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ABSTRACT

This note addresses a key limitation of the Folding Test of Unimodality (FTU). In specific univariate
mixture settings, the folding-based criterion can systematically fail, misclassifying clearly multimodal
distributions as unimodal. We fully characterize these failures for Dirac mixtures and extend the
analysis to Gaussian mixtures. We then introduce a double-folding procedure that captures comple-
mentary information, leading to a new test, the Double Folding Test of Unimodality. It resolves the
FTU failures and improves multimodality detection power in simulations.
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1 Introduction

Determining whether a distribution is unimodal or multimodal is a fundamental problem in statistical analysis, particu-
larly in the context of clustering, where the presence of multiple modes is often interpreted as evidence of underlying
cluster structure. This connection has been widely exploited, both within clustering algorithms [Kalogeratos and
Likas| 2012, |Shahbaba and Beheshti, [2014] and as a preprocessing step [[Adolfsson et al.l 2019} Krause and Liebscher,
2005]. In particular, the interplay between dimension reduction and unimodality provides valuable tools for assessing
clusterability [[Adolfsson et al.,|2019]] and arises naturally in projection pursuit [Krause and Liebscher] 2005] and
tandem clustering [[Arabie and Hubert, 1994, |Alfons et al., [ 2024]].

According toKhintchine|[[1938]], a real random variable is said to be unimodal, with mode a, if its camulative distribution
function is convex on (—o0, a) and concave on (a, +00). A standard reference for testing unimodality is Hartigan’s dip
test [Hartigan and Hartigan, |1985]], which is based on the cumulative distribution function. Another commonly used
test is Silverman’s test [Silverman, |1981]], relying on kernel density estimation.

The Folding Test of Unimodality (FTU) proposed by |Siffer et al. [2018]] offers an appealing alternative: it is compu-
tationally efficient, easy to implement, and particularly well suited to streaming data. Its rationale is that folding a
multimodal distribution greatly reduces its variance, whereas the reduction is much smaller for a unimodal distribution.
In the univariate case, for a real random variable X with finite second moment, folding consists of applying the
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transformation X — |X — s|, where s is the folding pivot. The associated variance reduction is measured by the
so-called folding ratio:

X —
qb*(X) = minM.

1
seR  VarX M

The smaller ¢* (X ), the more effective the folding is at reducing the variance. The standardized folding ratio (SFR),
called the folding statistic in |Siffer et al.| [2018]], compares this ratio to that of a reference unimodal distribution.
Following Hartigan and Hartigan| [|[1985]], Siffer et al.|[2018]] use a random variable U following a uniform distribution
U([l,u]) on any bounded interval [/, u] as the least concentrated unimodal case. Then, the SFR is defined by

)
o (0)

By Definition 7.2 in [Siffer| [2019], if ®*(X) > 1, the distribution is considered unimodal; otherwise, it is deemed
multimodal. The underlying heuristic of folding a distribution and measuring the resulting variance reduction is not
equivalent to Khintchine’s definition. This motivated [Siffer| [2019] to study the behavior of the SFR under well-known
unimodal distributions. His results provide evidence that variance reduction reflects unimodality for Beta and Gamma
distributions. However, the limitation of this heuristic is illustrated by a counterexample repeatedly discussed in the
literature [Siffer, 2019, |(Chasani and Likas|, [2022, |Kolyvakis and Likas, 2023|]: the balanced mixture of three symmetric
Dirac masses at —a, 0, and a. We refer to this case as the “pathological” example, together with the corresponding
Gaussian mixture with small noise. According to Khintchine’s definition, the latter is clearly multimodal, whereas the
folding-based criterion concludes unimodality. This example reveals a fundamental blind spot of folding ratios and
highlights their limitation in capturing multimodality.

3" (X)

This paper addresses this limitation through a detailed analysis of the SFR. We make two main contributions. First, we
characterize the limitation of the SFR beyond the pathological example, by identifying structural conditions under which
mixture models are misclassified. Second, we introduce a double-folding procedure that yields a revised unimodality
criterion based on two complementary folding ratios, computed on the original and folded data, and an associated test,
the Double Folding Test of Unimodality (DFTU), which resolves these failures.

Section [2| provides a deeper understanding of the folding mechanism through the study of Dirac and Gaussian mixtures.
Section [3|introduces the double-folding procedure and the DFTU, while Section[d]reports the simulation results. Sec-
tionE]concludes. All proofs, technical details, tables from the simulation studies, and additional illustrations are collected
in the Appendix. Replication files are available from: https://github.com/cbecquart/DFTU-Replicationl

2 Revisiting the standardized folding ratio

Let X be a real random variable with finite fourth moment. An exact pivot (not necessarily unique), denoted s*, is

derived from expression (1)) and defined as s* = argmin Var|X — s|. This minimization problem is not necessarily
seR
convex; a solution always exists but may not be unique [see p.119 in|[Siffer et al.l 2018| and Appendix[A.T]|. To simplify

the problem, Siffer et al[[2018] introduced the approximate pivot, denoted s**, given by s** = argmin Var[(X — s)?].
R

se
In the univariate case, s** exists and is unique [see Siffer et al., 2018, Theorem 3.1]. Its associated folding ratio is
¢**(X) = Var|X — s**|/VarX. In this setting, both ¢*(U) and ¢**(U) equal 1/4 (see Appendix |A.3). Thus the two
SFR associated to s* and s** are, respectively, *(X) = 4 Var|X — s*| and **(X) = 4 Var|X — s*|.

2.1 Mixture of Dirac distributions

In the discrete case, let us consider a k-Dirac mixture with proportions &; > 0 and locations y; for ¢ € {1,...,k},
k> 1:
k
X~ eid,, )
i=1

where Zle ¢; = 1. Using the affine invariance property of ®*(X) and ®**(X) (see Appendix , let us consider
without loss of generality (w.l.o.g.) that X is standardized (E[X] = 0 and Var[X] = 1) with ordered locations
w1 < -+ < py in model ().

For Dirac mixtures, one expects ®*(X) < 1 and ®**(X) < 1, indicating multimodality. However, there is at least
the aforementioned pathological example where this is not the case. This balanced Dirac mixture (u; = —a, pus = 0,
p3 = a) results in s** = 0 and ®**(X) > 1, while s* = +a/4 yields ®*(X) = 1. In this case, the SFR are considered
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to “fail” since they are not lower than one despite clear multimodality. The key question is whether similar failures
occur in broader mixture models and whether they can be characterized.

For a 2-Dirac mixture, *(X) = &**(X) = 0 < 1 for any choice of proportions and locations, meaning the SFR
always correctly detect multimodality. In the general case, Propositions [I] and [2] provide explicit expressions for
®*(X) and ®**(X) respectively. They also give the conditions under which the ratios exceed 1, thus falsely indicating
unimodality.

Suppose that model (Z) holds. Forany g € {1,...,k — 1}, let ag = > .7, e;p; and g = >7_, &;. Proofs of the
following propositions are available in Appendices[A.5]and[A.6

Proposition 1 For the exact pivot approach, we have:

1. s* = ag* ( L 171 ) , where g* = argmin min  Var|X — s|.
Ng* Ng* ge{l,.. .k—1} S5E[Hg tigt1]
2
2. The associated SFR is ®*(X) = 4(1 - %)
g 9

1

3. The equation ®*(X) = 1 defines an ellipse in the (ay-, 14~ )-plane with center (0, 5), semi-minor axis ?,

and semi-major axis %

B

4. The SFR fails, i.e. ®*(X) > 1, if and only if ay- € [— 2\ nge (1= ng+), O}.
Proposition 2 For the approximate pivot approach, we have:

1. s** =2, withy = E[X?].

2. The associated SFR is ®**(X) = 4(1 — 402 = 20 (1 — 2ngee )y + 1ge- (1 — ng**)’yQ), where g** =
k
2z Lpscamry-
3. The equation ®**(X) = 1 corresponds to a line in the (0ug=, 14+~ )-plane, given by dog=« — (2ng=+ — 1)y +
Vy2+3=0.
4. The SFR fails, i.e. ©**(X) > 1, if and only if dagr — (2ng+« — 1)y + /72 +3 > 0.
Remark 1 Since ®*(X) < ®**(X), if the exact pivot approach fails (D*(X) > 1), then the approximate pivot also
Jails (*(X) > 1).

Propositions [T|and 2] show that the SFR fail in certain cases. These cases are not necessarily characterized by balance,
symmetry, or a three-group structure, as in the pathological example. Example [T]illustrates two failure cases that differ
from the pathological example. It also highlights a situation where only the approximate pivot fails (case (a)).

Example 1 (a) Let X ~0.2-6_9+0.4- 69 + 0.4 - do. In this unbalanced case, only the approximate pivot fails:
O**(X) =1.41 > 1 while P*(X) =0.95 < 1.

(b) Let X ~0.2-6_3+0.2-6_15+0.2-0254+0.2-04 + 0.2 011. In this asymmetric case, both pivots fail:
&**(X) =138 > 1land *(X) =1.07> 1.

2.2 Mixture of Gaussian distributions

In the continuous setting, let us consider a k-Gaussian mixture displaying a within-variance term, with proportions

g; > 0, means p;, and variances 02»2, fori e {1,...,k}, k> 1L
k
X~ e N(pi,o}), 3)
i=1
where Zle g; = 1, and E[X] = 0. In this setting, we cannot obtain an explicit expression for the exact and

approximate pivots. The SFR, can however, be derived from the expression:

k
®(X,s) = 4|Var[X] + s* — (ZEZ h(ﬂmﬂms))?? “)
i=1
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where h(p,0,s) = (s — p) (2F (=£) — 1) + 20 f (*=£) , and where f and F denote, respectively, the probability
density function and the cumulative distribution function of the standard normal distribution A'(0, 1). Equation @) is

easily derived from the variance of the folded normal distribution [Leone et al.,|{1961]].

We have &*(X) = ®(X,s*) and &**(X) = ®(X, s*). When all variances o; are set to 0 for i = {1,...,k}, the
expressions ®*(X) and ®**(X) obtained from equation (@) reduce to the Dirac case (Propositions[1]and [2).

Note that one can standardize X such that Var[X] = 1 + W, where W = Zle g;02 represents the within-variance.
Accordingly, the signal-to-noise ratio (SNR) is defined as SNR = 1/W. Setting the between-variance to 1 ensures
consistency with Subsection [2.1] which corresponds to the special case where W = 0. Since theoretical computations
beyond this point are challenging, we consider further the 2-Gaussian mixture case and highlight the impact of the
within-variance term. The results differ from the Dirac case, where the SFR always detects multimodality for £ = 2, as
shown in Example

Example 2 Let X ~ 0.3-N(—2.8,02)+0.7-N (1.2, 02). Fig.[ldshows ®*(X) as a function of o2, while Fig.[Ib|and
illustrate the distribution for some values of 2. When o2 is small (high SNR), the distribution resembles a 2-Dirac
mixture and ®*(X) is close to zero. As o? increases, the two modes become less distinct ( Fig. , the distribution
looks more unimodal (Fig.|Ic) and ®*(X) rises (Fig. . In addition, when o exceeds 1.34 (Fig.|ld), ®* (X ) becomes
greater than 1, indicating the transition from multimodality to unimodality according to Definition 7.2 of unimodality
in |Siffer| [2019]. Note, however; that the distribution with 0? = 1.34 would still be considered multimodal under the
definition of\Khintchine| [[1938)], as seen from the multiple changes of convexity in Fig.

The remarks of Example [2]are not specific to this particular example. For Gaussian mixtures (3) with low SNR that
nearly satisfy Khintchine’s definition of unimodality, the SFR may conclude unimodality ($*(X) > 1). In that situation,
the ratio cannot be considered to have failed. In other cases, however, ®*(X) > 1 reflects a genuine failure caused by
the mixture structure, as in the Dirac case (see Appendix [B]for details).

In the following section, we propose a revised unimodality criterion and an associated test, designed to correctly identify
multimodality in the aforementioned failure cases.

3 Enhancing the standardized folding ratio with a double-folding procedure

3.1 The double-folding algorithm

The limitation of the SFR in detecting multimodality is addressed through the development of an iterative algorithm.
The first step consists of computing the exact SFR @7 (X) with associated pivot si. If ®5(X) < 1, the procedure stops
and the algorithm returns a multimodal conclusion. Otherwise, a second step is performed. The data are folded using
the approximate pivot s;*, and the exact SFR ®3(X), with associated pivot s3, is then computed on the folded data.
The procedure concludes unimodality if ®3(X) > 1, and multimodality otherwise.

The use of exact SFR in both steps is justified by Remark [T} The rationale for using the approximate pivot to transform
the data is its ability to break the symmetry of the data when necessary. Indeed, folding the pathological example’s
distribution using an exact pivot yields another pathological mixture, with the gap between groups reduced by half (see
Appendix [C.I). The second step will thus also falsely conclude unimodality. In contrast, using the approximate pivot
breaks the initial symmetry, enabling the detection of multimodality in the second step. An alternative would be to use
an exact pivot shifted by a small delta value.

The second step is not always necessary. According to our empirical experience, the SFR do not falsely conclude
multimodality; the only issue arises when they incorrectly conclude unimodality. If the second step were applied even
when the first step ratio detects multimodality, it could override the correct detection. For instance, folding a 2-Dirac
mixture may lead to a unimodal distribution.

If the data are unimodal, both steps should correctly conclude unimodality (®5(X) > 1 and ®5(X) > 1). If they
are multimodal, either the first step detects it or, if not, we conjecture that the second step reveals it (®7(X) < 1 or
®5(X) < 1). In particular, the double-folding procedure yields the correct conclusion for the “pathological” example.
When folding with the approximate pivot (s7* = 0), the resulting distribution becomes a mixture of two Dirac masses
at 0 and a, with respective weights 1/3 and 2/3. This leads to s5 = a/2 and ®4 = 0, indicating clear multimodality.
The following subsection analyzes the general case of a 3-Dirac mixture to further clarify the motivation.
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Figure 1: 2-Gaussian mixture with e; = 0.3, u1 = —2.8, €2 = 0.7, o = 1.2, and varying o?: (a) values of *(X)
(black) as a function of o2, (b) probability density functions and associated exact pivots s*, (c) cumulative distribution
functions.

3.2 Motivation through the 3-Dirac mixture case

Let us consider the standardized model (]ZI) with £ = 3 and ordered locations. Throughout this section, when the
minimizer of Var|X — s| is not unique, we take s* to be the smallest minimizer. We provide a new characterization of
Proposition[I} in which the exact SFR failure conditions depend only on fi, €1, and e3. It allows us to analyze the
second step of the double-folding procedure when the first-step ratio fails. Then, based on numerical evidence, we argue
that in this setting the double-folding correctly detects multimodality. This characterization is given in Proposition 3]
(see Appendix . Note that, by the affine invariance of the SFR, we may assume w.l.o.g. that s* € [y, ps].

Proposition 3 1. The existence of s* € [u1, pe] is equivalent to py < U(e1,e3) with U (e1,€3) = max{Uy, Ua}
where

l—¢ [1—e e 2eo+4e;e €
U, = _ﬁ L4 1 3 andU, = — 2 1€3 3
! 2 €1 €1 1—es 2 \/45153(52+46153) l—es

2. When s* € [u1,p2], ®*(X) > 1ifand only if u1 > F(e1), where the failure bound is given by F(g1) =

_¥3 [l=e
2 €1 °

According to the double-folding algorithm, whenever the first-step ratio detects multimodality, the procedure stops.
When it is not the case (Proposition[3), the distribution is folded using the approximate pivot, the locations are reordered
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and standardized, and the bounds in Proposition [3] are updated accordingly. We analyze these updated quantities
via numerical optimization. First, the results show that s3 lies between the first and second folded locations, since
the inequality in Proposition[3](1.) is satisfied for any admissible parameter values. Consequently, the inequality in
Proposition [3](2.) can be used to assess whether the second-step ratio fails. Numerical optimization indicates that
this inequality does not hold, supporting the view that the double-folding procedure does not fail in this model (see
Appendix [C.2] for details).

Motivated by this result, we introduce a new unimodality test based on the double-folding procedure. The test is
described in the following subsection.

3.3 The Double Folding Test of Unimodality

In Siffer et al.| [2018]], the SFR is used to test the null hypothesis Hy : ®*(X) > 1 at significance level «, in accordance
with their definition of unimodality. The introduction of a double-folding criterion provides a novel approach to testing
unimodality, leading to the Double Folding Test of Unimodality (DFTU), which tests:

Ho: P7(X) >1and D5(X) > 1 ws. Hp:®7(X)<lor®3(X) <1,

where ®5(X) = 4 Var|X — s%|/VarX with s} an exact pivot for the original data X, and ®3(X) = 4 Var|X —
s3|/VarX with X = | X — si*|, s7* being the approximate pivot for X, and s} an exact pivot for the folded data X.

Regarding the statistical significance of the DFTU, the challenge lies in the fact that H involves two folding statistics
&7 (X) and ®5(X). The two folding statistics, computed sequentially, are associated with significance levels oy and s,
and corresponding critical values ¢; and ¢z. Significance levels are a; = P(®5(X) < ¢1|Ho) and g = P(P5(X) <
2| ®3(X) > ¢q1;Ho). In this case, Hy is rejected if either ®3(X) < ¢, or if ®7(X) > ¢ and P5(X) < go.
Consequently, the overall significance level of the test « is given by &« = 1 + (1 — a1 )ave. Given predefined values
of a1 and aw, the corresponding critical values ¢; and g2 can be estimated via Monte Carlo simulation. Following
Siffer] [2019], we generate observations from a uniform distribution. The critical values g; and ¢o are then taken as the
empirical quantiles of order «; and iz of ®3(X) and ®3(X), respectively. For details about the implementation of the
DFTU, see Algorithm[C.3.T]in Appendix[C.3]

4 Simulations

We want to compare the proposed DFTU with the FTU [Siffer et al.,|2018|] based on both pivots, and with the dip test
[Hartigan and Hartigan, |1985]]. For each distribution, we generate 100 datasets of 1,000 observations and apply all
four tests at a 5% significance level. For the DFTU, «; is set to 3%, although similar results are obtained for other
choices of «;. Table[I]reports the majority decision for each test (see Table in Appendix [D|for detailed results).
The first three rows illustrate cases in which all tests reach the correct conclusion. The standard Gaussian distribution
and the 2-Gaussian mixture with low SNR are both classified as unimodal, whereas the well-separated mixture of a
Gaussian and a uniform distribution is identified as multimodal by all tests. The last four rows present multimodal
examples in which the FTU does not detect multimodality, yet the DFTU accurately identifies it. Finally, the mixture
0.6 - A(0,0.5) + 0.4 - U([1,4]) is noteworthy, as folding-based tests and the dip test lead to different conclusions.
According to the definition of unimodality based on the cumulative distribution function [Khintchine| [1938]], this
distribution can be considered unimodal (see Table [D.2]in Appendix [D)). However, from a clustering perspective, it
may be preferable to conclude multimodality, which matches the DFTU’s conclusion, as well as the FTU*’s and the
FTU**’s.

Distribution FTU* FTU** DFTU dip test
N(0,1) Uni Uni Uni Uni
0.5- (No + Nl) Uni Uni Uni Uni
0.6 - No+0.4-U([4,8]) Multi  Multi  Multi  Muld
0.6-No+0.4-U([1,4]) Multi  Multi  Multi Uni
1/3-6_5+1/3-00+1/3-65 Uni Uni Muli  Mult
1/3- N o+ 1/3-Nog+1/3-N> Uni Uni  Multi  Multi
0.2- ((5,3 +0_15+ 025+ 04 + (511) Uni Uni Multi Multi

0.2- (N_g+N_154+Nos+Nyg+Nyi) Uni Uni  Multi  Multi
Table 1: Simulation results. FTU* is the FTU with exact pivot, FTU** is the FTU with approximate pivot. A, =
N(a,0.5). Uni and Multi stand respectively for unimodal and multimodal.
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5 Concluding remarks

In this paper, we investigate a key limitation of the FTU, namely its inability to detect multimodality in certain mixture
distributions, which stems from the behavior of the SFR. By analyzing Dirac and Gaussian mixtures, we identify
distributional structures under which the SFR fails to capture multimodality.

To address this issue, we propose the DFTU, a two-step test that applies the FTU to the original data and, when
unimodality is not rejected, to the folded data. Computations and simulations show that it successfully detects
multimodality in cases where the original FTU fails. These results suggest that combining information across successive
transformations, as done through double folding, can substantially improve the detection of multimodality.

Although an iterative procedure with more than two steps is conceivable, we found no examples where this was
necessary. Future work could focus on generalizing the DFTU to the multivariate case, as initially intended for the FTU,
or on replacing the variance with a more robust estimator such as ,, [Rousseeuw and Croux}, [1993]], since the current
test may be sensitive to outliers. Another promising direction is the application of the proposed approach to ICS tandem
clustering. While informative directions are traditionally identified through departures from normality, deviations from
unimodality may be more directly connected to group separation, which can be exploited for component selection. All
replication files are available at: https://github.com/cbecquart/DFTU-Replication.

A Proofs

A.1 Proof of the existence of s*

This subsection proves the existence of s*. The proof follows p. 119 in |Siffer]| [2019], adapted to the univariate case.

Proposition A.1.1 Let X be a real random variable (r.v.) with finite second moment. Then the function s — Var| X — s|
is continuous and bounded on R. In particular, Vs € R,0 < Var|X — s| < VarX.

Proof We have
Var|X — s| = VarX + E?[X — 5] — E*[| X — s]

Define v : R — R by v(s) = Var|X — s|. Since it is a composition of continuous functions, v is continuous. Moreover,
v(s) > 0 forall s € R, as it is a variance.

By Jensen’s inequality, |E[X — s]| <E[|X — s

|, which implies E*[X — s] < E?[|X — s|] and Var|X — s| < VarX.

Proposition A.1.2 Let X be a real r.v. with finite second moment. Then the function s — Var|X — s| attains an
absolute minimum on R.

Proof We have
v(s) = VarX + E?[X — 5] — E*[|X — s]]

2
= VarX + s? (1]M) — 52 <]E H1X
S S

)

As s — F00, we use the second-order expansion

E[1 4+ aX|] = 14+ aE[X] + o(a?®) asa — 0.

=VarX +o(1), ass— *oo.

which yields

The function v is continuous and bounded between 0 and Var X (Proposition|[A.1.1). Let ¢ > 0. Then there exists so > 0
such that VarX — e < v(s) < VarXV|s| > sqg. The restriction of v to [—5g, So| is then continuous on a bounded
interval, so it attains its bounds by the Extreme Value Theorem.

A.2  Proof of the affine invariance of ¢*(X) and ¢**(X)

Proposition A.2.1 The pivots s* and s** are equivariant under affine transformations. The corresponding folding
ratios ¢*(X) and ¢**(X) are invariant under affine transformations.
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Proof Let us consider an affine transformation of the random variable X, X =aX +b for real numbers a,b such
that a # 0.

(i) We have:
s = argmiﬂrgVaﬂX — 3| < Var|X — s*"| < Var|X —s|, VseR,
se

<= Var|aX +b—as* —b| < Var|aX + b — as — V|,
Vs € R.
Let s =as+band §* = as* + 0.
Then, Var|X — 3| < Var|X — 3|,V§ € R <= §* = argmin Var|X — 3|.
SeR
Similarly, for s**, we obtain §* = as** + b = argmin Var(X — §)2.
SeR
(ii) We also have:
. 5. Var|X — 5 Var|X —s*
5y - VX =5 VarlX = 5|
VarX VarX

¢*(X) and ¢ (X) = ¢ (X).

A3 Proofof ¢p*(U) = ¢p**(U) =1/4
Proposition A.3.1 The folding ratios ¢*(U) and ¢**(U) are equal to 1/4, where U ~ U([l,u]) on any bounded
interval [l, u].

Proof By the affine invariance of ¢*(X) and ¢** (X)), it is sufficient to consider U ~ U([—R, R]) with R > 0.

For ¢*(U): Let U ~ U([—R, R)) for R € R’.. We know that E[U] = 0 and Var[U] = il

T.
Var|U — s*|
“(U) = == -1
o"(U) VarU
where s* = argmin Var|U — s|. For s € [-R, R], Var|U — s| = E[(U — 5)?] — E*[|U — s|] where E[(U — s)?] =
s€[—R,R)]
s2 + %2 and E[|U — s|] = 55 (R? + s%). We obtain:
3s* 35t
_ 2 2 _ 98 x 2 2 _ 985
Var|U — 5| = (R +657— =), ¢ (0) = 1 (R + 657 = 7).

There are three solutions to % =s(1— ﬁ) =0: s =00rs = Rors= —R. The only solution for which
% Var|U

Sl > 0is s = 0. Thus, s* = 0, and the associated folding ratio ¢*(U) = 1/4.
For QS**( ): the proof is available in|Siffer [2019)].

A4 Proof of the affine invariance of &*(X) and ®**(X)

Proposition A.4.1 The SFR ®*(X) and ®**(X) are invariant by affine transformations.

Proof Let us consider an affine transformation of the random variable X, X =aX + b, where a,b € Rand a # 0.
From Proposition we know that ¢*(U) = ¢**(U) = 1/4, where U ~ U([l, u]) on any bounded interval I, u).

Using the affine invariance of ¢*(X) and ¢**(X) (Proposition , we have

P*(X) = = = ®*(X) and similarly ®**(X) = &**(X).

A.5 Proof of Proposition I]

In this paragraph, we provide the proof of the explicit expression for ®*(X) for the k-Dirac mixture model (2), and
establish the conditions under which the ratio leads to false indications of unimodality. X is standardized (E[X] =0
and Var[X] = 1) with ordered locations p1 < - -+ < pg. Let us suppose that for any g € {1,...,k — 1}, we define
ag=>7 jeip;andn, => 7 &

In order to prove Proposition |1}, we will need the following lemmas.
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Lemma A.5.1 This lemma is used in the proof of Proposition

The following results give explicit expressions for Var| X — s|.
1. Var|X —s| =1+ 8% —E?[|X — s]].
2. Forallge {1,...,k—1} and s € [pg, ptg+1), the following three equivalent expressions hold:

@ @
Var|l X —s| = 1—-4n,(1—n (9_5)( g +3)
X~ ) (22 -] (72
= 1—4(ay —ngs)(ag + (1 —ng)s)
= dny(1— 77g)52 +4(2ng — ags+1 — 4a§.
Proof 1. The expression is obtained by expanding:
Var|X —s| = E[(X —s)’] —E*[|X —s|]

= E[X?]-2sE[X]+s* —E*[|X — s|].
Since E[X] = 0 and E[X?] = 1, we obtain the result.

2. Forallge {1,...,k—1}and s € [y, jtg11), results are obtained using Lemma ].) and the following
expression:

E2[|X —s] = (—2a,+s(2n,—1))
= 4(ay — sng)(ag +s(1—ng)) + s2.
Lemma A.5.2 This lemma is used in the proof of Proposition![l]
The function s — Var|X — s| is continuous and consists of piecewise parabolic segments defined on each interval
[1g; bg41] forg € {1,... .k — 1}
Proof LemmaA-3]]states that the function is piecewise parabolic and we just need to prove that it is continuous.

To do so, we use the last expression of Var|X — s| from Lemma 2. ). To verify the continuity of the function
s — Var|X — s| at each point s = 14, we evaluate the function from the left-hand limit (s = g ) and the right-hand

limit (s = ,u;r), and confirm that they are equal. Using the fact that cg = ag_1 + €glig, and ng = Ng_1 + €4, we
obtain:

Var|X — puf| — Var|X — p | = 0.
Lemma A.5.3 This lemma is used in the proof of Proposition|[]
For each g € {1,...,k — 1}, define s, = 5 (% - ﬁ) Then, the minimizer of Var|X — s| over the interval
[1g: bg+1] is given by
s; = argmin Var|X — s| = s, —min(0, s, — ) — max(0, sg — fg+1),

S€[pg,kgt1]

which is equivalent to

Hgs ifsg < g,

Sg if sq € [pgs pg+1],
Pgt+1, USg > pgr.

Q —

An exact pivot can be chosen as any solution of the minimization problem

s* = argmin Var| X — s| = s;*, where ¢* = argmin Var|X — s;\
seR ge{l,....k—1}
Proof From LemmalA.3.1(1.), we have
k 2
Var|X —s] = 1+s%— (Zez s — s|> ,
i=1
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and its derivative satisfies
d k k
£Var|X—s\ = 0 < -s= <§5isign(ui —S))(lez | s —s|)

Since s € [u1, i), let us consider 1 < -+ < pg < 8 < pgp1 < -+ < py, forg € {1,...,k — 1}. Then,
sign(u; —s) = =1,Vi € {1,...,g}, and sign(p; — s) = 1,Vi € {g + 1,...,k}. It yields

S_%(l_ L )
9 2 \n, 1-n4/)"

Lemma states that the function s — Var|X — s| is piecewise parabolic. On each interval (4, ltg+1], § €
{1,...,k =1}, the point where the derivative vanishes corresponds to a minimum.

Moreover, s* € [pu1, pui,). Otherwise, Var| X — s| > 1 for all s € |1, i), which contradicts Proposition|A.1.1) Hence,

s* = argmin Var| X — s| = s;*,

sER ge{l,....k—1}

where g¢g" = argmin Var|X—sg\.

Lemma A.5.4 This lemma is used in the proof of Proposition([l]

Forall g € {1,...,k — 2}, the sequence (s,), is strictly increasing, i.e., sq < Sg41.

Proof We have sy = 5 (i - ﬁ)forg e{l,...,k—1}. Using agy1 = ag + flg+1€g+1 and Ng41 = 1g + €441,

forge {1,... k—2}, we obtain

Eg+1 [ g+l
Sgr1 — 8 = — g = g (1= 10)] + 52 (g + gy,
T =) (L) LY L gt 7T
where both m > 0 and 2;9977*91“ > 0. As the locations are ordered in model (2):

o i S phg < prgy1 Vi < g This implies —og + prg+1mg > 0.
* 1 > fgr1 Vi> g AsE(X) =0, we have Zf:gH gii = —ag. It results in —ag — pg41(1 —ng) > 0.

Thus, sg11 — 8g > 0.
Proof Proof of Proposition

1. We want to prove that s* = 54+, where g* = argmin min  Var|X — s| and s; = % (% — 1_1%).
g€{1,....k—1} S€[1g tg+1] ¢ ¢
Let us prove the result by contradiction. By Lemma m if s # Sq=, then s* = g1 where g €
{1,...,k — 2}. In this case we would have 5; = [gt1 Meaning that sq > [igy1, and s;fH_l = lg4+1 meaning
that sgi 1 < pigr1. It implies that s,41 < s which contradicts LemmalA5.4) It results that s* = s ..

2. The expression of ®*(X) is then obtained by substituting s* from the previous result into ®*(X) = 4 Var| X —
5%
a’. (77 *— l) ’
\/39/4)2 + (91/2)22 = 1, which is the canonical equation of an

ellipse in the variables (o, 14+ ), centered at (0,1/2), with semi-minor axis \/3/4 and semi-major axis 1/2.

3. Solving the equation ®*(X) = 1 yields (

4. Solving ®*(X) > 1, we obtain

3
<1 <— aZ* < an*(lfng*).

(v3/4)2 — (1/2)

Since oy« < 0, this reduces to —§ Ng+ (1 — ng~) < ag» < 0 which proves the result.

10



A Note on the FTU A PREPRINT

A.6 Proof of Proposition

Here, we provide the proof of the explicit expression for ®**(X) for the k-Dirac mixture model, and the conditions
under which the ratio falsely indicates unimodality.

Proof Proof of Proposition

1. From/|Siffer| [2019] (Theorem 6.1), and using that E[X] = 0 and Var[X] = 1, we obtain
~ Cov(X,X?)  E(X?) —E(X)E(X?)
- 2VarX 2VarX

* 3k

- % with v = E[X3).

2. The expression of ®**(X) is then obtained by substituting s** from the previous result into ®**(X) =
4 Var|X — s**|.
3. Solving **(X) = 1, we find

(4ag = @nge = 17 = V32 +3) (4o = (2nge = Dy + V27 +3) = 0.

Since 0 < nger < 1, —(2nge — 1)y < |y|. Since ag«» < 0 and /7> +3 > |y
/7?2 4+ 3 < 0. Thus, there is a unique solution, which defines the line

dage — (2ng- = 1)y + V7*+3=0.

4. Solving **(X) > 1, we obtain 4ogs- — (2ng++ — 1)y + /72 +3 > 0.

, doges — (2779** — 1)y —

A.7 Proof of Proposition 3]

We consider a standardized random variable X following a 3-Dirac mixture with means p;, p2 and p3, sorted in
ascending order. When the minimizer of Var|X — s| is not unique, we take s* to be the smallest minimizer.

Proof Proof of Proposition[3]

From the constraint Z?zl g; = 1, we deduce eo = 1 — g1 — 3. Using E[X] = 0, Var[X] = 1, and the ordering

Lo < 3, we obtain
€1 1 €3 2
- _ — / Z\/1—e1(1
Ha 1—61'”1 1—61 1—61—83 1( +:U/1)

1
ps = —— (e1p1 + 2012).
€3

From the conditions 1 — e1(1 + p2) > 0 and pg > i1, together with the fact that j11 < 0 in the model, we deduce

1—¢ €
€ [—,/1, -/ —. )
€1 1—53

1. We seek conditions on p; such that s* € [y, o). By definition,

s* € 1, o] < Var[X —si] < Var[X — s].

By Proposition[l] 1, this is equivalent to
Var[X — 5] < Var[X — sl],

where, by LemmalA.5.3)

t_ {Nz, if s2 < 12,

sh = X

S, if s2 2> po.

Consequently,
{Var[X — 1] < Var[X — pa], ifsa < pa,

s* € [, po Var[X — s1] < Var[X — s2], if 52 > po.

Combining the cases sy < jia (see Lemmal[A.7 1| below) and sy > 15 (see LemmalA.7.2| below), we conclude
that
s* € [p1,p2] <= w1 < max{U;,Us}.

11
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2. When s* € [puy, pa], we have g* = 1. Applying Lemmal[l|4 with g* = 1, we have ®*(X) > 1 if and only if

1—51 1—51

N1>—*

which directly gives the expression of F'(e1).
Lemma A.7.1 This lemma is used in the proof of Proposition 3]
s* € [pur,p2] and so < py <= puy < Uy,

where
2e9 + 4e1€3 €3

Vderes(ea +4deres) V 1 — €3’
Proof When s* € [p1, 2], s1 minimizes Var[X — s| over s € [u1, p2], so the inequality

Var[X — s1] < Var[X — us)

U=

is always satisfied. It therefore remains to characterize the conditions under which sy < pio. From Lemma[A.3.3)

&263—1
2 1—gg°

S9 = —

Expressing p1 and o as functions of g results in

€3 1 €1
=— + =01 —e5(1 + p2),
i ey L pd | e s(1+ p3)

1 €9
- J2 10 2).
T <€3M3 + o e3(1 + p3)

Imposing pa < pg and 1 — e3(1 + p2) > 0 yields

€1 1—53
MSE[,/I_&,\/ = } (6)

51(1 — 83)
€9 +4dere3’

=

Solving se < s, we obtain
pa <2

and the upper bound lies within the interval from (6). On this domain, p, is nondecreasing in s, so that s, < j13 <=
p1 < Uy

Lemma A.7.2 This lemma is used in the proof of Proposition 3]

€ [u1, po) and sy > po <=y € [Uy, Us],

].—51 1—61
U, = 1/ /
2 1—53

Proof Following the line of reasoning of the proof of LemmalA.71)

where

Sg > po = p1 > Ui

Moreover, solving the inequality
Var[X — s1] < Var[X — 9]

using the first variance expression from Lemma[A.5.1(2.) together with the explicit expressions of s1 and sy from

LemmalA.3.3]yields
w < Us.

U, lies within the interval from (). Therefore,

st e [,ul,ug] and sy > to <= 1 € [Ul,UQ].

12
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B Additional Gaussian mixture illustrations

In this section, we examine several 3-Gaussian mixtures and give supplementary figures, extending the analysis beyond
Section 2.2 of the main paper. This additional study aims to confirm that the Gaussian mixture model reproduces the
results obtained for the Dirac mixture model in cases where the SNR is sufficiently large.

Fig. 2] illustrates a 3-Gaussian mixture X ~ &1 - N(u1,02) + €2 - N(ua,02) + e3 - N(us,0?), with o2 €
{0.0225,0.0625,0.25}. The three configurations are as follows:
* In Fig. (e1,€2,e3) = (1/3,1/3,1/3) and (p1, pi2, 3) = (—2,0,2). It is an example where both &*(X)
and ®**(X) fail in the Dirac case (02 = 0).

* In Fig.Pb} (e1,2,e3) = (0.2,0.4,0.4) and (u1, p2, p3) = (—2,0,2). It corresponds to Example 1.a in the
main paper, where ®**(X) fails but *(X') does not.

* In Fig.Rd (e1,62,23) = (0.5,0.2,0.3) and (u1, p2, p3) = (—2,0,2.5). It illustrates a case where neither
pivot fail in the Dirac case.

When both pivots fail (Fig. or neither fails (Fig. in the Dirac case, increasing o2 does not alter the conclusions
of ®*(X) and ®**(X). When only the approximate pivot fails (Fig.[2b)), a sufficiently small o2 reproduces the Dirac
results (®*(X) < 1 and ®**(X) > 1). However, as o2 increases, ®*(X) exceeds one, leading to an incorrect unimodal
conclusion.

In all illustrated cases, both the DFTU and the dip test correctly detect multimodality, even when FTU* and FTU** fail
to do so (Figs. [2aand [2b). These findings are consistent with the simulation results presented in Section 4 of the main

paper.

C Details about the double-folding procedure

C.1 Application to the “pathological” example

This section analyzes the application of the double-folding procedure to the “pathological” example, explains the use of
the approximate pivot in the second step, and shows that the procedure correctly detects multimodality, as noted in
Section 3.1 of the main paper.

The model is the following balanced and symmetric 3-Dirac mixture:
~$0_q+ 300+ % b
The first step of the procedure corresponds to Example 8.1 from |Siffer] [2019] with the exact pivot approach, yielding

s} = +% and ®;(X) = 1. The first-step approximate pivot and associated SFR are s;* = 0 and ®1*(X) = 3 > 1, as
in Example 8.1.

Folding with an exact pivot yields the following distribution:
=, 1 1 1
X N§5%a+§6%a+§5%a

Since X* = %X + %a and the SFR are affine invariant, the unimodal conclusion of the first step persists in the second
step.

However, folding with the approximate pivot, as done in the double-folding procedure, yields
~ 1 2
X~ =00+ =0q-
3 o+ 3 a

The folded distribution is no longer balanced or symmetric, leading to s3 = s3* = I and ®3(X) = ®3*(X) = 0,
which indicates multimodality.

C.2 Details about the 3-Dirac mixture analysis

In Section 3.2 of the main paper, we apply the double-folding procedure to a 3-Dirac mixture. This paragraph details
the analysis, in particular the optimization procedure involved.

We consider a standardized random variable X following a 3-Dirac mixture with locations p; < po < p3. In this
case, when the minimizer of Var|X — s| is not unique, we take s* to be the smallest minimizer. First, we analyze the

13
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02 = 0.0225, ®* = 1.03, @** = 1.2, o2 = 0.0625, ®* = 1.06, d** = 1.13, 02 = 0.25, ©* = 1.06, ®** = 1.06,

FTU*: Uni, FTU**; Uni FTU*: Uni, FTU**; Uni FTU*: Uni, FTU**; Uni
DFTU: Multi, dip test: Multi DFTU: Multi, dip test: Multi DFTU: Multi, dip test: Multi
800
600 400 200
400 300 100
200
T 0 1 2 0 -2 0 2 0 -2 0 2 4

(a) Both pivots fail in the Dirac case

g2 = 0.0225, &* = 0.99, @** = 1.4, o2 = 0.0625, ®* = 1.04, d** = 1.33, o2 = 0.25, ©* = 1.17, d** = 1.23,

FTU*: Uni, FTU**: Uni FTU*: Uni, FTU**: Uni FTU*: Uni, FTU**: Uni
DFTU: Multi, dip test: Multi DFTU: Multi, dip test: Multi DFTU: Multi, dip test: Multi

1000 500

300
400

500 200

200 100

0" s -1 0 1 2 0 -2 0 2 0 -2 0 2

(b) Only the approximate pivot fails in the Dirac case

02 = 0.0225, ®* = 0.62, ®** = 0.7, 02 = 0.0625, ®* = 0.65, &** = 0.7, g2 = 0.25, ®* = 0.73, ®** = 0.73,

FTU*: Multi, FTU**: Multi FTU*: Multi, FTU**: Multi FTU*: Multi, FTU**: Multi
DFTU: Multi, dip test: Multi DFTU: Multi, dip test: Multi DFTU: Multi, dip test: Multi
800 800
1000 600 600
500 400 400
200 200
° -2 0 2 ° -2 0 2 0 -2 0 2 4

(c) Neither pivot fails in the Dirac case

Figure 2: 3-Gaussian mixtures under different configurations, together with the corresponding exact and approximate
SFR (®* and ®**) and the results of unimodality tests. “Uni” and “Multi” denote unimodal and multimodal, respectively.
Each column corresponds to a value of the mixture within variance o2. Each row corresponds to an example obtained
in the Dirac case (¢2 = 0): (a) both pivots fail, (b) only the approximate pivot fails, and (c) neither pivot fails.

first-step SFR. If the multimodality of the mixture is detected at this step, the procedure stops and returns the correct
conclusion. We are therefore interested in the case where the first-step SFR fails, which can be fully characterized in
terms of 1, €1, and 3. According to Propositionl, the existence of s§ € [u1, u2] is equivalent to

p1 < Ul(er,es), Uler,es) = max{Uy, Uz}

2 /1-— 1-— 2 4
U, = _£ €1 n €1 €3 and Uy = — g9 + 4eqe3 €3 .
2 €1 V e V1-—e3 \/46163(62 +4e1e3) V 1 —e3

Proposition 3|2 then states that, when s} € [1i1, p12], the first-step SFR fails if and only if
w1 > Fer).

where

Recall that the case s§ € [u2, 3] need not be analyzed separately. Indeed, by the affine invariance of the SFR, applying
the transformation X — —X maps this case to s € [u1, u2] while leaving the SFR unchanged. Therefore, it suffices
to consider the case s} € [u1, po] without loss of generality.

14
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To study the case p1 € [F(e1),U(e1,£3)], we rely on numerical optimization using SciPy’s SLSQP solver [[Virtanen
et al., 2020]. The optimization variables are p1 € [—10,0], e; € [0.01,0.99], and €3 € [0.01, 0.99], from which e, o,
and pu3 can be deduced, as detailed in the proof of Proposition[3] We impose the following constraints:

e 1l—eg1—e3>0,
o Fer) < pp < U(eq,e3).

The first two optimization problems
min [W —H1 - M2]7 and min [M2 + p3 — 7}
with v = E[X 3], both yield positive values when solved numerically. This implies that

g = ¢ (M1+M2 M2+M3)
2 2 72 ’

Let fi1, fi2, and fi3 denote the locations after the transformation X — |X — s**|. The preceding result implies that
i1 > fig and iz > fig, SO jio is the smallest of the transformed locations.

ok

1 —s

M1 2 H3

To apply Proposition [3]2 in the second step of the DFTU, we standardize and order the locations fi1, fi2, and fi3.
The resulting locations are denoted by M%’ ug;, and ,ug;, with /Jg; < ugg < ugg, and corresponding proportions

(2 (2 (2)
€(1)€(2) and £(3)-

To apply Propositi0n2, we need to verify that s5 € [ugg, ugg], which, according to Propositionl, is equivalent to

ug; <U (sgg, 5%) This leads to the third optimization problem
; (2) (2 (2)
min [U (=(}). <(3)) — u(3)]

whose numerical solution is positive, thereby ensuring that s5 € [ug;, /‘8;]

The final optimization problem

. 2 2
min {uglg - F(Egli)}
attains a positive value using a numerical solver, ensuring that pg; < F (5%) According to Proposition 2, this

implies that the second-step SFR cannot fail when the first-step one has failed.

C.3 DFTU algorithm

See Algorithm [C.3.1]

D Details about the simulation study

In this section, we provide details about the simulation study. The objective is to compare the results of different
unimodality tests across various mixture models. All computations were done in Python 3.13. Replication files are
available from: https://github.com/cbecquart/DFTU-Replication.

For each mixture with k£ components, we generate 100 datasets, each containing 1,000 points. Specifically, we draw
1,000 ¢; points from the distribution of the i-th component of the mixture model, for ¢ € {1, ..., k}. For each dataset,
we apply the following tests at a 5% significance level:

 the FTU with the exact pivot, denoted FTU*, partially based on an implementation provided by A. Siffer
(personal communication);

15
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Algorithm C.3.1 Algorithm of the DFTU

Input: Data matrix X, critical values ¢; and ¢»
Qutput: Unimodal or Multimodal
s} « argminp Var|X — s|
®7(X) 4 Var|X — s7|/VarX
if ®5(X) < ¢1 then
return Multimodal
else
s1* + argmin,cp Var(X — s)?
X+ | X —s3*
53 ¢ argmin g Var|X — s
O3 (X) 4 Var|X — s5|/VarX
if ®5(X) < ¢o then
return Multimodal
else
return Unimodal
end if
end if

> Exact pivot on X

> Approximated pivot on X
> Folding
> Exact pivot on X

 the FTU with the approximate pivot, denoted FTU**, implemented as a Python translation of the R code

available in the Rf o1ding package [Siffer, |2018];

* the DFTU, implemented according to Algorithm[C.3.T] with parameter a; set to 3% and ap deduced from o

and o

» Hartigan’s dip test, implementation from the diptest library [Urlus, [2022].

The critical values for all three folding-based tests are obtained via Monte Carlo simulation, as described in Section 3.1
of the main paper. For each test, we record the number of times unimodality is concluded across the 100 datasets.
Table [D.T|reports these counts. Given the strong polarization of the results, values close to 100 are reported as “Uni"
(for unimodal) and those close to 0 as “Multi" (for multimodal) in Table 1 of the main paper. Table[D.2]provides details
about the distributions used in the simulation study. See also the comments in the main paper.

Distribution FTU* FTU* DFTU dip test
N(0,1) 100 100 100 100
0.5 (No + M) 100 100 100 100
0.6 - Ny +0.4-U([4,8]) 0 0 0 0
0.6-No+0.4-U([1,4]) 1 1 1 100
1/3-6_2+1/3-00+1/3-62 100 100 0 0
1/3-N_o+1/3-No+1/3- N> 100 100 4 0
0.2-(0_3+0_15+ 025+ 0a + d11) 100 100 0 0
0.2 - (N_g +N_15+MNos+ Ny +N11) 100 100 0 0

Table D.1: Simulation results. Counts of unimodality across the 100 datasets for the FTU with exact pivot (FTU*), the
FTU with approximate pivot (FTU**), the DFTU, and the dip test. N, = N (a,0.5).
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L1

Distribution Histogram Description
N(0,1) Simple case of unimodality
0.5- (No + A1) 2-Gaussian mixture, not well

0.6-No+0.4-U([4,8)])

0.6-No+0.4-U([1,4])

02-0_24+04- 50 +0.4- 059

0.2-N_2+04-No+0.4-N>

LN

separated

Mixture of Gaussian and
Uniform distributions, well
separated

Mixture of Gaussian and
Uniform distributions, less
separated

3-Dirac mixture

3-Gaussian mixture, well
separated

Table D.2: Details about the distributions used in the simulations.
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Distribution Histogram ECDF Description

0.2 (d-3 +0-1.5 + d2.5 + da + 011) 5-Dirac mixture

5-Gaussian mixture, well
separated

0.2- (N3 +N_15 +Nos + Ny +Nia)

Table D.2: Details about the distributions used in the simulations (Continued).
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