We find that
there exist semi-separating equilibria where the forward-looking central banker keeps her promise for
moderate demand shocks for a duration of the promise being no higher than five periods corresponding
to one year and a quarter.

Despite forward guidance being a useful policy tool in the semi-separating equilibrium, the effect is
much mitigated compared to the full commitment case. This happens for two reasons. First, households
realize that the myopic central banker will never keep her promise. Second, they realize that there are
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Figure 3.1: Mitigation of forward guidance effect for µ0(β) = 0.6.

states of the world where it is too costly for any central banker to keep her promise regardless of her
type.

3.5. The Effect of Forward Guidance

For the quantitative exploration of the model, we will assume that the loss function takes the following
form:

L
(
{yt}∞

t=0, {πt}∞
t=0
)

=
∞∑

t=0
δt(λ(yt − ȳ)2 + π2

t ), δ ∈ {0, β}

where ȳ > 0 is the targeted output gap. The parameter ȳ captures that there may be inefficiencies in
the economy such that the central seeks to stabilize output at a level which is higher than the natural
one and thereby target a positive output gap. We include a positive output gap target to counteract
the deflationary forces caused by the ZLB.

We assume that the natural rate of interest follows an AR(1) process:

rn
t = (1 − ρ)r̄ + ρrn

t + ςξt, ξt ∼ N (0, 1)
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We discretize the AR(1) process by the Tauchen (1986) method where we choose three values for the
shock to the natural interest rate. We choose three to have a realization such that the ZLB binds, a
realization where the forward-looking central banker keeps the promise, as well as a realization where it
is excessively costly for any central banker to keep the promise. This is sufficient to illustrate the main
points of the paper.

We choose to parameterize the model such that one period corresponds to one quarter. We calibrate
the persistence of the demand shock (ρ), the variance of the demand shock (ς2), and the targeted
output gap (ȳ), while we choose values that we consider standard in the New Keynesian literature for
the remaining parameters. We display all of the values in Table 3.1.

Parameter Value Description Target
β 0.99 Discount factor 4% annual interest rate
κ 0.02 Slope of Phillips Curve Walsh (2018)
ȳ 1% Output gap target Average output gap of zero
η 2.0 Relative risk aversion McKay, Nakamura and Steinsson (2016)
λ 0.003 Weight on output gap Walsh (2018)

µ0(β) 0.6 Prior probability of high type King and Lu (2022)
γ 0.03 Transition probability of types 8 years mandate
ς 0.014 Standard deviation of ξt Std. deviation of output gap
ρ 0.62 Auto correlation of rn

t Auto correlation of inflation
r̄ 1% Natural real interest rate − log(β)

Table 3.1: Parameter values

We calibrate the standard deviation of the innovation (ς) such that the model with no forward guidance
matches the standard deviation in US output gap in the period 1987-2018. Similarly, we calibrate the
persistence (ρ) of the demand shock to the auto correlation of US inflation. We retrieve data from
FRED on real GDP in the US over the period 1987-2018. We obtain a standard deviation of output
gap of 1.87, and an auto correlation of 0.54, at a quarterly level in the period 1987-2018. The implied
values for the standard deviation for the innovation (ς) and for the persistence of the demand shock (ρ)
are 1.4 and 0.62, respectively.

We choose to calibrate the output target to match a zero average output gap. If we did not in-
clude a positive target for the output gap, the model would predict a too low average output gap due
to the deflationary bias introduced by the ZLB as explained by Eggertsson (2006).

For the remaining parameters, we choose values that we consider standard in the literature. First, as
we consider a quarterly model, we choose β, the discount factor of private agents, to be 0.99, and hence
the value of r̄, i.e. the natural rate of interest is equal to − log(β), which corresponds to a steady state
interest rate of around 4 % a year. We choose a value of the slope of the Phillips curve (κ) to be 0.02.
For the coefficient of relative risk aversion (η), we choose a value of 2.
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3.5.1. Reputation

The existence of a semi-separating equilibrium implies that the effect of forward guidance depends on
reputation. The higher the probability agents assign to the central banker being the forward-looking
type, the larger the effect of forward guidance on output as shown in Figure 3.2. We also report the
effect of forward guidance under full commitment in red for comparison.

Figure 3.2: Reputation and forward guidance. In red, the effect of forward guidance under full commitment;
in blue, the effect of forward guidance under limited commitment. The darker the blue, the higher the belief
µ0(β), ranging from 0 to 1 with increments of 0.1.

From Figure 3.2 we see that for µ0(β) = 0, forward guidance is almost futile as a policy tool as the
households expect the current central banker to not keep the promise, and assign very low probability
(γ = 0.03) to a change in the type of the central banker. It is then monotonically increasing in the
belief that the central banker is the forward-looking type. The effect of forward guidance with limited
commitment is mitigated compared to full commitment, even if households believe that the central
banker is the forward-looking type (i.e. µ0(β) = 1). This occurs as households realize that (1) there
are realizations of the natural interest rate such that it is too costly to keep the promise for the
forward-looking type, and (2) types are mean-reverting. This mitigation effect is not very strong for
τ = 1. The intuition is that given that the economy is at the ZLB, it is considered very likely that the
economy will not be in an excessive boom in the following period. That is, the realization of the demand
shock is likely to be only moderate once the economy exits the ZLB. We see a stronger mitigation effect



113

for larger values of τ when we compare limited commitment to full commitment. The reason is that for
higher values of τ , it is more likely that the economy will be hit by a very positive demand shock in
which case even the forward-looking central banker will have to deviate from her promise rendering
forward guidance less credible.

To illustrate the dynamics of the model, we consider a situation where households initially hold a belief
of 0.5 that the central banker is forward-looking, and the economy is in normal times for the first 4
periods while in period 5 the ZLB hits and the central banker engages in forward guidance with τ = 1.
For the purpose of illustration, we assume that the ZLB only binds in period 5. In Figure 3.3, we show
how beliefs evolve depending on whether the central banker keeps her promise or not.

Figure 3.3: Reputation convergence with µ0(β) = 0.5.

We see that immediately after the promise keeping decision of the central banker, there is a large
change in beliefs. Following this change, beliefs then converge back to the stationary distribution in the
absence of further ZLB periods.

We simulate our model for 100 periods in a path where the type of the central bank happens to
not change with the aim of showing how reputation evolves depending on the type of the central banker,
and how the reputation of the central banker influences economic outcomes. In particular, we plot the
value of inflation and how it evolves together with reputation in a model with τ = 3 and µ0(β) = 0.5.
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Figure 3.4: A simulation of reputation and inflation with τ = 3 and µ0(β) = 0.5.

We see that having a high reputation is associated to a smaller drop in inflation at the ZLB. Interestingly,
if we consider inflation at the ZLB that hits the economy in periods 60 and 75, respectively, we notice
that the drop is mitigated in period 75 for the forward-looking type (yellow line) while it is exacerbated
for the myopic type (purple line). This happens as the occurrence of a ZLB in the recent past has given
agents a good idea of the type of the central banker.

3.5.2. Forward guidance and the persistence of the ZLB

We find that the persistence of the demand shock plays an important role in determining the sustain-
ability of forward guidance as well as its effect on the output gap at the ZLB. To show that, we vary
the autoregressive coefficient (ρ) while at the same time adjusting the variance of the innovation ς2
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such that the variance of the natural interest rate is kept fixed. 6

In Figure 3.5 we show the effect on the output gap at the ZLB of promising a zero interest rate
for a time horizon of τ periods as a function of the persistence of the demand shock. We also show the
effect of forward guidance with full commitment in red for comparison.

Figure 3.5: Forward guidance and the persistence of the natural rate of interest

We see that there is a non-monotonic relation between the effect of forward guidance and the persistence
of the demand shock for some values of τ when the central bank cannot commit, while the effect of
forward guidance is smoothly decreasing in the persistence of the demand shock in a model with full
commitment.

Intuitively, a higher persistence of the demand shock implies that the economy is less likely to
exit the ZLB in the following period which in turn means that the economy is less likely to transition
to the promise keeping state. This explains why the effect of forward guidance is decreasing in the
persistence of the demand shock with full commitment.

With limited commitment, there is no longer a monotonic relationship between the persistence of
the demand shock and the effect of forward guidance. For a very low persistence of the shock, we
find that a promise of keeping the interest rate at 0 for one quarter after the economy exits the ZLB

6We perform a similar exercise for the standard deviation of the demand shock, and we report the results in appendix
3.D.
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has a zero impact on the output gap at the ZLB. This happens as a low persistence of the demand
shock renders the ZLB less severe due to the fact that the economy is likely to exit in the following
period, causing expectations about future output gap and inflation to be rather expansionary. Due to
the fact that the ZLB is not very severe, the value of having a high reputation, allowing the central
banker to stabilize economic outcomes at the ZLB, is modest. Hence, the central banker prefers sta-
bilizing economic outcomes once out of the ZLB by deviating to discretion instead of building reputation.

We see that for a persistence of around 0.51, the effect of forward guidance on output gap jumps from
0 % to 0.25 % when τ = 1. The reason is that as the persistence increases, the ZLB gets more severe
implying that the central banker faces stronger incentives to keep her promise to gain reputation. After
this jump, the effect of forward guidance then smoothly declines in the persistence of the demand shock
for the same reasons as under full commitment: the higher the persistence, the less likely that the
economy will transition to the promise keeping state in the following period. We see that eventually
the effect of forward guidance drops to zero. This is due to the fact that for a too high persistence, the
promise keeping state gets too expansionary implying that the central banker will have to deviate from
her promise as it is too costly to keep it.

We find that the higher the value of τ , the smaller the set of values of the persistence such that
forward guidance can be sustained as an equilibrium strategy. The intuition is that longer promises
are associated to larger expansions implying that the central banker needs stronger incentives to keep
the promise, i.e. a very bad ZLB while at the same the persistence cannot be too high as the promise
keeping state would then be too expansionary.

3.5.3. Welfare loss

The presence of a ZLB causes a welfare loss as the central bank is unable to stabilize inflation and
output gap through adjustments to the nominal interest rate. Instead, the central bank is forced to
rely on unconventional policy measures such as forward guidance to stabilize the economy (Eggertsson
and Woodford, 2003).

We compute the loss associated to the ZLB by applying the discounted loss function of the forward-
looking central banker which approximates household welfare. Following Galí (2015), we can interpret
this loss as the fraction of steady state consumption up to an additive constant that the household
is willing to give up to avoid fluctuations in the economy. We find that the loss is 0.003 % of steady
state consumption if the central bank cannot rely on forward guidance. It is not surprising that we
do not find important quantitative welfare losses of the ZLB as we follow the approach by Lucas
(1987), and it is well known that the estimated welfare losses of business cycle fluctuations are very small.

We then report the relative loss at the ZLB for central bank that can conduct forward guidance.
We compare a central bank that has only limited commitment to a central bank of full commitment.
The relative losses are reported in Table 3.2.
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Scenario τ = 1 τ = 2 τ = 3 τ = 4 τ = 5
Loss with FC 95.6 % 95.8 % 105.4 % 132.8 % 191.9 %
Loss with LC 94.4 % 88.8 % 83.8 % 80.1 % 78.7 %

Table 3.2: Welfare losses relative to ZLB with no FG. Initial belief distribution is µ0(β) = 0.6.

In general, we find that the relative losses are smaller once forward guidance is available to the central
bank. We find that a central bank which is forced to commit to a zero interest rate should optimally
choose a length of τ = 1. On the contrary, a central bank that does not have access to a commitment
technology should optimally choose a length of τ = 5 corresponding to five quarters.

We therefore find that not having access to a commitment technology causes the central bank to
give a longer promise. The intuition is two-fold. First, as agents realize that the central bank may
deviate from its promise, the expansionary effect of a promise at the ZLB is reduced under limited
commitment. Second, as the central bank has not committed, it can choose to deviate from the given
promise in a state where it is very costly to keep it.

3.6. Relation to Discounted Euler Equation

McKay, Nakamura and Steinsson (2016) emphasizes that the highly forward looking nature of the Euler
equation is at the core of the forward guidance puzzle. A large literature solving the this puzzle can be
summarized by the so-called "discounted Euler equation" which takes the following form:

yt = Ω Et[yt+1] − χ

η
(it − Et[πt+1] − rn

t )

and can be iterated forward to obtain:

yt = −χ

η

∞∑
j=0

Ωj Et

[
it+j − πt+j+1 − rn

t+j

]
In the standard New Keynesian model Ω = χ = 1. The condition Ω < 1 dampens the effect of future ex-
pected interest rates on current economic outcomes which explains why forward guidance about interest
rates in the distant future is mitigated with a discounted Euler equation compared to the standard model.

However, we find it paradoxical that agents make consumption-savings decisions looking infinitely into
the future while failing to understand the incentives of the central bank to keep a time-inconsistent
promise. The ability of agents to understand the incentives of the central bank is what we add to the
standard model.

The difference between our limited commitment-reputation model and this literature is that we
do not obtain attenuation of forward guidance through discounting of the Euler equation, i.e. we have
Ω = 1. Instead, we obtain attenuation of forward guidance by assuming that agents understand the
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incentives of the central bank to keep or renege on a promise. Hence, our attenuation works through
the lack of effect that a promise has on expectations regarding the future interest rate path.

In Table 3.3, we compare the output gap and inflation that pertain at the ZLB in the standard
model, the discounted Euler equation model, and our model with limited commitment and reputation.

Model Output gap Inflation
Standard NK ( Ω = 1.00, χ = 1.00) −6.49% −0.33%
Discounted Euler ( Ω = 0.97, χ = 0.75) −4.48% −0.18%
LC and reputation ( Ω = 1.00, χ = 1.00) −6.49% −0.33%

Table 3.3: Recession at the ZLB with no forward guidance

A discounted Euler equation attenuates the fall in output and inflation at the ZLB compared to the
standard model as stressed by McKay, Nakamura and Steinsson (2016). Instead, our model with
limited commitment and reputation does not impact economic outcomes at the ZLB in the absence of
forward guidance compared to the standard NK model. This is due to the fact that the discounted
Euler literature obtains mitigation of a ZLB by reducing the front-loading effect of future drops in
inflation and output gap.

We show how the economy responds to a promise of keeping the interest rate at 0 for τ periods
in Figure 3.6 in the three different models.

Figure 3.6: Discounted Euler equation model

Both a model with a discounted Euler equation and our limited commitment-reputation model provide
attenuation of the effect of forward guidance, but an important difference between the two models is
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that with the former, the marginal effect of giving a more generous promise is always weakly positive
while in the latter we obtain that the marginal effect may be negative if the promise induces agents to
lose faith in the ability of the central bank to keep its promise. Hence, central bank communication may
be more expansionary by giving a humble promise that can be kept compared to a more expansionary
one, which agents expect central banks to renege on.

While an empirical investigation of forward guidance to discriminate between lack of commitment or
behavioral agents is beyond the scope of this paper, we notice that our paper is consistent with the
notion that central banks have only limited influence on expected interest rates far out in the future.
This is consistent with the results in Campbell, Ferroni, Fisher and Melosi (2019) that the FED has
limited ability to affect expectations at long horizons.

3.7. Extension: Forward Guidance and Quantitative Easing

Bhattarai, Eggertsson and Gafarov (2023) show that quantitative easing (an increase in short run
government debt) stimulates the economy by inducing the central bank to choose a lower interest rate
in the future. They informally discuss how quantitative easing therefore can serve as a commitment
device to forward guidance and hence work to strengthen the effect of it. We now extend our quanti-
tative model to study the interaction between forward guidance and government debt in our limited
commitment-reputation model.

We assume that there is a level of government spending at the ZLB that is pure waste in the sense that
it does not affect aggregate demand nor consumer welfare. Whatever is spent at the ZLB is financed
by short term debt that has to be paid back in the following period.

Bhattarai, Eggertsson and Gafarov (2023) microfounds a loss function that is increasing in the
level of taxation as tax payments are associated to a decrease in welfare due to their distortionary
nature. We then follow their approach and assume a loss function of the following form:

L
(
{yt}∞

t=0, {πt}∞
t=0, {Tt}∞

t=0
)

=
∞∑

t=0
δt

[
λ · (yt − ȳ)2 + π2

t + λT · T 2
t

]

The term T denotes taxes that are raised to repay government debt raised in the previous period. In
particular, Tt = (1 + it−1) ·Gt−1. The model is otherwise identical to the one described in Section 2.2.
We choose the same calibration as in the baseline model, and we put the weight on taxes λT = 0.003.

In Table 3.4 we report the interest rate chosen by the central bank at the median realization of the
demand shock in the model with and without government debt but with no forward guidance. We find
that having higher government debt reduces the interest rate chosen by the central bank when they
conduct discretionary policy. This result replicates the finding of Bhattarai, Eggertsson and Gafarov
(2023).
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Debt level it
Gt = 0 (baseline model) 0.66 %
Gt = 0.03 (model with debt) 0.35 %
Gt = 0 (model with debt) 0.67 %

Table 3.4: Interest rates under discretionary policy with no forward guidance.

We find that the interest rate in discretion is 0.66 % in the baseline model where government debt is
always zero. We then compute the interest rate in a model where the government issues debt at the
ZLB. The interest rate is lower in discretion (0.35%) when the government has a positive level of debt.
The intuition is that the central bank tries to minimize the tax payments of the private agents while
still taking into account how the interest rate influences output and inflation. As a consequence of this,
the zero lower bound is less severe in such a model which causes the interest rate to be higher (0.67%)
in discretionary periods with no debt as expectations about future outcomes are more expansionary.

We then study the consequences of forward guidance in the model with government debt. We display in
Figure 3.7 the increase in output at the ZLB of promising an interest rate of zero in the period where
the economy exists the ZLB.

Figure 3.7: Forward guidance with government debt

From the graph, it follows that the effect of forward guidance is muted once there is government debt.
The reason for this is that the presence of government debt reduces the optimal interest rate of the
central bank in discretion. This renders a promise of low interest rates in the future superfluous as
private agents already expect the central bank to keep rates low. We therefore obtain that short
term government debt and forward guidance are substitute policies whereas Bhattarai, Eggertsson and
Gafarov (2023) argue that they are complements.
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3.8. Conclusion

We showed how a standard New Keynesian model augmented with limited commitment and type-based
reputation bounds the effect of forward guidance. An important implication of the model is that the
marginal effect of the promised horizon becomes negative when the promise is judged unsustainable
by private agents. We demonstrated a strong interaction between the persistence of the ZLB, and
the sustainability and effect of forward guidance. We conjecture that our model could be useful for
studying other time inconsistent policies.
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Appendices

3.A. Main Proofs

Proof of Proposition 3.1. The myopic central banker only compares the static loss λy2
t + π2

t . If she
breaks her promise, output and inflation are given by:

πD = βπe
D + κyD

0 = λyD + κπD

Where (πe
D, y

e
D) are inflation and output expectations when the central banker breaks the promise

(they are fixed once the promise is broken). The IS curve is irrelevant, because the shock is absorbed
by the nominal interest rate (and this can be done as we assume the ZLB is not binding). Solving for
the central banker’s first-order condition and Phillips Curve:

πD = πe
D

βλ

λ+ κ2

yD = −πe
D

βκ

λ+ κ2

The static loss is:
ℓD = λy2

D + π2
D = λβ2

λ+ κ2 (πe
D)2

The loss decreases to zero as λ → 0. The nominal interest rate should be positive:

iD = r + πe
D + ρye

D + ρβκ

λ+ κ2π
e
D > 0

If she keeps her promise, output and inflation are given by:

yZ = ye
Z − 1

ρ
(0 − r − πe

Z)

πZ = βπe
Z + κyZ

Where (πe
Z , y

e
Z) are inflation and output expectations when the central banker keeps the promise.
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Solving:
yZ = ye

Z + πe
Z

ρ
+ r

ρ

πZ = βπe
Z + κye

Z + κ

ρ
πe

Z + κ

ρ
r

So the loss is:
ℓZ = λ

(
ye

Z + πe
Z

ρ
+ r

ρ

)2
+
(
βπe

Z + κye
Z + κ

ρ
πe

Z + κ

ρ
r

)2

This loss does not vanish for λ → 0:

lim
λ→0

ℓZ =
(
βπe

Z + κye
Z + κ

ρ
πe

Z + κ

ρ
r

)2

which is generically positive.

Finally, the map ℓD(λ) − ℓZ(λ) is continuous in λ, so ℓD(0) < ℓZ(0) guarantees that there exists
some λ∗ > 0 such that ℓD(λ) < ℓZ(λ) for all λ ∈ [0, λ∗).

Proof of Proposition 3.2.
Consider the loss difference between keeping the promise and breaking it at state (rn

t , µt, Pt):(
ℓK

t − ℓD
t

)
+ δ
(
LK

t+1 − LD
t+1
)
.

Since continuation values are well defined and the state space is compact, there exists a constant C < ∞
such that

δ
(
LD

t+1 − LK
t+1
)

≤ C

for all states.

Under promise-keeping, it = 0. For sufficiently high realizations of rn
t , the resulting output gap and

inflation are sufficiently expansionary that

ℓK
t − ℓD

t > C.

Therefore, for such realizations,
ℓK

t + δLK
t+1 > ℓD

t + δLD
t+1,

so breaking the promise is strictly optimal.

Hence there exists a sufficiently high realization R̂ such that for all rn
t ≥ R̂, all µt, all Pt, and both

δ ∈ {0, β},
σ(δ, rn

t , µt, Pt) = 0.
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Proof. Consider the loss difference between keeping the promise and breaking it at state (rn
t , µt, Pt):(

ℓK
t + δLK

t+1

)
−
(
ℓD

t + δLD
t+1

)
.

Since rn
t has finite support, per-period losses are finite in every state, and δ < 1, continuation losses are

uniformly bounded. Hence there exists a constant C < ∞ such that

δ
(
LD

t+1 − LK
t+1
)

≤ C

for all states.

Under promise-keeping, it = 0. Therefore, for realizations of rn
t sufficiently high in the support, the

current-period loss from promise-keeping exceeds the current-period loss from discretion by more than
C, that is,

ℓK
t − ℓD

t > C.

For all such realizations, breaking the promise is strictly optimal.

Hence there exists a sufficiently high realization R̂ such that for all rn
t ≥ R̂, all µt, all Pt, and both

δ ∈ {0, β},
σ(δ, rn

t , µt, Pt) = 0.

Proof of Proposition 3.3.
Given the pooling strategies and the off-path beliefs, the private sector assigns probability zero to
promises being kept. Thus, promise-keeping induces no change in expected output gap and inflation,
implying that there are no gains from deviating.

Proof of Proposition 3.4.
Consider the first promise-keeping state reached after exiting the ZLB. At that state, the forward-looking
type keeps the promise only if

ℓK,τ
t + βLK,τ

t+1 ≤ ℓD
t + βLD

t+1.

Equivalently,
ℓK,τ

t − ℓD
t ≤ β

(
LD

t+1 − LK,τ
t+1
)
.

Since one-period losses are uniformly bounded under discretion and β < 1, continuation losses are
uniformly bounded. Hence there exists a constant C < ∞ such that

β
(
LD

t+1 − LK,τ
t+1
)

≤ C

for all states and all τ .

Under promise-keeping, a longer promised duration τ implies a longer anticipated path of zero nominal
interest rates. Therefore, at the first promise-keeping state, output and inflation under promise-keeping
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become more expansionary as τ increases, so that the current loss difference ℓK,τ
t − ℓD

t increases with τ .
Hence there exists τ̄ ∈ N such that for all τ > τ̄ ,

ℓK,τ
t − ℓD

t > C.

For all such τ , the forward-looking type strictly prefers to break the promise already at the first
promise-keeping state. Therefore, for all τ > τ̄ , no equilibrium can sustain promise-keeping.

Proof of Corollary 3.1.
Follows from Proposition 3.4.

3.B. Interest Rate under Optimal Discretion

When the central bank is not honoring a promise7, the interest rate is set to minimize the instantaneous
loss function by taking expectations as given. We impose the constraint on the minimization problem
that the interest rate cannot be negative. The interest rate chosen by the central banker will therefore
be

it = arg min ℓ(yt, πt)

subject to

πt = βEt[πt+1] + κyt

yt = Et[yt+1] − 1
ρ

(it − Et[πt+1] − rn
t )

it ≥ 0

Using the IS curve and the Phillips curve, we can rewrite the loss function of the central bank in terms
of the nominal interest rate rather than inflation and output gap:

ℓ(yt, πt) = ℓ

(
Et[yt+1] − 1

ρ
(it − Et[πt+1] − rn

t ) , βEt[πt+1] + κEt[yt+1] − κ
1
ρ

(it − Et[πt+1] − rn
t )
)

We denote by ζt ≤ 0 the multiplier associated to the constraint it ≥ 0. The Lagrangian associated to
the minimization problem of the central bank writes:

L(it, ζt) =
(
βEt[πt+1] + κEt[yt+1] − κ

1
ρ

(it − Et[πt+1] − rn
t )
)2

+ λ

(
Et[yt+1] − 1

ρ
(it − Et[πt+1] − rn

t ) − ȳ

)2

+ ζtit

7Either because no promise has been given or because the central bank decides to break it.
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The first order condition is:

2κ
ρ

(
βEt[πt+1] + κEt[yt+1] − κ

1
ρ

(it − Et[πt+1] − rn
t )
)

︸ ︷︷ ︸
=πt

+2λ
ρ

(
Et[yt+1] − 1

ρ
(it − Et[πt+1] − rn

t )
)

︸ ︷︷ ︸
=(yt−ȳ)

= ζt

⇐⇒ 2κ
ρ
πt + 2λ

ρ
(yt − ȳ) = ζt

So that substituting back πt and yt we obtain

κπt + λ (yt − ȳ) = ρ

2 ζt ≤ 0

Whenever the ZLB is binding, the multiplier ζt will generically be strictly negative. On the contrary,
whenever the ZLB is slack, the multiplier ζt is exactly zero, and the FOC writes:

λ (yt − ȳ) + κπt = 0

The second order condition is:
2κ

2

ρ2 + 2 λ
ρ2 > 0

So that the FOC characterizes the unique global minimum.

3.C. Equilibrium Description

We describe here in detail how the equilibrium is computed. For fixed strategies σ and beliefs µ, output
gap, inflation and interest rates must constitute a solution to the New Keynesian model. The key
differences are that interest rates are set to zero whenever a promise is kept, and that the expectations
about future outcomes depend on the private sector assessment about the type of the central bank and
how they behave.

3.C.1. At the ZLB

Whenever the economy is at the ZLB at time t, the nominal interest rate is set to zero, iZt = 0. An
Odyssean promise is given, and therefore the private sector forms an assessment about how likely it is
that the promise will be kept. We have to consider three possibilities:

1. If the ZLB is binding again in the next period, then the promise is renewed. This corresponds to
the event {rn

t+1 ∈ Zσ,µ}.

2. If the ZLB is not binding at time t+ 1, then each type δ of the central bank will keep the promise
with probability σ(δ, rn

t+1, µt, Pt = 1). As the type of the central bank is private information, the
private sector forms an expectation with respect to δ using the probability measure µt. Thus
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conditional on exiting the ZLB, i.e. rn
t+1 ̸∈ Zσ,µ, the expected probability of transitioning to the

first promise-keeping period is Eµt

δ [σ(δ, rn
t+1, µt, Pt = 1)].

3. Finally, if the ZLB is not binding at time t+ 1, the conditional probability of transitioning to
normal times is Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt = 1)].

Output gap, inflation and interest rates therefore satisfy the following system:



πZ
t = β Ern

t+1


πZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

+ πP
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [σ(δ, rn
t+1, µt, Pt = 1)]

+ πD
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt = 1)]

+ κyZ
t

yZ
t = Ern

t+1


yZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

+ yP
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [σ(δ, rn
t+1, µt, Pt = 1)]

+ yD
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt = 1)]



−1
ρ

0 − Ern
t+1


πZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

+ πP
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [σ(δ, rn
t+1, µt, Pt = 1)]

+ πD
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt = 1)]

− rn
t



iZt = 0

For the ease of exposition we have suppressed the dependence on the current shock realization. A
similar omission applies to the remaining cases.

3.C.2. Promise-keeping period with Pt < τ

If the economy is away from the ZLB and a promise is to be kept at time t, the interest rate is set to
zero, iPt = 0. In the next period, the ZLB could be binding, so a promise is renewed and the process
starts over. If the economy stays away from the ZLB for one more period, a transition to the next
period of promise keeping occurs with conditional probability Eµt

δ [σ(δ, rn
t+1, µt, Pt + 1)]. The promise is

broken in next period with conditional probability Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt + 1)].

Output gap, inflation and interest rates therefore satisfy the following system:
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

πP
t = β Ern

t+1


πZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

+ πP
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [σ(δ, rn
t+1, µt, Pt + 1)]

+ πD
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt + 1)]

+ κyP
t

yP
t = Ern

t+1


yZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

+ yP
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [σ(δ, rn
t+1, µt, Pt + 1)]

+ yD
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt + 1)]



−1
ρ

0 − Ern
t+1


πZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

+ πP
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [σ(δ, rn
t+1, µt, Pt + 1)]

+ πD
t+1 · 1{rn

t+1 ̸∈ Zσ,µ} · Eµt

δ [1 − σ(δ, rn
t+1, µt, Pt + 1)]

− rn
t



iPt = 0

3.C.3. Last promise-keeping period (Pt = τ)

If the economy is in the last promise-keeping period the interest rate is iPt = 0. There are only two
possible cases in the following period: either the ZLB binds, or the ZLB does not bind and the central
bank conducts discretionary policy. Output gap, inflation and interest rates therefore satisfy the
following system:



πP
t = β Ern

t+1

[
πD

t+1 · 1{rn
t+1 ̸∈ Zσ,µ} + πZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

]
+ κyP

t

yP
t = Ern

t+1

[
yD

t+1 · 1{rn
t+1 ̸∈ Zσ,µ} + yZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

]
−1
ρ

(
0 − Ern

t+1

[
πD

t+1 · 1{rn
t+1 ̸∈ Zσ,µ} + πZ

t+1 · 1{rn
t+1 ∈ Zσ,µ}

]
− rn

t

)

iPt = 0

3.C.4. Normal times

Away from the ZLB and with no promise to be kept, the central bank conducts discretionary policy.
Thus, the interest rate is set to satisfy the derived FOC:

−κ πD
t = λ (yD

t − ȳ)

In the following period, the economy may either hit the ZLB or stay in discretion. Output gap, inflation
and interest rates therefore satisfy the following system:
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

πD
t = β Ern

t+1

[
πD

t+1 · 1{rn
t+1 ̸∈ Z(σ)} + πZ

t+1 · 1{rn
t+1 ∈ Z(σ)}

]
+ κyD

t

yD
t = Ern

t+1

[
yD

t+1 · 1{rn
t+1 ̸∈ Z(σ)} + yZ

t+1 · 1{rn
t+1 ∈ Z(σ)}

]
−1
ρ

(
iDt − Ern

t+1

[
πD

t+1 · 1{rn
t+1 ̸∈ Z(σ)} + πZ

t+1 · 1{rn
t+1 ∈ Z(σ)}

]
− rn

t

)

−κ πD
t = λ (yD

t − ȳ)

3.C.5. Decisions of the central bank

Once we have computed output gap, inflation and interest rates for fixed (σ, µ) we need to verify that
the strategies σ are optimal.

When the economy is at the ZLB, the strategies σ are optimal if they solve the following Bellman
equation:

LZ
t (δ, rn

t , µt, 0) = ℓ
(
yZ

t (rn
t , µt, 0), πZ

t (rn
t , µt, 0)

)

+ δ Ern
t+1

 min
x∈{0,1}

{
x LP

t+1(δ, rt+1n , µt+1, 1)

+ (1 − x) LD
t+1(δ, rn

t+1, µt+1, 0)

}
· 1{rt+1 ̸∈ Zσ,µ}

+ LZ
t+1(δ, rn

t+1, µt+1, 0) · 1{rn
t+1 ∈ Zσ,µ}


That is, the optimal action prescribes whether to transit to either discretion (break the promise) or
promise-keeping. If the economy is in a promise keeping period with Pt < τ , optimal strategies solve:

LP
t (δ, rn

t , µt, Pt) = ℓ
(
yP

t (rn
t , µt, Pt), πP

t (rn
t , µt, Pt)

)

+ δ Ern
t+1

 min
x∈{0,1}

{
x LP

t+1(δ, rn
t+1, µt+1, Pt + 1)

+ (1 − x) LD
t+1(δ, rn

t+1, µt+1, 0)

}
· 1{rn

t+1 ̸∈ Zσ,µ}

+ LZ
t+1(δ, rn

t+1, µt+1, 0) · 1{rn
t+1 ∈ Zσ,µ}


When the economy is in the last promise-keeping period, no decision is taken taken with respect to the
transition, so the Bellman equation writes:

LP
t (δ, rn

t , µt, τ) = ℓ
(
yP

t (rn
t , µt, τ), πP

t (rn
t , µt, τ)

)
+δErn

t+1

[
LD

t+1(δ, rn
t+1, µt+1, 0) · 1{rn

t+1 ̸∈ Zσ,µ}

+ LZ
t+1(δ, rn

t+1, µt+1, 0) · 1{rn
t+1 ∈ Zσ,µ}

]

Finally, if the economy is in discretion, no strategic decision is made, so the Bellman equation is:

LD
t (δ, rn

t , µt, 0) = ℓ
(
yD

t (rn
t , µt, 0), πD

t (rn
t , µt, 0)

)
+δErn

t+1

[
LD

t+1(δ, rn
t+1, µt+1, 0) · 1{rn

t+1 ̸∈ Zσ,µ}

+ LZ
t+1(δ, rn

t+1, µt+1, 0) · 1{rn
t+1 ∈ Zσ,µ}

]
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3.D. Forward guidance and the variance of the demand shock

We vary the standard deviation (ς) of the innovation ξt to assess its effect on credibility and power of
forward guidance.

In Figure 3.8 we show the effect on the output gap at the ZLB of promising a zero interest rate
for a time horizon of τ = 1 periods as a function of the standard deviation of the innovation to the
demand shock. We also show the effect of forward guidance with full commitment in red for comparison.

Figure 3.8: Forward guidance and the standard deviation of the innovation to the demand shock

We see that there is a range of values for the standard deviation ς for which FG can be sustained in
equilibrium. In particular, we notice that for a standard deviation of less than 0.007, forward guidance
cannot be sustained in equilibrium, as well as for a standard deviation of more than 0.023.

Conditional on being sustainable, we find that the higher the standard deviation, the smaller the effect
of FG. This occurs as we consider promises of keeping the rate at zero, and interest rates are already
low for high levels of the standard deviation, as can be seen from Figure 3.9. Thus, the promise is less
expansionary by construction.
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Figure 3.9: Nominal interest rates with medium realizations of the demand shock.
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