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Abstract

This thesis comprises three chapters. Chapter 1 analyzes bilateral bargaining mediated
by an intermediary who is biased—sharing interests with one party—and lacks both
commitment and enforcement power. By comparing the upper bounds of achievable
expected social surplus in the mediated bargaining game and in the seller-offer bargaining
game, I show that, in the second-best scenario, a biased intermediary can yield a higher
expected surplus in equilibrium, provided the cost of employing the intermediary is
sufficiently small. This result offers a theoretical rationale for the widespread use of
biased intermediaries in practice, even when their bias is common knowledge.

Chapter 2 examines a standard moral hazard setting in which the agent exhibits
dual risk-aversion—that is, he overweights the probability of bad outcomes relative
to objective probabilities. I show that, under some regularity conditions, the cost-
minimizing contract for each inducible action takes the form of a debt contract: the wage
is constant up to a certain output level and then increases at the same rate as output
thereafter. Accordingly, the result offers a new explanation for the prevalence of simple
linear contracts in practice.

Chapter 3, which is based on the joint work with Takuro Yamashita, studies a stylized
model of adverse selection. I show that under certain conditions, the unique equilibrium
outcome is no trade, regardless of the richness of the soft information structure. In
contrast, when hard information is available, there exists an equilibrium in which
trade occurs and the seller obtains a positive expected payoff. Taken together, these
results underscore the importance of explicitly accounting for the availability of hard

information when considering informationally robust predictions.






Contents

1 Bilateral Bargaining with a Biased Intermediary
1.1 Introduction . .. .. ... ... .. ... ...
1.1.1 Related literature . . . . .. ... ... .. ... L oL
12 Model . . ... ...
1.2.1  Seller-offer bargaining game . . . . ... .. ... ..........
122 The mediated bargaininggame . . . . . ... ... .. .......
1.2.3 Equilibriumconcept . . .. ... ... o oo oL
1.3 PreliminaryResults . . . . ... ...... ... ... ... .. ...
1.3.1 Seller-offer bargaining game . . . . .. ... ... ..........
1.3.2 Mediated bargaining game . . . ... ... .............
1.4 Bound on the Ex Ante Expected Social Surplus . . . ... ... ... ...
1.4.1 Second-best outcome in the seller-offer bargaining game . . . . .
142 Second-best outcome in the mediated bargaining game . . . . . .

1.5 Conclusion . . . . . . . o o o s

Appendix to Chapter 1
Al ProofofLemmal3 . ... ... ... ...
A2 Proofof Lemmal4 . . ... . . . ...
A3 Proof of Proposition1.2 . . ... ... ... ... ... .. .. ... ...
A4 Proof of Proposition1.3 . . ... ... .. ... ... . ... . ..

A5 Second-Best Outcome When Any of C1-C3 Fails . . . . ... ... ....

7



2 Moral Hazard with Dual Risk-Averse Agent 63

2.1 Introduction . . . . . ... . . . 63
22 Model . . . . . 65
2.3 Principal’s (relaxed) problem . . ... ... ... ... . ... . ... ... 67
2.3.1 Proof of Proposition2.1 . ... ... ................. 71

2.4 The validity of the first-order approach . . ... ... ... ... ..... 77
25 Discussion . . . .. .. e e 79
25.1 Distortionfunction¢ . . . .. ... Lo oo L oL 79

252 Boundedslope . ........ ... . ... . 0oL 80

26 Conclusion . . . . .. . . 80
3 Robust Predictions and Hard Information in the Market for Lemons 83
3.1 Introduction . . . ... ... . ... 83
32 Model. ... ... 85
3.3 Onlysoftinformation. . . . ... ... ......... . ... ... ... 86
3.4 Softand hard information . . . ... ... ... ... ... ... 87



Chapter 1

Bilateral Bargaining with a Biased

Intermediary

1.1 Introduction

Bilateral bargaining is often facilitated by an intermediary who communicates with both
negotiating parties and offers them a resolution. Such mediation obfuscates the private
information that would otherwise be revealed through direct communication, and is
thus believed to mitigate strategic incentives in communication and help achieve efficient
outcomes.

However, in many real-world situations, the intermediary is not benevolent but
instead shares interests with one of the negotiating parties. She may behave opportunis-
tically to secure outcomes aligned with her own objectives, which can harm the efficiency
of the bargaining outcome if these objectives conflict with efficiency.! Moreover, she is
not omnipotent; she cannot commit to or enforce her decisions. This lack of commitment
and enforcement power further limits the effectiveness of mediation.

For example, transactions of real estate, artworks, or used cars often involve an
agent who facilitates trade by communicating with a seller and a buyer and offering

them a price. Because she earns a commission proportional to the sale price, she has

IThroughout the chapter, I use feminine pronouns for the intermediary and masculine pronouns for
the seller and the buyer, who will appear shortly.



the incentive to realize a higher sale price and is considered biased toward the seller.
Typically, the agent cannot commit to the price in advance, and trade occurs if and only

if both the seller and the buyer accept the offer.

The purpose of this chapter is to study how having a biased intermediary who lacks both
commitment and enforcement power affects the bargaining outcome. To this end, I consider
a stylized bilateral trade setting and compare two bargaining games: one in which the
seller makes an offer and one in which a biased intermediary does so. In both games, the
seller owns a good and wants to trade it with the buyer. Each trader’s valuation of the
good is his private information and is binary and independently and distributed. There
is always a gain trade except for the case where the seller is high type and the buyer is
low type. In the seller-offer bargaining game, payoffs are given by standard linear payoffs:
if trade occurs, each trader obtains the difference between the price and their valuation;
if no trade occurs, both obtain zero. In the mediated bargaining game, if trade occurs, each
trader also pays a commission proportional to the price, and the intermediary’s payoff

is the sum of these commissions. If no trade occurs, all players get zero.

To characterize the bounds of achievable outcomes when the players are allowed to
make any preplay and intraplay communication, both games incorporate communication
devices. A communication device is characterized by a mediation plan, which outputs
action recommendations based on reported types. The mediated bargaining game
proceeds as follows: First, the seller and the buyer observe the realizations of their
type. Second, they privately report their type to the communication device. Third,
the communication device privately recommends a price to the intermediary and a
minimum (resp. maximum) acceptable price to the seller (resp. the buyer).? Fourth, the
intermediary offers a price to the traders. Finally, the traders simultaneously respond to

the offer by either “Accept” or “Reject.” If both traders accept the offer, trade occurs at

2In the U.S. Realtors industry, it has been standard for the seller to pay commissions to both his agent
and the buyer’s agent. Traditionally, the seller pays about 5% of the sale price as commission, which is
then split equally between the two agents. Recently, this rule has changed, allowing the seller to choose
not to pay the buyer’s agent, leaving the buyer to negotiate directly with their own agent about the
commission (see Kamin, 2024).

3In the seller-offer bargaining game, a mediation plan recommends a price to the seller and a maximum
acceptable price to the buyer.
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that price; if at least one of them rejects it, no trade occurs.*

The set of incentive-compatible mediation plans, known as communication equilibrium
(CE), characterizes the set of achievable outcomes under some communication (see Forges,
1986). However, some CEs are not robust under standard trembling-hand arguments
and are therefore considered unrealistic. To address this, I propose a refinement called
acceptable CE, which requires that the communication device always recommends the
“true” minimum and maximum acceptable prices given the reported types. In other
words, it recommends accepting an offer if and only if it guarantees a nonnegative
payoff.

The main result of the chapter is that if the intermediary’s bias is sufficiently small,
the mediated bargaining game can yield a higher ex-ante expected social surplus than
the seller-offer bargaining game in the second-best case. I establish this by deriving
necessary conditions for acceptable CEs in both games. Roughly, these conditions imply
that the player who makes an offer always proposes either of the buyer’s maximum
acceptable prices. Intuitively, since traders accept any mutually acceptable price under
acceptable CE, the player with bargaining power has the incentive to offer as high a price
as possible. The necessary conditions imply that whenever there is a gain trade, there
are only two possible prices (low or high price) that can be offered in equilibrium. Thus,
the players’ IC constraints can be written as linear inequalities in the total probabilities
that the high price is offered. As such, the SB outcome can be characterized by solving
the corresponding linear program.

In the seller-offer bargaining game, the SB outcome entails the seller always offering
the high-type buyer’s maximum acceptable price whenever there is a gain trade.
In the mediated bargaining game, the solution implies a threshold for the traders’
payment/revenue ratio, above which the SB outcome shifts regime. This ratio, which
is increasing in the commission rates, represents the degree of the intermediary’s bias.
If the ratio is below the threshold, the intermediary offers the low price to the pair of

high-type traders, knowing that it can be rejected. Intuitively, this is possible because,

*In the seller-offer bargaining game, only the buyer responds to the seller’s offer, and trade occurs if
and only if he accepts.
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not knowing the seller’s private information, the intermediary can be incentivized
to offer the low price. As the ratio increases, the probability of trade and hence the
expected social surplus decreases. Above the threshold, the intermediary is no longer
incentivized to offer the low price and always offers the high-type buyer’s maximum
acceptable price, replicating the SB outcome in the seller-offer bargaining game. Since the
expected surplus is higher in the first regime, this shows that when the commission cost
is sufficiently small, her presence improves efficiency relative to having no intermediary
at all. This result justifies the existence of biased intermediaries in practice, even when
their bias is common knowledge.

Finally, it is worth mentioning that the mediated bargaining game studied here
represents a minimal departure from the seller-offer game in the sense that the inter-
mediary is “weak.” She has exactly the same instrument as the seller in the seller-offer
bargaining game; that is, she merely offers a price and cannot enforce binding contracts
or mechanisms. She also has no private information and hence is considered to have no
expertise. Yet, the main result demonstrates that even such a weak intermediary can be

beneficial.

1.1.1 Related literature

Three features of the intermediary—bias, lack of commitment, and lack of enforcement—
distinguish the present work from existing papers. Intermediaries, broadly defined,
have been studied in the mechanism design literature.” Classic papers such as Myerson
and Satterthwaite (1983) can be viewed as studying the bargaining with an unbiased
intermediary with commitment and enforcement power: the principal maximizes
expected surplus, can commit to a mechanism, and the agents’ acceptance is not
necessary once they have agreed to participate.® While it is natural to study a “weak”
intermediary as a minimal departure from bilateral bargaining in examining the effect

of biased mediation, much of the literature takes Myerson and Satterthwaite (1983)

5An intermediary in this literature is typically called a principal.
®In this sense, “no enforcement” is equivalent to imposing ex post IR constraints rather than ex ante
ones.
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as the benchmark and explores various departures from it. In doing so, the three
features above have typically been studied separately. For example, papers on optimal
mechanism design by the seller, such as Myerson (1981), can be viewed as examining
an extreme case of a biased intermediary whose preferences are completely aligned
with the seller’s. Similarly, Myerson (1982) analyzes mechanism design problems
involving both hidden information and hidden actions, effectively modeling a principal
without enforcement power. Regarding the commitment assumption, there is a growing
literature on mechanism design with limited commitment (see Bester and Strausz,
2001, 2000, 2007; Doval and Skreta, 2022; Lomys and Yamashita, 2021). Relatedly, Eilat
and Pauzner (2021) study bilateral trade with a benevolent intermediary who lacks
commitment power.” The novelty of the present work is thus to consider all three features
simultaneously—bias, lack of commitment, and lack of enforcement—which provides a
natural way to study a minimal departure from bilateral bargaining.® Combined with
the lack of commitment, the intermediary’s bias creates incentives to offer as high a
price as possible, which is the driving force of the results.

A biased intermediary has also been studied in the context of international relations
(see Kydd, 2003, 2006). Kydd (2003) shows that an intermediary can reduce the
probability of conflict only if he is biased. This result resonates with the main result of
this chapter that a biased intermediary can help achieve a more efficient outcome.’

The present work also differs from some previous work in that the intermediary is
modeled as an active player of the game, who has a preference and actions to choose from.
This clarifies how the intermediary’s bias affects her facilitative role—namely, facilitating
agreement by obfuscating private information inherent in offers and counteroffers.'’

See Copi¢ and Ponsati (2008); Fanning (2021, 2023); Jarque, Ponsati and Sakovics (2003)

"They directly analyze the game between the traders and the intermediary, in which the intermediary
offers a mechanism. Note that the intermediary in my model merely offers a price and is not allowed to
design a mechanism. In this regard, Filat and Pauzner (2021) allow more flexibility in the intermediary’s
actions.

8Some papers combine two of these features. For example, Lomys and Yamashita (2021) and Doval
and Skreta (2024) analyze seller-optimal mechanisms under limited commitment.

%It is also worth noting that a biased intermediary does not help achieve ex post efficiency in the
present work (see Proposition 1.1 and Footnote 24).

OGottardi and Mezzetti (2024) study not only this facilitative role but also the intermediary’s evaluative
role; that is, providing guidance on an appropriate resolution based on expertise.
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for studies focusing on this facilitative role, and Ganguly and Ray (2012); Goltsman,
Horner, Pavlov and Squintani (2009); Horner, Morelli and Squintani (2015) for other
work on mediation.

Methodologically, the present work builds on the work of Forges (1986), Myerson
(1986b), and Sugaya and Wolitzky (2021), who study multistage games with communica-
tion and establish the communication revelation principle for various equilibrium concepts.
In the context of this chapter, the communication revelation principle implies that the
set of CEs characterizes the set of outcomes that can be achieved under some preplay
and intraplay communication between the players. In particular, it is without loss of
generality to focus on the canonical communication devices described above, which
take the players’ types as inputs and output action recommendations.

The remainder of the chapter is organized as follows. Section 1.2 describes the
model and defines CE and acceptable CE. Section 1.3 presents some preliminary
results. Section 1.4 provides the main result. Section 1.5 discusses alternative payoff

specifications and concludes the chapter. Some proofs are provided in Appendix.

1.2 Model

Environment. [ study two bargaining environments: one that involves only a seller
and a buyer, and another that also involves an intermediary. In both environments,
the seller owns a good and seeks to trade it with the buyer. Each trader’s valuation
of the good is binary and independently distributed, and its realization is privately
known to the trader. Specifically, the seller’s valuation is high, sy, with probability
nis € (0,1), and low, sy, with probability 1 — 7ts. Similarly, the buyer’s valuation is high,
by, with probability i € (0, 1), and low, by, with probability 1 — 7tg. Let ®s = {sr, su}
and Op = {br,by}. There is a gain trade for all type profiles except (s, br); that is,

0<SL<bL<SH<bH.

Preferences. In the seller-offer bargaining game (defined in Section 1.2.1), each player’s

payoff is given by the difference between their valuation and the trading price: if the
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traders’ types are (s, b) and they trade at a price p, the seller obtains p — s and the buyer
obtains b — p; if no trade occurs, both obtain zero.

In the mediated bargaining game (defined in Section 1.2.2), both the seller and the
buyer pay commissions proportional to the trading price. Specifically, if the traders’

types are (s, b) and they trade at a price p, the seller obtains (1 — ds)p — s, the buyer

obtains b — (1 + 6g)p, and the intermediary obtains (65 + og)p, where 0s, 0p € (0, 1)

1+063p

are fixed commission rates. If no trade occurs, all players obtain zero. Let h = 1.

This represents the ratio of the buyer’s total payment (1 + 6g)p to the seller’s revenue

(1 - 6s)p. As h increases with the commission rates, it captures the cost of employing

the intermediary. I assume h < min{ls’—L, b—”}, so that a mutually acceptable price exists if
L” SH

and only if there is a gain trade.!! Since the intermediary’s payoff is increasing in the

price p, she shares interests with the seller and is thus considered biased.

1.2.1 Seller-offer bargaining game

As a benchmark, I first consider the seller-offer bargaining game, in which the seller gives a
take-it-or-leave-it price offer to the buyer. The game incorporates a communication device
that recommends actions to both players based on the reported types. A pure mediation
plan is a pair of functions (g,7°C), where q: @5 x @ — R, is a price recommendation
to the seller, and r5°: @5 x @5 — R, is a response recommendation to the buyer.!? For
instance, given reported types (§ b ) € Og X Op, the communication device recommends
that the seller offer a price q(3, b) and that the buyer accept the offer if and only if the
price does not exceed 59 (3, b); that is, r5° recommends a maximum acceptable price.
Let Q and R®© denote the sets of all price and response recommendations, respectively.
A communication device is characterized by a mediation plan, which is a probability
distribution p°© € A(Q X R5°) and is common knowledge among the players.

The game proceeds as follows:

YA price p is mutually acceptable for a type-s seller and a type-b buyer if both players obtain nonnegative

payoffs from trading at the price p; thatis, p € [1—5_(55/ ﬁ] Provided h < min{%, I;_Z }, this interval is

nonempty for all type profiles except (sg, br). See also Footnote 17.
2Throughout the chapter, the superscripts “SO” and “MB” refer to the seller-offer and the mediated
bargaining games, respectively.
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1. The seller and the buyer privately observe their type. Let (s, b) denote the realized

type profile.
2. They privately report their type § € @ and b € ® to the communication device.

3. A pure mediation plan (g, 7°°) € Q x R%C is drawn with probability u°° (g, r5°),

but the players do not observe which one is drawn.

4. The communication device privately recommends a price (3, b) to the seller and

a maximum acceptable price 750 (3, b) to the buyer.
5. The seller offers a price p € R, to the buyer.

6. The buyer accepts or rejects the offer. If accepted, trade occurs at the price p: the
seller obtains p — s, and the buyer obtains b — p. If rejected, no trade occurs and

both players obtain a payoff of zero.

Remark 1.1. I can consider a more general game in which the communication device
either sequentially recommends actions—recommending a price at Time 4 and a response
after Time 5—or recommends a response for each possible price at Time 4, instead of
recommending only a maximum acceptable price. However, these generalizations do
not affect the results, as long as the analysis is restricted to “acceptable communication
equilibria,” which will be defined shortly. The same remark applies to the mediated

bargaining game.

1.2.2 The mediated bargaining game

In the mediated bargaining game, the intermediary gives a take-it-or-leave-it price offer
to the traders, who then simultaneously decide whether to accept it. This game is
also equipped with a communication device, though its function differs slightly from
that in the seller-offer game. It now recommends a price to the intermediary, along
with a maximum acceptable price for the buyer and a minimum acceptable price
for the seller. Formally, the response recommendation now maps into R3; that is,

rMB(s,b) = (rlsv[B(s, b), rg’IB(s, b)), where rg/IB and rg/IB are recommendations to the seller

16



and the buyer, respectively. Let RMP denote the set of all such functions, and consider a
mediation plan yMB € A(Q x RMB).

The game proceeds as follows:

1. The seller and the buyer privately observe their type. Let (s, b) denote the realized

type profile.
2. They privately report their type § € @ and b € ® to the communication device.

3. A pure mediation plan (g, 7MP) € Q x RMP is drawn with probability uM® (g, rMB),

but the players do not observe which one is drawn.

4. The communication device privately recommends a price q(, ) to the intermedi-

MB

7B (s, 5) to the seller, and a maximum acceptable

ary, a minimum acceptable price r

price r¥B(3, b) to the buyer.

5. The intermediary offers a price p € R;.

6. The seller and the buyer simultaneously decide whether to accept the offer. If both
accept, trade occurs at the price p: the seller obtains (1 — 65)f — s, the buyer obtains
b — (1 + 6p)p, and the intermediary obtains (65 + 0p)f. If either party rejects, no

trade occurs and all players obtain a payoff of zero.

1.2.3 Equilibrium concept

A mediation plan is a communication equilibrium (CE) if no player can, ex ante, expect
to gain by misreporting their type or disobeying recommendations. I introduce the
notion of acceptable communication equilibrium (acceptable CE) as a refinement of CE. A
CE is said to be acceptable if its response recommendation prescribes the prices at which
the traders break even, given their reported types. Note that players who truthfully
report their type find it optimal to follow such recommendations, as doing so guarantees
nonnegative expected payoffs.

This refinement is motivated by the standard trembling-hand argument. To see this,

consider a pure mediation plan (g, 7°°) such that g(s,b) = p < b and r9(s, b) = p. In

17



this case, the players have no incentive to deviate. In particular, the seller does not
deviate because any price € (p, b] would be rejected. However, if the seller mistakenly
offers some price p € (p, b), the buyer is better off accepting it, implying that obedience
to (g,75°) is not robust to such trembles.!> By contrast, an acceptable CE is robust to

such perturbations.!

Acceptable CE in the seller-offer bargaining game

In the seller-offer bargaining game, the above-described response recommendation is
captured by 5%, defined as r°%*(s, b) = b for all (s, b) € Os X Og.
Let Ul.so(q) denote the ex ante expected payoff of trader i € {S, B} under pure

SO+ )

mediation plan (g, 7°°*) when all players are honest and obedient:

u€@)= > Pris,b)lq(s,b) = s]- Ligspsny,
(s,b)eOsxOp

uzl(q)= ), Pris,b)[b—qls,b)] g by,
(s,b)e@sxOp
where Pr(s, b) is the prior probability that the traders’ types are (s, b) and 1y, is the
indicator function.
A player may manipulate a mediation plan either by misreporting their type or
by disobeying the recommendation. The seller’'s manipulation is represented by

o

SO _ (Uso SO

SO. . . . . SO.
: 21,02 ), where 03;: 05 > Bgisa manipulation in report and 035 Os X Ry

— R, is a manipulation in offer. Let Zgo denote the set of the seller’s manipulations. If
the traders’ types are (s, b) and the seller manipulates (g, °°%) using ago € Zgo while
the buyer is honest and obedient, she reports ag?(s), is recommended q(ag?(s), b),
and offers p(s, b) = agg (s, q (aglo(s), b) ) The seller’s ex ante expected payoff from such

manipulation is thus

UP(go0P) = D5 Pris,b)[Fs,b) =] 10
(s,b)eOsxOp

13A similar argument can be made for the mediated bargaining game.
4This resonates with the notion of acceptable correlated equilibrium introduced by Myerson (1986a), hence
the name.
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The buyer’s manipulation is represented by 01530 = (Gg?, 02(2)), where 02?: Op — Op is
a manipulation in report and 02(2): Op X Ry — Ry is a manipulation in response. Let
Z%O denote the set of the buyer’s manipulations. If the traders’ types are (s, b) and the

buyer manipulates (g, 75%%)

using GISBO € Z%O while the seller is honest and obedient, the
buyer reports b(b) = og?(b), is recommended rso*(s, E(b)) = b(b), and accepts an offer
if and only if the price is smaller than or equal to p(b) = Ugg (b, E(b)) 15 The buyer’s ex

ante expected payoff from such manipulation is thus

uEO(q o G%O) = Z PI‘(S, b) [b — L](S, E(b))] . 1{q(s,5(b))§p(b)}'
(s,b)eOsxOp

A mediation plan p5© € A(Q X {rSO*}) is an acceptable CE if no player has a

profitable manipulation.'®

Definition 1.1. In the seller-offer bargaining game, a mediation plan ;5° € A(Q x {r5°*})

is an acceptable communication equilibrium if, for all i € {S, B} and all 0° € £°,
D ER@UP(q) = > p (U (g 0 65°). (1.1)
7€Q 7€Q

Acceptable CE in the mediated bargaining game

S
1-6s

In the mediated bargaining game, a type-s seller breaks even at the price ps(s) = and

b
1+6p°

a type-b buyer doesso at pp(b) = 17 Hence, the response recommendation described

at the beginning of this section is captured by rM?*, defined as r¥M5*(s, b) = (ps(s), pa(b))

The buyer’s manipulation could instead specify a response for each possible price. However, this
generalization does not affect the results, as long as the analysis is restricted to acceptable CEs.

16Note that in this game, every acceptable CE is a sequential communication equilibrium (SCE). Myerson
(1986b) defines SCE and shows that a CE is an SCE if and only if it never recommends a codominated
action to a player who has been truthful. Roughly speaking, an action is codominated if, whenever it is
recommended with positive probability, at least one player could expect to gain by manipulation after
being told to take that action. Given that r°°* recommends a maximum acceptable price equal to the
reported type, the buyer clearly has no profitable deviation if he reports his type truthfully, implying that
rSO* has no codominated action in its range. Hence, no 150 € A(Q x {r5°}) recommends a codominated
action to the buyer. Lemma 1.1 further implies that no acceptable CE recommends a codominated action
to the seller either, thereby establishing the equivalence between CE and SCE (see Footnote 18). A similar
argument can be made for the mediated bargaining game.

7Hence, any price p € [ps(s), pp(b)| is mutually acceptable for a type-s seller and a type-b buyer. Since
he (1,min{g—£, };—5}] implies 0 < ps(s1) < p(br) < ps(su) < pr(br), a mutually acceptable price exists if
and only if there is a gain trade.
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forall (s,b) € Os X Op.

Let V(g) denote the intermediary’s ex ante expected payoff under pure mediation

MB= )

plan (g, 7 when all players are honest and obedient:

V= ), Pr(sb)bs +08)3(5,b) ey iepatn)
(S,b)E@sX@B

Likewise, the expected payoff for each trader i € {S, B} is given by

(S,b)E@SX@B

ug/IB(q) = Z Pr(sl b) [b - (1 + 6B)q(5/ b)] : 1{ps(s)gq(5,b)§p3(b)}
(s,b)e®sxOp

The intermediary’s manipulation is represented by o;: Ry — R,. Let X; denote

MBs+ )

the set of the intermediary’s manipulations. If she manipulates (q, r using o1 € X

while the traders are honest and obedient, her ex ante expected payoff is

V(orogq) = Z Pr(s, b)(0s + 08)01(q(5, D)) - Ly (6)20,(q(s,0))<ps(d)}
(S,b)E@sX@B

The seller’s manipulation is represented by GISV[B = (02/{5, ag/éB), where GISV{B: Os — Og is

a manipulation in report and oMB: ®g xR, — R, is a manipulation in response. Let ZMB
p p S2 p S

denote the set of the seller’s manipulations. If he manipulates (g, *M?*) using o}'® € £}

while the other players are honest and obedient, his ex ante expected payoff is

UM (g 0 o}P) = Z Pr(s, b)[(1 - 65)q(3(s),b) — 5] - L102(s,p56(5))<q((5),b)<ps(b)}
(S,b)€®5><@B

where 3(s) = ag’{B(s). The buyer’s manipulation is represented by o}'® = (G%ﬁB, G%AZB),

where 011;/[13: ®p — Op and G%B: O xR, — R,. Let ):11\3/[13 denote the set of the buyer’s

MB) using oy

manipulations. If he manipulates (g, Be Z%AB while the other players are
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honest and obedient, his ex ante expected payoff is

uyP(goa)®) = >, Pris, b)[b -1+ 5B)f7(5z E(b))] "L ps(s)2q(s,50) <02 (b,ps(b(0)))}
(S,b)€®5X@B

where b(b) = O%B(b).

Definition 1.2. In the mediated bargaining game, a mediation plan uMB € A (Q X {rMB*})

is an acceptable communication equilibrium if:

1. For all o7 € X,

DM@V (g) 2 ) p@V (o1 0q); (1.2)
q€Q q€Q

2. Foralli € {S, B} and all G?AB € Z?/IB,

D M (uMB(q) = ) (UM (g 0 o)), (1.3)
7€Q q€Q

Remark 1.2. Strictly speaking, the communication revelation principle is established
only for finite games. To ensure the validity of the analysis, it is therefore necessary to
have finite sets of possible prices in both games. Discretizing the set of prices yields
qualitatively the same results. For clarity and brevity, however, I adopt a continuous

formulation throughout the chapter.

Remark 1.3. In both games, the players’ ex ante incentive compatibility (IC) constraint—
namely, (1.1) in the seller-offer bargaining game and (1.2) and (1.3) in the mediated
bargaining game—are satisfied if and only if the corresponding interim IC constraints
are satisfied; that is, no player has an incentive to deviate after learning their type or
receiving a recommendation. I thus focus on the interim IC constraints hereafter, as
they are more tractable.

Intuitively, if a player has a profitable manipulation in some interim scenario, I can
construct an ex ante manipulation that prescribes deviation only in that scenario and
otherwise follows the recommendation. Such a manipulation is clearly profitable ex

ante. Conversely, if a player has a profitable ex ante manipulation, then there must exist
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at least one interim scenario in which the player gains from deviating. This establishes

the equivalence between ex ante and interim IC constraints.

1.3 Preliminary Results

In both games, the player who proposes a price has a payoff that increases with the trading

price. Given the structure of the response recommendations under consideration—either

SO+ M

50 or ¥MB*_this provides an incentive to offer the highest acceptable price to the
buyer whenever there is a gain trade. Since the buyer has only two possible types, any
acceptable CE involves at most two different prices for type profiles with gains from
trade, which substantially simplifies the players’ IC constraints. This section formalizes

this observation and derives the players” IC constraints in both games.

1.3.1 Seller-offer bargaining game

As discussed above, any acceptable CE recommends that the seller offer either b;, or by.
In particular, no acceptable CE recommends the price by, to the high-type seller, since it
is not acceptable for him. This leads to the following necessary condition for acceptable

CE.1®

Lemma 1.1. A mediation plan u5° € A(Q x {r5°*}) is an acceptable CE only if it always

recommends the price by when the reported types are (sp, by) and recommends either by, or by

when the seller reports si. That is, for all q € supp(u5©),

q(sg, bu) = by,
(1.4)

q(sp,b) € {br, by} forall b € Op.

Proof. 1 prove the contraposition. Consider a mediation plan ‘uSO € A(Q X {rso*})

that violates (1.4) for some g € supp(u5°). I show that the seller has a profitable

18As can be inferred from the proof of the lemma, when the seller is recommended by, he cannot gain by
deviating if he believes that the buyer is sufficiently likely to be low type. Similarly, when recommended
by, he cannot gain by deviating either if he believes that the buyer is sufficiently likely to be high type.
This implies that the actions by, and by are not codominated. Therefore, no acceptable CE recommends a
codominated action to the seller.
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manipulation. If type s seller reports 5 and receives a recommendation p, his posterior

belief that the buyer is high type is

1B Xg: 966 br)=p 1°°()
7B Zq: q(G,ba)=p ‘uSO(q) + (1 - nB) Zq: q(,br)=p VSO(‘J) '

vO(by | 3,p) =

Assuming the buyer is honest and obedient, the seller’s expected payoff from offering p
is

p-s if p€[0,bL];

vy | 5,p)(p —s) ifp € (br, bul;

0 if p € (bg, +0).

First, suppose q(sH, by) = p # by. If the high-type seller reports his type truthfully
and receives a recommendation p, his posterior is vso(b H | s, p) > 0. He would thus
prefer to offer by. Next, suppose q(sp,b) = p € {br, by} for some b € Op. If the low-type
seller reports his type truthfully and receives a recommendation p, his posterior is
vO(by | sp,p) = 0. If p € (b, by) and v*O(by | s, p) > 0, he would prefer to offer by.

Otherwise, he would prefer to offer by. O

To further narrow down the candidates for acceptable CEs, consider the rec-
ommendation when the reported types are (sgy,br). Given any mediation plan
1> € A(Q x {rso*}), construct a modified mediation plan u5°* as follows. For each

q € supp(p°©), define 45°* € Q by

q(s,b) if(s,b) # (su,br);

by if (s,b) = (sg, br).

7% (s,b) =

Define u59 € A(Q x {r0*}) by setting 15°%*(450%) = u5°(q). That is, 150 is obtained
by modifying each g in the support of u5© so that the recommendation for (s, br) is

replaced with by, while leaving all other entries unchanged.

SO=

Two properties of u>~* make it without loss of generality to focus on the set of such

SO=

mediation plans. First, each g°%* eliminates profitable double deviations—misreporting

followed by disobedience—by the low-type seller and high-type buyer, which may exist
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under g. Thus, the players’ IC constraints under u°° are weakly more stringent than

SO« SO=

those under u5°*. Second, u°© and u5°* yield the same ex ante expected social surplus

when all players are honest and obedient.!® This leads to the following lemma.

Lemma 1.2. For any mediation plan uSC € A(Q x {r59*}), if uSC is an acceptable CE, then so

SO= SO

. Moreover, uS°© and uS°* yield the same ex ante expected social surplus when all players

is U

are honest and obedient.

Proof. Given Lemma 1.1, consider an arbitrary mediation plan u5© € A(Q X {rso*})
that satisfies (1.4) for all g € supp(u5©). By construction, both traders obtain the same

expected payoff under y°© and 5

if they are honest and obedient. Hence, it suffices to
show that 15C allows more room for profitable manipulation by both players than 150",
Let x}sﬂc}z and xlsi) denote the total probabilities under p5© that the price by is

recommended for the report (sg, br) and (sr, by), respectively:

SO SO
YHL = Z w>(q),
q: q(sp,br)=bn

ST SR e ()}

q:q(sp,bL)=by

SO«

Note that the latter probability is identical under p5© and 5" because the recommen-

dation for (sr, b1) remains unchanged.
As the difference between p5© and uS°* does not affect the IC constraints of the
high-type seller and the low-type buyer, it remains to show that those of the low-type

seller and the high-type buyer are (weakly) more stringent under 5° than under 50",

Low-type seller. Under p5, if the low-type seller misreports his type and receives
a recommendation p # by, he learns that the buyer is low type. Hence, his expected
payoff is maximized by either (i) offering by when the recommended price is by, and

offering by, otherwise; or (ii) offering by, regardless of the recommendation. His expected

9Since the trader pair (sg, br) never trades in equilibrium, modifying the recommendation for this
pair does not affect the expected social surplus.
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payoff from misreporting is thus at most

max{T(B(bH - SL) + (1 - 713)(1 - XIS_ICI)_)(bL - SL), by — SL}.

SO=

By contrast, under u>~*, his expected payoff from misreporting is at most

max{np(by —s.), br — s} (1.5)

because he always receives the recommendation by, and thus his expected payoff is
maximized by offering either by or by. Therefore, his IC constraint is (weakly) more

stringent under p5° than under p5%".

High-type buyer. Under 5, if the high-type buyer misreports his type, he can obtain
a payoff of by — by, when the seller is low type and offers the price by, which occurs
with probability (1 — 7s)(1 — x79). Moreover, if the seller is high-type, he may offer
a price p € [sH,bn), which the buyer can accept to obtain a strictly positive payoft.
By contrast, under 5%, such prices are never offered by the high-type seller if he is
obedient. Formally, the high-type buyer’s expected payoff from misreporting under u5°

is at most

(1= ms)(1 = xQ) by —br) + 715 > )
pelsibu) 4: alsi br)=p

while under yso*, it is

(1= 71s)(1 = x7p)(bn — b). (1.6)
Therefore, his IC constraint is also (weakly) more stringent under u°© than under p5°*.

Finally, consider the ex ante expected social surplus. Since the trading price cancels

out, the realized social surplus from a trade between types (s, b) is simply b — s. Hence,
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the ex ante expected social surplus under u5© is given by

Z Pr(s, b) Z HSO(‘])(b —s)- 1{q(s,b)sb}

(s,b)e@sxOp q€Q
= ngmp(by — su) + (1 — ms)mp(by — sp) + (1 — ms)(1 — mp)(1 — x79)(br, — ).

SO

SO+
HL” :

This expression does not depend on x7, the only difference between u5° and u

Therefore, the expected social surplus is identical under both mediation plans. O

IC constraints

By Lemma 1.2, it suffices to focus on u5°*, which is constructed from some mediation

plan ySO € A(Q X {rso*}) that satisfies (1.4) for all q € supp(yso). As in the proof

SO

of Lemma 1.2, define x{

as the total probability under uS5° that the price by is

recommended for the report (s, by):

ST SR )}

q: q(s.,br)=by

As in the case of x5°

o0, this probability is identical under y5° and p5°* because the

recommendation for (s;, by) remains unchanged. Then, the players’ IC constraints

SO and x5©, as shown below.

SOx . . Cye .
under u>-" can be expressed as linear inequalities in x7 LL’

High-type seller. If the high-type seller is honest and obedient, he obtains a positive
payoff only when the buyer is also high type. In that case, he offers the price by and
obtains by — sy, yielding an expected payoff of mg(by — sg). He cannot do better if
he reports his type truthfully. If he misreports his type, offering by remains his best
option—yielding the same expected payoff mp(by — sg)—because trading with the

low-type buyer never yields a positive payoff. Thus, his IC constraint is trivially satisfied.

Low-type seller. If the low-type seller is honest and obedient, he obtains by — s;, when

the buyer is high type and the recommended price is by, and obtains b; — s, when the
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recommended price is by, regardless of the buyer’s type. Hence, his expected payoff is

g |75 (b — sp) + (1 — xP9)(br — sp)] + (1 — mp)(1 — xP9)(br, — s1).

Combined with (1.5), he has no incentive to misreport his type if

g [ x5 Dby — sp) + (1 — xP9)(br — sp)] + (1 — mp)(1 — xP9) (b — s1)

> max{mp(by —s.), b — st} (SO-ICs))

Now, suppose that he reports his type truthfully and receives the recommendation by.
50
7B H

S (-0 Hence, he follows the

His posterior belief that the buyer is high type is

recommendation if 2°

SO
TBX1
by —sp) > by —s
o0 + (1 n)xSO(H L) > b —st
— T(BXLH(bH -b)>(1- ﬂB)in)(bL —SL). (SO-ICs, -1)

nB(l—ng)
np(1-x7%)+(1-mp)(1-x79)

Similarly, if he receives the recommendation by, his posterior is

Hence, he follows the recommendation if

SO
LH

7'(3(1—x )+(1 T(B)(l—x

mig(l — x
by —sp > B(

so-(bH —s1)

— (1-7np)(1- xLL)(bL —sp) > mp(l- x )(bH —byp). (SO-ICSL-Z)

Note that (SO-IC;, ) is equivalent to (SO-IC;, -1) if np(by —s1.) < br—st, and to (SO-ICs, -2)

otherwise.

High-type buyer. If the high-type buyer is honest and obedient, he obtains a positive

payoff of by — by, only when the seller is low type and offers b;, yielding an expected

20As discussed in the proof of Lemma 1.2, it suffices to show that he prefers offering by over b;. Similar
argument applies to the recommendation by..
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payoff of (1 — ms)(1 - xlsﬁ)(bH — br). Combined with (1.6), his IC constraint is
(1—ms)(1 =7 (b —br) = (1 - s)(1 — 239) by — b)) &= 0 > 279, (SO-ICy,,)

Low-type buyer. The low-type buyer obtains zero expected payoff if he is honest and
obedient. As the seller only offers by, or by, no manipulation yields him a positive

expected payoff. Thus, his IC constraint is trivially satisfied.

Therefore, any u5° satisfying (SO-IC;, ) and (SO-ICp,,) is an acceptable CE.

1.3.2 Mediated bargaining game

For the mediated bargaining game, analogs of Lemmas 1.1 and 1.2 can be established.
Their proofs closely follow the original ones and are omitted in the main text.

First, any acceptable CE recommends that the intermediary offer either pp(br)
or pp(by) whenever there is a gain trade.?! The key difference from the seller-offer
bargaining game is that the recommendation for the report (sy, by) is not necessarily
the higher price, pp(bg), since the intermediary does not know the seller’s type and may

have an incentive to offer pg(byr).

Lemma 1.3. A mediation plan yMB € A(Q x {¥M®*}) is an acceptable CE only if it al-

ways recommends either pp(br) or pp(br) whenever there is a gain trade. That is, for all

q € supp (u™F),
q(s,b) € {pp(br), psbr)}  forall (s,b) € Os x Op \ {(s, br)}- (1.7)
Proof. See Appendix A.1. O

Intuitively, when the traders follow rMB*

, trade occurs if and only if the intermediary
offers a mutually acceptable price. Thus, she clearly has an incentive to offer the

highest acceptable price—either pg(br) or pp(br). Therefore, if a mediation plan were

2IRecall that pp(b) is the price at which a type-b buyer breaks even.
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to recommend a price other than these two, the intermediary would have an incentive

to deviate from the recommendation.

As in the seller-offer bargaining game, it is without loss of generality to focus on
the recommendations to (s, br) that eliminate the possibility of profitable double
deviations. Specifically, fix some pyr, € (pB(bH), +<>o), and for any mediation plan
pMB e A(Q x {rMB*}), construct a modified mediation plan uM®* as follows. For each

q € supp(uMP), define gMP* € Q by

MB(s, b) = qg(s,b) if(s,b) # (su,br);

PHL if (s,b) = (sy, br).

Define puMP* by setting uMP*(qMB*) = uMPB(g). That is, uMP* is obtained by a similar

modification as in the case of 5

, except that the recommendation for (s, br) is now
replaced with pyr, which is not mutually acceptable for any trader pair. Compared to
the original mediation plan, the modified plan uMB* entails weakly less stringent IC

constraints and yields the same ex ante expected social surplus when the players are

honest and obedient. This leads to the following lemma.

Lemma 1.4. For any mediation plan yMB € A(Q x {rMB*}), if uMB is an acceptable CE, then

MB=

so is uMB*. Moreover, u™M® and uMP* yield the same ex ante expected social surplus when all

players are honest and obedient.

Proof. See Appendix A.2. O

IC constraints

By Lemma 1.4, it suffices to focus on yMB", which is constructed from some mediation

plan uMB € A(Q X {rMB*}) that satisfies (1.7) for all g € supp (yMB). As in the seller offer

MB .,.MB

bpr Y- and x%{B denote the total probability under uMP that the

bargaining game, let x
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price pp(bp) is recommended for the report (sy, by), (1, by), and (s, br), respectively:

= D, #Ma@),
q: q(sm,br)=pp(by)
S D SN e ()

q: q(st,br)=pp(by)

W= ) W)

q: q(sr,br)=pa(bn)

MBs«

These probabilities are identical under yMP and yMP* because the relevant recommenda-

tions remain unchanged. Then, the players’ IC constraints under uMB* can be expressed

MB ,.MB

X and xMB  as shown below.

as linear inequalities in x LH LL

High-type seller. If the high-type seller is honest and obedient, he obtains a payoff of
(1-06s)pp(bH) —su = bTH — sg when the buyer is also high type and the price pp(by) is
offered. In all other cases, he cannot obtain a positive payoff. If he misreports his type,
he can obtain the same payoff only in the same scenario. Thus, he has no incentive to

misreport if 22

b b
angg(TH _ SH) > anyg(WH _ SH) s M 5 VB (MB-IC.,,)
Low-type seller. If the low-type seller is honest and obedient, he obtains a payoff of
(1-06s)pp(bH)—sL = %” — s;, when the buyer is high type and the price pp(bg) is offered,
and (1 — 6s)pp(br) — s = bTL — s when the price pp(br) is offered, regardless of the
buyer’s type. If he misreports his type, he can still obtain the same payoffs when these
prices are offered, but they may be offered only when the buyer is high type. Hence, his
expected payoff from misreporting under u™P* is at most

wmp DH (1 _ xMB) br

T(B xHHT—i_ HH W_SL .

Z2Recall that if the traders report their type truthfully, they cannot do better than following the
recommendation MP*. Hence, it suffices to show that they have no incentive to misreport.
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Thus, he has no incentive to misreport if

g x%ﬁ% +(1- x%ﬁ)% —sp|+ (1 —mp)(1—xMB (%L - sL)
b b
> mp x%IAEI?H +(1- x%ﬁ)% —sL
= (1-np)(1 - xMP)br — hsp) = mp(xME — xM2) by — br). (MB-IC, )

High-type buyer. If the high-type buyer is honest and obedient, he obtains a payoff
of by — (1 + 6B)pe(bH) = by — by, when the seller is low type and price pp(br) is offered.
In all other cases, he cannot obtain a positive payoff. If he misreports his type, he can
obtain the same payoff only in the same scenario. Hence, his expected payoff from

misreporting under upM5* is at most
(1= 7s)(1 = x1°)(bn ~ br).
Thus, he has no incentive to misreport if

(1—ms)(1 = xMB) by —br) = (1 - ms)(1 = x2MP) (b — b)) &= xMB > 2MP. (MB-ICy,,)

Low-type buyer. The low-type buyer obtains zero expected payoff if he is honest and
obedient. As the intermediary only offers pp(br) or pp(by), no manipulation yields him

a positive expected payoff. Thus, his IC constraint is trivially satisfied.
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Intermediary. If the intermediary receives the recommendation pg(by), her posterior

beliefs about the traders’ types are as follows:

MB
TISTIBX
vMB(sy, by | pa(ba)) = D—HH
by
(1 - mtg)mpaMB
vWMB(sp, by | pe(bp)) = D 1,
by
(1-ms)(1 - mp)xMP
vWMB(sp, by | pe(br)) = D L,
by

vWMB(syy, by | pe(ba)) =0,

where Dy, = nsngx%g +(1- ns)ngxﬁg + (1 -mg)(1 - nB)xlli{B is the total probability
that the price pp(by) is recommended. She follows the recommendation if she prefers

offering pp(by) over pp(br):

[vMB(s, ber | pe(br)) + vMP(sy, by | pe(br))| (65 + 68)pa(bH)
> [vMP(sp, b | ps(bm)) + v™MP(st, br | pe(br))| (6s + 68)pa(br)

— nganI\H/II]_sIbH +(1- ng)anllz/g(bH —br)>(1-ms) - nB)xﬁBbL. (ICmt-1)

Similarly, if she receives the recommendation pp(br), her posterior beliefs are:

HsﬂBOn—xMB

vWMB(sy, by | pa(bL)) = ) -
by

(1 - 7g)mp(1 — xMB)

vMP(sp, by | pa(br)) = D =,
by

(1-mg)(1 —mp)(1 —xMP

vMP(sp, br | pa(br)) = D L,
br

vWMPB(sy, by | pe(br)) = 0.

where Dy, = nsmp(1— x%ﬁ) +(1=mg)mp(l— x%ﬁ) +(1-7ms)(1—mp)(1 - x%/[LB) is the total

probability that the price pg(br) is recommended. She follows the recommendation if
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she prefers offering pp(br.) over pr(bn):

[vMP(s, b | pa(br)) + vMP(st, by | pe(br))] (65 + 68)pa(bL)
> [vMP(sy, by | pa(br)) +v™P(sy, by | pa(bL))] (85 + 68)pa(bH)
= (1-ns)(1-mp)(1 - 2P)by,

> msmp(1 — xpp)br + (1 — ms)mp(1 — xp) (b — br). (ICnt-2)

Finally, if she receives the recommendation pyi, she learns that the traders’ types
are (sg, br). Since there is no mutually acceptable price in this case, she has no incentive

to deviate from the recommendation.

Therefore, any yMB* satisfying (MB-ICs,,) (MB-ICs, ), (MB-ICy,,), (ICint-1), and (ICin¢-2)

is an acceptable CE.

1.4 Bound on the Ex Ante Expected Social Surplus

As the IC constraints derived in Sections 1.3.1 and 1.3.2, as well as the ex ante expected

SO — (xSO SO

: . . MB _ (.MB .MB ..MB
social surplus, are linear in x> = Th’ XiL, = (

) or x Xy X1t X1 ), the upper

bound on the expected social surplus achievable in acceptable CEs can be computed by
solving the corresponding linear program.

In this section, I focus directly on the second-best (SB) case, where ex post efficiency
cannot be achieved in any acceptable CE, and omit a detailed analysis of the conditions
under which ex post efficiency can be achieved, as this is tangential to the main message
of the chapter. Instead, I briefly outline the intuition here. First, the definition of ex
post efficiency—that is, trade occurs if and only if the buyer has a higher valuation—
immediately determines the price recommendation for the report (s, br) (and also for
(sH, by) in the mediated bargaining game), since only one of the two possible on-path
prices—b;, and by in the seller-offer bargaining game, and pg(br) and pg(by) in the
mediated bargaining game—is mutually acceptable. The low price (by, or pp(br)) must

be recommended for (sr,, by), and the high price pg(by) for (sy, by ). It then follows that
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the recommendation for (s1, by) must always be the low price; otherwise, the high-type
buyer would have an incentive to misreport his type to obtain it.>’

Having identified the candidate mediation plans, it remains to find the conditions
under which they constitute an acceptable CE. In the seller-offer bargaining game, it is
straightforward to see that the low-type seller must believe that the buyer is sufficiently
likely to be low type; otherwise, he would deviate and offer the high price by even
when recommended the low price b;. In the mediated bargaining game, the only
nontrivial IC constraints are those of the low-type seller and the intermediary. The
low-type seller can obtain the low price pp(br) by being honest and obedient. However,
if he misreports his type, he obtains the high price pg(by) when the buyer is high type.
Similarly, when the intermediary is recommended the low price, trade occurs with
certainty if she follows the recommendation. But if she deviates and offers the high
price instead, she obtains a higher commission when the buyer is high type. To deter
such misreporting and deviation, both the seller and the intermediary must believe
that the buyer is sufficiently likely to be low type. This requirement imposes an upper
bound on the prior probability 7t that the buyer is high type, which depends on the

1+03p

ratio /1 = 1= in the mediated bargaining game. A formal analysis (omitted for brevity)

leads to the following proposition.?*

Proposition 1.1. There exists an acceptable CE that achieves ex post efficiency under the

following conditions:

1. in the seller-offer bargaining game if and only if tp < %; and

2. in the mediated bargaining game if and only if mp < SE:ZSSLL .

2That is, the candidate mediation plans are x5° = (0,0) in the seller-offer bargaining game and
xMB = (1,0,0) in the mediated bargaining game. Substituting these values into the respective IC
constraints confirms the argument in the next paragraph and establishes the proposition that follows.

241 can also consider a purely benevolent intermediary who takes no commissions and aims to maximize,
say, the expected trade gain. In this case, ex post efficiency can be achieved under a weaker condition,
suggesting that even slight commissions may undermine the possibility of achieving ex post efficiency.
This condition coincides with that identified by Matsuo (1989) for the existence of a Bayesian incentive-
compatible, individually rational, and ex post efficient trading mechanism in a binary-valuation version
of the Myerson and Satterthwaite (1983) setting. It thus follows that if the intermediary is unbiased,
neither commitment nor enforcement power is necessary to achieve ex post efficiency. This is because,
regarding commitment, a benevolent intermediary can be incentivized to offer any mutually acceptable
price, thereby effectively acquiring commitment. As for enforcement, ex post individual rationality is
satisfied even in Matsuo (1989), so no enforcement power is required.
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Note that the condition 7 < 5 — };ISL can also be interpreted as imposing an upper

bound on the ratio %, denoted by hFf:?5

bp—hsL _ o br_me(bn-bl) _ ¢

Tg <

B = bH hSL SL (1 —7'(B)SL
Intuitively, for a fixed mp, an increase in h reduces the seller’s payoff in all circumstances
through a decrease in the equilibrium prices pg(br) and pp(br). However, if g is
sufficiently small (specifically, if g < 7-), his equilibrium payoff decreases faster than
his maximum payoff from misreporting, making deviation more attractive. Hence,
the ratio 1 must be small enough to deter the low-type seller from misreporting. It is

straightforward to verify that i*f < 1 & np > 5:1 _SL Since h > 1, ex post efficiency

cannot be achieved if the buyer is ex ante sufficiently likely to be high type. This is

consistent with the argument preceding Proposition 1.1.

1.4.1 Second-best outcome in the seller-offer bargaining game

L—

First, consider the seller-offer bargaining game. Assume 7p > 5 so that ex post

efficiency cannot be achieved in any acceptable CE. As discussed in the proof of

SO=

Lemma 1.2, for any u>+*, the ex ante expected social surplus is given by

nsnp(by — su) + (1 — ms)mp(by — sp) + (1 — ms)(1 — mp)(1 — x79)(br — s1)

Therefore, the acceptable CE that maximizes the expected social surplus can be computed

SO _ ( SO SO)

by solving the following linear program in x X7 R XL

SO
min Xx LL

x50¢[0,1]2

subject to  (SO-IC;, ) and (SO-1Cy,,).

It is straightforward to verify that the constraint set contains only xS0 = (1,1), which is

then automatically the solution to the linear program. Hence, in the SB acceptable CE,

The superscript “Eff” stands for ex post efficiency.
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the seller always offers the price by whenever there is a gain from trade. This leads to

the following proposition.

5 IL;SSLL , in the unique acceptable CE of the seller-offer bargaining game,

Proposition 1.2. If g >
the traders (sg, by) and (s1, by) trade at the price by with probability one, while (s, by ) do not

trade with probability one.

Proof. See Section A.3. O

As discussed in Section 1.3.1, in any acceptable CE, the high-type seller never offers

br—st

the low price by, since doing so would yield him a negative payoff. If mp > 7=,

even the low-type seller cannot be incentivized to offer this price because the buyer is
sufficiently likely to be high type; he would prefer to offer the high price by, expecting
the high-type buyer to accept it.

1.4.2 Second-best outcome in the mediated bargaining game

Next, consider the mediated bargaining game. Assume h > i so that ex post efficiency

MB=

cannot be achieved in any acceptable CE. For any u™**, the ex ante expected social

surplus is given by 2°

Z PI‘(S, b) Z #MB*(q)(b - S) : 1{p5(s)Sq(s,b)SpB(b)}

(s,0)€@sxOp 7€Q
= nsmp(by — sp)xpgy + (1 — ms)mp(by — s1) 18)
+ (1= 7s)(1 = mp)(br = s1)(1 = 1)
Thus, the relevant linear program is
max (1.8)
xMBe[0,1]3 (MB-P)

subject to (MB-ICs,,), (MB-ICs, ), (MB-1Cy,,), (ICint-1), and (ICyn-2).

26Since the trading price and commissions cancel out, the realized social surplus from a trade between
types (s, b) is simply b — s.
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Note that, by construction, trade occurs with probability one for the pair (sz, by). Thus,
the trade-off lies between the expected social surplus ntsmp(by — s H)x%\_IAI]_BI generated
by the high-type pair (sy, by) and (1 — 7ts)(1 — ) (b —sp)(1 - xlﬁ{B) generated by the
low-type pair (sz, br.).

For the sake of exposition, I focus on the case where the primitives satisty the

following four conditions:
Cl. by —syg > by —sy;
c2. s b—L;
C3. mg > %; and
C4 . h] h[*K
. Mg < minym, (1ts), g (Tis) ¢,

where

7'Ch](7'c ) _ ﬂst(bL - SL) + (1 - T(s)(bH — bL)bL

BYS) T bplms(bp — sp) + (1 — 7i5) (b — br)]

mex, _  (br—s)[ns(by —sp) + (1 — ms)(by — br)]
7—(B (T(S) =

nts(by — sy)(by —sp) + (1 = ms) (b — b)(bp —s1)

C1 implies that the social surplus generated by the high-type pair (sg, by) is higher

than that generated by the low-type pair (sz, br). C2 is a technical condition that implies

min{S—L, b—H} = % which is the upper bound on the ratio & below which a mutually
L” SH SL

acceptable price exists if and only if there is a gain from trade.”’ C3 implies that the
intermediary has a stronger incentive to deviate when the recommended price is pp(br.)

).28 C4 is also a technical condition that ensures the threshold 1* in

rather than pp(by
the next proposition exceeds one, so that the condition # < h* has substantive meaning.
With the exception of one case noted in Footnote 29, the qualitative result remains the

same even when any of C1-C3 fails to hold.”’

27See Footnote 17.

2Gee the proof of Proposition 1.3.

P The analysis of the other cases is provided in Section A.5. There is one case in which trade occurs
with probability less than one for both pairs (sg, by) and (sz, by) if h exceeds the threshold. See Case 5
therein for details.
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Proposition 1.3. Assume h > h™f and C1-C4. Then, there exists a threshold h* for the ratio h

such that in the SB outcome:

1. If h < I, the traders (su, by) trade at the price pp(bm) with probability less than one,
while the traders (s, by) and (sp, br) trade at the price pp(br) with probability one. The

associated ex ante expected social surplus is decreasing in h.

2. If h > h*, the traders (sg, by) and (sp, by) trade at the price pp(by) with probability one,
while the traders (s1,, br) do not trade with probability one. The associated ex ante expected

social surplus is constant in h.
Moreover, the ex ante expected social surplus in Case 1 is weakly higher than in Case 2.

Proof. See Section A 4. m]

Recall that the unique candidate for an acceptable CE that achieves ex post efficiency
is xMB = (1,0, 0); that is, always recommending the price pp(bg) to the report (sy, by)
and the price pg(by) to the reports (51, by) and (sr, br). This mediation plan is not an
acceptable CE when h > hFff because the low-type seller would misreport to obtain the

high price pg(br). Given the expression (1.8), the expected social surplus close to the ex

MB

post efficient level may be achieved by reducing xpy;,

the probability of recommending

the high price for (sy, by), to deter the low-type seller from misreporting. Indeed, the

MB

first regime in Proposition 1.3 is obtained by keeping xM¥ = x}]

= 0 and decreasing

xll\{/[g from 1 until (MB-IC;, ) binds.

MB = 0,

Let x%ﬁ* denote the value of x%l/[g at which (MB-IC;, ) binds when x%ﬁ = XL

Under the mediation plan (x%[g*, 0, O), the traders have no incentive to deviate. However,
the intermediary may deviate and offer the price pp(by) when the recommendation is
pe(br); that is, (ICi¢-2) may not be satisfied. Note that she follows the recommendation
pp(br) only if she sufficiently believes that the seller is unlikely to be high type, who

would reject pp(br). This belief is reinforced as the probability of recommending pp(br.)

MB=
HH

MB=

HH above

for (sm, br), given by 1 — x5, becomes smaller, implying a lower bound on x

which (x%I/II]?I*, 0, O) is incentive compatible for the intermediary.30 As can be seen from

30Recall that C3 ensures that she follows the recommendation pp(by) whenever she follows the
recommendation pp(br).
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MB-IC,, ), xMB* is decreasing in h.3! Therefore, there exists an upper bound on / below
L) *HH & pPp

which (xMB* 0,0) is an acceptable CE. Since the equilibrium probability of trade for
HH p q p y

sy, by), given by xMB* is decreasing in &, so does the expected social surplus.
24 Y Xgu g P P

If h exceeds the threshold, (xgg*, 0, O) is no longer an acceptable CE because the
intermediary would prefer to deviate and offer pp(by). In this case, she believes that
the seller is sufficiently likely to be high type, and the gain from higher commissions
becomes too large to ignore.’?> As a result, she always offers pg(by) whenever there
is a gain from trade. Since the equilibrium trade probability is independent of &, the
expected social surplus is constant in /1. The expected social surplus is weakly higher in

the first regime, where h is below the threshold, indicating that an intermediary with

high commission costs may reduce efficiency.

Finally, I compare the SB outcomes in the seller-offer bargaining game and the
mediated bargaining game. Propositions 1.2 and 1.3 implies that the SB level of expected
social surplus coincides in the two games when the ratio i exceeds the threshold. This
is because, when # is large, the intermediary is incentivized to always offer the high
price, just as the seller does in the SB outcome of the seller-offer bargaining game. This

leads to the following corollary.

Corollary 1.1. If g > SIL{%SLL and h < h*, the mediated bargaining game can achieve a higher

ex ante expected social surplus in an acceptable CE than the seller-offer bargaining game.

Thus, even when the intermediary is biased, her mediation can improve the efficiency
of the bargaining outcome. This result provides a rationale for the widespread use of

intermediaries in bargaining, even when their bias is common knowledge.

31As discussed in the paragraph following Proposition 1.1, an increase in & makes deviation more
attractive for the low-type seller because C4 implies g < g_;} To deter him from misreporting, it is

therefore necessary to decrease xMp so that (MB-IC;, ) remains binding.
32If C4 fails to hold, then the buyer is sufficiently likely to be high type that the intermediary offers

pe(bu) even when 1 is close to one.
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1.5 Conclusion

This chapter has examined how a biased intermediary who lacks both commitment and
enforcement power can affect bargaining outcomes. To this end, I considered a minimal
departure from a seller-offer bargaining game by introducing a weak intermediary—one
who shares interests with the seller, possesses the same instruments as the seller, and
has no private information. The main result shows that even such a weak intermediary
can improve the efficiency of the bargaining outcome, providing a rationale for the
widespread use of intermediaries, even when their bias is common knowledge.

The main result generalizes to other payoff specifications. What is essential is that
the intermediary strictly prefers trade to no trade and that her payoff increases with the
price. Combined with her lack of commitment, this creates an incentive to offer only the
buyer’s maximum acceptable prices. For example, consider the following specification:
if the traders’ types are (s, b) and they trade at a price p, then the seller obtains p —s,
the buyer obtains b — p, and the intermediary obtains a(p —s) + (1 — a)(b — p), where
ae[0,1]. Iface (%, 1] , I can obtain qualitatively the same results. This specification
aligns with the setting of Loertscher and Marx (2022), who study bilateral bargaining
and model the market as a mechanism that maximizes the expected weighted welfare of
the firms (sellers and buyers). In this sense, the intermediary can be interpreted as an
explicit agent implementing part of the market mechanism. Alternatively, suppose that
the traders’ payoffs remain as above, but the intermediary obtains a(p —s) if trade occurs
and —c otherwise, where ¢ € R,. Then, as long as a > 0, qualitatively the same results
hold. This setup aligns with that of Kydd (2003), who studies a biased intermediary in
the context of international relations.

An interesting extension would be to move beyond binary types while maintaining
the private-value assumption. Although the binary structure plays a role in the current
analysis, the key forces remain in more general settings—namely, that the player making
the offer is incentivized to propose only the buyer’s maximum acceptable prices, and
that the seller never offers a price below his own valuation.

Another promising direction is to endogenize the commission structure. Throughout
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the chapter, the commission rates were assumed to be exogenously fixed. However, in
light of recent reforms in the U.S. real estate industry (see Footnote 2), allowing the
traders and the intermediary to bargain over the commission rates would be a natural
extension and could contribute to the ongoing policy debate. I plan to explore these

extensions in future research.
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Appendix to Chapter 1

This appendix is divided into several sections. Section A.1 provides the proof of
Lemma 1.3. Section A.2 provides the proof of Lemma 1.4. Section A.3 provides the
proof of Proposition 1.2. Section A.4 provides the proof of Proposition 1.3. Section A.5
characterizes the SB outcome in the mediated bargaining game when any of C1-C3 fails

to hold.

A.1 Proof of Lemma 1.3

I prove the contraposition. Consider a mediation plan uMB € A(Q x {rMB*}) that violates

(1.7) for some q € supp(uMB). Ishow that the intermediary has a profitable manipulation.
Suppose that the intermediary receives a recommendation p ¢ {ps(br), ps(bn)}. Her

posterior belief that the traders’ types are (s, b) is

Pr(s,0) Xy g(s )=p 1V°(4)
Z(§,E)E@5X@B Pr(§/ b) Zq; q(glg):p [JMB(CI)

wWMB(s,b | p) =

By assumption, at least one of vMB(sy, by | p), vMB(s., by | p), or vMB(s, by | p) is
positive. Assuming that the traders are honest and obedient, if the intermediary offers a

price p, her expected payoff is

[VMB(sL, brr | p) + vMB(sy, br | p)|(6s +08)p  if p € [ps(se), p(br)];
VMB(SL, bH | p)(65 + 63)}5 lfﬁ € (pB(bL)/ pS(SH))}
[vMB(sp, by | p) +vMB(sp, by | p)|(8s + 6p)p  if p € [ps(sn), pa(br)];

0 if p ¢ [ps(sL), pe(bm)].
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In any case, she can gain by deviating to either pg(br) or pg(bm). O

A.2 Proof of Lemma 1.4

Given Lemma 1.3, consider an arbitrary mediation plan yMB € A(Q x {rMB*}) that

satisfies (1.7) for all g € supp(uMP). By construction, all players obtain the same

MB=

expected payoffs under uM® and yMB* if they are honest and obedient. Hence, it suffices

to show that u™MP allows more room for profitable manipulation by all players than M5

MB
HH

MB
and X1

As in the seller-offer bargaining game, let x denote the total probability
under [JMB that the price pp(by) is recommended for the report (sy, by) and (st by),

respectively:

D YN G ()
q: q(su,br)=pp(bn)

ar= ), W@

q:q(sp,bL)=pp(by)

Note that these probabilities are identical under uM® and yM®* because the recommen-

dations for (sy, by) and (st by ) remain unchanged.

MB+ qoes not affect the IC constraints of the

As the difference between uMP and u
high-type seller, the low-type buyer, and the intermediary, it remains to show that those
of the low-type seller and the high-type buyer are (weakly) more stringent under y™?

than under pMB*.33

MB+ he can obtain a

Low-type seller. If the low-type seller misreports his type under u
positive payoff only when the buyer is high type; he can obatin (1-6s)pp(bx)—s1 = bTH -sL

if the price pp(bp) is offered and (1 — 6s)pg(bL) — s = %L — sy, if pp(br) is offered. Hence,

33This is because, for the high-type seller and the low-type buyer, the price q(sy, by) appears in their
expected payoff only when they report their type truthfully, in which case they cannot do better than
following rMB*_ For the intermediary, if she receives the recommendation g(sy, br), she learns that trade
never occurs for this trader pair, and hence following the recommendation is optimal.
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his expected payoff from misreporting under uM5* is at most

ms DH (1 — xMB)b—L — S,

B XHH, + HH) 7,

Under uMB, he may additionally obtain a positive payoff when the buyer is low type
and the intermediary offers a price p € (ps(s.), pg(br)]. Thus, his expected payoff from

misreporting under uM8 is at most

7B

AR (1= s

+Q-m) > > M@ -ossp-si],

pe(ps(sL)p(b)] 9: 9(subL)=p

where the second term is nonnegative. Therefore, his IC constraint is weakly more

stringent under yMP than under pM®?*.

High-type buyer. If the high-type buyer misreports his type under uMP*, he can obtain
a payoff of by — (1+ 6B)pp(br) = by — by, when the seller is low type and the price pg(br)
is offered. In all other cases, he cannot obtain a positive payoff. Hence, his expected

payoff from misreporting under uMB* is at most
(1= 75)(1 = x717) (b = br).

Under uMP, he may additionally obtain a positive payoff when the seller is high type
and the intermediary offers a price p € [ps(sn), pg(bn)). Thus, his expected payoff from

misreporting under uMP is at most

(A -ns)(1 = )Y by —br) +7s ). S M) [ - 1+ 5p)p],
pe[ps(su).pe(bn)) 9: 4(su,bL)=p

where the second term is nonnegative. Therefore, his IC constraint is also weakly more

stringent under uMP than under M5

Finally, consider the ex ante expected social surplus. Since the trading price and
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commissions cancel out, the realized social surplus from a trade between types (s, b) is

simply b — 5. Hence, the ex ante expected social surplus under uM® is given by

Z Pr(s,b) Z MMB(CI)(b -s)- 1{p5(s)5q(s,b)SpB(b)}

(s,b)e@sxOp qeQ
= ngnpxyp (b — su) + (1 — ms)mp(by — si)

+ (1= ms)(1 = mp)(1 = xP)(br — s1),

MB

it and xM

which depends only on x implying that the expected social surplus is

LL’

identical under both mediation plans. m]

A.3 Proof of Proposition 1.2

I show that x5°© = (1,1) is the only point that satisfies the IC constraints. When

g > bL SL , (SO-IC,) is equivalent to (SO-IC, -2), which can be rewritten as
SO mp(by —bL) ( so)
xp <1- 1-x7g). A9
L (1 - mp)(bL —sL) LH (A9)
In xi% ECL) space, (A.9) defines the region below a linear function that passes through

(1,1) and has a slope greater than one. At the same time, (SO-ICy,,) defines the region
above the 45-degree line. Thus, the only point satisfying both constraints is x°© = (1, 1).

O
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A.4 Proof of Proposition 1.3

Solving the linear program

Assume h > hFff and C1-C4. Rearranging the constraints, (MB-P) can be written as

follows:3*

max 7snp(by — sg)xun + (1 — ms)mp(by — sr)
x€R3

+ (1= ms)(1 = mp)(br — sp)(1 - x11)
subjectto g1(x) = xgg — xLp = 0

(%) =x1L — x>0

g3(x) = (1 — mg)(br — hs)(1 — x1L)
— np(by — br)(xun — xLm) 2 0

ga(x) = msmpbyxnn + (1 — ms)mp(by — br)xn — (1 — ms)(1 — mp)brxL = 0

g5(x) = —msmpbH (1 — xpn) — (1 — 7s)mp(by — br)(1 — xLH)
+(1—ms)(1 —mp)br(l—xL) =2 0

ge(x)=1-xgg >0

g7/(x)=1-xp =0

g(x)=1-xL >0

go(x) = xpH = 0

gio(x) = x> 0

g11(x) = x L > 0.

Let A; denote the Lagrange multiplier associated with g;. By the KKT conditions, x € R3
is the solution if and only if there exists A € R}! such that (x, 1) satisfies the following

conditions:

Primal feasibility. gi(x) > Oforallie {1,...,11}.

34For notational simplicity, the superscript “MB” is omitted in the proof.
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Dual feasibility. A; >0foralli e {1,...,11},and

nisig(by — sy) + A1 — (b — br)As + smpby(Ag + As) — A+ Ag =0 (A.10)
— A = Ay + mp(by — br)As + (1 — 1ts)mp(by — br)(As + As) — A7 + Ao =0 (A1)
— (1= mg)(X —mp)(bL —s1) + A2 — (1 — mp)(br — hsp)A3

(A12)
— (1 -ms)(1 = mp)br(Ag + As) — Ag + A1p = 0.

Complementary slackness. A;gi(x) =0foralli e {1,...,11}.

To simplify the exposition, I introduce the following notations:

o= (1 = mg)(br — hsy)
HH ng(by —br)

] = msmpby + (1 = mts)mp(by — br) — (1 = 1s)(1 — 7p)by,

K = msmpsy(1 — xpyy) + (1 = ms)mp(by — br) — (1 — ms)(1 — 7p)st,

where xj;,; is the value of xpgy at which g3(x) > 0 binds when xp g = x L = 0. Since
g5(x) = qu(x) —J, and C3 & | > 0, it follows that the intermediary follows the

recommendation pp(by) whenever she follows the recommendation pg(br).
I first solve (MB-P) by considering three cases based on the value of |, and then

derive the corresponding conditions on the ratio & that distinguish between them.

Case 1: When | < msmpbyxjy, + min{K, 0}

I show that the following (x, A) satisfies the KKT conditions:

¥ = (5i1,0,0),

Ay = nsmpg(by — sg),

nis(be — sH)

A3 = by —b,

A =1 =ng)A —mp)(br — sp) — nsmp(ba — su)(1 — Xigp),

A7=0 foralli¢{2,3,11}.
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Primal feasibility. It is easy to see g;(x*) > O foralli ¢ {5,6}. Note that g5(x*) > 0 is

reduced to | < msmpbyxjy, and that ge(x*) =1-x;; 20 h > AL
Dual feasibility. A} and A} are positive, and

A1 20 = |< T(sﬂngx;_IH + K.
The left-hand side of (A.10) is reduced to

nsmp(by — sy) — msmp(by — sy) = 0.

Next, (A.11) is satisfied since A5 = p(by — br)Aj. Finally, the left-hand side of (A.12) is

reduced to

nts(by — SH)

ntsTp(be — )Xy — (1 — mg)(br — hsr) 5 = 0.

=np(bu—bL)xX};y

Complementary slackness. The conditions are satisfied since A7 = 0 for all 7 ¢ {2, 3,11}

and g(x*) = g3(x) = g11(x*) = 0.

Case 2: When mtsmpbp Xy <] < mgmpbpxjyy + K

I show that the following (x, A) satisfies the KKT conditions:

x*=(1,1,1),

A = msmpg(by — sy) + [msmgby + (1 — ms)mp(by — br)]Az,
_ nisnp(by — su) + MsTpbHAS
3 np(by — br) ’
~ (1 =ms)(1 = mp)(br —s51) — msmp(by — su)(1 — Xipy)

J - nsanHx;IH

A% ,
A7=0 foralli ¢{2,3,5}.
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Primal feasibility. It is easy to see g;j(x*) > 0 for all i # 4 and g4(x*) = | > 0 by

assumption.

Dual feasibility. Note that A} and A} are positive if A7 is nonnegative. Since the
nominator of A7 equals A}, of Case 1, A7 > 0 by assumption. The left-hand side of (A.10)

is reduced to

7'(57'(3(191—1 - SH) - 7'(57'(3(19[-[ - SH) — nsanHAE + 7ZSanHA; =0.

Next, the left-hand side of (A.11) is reduced to

— ntsmp(by — su) — [msmpby + (1 — ms)mp(by — br)]As

+ ﬂSﬂB(bH - SH) + ﬂsﬂBbHA; + (1 - TCS)TCB(bH - bL)/\; = 0.

Finally, the left-hand side of (A.12) is reduced to

— (1 =ms)(1 = mp)(br —sr) + msmp(by — su) + [msmpby + (1 — ms)mp(by — br)] As
ntsT(by — su) + sTBbHAL
ng(by — by)

— (1 —mp)(bL — hsL) - (1 =ms)(1 —mp)bLAy

=np(bp=bL)x}y
= ﬂsﬂB(bH - SH)(l - x;IH) - (1 - 715)(1 — RB)(bL - SL) + (] - TCSHBbe;_IH)Ag

=0.

Complementary slackness. The conditions are satisfied since A} = 0 for all i ¢ {2, 3, 5}
and g>(x") = g3(x") = g5(x") = 0.
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Case 3: When | > mgmipbyxjy, + K
I show that the following (x, A) satisfies the KKT conditions:

x=(1,1,1)

Ay = msmig(by — sh),

1= nis(by — sH)
3 by-b;

Ag = msmp(by = sp)(1 = xpq) — (1 = 7s)(1 = mp)(br = 51),

A;=0 foralli ¢{2,3,8}.

Primal feasibility. It is easy to see g;j(x*) > 0 for all i # 4 and g4(x*) = ] > 0 by

assumption.

Dual feasibility. Note that A7 and A} coincide with those of Case 1 and that —A§ equals

A7, of Case 1. Hence, (A.10)—~(A.12) are satisfied, and Aj is positive by assumption.

Complementary slackness. The conditions are satisfied since A} = 0 for all i ¢ {2, 3, 8}

and g (x*) = g3(x*) = gs(x*) = 0.

Hence, in all three cases, the pair (x*, 1*) satisfies the KKT conditions. To summarize,

under h > hEff and C1-C4, the solution to (MB-P) is
o X" = (x}yy,0,0) if | < msmpbuxjy, + min{K, 0};

e x*=(1,1,1) otherwise.

Deriving the Conditions on the Ratio /

Define J; as follows:

Js = msmpsy + (1 — ms)(1 — mp)(by — br) — (1 — ms)(1 — mp)sy.
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Note that

J < TCSTLBbe;{H = h< b_L _ (bH - bL)]

sp. ms(1—mp)byst
br (bg = brL)(J = Js)

El’l],

< mgnpbyxi, + K & h<— - = hj-x,
] < msmabrxigy . ms(—mp) b —smys. K
K<0 e pelt_bn=bls _, -
s. ms(1—mp)sust
J]>20 nBZmETC}(TCs)I
by B

(1—nS)SL Is
> > =
20 =2 e T ) on —br v sy B

1—7g)(byr — -
J-Je20 & mp> (= ms)br = s1) = 7 " (7s).

ns(by — sy) + (1 — ms)(bL — sL)

Since | < msmpbyxjy;+min{K, 0} isreducedto s < hywhenK > Oandto h < hj_x when
K < 0, it is instructive to identify the conditions under which h; and hj_k respectively

exceed one. As briefly discussed in the paragraph preceding Proposition 1.3, h; and

hy
B

K

hj_k exceed one if and only if 7tp is smaller than the respective thresholds , and ng’ I

h] >1 Tig < 7'(1};](775),

h]_K >1 & mp< 7'(;]71((7'(5).

It can also be verified that

< busy — subr, -
=Tt
= by(by — sy —br +s1) B

h]_KS h]ShK & Tip

and that C1 and C2 imply ni; > 0. Recall that C3 & np > né(ns) ] >0 To

summarize, four possible regions arise, as shown in Figure A.1:

la. If (g, ) lies in Region 1a, then s > 0, ] — J; > 0, and 7t > ng, which together
imply hx < hj < hj_g < Zi’—i. Since f1j > 1, the solution is (x};;;,0,0) if & < hj and

(1,1,1) otherwise.

1b. If (s, mp) lies in Region 1b, then J; > 0, ] — J; > 0, and np < ng, which together

imply hj_x < hj < hg < l;—f. Since hj_x > 1, the solution is (x;IH,O, O) if h < hj_x
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and (1,1, 1) otherwise.

. If (s, mp) lies in Region 2, then J; > 0, ] — J; < 0, and g > 7'(’1;, which together

imply hx < hj < % < hj_k. Again, since hj > 1, the solution is (xHH,O,O) ifh < hy

and (1,1, 1) otherwise.

. If (g, p) lies in Region 3, then J; <0, ] —J; > 0, and 7mp < ng, which together
imply hj_x < hj < bL < hig. Again, since hj_g > 1, the solution is (x}y;,0,0) if

L

h < hj_x and (1,1, 1) otherwise.
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7B

Region 1a
Region 1b
Region 2

Region 3

Figure A.1: Four possible regions under C1-C4. Parameter values are by = 3.5, sy
by = 1.3, and s; = 1.0. Note that hj, hj_x < 1 when 7p

solutionis (1,1,1) forall & < 2—L.
L
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Ex Ante Expected Social Surplus

If h < h”, the SB outcome is characterized by the mediation plan (xll\{/[g*, 0,0). Under
this mediation plan, the intermediary offers pg(by) for (sp, by) with probability xj,,
and pp(br) with probability 1 — xj,,;. For (sp,bp) and (sr, br), she offers pg(br) with
probability one. As a result, the traders (sg, by ) trade at the price pp(by) with probability

Xy, While the traders (si, by) and (st br) trade at the price p(br) with probability one.

The associated ex ante expected social surplus is

nsmp(by — sp) Xy + (1 — ng)mp(by — sp) + (1 - ms)(1 — mp)(br — s1). (A.13)
Since xj;;, is decreasing in }, so is the expected social surplus.

If h > h*, the SB outcome is characterized by the mediation plan (1,1, 1). Under this
mediation plan, the intermediary always offers pg(by) whenever there is a gain from
trade. Thus, the traders (sg, by) and (sr, by ) trade at the price pp(by) with probability
one, while (sr, b1) do not trade with probability one. The associated ex ante expected
social surplus is

nsmp(by — sy) + (1 — ms)mp(by — sL), (A.14)

which is independent of 5.

The difference between (A.13) and (A.14) is

— 1tsmp(by — sp)(1 — xyypy) + (1 = 7s)(1 — 7p) (b —s1)

= msngbpxjyy + K -7,

which is nonnegative because i < h* = | < ngnpbyxjy; + K. Hence, the expected

social surplus is weakly higher under (xj;;;,0,0).
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A.5 Second-Best Outcome When Any of C1-C3 Fails

First, assume that C1, C2, and C4 hold but C3 does not. That is, consider the alternative

condition:
C3'. ey < Ul
Under C1, C2, C3’, and C4, four possible regions arise, as shown in Figure A.2:

4. If (g, mp) lies in Region 4,then] <0, J; >

0,]-Js <0, and g > nB, which

together imply hg < 2+ < hy < hj_k. The solution is (xjy;,0,0) forall i < ;

5. If (ns, mp) lies in Region 5, then | < 0, Js < 0, ] —Js > 0, and 7 < n’g, which

together imply hj_g < b < hj < hg. Since hj_g > 1, the solution is (x};;,0, 0) if

HH’

h < hj_g and (2], x7, xL) otherwise, where

ax R At *
Ry = ¥pp + (1 X)X
TsTBbH X[y

ﬂsﬂBbeHH ]

xL:

This case is discussed in detail below.

6a. If (ms, i) lies in Region 6a, then ] <0, Js <0, ] = Js < 0, and 7p > 7}, which

together imply i < hg < hj £ hj_k. The solution is (x;IH,O,O) forall h < E

6b. If (15, tp) lies in Region 6b, then ] <0, [ <0, ] —J; <0, and np < m};, which

together 1mp1y < hj_k < hj < hg. The solution is again (xjy;, 0,0) forall i < %

In Case 5, the mediation plan (1,1, 1) does not satisfy the KKT conditions because

the primal feasibility requires | > 0. In thi case, (£];;, X7, x]) is the solution when

HH’ L’
h > hj_g. Note that xj;; + (1 - x;IH)xL is the value of xpp at which (MB-IC;, ) binds
when x1g = x1 = x1, and that x| is the value of xp at which (ICyy-1) binds when
xun = Yy + (1= ¥y XL

I show that the following A satisfies the KKT conditions along with ( Xiypp X1 xi)
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bL * * .
when hj_g < h < b nisTpbyXjyy + K <] < msmpbyXjyy:

Ay = mp(by — br)[A + (1 - mg)Ay],
. Hs(bH — SH) + nstAZ
5 by —br ’

B J - ﬂsﬂBbe;_IH - K

byx; !
T(STIB HxHH _]

Ay

A7 =0 foralli ¢{2,3,4}.

Primal feasibility. It is easy to see g;(x*) > O foralli ¢ {5,6}. Note that g5(x*) > 0 is

reduced to | < msmpbyxjy, and that ge(x*) =1-x;; 20 h > AL

Dual feasibility. A} is nonnegative by assumption. Hence, A} and A} are also nonneg-

ative. The left-hand side of (A.10) is reduced to
nsmp(by — sy) — msnp(by — sy) — Msmpby A, + msmpbyAy = 0.
The left-hand side of (A.11) is reduced to
—7ig(by — bL)[/\; +(1 - ns)AZ] +ng(by — br)A; + (1 — ms)mp(by — bp)A, = 0.
The left-hand side of (A.12) is reduced to

— (1 -ms)(1 —mp)(br — sp) + mp(by — br)(1 — x{)AS
+[(1 = mg)mp(by — br) — (1 — 1ts)(1 — mp)bL]A,

= mtsp(1 = xpypy) (b — sy) — (1 = ms)(1 — mp)(bL — s1)

= J-nsmpbaxfy—K

+ [msmebr(1 = xjppy) + (1 = ms)mp(by — br) — (1 = mg)(1 — mp)bL ] A}

= J-msmpbaXiy

57



Complementary slackness. The conditions are satisfied since A} = 0 for all i ¢ {2, 3,4}

and g>(x") = g3(x") = ga(x") = 0.

Hence, (x*, A*) satisfies the KKT conditions.
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Figure A.2: Four possible regions under C1, C2, C3’, and C4. Parameter values are
by =35,sy =1.5,b; =1.3,and s;, = 1.0.
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Next, assume that C1 and C4 hold but C2 does not. That is, consider the alternative

condition:

;b by

Under C1, C2’, and C4, I have n’g < 0, which implies hx < hj < hj_k for all g € (0,1).

In this case, four possible regions arise, as shown in Figure A.3:

la. If (s, mp) lies in Region 1a, then ] > 0, [ > 0, and | — Js > 0, which together imply

hg < hj < hj_g < l;—i. Since fj > 1, the solution is (xj;,0,0) if h < min{h],ls’—g}

and (1,1, 1) otherwise.

2. If (mtg, mp) lies in Region 2, then | > 0, [ > 0 and | — | < 0, which together

imply hx < hj < l;_f < hj_x. Again, since h; > 1, the solution is (xjy,0,0) if

h < min{h], g—H} and (1,1, 1) otherwise.
H
4. If (rtg, p) lies in Region 4, then | < 0, Js > 0, and | — J; < 0, which together imply

hg < % < hj < hj_k. The solution is (x;IH,O,O) forall h < S—g

6a. If (ms, mp) lies in Region 6a, then ] <0, J; < 0,and | — J; < 0, which together imply

g—i < hg < hy < hj_k. The solution is again (xj;;,0,0) forall h < };—g.

Note that

R RIS e n)
Regions 1la and 2 are divided by the curve defined by the right-hand side of this
inequality. Above it, the solution is (x;IH, 0, 0) if h < hyand (1,1, 1) otherwise. Below it,
the solution is (xjyy, 0,0) forall h < ls’—g.
Finally, if C1 does not hold, then this implies C2” with a strict inequality, which in turn
implies hj_x < hj < hx & ng > ng > 1; thus, hx < hj < hj_g for all i € (0,1).% Since
né_]s (1t5) > né(ns) > n]Bs (rts) for all ms € (0, 1) as in Figure A.3, this case is essentially

the same as the previous case, where C1, C2’, and C4 hold.

%Note that by — s > by — sy implies by (by, — s1) > bp(by — sg), which is equivalent to g_t > ls’—:
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Region la
Region 2
1 Region 4
=] Region 6a

—SL
bg—br+sy

TS

Figure A.3: Four possible regions under C1, C2’, and C4. Parameter values are by = 2.2,
sg = 1.5, b = 1.1, and s, = 0.5. Note that #; < 1 when ng > nZ’, so the solution is
(1,1,1)forall h < g—g The magenta curve shows the threshold where 11} = Z—Z: above this
curve, the solution is (x’I‘{H, 0, O) if h < hyand (1,1, 1) otherwise; below it, the solution is
(x;IH, 0, O) forall h < ls’—Z. This curve is not included in the legend to avoid visual clutter.
This figure also applies to the case where C1 fails.

61






Chapter 2

Moral Hazard with Dual Risk-Averse

Agent

2.1 Introduction

Since the seminal work of Holmstrom (1979), an extensive literature on moral hazard
has studied how a principal can incentivize an agent to take desirable actions when
the agent’s action is not contractible. A persistent critique of the theory is that it often
predicts optimal contracts that are complex and highly sensitive to the underlying
distribution of outcomes, in contrast to the simple contracts frequently observed in

practice.

This chapter offers a new explanation for linear contracts by showing that dual
risk-aversion implies the optimality of debt contracts. I consider a stylized moral hazard
model with a single agent who is protected by the limited liability constraint and
dual risk-averse in the sense of Yaari (1987); that is, he overweights the probabilities of
“bad” outcomes when making decisions. I assume a specific form of dual risk-aversion
where, if outcome follows distribution F, the agent behaves as if he believes that the
worst outcome is realized with probability (1 — k) and that outcome follows F with
probability k, where k € (0,1). I restrict the class of admissible contracts to those

nondecreasing and with slope at most 1. To characterize the principal’s cost-minimizing
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contract for inducing each action, I first consider the relaxed problem, where the agent’s
incentive compatibility constraint is replaced by its first-order condition, the so-called
FOA approach. The relaxed problem is reduced to an optimal control problem, and
Pontryagin’s maximum principle characterizes its solution. I show that, under the strict
version of the monotone likelihood ratio property, the solution to the relaxed problem
is debt contract; that is, wage is constant up to some level of outcome and grows at
the same rate as outcome afterward (Proposition 2.1). I also show that this contract is
indeed the solution to the original problem—the FOA approach is valid—if the outcome
distribution is (in proportionate terms) less convex in action than the disutility of action
(Proposition 2.2).

This chapter contributes to the literature on moral hazard in two respects. First, I
offer a new explanation, dual risk-aversion, for linear contracts observed in practice.
Proposition 2.1 shows the optimality of debt contracts under the monotonicity and
the limited liability constraints, which resonantes with the finding of Innes (1990) and
Poblete and Spulber (2012), who show the optimality of debt contracts under similar
constraints.! Relatedly, Holmstrom and Milgrom (1987) and Carroll (2015) show the
optimality of linear contracts in certain environments. Second, I derive a sufficient
condition for validating the FOA. The seminal work of Rogerson (1985) shows that the
FOA is valid if the distribution of outcome is convex in action (Convexity of Distribution
Function Condition).> Recently, Chade and Swinkels (2020) establish a more general
sufficient condition for validating the FOA. Leveraging their technique, I derive a
sufficient condition in my environment (Proposition 2.2). As is the case in Chade
and Swinkels (2020), this condition is implied by Convexity of Distribution Function
Condition and convex disutility.

As an application of dual theory, this chapter is also related to the set of papers,
Gershkov, Moldovanu, Strack and Zhang (2021, 2023, 2025). Except Gershkov et al.

(2021), they show that dual risk-aversion can better explain observed consumer behavior

1Poblete and Spulber (2012) also show that a capped bonus contract, another form of linear contract, is
optimal when the “critical ratio” is decreasing in the state.

2Since Convexity of Distribution Function Condition is restrictive, Jewitt (1988) establishes an alternative
condition and generalizes it to the case with more than one observable variable.
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and forms of contracts than expected utility theory, which resonates with the message

of this chapter.

The remainder of the chapter is organized as follows. Section 2.2 introduces the
model. I characterize the solution to the relaxed problem in Section 2.3 and derive a
sufficient condition for validating the FOA in Section 2.4. In Section 2.5, I discuss the

implications of some modeling assumptions. Section 2.6 concludes the chapter.

2.2 Model

Environment: I consider a stylized moral hazard environment with a single principal
and a single agent.> The agent takes a hidden action a € [0, 7] at a disutility 1 (a), which
is strictly increasing and C2. The disutility ¢’ is normalized so that ¢/(0) = 0. To avoid
corner solutions, I further assume the Inada conditions: ¢’(0) = 0 and 1p’(a) = +co. The
agent’s action affects the distribution of outcome x, which takes a value in [g, Y]. Given
action a, the outcome x has a distribution F(x | a) with everywhere positive density
f(x | a). Tassume that F and f are C? and that the agent’s action produces a first-order
stochastic dominant shift on the outcome; thatis, F,(x | a) < 0 for all x € (g, ?) and all

at

Preferences: The principal offers a bounded wage schedule w: [g, ?] — [-m, M] to the
agent, where m, M € R, and M is sufficiently large. She is risk-neutral and maximizes
her expected net benefit E[x — w(x)]. The agent is dual risk-averse in the sense of Yaari
(1987): given the distribution of wage I'“(- | a) induced by wage schedule w and action

a, his gross utility is given by

M
/_ ¢(1-T% | a))do, (2.1)

3 use feminine pronouns for the principal and masculine pronouns for the agent.
*Note that F,(x | a) = F,(x | a) = 0 for all a since the support of the outcome is fixed.

65



o(p) Pq(p)

I
k k :
0 1 0 q 1

Figure 2.1: Distortion function ¢ can be interpreted as the limit of ¢, as g goes to 1.

where distortion function ¢: [0, 1] — [0, 1] is defined as

kp if0<p<1
P(p) =
1 ifp=1

for some k € (0, 1).

Remark 2.1. Yaari (1987) characterizes the dual representation for general continuous
and nondecreasing ¢ satisfying ¢(0) = 0 and ¢(1) = 1, and risk-aversion is characterized
by the convexity of ¢. The present ¢ can be interpreted as the limit of the convex and
piecewise-linear function that has a slope k on [0, 4) and extends from (g, kq) to (1, 1).

See Figure 2.1.

Admissible wage schedules: I assume m = 0 so that the agent is protected by the
limited liability constraint. Following Poblete and Spulber (2012), I restrict attention to

wage schedules that satisfy the following assumptions.
Assumption 2.1 (Monotonicity). w(x) is nondecreasing.
Assumption 2.2 (Bounded Slope). x — w(x) is nondecreasing.

As discussed in Poblete and Spulber (2012), Assumption 2.1 prevents the agent from
sabotaging the task while Assumption 2.2 prevents the principal from doing so after the

action has been chosen. The latter also prevents the agent from inflating the outcome by
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borrowing money to increase his returns. For x > x’, Assumptions 2.1 and 2.2 imply
w(x) > w(x’) and x — w(x) > x’ — w(x’), respectively. By taking the limit, this implies

that w is almost everywhere differentiable and Lipschitz continuous with

0<w'(x) <1 foralmostevery x. (Lipschitz)
2.3 Principal’s (relaxed) problem

Suppose that the principal wants to induce action a > 0. Given Assumption 2.1, the
distribution of wage is given by I“(v | a) = F(w™'(v) | a), where w™! is the generalized
inverse of w:

wl(v) = sup{x: w(x) < v}.

The agent’s gross utility (2.1) can be written as

M X
/0 ¢(1-F(w () |a))do =w(x) +/ ¢(1—F(x | a))w’(x)dx

=w(x) + /x k[1-F(x | a)]w’'(x)dx,

where the first equality follows from the change of variable x = w~!(v). Integrating by

parts, this can be further transformed into

(1-kw(x) + k/xw(x)f(x | a)dx. (2.2)

That is, the agent behaves as if he believes that the worst outcome x is realized with
probability 1 — k and that outcome follows F with probability k. By doing so, the
agent overweights the probabilities of bad outcomes in making his decision, which is

consistent with Yaari (1987)’s interpretation of dual risk-aversion.

For the agent to accept wage schedule w and choose action 4, his net utility U(w, a)

67



must be greater than or equal to his reservation utility Up:

U(w,a) =w(x) + ) k[1—-F(x | a)]w’(x)dx — ¢(a) > Up. (PC)
|

Given w, he chooses action a if it maximizes U(w, 4):
U(w,a) > U(w,d) forallae|[0,a]. (IO)

Its first-order condition U,(w, a) = 0 is equivalent to

[ MR @ dr = v (FOA)

Since w is nondecreasing by (Lipschitz), the limited liability constraint is reduced to

w(x) > 0. (LL)

If the principal induces action a, she minimizes the expected payment fx : w(x)f(x |
a) dx to the agent under the constraints (PC), (IC), (LL), and (Lipschitz). To characterize
the solution to this problem, I first consider a relaxed problem where (IC) is replaced
by (FOA). Then, I derive a sufficient condition under which the solution to the relaxed
problem indeed satisfies (IC); that is, the FOA is valid. The relaxed problem can be

formulated as follows:

min [/xw(x)f(x | a)dx

X

subject to  w(x) +/ k[1—F(x | a)]w’(x)dx — ¢(a) > Uy (PC)
/ " K[~Fa(x | a)Jo'(x) dx = '(a) (FOA)
w(x) > 0 (LL)
0<w'(x)<1 fora.e. x (Lipschitz)
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Given (Lipschitz), (FOA) can be satisfied for a only if

/x k[—Fa(x | a)]dx = ¢’(a). (2.3)

In the remainder of the chapter, I restrict attention to those actions satisfying (2.3) with

a strict inequality:

A= {a € (0,a): /x k[-F,(x | a)]dx > ¢'(a)}

To make the problem amenable to the control-theoretic technique, define a and 8 by

a(x) =w(x) + /x k[1-F(%| a)]w'(%)d%, a'(x)=k[1-F(x|a)]w'(x),

p(x) = / k[—=Fa(% | a)]w’(%) dX, B'(x) = k[-Fa(x | a)] w’(x).

The relaxed problem can be written as an optimal control problem (P) with states

(w, @, B) and control w’:

min

/xw(x)f(x | a)dx

x

subjectto w’(x) = u(x) forae. x
a'(x) =k[1-F(x | a)Ju(x),  p(x)=k[-Falx | a)]u(x) (P)
w(x) >0, w(x) free

a(x) =w(x), a@-v@=Uy, p(x)=0, BE) =y (a)

O0<u(x)<1 forallxe [g,ﬂ.
A wage schedule is called a debt contract if the wage is constant up to some level of
outcome and grows at the same rate as outcome afterward.

Definition 2.1. Wage schedule w is a debt contract if there exist y such that w’(x) = 0 if

x € [x,y)and w'(x) = 1ifx € (y,X].

SFor action a that satisfies (2.3) with equality, the only way to induce a is to make the agent a residual
claimant; that is, w’(x) = 1 for all x.
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w*(x)

RIfF------

w |
! X
0 x Y
(i) When w* > 0
w*(x)
|
|
|
! X
x

0 x y
(i) When w* < 0
Figure 2.2: The cost-minimizing wage schedule w* is a debt contract.

I show that, under the strict version of the monotone likelihood ratio property, the

solution to (P) for each a € A* is a debt contract.

Assumption 2.3 (Strict MLRP). For each a, % (J}’((;”;)) ) > 0 for all x.

Proposition 2.1. Assume F satisfies Strict MLRP. For each a € A", the cost-minimizing
wage schedule w* associated with the solution u* to the relaxed problem (P) is debt contract.
Specifically, let w* = Uy + ¢(a) — /; k[1 - F(x | a)] dx, wherey is the unique value satisfying
f; k[=Fa(x | a)]dx = ¢’(a). The cost-minimizing wage schedule w* is given by

max{w*, 0} ifx e |x,7]
w*(x) =

max{w*,0} +x -y ifx € (y,%|
The solution w* is depicted in Figure 2.2.
Given the implication of the distortion function ¢ I use, Proposition 2.1 is consistent
with the literature. As I discussed at the beginning of this section, the agent behaves as if
he is pessimistic, overweighting the probabilities of bad outcomes. Although he is risk-

averse because of such pessimism, he can be considered “almost” risk-neutral because
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his net utility (2.2) is linear in wage. Indeed, Yaari (1987) discusses that risk-neutrality
is characterized by ¢ being the identity function. Since the present ¢ is essentially an
identity function scaled by k, it is reasonable to consider the agent almost risk-neutral In
this view, Proposition 2.1 resonates with Innes (1990), who shows the optimality of debt

contracts under risk-neutrality, limited liability, and monotonicity constraints.

2.3.1 Proof of Proposition 2.1

In this section, I first define a class of simple contracts to simplify the exposition of the
proof. I then characterize the solution to (P). The proof consists of two steps. In the first
step, using Pontryagin’s maximum principle, I solve (P) for fixed base wage w(x). In the

second step, I solve the optimization over w (x).

Debt and capped bonus contract

Recall that in (P) the principal is restricted to wage schedules that satisfy (FOA):

[ MR ) dx = '@, (FOA)

Foreacha € A*, by the implicit function theorem, there exists function /, : [g , E] — [g , E]

such that
la(y)
[ d-Rx ol =y,
Y

I define debt and capped bonus contract wpg as follows: for any y € [g, y] , w, and a, where
y=1"'(x)
w ifx € [x,v]
wpp(x | y,w,a) =Jw+x—-y  ifxe (v, L)
w+l,(y)—y ifxe [la(y),f].
That is, wDB(x |y, w, a) is the wage schedule such that (i) the base wage is w; (ii) the

agent receives “bonus” on [y, la(y)] ; and (iii) the wage is constant outside [y, la(y)]. In

71



w + 1 (y) —

IS

—————————— ZUDB(X | }/,Qlﬂ)
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Figure 2.3: Debt and capped bonus contracts. Debt contract and capped bonus contract
are special cases of this class.

particular, forany w and a, wpg(x | x, w, a) is a capped bonus contract, and wpg (x | ¥, w, a)

is a debt contract (see Figure 2.3).

For wpg(x | ¥, w, a), (PC) can be written as

la(y)
w > U+ P(a) - / k[1—-F(x | a)]dx = B(y).
y

Note that under Strict MLRP, the implicit function theorem also implies B’(y) > 0.
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Proof of Proposition 2.1

First, I show that Strict MLRP implies that L is decreasing in action, the property

1-F
repeatedly used in the proof. Since j}—“ = % In f, for any a and a’,

f("'”")—ex[ v fo(x | &) dﬁl
Fala)  OP|), Ffeera) )

Hence, by Strict MLRP, for any x < x"and a < a’,

f @) | fxla)
feTa) ” fla

= f'[a)f(x|a)> flx]a")f(x"|a).

Integrating both sides with respect to x” from x to x and rearranging,

fala)  flrla)

T Fala) T-Fa[a) forall x € [x,%). (2.4)
This proves that % is decreasing in 4.
Step 1: Solve (P) for fixed w(x)
Fix w(x) = w > 0. Define the Hamiltonian for (P) as follows:

H(w,u,p1,p2,p3,x) = —powf + piu + p2k(1 = F)u + p3k(=F,)u.

Let u*(x) be a piecewise continuous control defined on [g, E] that solves problem (P),
and let w*(x), a*(x) and B*(x) be the associated optimal paths.® By Theorem 2 of Seierstad

and Sydsaeter (1986, chap. 2), there exist constants po, p3, and p; and a continuous and

°T choose the value of u(x) at a point of discontinuity x’ as the left-hand limit of u(x) at x’. I also
assume that u(x) is continuous at x and x.
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piecewise continuously differentiable adjoint function p1(x) such that, for all x € [g, Y] ,

(po, p1(x), 5, p3) # (0,0,0,0) (2.5)
po=0orpp=1

u*(x) maximizes H (w*(x), u, p1(x), p5, p3, x) for all u in [0, 1] (2.6)
Except at the points of discontinuities of u*(x), p1(x) = pof(x | a) (2.7)
p1(X) =0, p; > Oand p;|a*(®) - ¢(a) - Uo| = 0. (2.8)

Since the Hamiltonian is linear and hence concave in (w, u), the maximized Hamiltonian
ﬁ(w, P1,P2,P3,X) = maxyepo,1)H(w, u, p1, p2, p3, x) is also concave in w. Thus, by
Theorem 5 of Seierstad and Sydsaeter (1986, chap. 2), the necessary conditions (2.5) to
(2.8) are also sufficient for optimality if they are satisfied with pg = 1.

By (2.7) and (2.8), p1(x) = —po[1 — F(x | a)]. Substituting this into the Hamiltonian,
H(w, u, p1(x), p3, p3,x) = —powf = po(1 = F)u + pak(1 = F)u + psk(=Fa)u,
and hence

. oH , ., . .
Hu(x) = x(w (X),M, Pl(x)/ PosP3s x)

= (p3k —po)[1 - F(x | @)] + p3k[-Fa(x | a)].
A necessary condition for (2.6) is

1 if Hi(x) > 0
u(x) = (2.9)
0 if H:(x) <0.

Suppose po = 0. Then, p1(x) = 0 for all x. Hence, by (2.5) and (2.8), at least one of
p, > 0and p; # 0 must hold.

Case 1-1: Suppose p; > 0 and p; = 0. Then, Hj(x) = p3k[1 — F(x | a)] > O for all x € [g,?).
Hence, (2.9) implies u*(x) = 1 for all x, which violates (FOA).
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Case 1-2:

Case 1-3:

Suppose p; = 0 and p; # 0. Since H; (x) = p3k[—F,(x | a)], either H; (x) > 0 or
H;(x) < 0 forall x € (x,x). Hence, (2.9) implies u*(x) = 1 or u*(x) = 0 for all x,

which violates (FOA).

Suppose p; > 0 and p; # 0. Since, H; (x) = p5k[1 - F(x | a)] + p3k[-Fa(x | a)],

1-F(x|a)
Fa(x|a)

H(x) >0 o p; > pz[ ] = r(x). Note that (2.4) implies 7’(x) > 0 and that

lim,_,, 7(x) = —o0. By (2.9), the unique candidate is a capped bonus contract:

Now suppose po = 1. Then, p1(x) = —[1 - F(x | a)].

Case 2-1:

Case 2-2:

Case 2-3:

Suppose p; = p; = 0. Then, H;(x) = —=[1 - F(x | a)] <0 forall x € [g,?). Hence,
(2.9) implies u*(x) = 1 for all x, which violates (FOA).

Suppose p; > 0 and p; = 0. Then, H;,(x) = (p3k —1)[1 - F(x | a)]. If p; # 1/k,
then (2.9) implies either u*(x) = 1 or u*(x) = 0 for all x, which violates (FOA). If

p5 = 1/k, then any u* is compatible with (2.9). In this case, (PC) must bind by (2.8).

In particular, the debt and capped bonus contract wpg (x |y, w, a) satisfy all the

necessary conditions if

w = B(y).

Suppose p; = 0 and p; # 0. Since Hj(x) = —[1-F(x|a)] + p3k[-Fa(x | a)],

Hy(x) >0 & p; > % = s(x). Note that (2.4) implies s’(x) < 0 and that

limx — x = +oo. By (2.9), the unique candidate is a debt contract:

w if x € [x, 7]

wp(x | Y, w,a) =
w+x-y ifxe (y,x],
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with

w 2 B(y).

Case 2-4: Suppose p; > 0and p}; # 0. Since, H;,(x) = (p5k —1)[1 = F(x | a)]+p5k[—Fa(x | a)],

(1-p3k)[1-F(x[a)] = H(x).

H;(x) >0 & p3 > —— o

* If p5 = 1/k, then t(x) = 0 for all x. Hence, (2.9) implies u*(x) = 1 or u*(x) = 0
for all x, which violates (FOA).

* If p; < 1/k, then limy_,, t(x) = +o0 and (2.4) implies t'(x) < 0. By (2.9), the

unique candidate is a debt contract wpg(x | I, w, a) with binding (PC):

w = B(y)-

e If p; > 1/k, then lim,_,, t(x) = —oco and (2.4) implies t'(x) > 0. By (2.9), the
unique candidate is a capped bonus contract wpg (x | x, w, a) with binding
(PO):

w = B(x).

Recall B'(y) > 0. Hence, for fixed w, either (i) w = B(x); (ii) w = B(y) for some
y € (x,); or (iii) w > B(Y). Therefore, when w(x) is fixed to w, an optimal path w*

associated with a solution u* is given by

w'(x) = Ywps(x | y,w,a) ifw = B(y) (2.10)

Step 2: Optimization over w(x)

Given (2.10), I now solve the optimization over w. Note that among the debt contracts
wpg(x | J, w, a), the one with w = B(y) minimizes the expected payment to the agent.

Hence, it is without loss to focus on wDB(x | v, B(y), a), and I consider the optimal
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choice of y for the principal. The principal’s expected payment under this contract is

X

Yy lu(y)
/ B(y)f(x | @) dx + / [B(y)+x - y|fx | a)dx + / [By) + la(y) - y] f(x | ) dx
X y a

x La(y)

la(y) la(y)
:U0+1p(a)—/ ’ k[l—F(xla)]dx+/ ’ xf(x|a)dx
y y

—y[1-Fy | o] + L)1 - F(ly) | a)]
()

:U0+gb(a)+(1—k)/ [1-F(x|a)]dx,
y

where the second inequality follows from applying integration by parts to the fourth
term. The implicit function theorem implies that the third term in the last line is
decreasing in y. Thus, the principal always chooses a debt contract (y = y). Letting

w* = B(Y), the cost-minimizing wage schedule w* is given by

maxqw*,0 ifxe[x,y
w*(x) = wpp(x | ¥, max{w",0},a) = {w,0} |, 7]
max{ge,()} +x-Yy ifxe (y,y],

2.4 The validity of the first-order approach

I now turn to the validity of the FOA. Leveraging the technique in Chade and Swinkels
(2020), I derive a sufficient condition under which the agent’s net utility is strictly
quasiconcave in action, which implies that the condition (FOA) characterizes the optimal
choice of action. As in Chade and Swinkels (2020), the concavities (in proportionate

terms) of outcome distribution F and disutility ¢ are the keys to validating the FOA.

Proposition 2.2. Under Strict MLRP, the first-order approach is valid if

Foa(x | a) < V" (a)
Fo(x | a) Iab’(a)

forall x € (y,%). (2.11)

Proof. The proof follows almost the same steps as Chade and Swinkels (2020, Proposition
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5). Recall that the agent’s net utility from wage schedule w and action 4 is given by

U(w,ad) =w(x) + /x k[1=F(x | a)]w’(x)dx — ¥ (a).

The first- and second-order derivatives with respect to action are

Uy (e, ) = / KI=Fa(x | )]w’(x) dx — ¢/(a)

Upa(w, ) = / Kl=Fan(x | )]0’ (x)dx — ¢”(a),

IfUy,(w,a) =0,

Y(a) = 15)”(( ))¢( ) = / gb”(a) k[=Fa(x | a)]w’(x)dx.

Using this equation, U,,(w, a) can be written as

um(w,a):—k/ [me 0) ‘fb(())F (x|a>]w(x>dx

Note that U,,(w,a) < 0 suffices for U(w, -) to be strictly quasiconcave. For w*, this

condition is reduced to

/—x|Faa(x la) - W(a)Fa(x | a)
Yy

(@) dx >0,

which holds if

Fu(x|a) _y"(@)

F(cla) ~ va) forall x € (y,x).

The condition (2.11) requires that for all x € (¥, ), the outcome distribution F is (in
proportionate terms) less convex in action than the disutility ¢. In particular, (2.11) is

satisfied if both F and ¢ are convex in action, as in Rogerson (1985).
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2.5 Discussion

In this section, I discuss some alternative modeling assumptions.

2.5.1 Distortion function ¢

While Yaari (1987) characterizes dual risk-aversion by the convexity of ¢, I have so
far assumed a specific convex and piecewise-linear ¢ that has a natural interpretation.
Another simplest possible ¢ is a piecewise-linear function that stays at 0 until 4 and

extends from (g, 0) to (1, 1):

0 if0<p<gqg
o(p) =1

= ifg<p<1

for some g € (0, 1). See Figure 2.4. This ¢ also has a natural interpretation. It is easy to

see that the agent’s gross utility can be written as

x@q_F -
w(x) + / ix_l ; )29 () a,

where x(a) = F71(1 - g | a). That is, the agent behaves as if he is so pessimistic that he
ignores the possibilities of good outcomes x > x(a). Note that a debt contract can never
be optimal in this case; since the agent virtually ignores outcomes [x(a), x], it is optimal
for the principal to set a constant wage in this interval. Indeed, by following similar
steps as in Section 2.3, I can show that the cost-minimizing wage schedule features a
constant wage for high (and low) outcomes, and that the wage grows at the same rate
with outcome elsewhere.

This observation can be further generalized to a general convex ¢. Specifically, I can
show that the cost minimizing wage schedule must have bang-bang property; that is,
the slope w’(x) is either 0 or 1 for almost every x. Bang-bang property results from the
fact that the Hamiltonian is linear in control, whatever ¢ I use, and hence is a robust

property of the solution.
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o(p)

0 q 1

Figure 2.4: Another piecewise-linear distortion ¢.

2.5.2 Bounded slope

Following Poblete and Spulber (2012), I have assumed Monotonicity and Bounded
Slope of wage schedules (Assumptions 2.1 and 2.2). On one hand, they have some
rationales such as deterring sabotage by either the principal or the agent. On the other
hand, they jointly imply Lipschitz continuity of wage schedules, thereby excluding any
discontinuity. In particular, wage schedules with upward jumps are not admissible.
The principal’s problem is well defined even without the Bounded Slope assumption.
A simple calculation can show that a two-part wage schedule, which pays a flat base-wage
until the threshold and pays a flat bonus-wage afterward, can induce the same action
at a smaller cost than the cost-minimizing schedule characterized in Section 2.3. Now
that upward jumps are admissible, by letting the wage jump up at a certain threshold,
the principal can give the agent enough incentive without creating a “bonus region” as
in the case of a debt contract. This helps reduce the expected payment to the agent,

thereby achieving a smaller agency cost.

2.6 Conclusion

This chapter has explored the implications of dual risk-aversion in a standard moral
hazard setting with monotonicity and limited liability constraints. Under a specific

form of risk-aversion where the agent overweights the probability of bad outcomes, the
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cost-minimizing wage schedule takes a particularly simple form, a debt contract. Given
that the agent is considered almost risk-neutral, this result resonates with Innes (1990),
who shows the optimality of debt contracts under similar constraints. Leveraging the
technique developed in Chade and Swinkels (2020), I have also derived a sufficient
condition for validating the FOA. As is consistent with Chade and Swinkels (2020),
the condition involves the concavities (in proportionate terms) of outcome distribution
and disutility of action and is implied by Rogerson (1985)’s Convexity of Distribution
Fucntion Condtion and convex disutility.

There are some extensions worth exploring. First, it is of theoretical interest to
fully characterize the shape of the cost-minimizing wage schedule under a general
distortion function. Although the bang-bang property can be easily shown, it is not
yet clear how dual risk-aversion interacts with the principal’s incentive and shapes the
cost-minimizing wage schedule. Second, I have assumed the monotonicity of wage
schedules throughout the chapter. It has some rationale, such as preventing the agent
from sabotaging the task. However, the monotonicity of the solution is indeed one
of the results in the seminal work of Holmstrom (1979) and the follow-up papers. It
is thus worthwhile to explore whether the monotonicity can be obtained through the

principal’s optimization problem.
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Chapter 3

Robust Predictions and Hard

Information in the Market for Lemons

3.1 Introduction

Informationally robust predictions aim to identify the set of outcomes that can arise
in (Bayesian) equilibrium under some admissible information structure. The literature
on such predictions has focused exclusively on soft information; that is, information
that cannot be credibly verified or disclosed to others. Roesler and Szentes (2017) and
Bergemann, Brooks and Morris (2015) study stylized trading environments between
a monopoly seller and buyer(s). Roesler and Szentes (2017) show that the optimal
information structure for the buyer is not (necessarily) the one in which he knows
everything; it may be better for him not to know his precise valuation. Bergemann
et al. (2015) characterize the entire set of possible equilibrium payoffs, assuming that
buyers know their precise valuations while the seller may have imprecise information
about them. Kartik and Zhong (2024) further extend this approach to settings with

interdependent values, maintaining the assumption that information is soft.

In practice, however, information is often hard; that is, it is accompanied by evidence
and can be credibly disclosed to others. For example, a car manufacturer obtains a

third-party certification for the quality of its car. As is well understood in the literature
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on hard information, such information may be elicitable without satisfying the same
sort of incentive compatibility as soft information.! Therefore, the set of possible trading

outcomes could be different if we allow for soft and hard information.

In this chapter, we show in a stylized setup of adverse selection (Lemon) market
a la Akerlof (1970) that such hard information is indeed critical in informationally
robust prediction. The buyer is assumed to have no information (as the seller in Roesler
and Szentes, 2017). The seller may have any (possibly noisy) information about the
quality. First, we consider an arbitrary “soft” information structure; that is, the seller
may obtain an arbitrary signal about the quality of the good, but no evidence is attached
to it. We show that, under certain conditions, the unique equilibrium outcome is
no-trade regardless of how rich the seller’s (soft) information structure is. Next, we
demonstrate by example that, with hard information, non-trivial trade outcomes could
be supported. Moreover, the difference is economically significant because the players’
payoffs and total surplus are strictly improving over the no-trade outcome. These results
highlight the importance of allowing for both soft and hard information when studying

informationally robust predictions.

Our model differs from Ali, Kleiner and Zhang (2024) and Dasgupta, Krasikov
and Lamba (2022), two recent papers that study hard information design in standard
monopoly pricing settings, by assuming an initially uninformed sender (seller), interde-
pendent values, and no commitment on the part of the receiver (buyer). In our model,
both players are initially uninformed, and the seller learns her type through either soft
or hard information. By contrast, Ali et al. (2024) consider a setting in which the sender
knows his type and strategically discloses the hard information he acquires to influence
the receiver’s behavior. Dasgupta et al. (2022) is closer to our model in that the sender is
initially uninformed and learns his type through hard information. They show that hard
information can expand the set of implementable outcomes. However, they assume
private values and the receiver’s commitment to a pricing scheme, whereas we assume

interdependent values and no commitment on the part of the receiver.

1See Green and Laffont (1986) and Bull and Watson (2007).
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In the adverse selection literature, the importance of hard information has long
been recognized (e.g., see Viscusi, 1978), though much of the work assumes some
fixed information structure. Our contribution is to highlight its importance even for
informationally robust predictions, and in the environment beyond those previously
studied in the literature. We hope the present work can be used as a small but first step

toward a fuller understanding of this subject.

3.2 Model

There is a seller (she) who has a good to sell to a buyer (he). There are n possible quality
levels (types) that the good can take, denoted by g € {1,2,...,n}. The common prior
over types is given by the CDF F. If the good is of type g, the seller’s valuationis r, € R,
and the buyer’s valuation is v; € R;. We order the types such thatr; <7, <--- <7y,
and v1 < v3 < --- < v,. We assume that the valuations are linearly related and that
trade is ex post efficient for the highest type but inefficient for the lowest one; specifically,
v1 < r1 and r, < v,. The seller observes a signal s about q. The buyer then makes a
take-it-or-leave-it price offer of p to the seller.? Trade occurs if and only if the seller’s
expected valuation conditional on the realized signal weakly exceeds p.> If type g good
is traded at price p, the seller gets p — r; and the buyer gets v, — p; if no trade occurs,
both get 0.

Given the linear relationship between valuations, we can, without loss of generality,
assume that the seller observes an unbiased signal; that is, E[r | s] = s. Under this

assumption, the buyer’s posterior mean is a linear function of s:

Oy — 0 10, — 017
o(s)=B[v|s]= 4—Ls- L 1n
Yn—11 'n—T1

’The assumption that the (uninformed) buyer is an offerer makes the problem simpler, by avoiding the
informed-principal problem. Though not innocuous, it seems a reasonable assumption in some contexts,
such as when the (uninformed) buyer is a potential acquirer of a firm who often has a stronger bargaining
power than the (informed) seller.

3We take this seller’s acceptance criterion for granted to simplify the analysis, but it is not crucial for
the results.
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Letrp = fr f” r dF(r) denote the seller’s expected valuation under the prior. We assume

that no trade occurs under the prior:

"10n — 01Ty

v(rp) <rp &= 1< p.

As in Roesler and Szentes (2017), a CDF G is the distribution of some unbiased signal if
and only if F is a mean-preserving spread of G. Hence, a signal distribution G is feasible

if it satisfies

t t Tn
/ F(r)ydr > / G(s)ds forall t € [r1,r,] and / sdG(s) = rr.
st r

r1

3.3 Only soft information

Suppose that the seller can acquire only soft information. Proposition 3.1 demonstrates

that such information acquisition does not mitigate the equilibrium inefficiency.
Proposition 3.1. There exists no signal distribution under which trade occurs in equilibrium.

Proof. Consider an arbitrary feasible signal distribution G. If the buyer offers price p,

the seller accepts it if s < p, which yields the buyer’s expected payoff of

p
/ [v(s) - p] dG(s).

Since v(-) is increasing and v(p) — p < 0 for all p < p, the buyer’s expected payoff is
negative if he offers p € [rl, p]. If he offers p € (p, rh] satisfying G(p) > 0, his expected
payoff is

/”[vn —UI . N -0 pl 4G (s)
1 - 7’1

'n — 11 Tn
— p p
_ On — 01 / S dG(S) _ p / dG(S)
" "
F1Un = V10 }

'n —1
n —11

r10n — 01y
'n —1

+

:G(p){v"_le[MisSp]—
n—11

r
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"0n—01"n 'n—1
Un—01 Up—01

This is negative if rr < p. Hence, it suffices to have

r10p — 01y 'n—1
e < + p=p.

Since rr < p by assumption, the unique equilibrium outcome is no-trade, whatever

signal distribution we consider. ]

3.4 Soft and hard information

Suppose now that the seller can obtain and disclose hard information about her type.
Specifically, upon observing a signal s, the seller obtains a set of evidence M(s). She
then discloses some m € M(s) to the buyer, after which the buyer makes an offer. We
continue to assume that the seller accepts the offer if and only if her expected valuation
conditional on the realized signal (and the set of evidence) weakly exceeds the offer. We
demonstrate by example that, in equilibrium, trade can occur and the seller can obtain a

positive expected payoff.

Example 1. Assume n =2 and 0 < v1 < 11 < r2 < v2. We maintain the assumption that

no trade occurs under the prior: vr = v(rr) < rr. Consider a signal distribution G such

(rp=r1)(r2—vF) TE=T1
(v2—12)(rE—11)+(r2—11)(r2—vF)” r2-11

that, for some g € ( ), the signal s is distributed as

r1 with probability 2=t ¢

TF—11

r2—nr

§ = rr with probability 1 - P

rp  with probability g.

It is straightforward to verify that the common prior F is a mean-preserving spread of G.*
Suppose that the set of evidence is given by M(r1) = {x} and M(rr) = M(r2) = {x,y};
that is, if the seller observes s = r1, she can only disclose m = x, whereas if she observes

s = rp or s = rp, she disclose either m = x or m = y This evidence structure can be

4Indeed, E¢[s] = rr, and the area between F and G on the interval [ry, r¢] is the equals that on [rr, 2],
which establishes the required inequality.
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interpreted as a certification system; only when the seller receives the signal rr or r;
does she obtain the certification y and can disclose it to the buyer. We show that the
following strategy profile, together with the belief system derived by the profile and G

through Bayes’ rule, constitutes a weak perfect Bayesian equilibrium:

¢ Seller’s strategy:

1. Discloses m = x if she observes s = ry;

2. Discloses m = y if she observes s = rr or s = ro.
* Buyer’s strategy:

1. Offers some p € [0, r1) if he receives m = x;

2. Offers p = r; if he receives m = y.

Given the buyer’s strategy, the sequential rationality of the seller’s strategy is obvious.
The first part of the buyer’s strategy is also optimal since, upon receiving m = x, he
believes s = r1 with probability 1, and no gain from trade exists in this case. It remains
to verify the optimality of the second part of the buyer’s strategy. Suppose that the buyer
receives m = y. If he offers p € [rr, r2), the seller accepts only when s = rr, yielding a
negative expected payoff to the buyer because vr < rr by assumption. If he offers p > o,
the seller accepts regardless of whether s = 7r or s = 1. Hence, the buyer’s optimal

offer is p = rp, which yields an expected payoff of

1 rp —11
S e— UVro—19)+ |1 - OF — 71 ,
1—:§:;§glg(2 & ( m—ng)“ 2

which is positive if

ug)(vp—rz)>0 = g>
rP—nN

(re — r1)(r2 = UF)
(v2 = r2)(rp = 11) + (r2 = r1)(r2 — vF)

g(v2—r2) + (1 -

Therefore, offering p = r; is optimal for the buyer. Note that trade occurs with positive
probability and that the seller obtains a positive expected payoff. Thus, the availability

of hard information mitigates the equilibrium inefficiency.
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