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Summary

This thesis is divided into three chapters. Chapter 1, based on my job market paper,
aims to understand the importance of non-wage job amenities for measuring economic
growth and the distributional effects of technical change. Chapters 2 and 3 use dynamic
contracting methods to study the gender wage gap and the motherhood penalty, and

entrepreneurship and financing constraints.

Smith (1776) already introduced the idea of compensating differentials—i.e., that wages
vary with non-pecuniary job amenities. Since then, the theory and empirical evidence
of compensating differentials have become well-established. Amenities are essentially
goods in that they enter workers’ utility functions and are part of the production process.
Yet, traditional growth, distributional, or welfare accounting abstract from non-pecuniary

job characteristics. Chapter 1 aims to bridge this gap.

I begin by estimating shadow prices for a range of job amenities that I can measure
with occupation-level survey data. With the estimates, I document an amenity-biased
shift in labor demand in the US from 1980 to 2015, which reallocated workers from low-
to high-amenity occupations. In the remainder of the paper,  make the case that account-
ing for this amenity-biased reallocation significantly alters our understanding of major
macroeconomic changes of the past decades. First, I theoretically show that the shadow
value of amenities should be included in output to measure productivity growth. Oth-
erwise, conventional measures—that only account for the costs of amenities—can under-
estimate it. More formally, Hulten’s (1978) theorem—a classical aggregation result for
efficient economies—only holds when output includes the shadow value of amenities.
Quantitatively, I find that total compensation (wage plus the value of amenities) grew
40% more than wages from 1980 to 2015. Compared to conventional estimates, this im-
plies 25% higher productivity growth but a larger slowdown since 2004. Second, I show
that measuring job amenities is also important to understand the distributional effects
of technical change. Despite the well-studied polarization along the wage distribution, I
tfind no labor market polarization along the distribution of total compensation.

Chapter 2, together with Maria Frech, is motivated by extensive empirical evidence
that highlights women’s demand for flexible working hours as a critical cause of the per-
sistent gender disparities in the labor market. We propose a theory of how hidden demand
for flexibility drives gendered employment dynamics. We develop a dynamic contracting
model between an employer and an employee whose time availability is stochastic and
unverifiable. In our framework, men and women only to differ in their probability of hav-
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ing low time availability, which we measure in the ATUS. We explore contracts designed
specifically for each gender (gender-tailored) and the polar case where a male-tailored con-
tract is given to both men and women. For the latter, we show that contracting frictions
endogenously give rise to well-documented gendered labor market outcomes: (i) the di-
vergence and non-convergence of gender earnings differentials over the life-cycle, and (ii)
women’s shorter job duration and weaker labor force attachment.

Chapter 3 builds on a large literature that uses dynamic contracting methods to un-
derstand how agency frictions create financing constraints and drive firm lifecycle dy-
namics. The literature has typically analyzed these problems assuming a risk-neutral
entrepreneur and i.i.d productivity shocks. Using recent advances from the dynamic tax-
ation literature, I study a canonical dynamic cash flow diversion model as Clementi and
Hopenhayn (2006), but with a risk-averse entrepreneur who has persistent private infor-
mation about the firm’s productivity. I find that risk aversion fundamentally changes the
properties of the optimal contract. The firm's size is always distorted downwards, and its
distortions inherit the autoregressive properties of the type process. The entrepreneur’s
compensation is smoothed and decoupled from the firm size dynamics. Finally, I use
numerical simulations to study a quasi-implementation with simpler contracts, which
highlights that this class of models is unable to generate realistic firm size and equity

share dynamics simultaneously.
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Chapter 1
Amenity-Biased Technical Change

Gerard Maideu-Morera®

Abstract

I argue that technical change has raised living standards not only by increasing wages
but also by making work more pleasant and safer. Yet, traditional growth, distri-
butional, or welfare accounting abstract from non-pecuniary job characteristics. By
estimating shadow prices for job amenities, I first document an amenity-biased shift
in labor demand in the US from 1980 to 2015, which reallocated workers from low-
to high-amenity occupations. This reallocation significantly alters our understanding
of several major macroeconomic changes. First, I theoretically show that the shadow
value of amenities should be included in output to measure productivity growth. Oth-
erwise, conventional measures—that only account for the costs of amenities—can un-
derestimate it. Quantitatively, I find that total compensation (wage plus the value of
amenities) grew 40% more than wages from 1980 to 2015. Compared to conventional
estimates, this implies 25% higher productivity growth but a larger slowdown since
2004. Second, I find no labor market polarization along the distribution of total com-
pensation; employment and relative wages declined the most at the bottom of the

distribution instead of in the middle.

T am grateful to Christian Hellwig, Nicolas Werquin, Eugenia Gonzalez-Aguado, and Charles Brendon
for their advice and guidance through the project. I have greatly benefited from advice from Paul Diegert
and Victor Rios-Rull. I would also like to thank George-Marios Angeletos, Matteo Bobba, Fabrice Collard,
Olivier De Groote, Jason Faberman, Patrick Feve, Maria Frech, Alexandre Gaillard, Jonas Gathen, Robert
Gordon, Pau Juan-Bartroli, Narayana Kocherlakota, Marti Mestieri, Alessandro Pavan, Mathias Reynaert,
Frangois Salanié, Wenxuan Xu, Andrei Zaloilo, and seminar participants at the Vigo macro workshop and
TSE workshops.



1.1 Introduction

Technological progress is understood to be the long-run driver of living standards, which
are typically measured with wages. However, workers also value non-pecuniary job char-
acteristics (amenities) such as safety, schedule flexibility, or how meaningful a job is. The
theory of compensating differentials states that workers trade off lower wages for bet-
ter amenities, and recent research finds that these differentials are large (Rosen, 1986;
Lavetti, 2023). Hence, improved amenities, such as safer jobs, can also raise living stan-
dards. Figure 1.1 shows that in the US, from 1973 to 2015, while real income per capita
doubled, average occupational injury rates decreased nearly fourfold. Traditional output
or income measures do not account for the improved safety or potentially many other
improvements in job amenities. Yet, any welfare assessment based only on pecuniary
compensation is incomplete if workers value amenities. Moreover, increases in amenities
can decrease output and productivity estimates because the costs of providing amenities

are typically measured but not their value.

Figure 1.1: Changes in occupational injury rates and income per capita (US, 1973-2015)
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Note: The injury rate is the aggregate occupational injury and illnesses rate constructed from historical
news releases of the Survey of Occupational Injuries and Illnesses (SOII).

In this paper, I introduce the notion of amenity-biased technical change, defined as
a change in production technology that leads to increases in non-pecuniary compensa-
tion or differentially impacts jobs based on their amenities. By estimating shadow prices
for job amenities, I first document an amenity-biased reallocation of labor demand from
1980 to 2015. Employment and relative wages decreased in low-amenity occupations and

increased in high-amenity ones.

Accounting for this amenity-biased reallocation significantly alters our understand-
ing of major macroeconomic changes of the past decades. First, I show that augmenting

output to include the shadow value of amenities yields a more welfare-relevant growth
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estimate and properly measures productivity improvements. Quantitatively, I estimate
that total compensation (wage plus the value of amenities) grew 40% more than wages
between 1980 and 2015. Compared to the conventional total factor productivity (TFP)
measure, this implies 25% larger productivity growth but a larger slowdown between
2004 and 2015. Second, the US labor market has experienced a polarization since the
1980s, where employment and relative wages have decreased in middle-wage occupa-
tions (Acemoglu, 1999; Autor et al., 2006). By contrast, I find that there is no polarization
if occupations are ranked by total compensation. I argue that this suggests an aggregate
shift in demand from low- to high-skill workers (as in Bound and Johnson, 1992 or Katz
and Murphy, 1992).

Motivating evidence. I begin by providing indirect evidence of compensating differ-
entials by comparing wages and proxies for workers” skills (average AFQT score and
average years of schooling) across occupations.” Wage differences unexplained by skill
differences suggest compensating differentials. I find a significant mismatch between
wages and skill proxies across occupation groups that is consistent with differences in
several measured amenities. Specifically, blue-collar occupations have similar skill proxy
values as services despite earning substantially higher wages and score low in multiple
job characteristics, suggesting that part of their wages reflect compensating differentials.
Blue-collar occupations experienced the largest employment declines since the 1980s. I ar-
gue that their declines led to an amenity-biased reallocation and aggregate improvements
in non-pecuniary compensation. Additionally, I show that—despite the polarization by
wages—there is no polarization if we rank occupations by the skill proxies.

Amenity prices. To formally assess the hypothesis of the amenity-biased reallocation
and quantify aggregate improvements in non-pecuniary compensation, I then turn to
the estimation of amenity prices. First, I lay down the occupational choice setup used
throughout the paper. Workers have heterogeneous productivities and preferences, and
occupations have heterogeneous amenities and wage functions mapping productivities
to wages. I define the worker’s frontier as the set of undominated combinations of wages
and amenities available to the worker, given her productivity type. The slope of these

frontiers at each point defines the local amenity prices.

The identification challenge results from not observing workers’ frontiers, especially
since higher-skilled workers tend to have frontiers with higher wages and higher ameni-

>The AFQT score is a general aptitude test that was, in particular, administered to the subjects of the
NLSY79 and is commonly used as an ability proxy in labor economics. I also use non-cognitive proxies and
find that they deliver similar comparisons across occupation groups.
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ties. To tackle this, I use the methodology developed by Bell (2022) and Bell et al. (2024),
which extends the hedonic pricing (Rosen, 1974) to account for heterogeneous frontiers.?
By placing assumptions on the frontiers, I can map the occupational model to their re-
duced form setup. Their approach uses an imprecise proxy for workers’ skills as a shifter
of the frontier to recover its tangent vector—i.e., the amenity prices. Intuitively, a valid
proxy must correlate with the worker’s skills but be unrelated to preferences. I use
occupation-level amenity data from the O*NET and the ATUS (from Kaplan and Schulhofer-
Wohl, 2018) and worker-level data from the NLSY79. The data allows me to measure a
broad range of amenities, from tangible ones like exposure to contaminants to subjective
ones such as feelings of meaning. Moreover, for the latter periods, I can use different

releases of the O*NET to measure changes in amenities over time within occupations.

Results. Using the amenity price estimates, I can aggregate to occupation-level amenity

and total compensation measures, which I use to document:

1. Amenity-biased reallocation of labor demand between 1980 and 2015. 1 document that
employment and relative wages decreased in low-amenity occupations and increased in
high-amenity ones. This result is largely explained by shifts across broad occupation
groups—especially by the declines in blue-collar occupations, which tend to have the
lowest amenities. The simultaneous decrease in wages and employment suggests a de-

crease in the labor demand for low-amenity occupations.*

2. No polarization along the total compensation distribution. Employment and relative
wages decreased at the bottom of the total compensation distribution rather than in the
middle. This finding is a byproduct of the amenity-biased reallocation. In particular, the
polarization disappears on aggregate because blue-collar and service occupations have
roughly the same total compensation level.” Moreover, total compensation can be inter-
preted as a skill measure that corrects for compensating differentials. Thus, we find no
polarization along the skill distribution, suggesting that, on aggregate, there has been
a decrease in the demand for low-skill workers—as in the older skill-biased technical
change literature (Bound and Johnson, 1992; Katz and Murphy, 1992).

3Bell (2022) first proposed the method for the estimation of compensating differentials in the labor mar-
ket, and then Bell et al. (2024) extended it in the housing context.

4If employment decreased in low-amenity occupations because workers now value more amenities, we
should observe an increase in wages in these occupations. Conversely, if relative wages in low-amenity
occupations decrease due to improved working conditions, employment should have increased.

SSimilar total compensation levels between blue-collar and service occupations do not imply that work-
ers are roughly indifferent due to preference heterogeneity. However, the changes in utility for blue-collar
workers who move to services would be less than the observed reduction in wages.



Growth accounting. Next, I show that TFP underestimated productivity improvements
because conventional output measures do not account for increases in amenities. To this
end, I extend the empirical setup and introduce the production side of the economy. I
model biased changes in labor demand by assuming that each occupation’s output can be
produced with labor and /or an occupation-specific new technology, which could capture,
for example, industrial robots or foreign workers (offshoring).

First, I illustrate the key intuitions using a simple two-occupation example. Since the
low-amenity occupation must pay a higher wage to attract workers, its marginal product
of labor (MPL) is higher. Consequently, output, income, and TFP decrease after work-
ers reallocate to the high-amenity occupation. The difference in MPLs between the low-
and high-amenity occupations is the shadow cost of providing higher amenities, which
is measured as a misallocation because the shadow value of amenities is not accounted
for. When workers move to the high-amenity occupation, they enjoy better amenities
and reduce their consumption of normal goods, but only the value of the latter is mea-
sured. Therefore, by measuring total compensation growth, we can (i) obtain a more
welfare-relevant growth estimate and (ii) properly measure productivity improvements
by correcting for the misallocation in measured TFP.

More generally, worker reallocations across occupations have first-order effects on
TFP akin to changes in allocative efficiency in inefficient economies where Hulten’s theo-
rem (Hulten, 1978) does not hold (Baqaee and Farhi, 2020). Hulten’s theorem—i.e., only
changes in technology have first-order effects on TFP—is often understood as a macro
envelope condition from the first welfare theorem. Although the equilibrium is Pareto
efficient, Hulten’s theorem does not hold because output and TFP are not maximized
when workers value amenities. The main result is a Hulten’s theorem for augmented
TFP growth, which is defined as usual but with output augmented to include the shadow
value of amenities. This yields growth accounting formulas that allow us to measure
productivity improvements with amenity prices, including gains from improved ameni-
ties within occupations (e.g., safer machines). Additionally, I define the corrected TFP
growth as the growth in conventional output from the changes in technology, which can
be computed by adding the change in amenity value to conventional TFP growth.®

The growth accounting formulas derived are nonparametric and, under assumptions

on workers’ frontiers, can be measured with the amenity price estimates. I find that since

1 study the growth accounting in two extensions. First, a model where firms provide amenities at a
cost. Increased spending on amenities reduces measured TFP by raising costs without increasing workers’
measured compensation or sales. Second, an inefficient economy with occupation-level wage markdowns
where I characterize TFP and corrected TFP growth.



1980, due to the reallocation of workers, the per-worker amenity value increased by 6424
dollars in 2012 prices, implying that total compensation grew 40% more than wages. As a
result, the corrected TFP growth has been 25% larger than the conventional TFP growth,
with an average growth rate of 1.9% compared to 1.5% for TFP. That is, the estimates sug-
gest that productivity improvements were 25% larger than indicated by the conventional
measure. For the latter years, I can use different releases in the O*NET to estimate aug-
mented TFP growth. Between 2006 and 2015, the augmented TFP growth was equal to
8.5%, compared to a TFP growth of 7.9% and a corrected TFP growth of 9.7%.” Of the
8.5% growth, 0.6 percentage points are explained by improvements in amenities within
occupations.®

Related literature. In this paper, I introduce job amenities and the theory of compensat-
ing differentials, which are well-established in labor economics, to the broad literatures
on economic growth and technical change. However, more specifically, I contribute to the

literatures on growth accounting and labor market polarization.

The growth accounting literature aims to quantify the sources of productivity growth
(Hulten, 1978; Hall (1990); Basu and Fernald, 2002; Petrin and Levinsohn, 2012; Bagaee
and Farhi, 2020; Davila and Schaab, 2023).9'10 The main contribution is to show how the
conventional TFP measure does not properly measure productivity improvements when
jobs have heterogeneous amenities and to quantify that, as a result, technological progress
has been understated. Formally, I show that, in an efficient economy with job amenities,
Hulten’s theorem does not hold for the conventional output measure but holds if output

is augmented to include the shadow value of amenities.

An extensive literature has documented and studied the causes and consequences
of the polarization of the labor market. Earlier contributions include Acemoglu (1999),
Autor et al. (2003), Autor et al. (2006), or Goos and Manning (2007).!' Accounting for

"The augmented TFP growth is smaller than the corrected TFP growth because it is relative to the aug-
mented output, which is larger than the measured output.
8This estimate should be interpreted as a lower bound as I cannot measure changes in all amenities.
9Closer to the technical change literature, Acemoglu (2024) uses Hulten’s theorem to evaluate the pro-
ductivity effects of Al in a task-based model.
10A related literature quantifies the aggregate effects of misallocation in inefficient economies (Restuccia
and Rogerson, 2008; Hsieh and Klenow, 2009). On growth accounting, see Bagaee and Farhi (2020), and on
the labor market, see Hsieh et al. (2019) and Berger et al. (2022). I show how, with amenities, we can measure
misallocation in an efficient economy and correct it with amenity prices. Additionally, I explore how the
interaction between inefficiencies from markdowns and compensating differentials affects TFP growth.
Bshm (2020) estimates changes in task prices in a Roy model with manual, routine, and abstract tasks
and also allows for differences in non-pecuniary utility in each of the tasks. Consistent with my estimates,
he finds a lower non-pecuniary utility for routine tasks.



amenities provides a more nuanced understanding of the impact of polarization. First, I

find that there is no polarization by total compensation.

Second, the polarization literature often refers to wages and workers’ skills inter-
changeably, so that polarization has impacted the middle-skilled occupations (e.g., Autor
et al., 2006; Acemoglu and Autor, 2011; Autor and Dorn (2013)). By contrast, I find no ev-
idence of polarization along the skill distribution—both with skill proxies and using total
compensation as a skill measure—suggesting an aggregate decrease in relative demand
for low-skill workers.

Some papers also examine changes in non-pecuniary job characteristics over time.
Hamermesh (1999) analyzed changes in injury rates and nighttime work and documented
that injury rates fell more in industries with larger income growth.!? Using survey data
from the ATUS on workers’ feelings about work, Kaplan and Schulhofer-Wohl (2018)
document changes in the disutility of work due to the reallocation of workers across
occupations. Boar and Lashkari (2021) construct an index of non-pecuniary quality of
occupations and show that children of richer parents are more likely to sort into occupa-
tions with higher index. Additionally, they document a reallocation of employment and
wages toward occupations with higher non-pecuniary quality and quantify its impact on
intergenerational mobility and welfare. By explicitly measuring amenity prices, I can ag-
gregate multiple amenities into a unidimensional measure.!*> Moreover, this enables me

to quantify the implications for labor market polarization and growth accounting.

The quantitative results also speak to the recent literature studying the US productiv-
ity slowdown from 2004 to 2015 (Fernald, 2015; Syverson, 2017; Byrne et al., 2016; Gordon,
2018).1 1 find that the corrected TFP estimates indicate an even larger productivity slow-
down because most of the amenity-biased reallocation of workers had already occurred
by 2006. Note that this is only suggestive as increases in expenditures on amenities within

occupations or firms, which I do not measure, could have contributed to the slowdown.

Finally, long since Nordhaus and Tobin (1972), economists have aimed at constructing

12Relatedly, Hamermesh (2001) used survey responses on job satisfaction from the NLSY79 and docu-
mented a widening of the distribution of job satisfaction.

13Boar and Lashkari (2021) use survey data from the Quality of Work-life Module of the General Social
Survey and principal. They use principal component analysis to construct a unidimensional intrinsic qual-
ity index and estimate the compensating differential for the index with a structural model. The O*NET data
also allows me to use less aggregated occupation codes.

l4Relatedly, Rachel (2024) develops a theory of growth with leisure-enhancing technologies (e.g., social
media). He shows that faster growth in the leisure economy is associated with slower growth of traditional
TFP. As 1 do, he argues that GDP becomes a less accurate measure of welfare. However, he finds that GDP
is not significantly mismeasured because these goods have zero or very low marginal costs. By contrast, my
amenity price estimates indicate substantial shadow costs of amenities, so I find a large mismeasurement.



better measures of economic welfare than GDP.!> More recently, there has been a renewed
interest in this line of work. For instance, Jones and Klenow (2016) create a measure in-
corporating consumption, leisure, mortality, and inequality and use it to compare welfare
across countries and over time.!® Similarly, I use theory to construct a measure that better
captures welfare than GDP. However, ignoring the amenities causes mismeasurement in
the conventional TFP. Moreover, by defining augmented output, I can follow the same
approach of the traditional growth accounting literature; I define productivity growth in

the usual way and derive a Hulten’s theorem.

Outline. The paper is organized as follows. Section 1.2 describes the data sources used
throughout the paper. Section 1.3 provides motivating evidence for the amenity-biased
reallocation and its implications. Section 1.4 lays down the occupational choice setup
and explains the estimation of amenity prices and the construction of the amenity and
total compensation measures. Section 1.5 presents the main results on the amenity-biased
reallocation and the absence of polarization along the total compensation distribution.
Section 1.6 studies growth accounting; I first go through the theory and then do the quan-
titative analysis. Finally, Section 1.7 discusses the extensions, and Section 1.8 concludes.

1.2 Data sources

I now describe the data sources used throughout the paper. I use occupation-level data on
job characteristics (amenities) from the Occupational Information Network (O*NET) and
the American Time Use Survey (ATUS). I obtain individual-level survey data on workers’
income, occupations, and characteristics (mainly skill proxies) from the National Lon-
gitudinal Survey of Youth 1979 (NLSY79). In addition, I use the census and American
Community Survey (ACS) to construct occupation-level employment and wage data. All
the occupation-level data is cross-walked into the occupation codes developed by Autor
and Dorn (2013), which provide consistent coding for 330 occupations across all census
and ACS samples.

Amenities data. I use three sources of data for amenities: (i) the O*NET context file (as
Bell, 2022), (ii) the O*NET interests file, and (iii) data from Kaplan and Schulhofer-Wohl

15Nordhaus and Tobin (1972) developed a Measure of Economic Welfare that, in particular, deducted the
disamenities from urbanization by using income differentials across localities with different population
densities.

160ther contributions include Becker et al. (2005), Cordoba and Verdier (2008), Boarini et al. (2006), Fleur-
baey and Gaulier (2009), or Fleurbaey (2009) (a review). Also related are Basu et al. (2022) and Duran and
Licandro (2024), who show conditions under which conventional output or TFP measure welfare.
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(2018), which is constructed from the ATUS.

The O*NET is a comprehensive database of worker attributes and job characteristics
constructed and maintained by the U.S. Department of Labor. Its data is constructed
through a combination of occupational surveys, expert reviews, and input from a broad
range of workers and occupations. The O*NET context file provides detailed occupation-
level characteristics such as the frequency of exposure to contaminants, the importance of
teamwork, or the time spent standing. However, not all characteristics may be considered
amenities, as it is reasonable to assume that they do not affect workers’ utility. Therefore,
I manually exclude these types of characteristics. For example, I exclude variables such
as the frequency with which a job requires written letters or memos. In total, I select
17 characteristics out of 57 available. In Table A.1 in Appendix A.1, I describe all the
variables from the context file used and how I define each amenity. With each new release
of the O*NET, data on some of the occupations are updated. I use data from 2006, which
is the earliest year with complete data available. Additionally, I use data from 2022 to
measure changes in amenities in the later years and assess the sensitivity of the estimates

to changes in amenities over time.

The O*NET interests file is based on the RIASEC model, and it constructs a score on
how realistic, investigative, artistic, social, enterprising, or conventional every occupa-
tion is (see Table A.2 in Appendix A.1). Finally, I use the ATUS data from Kaplan and
Schulhofer-Wohl (2018), who use survey responses on workers’ feelings during working
hours to construct measures of the disutility of work across occupations. I use the feeling
responses about stress, tiredness, pain, and rneaning.17

The three sources combined give a total of 27 amenities across 330 occupations. The
measured amenities do not capture all the potential occupational characteristics that work-
ers may value. However, they cover a broad range of characteristics, from more tangible
ones, such as the exposure to contaminants, to more subjective ones, like the feelings of
meaning.'® Further details on the amenities data can be found in Appendix A.1.1.

Income, occupation, and skill proxy data (NLSY79). I use data on workers” income,
occupation, and skills from the NLSY79. The NLSY79 is a longitudinal study tracking
the labor market activities and life events of Americans born between 1957 and 1964 since

1979. The NLSY79 is useful because it provides several variables that can be used as prox-

17T do not include the responses on whether the worker is happy or sad due to the concern that these may
be directly influenced by the worker’s wage.

8There are a few missing occupations in each amenities dataset. Whenever this is the case, I impute the
corresponding amenities using the average of the occupation group of the missing occupation.



ies for workers’ skills. The main one that I use is the AFQT (Armed Forces Qualification
Test) score. The AFQT is a general aptitude test score derived from the math and verbal
subsets of the Armed Services Vocational Aptitude Battery (ASVAB), and it was admin-
istered to subjects of the NLSY79 panel in 1980. The AFQT test is a commonly used skill
proxy in labor economics (e.g., Farber and Gibbons, 1996; Altonji and Pierret, 2001; Neal
and Johnson, 1996). I also use the variables self-esteem and mastery as well as height
(residualized on sex) as proxies (Bell, 2022). I use data from 1986 (ages 23-29), 1996 (ages
33-39), 2006 (ages 43-49), and 2016 (ages 53-59). More details on the data and sample
selection can be found in Appendix A.1.2.

Census and ACS data on wages and employment by occupation. Finally, I obtain em-
ployment and wage data across occupations and years from the census and the ACS. I
use data for the years 1980-2015 and closely follow Deming (2017) for the data cleaning
and aggregation. More details can be found in Appendix A.1.3.

1.3 Motivating evidence

In this section, I provide motivating evidence for the main findings of the paper. First, I
discuss some recent labor literature estimating compensating differentials and the magni-
tude of their estimates. Second, I present suggestive evidence for the presence of compen-
sating differentials across broad occupational categories. Third, I explain how changes in
the occupational composition in the U.S. since the 1980s may have led to an amenity-
biased reallocation. Fourth, I show that this amenity-biased reallocation may imply an
absence of polarization across the skill distribution. Finally, I briefly discuss how wage
declines due to shifts from blue-collar to service occupations may lead to biased produc-

tivity estimates.

Estimates of compensating differentials. The theory of compensating differentials is an
old idea (Smith, 1776; Lucas, 1977; Rosen, 1986). Yet, despite its intuitive appeal and in-
direct evidence, estimating compensating differentials has proved challenging. The iden-
tification challenge is that workers’ skills are not directly observable, and higher-skilled
workers tend to be employed in jobs with higher wages and higher amenities. As a re-
sult, workers” wages and job amenities are typically positively correlated in the data. The
flip side is that we also cannot directly infer skills from wages. For instance, a low-skill

worker may earn more than a higher-skilled one if compensated for lower amenities.
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In recent years, improved data and methods have renewed interest and shown that
compensating differentials can be substantial (see Lavetti (2023) for a historical overview
of the literature). Possibly the best evidence of sizable valuations for job amenities comes
from discrete choice experiments as in Mas and Pallais (2017).19 They find that, on av-
erage, workers are willing to give up 20% of their wages to avoid schedules set by an
employer on short notice. Using a similar approach, Maestas et al. (2023) estimate that
going from a job requiring heavy physical activity to moderate physical activity is equiv-
alent to a 14.5% wage increase. They also find that a job where the person is sitting is
equivalent to an 11.6% increase, and a relaxed environment adds another 4.3%. Overall,
transitioning from the worst to the best job, based on the possible survey responses, is

equivalent to a 55% wage increase.

The magnitude of these estimates suggests that job amenities must also be important
at the macro level. For example, suppose that improvements in production technology re-
duce the physical activity of the jobs of 25% of workers from heavy to moderate. Accord-
ing to the estimates of Maestas et al. (2023), in aggregate terms, this would be equivalent
to an increase in average wages of 3.6%, which is well above the annual average wage
growth in the U.S. Moreover, since these estimates are based on a limited set of survey
questions, accounting for all differences in job amenities across occupations could lead to

substantially larger compensating differentials.

Compensating differentials across major occupation groups. I now argue that differ-
ences in job amenities can lead to significant compensating differentials across broad oc-
cupation groups. In particular, I provide evidence that blue-collar occupations generally
have the lowest amenities and that part of their wages may reflect compensating differ-

entials.

I use proxies for workers’ skills as a first piece of evidence. If workers in certain oc-
cupations systematically earn more than predicted by their skill proxies, they may be
receiving compensation for lower amenities. I use two occupation-level skill proxies: the
average AFQT score and the average years of schooling. In Table 1.1, I compute the av-
erage percentile of the proxies by major occupation groups. Blue-collar occupations (Pro-
duction/craft, Transportation/construction... and Machine operators/assemblers) that
populated the middle of the wage distribution, rank relatively lower in both skill distri-
butions. By contrast, at the bottom of the wage distribution, service occupations become

19 Another recent strand of the literature uses structural models to estimate compensating differentials
across firms. For instance, Sorkin (2018) estimates that compensating differentials explain at least 15% of
the variance of earnings.

11



relatively higher skilled—at around the same level as the blue-collar.?’ Therefore, the
higher wages of blue-collar workers could partly represent a compensating differential

for lower amenities.?!

Table 1.1: Wage, skill proxy and amenity percentiles by major occupation groups

Skill proxies Amenities
Years No
(‘iv;ég(; AFQT schooling hazardous con taﬁci)nan s Artistic

(1980) conditions
Managers/professionals/
technicians/finance/
public safety 73.9 79 80.2 65.6 73.3 66.6 59.3
Production/craft 70.0 41.2 38.6 27.8 28.2 35.5 36
Transportation/
construction/mechanics/
mining/farm 52.4 29.7 25.5 31,8 25.5 27.2 32.5
Machine operators/
assemblers 36.7 16.9 17.3 24.4 18 39.5 30.2
Clerical/retail sales 30.6 55.5 57 74.7 65.5 32.1 53.9
Service occupations 11.0 23 24.7 35.2 44.7 48.7 31

Note: For every occupation, I first compute its percentile in the distribution of each variable (wage, AFQT,
years of schooling and each of the amenities). Then, I compute average percentiles by major occupation
groups weighting by the employment shares of each occupation in 1980.

Table 1.1 also shows the average percentiles in some amenities by major occupation
groups. We indeed find evidence of blue-collar occupations having lower amenities.
Blue-collar workers are among the most likely to be exposed to hazardous conditions
and contaminants. Moreover, these occupations also score low in the artistic character-
istic, and the workers are among the most likely to experience pain. Conversely, cleri-
cal occupations—also middle-wage—score higher in the skill proxies and generally have

higher amenities.

20That workers in blue-collar (routine-manual) occupations had low education levels is well known (see
Cortes et al., 2017 for example). However, to my knowledge, the connection to compensating differentials
has not been made.

2lWe may be concerned that the AFQT and years of schooling are mainly measures of cognitive skills
and that these may be relatively less important in blue-collar occupations than, for example, in services.
To assess this concern, in Table A.11 in Appendix A.5, I compute the average of other (non-cognitive) skill
proxies by major occupation groups. I generally find similar results where the blue-collar occupations tend
to have the lowest scores along with the service ones.
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Changes in occupational composition and amenity bias. The US labor market has un-
dergone a large occupational reshuffling since the 1980s. A sizable share of the labor force
has moved away from middle-wage blue-collar and clerical occupations into low-wage
service and high-wage abstract occupations (see Table 1.2). In particular, the share of
the labor force employed in blue-collar occupations declined from approximately 34% in
1980 to 22% in 2015. The evidence provided above suggested that blue-collar occupations
generally had the lowest amenities. Therefore, their declines in employment can lead to
an amenity-biased reallocation of workers towards higher amenity occupations, thereby

increasing aggregate non-pecuniary compensation.

Table 1.2: Changes in wages and employment by major occupation groups

Employment Wage percentile (100x) Change Change
share (1980) (1980) employment log. hourly
share (1980-2015) wage (1980-2015)
Managers/professionals/
technicians/finance/public safety 33.1 73.9 12.1 0.25
Production/craft 5.1 70.0 -2.35 -0.1
Transportation/construction/
mechanics/mining/ farm 19.4 52.4 -3.9 -0.02
Machine operators/assemblers 10.2 36.7 -6.2 0.0
Clerical/retail sales 23 30.6 -4.0 0.1
Service occupations 9.2 11.0 4.3 0.08

Note: To compute the wage percentile, for every occupation, I first compute its percentile in the wage
distribution. Then, I compute average wage percentiles by major occupation groups weighting by the
employment shares of each occupation in 1980. The change in real wages in the last column is with 2012
prices, and it is also computed weighting by the employment shares.

Amenity bias and polarization. Shifts in labor demand away from blue-collar and cler-
ical occupations led to a polarization of the labor market in the US and most developed
economies (Autor et al., 2006; Goos et al., 2009). I depict this polarization in Panels (a)
and (b) of Figure 1.2. I rank occupations by their wage percentile in 1980 and compute
the (smoothed) change in employment and wages at every percentile. Employment and
relative wages decreased in occupations in the middle of the wage distribution and in-
creased at the top and bottom tails. The literature has shown that this polarization is
mainly driven by the automation of routine jobs (Autor and Dorn, 2013; Goos et al., 2014),
but also by offshoring (Goos et al., 2014) and structural change (Bardny and Siegel, 2018;
Comin et al., 2020).
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Figure 1.2: Smoothed changes in employment and wages by wage and skill proxy percentiles,
1980-2015

(a) Employment changes by wage percentile (b) Wage changes by wage percentile

100 x change employment share
Change in real log hourly wage

24 Ot oo
0 20 40 60 80 100 0 20 40 60 80 100
Wage percentile (1980) Wage percentile (1980)
(c) Employment changes by skill proxy percentiles (d) Wage changes by skill proxy percentiles
31 araT 31 arar

—— Years of schooling —— Years of schooling

100 x change employment share
Change in real log hourly wage

0 20 40 60 80 100 0 20 40 60 80 100
Skill proxy percentile Skill proxy percentile

Note: First, I compute the percentile in the distribution of each variable (AFQT, years of schooling, and
wage) for every occupation. Then, I compute the changes at every percentile, weighting by the
employment shares of each occupation. Finally, I smooth the changes with a LOWESS regression using the
same bandwidth in all cases.

The literature on labor market polarization usually interprets the wages of workers
in an occupation as a measure of their skills. Through this lens, polarization impacted
middle-skilled occupations (Autor et al., 2006; Acemoglu and Autor, 2011; Autor and
Dorn, 2013).22 As discussed, compensating differentials break the link between wages
and skills. The right definition of skills is not straightforward, but, for example, we may
not want to label a worker as higher-skilled after she takes a less safe job at a higher
wage. Since Table 1.1 shows that blue-collar and service occupations have similar values
for the proxies, this raises the question of whether there is actually polarization along the
distribution of the skills proxies.

22For instance, in the same type of plot as Figure 1.2, Autor and Dorn (2013) write in the x-axis: "skill
percentile (ranked by 1980 occupational mean wage)".
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To this end, I redo the exercise but instead ranking occupations by skill proxies. Panels
(c) and (d) of Figure 1.2 plot the smoothed changes in employment and wages by the
AFQT score and years of schooling percentiles.”> There is no polarization when ranking
occupations by the skill proxies; occupations at the bottom of the distribution—instead of
at the middle—have experienced the largest declines. This finding challenges the notion
that polarization has affected middle-skilled occupations, suggesting instead a pure skill-
biased change—as in Bound and Johnson (1992) or Katz and Murphy (1992)—where labor
demand shifts towards higher-skill occupations.

Amenity bias and productivity estimates. The following thought experiment illustrates
how compensating differentials can lead to misleading productivity assessments when
workers switch occupations. Suppose that the differences in average wages between ser-
vice and blue-collar occupations are purely a compensating differential for lower ameni-
ties. Imagine that one percent of workers switch from blue-collar occupations to services
and suppose these workers were indifferent between the two occupations. If they earned
the average wages in the two occupations, their income in 1980 would decrease by ap-
proximately 17,000 dollars in 2012 prices (from 40,000 to 23,000). Abstracting from any

general equilibrium adjustment, GDP per worker would fall by GDPO}')(g 31;1229 1980 ~ 2.7%.

Although we would measure a 2.7% decline in GDP per worker, and so a decrease in
labor productivity, neither workers” welfare nor the production technology has changed.
This apparent misallocation of workers results from not accounting for changes in non-
pecuniary compensation. Imagine that instead of only measuring workers” wages, we
also measured the value of their job amenities, i.e., we measure their total compensation.
Since we assumed that the wage differences between blue-collar and service occupations
are entirely explained by compensating differentials, total compensation in the two oc-
cupations is the same. As a result, total compensation remains constant after workers
reallocate—the drop in wages in exactly offset by the increase in non-pecuniary compen-
sation. Therefore, if we measure total compensation instead of wages, we would not

observe any decline in labor productivity.

Tacking stock and roadmap. To sum up, since the 1980s, decreased demand for middle-
wage occupations has led to a polarization of the labor market across the wage distribu-
tion. Among these occupations are blue-collar jobs, which I have provided evidence to
generally have the lowest amenities. Thus, the US labor market may not only have experi-

enced a polarization along the wage distribution but also an amenity-biased reallocation.

2In Figure A.20 in Appendix A.5, I redo this figure separately by the periods 1980-1990, 1990-2000, and
2015. Qualitatively, the figures are similar in most periods.
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In turn, the amenity bias can imply an absence of polarization along the skill distribution.
Moreover, only measuring wage changes of workers who move from low-amenity occu-
pations can lead to misleading inferences about productivity growth. The objective of the
following section is to estimate amenity prices, which will allow us to formally evaluate
and quantify these hypotheses in the rest of the paper.

1.4 Measurement of occupational amenities

In this section, I describe how I estimate amenity prices and how I use them to con-
struct amenity and total compensation measures. Section 1.4.1 lays down the occupa-
tional choice setup that I will use throughout the paper. Then, Section 1.4.2 describes the
main identification challenge and how I tackle it with the skill proxy method. Finally,
Section 1.4.3 explains the estimation, and Section 1.4.4 discusses the robustness exercises.

1.4.1 Setup

Consider an economy with a set of workers Z, a set of occupations 7, and a set of ameni-
ties V. Workers are heterogeneous in their productivity in a set of tasks £. The vector of
task-specific productivities of worker i € Z is 6; = {60;,...,0;;,...,0;L}, where 6;; € R, de-
notes the productivity in task I € L. Every occupation j € [J has a wage function mapping
task-specific productivities to wages w; : IKLF — R4. Later (Section 1.6), I will specify the
production side of this economy so the wage function will be determined in equilibrium,
but we can take it as given for the estimation of amenity prices. Occupations are also
heterogeneous in the value of each amenity n € A. I denote by A, the value of amenity
n € N in occupation j € J. Workers value wages and amenities. I denote the utility of
worker i in occupation j by U;(w;(6;),{Aj,}n) and assume that it is strictly increasing in
all arguments.?* Workers choose to work in the occupation that maximizes their utility.

Instead of analyzing workers’ choices over occupations, we can focus on choices over
wage-amenity arrangements (w,{A,}). To this end, I define the worker’s offer set as all

the combinations of wages and amenities available to a worker given her productivity 6;:
@(0;) = {(w,{Au}n) : 3j € J such that (w;(0;),{Aju}n) = (w,{An}n)}- (1.1)

Because workers do not have specific preferences for occupations, they choose from the

24Note that any job characteristic D,, disliked by workers can always be redefined as A, = —Dj,.
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arrangements (w,{ A, }») in their offer set that are undominated, i.e., that no alternative
job offers weakly higher wage and amenities, with at least one being strictly higher. For-
mally, I define the frontier of the offer set as

@(0;) = (1.2)
{(w,{An}n) € ®(6;): B(w', {AL}n) € D(6;) stw >w & Al, > A,¥n, with > for some n or w'}.

Figure 1.3 depicts the offer set and the corresponding frontier in an economy with one
amenity. Each dot represents a combination of wage and amenity (w, A) in the worker’s
offer set. The blue dots are the undominated combinations, i.e., in the frontier. In this
example with one amenity, we can define the (local) price of the amenity from the slope
of the dashed line. Consider workers employed in occupation H. To receive Ay — Ap >0
extra units of the amenity, they have given up w’ — w!! > 0in wages. Hence, as illustrated

. . . . : _ _ wg—wg
in the graph, the price paid for the extra amenity by these workers is 6y = —z%—7. Note
that these prices are local because they vary with the amenity level.

Figure 1.3: Offer set, frontier and local amenity prices
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Model discussion. I model amenities as exogenous characteristics of an occupation.
This is natural for amenities that may be intrinsic to the occupation, such as whether
an occupation involves artistic tasks or not. However, we may think of other amenities
as being endogenously provided by firms, e.g., office perks. I focus on the first type of
amenities because I am interested on the reallocation of employment and relative wages

across occupations.

Throughout the paper, I do not need to impose any restrictions on preference hetero-
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geneity, except that all workers agree on which amenities are desirable. In particular,
preferences can be arbitrarily correlated with the workers’ productivity types 6;. As I ex-
plain in the following section, the identification of amenity prices requires assumptions

that restrict the way in which 6; can affect the worker’s frontier but not on preferences.

1.4.2 Amenity pricing with skill proxy method

Identification challenge and approach. The identification challenge is that we do not
observe the workers’ frontiers. In particular, more skilled or able workers tend to have
frontiers with both higher wages and amenities. As a result, the data usually shows a pos-
itive correlation between wages and amenities (Bell, 2022). Therefore, Rosen (1974)’s ap-
proach of directly regressing prices on characteristics to estimate the hedonic price func-

tion is not valid.

Figure 1.4 illustrates this in an economy with two workers, one amenity, and where I
assume that each worker’s frontier of the offer set is a line. The high-skill worker is em-
ployed in a job with a higher wage and amenity, and her frontier contains jobs with higher
wages for every value of the amenity. Hence, regressing wages on the amenity would give
a positive relationship and so a wrong-sided compensating differential. However, each
worker’s frontier of the offer set is downward sloping, implying a positive price for the

amenity.

Figure 1.4: Heterogeneous frontiers and bias in regression of wages on amenities
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I follow the methodology proposed by Bell (2022) and Bell et al. (2024). It consists of

estimating amenity prices using a skill proxy as a shifter of the workers’ frontiers.>> This

2Bell, 2022 first proposed this methodology in the labor market context. Then, Bell et al. (2024) extended
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method is akin to hedonic pricing (Rosen, 1974) but takes into account that workers have
heterogeneous offer sets.?

Mapping to Bell (2022) and Bell et al. (2024) representation and main assumption. I
now describe how the general setup introduced in Section 1.4.1 can be adapted to estimate
amenity prices with the proxy method of Bell (2022) and Bell et al. (2024). First, because
workers have preferences for wages and amenities but no specific preference for each
occupation, they choose work arrangements (w, { A, }) at the frontiers of their offer sets.?”

Hence, we can restrict attention to the workers’ frontiers.

Then, I make a continuity assumption in order to represent the frontiers as surfaces
(or lines if n = 1). This assumption can be rationalized either in the limit where there are
infinitely many work arrangements or by assuming that the workers can choose combi-
nations of the available arrangements. That is, I assume the frontier of worker type 6;

satisfies
@(0;) = {(w,{An}) : p(w, {An};60:) = ¢(6:)}, (1.3)

for some continuous, differentiable and strictly increasing function ¢(.;6;) and parameter
¢(6;) € R. The following is the main assumption on the structure of the frontiers that will
allow identification of the amenity prices.

Assumption 1. There exists a function ¢p(w,{A,}) such that p(w,{An}) = ¢(w,{An};6;) for
allie 7.2

Assumption 1 allows us to summarize the work arrangements available to workers by
the scalar ¢(6;), as two workers i and i’ with ¢(8;) = ¢(6;/) face the same options.?” Thus,
this assumption reduces the dimensionality of the worker type from R’ to R. Practically,
the restriction is that the frontiers of the offer sets do not intersect. That is, if worker i
earns a higher wage than worker i’ with a high amenity so that ¢(6;) > ¢(6;), she must
also earn a higher wage with a low amenity. From now on, we can thus work directly

with ¢. Throughout, I call the index ¢ the total compensation level.

it and applied it to the estimation of amenities in housing. Although it is in a slightly different setting, my
exposition of the method will be closer to that in the second paper. For the labor market, this method has
also been used by Folke and Rickne (2022), Burbano et al. (2023) and De Schouwer and Kesternich (2023).

26 After the hedonic price function has been estimated, the preferences can be recovered (under some
parametric assumptions) in a second step using choice data (Rosen, 1974; Bajari and Benkard, 2005).

2’This would not be the case if I introduced occupation-level taste shocks, as is common.

28 Although stated slightly differently, Assumption 1 is equivalent to the single index assumption of Bell
et al. (2024).

2However, this assumption does not necessarily imply that all workers with the same ¢ must earn the
same in all occupations.
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In Appendix A.2.1, I provide more intuition on which cases Assumption 1 may not
hold. Intuitively, the frontiers do not cross if either the 6;s are sufficiently correlated for
every worker or there are a few 0;s that are very important determinants of wages. More-
over, if we split the data based on observables, Assumption 1 only has to hold within each
group. For instance, we can allow workers of different ages or genders to face different
frontiers. As I explain in Section 1.4.3, I do this for the workers’ age by estimating the

amenity prices separately for each NLSY79 sample.*

Assumption 1 allows us to invert and write a wage function w({ A, },$), which assigns
a unique wage for every total compensation level and amenities combination. Our object
of interest is the local price of each amenity A, (i.e., the compensating differential), which

is defined as the decrease in the wages from an infinitesimal increase in the amenity:

B - 260, (42))
on(P,{An}) = T4, |(tany8)= AT (1.4)
Jw

Notice that the amenity prices are local to the total compensation ¢ and amenity {A,}

. . . . p) . . .
levels. If amenity prices are linear, i.e., —ﬁ | ({A D)= O, the total compensation level is
equal to the wage plus the monetary value of amenities:

p=w+ Y 6.An (1.5)

This formulation gives an ordinal ranking of work arrangements by total compensa-
tion that does not impose restrictions on preference heterogeneity. Although worker i
may not prefer the allocation of 7, if ¢; < ¢,;, worker i would be strictly better off if she
faced the same options as i’. It is important to remark that workers are not indifferent
between all the work arrangements with the same total compensation level. In particular,
if workers i and i’ have the same total compensation ¢, = ¢,, but choose different wage-
amenity combinations, i.e., (w;, {An;}) # (wy, {A,1}), worker i may strictly prefer her
worker arrangement over that of i/, and conversely.

As discussed in Section 1.3, compensating differentials imply that we cannot properly
measure workers’ skills using only wages. The total compensation provides a way to
measure workers’ skills accounting for the fact that workers can split their total compen-
sation differently between wages and amenities. Generally, we can think of all the work

arrangements (w, { A, }) with the same total compensation level ¢ as requiring the same

30For the main estimates, I do not estimate the amenity prices separately by gender to not reduce the
sample size. However, in Appendix A.3, I show that doing so delivers similar results.
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skill level. For example, consider an economy where jobs are heterogeneous in their wage
and safety. If we observe two workers earning the same wage but in jobs with different
safety, then it is natural to think of the worker in the safer job as higher-skilled, and vice

versa.

Skill proxy methodology. With a wage function represented by w({A,},¢), Bell (2022)
and Bell et al. (2024) propose a proxy method to estimate the amenity prices. The idea is
to use an imprecise proxy for the worker’s skill x as a shifter of the frontier, which allows
us to recover its tangent vector, i.e., the amenity prices. The following steps follow Bell
(2022) and Bell et al. (2024), so I keep the description purposely brief.

Assumption 2 provides conditions on the validity of the skill proxy.

Assumption 2. The skill proxy x satisfies the following assumptions.

1. Conditional independence: The skill proxy x is independent of (w,{A,}) conditional on ¢,
ie.,
x L (w,{An})|¢p. (1.6)

2. Strict monotonicity: E[x|¢] is strictly monotone in ¢.

The conditional independence assumption states that, conditional on a worker’s to-
tal compensation, the skill proxy should not affect the worker’s choices. In particular,
the skill proxy should be independent of preferences for wages and amenities. The strict
monotonicity requires that the proxy is, on average, informative about the total compen-

sation level.’!

Under these conditions, we can recover the ordinal total compensation ranking and
identify the amenity prices.

Theorem 1. (Bell, 2022 and Bell et al., 2024) Let
2(@,{An}) = E[x|w =w,{A, = A,}] (1.7)
denote the predicted proxy function. Under assumptions 1 and 2,

1. We have 2(w,{An}) = E[x|¢,), where py = ¢p(W, { An}).

31Bell et al. (2024) label this an anti-IV approach because a valid proxy must be correlated with the un-
observed error (strict monotonicity) but uncorrelated with the endogenous variables {A,} (conditional
independence).
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2. The amenity price 6, can be identified and consistently estimated by:

92(W{An})

60(T {An}) = g

ow

Part 1 (Lemma 2.4 in Bell et al., 2024) follows directly from assumptions 1 and 2.3 Tt
implies that the set of combinations (w, { A, }) with the same value of the predicted proxy
(i.e., such that £(w, { A, }) = x¢ for some x(y) must have the same total compensation level
(ie., ¢p(w,{An}) = ¢, for some ¢,). Hence, with the predicted proxy function, we can

recover the (ordinal) total compensation ranking.

Because the predicted proxy gives the sets of (w,{Ay}) in the same frontier, the tan-
gent vector—and so the amenity prices—must also be the same (Part 2). The price of some
amenity A, will be larger the more the predicted proxy grows with the amenity relative
to with the wage.

Therefore, to estimate amenity prices and recover the total compensation ranking we
only need to project the skill proxy on wages and amenities. In general, this can be es-
timated non-parametrically, where the amenity prices depend on the total compensation

level. By contrast, a linear regression imposes the same prices for all workers.

1.4.3 Estimation

Following Bell (2022), I use the AFQT score from the NLSY79 as the skill proxy x for the
main specification. Because the test measures basic skills, it should not affect how the
workers trade off wages and amenities. For example, years of schooling would not be
a good proxy because a higher preference for amenities could induce workers to obtain
more education. As I discuss later, I redo the estimation with different proxies to verify
the results are robust to the choice of the skill proxy.

I use a nonlinear specification where total compensation is a power function of the

worker’s wage:

w)?
L+ 2 nnAj(i),n +€;, (1.8)
2 neN

Xi =1+

where j(i) denotes the occupation where worker i is employed and w; is the worker’s

32 Assumption 1 implies E[x|w = @, {A, = A,}] = E[x|{As = A}, ¢,], and the conditional indepen-
dence then implies E[x|{A, = An},$,] = E[x|p,].
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wage measured from the NLSY79.% I estimate this equation with nonlinear least squares.
Under this specification, the amenity price is also a power function of the worker’s wage:

Jx

. A, A 1a

bn(w) = =2 s = ' P, (1.9)
3w 71

Occupation-level amenity and total compensation measures. With these estimates, we
can now compute occupation-level amenity and total compensation measures. Instead of
using NLSY79 data, I compute average wages by occupation, wj, using the 1980 census,
which is the year we are interested in computing the total compensation measure. Ac-
cordingly, I inflate the 1980 wages to the corresponding price level in the year used for
the estimation in the NLSY79. The estimated amenity measure for occupation j is

A=Y ftnAjn (1.10)
neN

and the total compensation measure

R w’h?
¢ ="M %2 + 4. (1.11)

Age effects on amenity prices. The NLSY79 panel that I use for the estimation tracks the
same group of workers whose ages ranged between 14 and 22 in the first year of the data.
To take care of potential age effects, I estimate the coefficients 41, 4, and {7, } in Equa-
tion (1.8) separately at four different points in time (1986, 1996, 2006, and 2016).34 Then,
to construct the total compensation measure, I inflate the 1980 wages used in Equation
(1.11) to the corresponding year to be consistent with the estimated coefficients. Finally, I
aggregate the estimated amenity and total compensation distributions of each year using
the employment shares across age groups in 1980.3

Estimates. Table A.3 in Appendix A.2.2 contains the estimated coefficients of Equation

(1.8) for each year. Most coefficients are right-sided in that they are positive if they are

3] estimate several alternative specifications and verify that the main results are robust (see Appendix
A2.3).

34In particular, we may be concerned that changes in skills over the lifecycle could lead to different wage
amenity frontiers.

SMore formally, let Q]A(a) and Q].&(a) be the estimated amenity and total compensation quantiles of

occupation j at age group a (i.e., at a particular year in the NLSY79). Then, fory € {A,$}, I aggregated the
quantiles as Q}j =Y, 51980(11)Q]y(11), where 5989(g) is the employment share of age group a in 1980.
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characteristics that we would expect to be liked by workers and negative otherwise. Re-
call that the predicted proxy should grow with the value of an amenity if workers must
pay a compensating differential for it. Moreover, in all years 4, € (0.5,1), so the local

amenity prices are an increasing and concave function of the wage.

In Table 1.3, I report the amenity prices by one standard deviation of each amenity
with a linear specification and for the amenities with the largest prices.?*3” I do this for
the linear specification so that compensating differentials are constant and independent
of wages. Recall that the price should be positive if a characteristic is valued by workers
and negative otherwise. The amenity prices for some amenities are large, especially for
those of the O*NET interests file. The amenities with the largest prices (by one standard
deviation) are investigative, realistic, and artistic. The largest compensating differential that
I estimate is for the amenity investigative in 2006, where one standard deviation higher is
equivalent to approximately 36 thousand dollars in 2012 prices. Except for a few cases
(such as no burns and cuts in 2016), the coefficients have the sign that we would intuitively
expect, and when that is not the case, the coefficients are not significantly different from

zero.

Table A.12 contains the average percentile in the amenity and total compensation mea-
sures by occupation groups. The lowest amenity occupation groups are: housekeeping and
cleaning (with an average percentile of 8.6% in the amenity distribution); building, grounds
cleaning, maintenance (11.9%); transportation and material moving (16.3%); and other agricul-
tural and related (20.7%). The highest amenity occupations groups are: professional spe-
ciality (85.1%); executive, administrative and managerial (77.2%); management related (76.5%);
and technicians and related support (71.6%).

Although the standard errors of the coefficient estimates are often large, the resulting
amenity and total compensation measures are estimated much more precisely. The reason
is that the final measures aggregate over many amenities and the four different NLSY79
samples. I show this in Appendix A.2.2 using Montecarlo simulations. Moreover, the
results of Section 1.5 rely on the ordinal ranking of occupations by these measures. I find
that the correlations of these rankings across pairs of draws are close to one, suggesting
that they are quite precisely estimated.

Finally, in Appendix A.2.2, I use the amenity measure to explore which workers sort
into low-amenity occupations. Conceptually, sorting may be driven by tastes for ameni-
ties and by how much workers value getting paid extra compensating differentials. There-

36The amenities estimates with the linear specification are similar (see Appendix A.2.3).
37T compute the Anderson Rubin confidence intervals as recommended by Bell (2022).
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Table 1.3: Amenity prices by one standard deviate of each amenity (amenities with largest prices)

1986 1996 2006 2016
No conflict 6301.6 5645.5 12479.4 15212.2
[3962.2; 8780.4] [1922.4; 9450.9] [5846.8; 19409.1] [7781; 23047.9]
No contaminants -87.77 9595.3 6052.5 16598.1
[-4914.5; 4742 4] [2776.8; 16548] [5733.6; 18002] [3685; 29979.9]
No burns and cuts 5584.2 6105.8 2467.0 -7525.4
[2200.8; 9096.1] [680.1; 11638] [-7477.8; 12553.3] [-18914 ; 3797.8]
Time standing 864.2 2008.7 -2828.2 -18417.1
[-2948.2; 4687 .4] [-7523.9 ; 3475] [-12129.8; 6503.7] [-29072.5; -8131.4]
Artistic 5334.1 10547.4 17686.2 21450.7
[2627.3; 8161.4] [6191.9; 15049.1] [9583.4 ; 26210] [12318; 31139.8]
Conventional -7470.7 -672.5 -3290.4 -6725.8
[-11296; -3847.3] [-5969.2; 4546.6] [-5958.6; -12744.4] [-17207 ; -3474.8]
Enterprising 10707.1 11679.5 14799.0 4623.2
[ -7028.3; 14698.7] [6205.7; 17406.6] [5280.3; 24851.8] [-5961.7; 15493]
Investigative 24531.7 24345.2 36306.9 30407.8
[20556.5; 29176] [19381; 29818.4] [27535; 46237] [20878; 41167.9]
Realistic -15498.4 -11652.2 -31646.8 -29995.0
[-21162.3; -10230.5] [-19383.9; -4180.4] [-46557.9;-17815.6]  [-45847; -15296]
Social -131.9 1012.3 -15984.1 -18739.6
[-3788.2; 3406] [-4782; 6686.4] [-26865; -5782.8] [-31055; -7315]
Observations 7919 6462 4961 3947

Note: Anderson-Rubin confidence intervals in brackets (95%). I select the amenities that have among the
five largest compensating differentials in at least one year.

fore, we expect workers with high marginal utility (e.g., wealth-poor) to sort more into
low-amenity occupations. Luo and Mongey (2019) and Boar and Lashkari (2021) have
documented evidence of this type of sorting.®® T also find consistent evidence: control-
ling for wages, workers with less wealth, more children, or poorer parents tend to be
employed in lower-amenity occupations.

1.4.4 Potential biases and robustness checks

Validity of the skill proxy. The main concern comes from the validity of the skill proxy
used. In particular, that it does not satisfy the conditional independence assumption. One

3Luo and Mongey (2019) find that graduates with higher student debt take jobs with higher wages and
lower job satisfaction. Boar and Lashkari (2021) show that children of poorer parents select occupations
with lower intrinsic quality.
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may worry that the AFQT score could be more correlated with skills in cognitive /abstract
occupations, usually high-amenity, than in manual occupations, which tend to have lower
amenities. Bell (2022) proposes other proxies available in the NLSY79 that can be used:
self-esteem, mastery, and height. I estimate the model and construct the amenity and
total compensation measures with these alternative proxies. The resulting measures are

similar with all the proxies and the main results are robust (see Appendix A.2.3).

Alternative specifications. The choice of specification determines how the amenity prices
are allowed to depend on the wages and amenities, which can affect the amenity and total
compensation measures. To assess the sensitivity to the specification, I estimate several al-
ternative specifications, and I also find that the amenity and total compensation measures
are very similar and the main results robust (see Appendix A.2.3).

Unionized workers. Another concern is that the presence of unionized workers earning
rents could bias the estimates. As I explain in Appendix A.2.3, union rents could lead to a
violation of Assumption 1 because they imply that the frontiers of similarly skilled work-
ers cross. The NLSY79 contains information on whether workers are unionized or covered
by a union. Hence, I can redo the estimation removing these workers from the sample.
I find that the estimates are not very sensitive to the inclusion of unionized workers, the

amenity and total compensation measures are similar, and the main results are robust.

Noise in income data and upward bias in amenity prices. As discussed in Bell (2022), if
income is measured with noise, the coefficient on income 4, is biased downward and the
amenity price upward (see Equation (1.9)). This does not affect the result on the amenity-
biased reallocation because it uses the amenity measure, which does not depend on 4;.
However, it can affect the result of the absence of polarization by total compensation
distribution. As I discuss in Section 1.5.2 and Appendix A.2.3, a direct approach to assess
this concern is to analyze how sensitive this result is to a downward rescaling of the
amenity price estimates. That is, to check how much we can arbitrarily increase the value

of 41 and still have the same qualitative result.

Gender differences in amenity prices and occupational composition. Labor economics
research has documented sizable gender differences in demand for job amenities such as
schedule flexibility (e.g., Wiswall and Zafar, 2018; Vattuone, 2023; Morchio and Moser,
2024). Therefore, it is important to understand how these gender differences affect the
estimates and results. Since I estimate amenity prices, gender differences in preferences

should not affect the estimates. However, the price estimates may differ if, for example,

26



men have a comparative advantage in low-amenity occupations. To assess this, in Ap-
pendix A.3, I redo the estimation separately by gender. I find that the amenity values are
similar (with slightly higher total prices for men) and that the resulting amenity and to-
tal compensation measures are also very similar. Additionally, in Appendix A.3, I study
and compare the labor market changes across the wage, amenity, and total compensation
distribution separately by gender.

Change in amenities within occupations. The O*NET and ATUS data used for the
amenity estimation are not available for the 1980s. However, for the latter years (since
2006), I can use the different releases of the O*NET context file to measure changes in
amenities within occupations. I generally find improvements in amenities between 2006
and 2022. In Section 1.6, I use these changes in the O*NET data to measure the increases
in the value of amenities within occupations. Regarding the robustness of the results,
I find that the amenity and total compensation measures are similar, and all the results
go through whether I use the 2006 or 2022 data (see Appendix A.4). Additionally, in
Appendix A.4, I analyze the evolution of injury rates within industries and occupations
using data from the Survey of Occupational Injuries and Illnesses (SOII) and the NLSY79.

1.5 Amenity bias and no polarization by total compensa-

tion

In this section, I present the main empirical results of the paper. I start by documenting
the reallocation of employment and wages across occupations (Section 1.5.1). Then, I
show that, as a consequence, there is no polarization if we rank occupations by total
compensation (Section 1.5.2).

1.5.1 Amenity-biased reallocation

The first result is an amenity-biased reallocation between 1980 and 2015 due to labor
demand shifts across major occupation groups. Figure 1.5 plots the smoothed changes in
employment and wages by amenity percentile between 1980 and 2006 and between 1980
and 2015. In both periods, there is a positive relationship between the amenity percentile
and the increase in employment and wages. Employment decreased and (real) wages

stagnated (or even decreased) in low-amenity occupations. Conversely, both wages and
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employment increased in the high-amenity ones. Moreover, most of the reallocation had
already occurred by 2006.

Figure 1.5: Smoothed changes in employment and wages by amenity percentile, 1980-2006 &
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Note: The plots are constructed with the same steps as Figure 1.2.

The second column of Table 1.4 shows the average amenity percentile by major oc-
cupation groups. Blue-collar occupations (specifically Transportation/construction/...
and Machine operators/assemblers) have the lowest amenity levels and experienced de-
creases in employment and relative wages. By contrast, white-collar occupations (Man-
agers/professionals...) have the highest amenities and saw large increases in employ-
ment and wages. In fact, the amenity bias documented in Figure 1.5 appears to be driven
mainly by shifts across these broad occupation groups. In Figure A.23 in Appendix A.5,
I compute the changes in employment and wages by amenity level within every major
occupation group. Except for the wage changes within blue-collar occupations, there is
no clear evidence of amenity bias in employment or wages within the other major occu-

pation groups.

An amenity bias in both employment and wages suggests a demand-driven change,
i.e., a decrease in labor demand in low-amenity occupations. Intuitively, if the drop in em-
ployment was caused by workers valuing amenities more in 2015, we should observe an
increase in compensating differentials (and so wages) in low-amenity occupations. Con-
versely, improved working conditions in low-amenity occupations could have eroded
compensating differentials and led to stagnant wages. However, without changes in
labor demand, employment in these low-amenity occupations should increase as labor

costs decrease.

The literature has argued that the decreases in labor demand for middle-wage—i.e.,
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blue-collar (routine-manual) and clerical (routine-cognitive)—occupations were driven
mainly by automation (Autor and Dorn, 2013), as well as offshoring (Goos et al., 2014)
or changes in consumer demand (Comin et al., 2020). Therefore, these shifts in labor
demand away from middle-wage routine occupations have not only led to a labor market
polarization but also an amenity-biased reallocation because blue-collar occupations—

which employed the largest share of workers—generally had the lowest amenities.

Table 1.4: Wages, amenity and total compensation by major occupation groups

(100x) Change Change

Wage. Amenity Total . employment  log. hourly
percentile ercentile compensation share wage
(1980) P percentile (1980-2015) (1980-%015)
Managers/professionals/
technicians/ finance/ public safety 73.9 78 80.1 12.1 0.25
Production/ craft 70.0 39 46 -2.35 -0.1
Transportation/construction/
mechanics/mining/ farm 52.4 23.1 26.7 -3.9 -0.02
Machine operators/assemblers 36.7 23.8 23.1 -6.2 0.0
Clerical/retail sales 30.6 59.2 55.8 -4.0 0.1
Service occupations 11.0 32.8 24 4.3 0.08

Note: The average percentiles in the table are computed as in Table 1.1.

Figure A.21 in Appendix A.5 plots the evolution of employment and wages by quartile
of the amenity distribution since 1950. The reallocation from low- to high-amenity occu-
pations has grown steadily since 1980. The amenity bias is less clear for the period 1950
to 1980 (see Figure A.22). The employment share increased in the highest-amenity occu-
pations (the top 10%), but there is no clear bias in employment otherwise. For wages, we
observe some positive relationship between the amenity and the increase in wages, but it

is weaker.

Role of deunionization. The US labor market has experienced a large decrease in union
membership rates in the last decades—from 20.1% in 1983 to 10.1% in 2022 (Macpherson
and Hirsch, 2023). This fact raises the question of whether the low-amenity occupations
also had high unionization rates in the 1980s and so if the deunionization can explain the
amenity bias. I explore this using occupation-level data on union membership and cov-
erage rates. Figure A.24 shows that low-amenity occupations had, on average, higher

unionization rates in 1983 and experienced larger deunionizations between 1983 and
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2015. Moreover, this decrease is mainly driven by blue-collar occupations (Table A.14),
which previously had the highest unionization rents. Therefore, the erosion of rents from
the deunionization could explain part of the decreases in relative wages at low-amenity
occupations. However, the declines in both employment and relative wages in these oc-
cupations indicate again a demand-driven reallocation. The intuition is similar to the
effect of improved working conditions in low-amenity occupations. The erosion of union
rents should translate into an increase in employment in these low-amenity occupations

as labor becomes cheaper for firms.

1.5.2 No polarization along the total compensation distribution

The previous section documented a decrease in employment and relative wages in low-
amenity occupations due to declines in labor demand for blue-collar occupations. If
workers in these occupations received a compensating differential for the low amenities,
their total compensation would be (relatively) lower than their wages. Thus, a natural
question is whether there is polarization if we rank occupations by total compensation.
That is, did the jobs in the middle of the total compensation distribution suffer drops in

employment and wages?

Figure 1.6 plots the smoothed changes in employment and wages ranking occupations
by total compensation and wages. Despite the polarization along the wage distribution,
the figure shows no polarization if occupations are ranked by total compensation. In-
stead, employment and relative wages decreased in the occupations with low total com-
pensation.®® Compared to the polarization along the wage distribution, we may view the
changes in employment as more welfare improving because workers reallocated away
from the worst (in terms of total compensation) occupations. By contrast, the wage de-
clines would be a more negative phenomenon as they affected the workers who were

worse off instead of those in the middle of the distribution.

The third column of Table 1.4 shows the average percentile in the total compensa-
tion distribution by major occupation groups. Indeed, since blue-collar occupations that
populated the middle of the wage distribution had low amenities, they show up at the
lower end of the total compensation distribution. By contrast, service occupations—that
explained the increases in employment and wages at the bottom of the wage distribu-
tion (Autor and Dorn, 2013)—have relatively higher amenities, so they appear higher in

39 At the bottom of the total compensation distribution, there is an uptick in the increase in wages, but it
is very small (lower than the change in the middle of the distribution ranking by wages).
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Figure 1.6: Smoothed changes in employment and wages by total compensation and wage
percentile, 1980-2015
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Note: The plots are constructed with the same steps as Figure 1.2.

the total compensation than in the wage distribution. As a result, many blue-collar and
service occupations end up with a similar total compensation level, which makes the in-
crease in employment and wages at the low end of the distribution disappear because the

employment share of services was lower.*

It is important to stress that even if two occupations have the same total compensation
level, workers may not be indifferent between them due to heterogeneous preferences. In
particular, a blue-collar worker would generally be worse in a higher-amenity and lower-
wage service occupation with the exactly same total compensation level. Hence, the blue-
collar workers that (optimally) reallocate to services could be worse off than in the prior
period. However, a proper welfare measurement needs to account for amenities. As long
as these blue-collar workers that reallocate have some preference for amenities, we would

underestimate utility changes by only measuring wage changes.

Figure 1.6 also has important implications for understanding the impact of polariza-
tion along the skill distribution. The polarization literature often refers to wages and skills
interchangeably. Hence, it is often stated that polarization has impacted middle-skilled
workers. As discussed in Section 1.4.2, total compensation can also be interpreted as a
measure of the worker’s skills that corrects for compensating differentials. Therefore, Fig-
ure 1.6 indicates that there is no polarization across the skill distribution after correcting
for compensating differentials. That is, on aggregate, employment and relative wages de-
creased in low-skill occupations instead of middle-skill ones. Hence, on aggregate terms,

40By contrast, the clerical occupations, which were also in the middle of the wage distribution and ex-
perienced a decrease in employment, have relatively higher amenities and show up higher in the total
compensation distribution.
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this resembles more a skill-biased change in labor demand where low-skill workers are
worse off and high-skill workers better off—as in the older skill-biased technical change
literature (Bound and Johnson, 1992; Katz and Murphy, 1992).

Robustness to upwards biased compensating differentials. As discussed in Section
1.4.2, a downward bias in the coefficient on wages in Equation (1.8) leads to an upward
bias in the estimated compensating differentials. This bias would overstate the impor-
tance of amenities relative to wages when ranking occupations by total compensation.
Notice that if compensating differentials are sufficiently large, the total compensation
ranking would approximate the ranking by amenities and conversely. Since there is po-
larization over wages but not over amenities, we must be careful that the absence of polar-
ization in Figure 1.6 is not a byproduct of overestimating the compensating differentials.
In Appendix A.2.3, I analyze the sensitivity of this result to the size of the estimated com-
pensating differentials. I find even when reducing the estimated compensating differen-
tials by half—that is, assuming we overestimated them by a factor of two—the absence
of polarization remains robust. However, if we reduce the compensating differentials by

a factor of four, we start to observe some polarization.

1.6 Growth accounting

The previous section documented a reallocation of workers from low- to high-amenity
occupations between 1980 and 2015. However, the associated improvements in non-
pecuniary compensation would not be accounted for in conventional income and out-
put measures. In this section, I aim to answer the following questions. How does this
amenity-biased reallocation affect conventional output and productivity estimates, and
how should they be adapted to account for the presence of amenities?

To this end, I start in Section 1.6.1 by introducing the production side of the model.
Then, in Section 1.6.2, I use a simple example to illustrate how the conventional TFP mea-
sure underestimates productivity growth and how measuring the value of amenities al-
lows us to properly estimate it. Next, in Section 1.6.3, I generalize the previous intuitions,
show that Hultens’ theorem holds for an augmented output definition that includes the
value of amenities, and derive growth accounting formulas. Finally, I explain how I map
the amenity price estimates to the growth accounting formulas in Section 1.6.4, and I

present the quantitative results in Section 1.6.5.
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1.6.1 Production side

Workers’ distribution, endowments, and budget constraints. I assume now that there
is a unit mass continuum of workers indexed by i € [0,1] and I let 6; denote the produc-
tivity type of i. Workers derive utility from a final consumption good c¢; and amenities
{A,} according to the utility function U;(c;, { An}), which is increasing in all arguments.
Workers are also heterogeneous in their endowment of capital k;, which pays a return of

Q. Hence, the budget constraint of worker i employed in occupation j writes:

Each worker i chooses the occupation j that maximizes her utility subject to the budget

constraint.

Production functions. There is a unit mass continuum of identical firms within each
occupation. Output in each occupation, y;, is produced by combining the labor input of

each productivity type § € RE, denoted by #/(6), according to the production function

y; = zm! ({1 (0) }o), (1.13)

where m/ is weakly increasing in all arguments and has constant returns to scale, and zj
is an occupation-specific technology shifter. I introduce these technology shifters {z;}; to

be able to capture biased shifts in labor demand across occupations.

Let p; denote the price of the output from occupation j. The problem of the represen-

tative firm in occupation j is

= max pynd({1/(6)}o) ~ [witeynice (1.14)
{uﬁ(

subject to workers” occupational choice. The optimality conditions are

w;(6) = pjam] ng](g;)}e) = MPL;(6) (1.15)

aml ({H (6) }o.1))
FIC)
product of each worker type, so there is no markdown. This is because I have assumed

For ease of notation, I denote mé = . Notice that wages equal the marginal

that amenities are occupation-specific and that there is a continuum of identical firms
within each occupation. Hence, each firm faces a perfectly elastic labor supply sched-
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ule.*! Combined with the constant returns assumption in the production function, this
also implies that profits are zero.

A final good producer aggregates the output of each occupation according to the con-
stant returns to scale production function

Y = z]—"({yj},K), (1.16)

where K is the aggregate capital stock and z is a Hicks-neutral aggregate technology
shifter. The function F is increasing and concave in all arguments and satisfies the stan-
dard Inada conditions: lim,_,0 %% = +c0 and limy_, 10 %2 =0, for all x € ({yj},K). The

price of the final good is normalized to one, so the price of each occupation’s output is

aF{y}K)
pi=z————

;= y (1.17)
and capital demand satisfies
9F ({y;},K)
0= z+. (1.18)

I denote F = F({y;},K) and Fy = w for x € ({y;},K). As is common, automation
in this model is driven by the cost of the new technology g; (e.g., Autor and Dorn, 2013). A
reduction in the price 4; will induce an increase in r; and decreases in the labor demand—
and so lower employment and wages—in that occupation if 7; and labor are sufficiently
substitutes.

Equilibrium. An equilibrium consists of allocations {c; };, {#/(6) }¢;, K and prices {w;(8) }o , {p;};, Q
such that: (i) workers” occupational choices maximize their utility; (ii) firms” optimality
conditions (1.15)-(1.18) hold; (iii) markets clear:

e Labor market: for all j and 6, i/ (6) is consistent with workers choices
e Capital market: K = [ k;di

e Final good: Y = [¢;di.*

41This contrasts labor models of amenities, which are often used to explain labor market power (see,
for example, Berger et al. (2022) or Lamadon et al., 2022). If I had assumed that there is only one firm in
each occupation or amenities were firm-specific, firms would face upward-sloping labor supply curves and
would mark down wages.

“In Appendix A.6.1, I write a more detailed equilibrium definition with the workers’ choice rules as in
Mongey and Waugh (2024) that I use to prove the theoretical results.
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1.6.2 An example on the role of amenities in growth accounting

I now use a minimal example to illustrate how conventional TFP growth underestimates
productivity improvements after workers reallocate to high-amenity occupations and
how we can adequately estimate productivity growth by measuring total compensation
growth.

Consider a simplified version of the economy with two occupations J = {H,L}, one
amenity, no occupation-specific technology shocks, and no capital. Assume Ay > A and
that all workers are homogeneous in their productivity in each occupation but have het-

erogeneous preferences for the amenity. This allows us to define the price of the amenity

as 0 = —Z—7L. Total production in this economy is
Y = zF(hH,hb),

where hff and h! denote the share of workers employed in occupations H and L, respec-
tively. Since aggregate labor supply is one, measured TFP equals aggregate production:
TFP =Y. Constant returns to scale imply:

zF(hH, ) =W,

where W =} ; w]-hj denotes the aggregate wage bill. Then, differentiating and using
dhtl = —dht, we get:

dTFP = Fdz + (MPLy — MPL)dhl = dW. (1.19)

- g

<0

TFP growth is equal to the growth in measured output (first equality) and in measured
income (second equality). The first term in the output growth captures the direct effect
of an increase in the technology shifter dz. The second term is equal to the difference in
the marginal product of labor between the high- and low-amenity occupations times the

change in employment in the high-amenity one.

Without amenities, wages—and marginal products of labor (MPL)—are equalized
across occupations, so we would have MPLy — MPL; = 0. With amenities, because
the low amenity occupation must pay higher wages, its marginal product of labor is also
higher. As a result, if workers reallocate to the high amenity occupation (dh! > 0), out-
put, income, and TFP decrease. Thus, even changes in preferences can affect measured

productivity. If workers suddenly start valuing more amenities, we would measure a
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drop in TFP.

Although there appears to be misallocation in output, the equilibrium is efficient (as I
prove in the following section). The intuition is simply that the amenity is a good whose
(shadow) value is not measured in output. However, providing the amenity is costly. The
shadow cost is equal to the difference in the MPL between the high- and low-amenity oc-
cupations, and it does (indirectly) affect the measured output. When workers reallocate
to the high-amenity occupation (dhf > 0), they increase their consumption of the (un-
measured) amenity and reduce their consumption of the (measured) final consumption
good. Since the costs of producing the amenity are measured, but not their value, output
and TFP decrease.

Because we can price the amenity, we can value the consumption of amenities in terms
of the final good. Crucially, the differences in the MPL across occupations are exactly the
amenity prices that the workers face. Notice that since w; = MPL; for all j, the local price
of the amenity satisfies MPLy — MPL; = —0(Ap — Ar). That is, the (total) amenity price
0(Ag — Apr) is equal to the shadow cost of providing the amenity for an extra worker,
which is also equal to the valuation for the amenity of the workers that switch occupations
(after a first-order change in wages). Therefore, substituting into Equation (1.19) and

rearranging, we can write

Fdz=dW + 6(Ay — Ap)dhH, (1.20)
Change total‘c,ompensation
or dividing by output Y:
_ H
dlogz = gdlogw L oA YAL)h dlogh. (1.21)

Total compensation growth

By using amenity prices to measure the total compensation growth instead of income
growth, we can achieve two things. First, we get a more welfare-relevant growth estimate
as the amenity prices measure the valuation for the amenity of the workers that switch to
tirst order. Second, we obtain an estimate of the growth in technology dlogz that removes
the effect of the reallocation of workers on TFP.

If workers reallocate to the high amenity occupation (dlogh!’ > 0), as documented in
Section 1.5, the increase in total compensation is larger than the increase in the wage bill.
Hence, the growth in technology dlogz is larger than what the change in measured TFP

would suggest.
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1.6.3 Efficiency, augmented output, and Hulten’s theorem

I now generalize the intuitions from the previous example, show that a Hulten’s theorem
holds for an augmented output definition that includes the value of amenities, and derive

growth accounting formulas to measure productivity growth with amenity prices.

First, it is useful to understand how output and TFP would be conventionally mea-
sured in this economy. Because there are no intermediate production inputs, Measured
output is equal to Y = [ ¢;di. Output can also be measured from national income, which,
due to the constant returns assumption, is ¥ = W + QK, where W = }_; [ w;(6)1(0)d6 is
the aggregate wage bill. Then, the conventional way of measuring productivity growth

would be
dlog TFP = dlogY — ArdlogK, (1.22)

where Ay = % is the capital expenditure share in output.*> That is, TFP growth is equal
to output growth minus the share-weighted growth in factor inputs (aggregate labor is
tixed). Expanding dlogY we have:

MPL;(6)h(6)
Y

W, |
dlog TFP = dlogz + Y~ dlogW; + / y dloghi (6)de, (1.23)
j 7

where W; = [w;(6)/(6)d6 is the wage bill in occupation j. The first term captures the
contribution to TFP growth of growth in the aggregate technology shifter. The second
term measures the TFP gains from a reduction in the marginal costs of producing the new
technologies, which can be interpreted as a productivity shock to the new technology

producers. Again, the term

/ZMPLj(li))hf(G)dloghj(e)dg: /delogm(f))d@
F j

Y

~ [ oo, (w]g),dloghjw)) 9,

depends on the differences in marginal products/wages across occupations and the

reallocation of workers. Without amenities, this term is zero because, to first order, the

“3The term Ay is the revenue-based Domar weight of capital. Bagaee and Farhi (2020) show that cost-
based Domar weights are preferable because revenue-based weights have undesirable properties in inef-
ficient economies. For ease of exposition and because this economy will turn out to be efficient, I use the
revenue-based Domar weight.
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workers who switch earn the same wage in the two occupations.** As in the example,
if workers reallocate from low-wage to high-amenity occupations (so the covariance is
negative), measured TFP decreases. Typically, this term would capture the change in
allocative efficiency (also called misallocation) as a result of the reallocation of factor in-
puts, and it shows up in inefficient economies (see Bagaee and Farhi, 2020). However,
the allocation is efficient and the first welfare theorem holds, as shown in the following

proposition.

Proposition 1. The equilibrium is a Pareto efficient allocation.

The proposition is proven in Appendix A.6.1. Economies with differences in factors’
marginal products are usually thought of as being inefficient. However, the differences in
MPLs are driven solely by amenities. Closing differences in MPLs by reallocating workers
to high MPL occupations would not yield any Pareto improvement because it would

require a reduction in the utility from the amenity.

Equation (1.23) shows that Hulten’s theorem (Hulten, 1978) does not hold for the con-
ventional output and TFP growth measures. This is perhaps surprising because Hulten’s
theorem is often understood as a direct consequence of the first welfare theorem: since
output is maximized with production efficiency, a macro envelope condition implies that
only the changes in technology parameters (dlogz and {dlogz;}) have first-order effects
on TFP. Equivalently, changes in the allocation of factor inputs (here {dlogh/(6)}) do not
have first-order effects on TFP. However, with amenities, efficiency does not imply that
(measured) output is maximized because workers also derive utility from amenities.*?
Amenities are simply another good whose value is not included in measured output.
With the appropriate definition of amenity prices, we can include the value of amenities

in output and derive a Hulten’s theorem.

Amenity prices. Inow explain how I define local and total amenity prices in this econ-
omy. First, I assume from now on that there is a unidimensional amenity {A;};. The
definition of amenity prices with multiple amenities and a finite number of occupations
is not straightforward and is left for future work. This simplification can also be rational-

ized by assuming that the equilibrium is such that all worker types face the same relative

“Without amenities, workers choose the occupation that pays the higher wage. To first order, only the
workers that were previously indifferent switch, i.e., those that earn the same wage in the two occupations.

“5This is a similar intuition why Hulten’s theorem does not hold for output when households have a
disutility of supply factors (Davila and Schaab, 2023). However, in these cases, Hulten’s theorem would
generally still hold for TFP if computed by appropriately subtracting the changes in the factors” supplies
(Bagaee and Rubbo, 2023).
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prices across different amenities, which would allow us to aggregate: A; = A({Aj;}n),

for some function A.

For every 6, let 7(0) = {j(0),....](8)} C J be the subset of occupations that are at the
frontier of the offer set of typ_e 6. Within this group, I order the index of these occupations
by their amenity, from low to high. Then, we can recursively define the local amenity
prices 6;(0) as:
oy @) = ®

Aj—Ajiq

>0, (1.24)

forall j € {j(6) +1,..,](8)}. Insome cases, we will need to compute the local amenity
prices for amenities levels that are not in the frontier, i.e., A < Ajp) and A > Aj). In
these cases, I will extrapolate using the local price 51-(9) (0) = (51(9) +1(8) for A < Az(e) and
5](9)+1 (9) = (5](9) (9) for A > A](g)

With this definition, we can link type-specific amenity prices to differences in the
marginal product of labor across occupations, as we did in the simple example. That

is, the difference in the MPL between occupations j — 1,j € J(0) is equal to

1

ij—lm]@_ - F}/jm]G =0;(0)(A; — Aj_1).

Finally, I define the total price of the amenity in each occupation as

Aj(e) = Z Om (9)(Am — Am—l)/ (1.25)
meJ(0)
j(0)+1<m<;j

forallj € {j(0) +1,..,J(0)} and Aj)(6) = 0. Notice that this is simply the difference in
wages relative to the lowest-amenity occupation in the frontier, i.e., A;(0) = —(w;(0) —

Augmented output and TFP. With amenity prices, we can now derive a Hulten’s theo-
rem with an augmented output definition. I define the augmented output as the output
of the final good plus the total value of amenities:

yo = Y+/ Y Aj(0)H(0)d0. (1.26)
€T (0)

Output can be computed with firms’ value added, consumers’ expenditures, or income.
The same equivalence applies to augmented output. With the income approach, we

would include the monetary value of amenities in workers” income, i.e., we would mea-
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sure their total compensation—as we did in the example of Section 1.6.2. For the other
two approaches, we can think of a fictitious market where firms sell amenities to con-
sumers. So, in the value added approach, we would include firms’ sales of amenities, and

in the expenditure approach, consumers’ purchases.

Now, we can define augmented TFP (ATFP) growth as the growth in total factor pro-

ductivity in the production of augmented output Y?. Formally,

QK
dlog ATFP = dlogY" — -

(1.27)

where dlogY” is defined as the growth in augmented output at constant prices. That
is, holding the price of the final good normalized to one and the local amenity prices
{0;(0)}0 fixed.*® This term is equal to:

A(OHI(0)
Y e —dloghi(6)de + / |
jeT(0) jeT(8)

Ya

dlogY" = —dlogY-l— / dlog A;do,

(1.28)
where

Because the local amenity prices are nondifferentiable at every Aj, the price used to evalu-
ate changes in amenities depends on the sign of dA;. lillustrate this in Figure 1.7. Imagine
that A; increases by dA; > 0. The increase in total amenity value is equivalent to reallo-
cating all workers in j to an occupation j' with amenity Ay = A; + dA; and total amenity
price

A]'/(Q) = A](Q) + 5]'-1-1(9) (A]/ — A]) = A](Q) + (5]+1(9)dA]

Hence, the change in the total value of the amenity is equal to:

/ [Aj (0)1(6) — A;(0)1(0)]d6 = / 0)dA;do.

Hulten’s theorem. The following proposition derives a Hulten’s theorem for augmented
TFP growth.

46This definition of output growth with constant prices is common in models with multiple final con-
sumption goods (see Baqaee and Farhi, 2019 and Baqaee and Rubbo, 2023).
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Figure 1.7: Local amenity prices and increase in amenity value
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Proposition 2. The augmented TFP growth satisfies:

Y W; 5:(0;dA;) AN (6)
dlog ATFP = _dlogz + Y~ dlogz; + / | ;(6) PR dlog Agdo. (1.29)
) JE

If we use amenity prices to measure augmented output and TFP, a Hulten’s theorem
holds so changes in the endogenous allocation (i.e., {dlogh/()}) do not have first-order
effects. As in Hulten’s theorem, productivity growth only depends on changes in primi-
tives (here dlogz, {dlogz;}, and {dlog A;}) weighted by their Domar weights. However,
the Domar weights are now defined relative to augmented output Y* instead of the con-

ventional output measure Y.

Additionally, Proposition 2 shows how to measure the contribution to aggregate pro-
ductivity of changes in amenities within occupations. Think, for example, of a new ma-
chine that produces as much as its older version but is safer for the operator using it. The
formula provides a way to measure the productivity gains from this safer machine. They
are proportional to the share of workers that benefit from the higher safety /(6) times the
local price of amenities 6;(6;dA;).

Corrected TFP. Proposition 2 provides a formula to measure productivity growth for the
production of augmented output, which includes the value of amenities. However, we
can also use amenity prices to obtain an estimate for the conventional TFP growth—i.e.,

the total factor productivity in the production of the final consumption Y—that corrects
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for the "measured misallocation" induced by amenities. To this end, I define the corrected
TFP (CTFP) growth as:

W,
dlog CTFP = dlogz + ZTJdlogzj, (1.30)
j

which can be computed as

Ai(0)H (6
dlogCTFP:dlogTPP+/ 5 #

jeg (o)

dlogh/ (6)d. (1.31)

Note that apart from not measuring changes in amenities within occupations, the dif-
ference compared to the augmented TFP growth is that the corrected TFP growth is cal-

culated with Domar weights based on the conventional output measure Y.

1.6.4 Mapping to amenity price estimates

The growth accounting formulas derived in the previous section are nonparametric and
only require occupation-level wage and employment data, amenity prices, and standard
macroeconomic data. I now explain how we can map the amenity price estimates of Sec-
tion 1.4 to these formulas and measure the change in total compensation, the augmented
output, and the growth in corrected and augmented TFP.

First, to aggregate the amenities data to a unidimensional amenity, I use the estimates
of relative amenity prices to aggregate A; =}, 71, A, (i.e., I compute the amenity mea-
sure as in Section 1.4). If we assume that amenity prices are linear, we have A;(6) =

6(Aj — Aj)) for all , and we can compute the change in amenity value as:

]
/ Y A{(0)dni(0) = Y 6Ad, (1.32)
=1

jET(9) j

where dh/ = [ dhi(6)df. So we only need to measure the employment share at each occu-

pation.

The mapping is more involved when prices are nonlinear. First, notice that the amenity
prices are the same for all types 6 that have the same frontier of the offer set. Hence, im-
posing Assumption 1 used in the empirical part, we can apply a change of variables from

the types 6 to the frontiers of the offer set ¢. Using the estimates of Section 1.4, I com-
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pute, for each census sample, the total compensation level of every worker as in Equation
o o an
(1.11), which is given by: ¢; = NE; + Ajpy-
Next, at every census sample (i.e., each year), I discretize the total compensation dis-
tribution by Q = 20 quantiles. For every quantile 4 € {1,...,Q} and occupation j, we can
then compute the employment share #/(g) and the amenity prices A;(g) and 6;(q). To

find the prices, we first need to assign a unique wage w;(q) to every occupation and quan-

o Wi(g)72
T %2

tile pair (j,q). I do this by solving the root aq = + Aj, where % is the average

total compensation at quantile ¢.*® Then, the total amenity prices are:

Aj(q) = —(@j(q) — Wj(q)(q)),

where j(q) is the lowest amenity occupation among those that have a positive employ-
ment share (hj (q) > 0) at total compensation quantile 4. Then, because Aj =Y, ﬁnA]-,n,
the local amenity price is

T
Finally, we can approximate the total amenity value to compute Y*, and all the terms

needed to estimate dlog ATFP and dlog CTFP. The total amenity value is approximated
by:
/ZA o) (0 dGNZZA (g
jeTJ (o q=1jeJ(q)
Similarly, we can approximate the changes in amenity value from the reallocation of

workers between any periods t and t + 1 as:

Q

/ L AOd/0a~) B Ay (W *19(g) — 1 (g)) .

jeJg (o q=1jeJ(q)

Lastly, we can approximate the change in amenity value from changes in amenities within

47 All the parameters for the amenity prices are estimated with 2012 prices, and I also normalize all the
wages to 2012 prices.

48A}ternatively, we can obtain w;(q) by computing the average or median wage at every (j,q) pair. The
resulting values are similar.

“'Note that in practice, we do not need to sum only over the subset of occupations in the frontier J(q)
because the employment share is zero for the occupations that are not in the total compensation quantile 4.
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occupations as:

/ 2 5;(0)W (6 dAdGNZ Y (@)W (9)(Ajpsr — Ajy).

jeJg (o g=1jeJ(q)

Further details. For the macro variables, I use gross national income (GNI) for Y. Then,
I use capital stock data from Feenstra et al. (2015) and data on the capital share on national
income from the World Inequality Database (Alvaredo et al., 2020). Since in the model the
mass of workers is normalized, I express all aggregates in per-worker units. The aug-
mented TFP growth (dlog ATFP) is computed with the Domar weight on capital relative
to augmented output. We can compute this weight as %a, where « is the capital share.

Finally, the estimates of total amenity prices A;(q) are sensitive to the wages in the
lowest amenity occupation in every total compensation quantile ;) (q). In particular,
at high total compensation levels, there may be some low-amenity occupations with a
very small employment share //(q) and very high wages, which leads to very large total
amenity prices. This can significantly affect the total amenity value used to compute
augmented output Y. For this reason, I compute Wj(s)(q) by pooling and averaging over
the lowest-amenity occupations in each total compensation quantile. I select these low
amenity occupations so that together they add up to less than 5% of the employment
share in the quantile. Notice that this is not a problem when computing the changes in
amenity value, as they are invariant to any additive rescaling of the Aj(q)s, ie.,

Y (Arilq) +8) (h Y (g) —h(g) ) = L & (9) (Y (q) = H*1(q)) .

j€T (q) j€T(q

1.6.5 Quantitative results on total compensation and productivity growth

Inow present the main quantitative results on total compensation and productivity growth.
The precise estimates have to be interpreted with caution because I imposed several as-
sumptions to map the amenity price estimates to the growth accounting formulas. How-
ever, the exercise highlights the quantitative importance of measuring amenities to esti-
mate productivity growth.

Wage vs total compensation growth. Figure 1.8 plots the cumulative changes in average
wages and amenity value (with linear and nonlinear prices) for the period 1980 to 2015.
During this period, I estimate that the average amenity value increased by 6424.73 dollars
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(in 2012 prices). Hence, this implies an increase in total compensation that is about 40%
larger than the increase in average wages. Imposing linear amenity prices leads to an
increase in amenity value of 11695.78 dollars and an increase in total compensation 80%
larger than the increase in wages.

Figure 1.8: Changes in income and amenity value per worker (2012 prices)

plots_2006/change_nl_linear.png

Note: The values are expressed in per-worker units and 2012 prices. I commute the average wage from the
Census and ACS samples, and the amenity value with linear prices is computed as in Equation (1.32) and
with the price estimates from a linear specification (see Appendix A.2.3).

In Appendix A.6.2, I decompose the growth in total compensation by demographic
groups. The increase in amenity value was relatively largest for the non-college educated
and for men, which is consistent with this group being the most represented in blue-collar

occupations.

Corrected TFP growth. Figure 1.9 plots the average growth rates (left panel) and the
cumulative growth (right panel) of the conventional TFP measure and the corrected TFP.
Recall that the corrected TFP growth is equal to the conventional TFP growth plus the
growth in the amenity value, and it corrects for the "measured misallocation" in TFP due
to compensating differentials. While TFP cumulatively grew by 54% between 1980 and
2015, the corrected TFP growth was equal to 67%. As a result, the total corrected TFP
growth is 25% larger than the conventional TFP growth. Therefore, this estimate indicates
that, due to amenity-biased of workers between 1980 and 2015, the conventional TFP
measure has underestimated improvements in productivity by 25%. The average growth
rates of corrected TFP and TFP are equal to 1.9% and 1.5%, respectively. Moreover, except

for the period between 2009 and 2012, the corrected TFP growth is always larger.

Productivity slowdown. An extensive literature has documented and studied the causes
of the US productivity slowdown between 2004 and 2015 (see Fernald, 2015; Syverson,
2017; Byrne et al., 2016; Gordon, 2018). As explained by Syverson (2017), the evolution
of productivity growth in the US is often divided into four periods: a period of high
productivity growth from 1947 to 1973; a slowdown from 1974 to 1994; another large ac-
celeration from 1995 to 2004; and another slowdown from 2004 to 2015 with the lowest

average growth rates.

This raises the question: Can the amenity-biased reallocation explain the recent pro-
ductivity slowdown? The estimates suggest that, on the contrary, accounting for ameni-
ties makes the productivity slowdown of the period 2004-2015 slightly worse. The reason
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Figure 1.9: Corrected TFP and TFP
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is that most of the amenity-biased reallocation of workers had already occurred by 2006
(see Figure 1.5).>° Hence, correcting for amenities increases the productivity estimates
relatively more in the earlier decades. Specifically, the average growth rate of corrected
TFP between 1980 and 2006 was 2.22%, compared to 1.76% for conventional TFP. By con-
trast, between 2006 and 2015, the average growth rates for corrected and conventional
TFP were 1.1% and 0.88%, respectively.”! Therefore, the corrected TFP is 0.46 percentage
points larger in the first period and 0.22 percentage points larger in the second, indicat-
ing an even larger slowdown than previously thought. It is important to note that these
estimates are only suggestive because I only measure amenity improvements from the
reallocation of workers across occupations. In particular, increases in expenditures on

amenities within occupations or firms may have contributed to the slowdown.

Changes in amenities within occupations and augmented TFP growth. For the later
periods (since 2006), we can use different releases of the O*NET to measure changes in
amenities within occupations and so obtain an estimate for the augmented TFP growth.>?
Recall that the augmented TFP growth measures the growth in total factor productivity
in the production of augmented output.

Table 1.5 contains estimates of the growth in augmented TFP and its decomposition.

0During the 1980s, the growth rate of corrected TFP is substantially larger than the conventional one
(1.88% compared to 1.42%), implying that the productivity growth slowdown during the 1974-1994 period
may have been smaller than otherwise thought.

5INote that in constructing the TFP, I do not adjust for factor utilization, which is known to be important
for the business cycle (Basu et al., 2006). However, this would have the same effect on the corrected TFP, so
the percentage point difference between the two measures would not be affected.

52 At any new release of the O*NET data, only the information for a subset of occupation is updated. For
this reason, I use the data of 2022 despite doing the analysis for the period 2006-2015.
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First, I find that augmented output per worker was equal to 131,020 in 2012 prices, com-
pared to the measured value of 102,329. That is, the augmented output was 28% larger
than the measured one. This is a substantial difference. The estimate has to be interpreted
with caution because, as discussed in Section 1.6.4, it is sensitive to the wages of the low-
est amenity occupation in each total compensation quantile. Nonetheless, it highlights

the welfare importance of amenities.

The augmented TFP growth was equal to 8.5% dollars between 2006 and 2015. This
compares to a growth in TFP of 7.9% and in corrected TFP of 9.7% during that period.
The relative growth in productivity from changes in technology is now smaller than the
corrected TFP due to dividing by Y? instead of Y. The growth in augmented output
resulting from changes in amenities within occupations is equal to 844 dollars or 0.6%
percent of augmented output. This value should be interpreted as a lower bound as I

cannot measure changes over time in all amenities.

Table 1.5: Decomposition growth in augmented TFP (2006-2015)

Absolute value

: yva
(Thousand of 2012 Dollars) Relative to ¥

Augmented output (Y?) in 2006 131.02 1

Output (Y) in 2006 102.32 78%
Change in productivity

(dlogz and {dlogz;}; terms in (1.29)) 10.32 7.9%
Change in amenity value within

occupation ({dlog A;}; terms in (1.29)) 0.84 0.6%
Change in augmented TFP (ATFP) dATFP =11.16 dlog ATFP = 8.5%

1.7 Extensions

I study growth accounting in two extensions. In the first one, I consider a model where
tirms endogenously produce amenities. In the second one, I extend the model to an ineffi-
cient economy with occupation-level wage markdowns. In this section, I briefly describe
each, and I leave the detailed exposition for Appendix A.7.
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Endogenous production of amenities by firms. Throughout the paper, I have assumed
that amenities are fixed characteristics of occupations. However, some amenities are bet-
ter modeled as being endogenously chosen by firms, e.g., office perks. I study growth ac-
counting with endogenous amenities in Appendix A.7.1. I assume that firms incur costs
to provide amenities to their workers. An increase in firms” amenity production shows
up as an increase in production costs but is not reflected in either workers’ compensation
or firms’ sales. Hence, an increase in endogenous amenities also decreases measured TFP.
This effect on TFP is akin to an increase in the cost of a factor input. I show how we can
also use the implicit prices of the endogenous amenities to define augmented output and

derive a Hulten’s theorem.

Inefficient economy with wage markdowns. In Section 1.6, I have studied an efficient
economy where the first welfare theorem holds. This allowed us to isolate the role of
amenities and to highlight how, due to compensating differentials, we can measure changes
in allocative efficiency in an efficient economy. However, recent research—starting with
Restuccia and Rogerson (2008) and Hsieh and Klenow (2009)—has quantified large ag-
gregate effects on output, TFP, and welfare from misallocation in inefficient economics.

To understand how inefficiencies in the labor market interact with compensating dif-
ferentials, I extend the model by introducing occupation-level exogenous wage mark-
downs in a similar way as Baqaee and Farhi (2020). In this case, the amenity prices
are defined exactly as in Section 1.6.3 and can also be mapped to the amenity price es-
timates. Moreover, these prices still measure the valuations for amenities of workers
that reallocate. However, due to the markdowns, they are not equal to the differences
in MPLs across occupations—that is, they are not equal to the marginal costs of produc-
ing the amenities. I characterize the change in aggregate TFP in response to changes in
occupation-specific productivities and markdowns. Changes in the allocation of work-
ers affect TFP due to both markdowns and compensating differentials. Finally, I show
how the corrected TFP growth measures the change in allocative efficiency due to the

differences in markdowns net of the compensating differentials.

1.8 Conclusion
Smith (1776) (Chapter X part I) already introduced the idea of compensating differentials:

the wages of labour vary with the ease or hardship, the cleanliness or dirtiness, the honourable-
ness or dishonourableness of the employment. Since then, the theory and empirical evidence
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of compensating differentials have become well-established. However, the macro litera-
ture studying technical change, as well as traditional growth, welfare, and distributional
accounting abstract from non-pecuniary aspects of jobs. In this paper, I introduced the
notion of amenity-biased technical change, based on the idea that technical change may
have also raised living standards by improving non-pecuniary aspects of jobs. By mea-
suring the shadow value of job amenities (i.e., compensating differentials) as the labor
literature, I could measure changes in non-pecuniary compensation, redo the traditional

growth accounting, and revisit several macroeconomic changes of the last decades.

First, I documented an amenity-biased shift in labor demand between 1980 and 2015,
which reallocated workers from low- to high-amenity occupations. On aggregate, I esti-
mate that this reallocation implies that the growth in total compensation (wage plus the

value of amenities) was 40% larger than the growth in wages.

Second, I theoretically showed how augmenting output to include the shadow value
of amenities properly measures productivity improvements. Quantitatively, I found 25%
larger productivity growth than suggested by the conventional TFP measure from 1980 to
2015. However, the corrected TFP estimates point to an even larger productivity growth
slowdown between 2004 and 2015. Although the precise estimates have to be inter-
preted with caution, they highlight the importance of amenities for measuring produc-

tivity growth and welfare.

Third, I find that there is no labor market polarization if we measure workers’ total
compensation instead of wages. Moreover, both in the motivating exercises with skill
proxies and interpreting total compensation as a skill measure that corrects for compen-
sating differentials, I find evidence that there is no polarization across the skill distribu-
tion. Hence, this suggests that, on aggregate, there has been a shift in demand from low-
to high-skill workers, as in the older skill-biased technical change literature (Bound and
Johnson, 1992; Katz and Murphy, 1992).

Finally, this paper also makes a conceptual point on the definition of goods and na-
tional accounting. Some goods are not measured because there is no explicit monetary
transaction, yet they are valued by people and costly to provide. This is the case for job
amenities. The existence of compensating differentials—i.e., shadow prices—implies that
job amenities are costly to provide and valued by workers. The costs can be explicit,
like buying coffee for employees, or implicit, such as the differences in the usefulness of
workers across occupations. Urban and spatial amenities are also such goods. I argue
that because the costs of producing these goods are typically accounted for in national ac-

counting, their value should also be (ideally) measured. Otherwise, changes in people’s
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consumption between measured and unmeasured goods can lead to misleading infer-

ences about productivity improvements.
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Chapter 2

The Hidden Demand for Flexibility - A
Theory of Gendered Employment
Dynamics

Maria Frech!
Gerard Maideu-Morera

Abstract

Empirical evidence highlights women’s demand for flexible working hours as a criti-
cal cause of the persistent gender disparities in the labor market. We propose a theory
of how hidden demand for flexibility drives gendered employment dynamics. We
develop a dynamic contracting model between an employer and an employee whose
time availability is stochastic and unverifiable. We model men and women only to
differ in their probability of having low time availability, which we measure in the
ATUS. We explore contracts designed specifically for each gender (gender-tailored) and
the polar case where a male-tailored contract is given to both men and women. For the
latter, we show that contracting frictions endogenously give rise to well-documented
gendered labor market outcomes: (i) the divergence and non-convergence of gender
earnings differentials over the life-cycle, and (ii) women’s shorter job duration and

weaker labor force attachment.

!We are grateful to Christian Hellwig and Nicolas Werquin for their advice and guidance. We would also
like to thank Charles Brendon, Ludovica Ciasullo, Fabrice Collard, Eugenia Gonzalez-Aguado, Alexander
Guembel, Anna Sanktjohanser and participants at TSE Macro Workshops, the Vigo Macro Workshop, SYME
2023, RES 2024 and ESEM 2024.
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2.1 Introduction

Women’s need for flexible working hours has emerged as the primary source of the re-
maining gender differences in the labor market (Goldin, 2014). While men and women
have converged on many employment dimensions, a persistent gender gap in wages and
working hours remains (Blau and Kahn, 2017). In the US, 70% of the gender earnings gap
can be explained by the child penalty (Cortés and Pan, 2020). The burden of unpaid care
responsibilities such as childcare, mostly carried out by women, creates unpredictable
schedule changes and calls for fewer working hours. Empirically, the relationship be-
tween temporal flexibility and labor market outcomes has been widely studied.? How-
ever, there is no theoretical understanding of the way in which women’s higher flexibility
needs drive gendered employment dynamics.

In this paper, we propose an explanation for gender differences in the life-cycle dy-
namics of wages and employment based on a hidden — external time commitments are
unverifiable — demand for flexible working hours. We develop a theoretical framework
that takes the unpredictable and unverifiable nature of flexibility needs seriously and
studies them in dynamic employment relationships. We model the demand for flexibility
as stochastic and unverifiable shocks to time availability. To study gender differences, we
allow men and women to differ only in their probability of having limited time availabil-
ity, Pmen < Pwomen, as we will measure in the data. Hence, gender is not encoded as an
ad-hoc difference in preferences. This allows for between gender similarities and within
gender differences in working conditions over time depending on their exposure to flex-
ibility shocks.> We study the effects of gendered flexibility needs on wage and employ-
ment dynamics through the lens of a dynamic contracting problem between an employer
and an employee. We explore two types of contracts: (i) contracts designed for each gen-
der’s flexibility needs (gender-tailored) and (ii) the polar case where a male-tailored contract
is given to both men and women. When contracts do not internalize women’s flexibility
needs (i.e. under male-tailored contracts), contractual frictions endogenously give rise to
gendered employment dynamics that have been empirically documented. In particular,
the model can account for the divergence and non-convergence of earnings differentials
over the life-cycle, and women’s shorter job duration and weaker labor force attachment.

By contrast, under gender-tailored contracts, while individual differences may exist, the

2Mas and Pallais (2017), Mas and Pallais (2020),Wiswall and Zafar (2018).

30ur framework serves more generally to understand the consequences of flexibility needs on employ-
ment dynamics and is not per se gendered. It is also applicable to other sociodemographic groups, e.g.
single fathers, that might experience unpredictable external time commitments.
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systematic disparities between men’s and women’s labor market outcomes are negligible.

Job flexibility covers various temporal aspects like hours worked, specific times, and
work hour predictability. Reduced-hour arrangements alone don’t fully meet the de-
mand for flexibility since care and family responsibilities can be unpredictable*: consider
a woman heading to work, only to receive a call that her child is sick and requires immedi-
ate attention. Despite the employer allowing her to work from home, frequent emergen-
cies will make it too costly for the employer to accommodate her needs while maintaining
current working conditions and raise doubts about her genuine need for flexibility. Over

time, this can have long-lasting consequences, e.g. not getting promoted.

We study a dynamic contracting problem (in the spirit of Clementi and Hopenhayn,
2006; Dovis, 2019) that aims to capture the mechanism of this story. A risk-neutral em-
ployer hires a risk-averse employee based on a contract that specifies a wage and working
hours for every period. The employee’s time availability is subject to i.i.d shocks. A low
time availability shock corresponds to the case where e.g. a child unexpectedly needs
to be picked up from school. Conversely, a high time availability shock coincides with
the case where the employee can work as planned. Experiencing a low shock will make
every hour worked more costly to that employee. Informational asymmetries arise as
the employer can not observe the realization of the employee’s time availability shock
and thus does not know how costly it is for the employee to work (private information).
Furthermore, the employee does not have to commit to staying in the contract (limited
commitment) and can pursue an outside option. Likewise, the employer can also choose

to terminate the contract.

We first characterize analytically the main properties of the optimal contract for com-
pensation dynamics, working hours and termination probabilities as well as the region
in the state space where termination may be optimal. The private information friction
implies that in order to provide flexibility in hours, an employee with high (low) time
availability must be rewarded (penalized). Moreover, because the employment relation-
ship is dynamic and the employee is risk averse, it is optimal for the employer to smooth
these rewards and penalties over time. Therefore, an employee who demands to work
fewer hours due to low time availability will be penalized with lower wages in all future
periods. When an employee experiences a sufficiently long sequence of low time avail-

ability, working conditions worsen. Pursuing an outside option becomes more attractive

*We focus on flexibility needs arising from unforeseeable family emergencies. A stable and predictable
work schedule, i.e. not to be called in for work unexpectedly when they have scheduled care responsibili-
ties, is equally important for women, see e.g. Ciasullo and Uccioli (2022). See Appendix B.6.2 on how our
model can be extended to a setting where the employer seeks flexibility in working hours.
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for the employee, which makes providing flexibility more costly. Eventually, terminating
the employment relationship can become optimal.

To understand the gendered employment dynamics arising from these contracts we
allow the probability of having low time availability to differ by gender, namely, pyen <
Pwomen- This is the only parameter allowed to encode gender differences. We contrast two
types of contracts. First, we study gender-tailored contracts. These contracts are designed
for each gender specifically, meaning we solve the optimal contract for each p. Through
a comparative statics exercise on p, we show that for a male and female employee that
have the same compensation level, men experience larger wage penalties for demanding
ﬂexibility.5 We find that when contracts fully internalize differences in flexibility needs,
the average gender wage gap is constant over time. This is because the higher frequency

of women’s penalties is offset by men’s higher penalties.

Second, we study male-tailored contracts. These are contracts initially designed for
men but which then are also given to women. In practice, employers may not be able
or allowed to offer gender-specific work arrangements. Hence, this exercise highlights
the dynamic consequences of the incompatibility of women’s flexibility needs in male-
dominated work environments.® When employment relationships are designed to fit
men’s flexibility needs, women’s average wages gradually start to diverge from men’s.
This is because women get both more frequent but also higher penalties. We also explore
an intermediate case where the employer simultaneously employs men and women but
is constrained to design a unique contract for both genders (team-tailored contract). For

this case, we show that men’s wages diverge upward and women’s downward.

To directly compare wage paths and termination probabilities, the provision of tem-
poral flexibility, and the flexibility penalties by gender, we also solve and simulate the
model numerically. We combine the recursive Lagrangian method of Marcet and Mari-
mon (2019) with a direct promised utility approach. We use the latter to solve the model
in the termination region. We calibrate the model and use the American Time Use Sur-
vey (ATUS) to identify meaningful values for pmen and pwomen. In the ATUS, we observe
daily minutes spent on care activities during usual working hours. From this, we find
that, for our baseline calibration, men have a frequency of limited time availability of
Pmen = 6%, whereas women are more than twice as likely to be interrupted with a chance

of pwomen = 15%. We also show substantial heterogeneity in these probabilities across

>This is indeed an empirical finding with respect to part-time work, sometimes referred to as "flexibility
stigma"(Coltrane et al., 2013; Golden, 2020; Aaronson and French, 2004; Dunn, 2018; Wolf, 2014; O’Dorchai
et al., 2007).

6Torre (2017), Mas and Pallais (2020), Patrick et al. (2016), Cha (2013).
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different socioeconomic groups and quantify the effect on wage dynamics in our model.

Comparing the numerical results of male-tailored and gender-tailored contracts allows us
to understand what drives differences in employment dynamics. Our results shed light
on the mechanisms behind two well-documented gendered labor market outcomes:

1. Women'’s wages start to diverge from men’s after childbirth but do not fully converge back
to men’s after children grow up.
A large and internationally diverse literature has shown that women and men have
divergent earnings growth trajectories after childbirth, even when they were pre-
viously on the same career paths (Barth et al., 2021; Paul, 2016). This is partially
explained by occupational sorting of women anticipating greater flexibility needs
before having children (Kleven et al., 2019; Mas and Pallais, 2020; Cortés and Pan,
2019). However, mother’s wages also diverge from men’s within the same firm and
occupation, mainly through the lack of promotions (Lucifora et al., 2021; Bronson
and Thoursie, 2019). Over time, many women are being pushed out of current work
arrangements due to parental demands and end up in predominantly lower-paying
jobs (Patrick et al., 2016).

Importantly, despite children growing up and the gender wage gap narrowing,
women’s wages still never fully converge back to men’s (Goldin et al., 2022). Our
model provides a potential underlying mechanism for both the divergence (within
and across jobs) and non-convergence in wages. When contracts do not fully in-
ternalize differences in flexibility needs (i.e. male-tailored or team-tailored contracts),
the average gender wage gap gradually grows over time and women that are par-
ticularly exposed to flexibility needs will be pushed out of the current employment
relation. For employees that stay, in our main calibration, we are able to explain
more than 40% of the within-firm divergence of wages. Lastly, in our model, de-
manding flexibility is penalized with both current and future wage cuts so that even
when men’s and women'’s flexibility needs are the same again after children grow

up, wages will not converge back.

2. Women'’s job duration is shorter and labor force attachment is weaker.
It is well documented that women'’s job spells are, on average, substantially shorter
than men’s (Hall, 1982; Molloy et al., 2020; Munasinghe et al., 2008). This is in part
related to gender differences in job mobility patterns. A higher job turnover for
women has been shown to contribute to the gender wage gap (Amano-Patifio et al.,
2020). Empirical evidence suggests that this is a result of women’s care responsi-
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bilities leading also to a weaker labor force attachment.” Unlike static occupational
choice models, our dynamic contracting setting is able to speak to the impact of
gender differences in external demands on job duration and turnover. Under male-
tailored contracts, a larger share of women end up with depressed working condi-
tions due to their higher flexibility needs. This leads to higher termination rates and
shorter job duration for women.

Finally, comparing gender-tailored and male-tailored (and team-tailored) contracts high-
lights the potential adverse consequences of non-discriminatory contracts. This is a prac-
tical concern, as policymakers may overlook the unfavorable effects of not allowing work
arrangements to be targeted towards one gender. For example, Antecol et al. (2018) show
that gender-neutral tenure clock extensions reduced women’s tenure probability while

increasing men’s.

Related Literature. Our theory provides a conceptually new way of thinking about the
link between flexibility needs and working conditions. We propose that a hidden demand
for flexible working hours drives gender differences in employment dynamics. That is,
they are a result of information and contracting frictions. The seminal work in the liter-
ature providing microfoundations on how gendered flexibility needs can explain wage
differentials is Goldin (2014). By analyzing the convexity of the hour-wage relationship
in a static model, she can explain differences in the gender pay gap across and within oc-
cupations.® Erosa et al. (2022) conduct a quantitative analysis of the Goldin (2014) theory
and find that it can account for a large share of the gender gaps in occupational choice,
wages, and hours. By contrast, our dynamic model gives insights into the divergence
(within and across occupations) of wages after childbirth and the non-convergence of
wages after children are grown up — which cannot be rationalized with static models.

The across-occupation wage gap has been studied by Flabbi and Moro (2012) and
Morchio and Moser (2024).° They quantify the effect of gender differences in preferences

"Married women are more likely to stay at home, find a new, more family-friendly job (Mas and Pallais,
2020; Mas and Pallais, 2017; Wiswall and Zafar, 2018) or pursue flexibility-oriented self-employment (Lim,
2019; Gurley-Calvez et al., 2009; Bento et al., 2021). Unmet needs for workplace flexibility push women into
less profitable work arrangements or home production (Patrick et al., 2016).

80ur theory disconnects wage from the marginal product of labor, which has important normative im-
plications. If wage differentials are driven by a convex production function as in Goldin (2014), a reduction
of the wage differential inside a family will entail a loss in production efficiency, which may be inefficient
both socially and for the family. By contrast, if they are driven by contracting frictions, there may not be
any production efficiency loss from a reduction in wage differentials.

9Relatedly, Le Barbanchon et al. (2021) show that women are more willing to tradeoff wages for a shorter
commute time and study the consequences for the gender wage gap.
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for occupational amenities, including job flexibility. In our model, differential flexibility
needs create within-firm and within-occupation gender wage gaps and push women into

lower-wage work arrangements that were suboptimal ex-ante.

Another strand of the literature uses models of human capital accumulation to ex-
plain the child penalty (Erosa et al., 2016; Amano-Patifio et al., 2020; and Barigozzi et al.,
2023). Due to maternity leave and lower working hours after returning to employment,
women are able to accumulate less human capital on the job. These models hence gen-
erate (within-firm) divergence and non-convergences of wages. Our theory provides an
alternative to generating these gendered wage dynamics that is based on contracting fric-
tions where women can be paid less even if they are equally productive as men. In addi-
tion, human capital models remain silent about gender differences in job duration. Lastly,
models of promotions (Lazear and Rosen, 1990; Lommerud et al., 2015; and Bronson and
Thoursie, 2019) can also give rise to within-firm gender wage gaps. "

Conceptually closest to our approach is Albanesi and Olivetti (2009).!! They show
how the combination of information frictions in the labor market (moral hazard and ad-
verse selection) and intra-household home production decisions can generate self-fulfilling
gendered equilibria. We abstract from home production decisions, take the gendered
flexibility needs as given, and instead focus on its unpredictable nature and study the
consequences for the life-cycle dynamics of wages and employment.

A growing empirical literature has tried to measure gender differences in external
demands on time (Buzard et al., 2023), including unexpected incidences during working
hours (Cubas et al., 2021; Schoonbroodt, 2018). We use our model to study the effects
of these unpredictable and gendered demands on time. Moreover, we provide our own

model-consistent estimates using the ATUS.

The dynamic contracting problem we study combines private information (from the
flexibility shocks being unobservable to the employer) and limited commitment (from
the employee being able to leave at any time) frictions. In this sense, the model is close
to the sovereign debt model in Dovis (2019). As in Dovis (2019), the combination of the
two frictions implies that the optimal contract may (temporarily) end up in a region with
ex-post inefficiencies. In our case, this results from the fact that as the employee’s value

19Tn our model, we could interpret increases in wages as — current or as changes in consumption in
anticipation of future — promotions. Hence, our model may shed light on how differences in expected
demands on time can create gender differences in promotion opportunities.

HRelatedly, Albanesi et al. (2015) study gender differences in top executives’ compensation through a
moral hazard model but find that a model of "managerial power" is more consistent with empirical evi-
dence. Models that feature self-fulfilling gendered equilibria have also been studied by Dolado et al. (2013)
and Lommerud ef al. (2015).
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approaches the outside option, it is impossible to induce an employee with low time avail-
ability to work positive hours. Then the employer’s cost of increasing the compensation is
smaller than the gain of inducing an employee with limited time to work positive hours,
which implies that the Pareto frontier is increasing. In addition to Dovis (2019), in this
region, we allow the principal the option to terminate the contract, which will be optimal

if its outside option is high enough.

Outline. The paper is organized as follows. Section 2.2 lays down the environment. Sec-
tion 2.3 sets up the dynamic contracting problem and characterizes the main properties
of the optimal contract, including optimality of termination. In Section 2.4 we show how
differences in time availability can generate gendered employment dynamics. We explore
gender-tailored, male-tailored, and team-tailored contracts. In Section 2.5, we explain how we
use the American Time Use Survey to calibrate the model, present the parametrization
and discuss the solution method. Section 2.6 presents the numerical results and Section
2.7 connects them to the aforementioned gendered labor market outcomes. Section 2.8
concludes.

2.2 Environment

Time is discrete and indexed by t = 0,1, ...,00. There is one employer, the principal, and
one employee, the agent. They contract on a long-term employment relation that specifies
hours and wages for each period. The employee does not have to commit to staying in
the contract and can pursue an outside option. Conversely, the employer can also choose
to terminate the employment relation. Thus, the contract features two-sided limited com-
mitment. The source of uncertainty is a shock to the time availability of the employee,
which is not observable to the employer. We model the contracting relation between the
employer and the employee as a message game. At time 0, the employer makes a take-
it-or-leave-it offer to the employee. The offer consists of a contract whose terms can be

contingent on all public information.

2.2.1 Preferences

The employer and the employee are infinitely lived. At every period, the employee’s time
availability f; can take two values f; € {fL, ff} with 0 < f& < fH < 1. Time availability
is independently and identically distributed over time with P(f; = f) = p. This is the
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only parameter that will differ by gender in the entire model. The employee values a
stochastic sequence of wages {w; }?> ; and working hours {5 }* , according to

Eo iﬁtu(wt/ht}ft)/ (2.1
=0

where B € (0,1) is the discount factor. The per-period utility is specified by

U(w,h; f) = u(w) = (1= fp(h), (22)

where 1 : Rt — R is strictly increasing and concave and ¢ : R™ — R is strictly increasing

and convex. The employee has an outside option that gives a life-time value 7 € R.!?

The employer is risk-neutral, also discounts the future with f € (0,1) and has a per
period profit of
(w,h) =g(h) —w, (2.3)

where ¢ : RT — R is increasing, concave and satisfies the condition limy,_, g, (h) = +oo.

The employer has an outside option that gives a value of IT € R.

2.2.2 Information

The employer cannot observe the realization of f;, the time availability of the employee
in period t. The employer bases the contract on the time availability reported by the em-
ployee in each period, f;. We invoke the Revelation Principle to, without loss of generality,
restrict attention to truth-telling mechanisms. This reduces the message space to { f%, f1}.

A reporting strategy for the employee is given by f = { fi(f*)},, where f* = (f1,..., f).

2.2.3 Timing

The timing of the contract within each period is as depicted in Figure 2.1. At the be-
ginning of the period, the employee learns their time availability f; € {f*, f/} and then
has the possibility to pursue their outside option. If the employee stays, they then report
ft € {f%, fH} to the employer. Based on the (history of) report(s) the employer offers
the employee to work 7 (f*) for a wage w;(f*). The employee again has the option to
leave and pursue the outside option. At the end of the period, the employer proposes

12We leave the interpretation for the outside option open. It could, for example, include a more flexible
work arrangement, home production, or self-employment.
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Figure 2.1: Timing

Agent can leave Work Conti 1 i
for outside opt. w; ('), i (f") ontmue employmen
J J g: ft ) relation
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Agent learns f; Agent reports Agent can leave .Age.nt getsv_
s . Principal gets I1
ft for outside opt.

the employment relation to continue with a probability g;(f*) and to terminate with a
probability 1 — g;(f!). In the latter case, the employee gets the outside option 7 and the
employer gets I1. The employee can choose to leave both after learning this period’s time

availability and at the end of the period.

2.2.4 Contract

The dynamic contract specifies employment policies which are contingent on all infor-
mation provided by the employee. Letting f* = (fi, ..., fi) denote the history of the em-
ployee’s reports, the contract o = {w;(f*),h:(f!),q:(f!)} specifies a contingent policy of
termination probabilities g;, hours h; and wages w;.

2.2.5 Feasible Contract

Definition 1. A contract o is feasible if ¥t > 1 and ¥ f* € {fL, fH}!

(i) q(f*) € [0,1]
(i) w(f'),h(f') = 0
We collect the assumptions made so far:

Assumption 3. (i) The utility function U(w, h; f) = u(w) — (1 — f)p(h) is strictly increasing
and concave in both arguments and satisfies the single crossing property Uyg > 0. The production
function g is increasing, continuously differentiable and satisfies limy,_,o g, (h) = +oo.

(ii) The time availability shock can take on two values f € {fL, fH} and is independent and
identically distributed over time. Each period time availability can be low with probability p &
(0,1) and high with probability 1 — p € (0,1).
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The following convention for notation is useful: a superscript H indicates an element
in the contract designed for an employee that reports to be of high time availability, e.g.
the wage specified for an employee that reports to have high time availability at time ¢
is denoted by wH = w(f'~1, f). Equivalently, the superscript L denotes an element in
the contract designed for an employee that reports to be of low time availability in the

current period.

2.2.6 A Benchmark: Contracts under Symmetric Information

As a first step, we consider the case of symmetric information, where the employer ob-
serves the employee’s realization of time availability and the employee has full commit-

ment.

Proposition 3. In the first best, at every history f*, the contract satisfies:

1. No distortions in hours worked, that is,

(L= £y (f*) (2.4)

g/(ht(ft)) = ' (wi (f1)

2. Full insurance and perfect intertemporal wage smoothing, that is w = w;(f*).

3. No termination, that is q¢(f') = 1.

In the first best, the employer is able to set hours and wage optimally for both high
and low time availability. In particular, this means hours are not distorted. The employee
is perfectly insured against flexibility shocks and is thus allowed to reduce hours worked
without a penalty on total compensation. In particular, wages for both employees with
high and low time availability are the same and constant over all periods. Lastly, given
that both parties agreed to enter the employment relation at time zero, it is never optimal
for the employer to lay off the employee.

2.2.7 Model Discussion

We study a particular type of contract where wages are adjusted as frequently as flexibility
needs arise. While such contracts may not have a direct counterpart in reality, employers
may implicitly track attendance and adjust wages in the long run through, for example,

reduced promotion opportunities. In this case, we can interpret the changes in current
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compensation as a result of the employees adjusting their private borrowing or saving in

anticipation of future pay raises or wage cuts.

We purposely avoid putting structure on the outside option. We keep it the same
for both genders throughout since we do not want our termination rates to be driven
mechanically, but it is reasonable to expect this variable to be gendered. The outside
option could capture, for example, the value of going into a higher flexibility and lower-
wage occupation, dropping out of the labor force, or pursuing flexibility-oriented self-

employment.

To focus on gender differentials in wage dynamics resulting from flexibility needs,
we deliberately abstract from other drivers of wage dynamics over the life-cycle, such as
human capital accumulation. For this reason, when women’s wages diverge downwards
in the model, we do not interpret it as women’s wages decreasing over time. Instead, we

view this as women’s wage divergence relative to men’s wage path.

Lastly, our framework focuses on flexibility needs that arise when employees need to
adjust their working hours due to unpredictable family emergencies. As highlighted by
Ciasullo and Uccioli (2022), a stable and predictable work schedule is equally important
for women to be able to, for example, schedule care responsibilities. In Appendix B.6.2,
we lay out a simple extension of our model where the employer can also ask to work
unpredictable extra hours. We assume that the employee’s cost of working these extra
hours is also stochastic and unverifiable. All the main intuitions and results go through
in that setting.

2.3 Optimal Contract

In this section, we define the recursive formulation of the (constrained) optimal contract
with information asymmetry in f and limited commitment induced by the outside option.
We characterize the properties of the optimal contract upon continuation and then show
that termination may be optimal in some states. These results hold for a given probability

p of having low time availability.
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2.3.1 Recursive Formulation

The employee’s continuation value from staying in the contract, denoted v;, evolves ac-
cording to

or = (1= p) (U@ W) + ol ) +p (U@ B 1) + Boba), @5)

which is composed of the expected per period utility and the expected continuation value.

H
t+1

availability report, respectively. Following Sargent and Ljungqvist (2000) and Clementi

The quantities 0!l ; and vt ‘1 are the continuation values contingent on high and low time-
and Hopenhayn (2006), we present the problem in a recursive form, where the state vari-
able of the problem is the employee’s continuation value at the beginning of a period. In

particular, the contract ¢, introduced in Section 2.2.4, can now be decomposed into cur-

J

141 contingent on reported fj

rent allocations (w;(f/),ht(f/)) and a continuation value v
forje {H,L}.13

First, define the total value to the employee if she stays in the contract. The flow
equation (2.5) now becomes the promise-keeping constraint, as the initial value v must be
delivered to the employee by the continuation contract. Suppressing time subscript this

gives:
o= (1—p) (U@ 1 f1) + po!) + p (Uwh hb f1) + ot ). (PK)

As usual, the only relevant incentive constraint is the one imposing truthful reporting in
the high state:!

U(w, h; f171) 4+ po'? > U(wh, nt; fH7) 4 got. (IC)

The incentive compatibility constraint (IC) captures the informational frictions in setting
the contract. It ensures that the employee has no incentive to misreport. In particular,
an employee with high time availability does not want to take the contract designed for
someone with low time availability.

The lack of commitment of the employee imposes two constraints that are of different

13Tn this section we focus on contracts without termination, thus continuation probabilities are one for
both reported time availabilities, i.e. g(f") = g(fL) =1.
4This is shown formally in the proof of Proposition 4 in the Appendix.
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timing. First consider the standard limited commitment constraints:
ook > 5. (LC)

These constraints impose that the employee’s continuation value promised in the current
contract must exceed their outside option, i.e. after working in a period they will still pre-
fer to stay in the contract. Additionally, a contract should be sustainable in the following

way:

U(w",nt; 1) + pot! >3,
U(wh,ht; &) + pot > 5. (SUST)

These sustainability constraints ensure that even before working and regardless of their
time availability, employees will want to continue in the employment relationship. Hence,
(LC) and (SUST) guarantee that the employee prefers staying in the employment relation
to the outside option at different times of the contract.

We denote the employer’s value contingent upon continuation as I'l. This is different
from the value of the employer prior to the firing decision, which is denoted as I1. The
choice variables are the wages and hours for the current period contingent on the reported
time availability as well as the contingent continuation values v and v'. The employer
then solves:

(o) = max (1-p)[r(@! 1)+ pri(e")] + p (@t i) + prit)|  (26)

subject to (PK), (IC), (SUST), (LC). To recover the time zero problem, we can solve ﬁ(vo)

for a given starting promised utility vp.

Contingent on the high or low time availability, the first term of the maximand corre-
sponds to the current period’s expected profits and the second term indicates the expected

discounted total value of the employer prior to the firing the decision.

2.3.2 Termination Decision

We now turn to the termination decision of the employer. In some states, a stochastic
tiring decision may be optimal. Technically speaking, this is the case when the outside
option for the employer implies that the Pareto frontier is not a convex set. Allowing for
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randomization over the termination decision is equivalent to assuming that the employer
offers a lottery to the employee at the end of every period. The employment relation
ends with probability 1 — g, in which case the employer receives I1, and it continues with
probability 4. In the latter case the employee receives continuation value v.. Then the
function I'l(v) solves the following functional equation:

I1(v) = max (1 —q)II+qII(v.)
g€[0,1],0,

subject to (1 —¢q)v + qv, = v.

2.3.3 Time Zero Contracting

We are agnostic about how the starting promised utility vg is determined and how it
differs by gender. For employees to engage in the employment relation we need vy > .

The choice of vy does not affect the results we present in the following sections.

2.3.4 Properties

We now present the main properties of the optimal contract in case of continuation. The

results on optimal termination are discussed in Section 2.3.5.

Under symmetric information, the employer is able to fully insure the employee against
having low time availability. As shown in the following proposition, under private infor-
mation and lack of commitment, the optimal contract no longer provides full insurance

against flexibility shocks.

Proposition 4. At every history f*, the optimal allocation satisfies

1. Hours worked of an employee with high time availability are undistorted and satisfy equation
(2.4). The hours of an employee with low time availability are distorted downwards and
satisfy

L= Ay’ (hh)
/(i) > | 2.7
g ( ) > u/(wL) ( )

2. For v > T, the employer compensates high time availability with a higher wage (w™ > wt)
and higher continuation utility v > o', Moreover, when the (SUST) and (LC) constraints
do not bind, v > v > ol
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3. If the (SUST) and (LC) constraints do not bind, the following Inverse Euler equation holds

11 1
W(wi1) L (wh) ! (wh)’

(2.8)

The presence of private information induces a higher compensation for working more
hours for an employee with high time availability. Having low time availability will be
penalized with a lower wage and accommodated with working less hours. Low time
availability employees are offered contracts with working hours lower than predicted
in the first best setting. This is directly evident by comparing equation (2.7) with (2.4).
When an employee demands flexibility, hours are distorted below the first best optimum.
Hence, the contract under-works the employees with low time availability. This is be-
cause, to correctly screen time availability, lying about f needs to be less attractive for the
high time availability employee. Therefore, the optimal contract prescribes fewer hours
than at the first best after low time availability to discourage the type with high time
availability from claiming otherwise.

Because the employee is risk averse and the employment relationship dynamic, it is
optimal for the employer to smooth the employee’s compensation intertemporally. This
means that high time availability not only is rewarded with a higher wage at ¢, but is also
compensated with a higher continuation value, which implies that wages increase in all
future periods. Wage premia are thus permanent. Similarly, the provision of flexibility
comes at the cost of lower wages, which, due to the optimality of smoothing compensa-

tion, implies a lower continuation value and, therefore, lower wages in all future periods.

The third result of the proposition shows that when the (SUST) and (LC) constraints
do not bind, the inverse marginal utilities follow a martingale, implying that the cross-
sectional average along a large population of workers would be constant over time. This
typically implies that average wages are also approximately constant over time, as we will
show in the numerical simulations. With log utility (1(c) = log(c)), the average wages are
exactly constant, i.e.

w1 = pwf + (1 — p)wf’.

In Section 2.4, we explore the implications of this result for the dynamics of the gender
wage gap.
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2.3.5 Optimality of Termination

We now characterize when terminating the employment relation is optimal. Intuitively,
this occurs when the employee has accumulated sufficiently many incidences of low time
availability and the cost of providing flexibility is too high for the employer. If the outside
option for the employer is high enough, termination can be optimal.

Formally, our approach to show this property of the optimal contract is the following.
First, we study a constrained problem where the principal is not allowed to terminate
the contract. We show that the principal’s value in the constrained problem I1°(v) is
increasing in some region around v. This implies that there must be some range of values
for the outside option IT such that the (constrained) Pareto frontier {I1,I1°(v)} is not a
convex set. Then, I'I° and I do not coincide, and terminating the contract with a positive
probability is optimal. Intuitively, in the inefficient region where I1°(v) is increasing, both
the employee and the employer would gain by increasing v, but this would violate the
(PK) constraint. If IT is high enough, the principal can offer a lottery between terminating
and continuing at a higher v such that the (PK) constraint is satisfied and the principal
obtains a strictly higher value.

The value of the principal in the constrained problem I satisfies the following Bell-
man equation:
(o) = max (1-p) (™, ™) + pII° (o)) + plre(w", h*) + I (0")]
w - ,n,o
wk hL oL

subject to (PK), (IC), (SUST), (LC).

The contract becomes inefficient as v approaches v because it is not possible to induce an
employee with low time availability to work positive hours while satisfying the (IC) and
(SUST) constraints. Intuitively, when v = o the (SUST) and (LC) constraints together im-
ply that the continuation utility of both high and low time availability employees must be
the same. Full insurance can only be incentive-compatible if the information rent given to
the time-affluent employee is 0, which requires i = 0. The following lemma formalizes
this result.

Lemma 2. For an allocation satisfying (IC), (SUST) and (PK), h* converge to 0 as v converges

to 0.

Relying on Lemma 2, we can now show that I'I° must be increasing in a region around
0. The result and proof are akin to Dovis (2019).
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Proposition 5. There exists a 0 > U such that the (constrained) profit function T1°(v) is increas-

ing over [0,0) and decreasing for v > .

Figure 2.2: Pareto frontier and termination probabilities

(a) Principal’s values. In red I1, in blue IT. (b) Termination probabilities
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The proof relies on the fact that the condition g’(0) = oo implies that the gains from
slightly increasing i must be larger than the cost of providing a higher expected utility
to the employee. Finally, we characterize the optimality of termination in the following

corollary.

Corollary 1. If T1 > TI°(0), there exists a set of values (T,v*) where a positive termination

probability, i.e. g < 1, is optimal.

Figure 2.2 depicts the results of Proposition 5 and Corollary 1. On the left, we see
that there exist values v for which the principal’s values are increasing. Hence, both par-
ties would improve from increasing promised utilities v. On the right, we see that for
promised utilities close enough to the outside option 7 termination occurs, i.e. termina-
tion probabilities are positive. Typically, v* will be the point where the line going from
(3,T1) to (v*,I1(v*)) is the tangent at (v*,T1(v*)). Below this point, increasing v would be
beneficial for both the employer and employee. However, this would violate the (PK) con-
straint. This can be bypassed by offering a lottery between terminating and continuing at
a higher v. Then, the promised utility upon continuation will be v* and the termination
probabilities will be given by

i (2.9)

q:

¥ —70

This mechanism has an intuitive explanation in our setting. The employees that end

up in the termination region are the ones that suffered from a long sequence of low time
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availability, permanently depressing continuation values. The closer the promised con-
tinuation value gets to the outside option, the costlier it is for the employer to provide
flexibility. At v = 7, demanding flexibility would lead to a contract with zero hours i = 0
(Lemma 2) and correspondingly a low wage. From the employer’s perspective it makes
sense to either terminate the employment relationship or to increase the hours to a point
where the gains from increased production are higher than the cost of providing a higher

continuation value.

24 Generating Gendered Employment Dynamics

Up to this point we have studied the characteristics of the constrained optimal contract
for a fixed probability of having low time availability. First, we have shown that low time
availability is penalized with both current (w; < wpy) and future (v < vy) wage cuts.
Second, a sufficiently long sequence of low time availability can drive employees into
the termination region, making the outside option attractive. Hidden flexibility needs
encoded as private information on time availability thus allow the model to generate

employment dynamics.

We now introduce gender by comparing contracts with two different probabilities of
low time availability. This will be the only parameter that will encode differences by
gender with pmen < Pwomen. First, we consider gender-tailored contracts. These contracts
are designed with the flexibility needs of each gender in mind. In practice, that means
we solve the optimal contract twice, once for each p. Second, we consider male-tailored
contracts. These contracts are designed with men’s need for flexibility in mind but then
given to both men and women. Third, we explore the wage dynamics in an intermediate
case where the employer has to give the same contract to a team of men and women

(team-tailored contract).

When contracts fully internalize flexibility needs (gender-tailored contracts), there are
no systematic differences in employment dynamics by gender. In particular, this implies
that the average wage gap is constant over time. We also show that men receive higher
wage cuts when demanding flexibility which is consistent with the empirically docu-
mented flexibility stigma (Aaronson and French (2004)). Under male-tailored and team-

tailored contracts, the wage gap gradually grows over time.

Finally, we show that men’s and women’s wages will not fully converge back after
women’s need for flexibility converges back to that of men (e.g. children are grown up).

This is the case for each of the three types of contracts studied.
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2.4.1 Comparative Statics in Gender-tailored Contracts

We now derive comparative statics results on how the optimal contract varies with p for a
fixed continuation utility v. This allows us to understand how the optimal contract differs
for a man and a woman who were promised the same compensation. The following
proposition shows that for a male employee —i.e., lower p— the contract features lower
hours when time-limited and lower current and future compensation for both high time

availability (w™ and v™) and low time availability (w" and ot).

Proposition 6. For a fixed current promised utility, v, hours, h', wages, w" and w", and
promised utilities, o, and oL, are all increasing in p. In particular, if Pmen < Pwomen, Men

1. earn smaller rewards for high time availability, i.e.

wH,men < wH,women H,men < UH,women

and v

4

2. experience larger penalties for low time availability, i.e.

wL,men < wL,women L,men < Z]L,women

and v

7

3. and work fewer hours after low time availability, i.e. hb-"e" < pLwomen,

The result is proven by considering an admissible perturbation of the optimal alloca-
tion that lowers hl and wages (wH and w') or promised utilities (vH and o'). Then, we
show that the gains from this perturbation decrease with p, implying that in an optimal

allocation hours ht, wages and promised utilities are increasing in p for a fixed .

The parameter p captures the employee’s probability of experiencing low time avail-
ability and this is known by the employer. For example, this means that the employer
understands that, on average, a young mother is more likely to ask for lower working
hours than a single male employee. From the employer’s perspective, a higher p in-
creases the average costs of providing flexible working hours and increases the rewards

and/or decreases the penalties required to deliver the same average compensation.

First, to understand why wages and promised utilities are higher for women, notice
that a higher p increases the frequency of penalties (w’ and v%) and decreases the fre-
quency of rewards (w!! and v!). Consequently, to deliver the same average compensa-
tion, the contract must offer an incentive-compatible combination of larger rewards and

lower penalties. Conversely, since men have to be penalized less often, the employer can
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achieve the same average compensation with lower rewards and higher penalties. This
result is in line with the so-called flexibility stigma (Aaronson and French, 2004; Golden,
2020): when men reduce work hours for family reasons, they are punished with higher

wage cuts than women.

To understand why h* is lower for men than for women, recall from Proposition 4
that the employer provides flexibility but underworks the employee below the first best
level. By doing so, the employer discourages an employee with high time availability
from claiming low time availability, which, in turn, allows to provide more insurance
against flexibility shocks.!® For women, the expected direct cost (lower production) from
reducing h" is higher than for men due to the higher frequency of low time availability.
Therefore, it is optimal to underwork the employee less. While this may appear coun-
terintuitive, note that in Proposition 6, we study how optimal contracts differ by gender
assuming that both were promised the same compensation level. However, in our dy-
namic model, the distribution of promised compensation levels is endogenous and, in

particular, depends on the frequency of experiencing limited time availability.

The key insight from studying gender-tailored contracts follows from Proposition 4,
where we showed that optimal contracts display approximately constant average wages
over time. Recall that for gender-tailored contracts, we solve for the optimal contract twice,
once for each p. This means, in particular, that if the (SUST) and (LC) constraints do not
bind, an Inverse Euler equation holds for each p € {pwomen, Pmen }:

1 1 1
w(wi_1) pu’(w}) +{1- P)u’(wH)'

(2.10)

Note that, with log utility, this implies that wages follow a martingale w; 1 = pw{? + (1 —
p)wk and averages wages would be constant over time. Therefore, if men and women
entered the contract with the same initial wage, the gender gap in average wages would
be approximately zero and constant over time. Intuitively, following from Proposition 6,
the frequency offsets the size of the penalties. Women have lower penalties and higher
rewards than men but at a higher frequency and vice versa. Hence, contracts that fully
internalize the flexibility needs of each employee do not display systematic differences in

wage dynamics.

15Tt also follows that h'? is decreasing in p because the hours of the time affluent employee are decreasing
in wages due to income effects as shown in the optimality condition (2.4).

16Formally, by lowering hE, the employer reduces information rent given to an employee with high time
availability at the direct cost of reducing production. Lower information rents allow the employer to pro-
vide more insurance to employees with low time availability, which is profitable as the same v can now be
delivered with lower average wages.
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Finally, although men experience larger drops in wages for demanding flexibility, a
direct implication of Proposition 6 is that the total utility penalty is actually larger for

women. To understand this, notice that from the incentive constraints we can write:
(Wt 1 1) + pott) — (U(wt b5 f1) + ot ) = (F7 = FLyp(nt).

Since hl is larger for women (as shown in Propositon 6) the gap in utility between high
and low time availability is also larger for women. Intuitively, because the women are
less underworked with low time availability, the employer is not able to provide as much

insurance against flexibility needs.

2.4.2 Male-tailored Contracts

So far we have considered optimal contracts catering to the individual’s flexibility needs.
In practice, it may not be feasible —legally or due to complexity reasons— for the employer
to design multiple types of contracts for various employees. Our framework can be eas-
ily used to study employment dynamics with contracts designed only for one type of
employee. In particular, we consider the case where both men and women are under a
contract initially designed for men. We believe that this a useful polar case to study, be-
cause actual contracts may not be designed specifically to cater each employees’ needs.
Specifically, in male dominated working environments, women'’s higher need for tempo-

ral flexibility may not be taken into account.

In Section 2.4.1, we showed that there are no systematic differences in wage dynamics
tor gender-tailored contracts. Conversely, if a woman took a contract designed for men
(male-tailored contract), she would experience the same penalty and reward structure as
her male colleague, but she would still be penalized more often. By Proposition 6, she

now suffers higher penalties and lower rewards than in her optimal contract. Equation
(2.8) and Pwomen -~ Pmen lmply

1 S 1 - )
W () P e (L ) T P e (T, )

(2.11)

where superscript men denotes allocations under men’s optimal contract. Women’s wages
diverge downwards under male-tailored contracts and the average wage gap grows gradu-
ally over time. Intuitively, women now bear both disadvantages, higher penalties/lower
rewards as well as a higher chance of being time-limited. For the same reason, women’s

promised utility also diverges downwards under a male-tailored contract. This will gener-
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ally result in larger termination rates for women.

Women’s wage dynamics depend on the characteristics of men’s contract and their
probability of low time availability. The following proposition uses the Inverse Euler
equation for men’s contracts to characterize the growth of the gender wage gap under
male-tailored contracts.

Proposition 7. With log utility (u(c) = log(c)), the expected growth rate of women’s wages
under a male-tailored contract is equal to:

wi™" (ft) [ Pwomen — Pmen men (ft 1 fL)
E pgomen (w;ﬂe,lq(ft 1)> —1—§ T—— >,< AT -1) <0, (212

>0, Difference in ps

<0, Men s penalty

where B, denotes the expectation under the probability puomen."”

The growth rate of women’s wages — and so of the gender wage gap— depends on
two terms: the difference in the probability of low-time availability and the change in
men’s wages in case of low time availability. Hence, the wage gap will grow faster when
the differences between pwomen and pmen are larger and/or men are penalized more for

low-time availability.

Finally, since continuation utilities for women under contracts designed for men do
not coincide with men’s continuation utility, it is not guaranteed that the contract remains
incentive-compatible for women. In Appendix B.5, we provide conditions for incentive
compatibility (for both types f! and f') in this case and verify them numerically.

2.4.3 Team-tailored Contracts

A less polar case than the male-tailored contract is a scenario in which an employer hires
a fraction s € (0,1) of men and a fraction (1 — s) of women but has to give the same con-
tract to both genders. We refer to this intermediate case as team-tailored contracts. Again,

we can show that the optimal contract satisfies an Inverse Euler equation but with the

7With the general utility function, we have a similar expression for the growth rate of the inverse
marginal utilities:

(w;neln(ft 1)) 4 _ [ Pwomen — Pmen (w;neln(ft 1)) .
E”W"mm(uf(wmm(ff))) 1= (Pt )( wren () )
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(history-contingent) average probability of low time availability. To this end, we denote
by Pmen(ft) and PWomen( £t the probability measure over histories induced by the prob-

abilities of low time availability pmen and pwomen, respectively.

Proposition 8. If an incentive-compatible team-tailored contract exists, at every history f*, it

satisfies the following Inverse Euler equation:'®
1 1 1
— =P ) +(1=p™(f)—0 :
! (@55 (1)) /(@™ (f1, 1) w (w0 (f,£1)))

where
g pmen (ft) Pmen + (1 . S)Pwomen (ft ) Pwomen

avg ( ¢t
P spmen( fty 4 (1 — s)pwomen(f)
and pmen < Pavg(f') < Prwomen for all f*.

Because pmen < pavg( f t) < Pwomen, In a team-tailored contract, men’s wages always
diverge upwards and women'’s wages downwards. If p?V8( f!) is close tO Pmen, i-e. when s
is close to one and/or in histories f* that are more likely for men, the contract approaches
the male-tailored contract. Therefore, men’s wages will be approximately constant over
time, and women'’s wages diverge downwards faster. Conversely, if pavg(f*) is close to
Pwomen, WOmMen'’s wages are approximately constant, and men’s wages diverge upwards

faster.

We can generally not show that an incentive-compatible team-tailored contract exists.
However, if the male-tailored contract studied in the previous section is incentive-compatible
for both men and women, there must also exist a team-tailored contract as the employer

can always use the male-tailored.

244 Non-convergence of Wages

Goldin et al. (2022) document that women’s wages do not converge back to the level of
men after children grow up. In our model, we can interpret the children growing up as
Pwomen converging to pmen. Figure 2.3 simplifies how we think our model fits into the life-

cycle. Before childbirth, men and women have a similar external demand on time. After

181n the proof of the proposition in Appendix B.2 we also lay out the employer’s problem. Solving for the
optimal contract is challenging because the continuation utilities of men and women do not coincide, and,
a priori, we do not know which incentive constraints bind. However, we can characterize the Inverse Euler
equation in the proposition with a variational argument because uniform changes in utilities preserve the
incentive and participation constraints of men and women.
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Figure 2.3: Differences in p over time by gender.

P — Women
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Time
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childbirth but before children grow up, women are more exposed to flexibility needs than
men SO Pwomen > Pmen. Once children have grown up, men and women have a similar
probability of limited time availability again.'”

In this case, the wage dynamics in our model are consistent with the documented non-
convergence of wages. Under gender-tailored, male-tailored as well as team-tailored contracts,
the wages of women who have been penalized do not converge back to the level of men.

First, consider the male-tailored contract. If pywomen converges to pmen, Wwomen'’s wage
process converges to the same process as men’s. By Proposition 4, inverse marginal util-
ities then follow a martingale, so average wages are approximately constant over time.
Therefore, the wages would stop diverging downwards, but they do not converge to the

same level as men’s. The same logic applies for team-tailored contracts.

For gender-tailored contracts, Appendix B.6.3 studies an extension in which we allow
the probability p to follow a time-varying and possibly stochastic process. Because p is
observable, the employee is perfectly insured against changes in p. In particular, this im-
plies that an employee who was penalized with low wages will not experience a sudden

increase in wages if p increases.

2.5 Numerical Simulations

To connect our theoretical results with empirical regularities on gendered employment
dynamics we solve the model numerically. We use the American Time Use Survey (ATUS)

to calibrate the probabilities of being time limited by gender. We use these values to

9There may also be gender differentials before and after childbirth, e.g., caring for elderly parents.
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understand a reasonable range of values that our model is able to generate with respect

to wage gaps and exit rates.

2.5.1 Parametrization

We use the following isoelastic parametrization of the utility function

wl=7 Khl+n

, (2.13)

where we set 0 = 2 and # = 2. The Frisch elasticity, 1/, is thus equal to 0.5 following
Chetty et al. (2011). For the numerical exercise, we consider a period to be equal to a
quarter. Hence, we set the discount factor equal to f = 0.987. We believe this to be the
best compromise between the high frequency of interruptions during a working week
and the low frequency of wage adjustments observed in employment contracts.’’ We
parameterize the production by

and set « = 0.7, which is the value commonly used to match the labor share.?! In our
model, « captures how costly it is for the employer to allow for volatility in the employee’s
working hours. We would thus expect this parameter to vary across occupations. If & =
1, the production function is linear, and the employer only cares about expected hours.
As « decreases, the employer prefers smoother working hours as the cost of providing
flexibility increases. Qualitatively, our results do not rely on the specific value of a, except

that decreasing returns (x < 1) are needed to generate termination.

2.5.2 Identifying p, f and f*

Our main parameter of interest is the probability of having low time availability p. This
is the only parameter we use to differentiate men and women. Thus, we need to deter-
mine pmen and Pwomen. To identify meaningful values we turn to the American Time Use
Survey (ATUS). The ATUS is a nationally representative U.S. time diary survey with de-
tailed information on how many minutes at a certain time of the day respondents spent

on different activities including work, care and leisure. We restrict our sample to full-time

20More generally, we may think that wages are adjusted at a lower frequency (e.g. yearly) but the em-
ployee can adjust its borrowing or saving in anticipation of future pay raises or wage cuts.

2IFor robustness, we do comparative statics on the value of « for our main result, see Figure B.3 in
Appendix B.1.
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workers (excluding self-employed), aged between 20 and 65, and having at least one child
below the age 12. We gather information on when and how many minutes a respondent

spent on care activities, as well as the typical working hours in their current job.

Our goal is to determine gendered values for p that align with the reduction in hours
implied by f L In the data, care activities are given in minutes, but in our model time
availability is binary. To map the data to the model, we need to find a threshold of minutes
spent on care to define an interruption. First, we construct the Care-Work-Ratio, which

indicates the share of minutes of care activities during usual working time:

Minutes of Care Activities between 9am and 5pm

Care-Work-Ratio = Usual Minutes of Work

We put the usual working minutes in the denominator so as not to inflate the care-work
ratio by reducing the working time due to care activities. For more details on the sample

selection and robustness of the following results, see Appendix B.4.

Second, we define the cutoff X such that, among all individuals with a Care-Work-
Ratios above X, the average interruption comprises 25% of the working day:

[E (Care-Work-Ratio | Care-Work-Ratio > X) = 0.25.

We do so to then choose f! accordingly such that, in a fixed per-hour wage contract, an
employee would reduce work time by 25%. We find a cutoff of X close to 11%. In our
sample, 18% of men have a positive care-work ratio compared to 43% of women. The
average care-work ratio in the whole sample is 2% for men and 4% for women. However,
conditional on being positive, the average care-work ratio is similar: 11% for men and
10% for women. Figure 2.4 shows the distribution of all positive care-work ratios by
gender. Figure 2.4 highlights that conditional on being positive, the distribution of care-
work ratios for men and women is very similar. The size of most care interruptions during

working hours is small, i.e. close to zero and below the cutoff X we find.

Hence, when we then translate the continuous minutes of care work during working
hours into binary interruptions, we classify all care activities whose share of the working
day is above 11% as an interruption. The probability of being hit with low time availabil-
ity is then simply:

Number of men with Care-Work-Ratio > X
Number of men

Pmen =
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Figure 2.4: Distribution of positive Care-Work-Ratios by gender
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Using this approach we obtain pmen = 0.06 and pwomen = 0.15. This means that while men
have a 6% chance of having low time availability, women experience low time availability
with a probability of 15%. Women are more than twice as likely to experience low time

availability than men.

The cutoff X is arbitrary in the sense that we choose the size of the average interrup-
tion. In Table B.1 in Appendix B.1, we present results for different cutoffs. As expected
Pmen and pwomen increase when we reduce the average reduction in hours to 20% and

decrease when we increase the average reduction in hours to 30%.

Moreover, in Table 2.1, we show further probabilities of limited time availability by
gender across socioeconomic groups. While pmen remains fairly stable across groups,
Pwomen Varies substantially but always remains larger than pmen. Women without a col-
lege degree, below median family or weekly income are the most likely to be interrupted

during working hours.

We are not the first to use the ATUS to document gender differences in external de-
mands on time during working hours. Both Cubas et al. (2021) and Schoonbroodt (2018)
analyze the effects on wages of parental childcare during working hours. In comparison

to them, we document relatively small incidences of limited time availability, suggest-
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Table 2.1: Probabilities of low time availability across different socioeconomic groups.

Pmen Pwomen
Baseline 0.06 (0.012) 0.15 (0.022)
Non-College 0.07 (0.017) 0.16 (0.033)
College 0.06 (0.015) 0.11 (0.025)
Below Median Family Income 0.06 (0.020) 0.17 (0.041)
Above Median Family Income 0.05 (0.001) 0.11 (0.023)
Below Median Weekly Earnings  0.10 (0.027) 0.18 (0.031)
Above Median Weekly Earnings 0.05 (0.012) 0.09 (0.027)

Note: Standard errors in parenthesis.

ing that our results can be seen as a lower bound. Moreover our results are not directly
comparable, since we map (continuous) minutes of care activities into our binary frame-
work of high/low time availability. The most precise measure of differences in external
demand on time can be found in Buzard et al. (2023). They conduct an experiment to
measure how frequently schools contact mothers compared to fathers. They find that
mothers are contacted 1.4 times more often. Since this addresses external time demands
in a narrow context, their results can be considered a conservative estimate, as Buzard
et al. (2023) argue.

To determine values for f/ and fL, we start by normalizing the disutility of working
when having high time availability such that the hours of the time affluent employee in
the first best would equal 1/2.22 The calibration of this parameter depends on p; using
P = Pmen for both genders, we get f H — _5.2. The value of f L deserves some attention, as
it determines how much a flexibility shock affects the disutility of working. We calibrate
it by assuming that after a flexibility shock, if the employee was offered a fixed per-hour
wage contract, she would want to work 25% less hours. Therefore, the size of an inter-
ruption in the model coincides with the one we used in the data to calibrate p. Under this
assumption we obtain a value of f- =1— (4/3)7*7(1 — fH) = -18.7.2

22Note that in the first best, we have vy = ﬁ (u(wB) — (1= p)(1 — FEYp(EB) — p(1 — fLyp(hLEBY),
which combined with (2.4) allows us to solve for the wage and hours.

23To derive this, notice that under a wage per-hour contract, for any f € {fL, f'}, we have w(wh) 7 =
1

(1 — f)h". So the ratio of hours is ’Zl—lz = ( 11:}[;) " then setting Z—T = % and solving for f- we derive the
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2.5.3 Solution Method

We need to deal with two technical challenges to solve our dynamic contracting problem
numerically. First, common to all recursive contracting problems, because the constraints
are forward-looking, the transversality conditions may not hold. Marcet and Marimon
(2019) provide a recursive Lagrangian formulation to solve this problem. However, a
direct application of this method is known to fail when the Pareto frontier is not strictly
concave (Cole and Kubler (2012)), which is the case in our model as shown in Section
2.3.5.

Our approach consists of using two different methods at different parts of the state

space. From Section 2.3.5, we know that the constrained Pareto frontier Il° is only con-

MM with oMM

cave when v is close enough to ©. Thus, for v > v,/ min. large enough, we first

solve the model with the recursive Lagrangian following (Marcet and Marimon (2019)),

which guarantees that the transversality condition holds. Then, for v € [, U%ZY\ZA] we solve
the model using a direct promised utility approach. A more detailed description of the

solution method and algorithm can be found in Appendix B.3.

2.54 Outside Options

Finally, we also need to set values for the outside options of the employer and the em-

ployee, which, for the numerical exercise, we allow to be stochastic, as we explain next.

Stochastic Employee’s Outside Option. To have a positive termination probability, the
continuation value v must eventually reach the region with ex-post inefficiencies. Hence,
we need v" < v at all points outside the region with positive termination probability.
When the (SUST) constraint binds, a high cost of reaching the inefficient region can render
ok >0 optimal.24 In our parametrization, with both pmen and pwomen, we get vk >vasv

approaches the termination region, so there is no exit in the optimal contract.

To circumvent this issue, we extend the model by letting the employee’s outside op-
tion be stochastic. That is, we assume v can take values on a grid {7, ..,7;,..., 71} with
corresponding probabilities {p,}!_,. However, we maintain the assumption that this out-
side option is observable by the employer. Intuitively, this stochasticity smooths the em-

ployer’s cost of lowering v as the (SUST) constraint may not bind at t + 1 when 7; is

expression above.
24Dovis (2019) derives conditions to have vl < v everywhere, but we find numerically that they typically
are not sufficient in our model.
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small. More details on the employer’s problem with the stochastic outside option can be
found in Appendix B.6.1.

Employer’s Outside Options. Next, we need to assign a value to the employer’s outside

women

options in a contract with a man (ﬁmen) and a woman (I'T ). For every v, the employer

value in a contract with a man Q™" (v) = Y-I_; 7.IT™"(v,7;) is generally much larger than
QWomen (3)) Hence, if we set a common outside option IT' =TI ", the contract will
typically deliver either no termination for men or termination at all v for women. For this
reason, we pin down the outside options based on the highest value that the employer can
attain by replacing the current employee with another one of the same gender.?> We ap-
proximate the value of replacing the employee with the value functions in the constrained
problem where the employer cannot terminate I1° defined in Section 2.3.5.26 That is, we

men — — women — —
setIT ~ = maxy, Zle p, 1™ (v,7;) and I1 = maxy Zle pL1owWomen (v, 7;).

2.6 Numerical Results

Solving for the optimal contract numerically allows us to get a better picture on how gen-
dered labor market outcomes arise from our theoretical framework of hidden demand for
flexibility. We first consider wage dynamics and gender differences in penalties. Then,
we assess differences in employment dynamics captured by job duration and termination
probabilities. Comparing gender-tailored and male-tailored contracts allows us to empha-
size the importance of employment contracts that account for differences in flexibility
needs.

2.6.1 Wage Dynamics

Gender-tailored Contracts. Figure 2.5 shows five (randomly selected) sample paths of
wages for women (left panel) and men (right panel) under gender-tailored contracts over 64
periods. To focus on the gender differences in wage dynamics, in this figure and through-
out the section we set v™*" and vy°™*" such that men and women have the same average
initial wages. Moreover, we solve the model at a vy far away from the termination region

to focus on the effects of the private information friction. Each colored line represents

PThis is a conservative value. If we assume, for example, that the employer may sometimes also hire an
employee of the other gender, we would get higher termination probabilities for women.

26Qtherwise, finding the outside options would require us to solve the fixed point problem IT® =
max, YL, 7,118(v,5;IT°) for each g € {men,women}.
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Figure 2.5: Wage paths gender-tailored contracts

(a) Wage Paths for Women (b) Wage Paths for Men
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Note: Each colored line represents a randomly selected sampled path for women (left panel) and men
(right panel).

the wage path of an individual employee characterized by their respective sequence of
time availability. Since, in our framework, gender is not mechanically encoded in the
employee’s preferences, both men and women could experience long sequences of low
time availability. However, it is more likely for a woman to have such an extended series
of low time availability. Hence, it is not the difference in p directly that the employer

penalizes but the realizations of low time availability.

We observe that women suffer frequent and small wage penalties (WX o en /w1 — 1=
—0.11%), whereas men’s wages feature slightly larger (wk.,/w; 1 — 1 = —0.12%) but less
frequent penalties. In contrast, women experience larger rewards (Wil on/wi 1 —1 =
0.019%) than men (w! .. /w;_1 — 1 = 0.007%), but less frequently.

men

Male-tailored Contracts. Figure 2.6 shows the average wage dynamics of men and
women under gender-tailored and male-tailored contracts. The line indicates the average
wage and the shaded area one standard deviation along the cross-section in each period.
In blue (men) and red (women) we show wage dynamics under gender-tailored contracts,
i.e with pwomen and pmen. Average wages of men and women are the same — the red
and the blue lines overlap — but women'’s wages feature an increasingly larger variance
over time. For women under male-tailored contracts, the gender wage gap widens. Aver-
age wages between men and women gradually diverge, accompanied by an increasing
volatility. After 16 years (64 periods), the wage gap grows to be 0.88%.

Given our normalization of a 25% reduction in working hours from an interruption, it

is important to check the sensitivity of the resulting wage gap to this value. We recalibrate
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the parameters £, pWo™e" and p™e" by setting an interruption to involve 20% and 30%
reductions in working hours (see Table B.1 in Appendix B.1). We find that the ratio be-

women men

tween p and p™e" is larger with the 20% reduction, leading to a wage gap of 1.12%.

However, this ratio is smaller with the 30% reduction, where we obtain a wage gap of
0.64%.

Figure 2.6: Average wage dynamics
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Note: The lines denote the average wages along the cross-section each period and the shaded areas one
standard deviation.

To put these numbers in perspective, note that in Figure 2.6, we are comparing the
wage trajectory of equally productive men and women in the same occupation and firm
that started with the same wages and that made no adjustments to their initial working
arrangement. Moreover, by setting the same initial compensation the employer fully in-
ternalizes the higher cost of childcare responsibilities of women compared to men. In Sec-
tion 2.7, we discuss how our mechanism explains a sizeable amount of the corresponding
gender wage gap the empirical literature has found.

Figure 3.2 shows the distribution of wages after 16 years (64 periods), with men’s
wages displayed in blue and women’s in red. The left panel shows the wage distribution
for gender-tailored contracts. There is a higher mass of women with lower wages corre-
sponding to female employees with a longer sequence of low time availability. How-
ever, we also see a larger mass of women with higher wages than men, resulting from
the "lucky" women who suffered almost no low time availability and benefited from the
higher rewards.

On the right panel, we compare the wage distributions of men with women under
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male-tailored contracts. Women’s wage distribution is shifted to the left. Conversely, the
distribution of men’s wages is more skewed and shifted to the right. While men and
women now experience the same penalty and reward structure, women get penalized
more frequently than men.

Finally, we may also consider the case where men are under a women-tailored con-
tract. In this scenario, men would be exposed to less frequent and smaller penalties, so
their wages would diverge upwards (see Figure B.1 in Appendix B.1). However, this re-
sult must be interpreted with caution because, as shown in Appendix B.5, the contract

may not remain incentive-compatible.

Figure 2.7: Wage Distributions (at t = 64)

(a) Gender-tailored contract (b) Male-tailored contract
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Comparison across Socioeconomic Groups. Table 2.2 shows the average growth rate of
women’s wages as well as the average wage gap after 16 years across different socioeco-
nomic groups. Differences in p between men and women across groups directly translate
into differences in average growth rates and wage gaps. Our model predicts the small-
est wage gap between men and women who earn more than the median weekly income,
while the largest can be found among those whose family income is below the median.
The wage gap depends on both men’s and women's probability of limited time availabil-
ity within each group. As discussed in Section 2.4.2, the average growth rate of women’s
wages under male-tailored contracts depends on the size of the penalties for men and the
ratio of pmen and pwomen. Compare, for example, college-educated and respondents with
family income above the median: while pyomen is the same, pmen is one percentage point
higher for college-educated men. This relative difference translates into sizeable differ-
ences in wages after 16 years.
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Table 2.2: Comparison of the wage gaps in male-tailored contracts across socioeconomic groups

Avg. growth rate  Avg. wage gap

Pmen  Pwomen ¢ womens’ wages  after 16 years

Baseline 0.06 0.15 -0.014% 0.88%
Non-college 0.07 0.6 -0.014% 0.88%
College 0.06  0.11 -0.008% 0.49%
Below median weekly earnings  0.10  0.18 -0.012% 0.78%
Above median weekly earnings  0.05  0.09 -0.006% 0.39%
Below median family income 0.06  0.17 -0.018% 1.07%
Above median family income 0.05 0.11 -0.009% 0.58%

2.6.2 Employment Dynamics

Figure 2.8 plots the probability of remaining on the contract over time for men and women
under the gender-tailored contract and for women under the male-tailored contract. We set
the same starting promised utility for men and women. Under gender-tailored contracts,
the termination rates are slightly higher for men despite a higher mass of women being
penalized. The intuition is the following. As compensation levels get pushed down, the
contract requires that h' goes to zero, which is costly for the employer. For men, on
average, this cost is lower due to the lower probability of limited time availability. Hence,
the cost of decreasing future compensation ol as the contract approaches the termination
region is lower for men. As a result, the penalized men end up reaching the termination

region faster than women.

Under the male-tailored contract, similar to the wage dynamics, low time availability
is now penalized with even lower future compensation pushing the contract faster to the
termination region. Combined with the higher frequency of low time availability, this

leads to larger termination rates for women.

After 16 years (64 periods), more than a third of women would have exited the con-
tract, while under the gender-tailored contract, the share would be less than 2%. The share
of women who terminate the contract is more than six times larger than for men. To put
this result into context, note again that our model only captures ending employment re-
lations due to the incompatibility of unpredictable flexibility needs and the current work

arrangement. There are many other reasons why job duration rates vary by gender. For
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example, men are more likely to switch to other jobs for opportunity than for flexibility
reasons, which is outside the scope of our model. In Section 2.7, we discuss to what extent

our termination rates might even be smaller than their empirical counterpart.

Notice also that the termination probabilities are zero for some initial periods as it
takes some time for the employees to reach the inefficient region. Whether termination is
highest in the initial or later periods depends on how close the starting promised utility
vp is to the outside option (see Figure B.2 in Appendix B.1). However, regardless of the
chosen starting value, it is always the case that the termination rates of men and women
are similar under the gender-tailored contract but much larger for women under the male-

tailored contract.

Figure 2.8: Termination dynamics
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Note: Each line represents the fraction of men or women that remain in the contract at every period.

2.7 Recovering Stylized Facts

Our model simultaneously accounts for both wage divergence and non-convergence, as
well as gender differences in labor force attachment. In this section, we contextualize our
numerical results with empirical estimates and summarize the key mechanisms of our

model.
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2.71 Women’s wages start to diverge from men’s after childbirth but

do not fully converge after children grow up

The bulk of the gender wage gap can be traced back to the child penalty. After child-
birth, men and women’s wages diverge even if they were on the same career paths before
(Kleven et al., 2019; Cortés and Pan, 2023, Barth et al., 2021).

Divergence. The empirical literature has found various estimates for the child penalty,
comparing mothers to non-mothers (Yu and Hara, 2021), women to men (Blau and Kahn,
2017), mothers to fathers (Yu and Hara, 2021), and within couples (Angelov et al., 2016),
revealing a range of wage gaps between 10% to more than 30%. Different studies em-
phasize different drivers of this penalty, but they consistently identify the most important
factors to be reductions in hours (Angelov et al., 2016; Adda et al., 2017; Goldin, 2014;
Kleven et al., 2019; Wasserman, 2023; Erosa et al., 2016), workforce interruptions (Adda
et al., 2017; Bertrand et al., 2010), pre- and post-selection into more flexible and lower-
paying jobs (Blau and Kahn, 2017; Adda et al., 2017, Yu and Hara, 2021; Goldin et al.,
2017; Morchio and Moser, 2024; Felfe, 2012; Wiswall and Zafar, 2018; Card et al., 2016) or
leaving the labor force (Kleven et al., 2019; Harkness et al., 2019; Adda et al., 2017). Our
focus, however, lies in understanding how women fare in the same job compared to male
coworkers and how, over time, they get pushed out of an employment relation and into

an ex-ante inefficient outside option.

We thus study wage trajectories of equally productive men and women in the same
occupation and firm who started with the same wages and made no adjustments to their
initial working arrangement. When ps are different, under male-tailored and team-tailored
contracts, women’s average wages gradually diverge downwards. In work arrangements
that are designed with men’s flexibility needs in mind, women bear both the higher penal-
ties as well as the higher frequency of being time limited.

The closest empirical counterpart to the gender wage gap we are considering is thus
within-firm, within-occupation differences. Here, estimates of the average wage gap
range from 2% to 4% (Budig and England, 2001; Yu and Hara, 2021; Morchio and Moser,
2024; Felfe, 2012; Lucifora et al., 2021; Bronson and Thoursie, 2019). The main driver of
this gap is predominantly forgone promotion opportunities. In our main calibration, we
find a wage gap of 0.88% after 16 years, which is sizeable for the narrow context we are
considering. In particular, this suggests that our mechanism can explain between 20%

and 40% of the gap. This result does not take into account the wage cuts of women that
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end the employment relation. Our model can capture this too. Women’s wages also di-
verge because some women - those with a sufficiently long sequence of limited time -
are being pushed out of their current work employment. In particular, they leave for an
outside option that has a lower continuation value than their current employment. While
we are agnostic about what the outside option entails, we can interpret this as any type of
lower wage work arrangement. Hence, the outside option could entail dropping out of
the labor force, more flexible work arrangements or even self-employment. The literature
has focused on modeling the wage gap across occupations as a result of an optimal trade-
off between wages and flexibility /amenities (Goldin (2014), Morchio and Moser (2024)).
By contrast, our analysis shows how women can be ex-post pushed into lower-paying

arrangements.

Non-convergence. Having children has long-lasting effects. Even when children are
grown up women'’s wages do not fully converge back (Goldin et al., 2022; Angelov et al.,
2016).

Our model is able to capture the non-convergence of wages after women’s flexibility
needs converge back to men’s.”” As discussed in Section 2.4.4, because the penalties for
demanding flexibility are permanent, the wages of women who experienced low time
availability more often are permanently depressed and do not converge. This is true un-
der any of the three types of contracts studied. One could interpret these long-lasting
effects on wages as forgone pay raise opportunities. An example of this could be promo-
tions, which are the predominant drivers of within-firm differences in wage trajectories
(Lucifora et al., 2021; Bronson and Thoursie, 2019).

2.7.2 Women’s job duration is shorter and labor force attachment is

weaker

Women have been shown to have both shorter job duration and weaker labor force at-
tachment than men, often stemming from child and elderly care responsibilities (Hall,
1982; Molloy et al., 2020; Cortés and Pan, 2023; Lundborg et al., 2017). This is reflected in
women being more likely to stay at home, find a new family-friendly job (Mas and Pallais,
2020; Wiswall and Zafar, 2018; Aaronson et al., 2021), or pursue flexibility-oriented self-
employment (Bento et al., 2021; Gurley-Calvez et al., 2009). Unmet needs for workplace

27In our model, having a child can be interpreted as a change in external demands on time and, therefore,
differences in p. As discussed in Section 2.4.4, we can also interpret the children growing up as pwomen
converging to Pmen.
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flexibility push women into less profitable work arrangements, including home produc-
tion (Patrick et al., 2016). Moreover, in male-dominated working environments, women’s

termination rates are relatively higher (Torre, 2017; Cha, 2013).

Studies show a wide range in the employment rates of new mothers, from 20.9% to
70%, depending on e.g. the age of the child, the occupation or the mother’s education
level (Felfe, 2012; Harkness et al., 2019; Erosa et al., 2016; Bertrand et al., 2010). More-
over, while many women choose their occupations based on anticipated childcare needs,
almost all change or adjust jobs (through hours) after returning to the labor force post-
maternity leave (Felfe, 2012; Adda et al., 2017, Bertrand et al., 2010; Hotz et al., 2018).

In our model, we find that after 16 years over a third of women have exited their
current employment relation. Since we are agnostic about the outside option it can entail
both leaving the labor force or finding a new job. Taken together, while sizeable, our

result may be in the lower end of the empirical estimates.

Our model highlights how working conditions that do not internalize differences in
external demands on time can push women out of an employment relationship. As high-
lighted in Figure 2.8, when men and women are given contracts initially designed for
them, both termination rates are similar. However, when contracts do not internalize
differences in flexibility needs (male-tailored), a larger share of women exit the contract.
Moreover, we are agnostic about the meaning of the outside option and keep it the same
for both men and women. This might be a conservative choice as the value of outside

options, such as home production, could significantly vary by gender.

2.8 Concluding Remarks

This paper proposes a theoretical framework to explain how gender differences in exter-
nal demands on time can drive gendered employment dynamics. At the core of our the-
ory is modeling the unpredictability and unverifiability of flexibility needs and studying
its consequences in dynamic employment relationships. To study gender differences, we
allow men and women to differ only in their probability of having limited time availabil-
ity, which we find to be more than twice as large for women using survey data. This al-
lows for between gender similarities and within gender differences in working conditions
over time depending on their exposure to flexibility shocks. When contracts do not in-
ternalize women’s flexibility needs (male-tailored), contractual frictions give rise to mean-
ingful gendered labor market outcomes, including the divergence and non-convergence

of gender earnings differentials over the life-cycle and women’s shorter job duration and
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weaker labor force attachment. However, when contracts internalize women'’s flexibility
needs (gender-tailored), there are no systematic gender differences in labor market out-

comes.

The framework we propose is a useful starting point for understanding how gen-
der differences in external demands (e.g., for parental involvement), can have permanent
consequences on employees’ working conditions. Inflexible workplaces can drive women
out of breadwinner roles and simultaneously men out of caregiver roles, solely as a result
of how unmet flexibility needs are penalized. Optimal contracting models like ours are
also well suited to study policy implications as employment relations can endogenously
respond to them.

Finally, the contrast between male-tailored and gender-tailored contracts illustrates how
non-discriminatory contracts can have adverse consequences. In our model, gender dif-
ferences in labor market outcomes result from the employer’s inability to tailor contracts
to each gender’s flexibility needs. Well-intended policies that aim to reduce gender differ-
ences by imposing gender-neutral rules or contracts may have unintended consequences
(see, for example, Antecol ef al. (2018) on the effects of gender-neutral tenure clock exten-
sions).
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Chapter 3

Firm Size and Compensation Dynamics
with Risk Aversion and Persistent

Private Information

Gerard Maideu-Morera®

Abstract

I study a dynamic cash flow diversion model between a risk neutral lender and a
risk averse entrepreneur who has persistent private information about the firm’s pro-
ductivity. In the optimal contract, the firm’s size is always distorted downwards
and its distortions inherit the autoregressive properties of the type process. The en-
trepreneur’s compensation is smoothed and decoupled from the firm size dynamics.
These results contrast those of equivalent models with risk neutrality. I use numerical
simulations to study a quasi-implementation with simpler contracts, which highlights
that this class of models is unable to generate realistic firm size and equity share dy-

namics simultaneously.

T am indebted to Christian Hellwig for his advice and guidance throughout the project. I have ben-
efited very much from advice and discussions from Charles Brendon, Fabrice Collard, Alessandro Pavan
and, especially, Nicolas Werquin. I would also like to thank George-Marios Angeletos, Matteo Broso, Eu-
genia Gonzalez-Aguado, Johannes Horner, David Martimort, B. Ravikumar, Jean-Charles Rochet, Andreas
Schaab, Stéphane Villeneuve and seminar participants at the TSE Macro Workshop, EEA 2022, NSEF PhD
Workshop 2022, EWMES 2022, ESEM 2023, Northwestern Macro Lunch Seminar and Midwest Macro Fall
2023.
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3.1 Introduction

Financing constraints slow down growth over the lifecycle of a firm. Dynamic contract-
ing models have proved useful in understanding the underlying agency frictions that
generate financing constraints and can account for several stylized facts on the lifecycle
of firms. The canonical setting in this literature is the dynamic contracting model with
cash flow diversion: at each period, an entrepreneur needs funds from a lender to op-
erate a project, but only the entrepreneur observes the project’s returns (i.e. cash flows)
and can secretly divert them for consumption. These contracting problems have typi-
cally been analyzed assuming a risk-neutral entrepreneur and i.i.d productivity shocks
(Clementi and Hopenhayn, 2006; DeMarzo and Sannikov, 2006; DeMarzo and Fishman,
2007; Biais et al., 2007).> Under these assumptions, in the optimal contract, the firm size
(i.e. working capital invested) drifts upwards, and the entrepreneur is compensated once
the undistorted first best size is reached. Notably, the optimal contract generates a one-to-
one link between firm size and compensation dynamics, and implementations typically
link the entrepreneur’s promised compensation to her equity share in the firm (Clementi
and Hopenhayn, 2006).

In this paper, I revisit the predictions of the optimal contracting solution of dynamic
cash flow diversion models. I depart from the previous literature by allowing the en-
trepreneur to be risk averse and to have persistent private information about the firm’s
productivity.® Risk aversion creates a consumption smoothing motive that makes it costly
to backload the entrepreneur’s compensation. Persistence allows the entrepreneur to
have more information about the firm’s future profitability, thus making her preferences

for future contract arrangements depend on the current profitability.

I show that introducing risk aversion and persistent private information fundamen-
tally changes the nature of the optimal contract and the resulting firm size and compen-
sation dynamics. First, the firm size and compensation dynamics are decoupled. The en-
trepreneur is compensated for her current and past returns, but the firm size dynamics are
driven by the costs of increasing the entrepreneur’s ability to divert funds at a particular
period or history. Hence, the dynamics of the two variables can be essentially character-
ized separately. Second, the firm’s size never converges to the first best and its distortions

2 A notable exception is Fu and Krishna (2019), who study a similar cash-flow diversion model with risk
neutrality but with persistent shocks. However, as I will show, the role of persistence on firm dynamics
depends on the entrepreneur’s risk aversion.

3With risk neutrality, the contracting problem amounts to maximizing the value of the firm, which can
be justified under complete markets. However, this assumption may be harder to justify in an entrepreneur-
ship context as it involves significant non-diversifiable risks.
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inherit the autoregressive properties of the type process. Their drift depends on the ini-
tial uncertainty about the entrepreneur’s productivity. In particular, if the initial type is
known — as assumed in the literature — the distortions drift upwards, so firm size tends to
decrease over time. Third, the entrepreneur’s compensation is smoothed intertemporally,
but the variance of consumption grows over time (as in Thomas and Worrall (1990) and
Atkeson and Lucas (1992)). Fourth, I show that implementing the optimal contract with
risk aversion requires separately keeping track of the entrepreneur’s wealth and equity
share in the firm. Finally, I argue that cash flow diversion models always generate a tight
link between the firm’s size and the entrepreneur’s equity share, posing a challenge for
this class of models to generate realistic dynamics for the two variables simultaneously.
In particular, they cannot account for the dilution of the entrepreneur’s equity share as

the firm grows.

I first derive a recursive characterization of the optimal contracting problem building
on recent advances in dynamic mechanism design (Pavan et al., 2014; Kapicka, 2013; Farhi
and Werning, 2013). With i.i.d shocks, the literature has characterized the optimal con-
tract using the entrepreneur’s promised continuation utility as a state variable. I can also
derive a recursive representation of the problem with risk aversion and persistent pri-
vate information by adding dynamic information rents as an extra state variable. These
two state variables break the tight link between firm size and compensation dynamics.
Moreover, risk aversion creates a consumption smoothing motive that qualitatively and
quantitatively modifies the relation between promised utility and firm size. As a result,
in the optimal contract, the promised utility drives the compensation dynamics, and the
dynamic information rents drive the firm size dynamics with little interaction between

the two.

I characterize the firm size dynamics with return-dependent investment wedges, which
reduce capital below its first best level. Investment wedges are positive because more
productive entrepreneurs have a relatively higher ability to divert funds as capital in-
creases. The size of the investment wedges depends on the upper Pareto coefficient of
the distribution of the marginal product of capital and a normalized shadow cost of infor-
mation rents. With risk aversion and persistent private information, the lender reduces
the cost of screening types at period t by promising to lower future expected informa-
tion rents. However, this increases the shadow costs of information rents at t + 1 and

onwards.* Consequently, when the initial productivity of the entrepreneur is known, the

4With persistent private information, more productive types at ¢ prefer contracts with higher expected
information rents at period t + 1. Therefore, committing to lower information rents at ¢ 4+ 1 reduces the cost
of screening types at t. This is the same reason why the labor wedges tend to increase over time in dynamic
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investment wedges tend to increase over time and firm size tends to decrease because
the firm starts operating without any promise to lower information rents. By contrast,
with sufficiently high uncertainty about the initial type, the wedges decrease over time
as the distortions from the initial screening problem gradually vanish. Finally, with i.i.d
productivity shocks, there is no gain of promising to lower future information rents, so

wedges and firm size are (approximately) stationary.

Next, I show that the entrepreneur’s consumption process satisfies a Generalized In-
verse Euler Equation (GIEE) similar to Hellwig (2021). With risk aversion, the lender
smooths the entrepreneur’s compensation intertemporally. After a history of high (low)
productivity shocks, the entrepreneur is rewarded with high (low) consumption. Hence,
the cross-sectional variance of the entrepreneur’s consumption grows over time (Thomas
and Worrall, 1990; Atkeson and Lucas, 1992). However, the dispersion in compensation
does not translate to firm size distortions. Numerically, I find that the investment wedges
are essentially uncorrelated with compensation. For instance, after several periods, the
firm’s size can be distorted downwards, but the entrepreneur receives a high compensa-

tion.

To further understand the compensation dynamics, I use numerical simulations and
analyze a (quasi-)implementation with simpler contracts. With i.i.d shocks, the following
contract gets very close to the optimal allocation. The lender gives the entrepreneur a
constant equity share in the firm'’s reported returns. Then, the entrepreneur can pledge
her shares as collateral to borrow and smooth consumption given his implied wealth.
Pledging shares is a common practice (Fabisik, 2019); this implementation shows how it
can be rationalized as part of a nearly optimal contract. Moreover, the implementation
is independent of dividend payout policies, which are typically used to implement the

compensation with risk neutrality.

With persistent private information, we need an extra instrument to replicate the dy-
namic information rents. The entrepreneur’s equity share is a natural candidate because
it controls the sensitivity of the entrepreneur’s compensation to productivity shocks. In-
tuitively, varying the equity share is informative for the lender because a more productive
entrepreneur expects higher returns in the future and is less inclined to give up equity.
Hence, the entrepreneur’s equity share tracks the dynamics of the expected information
rents. The equity share should be high when the expected information rents are high, and
conversely. In particular, this implies that the equity share decreases over time if there is

no uncertainty about the initial productivity.

Mirrlees models (see Farhi and Werning (2013) and Makris and Pavan (2020)).
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The equity share dynamics help understand the distinct firm size dynamics with risk
neutrality and risk aversion. Regardless of the entrepreneur’s preferences, the lender
provides more capital when the equity share is high because of the lower incentives to
divert funds —implying that there is always a positive link between the entrepreneur’s
equity share and the firm’s size. Hence, the opposite drift in the firm’s size across different
models can be understood from the opposite drift in the equity share. With risk neutrality,
the equity share instead maps to the promised utility, which drifts upwards (Clementi and
Hopenhayn, 2006). As a result, the equity share and the firm'’s size also drift upwards.

The equity share dynamics of the risk neutral model may be at odds with what we ob-
serve in the data. For example, in the venture capital industry, the founder’s equity share
gets diluted over the financing rounds as the firm grows (Sahlman, 1990). By introduc-
ing screening about the initial productivity, the model with risk aversion and persistence
can generate more realistic firm dynamics, but this again implies an increasing equity
share. Therefore, it appears to be challenging for this class of cash flow diversion models
to break the embedded link between the firm’s size and the entrepreneur’s equity share

and, consequently, generate realistic dynamics of these two variables simultaneously.

I explore three extensions (see Online Appendix C.3): (i) limited commitment of the
entrepreneur, which can generate dynamics where firm size increases over time as in
Albuquerque and Hopenhayn (2004); (ii) a model where the entrepreneur can choose the
fraction of funds invested and diverted, which delivers the same characterizations of the
tirm dynamics and the GIEE; and (iii) allowing the lender to terminate the contract, which
may be optimal but does not affect the equations characterizing the optimal contract.
Moreover, in a simplified version of the model, I show that if termination is optimal,
termination probabilities increase with the persistence of the process. The intuition is

similar to that of the equity share dynamics.

Related literature. This paper contributes to the dynamic financial contracting litera-
ture. Important early work on this class of models includes Clementi and Hopenhayn
(2006), Albuquerque and Hopenhayn (2004), Biais et al. (2007), Biais et al. (2010), DeMarzo
and Sannikov (2006), DeMarzo and Fishman (2007), DeMarzo and Fishman (2007) and
DeMarzo et al. (2012).° In particular, I contribute to the literature by studying a workhorse

dynamic cash flow diversion model with risk aversion and persistent private information.

5That firm size decreasing over time can be the outcome of an optimal contract has also been shown in
Clementi et al. (2010). They study a dynamic moral hazard model where the firm’s productivity distribution
depends on the entrepreneur’s costly effort exerted. In their model, the entrepreneur becomes wealthier
over time, which lowers the effort and, consequently, firm size.
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Models with persistence have been recently analyzed in DeMarzo and Sannikov (2016),
Fu and Krishna (2019) and Krasikov and Lamba (2021), but all these papers assume a risk
neutral entrepreneur. To my knowledge, this is the first paper in the dynamic financial
contracting literature with both persistent private information and risk aversion. I show
that the entrepreneur’s preferences determine the effects of persistent private information
on the firm dynamics. In particular, the distortions to firm size inherit the autoregres-
sive properties of the type process only with risk aversion. Fu and Krishna (2019) and
Krasikov and Lamba (2021) show that distortions gradually vanish as with i.i.d types,
but the speed of convergence to the first best decreases with the persistence of the pro-

cess.

Khan et al. (2020) analyze the efficient allocation of capital across a continuum of risk-
averse agents subject to i.i.d productivity shocks. They show that it is optimal to allocate
more capital to agents with higher promised utility. Numerically, this link is weak in my
model, so the dynamic information rents determine the allocation of capital. He (2012)
and Di Tella and Sannikov (2021) also study dynamic contracting models with risk aver-
sion. Both papers study a hidden savings problem, so the entrepreneur has persistent
private information about his savings. I do not allow for hidden savings but allow for

persistent private information about the firm’s productivity.

Throughout the paper, I use tools and insights from the dynamic Mirrlees literature. I
use the first-order approach (FOA) (Pavan ef al., 2014) and set up the principal’s problem
recursively using dynamic information rents as state variables as in Kapicka (2013), Farhi
and Werning (2013) or Golosov et al. (2016). The FOA consists of solving a relaxed prob-
lem with the local incentive compatibility constraints and allows for solving the model
with persistent private information.® Applying the FOA to a cash flow diversion model
with risk aversion, an extra challenge emerges because the marginal information rents
depend on consumption. So if the principal adjusts the consumption of some type 0, the
slope of the profile of information rents for types 8’ > 6 changes. This problem does not
arise in commonly studied Dynamic Mirrlees problems with additively separable prefer-
ences between income and consumption, but it does when preferences are nonseparable.
Following Hellwig (2021), I use incentive-adjusted probability measures to derive analyt-
ical characterizations of the optimal contract with risk aversion.” The incentive-adjusted

measures reweight the density of types such that the lender’s evaluation of allocations

oA priori, global incentive compatibility constraints may bind. Following the procedure in Kapicka
(2013) and Farhi and Werning (2013), I verify ex-post that this is not the case in all the numerical simulations.
"The idea of using incentive-adjusted measures was developed in Hellwig (2021) to study a dynamic
Mirrlees taxation problem with non-separable preferences between consumption, leisure, and productivity.
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accounts for the changes in information rents, and therefore, incentive compatibility is
preserved. Moreover, the finding that firm size can drift downwards follows from the
insight of the Dynamic Mirrlees literature that labor wedges tend to increase over time
(Farhi and Werning, 2013; Makris and Pavan (2020)).

Finally, this paper is also related to the literature on insurance with persistent pri-
vate information (Williams, 2011; Bloedel et al., 2023; and Bloedel et al., 2023). With fixed
capital, the cash flow diversion model studied in this paper is equivalent to the hidden
endowment model used in this literature. Their focus is on the role of persistent pri-
vate information for the long-run distribution of consumption and whether or not it fea-
tures immiseration (Thomas and Worrall, 1990; Atkeson and Lucas, 1992). In the paper,
I present some results and discussion on the long-run consumption dynamics. Never-
theless, numerical simulations show that in this model, immiseration is a very long-run

phenomenon so that it may be irrelevant for the usual lifespan of a firm.

Outline. The rest of the paper is organized as follows. Section 3.2 describes the model,
sets up the relaxed planning problem, and describes the first best allocation. Section 3.3
presents the main results on the firm size and consumption dynamics, and Section 3.4 il-
lustrates them with numerical simulations. Section 3.5 studies the quasi-implementation.
Section 3.6 discusses the differences in models with risk neutrality and risk aversion and
their implications. Finally, Section 3.7 concludes.

3.2 Model

Time is discrete and indexed by t = 0,1,...,00. Every period, an entrepreneur (the agent,
“he”) needs funds k; from a lender (the principal, “she”) to operate a project. Both the
entrepreneur and the lender are long-lived. At period ¢, the project generates returns
equal to f(k¢,0;), where 0; € [0,0] is the entrepreneur’s productivity type. The agent’s type
history is denoted by 6" = {6, ...,0;} and is the agent’s private information. 6; follows a
first-order Markov process with conditional density ¢¢(60:|6;—1) (and CDF ®;(6:|6;_1)),
and the initial type 6 is drawn from the density /(6y) (and CDF H(6y)).

The lender cannot observe the returns and instead relies on the entrepreneur’s report.
The entrepreneur can misreport and divert a fraction of the returns for his consumption.
There is a deadweight loss (1 — ) € [0,1) on diverted funds. That is, for every dollar
of funds diverted, the entrepreneur only gets to consume a fraction . Capital k; fully

depreciates at the end of every period. After the entrepreneur reports returns f(ki,0;),
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the lender asks for a repayment b;(6;) and advances funds k;1(6;) for the next period.
The entrepreneur cannot privately save, so the entrepreneur’s period t consumption if
the true returns are f(k;,6;) but he reports f (kf,at) is

ct = f(ke,0r) — (1 —1) (f(ktfet) _f(ktlgt)> — b (6r). 3.1)

In particular, if the entrepreneur does not misreport returns, he consumes ¢; = f(k¢,6;) —
bt (6:). As is common, I further assume that the agent cannot overreport his returns. That
is, reports are restricted to @ < 8;. This assumption is motivated by the restriction that
the entrepreneur cannot save outside the contract with the lender. The entrepreneur also
has limited liability, so his consumption must always be non-negative ¢; > 0. The en-
trepreneur is risk averse, derives utility u(c;) from consumption, and discounts the fu-
ture with factor p € (0,1). Throughout the paper, I will use the following notation for
the derivatives of the production function: fi(k:,60;) = 3f (ki) kt 6t) , fo(ke, ) = Of kefr) (kt %) and
ok 1) = HgE1.

Below, I summarize all the assumptions on the functions f and u and the productivity

process.

Assumptions:

A1: The utility function satisfies " < 0 < 1/, and the Inada conditions lim,_,qu'(c) = co

and lim,_,e u'(c) = 0.

A2: The production function is twice differentiable and satisfies fx, < 0 < f, fo > 0, the
Inada conditions limy_,( fx(k,0) = oo and limy_., fx(k,0) =0, and fg > 0.

A3: The conditional density ¢;(6;|6'~!) is differentiable with respect to the second argu-

ment and persistent, i.e.

091 (0416 1)
d6;_1

E(6,0, 1) = ——~——
s CATIY

is non-decreasing in 6;.

Assumption (A1) implies that the agent is risk averse and the optimal allocation is gen-
erally interior. Assumption (A2) states that there is decreasing marginal product of in-
vestment, higher types obtain higher returns and have a higher marginal product. This
last assumption (fg > 0) is key as it will imply that higher capital increases information
rents. Finally, assumption (A3) imposes that the type process has either positive persis-

tence or is independent over time, in which case % = 0. The process is allowed to
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be time-dependent. Differentiability will be needed to use the envelope condition for the

local incentive constraint. For future use, it is useful to define:

g7 (1— ©(6:]6, 1))
@1 (0¢]6: 1)

1— ®(64|6;-1)
@1 (0¢]6: 1)

p:(0") = E[E(0',0,-1)]6 > 6;,0,1] = (3.2)

This is the impulse response of 0; to 6;_; as defined in Pavan, Segal and Toikka (2014).
It is a measure of the persistence of the process. If the type process follows an AR(1) with
autoregressive parameter p, then £(6,6;_1) = pM / @t (0¢]6;_1) and p¢(6") = p.

3.21 Lender’s problem

The lender is risk neutral and discounts the future with factor g4 € (0,1). At an ex-
ante stage (t = 0) before the firm starts operating, the lender must screen over the en-
trepreneur’s initial type (6p) with continuation contracts for periods t = 1 and onwards. In
this initial screening stage, the entrepreneur does not consume and there is no production.
By the revelation principle, it is without loss to focus on direct revelation mechanisms. At
any history, the entrepreneur sends a report r € [0,6;] about 6; to the lender. Define a re-
porting strategy by o = {03(6") }, it implies a history of reports ¢! (6!) = {o1(6y), ..., 0+ (6") }.

Let ¥ = {o]o:(6") < 6; V0' € [0,0]'} be the set of feasible reporting strategies. For t > 1,

the entrepreneur’s continuation utility with truth-telling can be written recursively as
wi(6") = u(c(60)) + ﬁ/wt+1(9t,9t+1)¢t+1(9t+1|9t)d9t+1/ (33)

where c(6') = f(k:(0'"1),6;) — b;(0"). Similarly, the continuation utility of type 6! with
reporting strategy o is

wf (6) = u(e(8,0 (6)) + B [ 0f1 (0" 001)@rs1 (6100 d01 1, (B

where

c(6:,0"(6) = tf (ke (¢ 1 (0"71)),00) + (1 — 1) f (ke (@1 (61)), 00(6r)) — b (' (6")). (3.5)

At t = 0, the continuation utility with truth-telling writes

/w1 91|90)d91, (3.6)
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and with reporting strategy o

w§ (60) = B [ wf(6") (6116001 7)

Finally, at the start of the contract, the lender must deliver a minimum level of compen-

sation to the entrepreneur equal to
(1= w)w0(80) +x | w0(65)1(05)d8 = v- @8)

for all 8y € [8,6] and where x € {0,1}.% I set this up as Makris and Pavan (2020), which
allows us to consider both ex-ante and ex-post participation constraints. If x = 1, we have
an ex-ante constraint that requires the principal to deliver expected utility v_ to the agent.
Conversely, if x = 0, we have an ex-post constraint so the agent’s utility must be at least

v_ for all 6, realizations.

The lender’s problem consists of choosing an allocation {k; 11(0"),b:(6")} to minimize its
expected discounted cost subject to the participation, incentive compatibility, and limited

liability constraints:

[e0]

Ko(v-) = min T |ki(6o) + ) q" (k11(6") — be(6")) (3.9)
{ke11(6%),b¢(6M)) f—1

s.t (1 —x)wo(6) + xElwp(8)] >v_ VOy€10,0] (PK)
wi (0" > wf(0") Vo' €[0,0)'and c€X. (IC)
ct(0')>0 Vo' e[0,0]' (LL)

Relaxed problem att > 1

I start by deriving a — relaxed — recursive representation of the problem for periods t > 1,
and then set up the time-0 screening problem in Section 3.2.1. With Markov shocks, it
is sufficient to consider only the temporary incentive compatibility constraint (Fernandes
and Phelan, 2000; Kapicka, 2013)

wi (') = fef[lglg]u(c((?t/(f?t_lﬂ))) +,3/wt+1(9t_1rr/9t+1)(Pt+1(9t+1|9t)d9t+lr (3.10)
re |,

8The constant v_ may correspond to the entrepreneur’s outside option, or it can be pinned down by a
break-even condition for the lender.
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where type’s 6; consumption if he reports r, c(6;, (6'~1,r)), is given by equation (3.5). This
allows us to solve a recursive problem. Write entrepreneur’s continuation utility under

truth-telling as
w(0') = u(c(8")) + po (") (3.11)
v (6) = /wt+1(9t+1)§0t+1(9t+1|6t)d9t+1- (3.12)

Following Kapicka (2013), Farhi and Werning (2013) and Pavan, Segal and Toikka (2014), I
use a first-order approach. That is, I solve a relaxed problem with the local IC constraint.”

The envelope condition of the temporary IC (3.10) gives

d

—w(0") = u' (c(6"))1fo (ke (071),0¢) + BA:(0) (3.13)
89 ~ - ~————
Static marginal info rent Dynamic marginal info rent
O@111(6141(6¢)
t+1 P41\t 41|0¢ 14
/ w11 (6 S e (3.14)

With persistent private information, the marginal information rents depend on two
terms. The static component captures how much the agent can gain by marginally misre-
porting returns in the current period. The dynamic marginal information rent, which can
be rewritten as A;(6') = E [,O(Gt+1 ) % |6t} captures the rent that the agent obtains by
having more information about future types than the principal. If types are i.i.d we have

A(01) = 0.

If the entrepreneur is risk averse, the static marginal information rent (u'(c(6"))ifp (k: (6*~1),6;))
depends on the entrepreneur’s consumption. Intuitively, if the entrepreneur’s productiv-
ity increases by d6;, he generates an extra return of fo(ki(0'71),0,)d0;. The entrepreneur
can then decide to mimic the returns of the type right below him and divert the extra
funds, he can then obtain tfy (k; (0 ~1),0;)d6; extra consumption units. This extra informa-
tion rent has to be transformed into utils by multiplying by u’(c(6")). The fact that infor-
mation rents depend on the entrepreneur’s consumption poses a challenge for character-
izing the solution to this problem. If the principal increases the type’s 6; consumption,
then this type’s information marginal rent changes. But then the information rents of all
types 6/ > 6; must be adjusted non-linearly in order to preserve incentive compatibility.
In Section 3.3.2, I will show how the incentive-adjusted probability measures developed

in Hellwig (2021) can be used to take into account these changes in information rents.

The principal solves a dynamic programming problem where, within every period,

9Following Kapic¢ka (2013) and Farhi and Werning (2013), I verify numerically that the global IC con-
straints do not bind. More details can be found in Section 3.4 and Appendix C.4.
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there is an optimal control problem. I drop the limited liability constraints from the prob-
lem and verify ex-post that they do not bind.!? For t > 1, the relaxed problem is

Kt(vt_], At—llet—llkt) =

min / [k s1(6") = b(0") + gKy 41 (0(6"),A¢(6"), 06, ke 41(6%))] @i (64]6; 1)y
{kes1(67),b:(6"),
we(0%),01(67),0¢(60) }

st (PK) wi(6") = u(c(6") +Bu(6')  [¢e(6:]6:-1)8e(6")]
o= [wn@)pu(@rl6 a8 [gr(8H6-1)A] 615)
(IC) wi(0") = /' (c(6))ufal0ke,00) + BB(0) (@)
Aot = [un0) 22 g, g1y
(Feasibility) c(0") = f(k,6;) — bs(6")

Note that I write the multipliers associated with each constraint inside square brack-
ets. To economize notation, I will write directly u(0") and f(6') instead of u(c(6")) and
f(ke(6'71),6;). Along with the promised utility, v;_1, the previous period’s type, 6;_1, and
the funds advanced at t — 1, k;, the past dynamic information rents, A;_1, become an ex-
tra state variable of the problem. The principal can lower current dynamic information
rents by promising to reduce information rents in future periods. Intuitively, she does so
by reducing the expected sensitivity of the entrepreneur’s value to his productivity, i.e.
by reducing his exposure to returns. Because the past promises must be satisfied, A;_;
has to be added as an extra state variable of the problem. Throughout the paper, I will
refer to this state variable as the promised information rent. The co-state variable of the
within period Hamiltonian is p;(6"). This co-state variable will become key for the dy-
namics later. We will refer to it as the shadow cost of information rents, as it captures the

principal’s resource gain from reducing information rents.

19The allocation is generally interior because of the Inada condition on u. However, without extra as-
sumptions on the utility function, understanding the behavior of the contract around the boundary ¢; =0
is more complex with persistent private information (see Bloedel et al., 2023). In any case, this is only a con-
cern in the immiseration limit, which is not the focus of the paper, and numerically, I find that consumption
is always strictly positive.
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Time-0 problem

At t = 0, the principal screens over 6y with the continuation contracts for periods t = 1
and onwards. I also employ the FOA and solve the following relaxed problem!!

Ko(v-) = {klwfof)liar)})(eo)’/(kl(9o) + qK1(v0(60),A0(60),00,k1(60))) h(60)d60
v0(60),20(60)

}
) = Buo(o)
(1 K)ZU()(Q) +K/W0(90)h(90)d90
wo(6o) = BAo(6o)

StZU()(()

When there is no uncertainty about the initial type (i.e. 6 is fixed), the problem can be
directly solved by treating Ap and kj as free variables and setting v_ = vy: Ko(v-) =
ming, i, k1 + gKq(v—, Ao, 00,k1).

3.2.2 First Best

To gain intuition on the model, it is useful to first look at the first best allocation, i.e. with

no private information. The results are summarized in the following proposition.

Proposition 9. In the First Best, at any history 0! there is

1. No diversion of funds: f(kt,g,g) = f(kt,0¢).
2. No distortion of the firm’s size: + = E | f(ki11(6"),05+1)]6¢] -

3. Full insurance and intertemporal consumption smoothing: u'(c(6")) = gu’ (c(8t1)).

By the revelation principle and because diverting funds is inefficient, there will also
be no diversion of funds in the second-best. However, points 2. and 3. of the proposition
do not hold in the second best allocation. In particular, firm size is distorted downwards,
and the entrepreneur is exposed to risk. In the following section, we will study how, with
private information, the firm size and compensation dynamics differ from the first best

benchmark and the risk neutral and i.i.d cases.

Notice that in the ex-post participation constraint, I have used the fact that if wy(8) = v_, the constraint
must also hold for 6y > 0 due to the incentive constraint.
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3.3 Optimal allocation

In this section, I present the main results on the dynamics of the optimal allocation. I
begin with a brief overview of the optimal contract in the benchmark with risk neutrality
and discuss why risk aversion breaks the tight link between compensation and firm size
dynamics (Section 3.3.1). As a result, the firm size and compensation dynamics can be
characterized separately. I start with the firm size dynamics (Section (3.3.2)). First, I show
that they are driven by the dynamics of the normalized shadow cost of information rents
(¢¢). Second, I introduce the incentive-adjusted probability measures as in Hellwig (2021)
to characterize yi; and its dynamics. Then, I turn to the compensation dynamics (Sec-
tion (3.3.3)). I again use incentive-adjusted measures to characterize the entrepreneur’s

consumption process and discuss the implications.

3.3.1 Risk neutral benchmark and breaking the size-compensation link

To facilitate the comparison, I now simplify the model as in Clementi and Hopenhayn
(2006), but I allow the entrepreneur to be risk averse. That is, I assume binary i.i.d shocks
6 € {0,1}, a return function of the form 6f(k) and that there is no deadweight loss on
diverted funds. Dropping the time subscripts, the incentive constraint of the high type
(60 = 1) now writes

u(f(k) = ") + po' > u(f (k) — b*) + pot,

B —o") > u(f(k) — ") —u(f(k) - b"),

where superscripts H and L denote allocations for types § = 1 and 6 = 0, respectively.
With risk-neutrality, Clementi and Hopenhayn (2006) show that the limited liability con-
straint binds for both types (i.e. b = f(k) and bl = 0) outside the region with no dis-
tortions. Intuitively, the principal wants as high-powered incentives as possible with risk
neutrality, so the agent receives zero compensation until the first best is reached. In this

case, the incentive constraint, which always binds, writes

So, the current firm size uniquely pins down the required spread in continuation utilities.
The cost of spreading continuation utilities increases with the concavity of the lender’s

value function. With risk neutrality, the value function is increasing and concave, and it
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becomes flat for a high enough v. As a result, firm size increases with v until it reaches
the first best.

When the entrepreneur is risk averse, the consumption smoothing motive implies that
it is never optimal (except, possibly, in the immiseration limit) to set b = f(k) or b- = 0.
Hence, firm size does not directly pin down the required spread in continuation utilities
because the incentive constraints also depend on the repayments b and b*. Therefore,
consumption smoothing breaks the tight link between the promised utility and firm size.
It may still be the case that, in the optimal contract, capital increases with the promised
utility as in Khan et al. (2020).!> However, in the numerical simulations (Section 3.4), I
tind that firm size is approximately constant with i.i.d shocks. As I show in the following
section, persistent private information generates time-varying dynamic information rents

that drive the firm size dynamics with risk aversion.

3.3.2 Firm size dynamics

The firm dynamics implied by this cash flow diversion model with risk neutrality are well
understood. On average, firm size tends to increase over time until it converges to the first
best (Clementi and Hopenhayn, 2006). This is true regardless of whether the shocks are
iid or persistent (Fu and Krishna, 2019). The firm dynamics are remarkably different
when we allow the entrepreneur to be risk averse. First, the firm’s size is always below
its first best level. With persistent private information, the firm size distortions inherit the
autoregressive properties of the type process, and the drift depends on the uncertainty
about the initial type. In particular, if 6 is fixed — as typically assumed in the literature —
the firm’s size tends to decrease over time.

Following the Public Finance tradition, it is helpful to describe the optimal allocation
in terms of implicit wedges, i.e. distortions in the second best allocation relative to the
first best. I define the lending wedges as distortion to the cost of capital faced by the
lender

1

Ty~ E ek 0, 01)161]. (3.16)

Besides the direct effect of the productivity process {6'}, now the dynamics of the
firm’s size (k;;1(6")) also depend on the dynamics of the lending wedge. Therefore, to

12Higher capital increases information rents and requires higher sensitivity of consumption. Khan et al.
(2020) show that, with decreasing absolute risk aversion, this implies that it is optimal to allocate more
capital to agents with higher promised utility.
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characterize the firm size dynamics in the second best, it is sufficient to focus on the
dynamics of the lending wedge. The following proposition shows that this wedge can
be characterized with return-dependent investment wedges.

Proposition 10. At any history 6, the lending wedge T¢(0") satisfies

E[fi(6")7*(0") 6"]

T ==

(3.17)

where the return-dependent investment wedges satisfy
Tk(9t+1) = [‘ka (9t+1) x ﬁt+1 (gt—i—l) >0

where
Tfk(6t+1) 1-— q)t—H (et—&-l’gt) , (6t+1) > 0.

(0 @1 (6111(6:) ok

9t+1)
- i1y — e ( 40 >0
Frer(077) 1— @ 1(0141]6:) )=

Because 7F(6'T!) > 0 we have T*(#") > 0, so the lending wedge lowers capital be-

k2B, (6") < kfB,(6). From now on, I will focus on the return-

dependent investment wedges T (6! *1). The first term of ¢ (6*1) equals the upper Pareto

low its first best level, i.e.

coefficient of the distribution of the marginal product of capital, ¥/¢(#!*1), times the abil-
ity to consume diverted funds, .'® Intuitively, because fg > 0, increasing capital increases
the returns of higher types relatively more. Therefore, their ability to divert funds in-
creases, i.e. the higher types” information rents (in consumption units) increase by more,
which is costly for the lender. Hence, ¥/« (6**1) measures the total increase in information
rents above 6;,1. Finally, the cost of increasing the information rents is proportional to
the normalized shadow cost 7(0'*!). This term increases when the lender wants (or has
promised) to lower information rents. So when 7(#'*1) is high, increasing information

rents is more costly.

For log-additive production functions, i.e. f(k;i1,6;) = g(0r41)f(kiy1), Ffe(0'F1) is
only a function of 6;,1. Consequently, this term usually only depends on the (exoge-
nous) type process, and is stationary as long as the process is also stationary. Therefore,

13The upper Pareto coefficient of the distribution of the marginal product is defined as ¥/x(9'*1) =

7 (19;?;;(}; "(gft(;i‘f )t|)9f) , where g/k (Gfr) are the density (CDF) of the distribution of the marginal product of
k k
capital. Then, using G/ (f;(6'%1)|6") = ®(6;|6;_1) and g/k (£ (0:71)|0) = (1 — @(6:6;_1)) fox (61) we get

the equation in the proposition.

106



the normalized shadow cost of information rents (f(6'1)) typically drives all the wedge
dynamics.

It has been shown in dynamic screening models that with risk aversion and persistent
private information, these shadow costs (and so wedges) are persistent, and - if the initial
type is fixed- they tend to increase over time (Farhi and Werning, 2013; Makris and Pavan,
2020). In what follows, we first characterize the shadow costs at periods t > 2 and t =1

and then discuss how the dynamics depend on the time-0 uncertainty.

Characterization of ji. As discussed, the main challenge for characterizing the optimal
allocation in this problem is that the static marginal information rents, 1’ (c(6"))ifg (ki (6:~1),6;),
depend on consumption. This implies that any perturbation of the allocation of some type
8; — either through a change in capital or consumption — induces a non-uniform change in
the information rents of types 6, > 6;. To understand this, fix a history 61, and consider
a perturbation in the consumption of type 6; that changes its utility by Au(6') > 0. This
changes its marginal information rent by %Au(@t) For types 6] > 6;, due to the
change in the slope of the profile of information rents, incentive compatibility requires a

change in utility equal to:

e, 1 (pt—1 It t—1 pn
t—1 _ ru"(0,0")ife(007,0"7) t
Au(6",6;) = exp (/9t ' (01,07 0" ) Au(6").

This non-separability between consumption and information rents is also a feature of
dynamic Mirrlees taxation problems with arbitrary non-separable preferences between
consumption, income, and productivity U(c,y,0) (see Hellwig, 2021). Hellwig (2021)

shows that accounting for this non-separability amounts to evaluating the changes in util-
O L0t e
ity of each type 6; according to m(6') =e % O (and the changes in con-

sumption according to M(9") = ﬁm(@t)). Crucially, the factor m(6') can be interpreted
as a reweighting of the type distribution. Accordingly, we define the incentive-adjusted
probability measures as

@1 (0:10;—1)m(6")

@t(etletfl) = E[m(61)]6;_1]

(3.18)
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Figure 3.1: Incentive-adjusted probability measure
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Note: The plot is computed with the same calibration as the main simulations in Section 3.4 for i.i.d types.
Observe that m is monotonically decreasing, and the incentive-adjusted measure ¢ puts more weight on
the lower type realizations.

Therefore, the new measure § reweights the density of types such that these perturba-

tions preserve incentive compatibility. Because mm’((g:)) = u//(zt/)(g?’)(gt) < 0, the function m(0")
is decreasing in ;. So, ®;(-|6;_1) first-order stochastically dominates &;(-|6*~!). That
is, incentive compatibility requires evaluating allocations as if the principal puts more
weight on lower types, see Figure 3.1. Intuitively, because lower types have a higher
marginal utility, their information rents are more sensitive to changes in consumption.
Therefore, the incentive-adjusted measure that guarantees incentive compatibility has to
put more weight on lower types. The following proposition uses the incentive-adjusted
measure to characterize ji; for periods t > 2.

Proposition 11. (Hellwig (2021)) The normalized shadow cost of information rents fi; 1 (6'1)
satisfies, for t > 1,
B 1—Di(60]6i—1) ~

~ 9t+1 :MB 9f+1 ) 9t+1 I 9t , 3.19
:uH-l( ) ( ) P( )q ul(et)(l)t(etw.f—l)‘ut( ) ( )

with
. E (m(6',0')0' > 0;41,6;) | 1 . 1
1y + ! t t

M) = =y E [ | 2000 < [yl 2

(3.20)
E (m(6%,0')|0' > 60411,6¢) . .

p(9t+1) = ( ( M)(|9t+1) t+1 t) {]E [5(9/ Qt) ’ 9/ > 9t+1,9t} B = [8(9t+1,9t)|9t}} >0

(3.21)

Note that the operator IE denotes expectations under the measure ¢. The proposi-
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tion shows that the normalized shadow cost of information rents is a function of two
terms. The first, MB(6'*1), is the current marginal benefit of redistributing consump-
tion from types 6’ > ;1 to 8” < 0;, 1 while preserving the promise-keeping constraint.'*
The incentive-adjusted measure accounts for the non-uniform utility adjustments result-
ing from the changes in marginal information rents. Because lower types have higher
marginal utility, this perturbation carries a cost reduction for the lender, implying that
this term is always (weakly) positive. The second is a backward-looking term that ac-
counts for how changes in information rents at t + 1 affect information rents at ¢. Intu-
itively, it measures the pass-through of information rents from periods t 4 1 to t (captured
by p(0'*1)), times the cost of the resulting change in information rents at t. Hence, these

shadow costs inherit the autoregressive properties of the type process.

Proposition 11 shows that the shadow costs (and wedges) inherit the autoregressive
properties of the type process. The time-0 screening problem determines the starting
value of this process, i.e. fi1 (61). The following proposition shows that, at t = 1, a similar
backward-looking term accounts for the promises to lower information rents in the time-0

screening problem.

Proposition 12. At t =1, the normalized shadow cost of information rents satisfies
f1(6') = MB(6') + p(6') MBy(6") (3.22)

where MB(0') and p(0') are given by equations (3.20) and (3.21), respectively, and MBy(6°)
solves

M) = 100 (B, [ 616 > 6] ~ B 0]}, G2
where ,
A(6o) =B [WWO} + MBy(6°)E [£(61,60)|60] - (3.24)

In particular, if the initial type 0y is fixed, MBy(6°) = 0.

When « = 1, the backward-looking term in j;; measures the marginal benefit of redis-

tributing expected continuation utilities vy(6y) from types 68’ > 6 to 8” < 6. With the

4The literature on dynamic mechanism design with risk aversion typically analyses hidden effort mod-
els with separable preferences of the form U(6,e,c) = u(c) — ¢(e,0), where e is the (unobservable) agent’s
effort. This includes dynamic taxation models with separable preferences, but also models of managerial
compensation, among others. With these preferences, the static marginal information rents iy (e,6) are in-
dependent of consumption. So, if the principal increases the utility of type 0;, it is sufficient to increase
utility uniformly to all types 6 > 6; to preserve incentive compatibility, so consumption has to be redis-
tributed in proportion to u,(l—g,) As a result, in these settings, one can derive the same characterization but
under the original measure ¢ and with m(Gt) =1 (Makris and Pavan, 2020; Brendon, 2013; Hellwig, 2021).
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ex-post constraint (x = 0), this is simply the marginal benefit of lowering the continuation
utilities of types 6’ > 6. In both cases, this term is zero when 6 is fixed, so there is no
backward-looking term in ji;. More generally, as I find numerically, this term should typ-
ically increase with the variance of 6. Moreover, because Ej, [A1(6y)] > 0, this marginal
benefit will usually be much larger with the ex-post constraint, especially if the constraint
is tight so that the multipliers A; () are large.™

Dynamics of ji. Proposition 11 shows that the shadow costs ;11 are persistent. Iterat-

ing backward on equation (3.19) and using (3.22) we get

: = 1— @ (0505 1) \ .-
Qt-‘rl < ) (A B Gt-‘rl—s t—s\VUt—s|Vt—s—1 )MB GH_l_T
Z slj!) ft1 S( )”/(etis)qptfs(@t—s‘et—s—l) ( )

(3.25)

B =Y r1sy 1= Prs(0r—s]0t 1) \ 0
+ (q) H) (Pt+1s(9 )ul(et_s)¢t—s(9t—s|9ts1)) p(6")MBy(6°)

The formula shows that the shadow costs of information rents are a function of current

and past marginal benefits of redistribution { MB(6/T1-7)} and MBy(6°). In particular,

=) 1P 5(0r—5[0:—5-1)
W (0175) @r—s (015051

shadow costs are always increasing in the past marginal benefits. Moreover, the drift will

because the passthrough terms ;1 _¢(6'*! y are always positive, the
depend on whether the time-0 marginal benefits MBy(6") are larger than the marginal
benefits in subsequent periods { MB(#!*1-7)}.

Consider first the case where 6 is fixed so that MBy(6y) = 0. Then, ji;,1(6'"!) and
7F(6+1) will tend to grow with the distance from the starting period. The intuition is the
following. With persistent private information, different types 0; have different prefer-
ences for period t + 1 contracts. In particular, higher types value relatively less contracts
with low information rents at t + 1, as they know they are expected to be more productive
then and so collect higher information rents. The principal can use this to lower the re-
source cost of screening types at every period. More concretely, if the principal promises
to lower the future information rents to type (8'~1,8") (i.e lowers A;(0~1,6")) this relaxes
the incentive constraints of types (6/~1,6’) with 6 > 0'. Because every period the princi-
pal can gain by promising to lower future information rents, the shadow costs ji; will tend
to increase over time. More concretely, the gain of relaxing type (6'~1,0')’s incentives con-

straint equals the marginal benefit of redistributing consumption around him. Hence, the

15Notice also that MBy(6p) is typically inverse U-shaped in 6y with ¥ = 1 but decreasing with x = 0.
Thus, the firm size distortions will be the largest for the intermediate (lowest) types with ex-ante (ex-post)
constraints.
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increases in ji;1 are proportional to the intertemporal passthroughs of information rents
times the marginal benefits { MB(0*1~7)}. However, as will be shown in the numerical
simulations, the wedges may, over time, converge to a stationary distribution. I use this
intuition to explain why the lender may want to use equity purchases in the implemen-
tation (see Section 3.5.2).1¢ It is important to stress that, in this case, for every type 6; firm
size (k;+1(6:)) is never larger than in the initial period. The reason is that the principal
initializes the contract by setting Aj freely. So Ay is set to not have any “promises” to
lower dynamic information rents. Consequently, for every 6; € [6,6], the wedges will not

be smaller than in the initial period.

In the time-0 problem, by the same logic, the lender also lowers dynamic information
rents (Ag(6p)) to reduce the cost of screening over 6. Hence, with initial uncertainty, the
shadow costs at t = 1 can already be high, which can make wedges decrease over time.
Consider the extreme case where all the uncertainty about the entrepreneur’s productiv-
ity is realized in the initial period, i.e. 8; = 6 for all t > 1. Then, the marginal benefits of
redistribution would be zero for all periods following ¢ = 0, i.e. MB(6*) =0 for all + > 1.
If the passthrough term times g is smaller than one — as will typically be the case with a
mean-reverting process— the effect of the time-0 screening problem on the shadow costs
will gradually vanish and the investment wedges go to zero. More generally, the drift in
the wedges will depend on the relative magnitudes of MBy(8°) and { MB(6*)}. With suf-
ficiently high variance in 6y, MBy(6°) can be high enough such that the shadow cost and
investment wedges decrease over time. As I will show numerically, if the initial variance
is not as high, the investment wedges can increase during a few initial periods and then

gradually decrease.

Moreover, both risk aversion and persistence are necessary to have these investment
wedge dynamics. If the agent is risk neutral we have MB(0'*1) = 0, which implies

fir1(61T1) = 0. If the type process is not persistent we have p;(0) = p;(6*) = 0 and
Frea(671) = MB(") (3.26)

so past marginal benefits of lowering information rents do not affect the current shadow

costs. However, it is still the case that wedges are always positive and so firm size is below

16 Alternatively, imagine the principal increases consumption of all types (8*~1,8;) with 6; > ;. To pre-
serve incentive compatibility, the principal needs to adjust the information rent of all types (6'~2, 9;_1) with
0;_1 > 60;_1. Because if types are persistent (i.e p;(6') > 0), types 9;_1 > 0;_1 have a higher probability of
being type 6; at period t. This adjustment has to be done for all types (91—1’9;71) with 9;71 > 0,1 atall

periods T < t. Therefore, these costs will tend to increase over time if types are persistent. For a clearer and
more detailed intuition on this, see Makris and Pavan (2020).
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the first best. As I will show in the numerical simulations, wedges are approximately
stationary with i.i.d types.

The persistence of the wedges can be amplified or dampened with the incentive-
adjusted measure relative to the impulse responses under the original type measure p¢(6").

The (unnormalized) persistence is

1— ®(6;]6;_1)
' (6°) (661

)ﬁt(9t) = p:(6")

if py (6,0 1)L pe )

Hellwig (2021)). This condition depends, in particular, on the properties of the utility

is increasing/constant/decreasing in 6 (see proposition 3 in

function. For instance, assume that the type process is (log) AR(1) with autoregressive

99 (0¢]0:—1) _paq’t(gtgwtfl)
t

parameter p (i.e ==55==" = and p;(0") = p) and that the production function

is linear in the type (i.e fg9 = 0). Then, the persistence of the wedges is amplified, i.e.
1—(6:[6;—1)
u'(0) p(00:—1)

1-D(0:]6, 1) » . .
but WM@(GU = p with CARA utility.

In the data, we consistently observe a strong lifecycle component in firm dynamics

p1(0") > p, if the utility features decreasing absolute risk aversion (DARA),

(Evans, 1987). Young firms are usually small and face strong financing constraints. Over
time, the firm size tends to increase, and financing constraints are relaxed. A cash flow
diversion model with a risk neutral agent and limited liability (Clementi and Hopenhayn,
2006, Fu and Krishna, 2019) can qualitatively replicate the dynamics observed in the data.
However, this is no longer the case once we introduce risk aversion and persistent pri-
vate information in the benchmark without time-0 uncertainty. The opposite dynamics
emerge: the firm size tends to decrease over time, and it never reaches the first best. In
Section 3.6, I discuss in more detail why models with risk neutrality generate different
firm dynamics using intuitions from the implementation. Introducing uncertainty about
the starting productivity can solve this and generate dynamics where firm size increases

over time.

3.3.3 Compensation dynamics

We now turn to the compensation dynamics. As in all dynamic insurance models, at the
optimum, the principal equalizes the cost of increasing the agent’s utility at periods t and

t + 1 in an incentive-compatible manner, i.e.

Ao (61) = §¢<ef>, (3.27)
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where A;11(60") is the multiplier on the period t + 1 promise keeping constraint and ¢(6")
is the multiplier on the type’s 6! period t continuation utility constraint. Again, when
the principal promises to increase utilities at period t 4 1, this changes all marginal in-
formation rents (as they depend on consumption). So, utility has to be distributed non-
uniformly to preserve incentive compatibility. Hellwig (2021) shows how incentive-adjusted
measures can be used to derive a Generalized Inverse Euler Equation (GIEE). I derive a

similar characterization in this model.

Proposition 13. In the optimal allocation, the following Generalized Inverse Euler Equation holds

at any history 6!
q 4 1 1
31}3 [W'Gt} = (1+s(6") (3.28)
where
1t t "(pt+1y, t+1 t

The GIEE provides an intuitive representation that clarifies what effects drive con-
sumption dynamics and allows to perform direct comparative statics. As in the stan-
dard Inverse Euler Equation the costs of increasing utility at period t and ¢ 4- 1 are pro-
portional to (et) and (gt e 7" However, expectations are taken with respect to the
incentive-adjusted probability measure because utility at ¢t + 1 has to be redistributed
non-uniformly to preserve incentive compatibility. Moreover, an extra wedge emerges
that captures how savings decisions affect marginal information rents at periods t and
t + 1. Changes in marginal information rents at t 4+ 1 lower information rents in period ¢
at rate p; 1 (6'1). Therefore, the size and sign of the savings wedge depend on the persis-
tence of the process. Intuitively, when the persistence is higher, increasing consumption
at t + 1 lowers the cost of incentive provision at ¢ by more, and so the principal wants
relatively higher savings. In general, if persistence (i.e. p;y1(6/*1)) is not too high, we
will have s(6") < 0. The savings wedge is then scaled by the cost of information rents at
period ¢.

oc

The savings wedge takes a particularly simple form with CARA utility u(c) = —e™

17 As in the characterization of 7, in hidden effort models with separable preferences it is sufficient to
increase utility uniformly across all realizations of 6;4 to preserve incentive compatibility. So, equation
(3.27) leads to the well know Inverse Euler Equation T (ef)) = g]E {W |9t} One cannot derive this

tight characterization in all other settings studied in the literature: this includes models with taste shocks
(as in Atkeson and Lucas, 1992), hidden endowment (as in Thomas and Worrall, 1990), Mirrlees with non-
separable preferences, and also this model. For this reason, results on the agent’s consumption process are
usually derived from the principal’s marginal cost martingale (Golosov et al., 2016).
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with ¢ > 0. Assume also an autoregressive process p;(6!) = p and f(k,0) = 8f(k), then

s(0") = —ou0y x T°(0") x (f(ke) — pf (ke41(6")))
= —01 x T(0") x (f(ke,0r) — E [ (ke1(6"),0041)10] )

Because —o16; x T¢(6!) < 0, we have s(#") < 0if p < % Moreover, savings
are, on the margin, more discouraged when the agent is more risk-averse (higher ¢), the
costs of diverting funds are small (high ), and the costs of incentive provision are high
(high * (6")). With fixed capital (ky = k) and ¢ = 1, this model nests a hidden endowment

model.!® In this case, s(6!) = 0 if p = 1 and we can use the following result.

Proposition 14. Assume 1 p<land E ( +2) |9t+1> >0, if s(6") > 0 marginal utility follows

a super-martingale
W' (0 > E {u'(efﬂ)wf} 19

Moreover, if s(6') > 0 for all 6!, u’ — 0 almost surely.

The proposition shows that the marginal utility dynamics are preserved under the
original measure when S(Bt) > 0. Therefore, in a hidden endowment model with a unit
root process (0 = 1) there is no immiseration (Thomas and Worrall, 1990; Atkeson and
Lucas, 1992), and the contract sends the agent to bliss, which is consistent with the results
in Bloedel et al. (2023) and Bloedel et al. (2023).2° When s(6') < 0, we do not have direct
implications for the dynamics under the original measure. The numerical simulations
indicate, as expected, that consumption converges to zero, and so there is immiseration.
However, the convergence is very slow, so these results may be irrelevant for the usual
lifespan of a firm.

Compared to a hidden endowment model, time-varying capital generates an extra

motive to increase the variance in compensation over time. For the parametric specifi-
 flk)

N f(ke1(69)) N
can exist a 0; such that s(6') < 0 if 8; < 6; and s(6") > 0 otherwise.?! So, savings are on

cation above, as long as is decreasing in 6, given some high enough p, there

18With CARA utility, it is also equivalent to a taste shocks model as in Atkeson and Lucas (1992).
2
With i.i.d shocks, it is easy to verify that the inequality IE (%:) |9t+1) > 0 holds. However, with per-

sistent private information, the principal can provide incentive by lowering the dynamic information rents,
and, a priori, this inequality may not hold (see Bloedel et al., 2023). Hence, I include it as an assumption in
the proposition and verify that it holds in all numerical simulations.

20Bloedel et al. (2023) and Bloedel et al. (2023) have corrected the findings in Williams (2011) and shown
(with more general utility functions and processes) that there is immiseration whenever there is some mean-
reversion in the type process.

2I'The condition that % is decreasing in 6; would not be satisfied if, for some types 6; > 6/, the
t+1
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the margin more discouraged for lower types. Intuitively, because fy, > 0, higher capital
increases information rents. If lower types will have less capital at ¢ 4- 1, their incentive
constraints will be less tight. Hence, the benefit of increasing consumption at t + 1 to

lower information rents is smaller for lower types.

In sum, the lender minimizes the cost of compensating the agent across periods in an
incentive-compatible manner. For this reason, it is optimal to smooth the entrepreneur’s
compensation over time. Moreover, because the entrepreneur always needs to be com-
pensated for reporting high returns, the cross-sectional variance of consumption grows

over time.

3.4 Numerical simulations

In this section, I numerically solve and simulate the model. This will help us better under-
stand the results in the previous section and allow us to quantify the effect of persistent
private information on firm size and compensation dynamics. The numerical simulations

will also be used to guide the implementation in Section 3.5.

I assume the agent has CRRA utility u(c) = %, and the production function is given
by f(k,0) = z6k*, where a € (0,1) and z is a positive constant used to scale up the prob-
lem. The agent’s productivity follows a geometric AR(1) process 0; = Gf_lst, where
log(e) ~ N(u,0?) . Iseta =3/4,1— 1= 0.05 ¢ = 2 and assume the lender and the
entrepreneur have the same discount rate f = g = 0.95. For the productivity process, I
set u = 1 and 0? = 0.01. The comparative statics of this section focus on the effect of the
persistence p. The model is solved with p = 0 (i.i.d types) and p = 0.7.2> Details on the
solution method, algorithm and the procedure to check global incentive compatibility can
be found in Appendix C.4. After solving for the value functions (K, v and A), the policy
functions (ct, At41, vi+1 and k1), and the costate (p¢), I run a Monte Carlo simulation
with 10® draws over 25 periods each. I start with the benchmark case where 6 is known,

and at the end of the section, introduce the screening over 6.

Consumption dynamics. Figure 3.2 illustrates the evolution of the mean and standard
deviation of consumption along the cross-section over time with p = 0 and p = 0.7. As

expected, the variance of consumption is permanently increasing in both cases. With i.i.d

effect of higher wedges at t + 1 for type 0, is stronger than from the higher expected productivity. Numeri-
cally I find that k; 1 (6") is indeed increasing.

22] also solve the model with different parametrizations of the utility function (log utility (¢ = 1) and
CARA), qualitatively, the results are the same (see Appendix C.2).

115



types, average consumption is approximately constant. With persistence, there is also a
slight increase in average consumption in the initial periods. Since the savings wedge
s(#") is proportional to the investment wedge 7¢(6"), this is consistent with the initial

increase in the investment wedge that we will observe (see Figure 3.4). Moreover, because

the agent is risk averse, the average marginal utility tends to increase over time.?3
Figure 3.2: Consumption dynamics
(@)iid (p=0) (b) Persistence (p = 0.7)
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Note: For each period, the blue line is the mean consumption along the cross-section, and the shaded blue
area is one standard deviation.

Separating compensation and firm size distortions. The separation between compen-
sation and firm size (or wedge) dynamics can be illustrated very clearly with the nu-
merical simulations. Figure 3.3 shows the relation between the promised utility and the
investment wedge at age 20. There appears to be some positive association between the
two variables, but they are not linked one to one. We can observe that there is some prob-
ability that at age 20, the entrepreneur receives a high compensation (high v;) but that the
firm is financially constrained (high 7¥). The converse is also possible: the compensation
is low, but the financing constraints are also low. As discussed, this is not the case in a
model with risk neutrality (Clementi and Hopenhayn, 2006), where the promised utility

is linked one-to-one with the distortions to firm size.

Firm and wedge dynamics without time-0 screening. Figure 3.4 plots the firm size and
investment wedge dynamics. In both cases, the firm size closely follows the dynamics
of the investment wedge. With i.i.d shocks, the wedges are approximately stationary, so

23To visualize the immiseration dynamics, in Figure C.1 in Appendix C.2 I plot the median and quantiles
of the distribution of consumption over a long time horizon. The median consumption monotonically
decreases, indicating that consumption will converge to its lower bound. However, the decrease is very
slow, so it may be irrelevant for the usual lifespan of a firm.
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Figure 3.3: Investment wedge and promised utility at t =20 (o = 0.7)
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Note: Each dot is a random realization of the investment wedge and promised utility at period 20. The red
line is a linear regression line on the 500 draws ploted.

firm size is constant (Panels 3.4a and 3.4c).>* Hence, the firm size dynamics are essentially
independent of the compensation dynamics. Intuitively, the lender compensates the en-
trepreneur by permanently increasing his consumption, not by lending more capital to
the firm. Moreover, the wedges are small, so firm size is also very close to — but always

below — the first best level.

For the persistent case, at the first best, the variation in firm size is driven only by
differences in expected returns. Moreover, because the type process is mean-reverting,
tirm size is stationary. At the second best, on average, the wedges tend to increase over
time and firm size tends to decrease (Panels 3.4b and 3.4d). However, the wedges do not
increase indefinitely. Over time, they converge to a stationary distribution, and so does
tirm size. With log utility (lower risk aversion), the wedges and the decrease in firm size
are smaller (see Figure C.6 in Appendix C.2). Overall, the decrease in firm size will be

larger the higher the risk aversion and persistence.

Wedge dynamics with time-0 screening. Inow introduce the time-0 screening problem.
For this, I assume an ex-ante participation constraint and consider two parametrizations
of h. In the benchmark, I set it equal to the ergodic distribution of ; but double the stan-
dard deviation, and I increase the standard deviation by five times in the second one.
Panel 3.5a in Figure 3.5 plots the average investment wedge over the initial type 6y. As
usual, the average wedges are inverse U-shaped in 6y due to the no distortions at the
top and bottom in the time-0 screening problem. Moreover, as expected, the average
wedges are larger in the calibration with higher variance. Panel 3.5b plots the invest-

24This is also the case with the other parametrizations of the utility function.
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Figure 3.4: Firm size and investment wedge dynamics (6 fixed)
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Note: Panel (a): The red line is the size at the first best (constant). The blue line is the average size at the
second best; it is the same for almost all realizations as expected wedges are approximately constant.
Panel (b): The red (blue) line is the average size in the first (second) best. The dashed green lines are the
average size in the first period. Panels (c) and (d): The blue lines are the average investment wedges, and
the shaded blue areas are one standard deviation.

ment wedge dynamics starting with the 6y with the lowest promised information rent
(i.e. lowest Ap(6p)). In the high variance calibration, we see now that the investment
wedge gradually decreases over time. Interestingly, with a lower variance, the wedges
initially increase for a few periods and then gradually decrease. Consistent with equa-
tion (3.25), in the first periods, the marginal benefits of redistribution from ¢ > 1 onwards
(MB(6'), MB(6?)...) are summed with the initial marginal benefit MBy(#°), making the
initial wedges increase. Over time, the distortions from the time-0 screening start to van-
ish because the passthrough term is below one, and so wedges start to decrease. Ac-
cordingly, the wedges appear to converge to the same stationary distribution with both
calibrations. As discussed, the wedges will typically be much larger with an ex-post

participation constraint, so they could decrease over time even with a much smaller vari-
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ance. Moreover, in that case, the average TX would be decreasing in 6, instead of inverse
U-shaped.

Figure 3.5: Investment wedge with time-0 screening

(a) Average TlK (b) Wedge dynamics (highest starting distortion)
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Note: Panel (a): On a grid for 6, I compute the policy functions (A1(6y),v1(60),k1(6p)) from the time-0
problem. Then, I use these policies as starting values to compute the average 7 with a Montecarlo
simulation. Panel (b): For both paths, I start with the 6y with the lowest ;1 (6p). The shaded areas are one

standard deviation.

3.5 Quasi-implementation

The optimal contract studied thus far may a priori be complex, which limits the insights
we can derive from the problem. Therefore, it is helpful to study implementations of the
optimal contract. This will also provide intuition on what drives the different firm size
dynamics in models with risk neutrality and risk aversion. A full implementation of the
optimal contract is challenging and left for future work. In this section, I use numerical
simulations to study a quasi-implementation with simpler contracts that approximate the
optimal allocation.

The approach to deriving the quasi-implementation with the numerical simulations
will be the following. First, I use regressions with the model simulated data to better un-
derstand the compensation dynamics. Then, I propose a simple contract and use the sim-
ulated data and regression estimates to calibrate the parameters of the contract. Finally,
I solve the entrepreneur’s problem under the simple contract and compare the induced
consumption dynamics with the optimal contract. With i.i.d types, firm size is constant,
so I also fix capital to be constant in the implementation. For simplicity, I will also keep
capital fixed for the persistent case. Therefore, we will focus solely on the compensation
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dynamics.

3.5.1 i.i.d types

I use the simulated data from Section 3.4 to run regressions of consumption on returns
and promised utility. The regression results are in Table C.1 in Appendix C.2; we make
three observations:

1. Returns at any period ¢ — k have the same effect as returns at ¢+ on consumption
at t (column 2). Relatedly, consumption follows a random walk (column 5). This
suggests that compensation is perfectly smoothed across periods.

2. The sensitivity of compensation to returns does not depend on the current promised

utility. Note the interaction returns; x v;_; is close to 0 in column 3.

3. The sensitivity of compensation to returns is close to linear. See the linear rela-
tion between consumption and returns in Figure C.3 in Appendix C.2 or note that
returns? is close to 0 in column 4.

Points 2. and 3. suggest that a constant equity share can be a good approximation.
If the promised utility (v;_1) were related to the equity share, we would observe that
it affects the sensitivity of consumption to returns, even if the entrepreneur is smooth-
ing consumption intertemporally. Point 1. indicates that in the implementation, the en-
trepreneur’s implicit wealth can be used to perfectly smooth consumption intertempo-
rally. As is known, the promised utility can be naturally mapped to the agent’s wealth
(Atkeson and Lucas, 1992). Let W; denote the agent’s wealth and x the (inside) equity
share, i.e. the portion of the returns accruing to the entrepreneur. Let f(k;) = E [f(k;,6;)]
denote the expected returns if capital is k;. I fix capital to the optimum in the second
best ksp. The entrepreneur also receives initial cash Wp.2> Therefore, at period 1, the en-
trepreneur’s wealth is: Wy = Wy + Xfl(%ff). At every period, after returns are realized, if
the entrepreneur does not misreport, his wealth changes by x ( f(ksp,0:) — f(ks B)). So,
the law of motion of the entrepreneur’s wealth follows

ct + Wiy = %Wt +X (f(ksg,ef) — 7(k53)> = C(Wt,(?t). (3.30)

PThis is just a free variable used to match the chosen initial promised utility in the second best, so we
may also have Wy < 0 if the entrepreneur initially transfers funds to the lender.
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Given the entrepreneur’s wealth, savings can be chosen to smooth consumption. There-
fore, this contract is equivalent to allowing the entrepreneur to pledge his shares as col-
lateral and borrow to consume. This practice is prevalent; Fabisik (2019) reports that
between 2007 and 2016, 7.6% of CEOs of US public companies had pledged shares. More-
over, she estimates that 90.5% of CEOs use it to obtain liquidity while maintaining own-
ership. This motive is consistent with this implementation. Pledging shares aligns the en-
trepreneur’s consumption with the firm’s value but without having to sell shares, which
is costly as it reduces the entrepreneur’s incentives. Moreover, the implementation is in-
dependent of dividend payout policies. Notice that it is equivalent if the extra returns
( f(ksg,0;) — f(ks B)> are paid as dividends or are kept as savings inside the firm, and the

entrepreneur and the firm face the same interest rate % -1

The next step for the numerical implementation is to obtain a value for x. I back out
this value from the regressions on model simulated data. For an entrepreneur that does
not misreport and is allowed to save by himself, to a first-order approximation, we have:
% ~ (1 —q)x. So x can be identified from the regressions as { = %%“;")s = 00388 ~
where Bierurns is the regression coefficient on returns in column (1) of Table C.1. So I set
directly ¥ = 1.25 Then, given X, the entrepreneur’s recursive problem with wealth W; and

productivity 6; is

W(Wi,6;) = Igagu(gt) + BV (Wet1)
<

st Wi =qgC(W;,6;) (3.31)
ct = (1—q)C(W,,0)
¢ =ct + 1(f (ksp,0) — f(ksp,0))

where V(W1 1) = E[W(Wii1,0:41)] and Wy is chosen such that V(W;) = vy, ie. the
promised utility under the direct mechanism. Throughout the paper, I have assumed
that the entrepreneur cannot secretly save. So in the implementation, there is a double
deviation problem if the entrepreneur is allowed to save freely. That is, the entrepreneur
deviates by misreporting funds and saving more. For this reason, I assume that the lender
directly assigns a consumption/savings level given the entrepreneur’s report and wealth
(W:,0:).%” Equivalently, we can imagine that the entrepreneur is penalized if the lender

261t is a regular result in cash flow diversion models (especially in static versions) that the equity share is
linked to the deadweight loss of diverting funds.

271 assign the consumption to be ¢; = (1 — q)C(W;,6;) because I observe that average consumption is
approximately constant in the numerical simulations. But this is not the optimal savings level of the en-
trepreneur, as he would save more for precautionary motives. To relax this restriction, we could introduce
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Table 3.1: Welfare comparisons i.i.d

Deadweight loss ~ Risk premium

Total Welfare diversion of funds (relative to SB)
Optimal contract (SB) -55.88 0 0
Quasi-Implementation | -56.11 (-0.4% loss) 5.7e-8 0.22

observes that his savings choices are not optimal given the reported type and wealth.

I solve numerically for the policy functions 6(W;,6;) in the entrepreneur’s problem
(3.31). Then, I run the same Monte Carlo simulation as for the optimal allocation and
compare the results.?® Figure C.4 in Appendix C.2 shows that the consumption paths are
very close to the optimal allocation and that this contract induces minimal diversion of
funds. Not surprisingly, this simple contract also reaps most of the benefits of the optimal
allocation (see Table 3.1). Given a fixed initial promised utility (vp), we can decompose

the lender’s loss from using the simple contract
K'(v9,00) — K*"(vo,60) =

(1-)E zq( (ksn, ) — f (ks Bi(6)) ) 6o

+E

zq (c'(6) — cB(9")) \eo],

>0,Deadweight loss diversion of funds Risk premium,>0 if less risk in SB

-

where the superscript I is used to denote allocations under the implementation. As shown
in Table 3.1, most of the losses from the simple contract result from exposing the en-
trepreneur to more risk, but the differences are negligible. The implementation performs
even better with log utility, see Figure C.5 in Appendix C.2.

3.5.2 Persistent types

With persistent private information, the dynamic information rents (A;_1) must be added
as an extra state variable in the problem. Intuitively, this variable captures the expected
sensitivity of the entrepreneur’s utility to the productivity realization (i.e. his exposure),

an extra wedge (or tax) on the entrepreneur’s returns on savings to exactly counteract the precautionary
motive.

28To have accurate comparisons, in the Monte Carlo simulation, for each realization of the shock process
{e:}?°, I compute consumption for both the optimal allocation and the implementation. Then for each
realization and period, I compute the distance and average across all draws. That is, I compute for ev-

2 . . .
ery period ¢/t = ¥, \/(CtSB({Si.r}tle) —cl({eir}._;))", where ¢ is the consumption under the optimal
allocation and ¢! under the implementation.
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as equation (3.14) can be written as

ow(6")
d6;

Ar-1=E|p(6") 1611 (3.32)

We can also verify this in the regressions with model simulated data, where we obtain
cr = —0.2"""6; — 3.327°" Ay 1 + 1.01176; x A;—q + 0.652"*%6;_1 + 0.382" " v;_1.

The coefficient on the interaction term A;_; X 6; is positive. So, for a given level of
persistence, when the lender has promised low information rents (i.e low A;_;), the en-
trepreneur’s exposure to returns decreases. In this implementation, the exposure of the
entrepreneur is controlled by the equity share. Notice that for the i.i.d case (problem
(3.31)), if it is optimal for the entrepreneur to not divert funds, we have

IW(W,,6,)

26, = x x u'(ct) fo(ksp,04).

Thus, a full implementation of the optimal contract would need to allow for a time-
varying equity share. In general, lowering the entrepreneur’s equity is beneficial as it
increases the entrepreneur’s insurance against productivity shocks, but it also comes at
the cost of increasing the incentives to misreport funds. If types are persistent, there is an

extra gain of lowering the equity share at period t 4- 1 because it helps screen types.

Why does buying equity help screen types? Imagine that, at period t, the lender offers
to buy some equity from type (6'~1,6’). Assume also that the lender offers to pay him
a price Pa,((0'71,6")) such that he is indifferent between accepting the offer or rejecting
it. If returns are persistent, types (6/~1,0") with 0" > 0’ have higher expected returns at
period t + 1. So it is not attractive for them to sell equity at price Pa, ((6'~1,6’)). That is, if
the entrepreneur is not willing to sell equity at a fair price relative to the projected returns
— which both parties agree upon given the current reported returns — it signals that he is
misreporting funds. Therefore, the lender can use equity purchases, which inefficiently
lower the equity share, to better screen types.

An implementation with a time-varying equity share is substantially more challeng-
ing.? However, I find that the contract with a constant equity share still delivers small

welfare losses relative to the optimal contract.** Compared to the i.i.d case, we now only

2Now it is more challenging to infer the equity share from the regressions directly. Moreover, it may
follow a complicated stochastic process. As it would be persistent but also because there is no distortion at
the top () and bottom (0) in the promised information rents.

30T have experimented with contracts where the equity share is uniformly decreased over time for all
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Table 3.2: Welfare comparison with persistence

Deadweight loss ~ Risk premium

Total Welfare diversion of funds (relative to SB)
Optimal contract (SB) -58.49 0 0
Quasi-Implementation | -59.12 (-1.07% loss) 3e-3 0.572

have to make one modification. Notice that when the entrepreneur’s period ¢ returns in-
crease, the net present value of the firm’s future returns also increases. So, the firm’s value
increases and the entrepreneur experiences a capital gain. Define the value of the firm by:
friq(ksp,0r) =B [L2 197 f(ksp,011<)|0¢] . Recall capital is fixed to the same level kg as

in the i.i.d case. Then, the entrepreneur’s cash on hand at period ¢ if he reports type 6;
and his past type report was 6; 1 is

C(Wi,0:,0: 1) = %Wt + X (f(kSBzgt) +qf 1 (ksp,0) — ﬁ(k53/5t71)> (3.33)

= %Wt +x | flksp,0:) — E [f(kSBzat)lgt—l} +q <7t+1(kSBr§t) — ft_—f—l(kSBrgt—l)>

- g -~

Irmovati;),n returns Capitavl gain
The entrepreneur’s problem is the same as in (3.31) but with the cash on hand given
by (3.33). Because the entrepreneur can borrow using his shares as collateral, the capital
gains also increase the entrepreneur’s consumption. Moreover, we also need to keep track
of the past report §,_; as an extra state variable because it affects the expected returns.
Table 3.2 contains the welfare comparison and decompositions with the optimal contract,
assuming that the initial type is fixed in both cases. The risk premium is higher than for

the i.i.d case, but the welfare losses from the simple contract continue to be small.

Fu and Krishna (2019) study a similar model with persistent private information and
a risk neutral entrepreneur. They show that as persistence increases, the sensitivity of
the entrepreneur’s compensation to returns also increases. In their implementation, this
implies that the entrepreneur is compensated more with stock options and less with eq-
uity. A priori, a full implementation of the optimal contract could require using stock
options. But only with equity the entrepreneur already has a higher exposure to returns.
Because the entrepreneur experiences a capital gain and can borrow using his shares as

collateral, his compensation increases by more than his equity share times the reported

types. The idea is that when the agent underreports at ¢, he experiences a capital loss but expects to recover
it at t 4+ 1 with returns that are higher than expected. However, if his equity share is lower at t 4 1, he cannot
fully recover the capital loss. However, I have not found any gains from these types of contracts.
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returns. Intuitively, simply accounting for capital gains may allow the implementation
to approximate the optimal contract because it (approximately) generates the extra sen-
sitivity in compensation required by the dynamic information rents. To understand this,
notice that by expanding the dynamic information rent term (Equation (3.32)), we can
write

0 t H . ._ .

Ar=1xE lz 1O B (c(6°7)) fo ki B14) 16|

=1
where Ifﬂ (614) = p(0) x ... x p(6*1)) are the impulse response functions as defined
in Pavan et al. (2014). With x = ¢ and fixed capital, this is actually the capital gain of
the entrepreneur from an increase in productivity 40; if the firm is priced with the en-

trepreneur’s stochastic discount factor.

Finally, this implementation bears some resemblance with the "Dynamic Incentive Ac-
count" (DIA) implementation in Edmans et al. (2012) for a CEO compensation model.
There, the DIA tracks the agent’s NPV of future pay (i.e., his wealth) and invests a frac-
tion in the company stock and a fraction in interest-bearing cash. This portfolio is then
constantly rebalanced as the firm value changes to maintain incentives. By contrast, here,
because the agent’s compensation comes solely from his ownership of the firm, letting
him borrow against his stock is (approximately) sufficient to implement the required
compensation. Moreover, the lender uses equity purchases to lower dynamic informa-
tion rents, but in this cash flow diversion model, there is no need to rebalance the agent’s

portfolio every period to maintain incentives.

3.6 Comparison with risk neutral and equity dynamics

The quasi-implementation helps understand the different firm size dynamics with risk
neutrality and risk aversion. In Table 3.3, I summarize the main features of the optimal
contract and implementations with the different assumptions about the agent’s utility
and shock process. With risk neutrality, as long as the limited liability constraint (¢ >
0) is satisfied, increasing the agent’s exposure to risk bears no cost. After high returns,
it is optimal to compensate the entrepreneur with a higher stake in the project, i.e. by
increasing his equity share. Therefore, with risk neutrality, the entrepreneur’s promised
utility maps to the value of equity, as shown in Clementi and Hopenhayn (2006).

If the entrepreneur is risk averse, increasing his exposure to risk through a higher eq-

uity share is costly. In the numerical simulations, we have seen that the entrepreneur’s
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Table 3.3: Comparisons optimal contract and implementation across models

Risk neutral Risk neutral

- . Risk averse Risk averse
&iid & persistent &iid & persistent
(CH 2006) (FK 2019) * p
Convergence to FB Yes Yes No No
Deferred compensation Yes Yes No No
Link firm stze Yes (strong) Yes Weak No
& compensation
Firm size drift w/out . . (Approximately) .
time-0 uncertainty Increasing Increasing Constant Decreasing
. Equity F Wealth + Wealth +
. Equity & stock options . . . .
Implementation o _ Equity (fixed) Equity (varying)
cons. = diwv. & cons. = ) .
& cons. = div. & cons. = div.

div. + option

Notes: CH 2006 stands for Clementi and Hopenhayn (2006), FK 2019 for Fu and Krishna (2019),
cons. for consumption and div. for dividends. Implementations of the optimal contract are gen-
erally not unique. So, in the table, I just describe the implementation in each of the corresponding

papers.

exposure to returns is independent of his promised utility. So with i.i.d types, a constant
equity share and mapping the entrepreneur’s promised utility to his private wealth gives
a good approximation to the optimal allocation. With persistent types, the equity share
should also be time-varying as in the risk neutral model, but the driving forces are differ-
ent. With persistence, the lender has an incentive to lower equity below the efficient level
at t + 1 as it helps screen types at period . Hence, when 6y is fixed and so the dynamic
information rents decrease over time, the equity share of the entrepreneur also tends to
decrease. Then, when the equity share is low, the entrepreneur has more incentives to

divert funds, so the lender is less willing to provide capital.

In both models there is a positive relation between the entrepreneur’s equity share
and firm size. A lower equity share always increases the implicit lending costs because
the incentives to divert funds are higher. However, without time-0 uncertainty, the equity
share drifts in opposite directions: upwards with risk neutrality and downwards with
risk aversion and persistence. With risk neutrality and i.i.d types, firm size converges to
the first best level only because the entrepreneur’s equity share goes to one (Clementi and
Hopenhayn, 2006). That is, he becomes the sole owner of the firm, and the value of debt
and outside equity go to zero. With persistent types and risk neutrality, the equity share
does not necessarily have to converge to one for the firm'’s size to reach the first best (Fu

and Krishna, 2019). However, the combination of equity and stock options also increases
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once the firm becomes unconstrained, and so it also tends to increase over time. These
equity dynamics may be inconsistent with what is observed in the data. For example, in
the venture capital industry, the founder’s ownership is typically diluted over time as the

tirm’s capital grows through multiple financing rounds (Sahlman, 1990).

By introducing uncertainty about the entrepreneur’s initial type, we have seen that it
is possible to have an upward drift in firm size even with risk aversion and persistent
private information. However, this is achieved by making the information rents increase
over time, which implies that the equity share should also increase in an implementa-
tion. Accordingly, to simultaneously explain firm size and equity dynamics, it may be

necessary to break the tight link between equity and firm size that these models generate.

3.7 Conclusion

In this paper, I revisited the firm size and compensation dynamics predicted by the op-
timal contracting solution of dynamic cash flow diversion models. I departed from the
previous literature by allowing the entrepreneur to be risk averse and to have persistent
private information about the firm’s productivity.

Relaxing these assumptions leads to remarkably different dynamics than those of
models with a risk neutral entrepreneur. First, the interaction between risk aversion
and persistent private information decouples the dynamics of the firm’s size and the
entrepreneur’s compensation. Second, the firm’s size never converges to the first best,
and its distortions inherit the autoregressive properties of the type process. Moreover, if
there is no initial uncertainty about the entrepreneur’s productivity —as assumed in the
literature— the distortions tend to increase over time, so the firm’s size tends to decrease.
Third, the entrepreneur’s compensation is smoothed intertemporally, but the variance of
consumption increases over time. Finally, implementing the optimal contract requires

separately keeping track of the entrepreneur’s wealth and equity share in the firm.

I argue that canonical cash flow diversion models cannot simultaneously generate
realistic firm size and equity share dynamics due to the embedded link between the two
variables. Accordingly, an important avenue for future work is to study departures from
this model that can break the tight between the firm’s size and the entrepreneur’s equity
share. In particular, an empirical regularity that these models should be able to rationalize

is the dilution of the entrepreneur’s equity share as the firm grows.
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Appendix A

Appendix of Chapter 1: Amenity-Biased
Technical Change

A.1 Data details

A.1.1 Amenities data

O*NET work context. The O*NET context file provides detailed information about job
characteristics across occupations. The data contains a total of 57 characteristics from
which I manually select a subset of 17. First, not all the characteristics in the context
may be considered amenities, as we can reasonably assume that they do not affect the
workers’ utility. For example, I exclude characteristics such as how often an occupation
requires writing letters and memos, or electronic mail. Moreover, due to the limited sample
size of the NLSY79, we have to be cautious with the dimensionality of the amenities in
the estimation of amenity prices. For this reason, I further exclude some amenities that
measure characteristics that are very similar to others or more specific. For instance, I
exclude characteristics like the time spent keeping or regaining balance, or the time spent in
an enclosed vehicle or equipment.

For every characteristic, there are five categories typically representing the frequency
with which a worker experiences it. For example, for the exposure to contaminants, the
categories range from "never" (category 1), "once a year or more but not every month"
(category 2), up to "every day" (category 5). For every occupation and characteristic, the
data contains a weight on each of these categories, which is based on the input from
occupational experts. Table A.1 lists all the selected characteristics and explains how I
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define each amenity based on these categories.

The O*NET occupation data uses the O*NET-SOC codes. First, I crosswalk the data
to the standard SOC codes and then to the census codes. Finally, I use the crosswalks
constructed by (76) to convert the census codes of the corresponding year to the codes of
(16) (which are based on the 1990 census codes). Finally, some of the characteristics are
missing for a few occupations. Whenever this is the case, I use the average of the amenity
among the occupation group (using the same occupation groups as Table A.12) of the

corresponding occupation to impute the value.
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Table A.1: Amenity definitions in context file

Amenity

Question

Response defining amenity

Contact

How much contact with others (by telephone,
face-to-face, or otherwise) is required to perform
your current job?

Every day (Category 5)

No discussions

How often does your current job require face-
to-face discussions with individuals and within
teams?

1-Every day (1-Category 5)

Teamwork How important are interactions that require you to | Extremely important (Category 5)
work with or contribute to a work group or team
to perform your current job?

Responsibility How responsible are you for work outcomes and | High responsibility and Very High respon-

results of other workers on your current job? sibility (Categories 4 and 5)

No conflict How often are conflict situations a part of your | 1-Every day (1-Category 5)
current job?

Indoors How often does your current job require you to | Every day (Category 5)

work indoors in an environmentally controlled
environment (like a warehouse with air condition-

ing)?

No extreme temperatures

In your current job, how often are you exposed to
very hot (above 90° F) or very cold (under 32° F)
temperatures?

1-Every day (1-Category 5)

No contaminants

In your current job, how often are you exposed to
contaminants (such as pollutants, gases, dust, or
odors)?

1-Every day (1-Category 5)

No hazardous conditions

How often does your current job require that you
be exposed to hazardous conditions?

1-Every day (1-Category 5)

No burns and cuts

How often does your current job require that you
be exposed to minor burns, cuts, bites, or stings?

1-Every day (1-Category 5)

Time sitting

How much time in your current job do you spend
sitting?

Continually or almost continually (Cate-
gory 5)

Time standing

How much time in your current job do you spend
standing?

Continually or almost continually (Cate-
gory 5)

No consequence error

How serious a mistake can you make on your
current job (one you can’t easily correct)?

1-"Extremely serious" (1-"Extremely seri-
ous"

Decision making

In your current job, how often do your decisions
affect other people or the image or reputation or
financial resources of your employer?

Everyday (Category 5)

Freedom decisions

In your current job, how much freedom do you
have to make decisions without supervision?

A lot of freedom (Category 5)

No repetition

How important to your current job are continu-
ous, repetitious physical activities (like key en-
try) or mental activities (like checking entries in
a ledger)?

1- "Extremely important” (1- Category 5)

No time pressure

How often does your current job require you to
meet strict deadlines?

1- "Every day" (1- Category 5)
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O*NET Interests. The O*NET interest file data is based on the RIASEC model. The
RIASEC categories are: Realistic, Investigative, Artistic, Social, Enterprising, and Con-
ventional (see Table A.2 for a description of each from the O*NET). The data assigns, for
every occupation, a score to each of these characteristics based on input from analysts.
I use these scores directly as amenities. I follow the same procedure as with context file
data for the crosswalks and imputation of missing data.

Table A.2: RIASEC categories interest file

Title Description

Realistic Work involves designing, building, or repairing of equipment, materials, or
structures, engaging in physical activity, or working outdoors.

Investigative | Work involves studying and researching non-living objects, living organisms,
disease or other forms of impairment, or human behavior.

Artistic Work involves creating original visual artwork, performances, written works,
food, or music for a variety of media, or applying artistic principles to the
design of various objects and materials.

Social Work involves helping, teaching, advising, assisting, or providing service to
others.

Enterprising | Work involves managing, negotiating, marketing, or selling, typically in a
business setting, or leading or advising people in political and legal situations.

Conventional | Work involves following procedures and regulations to organize information
or data, typically in a business setting.

ATUS (123). Tuse the data on the disutility of work across occupations from (123), which
they construct from survey responses in the ATUS in 2010, 2012, and 2013. They use sur-
vey responses about workers’ feelings during working hours. They have responses on:
how happy, how sad, how stressed, how tired, how much pain, and how meaningful. I
do not use the responses on happiness or sadness with the concern that these are more di-
rectly influenced by the workers’ wages. Their data already uses the same (16) occupation
codes, and I do the same imputation as with the other datasets.

A.1.2 NLSY79

The NLSY79 is a long panel that tracks labor market activities and life events of a sample
of Americans born between 1957 and 1964. I restrict attention to employed workers who
worked at least ten hours a week and nine weeks since the last interview (as in (30)). I

also drop those employed in the military or armed forces and the observations without
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the AFQT score. The AFQT test was conducted in 1980 on respondents who were at least
17 years old. So, I only use cohorts born between 1957 and 1962. This leaves me with
7919 observations in 1986, 6462 in 1996, 4961 in 2006, and 3947 in 2016. The data uses the

census occupation codes, so I also use the (76) crosswalks.

A.1.3 Census and ACS data

I use data on employment, wages, occupations, and years of schooling from the census
and the American Community Survey (ACS). I obtain the data from IPUMS and use the
census samples from 1980, 1990, and 2000, and the ACS samples from 2006, 2009, 2012,
and 2015. I closely follow (73) for sample selection and aggregation to occupation-level
wage and employment measures. I restrict attention to employed individuals aged 18
to 64. I drop those in the armed forces, unpaid family workers, or those in institutional
group quarters. For the years 2009 to 2015, the weeks worked need to be imputed based
on the data from 2006.

For the aggregation, each individual’s labor supply weight is computed with the per-
son’s sampling weight times the usual hours worked per week and times the weeks
worked. With this weight, I compute the occupation’s employment shares and the av-
erage hourly wages, yearly wages, and years of schooling. Finally, I also use the (76)
crosswalks to crosswalk the data from each year’s census codes to the 0occ1990dd codes of
(16).

A.2 Details amenity pricing method

In Section A.2.1, I discuss in more detail Assumption 1. Section A.2.2 contains the esti-
mates of the amenity prices. In Section A.2.3, I explain the different robustness exercises
conducted.

A.2.1 Assumption of non-crossing frontiers

Assumption 1 essentially requires that the workers’ frontiers of the offer sets do not cross.
That is if ¢, < ¢, worker i’ must earn more at every amenity level. This assumption is
hard to test directly. In this section, I discuss intuitively under what conditions on the
distributions of the 6;s and the wage functions {w;(#)} this assumption will or will not

be satisfied.
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Consider workers i and i’ with ¢; < ¢, but close. As in the growth accounting, let
J (6) denote the subset of occupations in the frontier of the offer set for type 6. Since i
and 7’ have similar total compensation levels, I assume further that these sets coincide
J(0;) = J(0;). In this case, the frontiers do not intersect if w;(6;) < w;(6y) for all j €
J (6;). Typical specifications of the production imply that the wage function is equal to a
common price w; times the effective labor input of each type, that is, w;(0) = w;g;(8) for
some function gj: RL — R with % >0 for all ] € £.! Then, to first order, the frontiers
do not cross if

2::887(0)

26, o=, (01,7 — 61,;) > 0.

I
This condition helps understand under which conditions the frontiers will not cross. First,
if the 6;s are highly correlated for every worker. That is, if 6y 7 > 6y ; for some I, we
should also have 0; ; > 0, ; for (most) of the other [. For example, this would be the case
if workers with cognitive skills, also tend to do better in manual or social tasks. Second,
if there are a few ;s that are very important (i.e if % is large) in all occupations. For
example, this would be satisfied if cognitive skills were important determinants of wages

in all occupations.

One clear example where Assumption 1 would not be satisfied is in the basic Roy
model. In the simplest case, there are two occupations J = {1,2} and two task-specific
productivities £ = {1,2}, and each occupation uses only one of the two tasks. That is, the
wage in occupation j = 1 depends only on the productivity in task I =1, 1, and the wage
in occupation j = 2 depends only on 6. By construction, the frontiers will cross in this

case.

It is important to note that the similar slopes of the frontiers are only needed for work-
ers with a similar total compensation level. Hence, these are, in a sense, local conditions.
For example, if workers with high cognitive skills earn sufficiently more in some occupa-
tions. Their frontiers may never cross with the ones of low cognitive skill workers even if

they have different slopes.

!This will be the case in equilibrium if all types 6 are perfect substitutes in an occupations production
function. That is, if m/ ({1 (0) }e,r;) = m/(H/,r;), where

Hi = /gj(O)hj(G)dG.
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A.2.2 Estimates

Table A.3: Coefficients of the main specification

1986 1996 2006 2016

T 0.00185 (0.00165) 0.0151*  (0.00915)  0.0154  (0.0111)  0.0191  (0.0149)
72 0.825**  (0.0870)  0.617***  (0.0562)  0.593***  (0.0645) 0.576***  (0.0699)
Contact 8.749%** (3.254) 1.872 (3.327) 5.943 (3.679) 7.089* (4.090)
No discussions -9.685***  (3.525) -2.052 (3.712) -5.588 (4.400) -3.549 (4.952)
Teamwork -4.230 (3.292) -6.210% (3.511) -7.891**  (3.852) -11.85***  (4.246)
Responsibility 8.265** (2.575) 4.546* (2.634) 1.489 (2.983) 5.367 (3.271)
No conflict 20.47*** (3.805) 12.25%** (3.882) 16.26***  (4.364) 19.30***  (4.916)
Indoors 0.392 (1.940) 1.313 (2.209) 2.718 (2.638) 3.749 (2.953)
No extreme temp. -0.579 (3.554) 4.835 (3.882) 5.155 (4.745)  12.92** (5.491)
No hazardous cond. 1.058 (3.620) -4.302 (3.673) 2.646 (4.403) -6.786 (5.124)
No contaminants -0.131 (3.161)  9.177%** (3.295) 4.540 (3.739) 11.66™**  (4.243)
No burns and cuts 11.15%** (3.381) 10.07** (4.083) 4184 (4.912) -5.709 (5.766)
Time sitting 7.081** (2.890) 3.725 (2.827) -0.705 (3.215)  -8.317**  (3.562)
Time standing 0.999 (2.054) 2.569 (2.314) -0.0572  (2.705) -8.984***  (3.138)
No consequence error 5.145 (3.177) -4.674 (3.270) -3.225 (3.523) 0.160 (3.831)
Decision making 5674  (3.165)  -1566  (3.299) 1543  (3.696)  -1203  (4.112)
Freedom decisions -9.005***  (2.311) -1.088 (2.621) 6.732** (3.170)  -0.0516  (3.556)
No repetition -9.961%**  (2.999) -3.649 (3.340) -5.014 (3.766)  -16.05***  (4.246)
No time pressure 8.179*** (2.392) 4.842*% (2.598) 6.554** (2.922) 1.508 (3.178)
Artistic 1.568*** (0.405)  2.063*** (0.420)  2.328***  (0.533) 2.874***  (0.601)
Conventional 16237 (0.392)  -0.172  (0.440)  -0312  (0.511)  -0.751  (0.566)
Enterprising 19524 (0.325)  1.368"*  (0.325)  0.927**  (0.365)  0.241  (0.414)
Investigative 5.653*** (0.346)  3.605*** (0.358)  3.326™**  (0.413) 2.632***  (0.456)
Realistic 2389%*  (0.408)  -1.146"**  (0.415)  -2.151***  (0477) -1.974***  (0.512)
Social 0.0136 (0.335) 0.261 (0.364)  -1.204"*  (0.408) -1.377***  (0.450)
Pain (ATUS) -1.794%*  (0.602)  -1.993***  (0.639)  -2.242***  (0.776) -2.440"**  (0.843)
Tired (ATUS) 0.836 (0.526) -0.589 (0.572) 0.467 (0.661) 0.253 (0.739)
Stress (ATUS) 0.000706  (0.533) 0.433 (0.578) -0.640 (0.698) 0.642 (0.784)
Meaning (ATUS) 0.107 (0.548) -0.581 (0.597) 0.824 (0.686)  1.772** (0.790)
Observations 7919 6462 4961 3947

R? 0.259 0.272 0.275 0.287

Adjusted R? 0.256 0.268 0.271 0.282

Standard errors in parentheses; * p < 0.10, ** p < 0.05, *** p < 0.01
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Montecarlo simulations for standard errors of amenity and total compensation mea-

sures

In this section, I explain how I use Montecarlo simulations to estimate the standard devia-
tion of the final amenity and total compensation measures. To do this, for every year (i.e.,
NLSY sample), I first draw R = 10.000 times all the coefficients from normal distributions
with each coefficient’s point estimate and standard error: {7y1(r),v2(r),{7ta(r) }n }r. Note
that the draws from the normal distributions are independent. For a few draws, the linear
coefficient on wages 71 (r) can become negative, which implies that total compensation
is decreasing in wages. For this reason, I also redo the analysis assuming 71 (r) follows a

lognormal distribution.

Then, for every draw r, I compute the amenity and total compensation of each occu-

pation as usual:
Aj(r) =) _mtu(r) A
n

w?z(f)

1)
Next, for every draw r, I compute the percentile of each occupation in the amenity and

i(r) = 11(r) == + A;(r).

total compensation distributions, denoted by Q]A(r) and Q;.P(r). Finally, I aggregate each
year’s estimates with the age shares in 1980 as in the main measures. That is, letting
in(a,r) and Q;P(a,r) be the amenity and total compensation quantiles at draw r and
occupation j, and at age group a (i.e., at a particular year in the NLSY79), compute for

every r and j:

Q38 (r) = Y51 () 0 (a,1),

a
and similarly for Q?’agg (r).

For every occupation, I compute the standard deviations of the percentiles in the
amenity and total compensation measures across the draws. Figure A.1 plots the result-
ing distributions of standard deviations. The figure shows that the standard deviations
of the occupation’s percentiles are quite small. The average standard deviation for the
amenity percentile is 3.18, and for the total compensation percentile is 2.92 (8.66 if 1 is

normal).

The main empirical results of Section 1.5 are based on the (ordinal) rankings of oc-
cupation by amenity and total compensation. Hence, ultimately, we want to assess the

sensitivity of these rankings. To this end, for random pairs of draws r and r/, I compute
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the correlation between the corresponding amenity and total compensation percentiles—
; (04788 P.a8E (1 (04188 $agg (1 :

i.e., I calculate corr; (Q]. (r), Q; (")) and corr; (Qj (r), Q; (r")). Figure A.2 plots
the resulting distributions of correlations. The correlations are very high; the average cor-
relation for the amenity ranking is 98.5%, and of the total compensation 98.7% (84.3% if
71 is normal). Therefore, even if the standard errors on the coefficients of some amenities
can be large, the amenity and total compensation rankings—used for the main results of

Section 1.5—are much more precisely estimated.

Figure A.1: Distributions of standard deviations of amenities and total compensation percentiles

(a) Amenity Percentile (b) Total compensation percentile
__ [ v, norma !
1, fegnerimal
0 > 7 6 0 5 10 5
Standard deviation Standard deviation

Figure A.2: Correlations amenity and total compensation percentiles (with 1 lognormal)
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Sorting into low-amenity occupations based on consumption needs

In this section, I provide evidence that workers with high consumption needs (i.e., high
marginal utility) tend to sort into low amenity occupations. Intuitively, this sorting is
important from a welfare perspective because it implies that, all else equal, wage de-
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creases in low-amenity occupations are relatively worse as they affect workers with high

marginal utility.

Generally, given her offer set, a worker may prefer to go into the lower-amenity oc-
cupations for two main reasons. First, the worker may have a lower intrinsic preference
for some amenities. Consider, for example, a young worker with a lower distaste for a
physically demanding job. Second, she may choose a low amenity occupation because
she values getting paid the compensating differential more due to higher consumption
needs. Higher consumption needs can come, for example, from lower wealth or a larger
number of children. (40) construct a measure of an occupation’s intrinsic quality and doc-
ument that children of richer parents are more likely to be employed in occupations with
higher intrinsic quality. Similarly, (138) document that graduates with higher student

debt accept jobs with higher wages and lower job satisfaction.

Using the constructed amenity measure, I provide further evidence of sorting by con-
sumption needs. I use data from the Panel Study of Income Dynamics (PSID) as it pro-
vides better wealth data than the NLSY79 and covers a broader range of ages each year.
Figure A.3 plots the coefficients of a regression of the amenity quantile of a worker’s oc-
cupation on income, wealth, and controls for 1984 and 2001 data. Wealthier workers tend
to be employed in occupations with higher amenities. Increasing wealth by one standard
deviation leads, on average, to being employed in an occupation 4.5 (2.1 in 2001) percent-
age points higher in the amenity distribution. Moreover, a larger number of children or
poor parents also predict sorting into low amenity occupations. The wage of the second
earner also has a small positive effect in 1984 but not in 2001.

In Figure A 4, I repeat the same regressions but for the amenities of the occupation of
the second earner. The results are similar, but now the wage of the first earner has larger

effects on the amenity.

A.2.3 Alternative measures and robustness checks

In this Section, I present the robustness checks with alternative ways of constructing the
amenity and total compensation measures. In Subsection A.2.3, I explain the estimation
with alternative specifications and in Subsection A.2.3 with the alternative proxies. The
main results are robust in all cases. Moreover, the resulting amenity and total compensa-
tion measures are very similar, as we can observe in the correlation tables A.4 and A.5. In
Section A.2.3, I explain how the presence of unionized workers could affect Assumption

1, and show that the results are similar if these workers are removed in the estimation.
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Figure A.3: Regressions coefficients on worker’s amenity
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Note: The dots represent the point estimates and the lines the 95% confidence intervals.

Figure A.4: Regressions sorting into low amenity occupations for second earner
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Finally, in Subsection A.2.3, I explore the robustness of the no polarization over total com-

pensation to the size of the estimated compensating differentials.

Estimation with alternative skill proxies

In this section, I verify that the amenity and total compensation measures and the main

results are robust to the choice of skill proxy used in the estimation. The AFQT is a good
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Table A.4: Correlations table amenity measures

| Baseline Linear Polynomial Interaction Mastery Self-esteem Height Nounion No coverage

Baseline 1

Linear 0.9993 1

Polynomial 0.9997 0.9983 1

Interaction 0.9994 0.9995 0.9987 1

Mastery 0.8604 0.8662 0.8571 0.8587 1

Self-esteem 0.9037 0.9060 0.9025 0.9008 0.9381 1

Height 0.7989 0.7953 0.7989 0.7989 0.6740 0.7718 1

No union 0.9992 0.9983 0.999 0.9989 0.8405 0.9140 0.8105 1

No coverage 0.9988 0.9984 0.9984 0.9989 0.8438 0.9144 0.8118 0.9996 1

Table A.5: Correlations table total compensation measures

| Baseline Linear Polynomial Interaction Mastery Self-esteem Height Nounion No coverage

Baseline 1

Linear 0.9994 1

Polynomial 0.9988 0.9989 1

Interaction 0.9996 0.9995 0.9985 1

Mastery 0.9001 0.902 0.8971 0.8979 1

Self-esteem 0.933 0.9336 0.9323 0.9308 0.9553 1

Height 0.8499 0.8457 0.8437 0.8486 0.7528 0.8315 1

No union 0.9992 0.9988 0.9988 0.999 0.8790 0.9367 0.8609 1

No coverage 0.9989 0.9986 0.9981 0.9989 0.8817 0.9372 0.8627 0.9997 1

candidate for a proxy because it measures general aptitude skills and is predetermined,
as the subjects took the test before they entered the labor market. However, a concern
still remains because the AFQT score is a cognitive measure, and cognitive skills may be

relatively more important in high-amenity occupations.

Hence, to assess the validity of the estimates, it is useful to examine how sensitive
the results are to the choice of proxy. Specifically, whether they are robust if we use non-
cognitive proxies. If two proxies satisfy Assumption 2, they should deliver similar results

even if they measure different abilities.

I redo the estimation with three other proxies that I obtain from the NLSY79: mastery,
self-esteem, and height (see https://www.nlsinfo.org/content/cohorts/nlsy79/topical-qguide/
attitudes). The Pearlin mastery scale is a measure of self-concept and references the ex-
tent to which individuals perceive themselves in control of forces that significantly impact

their lives. The self-esteem proxy is based on the Rosenberg self-esteem scale which mea-
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sures the degree of approval toward oneself. Finally, the height (which I first residualize
on gender) can also be used as a proxy because it has been shown to correlate with earn-
ings and is also predetermined (see (30)). For all the proxies, I use a linear specification
as in (A.1) because the correlation between these proxies and wages is lower than for the
AFQT.

Aswe can observe in Tables A.4 and A.5, the correlation between the resulting amenity
and total compensation measures with each of the proxies is quite high, indicating that

the different proxies deliver similar estimates.

Table A.6 shows that the average percentiles in the amenity distribution by the major
occupation groups with each proxy. The values are quite similar with all the skill proxies.
Moreover, the blue-collar occupations groups (Transportation/construction... and ma-
chine operators/assemblers) show up at the bottom of the skill distribution with all the
proxies. This is also evidence that the AFQT score is a valid proxy. One specific concern
would be that the cognitive skills measured in the AFQT score are relatively less impor-
tant in these blue-collar occupations and that this leads to estimating that these are the
lowest amenity occupations. The fact that these occupations are also the lowest amenity

ones with the alternative proxies suggests that the estimates are robust to this concern.

Finally, figures A.5 and A.6 show the changes in employment and wages along the
amenity and total compensation distributions, respectively, with each of the alternative
proxies. The results are qualitatively robust. The only exception is the increase in em-
ployment at the bottom of the total compensation distribution for height, but the increase

is very small.

Table A.6: Amenity percentiles by major occupation groups with alternative skill proxies

AFQT (Benchmark) Height Self-esteem Mastery

Managers/professionals/

technicians/finance/public safety 78.1 74 80.7 89.1
Production/craft 40 56.8 43.7 48.6
Transportation/construction/

mechanics/mining/ farm 23.7 29.7 25.9 29.3
Machine operators/assemblers 239 29.7 20.6 219
Clerical/retail sales 58.9 54.4 62.1 58.6
Service occupations 31.8 39.5 36.6 35.5

Note: Notice that the values with AFQT score do not coincide exactly with those in Table 1.4
because here I use a linear specification.
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Figure A.5: Smoothed changes in employment and wages by amenity percentile with alternative
skill proxies, 1980-2015
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Figure A.6: Smoothed changes in employment and wages by total compensation percentile with
alternative skill proxies, 1980-2015
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For robustness, I estimate several alternative specifications. I estimate a linear model

Xi=n-+yw;+ Z nnAj(i),n + €;, (A1)

neN

a model with a third degree polynomial in the wage

Xi =1+ 7w, + ’)’zwiz + ’)’3%0? + Z NnAj(i),n + €, (A.2)

155

neN



and a model with an interaction between wages and the (aggregated) amenity

xi =1+ 11w+ (1+720;) Y, A0+ € (A3)

neN

I also estimate this last model with nonlinear least squares. I obtain similar results with

all specifications as shown in Figure A.7 (for the amenity ranking) and in Figure A.8 (for

the total compensation ranking). The correlation of the amenity and total compensation

measures is also very high.

Figure A.7: Smoothed changes in employment and wages by amenity percentile with alternative
specifications, 1980-2015
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Figure A.8: Smoothed changes in employment and wages by total compensation with alternative
specifications, 1980-2015
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Removing unionized workers

Unionized workers earn a rent relative to their outside wages. Hence, we may worry that
we could be measuring union rents with compensating differentials. The way in which
unionization could affect the estimates is by violating Assumption 1 on the non-crossing
frontiers. Unionized workers will earn higher wages at their current employment than in
their outside options, which can imply that the slope of their frontiers is different from
those of similarly skilled non-unionized workers. Moreover, a particular concern is that
the blue-collar occupations, which I find to have the lowest amenities, also had the highest

unionization rates.

Figure A.9 illustrates how unions could imply that Assumption 1 is not satisfied.
There are two occupations, L and H, with Ay < Ap. Some workers in occupation L
may be unionized, in which case they earn a higher wage than equally skilled workers. I
assume that the frontiers are shifted up in parallel as the worker’s skill increases, so As-
sumption 1 would always be satistied without unions. In blue, I represent the frontier of
a low-skill worker who is not unionized, and in red, the one of an equally skilled worker
who is unionized in occupation L. In occupation L, the unionized worker earns a higher
wage, but in occupation H, they earn the same wage. Hence, these two equally skilled
workers face different amenity prices, and Assumption 1 is not satisfied. Moreover, the
frontier of the unionized worker would also cross with those of slightly higher-skilled

workers who are not unionized (as depicted by the green frontier).

Figure A.9: Unionization and crossing frontiers
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The NLSY79 data contains information on whether workers are unionized that I can

use to assess the sensitivity of the estimates. I re-estimate the amenity prices with the
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subset of workers that are not unionized and not covered.? Table A.7 compares the mem-

bership and coverage rates by major occupation groups in the NLSY79 with the aggregate

data. The rates are of a similar magnitude, but they become relatively larger in the later

periods for the NLSY79 because the sample contains older workers. I find that the esti-

mates are not very sensitive to the exclusion of the unionized workers and, as a result, the

amenity and total compensation measures are similar (see the correlation tables A.4 and

A.5). Moreover, the main results on the amenity bias (Figure A.10) and the no polarization

along the total compensation distribution (Figure A.11) are robust.

Table A.7: Comparison union membership and coverage (in parenthesis) rates in NLSY79 and

aggregate data

1986 1996 2006 2016

NLSY79 Agg. NLSY79 Agg. NLSY79 Agg. NLSY79 Agg.
Managers/professionals /
technicians/ finance/
public safety 0.08 0.15(0.19) 0.13(0.17) 0.13(0.15) 0.16(0.24) 0.13(0.15) 0.17(0.24) 0.11 (0.12)
Production/craft 0.19 0.24 (0.25) 0.18(0.21) 0.13(0.15) 0.2(0.22) 0.15(0.18) 0.22(0.28) 0.11(0.12)
Transportation
/construction/
mechanics/mining/ farm 0.13 0.28 (0.3) 0.2(0.22) 025(0.27) 0.24(0.28) 0.25(0.26) 0.25(0.3)  0.17(0.18)
Machine operators/
assemblers 0.15 0.33(0.35) 0.25(0.27) 0.22(0.23) 0.27(0.31) 0.28(0.29) 0.27(0.31)  0.08 (0.09)
Clerical/retail sales 0.08 0.14 (0.17)  0.13(0.17)  0.1(0.11) 0.15 (0.2) 0.1(0.12)  0.17(0.21)  0.08 (0.09)
Service occupations 0.09 0.11(0.13) 0.12(0.14)  0.09 (0.1) 0.16 (0.2)  0.08(0.09) 0.18(0.23) 0.06 (0.07)

Note: The aggregate data on union membership and coverage rates by occupation is from https://www.
unionstats.com/ (data described in 115 and 139).

2Covered workers are those who are under a collective bargaining agreement but who are not members

of a union.
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Figure A.10: Smoothed changes in employment and wages by amenity percentile with prices
estimated without unionized workers, 1980-2015
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Note: The measure no union membership (in green) is constructed by dropping all the union members in the
estimation. The no union coverage (in red) drops all the union members as well as the workers covered by a
union but who are not members.

Figure A.11: Smoothed changes in employment and wages by total compensation percentile with
prices estimated without unionized workers, 1980-2015
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As discussed in Section 1.5.2, the total compensation measure is a combination of the

wages and the amenity measure, where the coefficients on income 7 and 7y, determine

the importance of each. If the amenity prices/compensating differentials are high, the

total compensation will be close to the amenity measure, and conversely. As a result it
could be that the no polarization along the total compensation distribution documented

is a result of overestimating the compensating differentials.
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A direct approach to tackle this concern is to reconstruct the total compensation mea-
sure with re-scaled compensating differentials and check if the no-polarization of Figure
1.6 is robust. More concretely, we can re-compute total compensation as

. w’?

A ] A.
(P]_r)/l /)\/2 +“A]/

for some factor « € (0,1). I do this in Figure A.12 with « € {0.25,0.5,0.75}. The result is
robust for « = 0.75 and a = 0.5, meaning that we can reduce the estimated compensating
differentials by half, and there would still be no polarization. The picture is slightly less
clear if we reduce the compensating differential four times (x = 0.25). There is still a
mostly monotone relationship for wages, but we start to observe some polarization in

employment.

Table A.8 shows the resulting average total compensation percentile for each a by
major occupation groups. As expected, as a decreases, the average total compensation
percentile of the blue-collar occupations increases and of the services decreases. How-
ever, because there is still sufficient overlap and the employment share of the blue-collar
occupations was much larger, we can still obtain that there is no polarization on aggregate

with & = 0.5, as shown in Figure A.12.

Figure A.12: Smoothed changes with rescaled compensating differentials, 1980-2015
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Table A.8: Total compensation with rescaled compensating differentials by major occupation
groups

Total compensation percentile

Wage . .
percentile pAefcle}cg; B(isih?)e x=075 a=05 «=025

(1980) N
Managers/professionals/
technicians/ finance/ public safety 73.9 78 80.1 80.5 80.8 80.5
Production/craft 70.0 39 46 48 51.4 57.8
Transportation/construction/
mechanics/mining/ farm 52.4 23.1 26.7 28 30.6 36.4
Machine operators/assemblers 36.7 23.8 23.1 23.2 24 26.4
Clerical/retail sales 30.6 59.2 55.8 54.4 51.7 44
Service occupations 11.0 32.8 24 21.6 17.6 12.2

A.3 Gender differences in amenity prices and sorting

In this subsection, I explore the gender differences in the amenity price estimates and how
they affect the results. As discussed in the main text, since the estimation consists of mea-
suring amenity prices, they should not be affected by gender differences in preferences
for amenities. That is, even though women may have a higher preference for amenities
than men, they may face the same market prices. With a hedonic pricing approach, prefer-
ences can be recovered in a second step using choice data (i.e., with employment shares),
as was shown by (159). However, it may still be the case that men and women tend to
face different amenity prices. For instance, men may be better at physical tasks—that
tend to have low amenities—which gives them a comparative advantage in low-amenity
occupations. Hence, in this case, men could face larger amenity prices despite valuing
the amenities less. Then, the sorting into different occupations by gender will depend on
both the differences in amenity prices and preferences.

To assess the sensitivity of the results to gender differences in amenity prices, I redo
the estimation and the construction of the amenity and total compensation measures sep-
arately by each gender. Since the samples are reduced, I use a linear specification as in
Equation (A.1). Figure A.13 plots the amenity value of every occupation for men against
the value for women, both normalized by the lowest amenity value of each gender. Note

that this normalization is consistent with the definition of total amenity prices used in
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the growth accounting (Section 1.6.3). The figure shows that the gender differences in
the amenity values are small. The correlation across occupations is equal to 95.8%. The
amenity values are indeed slightly higher for men, which is consistent with men earn-
ing higher wages, but also with men having a comparative advantage in low-amenity

occupations.

Table A.9 computes the average log hourly wages, the average employment share,
and the average percentiles in the amenity and total compensation distributions by gen-
der across the major occupation groups. Men’s wages are higher in all occupation groups.
The largest relative difference is in Machine operators/assemblers and Production/craft, and
the smallest in Service occupations, which is consistent with low-skill men having a com-
parative advantage in low-amenity occupations.® As is well known, blue-collar occu-
pations predominantly employ men, and women tend to sort into clerical and service
occupations. This sorting is consistent with both different comparative advantages and
differences in preferences for amenities. The last columns report the average amenity and
total compensation (computed with the occupation’s average wage for the corresponding
gender) percentiles. The amenity and total compensation percentiles of men and women

are similar in all occupations.

Given the large differences in employment across major occupation groups, it is im-
portant to understand how labor market changes differ within each gender. Figure A.14
plots the changes in employment and wages across the wage, amenity, and total compen-
sation distributions, separately for men and women. That is, I redo all the steps for each
gender so, for example, the changes in employment share are computed with the employ-
ment shares within each gender. Qualitatively, all the main changes—wage polarization,
amenity-biased reallocation, and no polarization by total compensation—go through for
each gender. Perhaps the only exception is the smaller or negligible declines in employ-
ment at the lowest-amenity occupations for men. This is consistent with the fact that the
aggregate employment share in blue-collar occupations decreased partly because more
women entered the labor market and went into other occupations. Hence, the decline
in the employment share in blue-collar occupations among men is smaller than in aggre-
gate. Moreover, as shown in Table A.9, the average amenity percentiles of blue-collar and

service occupations are much closer for men.

3Notice that the relative wage difference in Transportation/construction... is actually small. However,
women’s employment share in these occupations is also very small, suggesting that only a few women
with relatively high wages sort into these jobs.
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Figure A.13: Differences in amenity value for men and women (relative to lowest amenity
occupation) 2006-2022
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Table A.9: Wages, employment, and amenity and total compensation percentiles by gender
across major occupation groups

Log hourly Employment Amenity Total compensation
wages (1980)  share (1980, in %) percentile percentile
Men Women Men  Women Men Women Men Women
Managers/professionals/
technicians/finance/public safety 3.2 2.8 35 29.7 77.3 77.8 80.3 78
Production/craft 3 2.5 7.2 1.8 34.2 40.1 39.3 40.1
Transportation/construction/
mechanics/mining/ farm 2.8 25 28.9 3.7 23.2 19.5 247 19.3
Machine operators/assemblers 29 2.4 10.3 10 249 20.5 25.3 20.0
Clerical/retail sales 29 2.5 12.2 40.9 56.7 58.7 571 57.1
Service occupations 2.5 22 6.3 13.9 255 33.4 21.7 28.2

Note: To compute the total compensation, I use the occupation’s average wages in 1980 of the corresponding gender.
For all the variables (hourly wages, amenity percentile, and total compensation percentile) I compute the averages
weighting by the employment shares of the corresponding gender.
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Figure A.14: Smoothed changes in employment and wages by wage, amenity and total
compensation percentile separately by gender, 1980-2015
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(b) Hourly wages by wage percentile
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A.4 Evolution of amenities within occupations

A caveat of the measurement exercise is that I am not able to measure the evolution within

occupations over time and, in particular, that I do not have amenities data in 1980. For
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some amenities, this is a reasonable assumption as they are inherent to the task involved
in the occupation. This may be the case for the RIASEC characteristics of the O*NET
interests file. For example, whether an occupation is artistic or not should not change
much over time. For other amenities, such as those related to job safety, we should expect

some within-occupation improvements over time.

Change in amenities in O*NET context file. Starting from 2006, I can use different re-
leases of the O*NET context file to measure changes in amenities within occupation (as
I do for the growth accounting exercise) and assess the sensitivity and robustness of the
results to changes in amenities. Table A.10 shows the absolute and relative changes in the
amenities of the context file between 2006 and 2022. As expected, we observe improve-

ments in most amenities.

Next, I use this data to assess the sensitivity of the results to changes in amenities.
I re-estimate the amenity prices and re-construct the amenity and total compensation
measures with the amenities data from 2022. Figure A.15 plots the percentiles in the
amenity and total compensation distribution of each occupation with the 2006 amenities
data against the percentiles with the 2022 data. In both cases, the percentiles are similar
(the correlation is 0.97 in both), indicating that the rankings are not very sensitive to these
changes. Figure A.16 compares the changes in the amenity value (with linear prices)
with the 2006 and 2022 data. The amenity value is generally lower with the 2022 data.
Hence, although the rankings used for the main empirical results appear quite robust, the
monetary values—used for the growth accounting—may be more sensitive. Notice that if
amenities improve uniformly across occupations, the (ordinal) amenity measure should, a
priori, not change much. However, extrapolating, we may expect that the value of ameni-
ties would be larger with amenity data from 1980 instead of 2006, which would lead to
larger growth in total compensation and productivity in the growth accounting part. Fi-
nally, Figure A.17 plots the smoothed changes in employment and wages by amenity and
total compensation percentile estimated with the 2006 and 2022 data. All the results are

similar and robust.
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Perc. in amenity distrib. 2022

Table A.10: Changes in amenities of the O*NET context file 2006-2022

Avg. absolute change

Correlation (100x and normalized) Avg. percentage change
No burns and cuts 0.79 0.98 2.2%
No conflict 0.51 0.12 2.2%
No consequence error 0.7 0.13 3.75%
Contact 0.64 -1.96 4.7%
Contaminants 0.83 29 11.1%
Decision making 0.5 -3.8 4.9%
Discussions 0.36 3.9 115.8%
No extreme temperatures 0.78 0.1 1.5%
Freedom decisions 0.49 -13.61 1.8%
No hazardous conditions 0.8 1.04 4.3%
Indoors 0.84 2.74 17.2%
No repetition 0.6 -14 1.5%
Responsibility 0.48 4.85 20.6%
Teamwork 0.44 0.64 18.1%
No time pressure 0.54 -3.84 3.7%
Time sitting 0.85 3.92 194.1%
Time standing 0.86 423 131.2%

Note: The absolute change is normalized by the mean of each amenity across occupations. More

concretely, for every amenity n and occupation j, I compute, 100 x ( ), and then I

average over occupations, that is 100 x (

every n, [y (FH22 —
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Note: The correlation is equal to 0.97 for both the amenity and total compensation percentiles.
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Figure A.15: Changes in amenity and total compensation percentiles 2006-2022
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Figure A.16: Changes in amenity value (with linear specification and relative to lowest amenity
occupation) 2006-2022
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Figure A.17: Smoothed changes with 2006 and 2022 amenities data, 1980-2015
(a) Employment share (b) Hourly wages

—— 2006 | —— 2006

100 x change employment share
Change in real log hourly wage

0 20 40 60 80 100 0 20 40 60 80 100
Amenity percentile Amenity percentile
(c) Employment share (d) Hourly wages
21+ 2006

100 x change employment share
Change in real log hourly wage

T T T T T

0 20 40 60 80 100
Total compensation percentile Total compensation percentile

Evolution of job safety and injury rates. Data on injury rates can also help infer im-

provements within occupations in earlier periods. First, I use survey responses from the
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NLSY79 to compute average injury rates by occupation groups between 1988-1990 and
1998-2000. This is the same data used by (110). Figure A.18 plots the average injury rates
by occupation groups for both periods. The figure shows that, indeed, the injury rates for
most occupation groups decreased (though it increased slightly for some). Notice, how-
ever, that because these occupation groups are quite aggregated, the decreases in injury
rates can also be due to workers reallocating across different occupations within these
groups.

In Figure A.19, I use data on average injury and illness rates by sector from the Survey
of Occupational Injuries and Illnesses (SOII). This is the same data as I used in Figure 1.1,
and is constructed from historical news releases of the SOII. Panel a) shows the changes in
injury rate by sector between 1992 and 2002, and Panel b) between 2003-2015. Injury rates
decreased in both periods and across all sectors. Again, this is only illustrative as these

declines may be (partly) explained by reallocations across occupations within sectors.

Figure A.18: Changes in injury rates by occupation group (NLSY79)
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Figure A.19: Changes in average injury rates by sector
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A.5 Extra figures

Table A.11: Alternative (non-cognitive) skill proxies by major occupation groups

Wage Years Height
(19 SgO) AFQT schooling Self-esteem Mastery (Residualized
(1980) by gender)
Managers/professionals/
technicians/finance/public safety ~ 73.9 79 80.2 71.5 61.9 61.5
Production/craft 70.0 41.2 38.6 51.3 51.2 67.1
Transportation/construction/
mechanics/mining/ farm 52.4 29.7 25.5 29.9 40.9 39.9
Machine operators/assemblers 36.7 16.9 17.3 28.1 29.2 31.6
Clerical/retail sales 30.6 55.5 57 53.3 56.2 47.6
Service occupations 11.0 23 247 34.2 34.5 30
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Figure A.20: Changes in employed and wages by wages and skill proxies, 1980-1990, 1990-2000
and 2000-2015
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Table A.12: Employment and wage changes by occupation groups

Wage . Total (100x) Change Change
. . Amenity . employment  log. hourly
Occupation group percentile ] compensation h
(1980) percentile percentile share wage
(1980-2015) (1980-2015)
Managerial and Professional
Specialty Occupations:
Executive, admini'strative 91 770 834 29 0.28
and managerial
Management Related 75.9 76.5 78.6 1.6 0.3
Professional Specialty 65 85.1 83.9 5.9 0.24
Technical, Sales, and
Administrative Support Occupations:
Technicians and Related Support 54.2 71.6 70.7 0.19 0.33
Retail Sales Occupations 41.4 60.6 58.6 -0.3 0.06
Financial Sales
and Related Occupations 773 708 753 13 0.14
Administrative Support (clerical) 26.9 58.8 54.9 -3.68 0.11
Service occupations:
Housekeeping and Cleaning 2.7 8.6 2.7 -0.09 0.16
Protective Service 59.4 50.8 53.9 0.54 0.16
Healthcare Support 6.2 44 37.4 1.4 0.13
Building, G.rounds Cleaning, 204 11.9 9.8 027 0.03
Maintenance
Personal Appearance 9.5 61.6 52.6 0.19 -0.03
Recreation and Hospitality 19 48.5 43 0.3 0.03
Child Care Workers 0.3 50.8 32.8 0.13 0.2
Misc. Personal Care and 234 435 374 0.1 0.08
Service Occupations
Farming, Forestry, and
Fishing Occupations:
Farm Operators and Managers 39 58.5 57.4 -0.24 0.8
Other Agricultural and Related 13.5 20.7 15 -0.18 0.14
Precision Production, Craft,
and Repair Occupations:
Mechanics and Repairers 62.8 26.9 32.8 -1.2 0.02
Construction Trades 63.3 29.8 36.3 -0.9 -0.06
Extractive Occupations 71.0 25.6 33.3 -0.09 0.05
Precision Production 70 39 46 -2.5 -0.11
Operators, Fabricators, and Laborers:
Machine Operators, Assemblers, 366 238 231 62 00
and Inspectors
Transportation and Material Moving 45.8 16.3 18.4 -1.4 -0.07
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Employment Share

100 x change employment share

Figure A.21: Evolution of employment and wages by quartiles of amenity distribution
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Figure A.22: Amenity bias 1950-1980
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100 x change employment share

Figure A.23: Amenity bias within major occupation groups
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Note: Routine cognitive refers to the major occupation group clerical/retail sales; routine manual to
blue-collar occupation groups production/craft, transportation/construction/ mechanics/..., and machine
operators/assemblers; and abstract refers to managers/professionals/ technicians/....

Figure A.24: Union membership and coverage rates by amenity percentiles
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Note: The aggregate data on union membership and coverage rates by occupation is from
https://www.unionstats.com/ (data described in 115 and 139).
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Table A.14: Union membership and coverage by occupation groups

. Membership  Coverage Change . Change
Occupation group rate (1983)  rate (1983) membership  coverage
(1983-2015)  (1983-2015)
Managers/professionals/
technicians/finance/public safety 014 0.18 28 >3
Production/craft 0.31 0.34 -16.2 -17.6
Transporta}tlon / Fqnstruchon / 0.34 0.36 185 196
mechanics/mining/ farm
Machine operators/assemblers 0.36 0.38 -22.6 -24.1
Clerical/retail sales 0.19 0.23 -5.6 -8.2
Service occupations 0.14 0.16 -5.8 -6.8

A.6 Details growth accounting

A.6.1 Theoretical results

First, it is convenient to define the workers’” problem in terms of a choice rule x;() as in
(146). For worker i the function x;(j) is equal to one if worker i chooses occupation j and
zero otherwise. Then, we define the worker i’s problem as:

Vi= gnaézxi(j)ui(cir{fljn}) (A-4)
irXi j

S.t. Ci — le(])w](éz) = Qki-
]

With the choice rules, we can write the following equilibrium definition.

Definition 2. An equilibrium consists of allocations {c;};, {x;()};, {W (8)}o,, K and prices
{w;(0)}o,, Q such that:

1. Given wages, the consumption c; and the choice rule x;() solve the worker’s problem (A.4)
forall i.

2. Given the employment distributions {h;(0)}g,, wages and capital satisfy the optimality
conditions:
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zFk=Q (A.6)
forall 0 and j.
3. Market clearing:

e Labor market: for all j and 6, h/(0) is consistent with workers’ optimal choice. For-
mally, W (0) = [ x;(j)a;(0)di where a;(0) = 1 ifi has productivity type 6 and o;(0) =
0 otherwise.

e Capital market: K = [ k;di.

 Goods market: Y = [ c;di.

Proof of Proposition 1

The proof is similar to Proposition 2 in (146) but with no uncertainty and in a production
economy instead of an endowment economy. Fix an equilibrium ({};, {%;()}i, {#/(6) }o,,
K, {w;(6)}e,, Q). Notice first that if an alternative allocation (c;, x;()) is strictly preferred
for some worker i, this allocation cannot be budget feasible:

Ci — in(j)wj(9i) — Qk; <0. (A7)
j

As usual, this follows from utility maximization and local nonsatitation of preferences,
which is satisfied here because I assumed that the utility functions are increasing in wages
and amenities. Now consider an alternative allocation ({c;};, {x;()}i, {/(6)}s, K) that
Pareto dominates the initial equilibrium. The allocation must be feasible, which implies

from the goods market clearing condition that:

/CZ’:Y

-y / MPL;(6)/(0)d6 + FxK
j

-y / w;(0)1(9) + QK,
]

where the second equality uses the constant returns to scale assumption and the second
the firms” optimality conditions (A.5)-(A.6). Then, using the labor and capital markets
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clearing conditions, we can write:

/cidi — ]Z/wj(e)hf(e)de + Q/kidi
_ Z/wj(e) (/xi(h)oci(é)di) d6 + Q/kl-di
—Z/xz (/w] d@)dl+Q/kdz
- / (in(j)wj(ei) + Qki) di
]
> /cl-di,

where the last inequality uses the fact that the strictly preferred allocation cannot be bud-

get feasible (Equation (A.7)), which gives us a contradiction.

Proof of Proposition 2

To show the proposition, we only need to express the term of the reallocation of workers
in Equation (1.23) in terms of amenity prices so that it can be canceled out in (1.28). The

steps are:
(0) 1 —w; o) (0))Hi(0 .
Y /w] ) t1ogi(o o — [ Z ’";"(9>( DO 410g i (0)d0
jeg (o jeT (o
— / Z 8O O) 11oai(e)s,

jeT (0

where the first equality uses dnl® (g) = — Yic7(6)\j(6) dnl (6).

A.6.2 Decompositions of total compensation growth by demographic
groups

In Figure A.25, I repeat the analysis and compute the change in the average income

and amenity value separately for the non-college and the college-educated, and in Fig-

ure A.26, I do so by gender. Although the non-college educated experienced a much

lower increase in wages, I find that their increase in the amenity value was of a more
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similar magnitude—7984.57 dollars compared to 9312.96 for the college-educated. As a
result, the growth in total compensation is 330% (37%) larger than the growth in wages
for the non-college (college) educated. Regarding the gender comparison, while women
experience larger increases in wage income, the bulk of the increase in the amenity value
accrued to men—of 9647.36 compared to only 1540.12 for women. This is consistent with
the fact that the blue-collar occupations, which tend to have the lowest amenities, largely

employed non-college educated men.

Figure A.25: Changes in income and amenity value by education level
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Figure A.26: Changes in income and amenity value by gender
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A.7 Extensions

A.7.1 Endogenous production of amenities by firms

I now extend the model by allowing firms to provide some amenities endogenously, show
that it delivers a similar mismeasurement in output and that it can be corrected with
amenity prices. Broadly, amenities can be classified into two types: those intrinsic to
an occupation, such as its artistic nature, and those chosen by firms, like office perks.
Throughout the paper, I have focused on the first, but similar ideas apply for the growth

accounting in the latter.

Let Al denote the amenity endogenously provided by the firm.* The worker’s utility
now writes U;(w,{Ay},Al). The cost of producing the endogenous amenity for firms
in occupation j is g]-(AI ;q]l ), where q]l is a (Hicks-neutral) technology shifter to the cost
of producing the amenity. I assume this cost is in terms of the final good so that these

amenities will be treated as an intermediate.

Firms in every occupation can choose the amenity level for every one of their workers
A]l . Since firms are competitive, the marginal product of every worker is equal to the cost
of her compensation, which is equal to the wage plus the cost of producing the amenity,

ie.
a“lj I. I
ﬂ]m “’j,i + g](A],zlq])

Then, the combination (wi,j, A]! Z.) is chosen to maximize the worker’s utility subject
to the above condition.” Hence, we can think of firms as offering a menu of wages and

amenities contingent on the worker’s productivity given by the wage function:

om/
I.p\ — — o (AL 4l
A9 = Pty ~ S A

Therefore, the local price of the amenity is given by

~dw;(A];:6) _ 9gi(Aj;q})

(A.8)
aA]{i aA]{i

Ioaly
5]'(Aj,i)—

41t is straightforward to extend the analysis to multiple endogenously provided amenities. With contin-
uous amenity choices, we can define the price for each amenity as in the empirical part.

SThis is similar to the setups in (120) and (160), where firms provide amenities as in (160), but the
worker’s total compensation is determined by its productivity.
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Then, the worker’s optimality condition pins down the chosen amenity level:

ou;

oAl
ji_ sl
ou; _‘Sj(A]}i)'
ac;
Because the endogenous amenity is produced with the final good, the market clearing
condition for the final good writes:

Y= [edi+ [ Cxili)gi(Alig)di (A9)
]

For exposition, I assume that all workers with the same type 6 have the same preferences
for wages and A!, so that we can write

Y:/cidi+/th(e)gj(A}(e);q}.)de, (A.10)
,-

where A]l (0) is the optimal level of the endogenous amenity for workers of type 6 in occu-
pation j. Similarly, this assumption allows us to write a unique wage for every occupation
and worker type w;(6).

Again, if income measures do not include the compensation or the value of the ameni-

ties is not counted in the firm sales, the measured output is equal to:

YE /Cidi

=Y — [ Yg;(Al(®):a) i (6)do
]
- /ij(e)hf(e)de +QK.
j

As in the main model with exogenous amenities, the consumption of amenities would
not be included in any of the three approaches to measuring output. An increase in the
cost of amenities production—either through an increase in A!(6), a reallocation to oc-
cupations with a higher amenity production, or direct increases in the costs (t:lq]I- )—will
lead to a decrease in measured output and TFP. The intuition is that an increase in the
cost of amenity production is measured as an increase in the firm’s production costs, but
the value of amenities is not accounted as part of either the firm’s sales or the workers’
compensation. Thus, this negative effect of higher amenity expenditures on TFP is akin
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to that of an increase in the cost of a factor input.
Defining the growth in measured TFP as in (1.22) and differentiating the market clear-

ing condition, we obtain:

Wi MPL;(0)hi(8 .
dlogTFP:%dlongrZ?]dlogzj—k/Z 7(?) ( )dloghf(e)de
j j

ag;(Aj(0):a]) ¢ ;

_ : =L AL ORI (6)
(AL©): 4D (0 ala 1
— — dl h] — log Ai(0)d
/Ej 7 ogh/(0)d6 — /E 5 dlog A;(6)do

(A.11)

g(Al(0); W( )

+/Z

(—dlogq][)dB.

Again, this formula shows that Hulten’s theorem does not hold under the conven-
tional measures of output and TFP growth because changes in the endogenous allocations
({dlogh/(0)} and {dlog A]I (0)}) have first-order effects on measured TFP growth.

Augmented output and Hulten’s theorem. I now show that we can also derive a
Hulten’s theorem by redefining output to include the value of the endogenous amenities.

I define the total price of the endogenous amenity as
al(Al) = / 5’ (ADdAL (A12)
Then, the augmented output is

Vv [ Z a0y ()do + [ Z AL(AL(0))1(0)do.

jeJg (o jeJg(o

The growth rate of augmented TFP (dlog ATFP) is defined as in (1.27) and the growth
dlog Y? at constant prices implies that the functions {4 ]I (A;)}; are also held constant. The

following proposition derives a Hulten’s theorem for the growth in augmented TFP.
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Proposition 15. The growth rate in augmented TFP with endogenous amenities satisfies

(6;dA;) Al (6
dlogATPP——dlogz+Z~ dlogz]—|—/ Z PAM )dlogA]-dG
jeJ(8) Yo
(A-(Q))h](Q)
+/ Z ]?a (—dlogq})d@

jeJ (e

Proof. From the definition, the growth in augmented TFP satisfies

0)h (6 i(6;d A7) Al (6
dlogATFP_—dlogTFP+/ Y SIOL )dlogh] d9+/ Z AN )dlogAjdG
jeJ(6) ye jeT (o ye
AL(AL(0))1(6) o AI(G))AI (6)11(6)
+f Z oy dlogh (8)d6 + / Z = dlog A!(0)d6,
jeTJ (0 jeeJg(o

where dlog TFP is given by (A.11). Then, using the definitions of the prices A;(0), A]I (0),
and ¢ ]I (A]I ), we can cancel out all the terms that depend on the changes in the endogenous
variables. O

Corrected TFP. Finally, as in the main model, we may also be interested in using
amenity prices to measure a corrected TFP growth. I now define corrected TFP growth

as:

AL(AL(6))1(6)
dlogCTFP = ~dlogz + Z — dlogz] +/ Z ]?a (—dlogq})d@
jeJ(0)

Note that since the endogenous amenity is an intermediate good that directly affects the
measured output, I include the changes in its production cost (dlog q]l ) in the corrected

TFP. The corrected TFP growth can now be computed as:

0)1i (6
dlog CTFP = dlogTFP+/ y LiOKE)

jeT ()
I/ Al Iial I '
+/ Z AL(A] (f))hf(f?)dlogh, d9+/ y ‘5](Af(9))~AJ‘(Q)h](e)dlogA}(e)de.

jeJg(e Y jeeJg (e Ya

dlogh/ (0)d6
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A.7.2 Inefficient economy with wage markdowns

In recent years, a large literature has emerged quantifying the aggregate effects of misal-
location in inefficient economies (158 and 118). Frictions, such as markups or taxes, create
wedges between prices and marginal products, which imply that resources are not allo-
cated efficiently, thereby creating output, productivity, and welfare losses. For growth
accounting, (22) provide an aggregation result for inefficient economies with rich input-
output linkages that can be used to measure the sources of TFP growth. This idea has also
proved important in the labor market. For instance, (33) quantify the aggregate welfare
and output losses from labor market power, while (117) quantify the growth from an im-
proved allocation of talent due to a reduction in discrimination, better access to education,

and changes in social norms and preferences.

Throughout, I have studied a competitive economy where the first welfare theorem
holds. First, because an efficient economy provides a benchmark to isolate the role of
amenities and compensating differentials. But second, to highlight how, with compen-
sating differentials, we can measure misallocation in an efficient economy. However, it
is interesting and important to extend the analysis to an inefficient economy economy.
Especially to understand the interaction between labor market power and compensating
differentials.

Occupation-level wage markdowns. To study an inefficient economy in a parsimo-
nious way, I introduce exogenous occupation-level wage markdowns { ptj}.6 Hence, the
wage paid to workers of type 6 in occupation j satisfies

w;i(0) = yj—lMPLj(e). (A.13)

The firm’s profits originating from the markdowns are rebated back to the workers.
For ease of exposition, I assume no aggregate capital and no aggregate technology shifter,
so the production of the final good is Y = F ({y;},).

Because now there are no intermediates, the production of the final good is equal to

i (6,)
- Blogz

changes in employment in response to changes changes in technology and markdowns,

the measured output, i.e., Y = Y. Letting dh/(6;) = dlogz; + E)lo( )d log j1; denote the

® A more complex way of introducing inefficiencies would be to have market power or distortions at the
firm level. In this case, we would need to introduce firm-specific preferences as in (33) or have a model
with rationing.
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we can write a decomposition for the growth in measured TFP growth similar to (1.23):

MPL;(6)

dlog TFP = Z ]y]dlogz]+/2 dhi (6)de

_Zp]y]dl ]+/Z’”w] ©) drogH (6)d.

Similar to the efficient case, changes in the allocation of production inputs {dlog//(6)}
have first-order effects on TFP. However, this is now caused by both the compensating dif-
ferentials and the markdowns. Hence, as is well known, even without amenities Hulten’s

theorem will not hold in this economy:.

In what follows, I first derive an aggregation result similar to that of (22) to character-
ize the changes in the measured TFP in this economy with markdowns and compensating
differentials. Then, I show how the corrected TFP measures the change in allocative effi-

ciency net of the effect of compensating differentials.

Aggregation result. The following proposition characterizes the change in TFP in

response to changes in technology and markdowns.

Proposition 16. The change in TFP in response to changes in technology ({dlogz;};) and mark-
downs ({dlogy;};) satisfies:

0)h (0 .
dlog TFP = ZA [dlogz; — dlogp; — dlogW]+/ ) ,u]#dlogh](é)dQ
jeJ (@)

where Aj = % is the Domar weight of occupation j and W; = [w;(6)1/(6)d6 is the wage bill in

occupation j.

The proposition is proven in Subsection A.7.2. The proposition is simpler than of (22)
in that there is no input-output structure. However, the conceptual distinction is that in
this economy, the price of each production factor (here 6) is different across the producers
(here occupations). This implies that the last two terms are different. In particular, we
need to keep track of the reallocation of the production factors (here {dlogh/(8)}) across
producers. In (22), it is sufficient to keep track of the changes in the income shares of each
factor (here W(0) =} w;(6)1(6)).

To understand the last term, recall that the terms y;w;(0) equal the marginal product of
labor (MPL) of 6 in occupation j. Hence, measured TFP increases if workers reallocate to
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high MPL occupations. However, the differences in the MPLs are due to the amenities and
the markdowns. For exposition, assume there are two occupations, { H, L} with AH > AL
and no skill heterogeneity. Then, the last term can be written as:

1

?[VHWH — upwy)dht,

which implies that a reallocation to the high-amenity occupation decreases the measured
TFP if:

A> (B 1)l
HH

where the total amenity price is defined as usual: A = —(w! — w"). That is, if the mark-
down in the low-amenity occupations is not too high compared to the markdown in the
high amenity one and the amenity prices. If the markdowns are the same, a reallocation

of workers to the high-amenity occupation always decreases the measured TFP.

Corrected TFP. I now show how the corrected TFP, computed as in Equation (1.31),
measures a change in allocative efficiency net of the differences in wages from amenity
prices. First, notice that we can define the total amenity prices A;(0) exactly as in Section
1.6.3. They are the prices that workers face and are constructed from the differences in
observed wages. Hence, they can be mapped to the amenity price estimates in the same
way. Moreover, these amenity prices still measure the valuation of the amenity for the
workers that reallocated. However, the wedges imply that they are not equal to the dif-
ferences in the MPL across occupations, and so to the costs of producing the amenities.

The following proposition characterizes the corrected TFP growth.

Proposition 17. The response of corrected TFP to a change in technology ({dlogz;};) and mark-
downs ({dlogy;};) satisfies:

(0)H (6 ,
dlogCTFP:Z/Xj[dlogzj—dlogyj—dlong]+/ Y. (pt]'—l)w]( ) )dlogh](e)dG,
j jeT(6)
where
(0)h (8 ,
/ y (yj—l)Mdlogh](G)dGZ
. Y
j€J ()
wj(9)(0) Ai(0)h( .
[> [(u;— WO L0 — (1)~ dlog(6)d6
jeg (o) )
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(Proof in subsection A.7.2). The corrected TFP measures changes in allocative effi-
ciency net of the differences in wages due to amenity prices. Since amenity prices are
measured from the prices paid by workers, they account for the valuation of the workers
that switch. The proposition shows that this net change in allocative efficiency can be

. i9)(0
decomposed into two terms. The first term, (y1; — p(9) )1/ (6) wl(?( ), measures the change

in allocative efficiency due to the differences in markdowns across occupations. Without
amenities, the term would be the same but with a unique wage for every 6, w(6), instead
of the wage in the lowest amenity occupation wj(g(6). This term implies that allocative

efficiency improves if workers reallocate to high-markdown occupations, as these occu-

pations have too few workers to begin with. The second term, (y; —1) 8 (szh ](6), can be

interpreted as a distortion in the sales of amenities. A markdown y;l in occupation j, can
be seen as a markup y; in the sales of the amenity A;. In this sense, this term is negative

if workers purchase more amenities with larger (gross) markups.

Proof of Proposition 16

The first step is to derive the change in the occupations outputs’ prices (dlogp;) in re-
sponse to changes in productivities and markups (the steps are similar to 22 or 21). Con-
stant returns to scale imply:

pizim ({0 }o) = ;[ wj(8)1 (6)ab.
Log-differentiating and collecting terms:

w;(0)h (0
dlog jdo + / Mdlogwj(é)d()
)

) (6)
j Yj

w;(6
dlogpj: —dlong—f‘/%
]

— —dlogz; +dlogj; + [ 0(6)dlogw;(6)do,

where Q;(6) = W and the second equality uses [ pjw;(0)1/(6)d6 = p;y;.

The next step is to write the change in the final good as a function of the prices of the
occupations outputs {p;}. We can write the production of the final good as

Y({pi}R) =maxF({y;}) st Lpy =R,
]

Y;j
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for some R. The envelope conditions are:

oY

B_Pj = —HYj,

where y is the multiplier. And the FOCs: F,; = pp;, which combined with the constant
return assumption imply y = 1. Hence, if we consider a general perturbation of prices

{dp;}, using the envelope conditions we obtain:

4Yj = —y;dpj,
or in log differences:
dlogY = —Z%dlogp-.
AR

Substituting the changes in prices using the equations above:
dlogY = 2/\ dlogz; — ZA]y]dlogy] 2/\ /]/l] 0)dlogw;(0)do (A.14)
Letting W;(0) = wj(é))hf (0), we can decompose the third term as

Z/\ /y] 0)dlogw;(0)d6 = Z/\ /y] 0)dlog W;(0)do — ZA /;4] 0)dlogh/ (6)d6.

(A.15)
Letting W; = [ W;(60)d6, we rewrite the first term as:

Z/\ [ mi(@)dogwe de_ZA L [ aw(e)de

Py
B Z y]W dW;
"pyj WJ’

j

186



Proof of Proposition 17

Adding and subtracting (y; — 1)w;()(0), we have:

/ , ;(9)(#]- - 1)wdloglﬂ(9)d6 -
j€

Then, using }_;c 7 (o) Wi (8)dlogh/(9) = 0, the second term can be rewritten as:

wj(g) (0)1(6) .
/ Z( )(Vj - Vl'(e))—lw) % dlogh/(6)d6. (A.16)
jeg (e
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Appendix B

Appendix of Chapter 2: The Hidden
Demand for Flexibility - A Theory of

Gendered Employment Dynamics

B.1 Extra Tables and Figures

Figure B.1: Men under women-tailored contract

(a) Average wage dynamics (b) Wage distributions (at t = 64)
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Figure B.3: Comparative statics on a for women’s wage dynamics under male-tailored contracts

Figure B.2: Termination dynamics with low and high v
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Table B.1: Comparative statics with respect to the targeted reduction in hours

Avg. growth rate  Avg. wage gap

Pmen  Pwomen ¢ v omens’ wages  after 16 years
Baseline (25% reduction) 0.06 0.15 -0.014% 0.88%
20% reduction in hours 0.08 0.21 -0.018% 1.12%
30% reduction in hours 0.04 0.1 -0.01% 0.64%
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B.2 Proofs

Throughout, we use the following notation for the continuation utilities:

(UH — U(ZUH,hH,'fH) + ﬁUH
wr U(wL,hL;fL) + ,BUL.

Proof of Proposition 3

In the simple case when the employer can observe the employee’s time availability f and
there is full commitment, the Lagrangian of the principal’s problem writes as

£=(1=p)[gh") —w' + i) | +p [g(h") —wh + pri(eh)]
+ A1 = p) (u(@) = (1= FHyp(rt) + o' ) + p (u(wh) — (1= fHp(ht) + po) o).

Then, for any j € {H, L}, the first order conditions are

w " (1w].) =A (B.1)
h: % =2 (B.2)
o TI(v)) = —A (B.3)
and the envelope condition
T (v) = A. (B4)

Combining (B.1) and (B.2) we get the first result of the proposition:

g/(hj) _ (1- f])l[)/(h]) (B.5)

u! (wl)

H

From (B.1) and (B.3), it also follows that contracts feature full insurance, i.e. w" = w’ and

H — »L. From (B.3) and (B.4), it also follows that v = v/ so there is perfect intertemporal

v
smoothing. Finally, because v is constant over time, the principal’s value is also constant.

Hence, it is never optimal to terminate the contract if it is optimal to enter it.
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Proof of Proposition 4

We start establishing some preliminary results on the relevant constraints. We first show
that (IC) constraint of the high type must bind in the optimal allocation. We assume
throughout that k! > hl and verify ex-post that this condition is indeed satisfied. In this
case, incentive compatibility requires that either u(wHf) > u(wh), o > ok, or both. By
contradiction, assume that the high type’s (IC) does not bind. Then the principal could
lower the utility of the high type while satistying (IC), (SUST) and (LC), and redistribute
to the low type while satisfying the (PK) constraint. Because the cost of increasing the
utility of the high type is smaller, the principal can obtain a direct resource gain from the

perturbation.

Then, note that the (IC) constraints can be written as

w' =+ (" = f1)p(t) (B.6)
wh > @M+ (ff = fpn'). (B.7)

Using h! > Kb, it is easy that the high type’s (IC) binding implies that the (IC) of the
low type will not bind. For the sustainability constraint, because hL > 0, we must have
wH > wr. Hence, if the allocation is incentive-compatible, the (SUST) constraint of the
high type (wf < 7) is implied from the (SUST) constraint of the low type, and so it can be
ignored. Finally, we ignore the (LC) of the high type and verify ex-post that it does not
bind.

The Lagrangian of the principal’s problem is
L= (1—p)[gh") —w + Bri(e!)| + p[g(h) — w + pII(o")|
+ A1 = p) (u(@) = (1= fHyp(t) + ot ) + p (u(wh) — (1= fL)p(ht) + pot) — o]
+ g [uw™) = (1= fFTyp(h) + o' — u(w") + (1= fFT)p(ht) + pot |
+ py [u(wh) — (1= fL)p(ht) + pot — 3| + pep 0" — 7|
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The first order conditions are:

T 4 Uid U B8
- g T (B5)
L gty . pa=f" B9
-y Ty A m ®2)
g, 1 4

s e = AT T (B.10)

I S _K
w- (w0l =A+ v (B.11)
ol _IT (o) = A + % (B.12)
oL —H'(UL):/\+7—|—§—% (B.13)

And the envelope condition:

I (v) = —A. (B.14)

Moreover, combining the envelope condition and the first order condition for v in prob-
lem (2.6), it is easy to see that T’ (v,) = IT'(v).
Part (i): Combining the first order conditions (B.8) and (B.10):

I e AT U}

u' (w)

Combining (B.9) and (B.11):

AN Gl )| Ui W ORI e i W € Sl i) A )
$04 =i (e ) >

Part (ii): First note that because v > ¥ we have h" > 0 (see Lemma 2), which implies
wH > wh. Moreover, we also know that h! > hl. This implies that we must have either
ufl >yl vH > ol or both, we now show it must be both. Consider the case where the (LC)
constraint does not bind, i.e. ¢ = 0. Then because p > 0, the FOCs (B.10)-(B.13) directly
imply uf > ul and v’ > v*. Now assume the (LC) binds, so o' = 7. The constraint for
the high type implies that v > v, which combined with the FOC requires A + % >
Ay +E— %. Because ¢ > 0 from the FOC for v and v* we deduce that ufl > ut.
The last step is to show that v/ > vt. By contradiction, assume v = vl is optimal.
Optimality implies that the allocations following ff and fl must be the same. Now
consider a perturbation where we decrease u! by ¢ > 0 and increase v by %s so that w!?
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is kept constant. We increase v'! by increasing uEH by -=1—¢. The resource gain from

B(1—p)
this perturbation is
ATT 1 1
~ o Y, (B.15)
€ u' (wi) u’(th)

which is positive if wH > w{il. The (SUST) and (IC) constraints imply that w!! > 7 = o!,

which, because there is no distortion in hours for the high type, implies w!! > wgl.
Next, we show 01 > v > vl in the region without exp-post inefficiencies where con-

straints (SUST) and (LC) do not bind. Substituting the envelope condition (B.14) into the
FOCs (B.12) and (B.13), we have

1 (HY 1 H
I (") = H(v)+—1_p,

~I(oh) = —1'(0) - 1,

where we use IT = IT because in this region there is no exit (see Proposition 5 and Corol-
lary 1) and v = ¢ = 0 because the (SUST) and (LC) do not bind. Then, because IT is
decreasing in this region (Proposition 5) and u > 0, it follows that v/ > v and v < o*.

Part (iii): Finally, when the (SUST) and (LC) do not bind, combining the FOC (B.10)
and (B.11), and using sequential notation

1 1
A= 0P Pl

uwi

Combining the FOC for the promised utility (equations (B.12) and (B.13)) and for wages,
we observe that —IT (vf) = 2~ and —IT'(v!) = A~

, which gives us the Inverse Euler equation in the proposition.

. Then, using the envelope con-

dition implies Ay = m

Proof of Lemma 2

First, notice that as v — o, the (PK) constraint converges to
(1-p)wf + put =7. (B.16)

Then the (SUST) constraint (w’ > 7) implies that we must have w!’ = w! = 7. Substitut-

ing into the (IC) constraint

o=0+ (f" = fHyp("), (B.17)
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which implies it — 0.

Proof of Proposition 5

We first show that the (constrained) profit function I° is increasing in a neighborhood
around . Starting from v = 7, consider perturbation where we increase promised utility
by ¢, i.e. v =7 + ¢ and the hours of the low type by ", i.e. i = ¢" by Lemma (2). We now
show that this perturbation can satisfy the (IC), (PK), (LC) and (SUST) constraints and
deliver higher profits for the principal, i.e. I1°(7) < I1°(7 + ¢). We keep v* and v fixed
at the optimal given v = 7, so the (LC) constraint holds. To satisfy the (SUST) constraint,

we increase w' to keep the low type’s continuation utility, w', constant:

pwt =1 _5();";58 e’ (B.18)

As ht increases, the information rent that must be given to the high type to preserve

incentive compatibility also increases. To this end, we increase the high’s type wage w'!

by:
o (e 519

u' (wH)

Finally, the (PK) constraint must also be satisfied. Since w’ is kept fixed, we only need to

make sure that Aw! increases the high’s type utility enough. Hence,

A=p)(fT = Ay (e =, (B.20)

which gives us the link between ¢ and ¢. The next step is to show that for a small enough
¢", this perturbation increases the principal’s profits. The change in the principal’s objec-
tive function is

AT ~ —(1 — p)Aw! — pAw" + pg (eh)e". (B.21)

Substituting for the wage changes

c H L / __rL lgh
ASI_hI %_(1_;9) (f '(fwz—l)( ) p(l u{(ﬂ)}’f)( )+Pg/(€h) (B.22)
H L L
——[a-n o U e+ pg@ ©23)

The first term inside the squared brackets is a bounded constant. Moreover, we have

the Inada conditions lim,_,, ¢’ (¢") = 0 and lim_,, g’ (¢") = o0, so for a small enough ",
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AH > 0. Therefore T1°(7 + &) > TI°(7) 4 AIT%" > T1°(7) which implies that TT¢ must be

mcreasmg in a neighborhood around .

Finally, we show that I1® must be decreasing at v > v for some v > v. Notice that
for high enough v, the (SUST) and (LC) constraints are not binding so y = ¢ = 0. Then
combining the envelope condition (B.14), and adding up the FOCs (B.12) and (B.13) we

obtain
all(v)

1 1
o= (=P * Py <0

which shows that I1¢ is decreasing.

Proof of Proposition 6

We show the result first for wages. Then, we show it is straightforward to extend it for the
promised utilities. Starting from the optimal allocation, we consider a variation where we
decrease ht, w* and w! while satisfying the (IC) and (PK) constraints and show that the
resource gain is decreasing in p. For ¢ > 0 small, we lower the hours of the low type by
Ahl = —e. We move along the indifference the low type’s indifferent curve, i.e. we keep

wl fixed, so u" needs to be adjusted by
Aul® = (1 — By’ (hE)(—e) <0 (B.24)

This relaxes the RHS of the incentive constraint (B.6) by (f — fL)¢/(h*)(—e) < 0, which
allows as to decrease uf! by

wl 1€ = (F1 — fLyy/ (nh)(—¢) < 0. (B.25)

Because w! is fixed, the ex-ante utility decreases by (1 — p)AuIC < 0. To satisfy the
(PK), we increase both types’ wage utilities uniformly by AufX = (1 — p)Au'>IC, which
preserves incentive compatibility. The resulting total changes in the wage utility of each
type are

AuHTOT = AutIC 1 AuPK = p(H — Ly (1) (—e) < 0 (B.26)

AubTOT = Auh AP = [(1— F1) — (1 - p) (F — Oy () (—e) <0, (B27)

where the first inequality follows from f > fF, and the second from 1 — fX >0,1—-p <1
and fH < 1, which verifies that Aw" < 0 and Aw" < 0. The principal’s gain from this
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perturbation is

All~ (1—p) (—u,(zloH)AuH’TOT) +p (g’(hL)(—e) — u,(;L)AuL'TOT) . (B.28)

Substituting for the changes in the wage utility and rearranging

2 0= ) (g = ) U7~ £ (B.29)
+p ((1 — (L;lf;(h” - g’(hL)) - (B30)
Differentiating with respect to p
- 20) () U P00 ®31)
Ip u'(wh) ' (wh)
+ ((1 _uj,falf;(h D g’(hL)> : (B.32)
We need to show that ASH < 0. For p < 1/2, the result is not direct because in the optimal
allocation —; (;H) — u,(w ) > 0. Using the FOCs (B.10) and (B.11),
7w~y = e 4 )y (533
Moreover, from the optimality condition (2.7),
gty - CELI) o B gy, B34

Al :
Hence, ﬁ <0if

%(fH—fL)ll/(h) (1-2p) )(fH Ay (b, (B.35)

p(l—
which is equivalent to p > 0 and completes the proof.

To show v and o' are also decreasing, notice we can follow the same variation as
above but with Ao T0T = %AuH'TOT and Aol TOT = %AML'TOT.l Then, the resource gain

!In fact any variation where a fraction a € [0,1] of the change in compensation is delivered through the
flow utilities, u!! and u’, and a fraction 1 — « trough promised utilities, oM and vL, would work.
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for the principal is
AT ~ (1 — p)IT (o) AuBTOT 4 (g’(hL)(—s) n H’(UL)AuL'TOT> . (B.36)

and IT (v") = — 1~ and fol-

Then using the FOC we can substitute IT'(v!!) = (Wl

low the same steps as above.

__1
u' (w')

Proof of Proposition 7

As discussed, with log-utility wages are a martingale under men’s contract:
W () = Pmen (1) (1= PP (L 1),

Then, rearranging terms we can write:

w;“e“(ff—l,fHLl:_( Pmen )( W fL)_1>. (B.37)

W (1) 1 = pmen wi T ()

The expected wages for women under the male-tailored contract are

Epwomen( men(ft)) Pwomenw];nen(ft_lrfL) + (1 Pwomen)w];nen(ft_lffH)-

So, the expected growth rate is:

]Epwomen < men(ft))> — 1= pwomen ( men(ft ' fL) 1) + (1 — pWOmen) ( men(ft_1 fH) - 1)

men(ft 1 men(ft 1) men(ft 1)

men t—1 gL
N (pwomen a (1 B Pwomen) 1 f]O;:Ilrllen> ( me(nf(ft if) ) - 1)

() ()

where the second equality uses equation (B.37).

Proof of Proposition 8

A recursive formulation of the problem is challenging as the continuation utilities for

men and women under a common contract do not coincide. Hence, it is more convenient
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to work with the sequential problem. Without sustainability and limited commitment

constraints, the employer’s problem consists of maximizing

I(vo) = iZﬁt [P (f)(w(f),h(f1) + (1 = s) P (f)m(w(f'),h(f))] (B.38)

=0 ft

subject to the incentive constraints for men and women:

i Y BP () U(f),h(f); f) = iZﬁthe“(ft)U(W(ﬁ(ft)),h(ﬁ(ft));ft) (B.39)

t=0 ft t=0 ft

i Y BPHOm (U () h(f)i f1) = i Y B POm (YU w(fi(f)),h(fi(f1)) f1)

t=0 ft t=0 ft
(B.40)
for all type histories f* € {fL, fH}* and reporting strategies f : { f£, fH}* — {fL, fH},
and the time-0 participation constraints:

i,zﬁtpme“(ft)U(w(ft),h(ft);ft) > vy (B.41)
= ft
Y Y BPmen(FUo(f), (F) ) = vo, B.42)
t=0 ff

Then, assuming that there exists a contract that satisfies constraints (B.39)-(B.42), we
can derive the Inverse Euler equation in the proposition with the usual perturbation ar-

gument. Fix a history f’, and consider a perturbation where we decrease the wage utility

by du(f') = —e for ¢ > 0 small, and we increase the wage utility in the following pe-
riod of both types by su(f, fL) = u(f*, f) = §- Due to the uniform change in utilities,

this perturbation preserves all the incentive and participation constraints. Then, using

P8 (ft) = gpmen(ft) + (1 — s)PWomen( 1) the change in the employer’s value is

ST = [Btpavg(ft);(_s) 4 IBt+1 (Pavg(ft fL);E + Pavg(ft fH);E) )
w'(f) w(ftfh) B w(ft,f7) B

In an optimal contract, the gains from this perturbation must be zero, setting 611 = 0 and

collecting terms

1 _ pavg(ft/fL) 1 N Pavg(ft’fH) 1
w(ff) — PYB(fY) w/(fffR) - PYs(f) wW/(fLfH)
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where

Pavg(ft’fL) _ sten(ft,fL) + (1 _ S)Pwomen(ft,fH)
Pan(ff) Spmen(ft) i (1 _ S)pwomen(ft)
g pmen (ft)Pmen + (1 _ S)Pwomen (ft)pwomen
Spmen(ft) + (1 — S)pwomen(ft)

= Pavg(ft)

and

Pave(f!, f1) _ sP™ M (f) (1 = pmen) + (1 —5)P™™ " (f')(1 — pwomen) =1~ Pave(f1)
Pavg(ft) Spmen(ft) + (1 _ S)Pwomen(ft) avg :

Finally, using P™en(f*), Pwomen(ft) ¢ (0,1) for all f* € {fL, fH}, s € (0,1) and pmen <
Pwomen it follows that pmen < pavg(f ) < pwomen for all ff € {fL, FH}E

B.3 Details Numerical Solution

There are two challenges to solving the optimal contract problem numerically. The first
one, which is common to all dynamic contracting problems, is that the constraints in the
dynamic programming problem are forward-looking, and as a result, the set of feasible
promised utilities is not known ex-ante. This prevents using standard dynamic program-
ming techniques. One solution is to follow (142), which consists of solving a recursive
Lagrangian. The second challenge is that this approach is known to fail when the Pareto

frontier is not strictly concave (57), which is the case in the termination region.

Our approach consists of first solving the principal’s value function I'T with the recur-

MM oMM
min /77 Y max

with vMM > > 5. With this solution, we can then solve the problem with a direct promised

sive Lagrangian method in a region where the (SUST) constraint does not bind: {v

utility approach (i.e. standard dynamic programming optimizing over promised utilities)
in the region {6,...,0%\14
high promised utilities, we know that we lie in the range of feasible promised utilities.

}. Because the value function has already been computed with

B.3.1 Recursive Lagrangian

As discussed, for high values of promised utility where the (SUST) is far from binding,
we solve the model following (142). Let x = {hf,ht,wH,wl} and denote by A and u
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the multipliers on the (PK) and (IC) constraints, respectively. We define the recursive
Lagrangian as

LX) = (1=p) [g(hH> —wH 4 (A + %) (u(wH> - —fH)IP(hH)) + WA+

p

where W solves the saddle-point problem:

W(A) = minmax L(A, p,x). (B.43)

u>0 x
With standard value function iteration, we can solve W and compute the policy functions
x on a grid {Ayin, ..., Amax }. For every (A, u) we compute the policy functions using the
FOCs (B.8)-(B.11). With the policy functions, we can then also compute I1 and v by VFI

on the grid for A. Combining the two we can also compute I on a grid {vmm o OMMY
Finally, we verify that 0%5\1/1 = 0(Apin) is high enough such that the (SUST) is far from
binding. Otherwise, we increase A,,;,, and solve again.

B.3.2 Promised Utility Approach

We now have a solution for the principal’s value function IT on a grid {oMM, . oMM}

MM

The next step is to solve the problem in the region (7, ...,v, /") with a promised utility

approach. We solve separately for both I, i.e. when the principal is not allowed to

terminate, and I1. The algorithm to solve for Il is the following:
Algorithm I

MM
,c-.,vmin

1. GuessII¢onagrid {v

MM

2. For every v € {T,..., oMM} optimize over (hH,ht,o1).

¢ The remaining policy variables are obtained from the constraints. For every
ht, use the FOC (B.10) to solve:

S

wH = (ﬂ(hH)W“—“)) . (B.44)

Zi
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Then, at every point, combining the (IC) and (PK) constraints we can compute:2

wh=ut (o—pot+ (1= 1)+ A= p)(f- = )] pt))  (B45)

off = 5 (=t (1= f) (") = phh))) 4o (B.46)

¢ Checkif the optimal policy x* satisfies the (SUST) constraint. If it's not satisfied,
add a large penalty in the objective.

e Compute the objective and find the point x* = (hH*,hl*,vl*) that maximizes

the principal’s value.

3. Update the value function, if it doesn’t satisfy the tolerance go back to step 2.

Algorithm ITand [T:  First, we check that the outside is such that IT > IT°(7). Otherwise,

there is no exit, and I'l° = II. Then the algorithm proceeds as follows:
1. Start with a guess of the continuation value function I8¢5, We can use the solution
of the constrained frontier I'° from the previous part.®

2. Compute the guess for the value function I18“**. For this, first find the grid point v*
such that the line from (7,I1) to (v*, 184 (v*)) is weakly above T18%¢. Compute

the slope of this line as b = %. Then for v € {v,v*}, compute
[18%%°(v) =TI — b(v — D) (B.A47)

and forv € {Z)*,UMM} set ngess(v) = ﬁguess;(v).

min

3. Solve
117! (0) = max(1 - p) [g(h) — ! + BIIS = (M) | 4 p [g(h") — wh + BIIS™ (o1 ) | (B48)

subject to (IC), (PK), (SUST) and (LC).* To solve this, repeat the step 2. of the algo-
rithm for I'T¢.

4. With T17°! follow the same procedure as step 2. to compute I17%. Check the distance
(can do for both IT and IT), update guess and go back to 3. until convergence.

2If need to extrapolate, use the solution computed with the other method.

3As I1¢ and IT are very similar in the region without termination. I gives a good initial guess and the
value function converges fast.

4 As before, if need to extrapolate, use the solution computed with the other method
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B.4 Data

The American Time Use Survey (ATUS) is a nationally representative U.S. time diary
survey with detailed information on how many minutes a certain time of the day respon-
dents spent on various activities, including work, care and leisure. Our sample comprises
information from 2003 to 2022. We focus on working population aged 20 to 65, excluding
self-employed. We restrict information to time diaries of typical working days, Monday
to Friday. In accordance with out framework, in the baseline calibration, we focus on
parents who have a least one child below the age of 12. Further to not rely on time-diary
entries on working time we keep observations with answers on usual working hours.® To
capture full-time workers, we limit the usual working hours to be at least 35 hours per
week and cap maximum 60 working hours per week. This leaves with a small sample of
1072 observations. Given this being a particularly selected sample of full time workers,

the sample is comprised of 627 men and 445 women.

To construct our data set we rely on tools provided by IPUMS. In particular, IPUMS
allows to easily construct customized time-use variables. We create variables for both
care and work activities that indicate on an hourly basis how many minutes of that hour
were dedicated to the corresponding task. In particular, we look at care activities between
9 am and 5 pm, which we assume to be typical working hours.® Table B.2 shows sum-
mary statics for three key variables: age, number of children and the age of the youngest
child. By construction the age of the youngest child is below 12 and respondents have on

average 2 children.

Table B.2: Summary Statistics for Key Variables

Mean Min Max

Age 39 21 o4
Number of Children 1.95 1 9
Age of Youngest Child  6.02 0 12

Figure B.4 shows the distribution of minutes of care work during 9 am and 5pm by
gender. We see that women have a particularly high frequency of 5-20 minute interrup-

tions, but are always more likely to do care work for any size of interruption.

5We do so to not inflate the care-work ratio with lower working hours resulting from the care activities
on that particular day.

6By doing so we most likely underestimate the results for our care-work ratio because many observations
report more than 40 usual working hours per week.
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Figure B.4: Share of men and women with different minutes of care activities.
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The care-work ratio and probabilities pmen and pwomen are constructed as explained in
Section 2.5. Standard errors for the latter are computed using the bootstrap method with
1000 resamples.

B.5 Incentive Compatibility in Male-tailored Contracts

In this section, we provide conditions for incentive compatibility in male-tailored con-
tracts, i.e. when women take men’s contract, and then verify numerically that they are
satisfied. In a static model, this would be straightforward as the probability p would not
show up in the incentive constraints. So, if a contract was incentive-compatible for men, it
would also be incentive-compatible for women. However, in a dynamic setting, the con-
tinuation values will be different when women take men’s contract because they depend
on p. Hence, incentive compatibility does not follow directly.

We start with the IC constraint for type f. Let v, (v'!) and v, (v%) denote the contin-
uation utilities of a women taking a men’s contract after I and ft, respectively. Given a

fixed v, the IC constraint of a woman under men’s contract writes:
u(w™) — (1= fHp((h™) + pow (™) > u(w") — (1= f)p(h") + ow(vh).  (B49)

At the same time, the IC constraint for men (which binds) implies
1
g () —u(w!h) = (1= (gt — g ()] (B.50)
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Combining the two incentive constraints, we get that incentive compatibility for women
with high time availability is satisfied if:

v (01 = vy (vh) > 0 — ol (B.51)

Second, we also need to verify that the constraint that prevents a woman with type f*
from reporting f H je.:

u(w) — (1= fH)p(ht) + pow(oh) = u(w™) — (1= fL)p(h') + poo(o™).  (B.52)

Using the incentive constraint for f/ of men (Equation B.50) and collecting terms we get
that the previous constraint is equivalent to:

o ob 4 %(fH — Y (M) — p(h")) > va(0M) — v (0h) (B.53)

Intuitively, both conditions will be satisfied ((B.51) and (B.53)) if the difference fH — f~
is sufficiently larger than the difference between pmen and pwomen S0 that vy, () — v, (v1)

is close to vl — or,

To check these conditions numerically, we approximate v, on a grid for v with Mon-
tecarlo simulations over a sufficiently long time horizon. That is, for every v, we first
get v (v) and v (v) from the men’s policy functions. Then, we compute vy, (v (v))
and v, (0" (v)) with a Montecarlo simulation using the policies of a man with promised
utilities v (v) and v (v), respectively, and the probability pwomen. To make a more ac-
curate comparison, we also approximate the men’s values v(v) and v*(v) using the
same Montecarlo simulations. Figure B.5 plots the differences in continuation utilities
0w (08 (0)) — vy (vF (v)) and v (v) — ¥ (v) over a grid for the continuation utility v. The
difference for women under men’s contracts is always higher (blue line), which verifies
that — in our calibration — the condition of equation (B.51) holds, and so incentive compat-
ibility is preserved for type f'I. Figure B.6 verifies that the IC constraint for f also holds.
The green line is much higher (in our calibration f " _ f L' = 13.5), so the condition (B.53)
should generally be very slack.

An equivalent condition is required for men under women’s contract. That is, letting
H
Om(07)

centive compatibility for the type with high time availability is preserved if: v, (v

and v, (v*) denote the men’s continuation utilities under a women’s contract, in-
Hy

o (vl) > vH — vl Figure B.7 shows that this condition is not satisfied, so incentive com-

patibility is not preserved when men take women’s contracts.
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Figure B.5: Verification IC for women under men’s contract
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Figure B.6: Verification IC for women under men’s contract (lower and upper bounds)
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Figure B.7: Verification IC for men under women'’s contract
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B.6 Extensions

B.6.1 Stochastic Outside Option

As discussed in the main text, we extend the model by allowing the outside option to
be stochastic in order to generate termination. We assume 7 can take values on a grid
{v1,..,0;,...,01 } with corresponding probabilities {?i}{zl. We also assume that this outside
option is observable by the employer and realized at the end of the period but before
the termination decision. Hence, the recursive problem of the employer following no

termination and with realized outside option 7; writes

I
[1(v,5;) = max (1—p)|m(w? h?)+p ZﬁjH(vH,Ej) +p
~

wi pH pH i
wk 1k ok

I
mt(wh,ht) + B ZﬁjH(vL,ﬁj)
=i

subject to the usual (PK) and (IC) constraints, the (SUST) constraints based on the current

outside option

U(wt, n'; £ + po'l > 5,
U(wt, b fLy 4 pot > 7,
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and with the (LC) constraints based on the highest outside option

If the (LC) constraints were not based on the highest outside option, we could get that the
promised utility is smaller than the outside option in some states. But then the allocation
cannot satisfy simultaneously the (PK) and (SUST) constraints. Finally, the employer’s

problem before the termination decision and with realized outside option 7; is

subject to (1 —q)vy + qv. = v.

B.6.2 Unpredictable Hours for the Employer

Our model focuses on the flexibility in working hours on the worker side. However,
regular and predictable schedules have also been found to be equally as important for
women (53). To capture this, we now study an extension where the employer needs
flexibility in hours in the sense that, with some probability, she would like the employee to
work more hours than usual. Then, we assume that the cost of working these extra hours
for the employee is stochastic —e.g. some days the employee can stay longer in the office
because the other parent can pick up the child from school- and unverifiable. The private
information of the cost of extra hours implies similar dynamics and that (qualitatively)
all results go through.

Consider a version of the model where, with probability pV, the employer asks the
employee to work "regular" hours, but with probability (1 — p), the employer needs the
employee to work "extra" hours. When the employer needs regular hours, the production
function is given by zNg(h), but when the employer needs extra hours by zFg¢(h) with
zE > ZN,

To capture extra costs of working overtime, we assume that if hours are below a
threshold 1*, the employee disutility is (1 — f)@(h). However, if hours are higher than
h*, the disutility increases to (1 — fL) () with probability p. We assume the following
GHH utility function

U(w,h; f) = u(w — (1= f)g(h)), (B.54)

so that hours are always invariant to compensation. When z = zV, the hours of work are
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always given by
2Ng (W) = (1= f)o' () (B.55)

if KN < h* because there is no private information and no income effects. We assume that

hN = h*, so the hours demanded will be higher than #* whenever z = zF.

For simplicity and to focus on the wage induced by the flexibility needs of the em-
ployer, we assume full commitment of the employee. Hence, we can drop the (SUST) and
(LC) constraints and abstract from the termination decision. It is easy to show that the

results on the optimal termination extend to this model. The employer’s problem writes

~

[(v) = maxp™ [zVg (h") — w™ + II(v")]
+ (1= pM)(1 = p) (g (W) — w4+ BII(0PH)) + p(2Pg(hPh) — whh) + BII(0)]

subject to

pN U@, 1N, f7) + poN]+
(1—pM)[(1 = p)(U@"H, 151, 1) 4 poB ) + p(U (b BEE, 1) 4 ot h)] =0

and
u(wE,H’hE,H’fH) i ‘BUE,H > u(wE,L’hE,L’fH) i ,BUE’L.

Notice that we only need to consider the incentive constraint for the case where z = z*

because if z = zV, the disutility is not private information. We let A be the multiplier on
the promise-keeping constraint and (1 — p™)u the multiplier on the incentive constraint.
Combining the FOC for wN, vN, and the envelope condition

up(N) =u; 4 (N). (B.56)

So, the compensation is constant over time when the employer needs regular hours. How-

ever, when z = zF, we get similar results as before. Combining the FOC w®! and htH we
get

2/ (K1) = (1= f7)o' (1) (B.57)
and

H _ ¢L
/008 = (1= Oy 00 (1w @i EL ) ) > - et e
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Finally, the FOC for ! and v*! give

CIT (0B = A 4 % (B.59)
—IT (0EL) = A — %. (B.60)

Then, it is easy to see that we obtain similar dynamics with vEH > pEL Therefore, when
the employer needs extra hours, the employee is penalized in case of low time availability
for the extra hours. It is also easy to verify that all the results and comparisons of gender-
tailored, male-tailored and team-tailored contracts also go through in this model.

B.6.3 Stochastic and time-varying p and the non-convergence of wages

In this section, we extend the model to allow for a stochastic and time-varying process
for the probability of a low time availability p. We assume p; € {p!,...,p'} = P follows
a time-dependent Markov process with transition probabilities Q;(p¢|p;—1). Notice that
this formulation nests a deterministic process where pwomen < Pmen for T periods and
Pwomen = Pmen afterwards (e.g. when the children grow up). However, we maintain the
assumption that p is observable for the employer.

For this section, we assume full commitment of the agent so that we can drop the
(SUST) and (LC) constraints and abstract from the termination decision. Before the real-
ization of p;, the principal’s state variables are (v, p;_1,t) and its objective is

I (vt, pr—1) = max Z Qt(pelpe-1)
ptG'P

<A (1= pe) | 7eaa (@ (p) 1 (pr) + BTIs(0FL (pr), )| + pe [ (@0 (po) B (po)) + BT (0 (o), o) |}

It will be convenient to split the promise-keeping constraints and denote by 7(p;) the
ex-post utility after the realization of p;. That is, we have the following constraints

Y Qi(ptlpi-1)0t(pe) = v (B.61)

ptGP
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and for all p;

(1= po) (U@ (p) 17 (p); 1) + Bots (pe) ) + pe (U@ (po) B (po); £1) + ok (pr) ) = Bulp).
(B.62)

We place multiplier A; on constraint (B.61) and multipliers Q;(p:|ps—1)A:(p:) on con-

straints (B.62). The incentive constraints are as before, but we have one constraint for

each p;, and we place multipliers Q;(p¢|pi—1)u(pt). The FOCs are:

v (pr): N
w" (pr): ()
3 pipe 1
A + = B.64
) T () (569
w (pr): () )
3 HiPt
A - = B.65
f(pt) Py u/(wL(pt)) ( )
Adding up the two FOCs and using (B.63), we get that for all p;:
Ar=(1—p) ! + (B.66)
T P ) T P () |

Hence, the employee is insured against changes in p; because the expected inverse marginal
utilities are equalized across all realizations. With log-utility (u(c) = log(c)), this implies

that expected wages are the same for all p,
Ae= (1= po)w" (pe) + prw* (pe). (B.67)

In fact, this result holds for all future periods. The FOCs for UEH (pt) and ot 1 (pe) give

_8Hf+1(0fi1(Pt)/Pt) 5 u(pt)

( avg_l(pt) = Ae(pr) + 11— o (B.68)
o1 (vp(p),pe) | < u(pt)

_ =A — . B.69

( 94 (pr) () Pi B

210



Adding up the two FOCs and using (B.63), for all p; we have

B oLy 1 (vF  (pr), pt) i1 (0f 1 (pt), pr)
Ar=(1—py) <— avﬁizpt) ) + pt <— avtL_:th) )

= (1= p)Af + pedi.

where the second line substitutes the envelope conditions. Iterating forwards and using

history notation, we have, for all T > 1

A =E Ay (F)If'] (B.70)
1
~E g B7)
and assuming log utility
At =By 1 [we(f)f], (B.72)

which holds for all p;.
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Appendix C

Appendix of Chapter 3: Firm Size and
Compensation Dynamics with Risk
Aversion and Persistent Private

Information

C.1 Appendix: Derivations and proofs
Optimality conditions problem (3.15). The optimality condition for b;(6") is:

2 (0) = e [ 14 —1al0)

m (Pf(@t’gtfl)tfe(e )M”(@ ) (C])

The envelope conditions are

0
a0 = +1®) “
0
BAK—(Q) — i (6") (C3)
et B [~ (07 (07 (076 + (C4)
ok 1(6) a ‘ t |

i (9t+1) 7 '
E {m (u (9t+1)[f9(9t+1)fk(9f+1) +u (9t+1)[f9k(9t+1)> |6t} .
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Using the envelope conditions (C.2) and (C.3), the optimality conditions for v;(#") and
A (0%) write:

Ao (61) = §a<9*) (C5)

By _ﬁ pe(6")
’)/t+1(9 ) - q §0t(9t|9t—1) . (C6)

Substituting (C.1) and (C.4) into the FOC for k;, 1(6") we get

1 (9t+1)
Z—F 9t+1 . Hi+1 ul 6t+1 ! 9t+1 0, . C.7
q fk( ) (Pt—|—1(9t+1|9t) ( ) fek( )| t ( )

Finally, the law of motion for the co-state is
j(6') = — [‘:t(Qt) — At — 1E(0:,0i-1)] 9¢(6¢]6;—1) (C.8)

Proof of Proposition 9. Set u¢(6") = 0 for all ¢, then from Equation (C.7) we obtain
point 3. For point 2, note that with 1;(6") = 0, Equation (C.8) becomes & (") = A;. From
Equation (C.1), m = &(0") and using (C.5) gives point 2. Point 1 holds in the first best
and second best allocations.

Proof of Proposition 10. From the FOC for k;1(6") (Equation (C.7)), multiplying the
f (9t+1)

second term inside the expectation by W and letting
kogtety _ P10 fer(07)
T )= —F—=u (0 1=~ C.9
=) Pr+1(0111(61) ) fe(61) 2
we have L = E[f (81 (1 — 7¥(6'*1))|0;]. Combining with the definition of T¢(6?),

q
(1= 75O [fi(krs1(6),01:1)10'] = E | fi(krs1(6),6141) (1 - 7(6) ) e,

" gy = Bl (€07 @ e
E [fic(k+1(0%),0141)16']

Finally, to write the return-dependent wedge as in the proposition 7%(6'*!) multiplying

b 1-D 1 (0141164)
1-D1(0141161)

and rearrange terms.
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Proof of Proposition 11. The proof follows similar steps as Proposition 1 in Hellwig
(114). Substitute &;(6") in the LOM of the co-state (C.8)

. u'(6%)1fo (6°) 1
e (6") + ﬂt(Qt)W = - [W — A — 7t5(9t19t1)] Pt (0¢]6:—1),
substitute "nil((g:)) = ”U(Zt,)(g")(et), using the boundary conditions y;(8) = 0 and 1:(6) = 0

and integrating upwards

Aat) — [° / 1 / 0\ a0/
—pe(6")m(0°) :/9 {At +1E(6,0i-1) — W] @ (0']6:—1)m(0")de".

t

Using the definition of the incentive-adjusted measure

i (6)m(6') = (1 — ©(64]6,1))IE | m(6'~,6")|6 > 0y41,6] (C.10)
~ 1 B R i

To get A, note that using the boundary conditions we have

0
0= /0 |:/\t + '7t5(9’,9t,1) — :| (pt(9t|9t_1)TTZ(9t)d9/

1
ul(ell Ot—l)

or

£ 1 -1 ¢ -1
A =T [u, a7 10 } — I [5(0t,9t_1) 6 ] .
Substituting back A; into Equation (C.10), using the definition of p(6!) (Equation (3.21)),
multiply both sides by u/(0"), collecting terms and using j;(6') = %u’ (6") we get
the equation in the propositon. Finally, the inequalities MB(8*) > 0 and p;(#*) > 0 follow
by using that ﬁ and £(0',6;_1) are non-decreasing due to incentive compatibility and

assumption A.1, respectively.

Proof of Proposition 12. Equation (C.10) also holds for period t = 1, hence we only need
to characterize y1(6y) (= —MBy(6p)) from the time 0 problem. I start with the case x = 1.
Combining the optimality condition for Ag(6p) and the Envelope condition (C.3) gives:
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Using w(6y) = oo (6p) and the Envelope condition (C.2), the LOM of the co-state satisfies

ji(60) = — [qA1(60) — BAo] h(6o).
Integrating, we get gIE; [A1(69)] = BAo, and

%Zgggi -- _;z(lgo()g(]) {E) [A1(05)166 > 60] — Ej [A1(60)]} = MBo(6o)

where the last equality uses (C.11). The inequality MBy(6p) > 0 holds because vy (p) is
increasing in 6 (by the IC constraint) and the multiplier A1 (6p) is increasing in vy (6p).

For the case k¥ = 0, notice we can set Ag = 0 and because wy(6,) is not a free variable
we only have the boundary condition 1 (6p) = 0. Integrating the LOM:

1(60) = p(89) — qH(60)E [A1(6) 16 < o] -

6 — . . . g
So we have u(0,) = E [A1(6p)] and %ZEGS)) ! h%é?O)lE [A1(65)]65 > 6o] . Finally, if 6y is fixed

we can drop the incentive constraint so y(6y) = 0 and MBy(6y) = 0.

Proof of Proposition 13. This proof also follows similar steps to Theorem 1 in Hellwig
(114). Using the characterization of A; in Proposition 11 and substitute the multipliers
Atr1(60%) and 7y441(0") from the optimality conditions (C.5) and (C.6), and using equation
(C.1) to substitute for &;:

1 w(0)  u(0)ifo(6)
(e "

_qel 1 Let) f !
@1 (0¢6-1) u'(6%) B ,BIE [Ul(9t+1) 6 ] " §0t(9t|9t_1)1E <((:(GtJr1’9t)|(9(j)ll2)

Then, we can show that

u(ptt1y, t+1
B [£(6:11,0)]0'] = I [p(f)t“) (Qut(ét{e)l()G + )|6t} .

First, notice that

/

I [5(9t+119t)|9t] - ]E[m(g]i:-f'l)‘et] /99 <_/99 g(g’lgt)¢(9’|9t)d9/) m (0" dy 1.

t+1

Integrate by parts and use E [€(6;11,6:)]6:] = f%ﬂd@t.’_l = 0. Then using the
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definition of p(6!*!) and m'(0') _ u"(6")ifp(6")
m t U 7

/ 9t+1
5 {5 0:+1,01)(0 / / E(0r11,01) (Pt+1(9/|9 )do’ [m((9t+1))’9t] db 1

[ 1 m (9t+1) m(@t‘H)
= | —a Tan (9,6 0'|6")de’ 0;11(0;)d6
/9 (Pt+1(9t+1|9 ) /9t+1 ( )§0t+1( | ) m(QH ) [m(0t+1)|9]§0t+1< t+1| t) t+1

_/ 9t+1 lfe)( )(Pt+1(9t+1|9 )d0; 1.

Substitute back and use Equation (C.9) to substitute %

LA e w @)
@) @) w6 (6
1 ot k . " 9t+1 9t+1
A8 [ ]+ Aoy e B0y

Finally, collecting terms and using the definition of the savings wedge s(6') we get the
equation in the proposition.

Proof of Proposition 14. If s(6') > 0, we have

1 . 1 J . E[M(0)]6]
u’(@t) <E {u/(9t+1)| } T E [u/(9t+1)M(9t+1)|9t]’

/(pt+1 t+1
where M(6!1) = %, rearranging ]E[Mlég[M(L]rf\ﬁ;et])wt] < u/(6'). Because u/ (6'*1) is de-

creasing, to show E [u/(6"71)|6"] < u/(6") we only need to show that M(6*1) is weakly
decreasing. Differentiating

d 1Y) t+1 u”(etﬂ) 1 1/ at+1
2o, (M) =Mo" Ta (1ol = (6
from the the local IC constraint du:i(egtﬂ) = azggf:l) we have
IE dw(9t+2)|9
4o t+1

en, the assumption t+1 ) = 0implies tfg >0, and so
Then, th ption E de - L1 0 impli ') —/(6'1) > 0,and so M(6"!

is weakly decreasing. For the second part, assume s(0') > 0 for all ¢, then u’ follows
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a non-negative super-martingale. By Doob’s super-martingale convergence theorem, 1’
converges almost surely to a finite limit. By contradiction, assume u’ converges to a
positive limit #/ > 0. Then, almost sure convergence implies that for some T we have
u'(07) = u'(67,0+,1) = ... = u/, which would violate incentive compatibility.! Hence, we

must have u’ — 0 almost surely.

C.2 Additional tables and figures

Figure C.1: Immiseration in the long run

(a) Consumption ii.d (p =0) (b) Consumption with persistence (p = 0.7)
wedan | == T T weoan | —=—— T T T T
- == top 90% — — == top 90% —_—
— == bottom 10% - —— = bottom 10% | — —
as | Mediant=0 | _ — 45 | Median t=0
P - - - -
s /
4.0
4.0 N
~ ~
~ ~
~ ~ 35F -~ ~
~ -~ -~
35 T~ ~
= -~ _-— = il -~
- -
T~ - 30 =~
- —_ =~ ~
3.0t : 1 - - -~

0 200 400 600 800 Q 50 100 150 200
t t

Note: The figures show the median, 10%, and 90% quantiles of the distribution of consumption at every
period. For reference, the red line displays the median at period ¢t = 0. The median monotonically
decreases and the growth of the 90% quantile decreases over time. This implies that consumption will
converge to its lower bound. However, we also observe that this convergence is very slow.

'Formally, this is statement is true because the proposition assumes fixed capital. Otherwise, this would
be incentive compatible by setting k; 1 (6") = 0, which is generally not optimal because of the Inada condi-
tion limy_, f(k,60) = oo.
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Figure C.2: Shadow cost information rents y at different «y

08 | / LS @ gamma=-0.4
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Note: For a fixed (A—,k,0_), the figure shows the shadow cost y as a function of the shock ¢ for different
Y—. The dynamic information rent A_ is increasing in v_. So when the agent is promised lower
information rents (low A_ and «_), the shadow costs y are higher. The increase is more pronounced for
the types in the middle.

Table C.1: Regressions with i.i.d type process

(1) 2) (3) (4) )
Ct Ci Ct Ct Ct
returns; 0.0489 0.0511 0.0508 0.0704
(10558.17) (399.15) (108.58) (926.10)
Vr_1 0.792 0.790 0.792
(14968.42) (1459.73) (15010.68)
returns;_s 0.0490
(382.92)
returns; x vy_q 0.000386
(4.13)
returns? -0.00185
(-283.17)
Crq 0.998
(5300.13)
R? 0.999 0.139 0.999 0.999 0.924

t statistics in parentheses

218



Figure C.3: Consumption and returns residualized (i.i.d)

4.4

»
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1

Consumption
@
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T
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Returns

Note: Using simulated data, I residualize both consumption and returns on v;_;.

Figure C.4: Simulations implementation i.i.d

(a) Average distance consumption SB and imple- (b) Average fraction of diverted funds
mentation

1.010x10°° |

1.000%10°8 |
0.0115 ~

9.900x107° |

0.0110 =
3 <= 9.800x107° |

0.0105 | 9.700x1077

9.600x10°°
0.0100 [

9.500x10°% £

t

Note: The left figure shows, for every period, the average distance between consumption in the optimal
contract (c°?) and the implementation (c), i.e. ¢ = L ¥, \/(ctsB ({eiet_q) —cl({eic )%
The right figure shows the average of the diverted funds as a fraction of total returns, i.e.

- ksp,08)— f (ksp,0: (6!
div; = %Zz flkss lf)(ksz(,esfﬁ 1(61)
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Figure C.5: Simulations implementation i.i.d with log utility (c = 1)

(a) Average distance consumption SB and imple- (b) Average fraction of diverted funds
mentation
2.1360x10°° |
0.00455
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0.00450
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t
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Figure C.6: Log utility (c =1)

(a) Consumption i.i.d (o = 0)
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(c) Firm size ii.d (p =0)
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(e) Investment wedge i.i.d (p = 0)

(b) Consumption with persistence (p = 0.7)
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(d) Firm size with persistence (p = 0.7)
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(f) Investment wedge with persistence (p = 0.7)
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Figure C.7: CARA utility

(a) Consumption i.i.d (o = 0) (b) Firm size i.i.d (p = 0)
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C.3 Extensions

C.3.1 Limited commitment

In this section, I relax the assumption of full commitment of the entrepreneur. Limited
commitment leads to firm size and compensation dynamics that are very different from
those with the private information friction. The limited commitment works as follows.
At every period, before knowing the realization of his productivity, the entrepreneur can
divert and consume all the funds advanced by the lender and terminate the project. In
this case, I assume the entrepreneur would obtain utility h(k;y1(0")), where h is increas-
ing and concave. Therefore, the agent will not terminate the project at period t + 1 if
h(ki1(0%)) < v(0").2 This limited commitment constraint can be added directly to the
planning problem (3.15). Because the limited commitment constraint does not affect the
within-period insurance and incentives trade-off, the characterization of the shadow cost
of information rents (Proposition 11) is not affected by the limited commitment assump-

tion.

However, the limited commitment constraint does modify the consumption and firm

size dynamics. Let 77:(6") be the multiplier on the limited commitment constraint. Then,

2 A natural specification of the function  is %ﬁq)k’“), this is the value that the agent would obtain

if he could keep a fraction (1 — 1) of the capital and then save outside the contract at rate %
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the GIEE is given by

(1_|_S(9t))_|_77t(9t).

E | ) = B

==

Because #; (Gt) > 0, the limited commitment gives a force to have a downward drift in
marginal utilities. As is well known, in models with only limited commitment, the agent’s
consumption is backloaded, and consumption follows a sub-martingale. Therefore, the
private information and limited commitment frictions will generally have opposite effects

on consumption dynamics.

The investment wedge is now given by

h/(k (Qt)

k,LC (nt+1 k(nt t t+1

T 0 =716 +7 0 >0,
( ) ( ) f( )fk(kt 1(9t /et) =

where 7¢(") is the wedge from the private information friction in Proposition 10. Be-
cause 17t (0)1' (ks +1(0")) > 0, the limited commitment friction also lowers firm size relative
to the first. However, if the promised utility increases over time, the limited commitment
constraint will eventually not bind (17:(6") = 0). Therefore, this friction still gives an in-

centive to have firm size increasing over time.

C.3.2 Endogenous termination

In this section, I show how the model can be extended to allow for endogenous termi-
nation of the contract. As is well known, in regions of the state space where the contract
becomes very inefficient, the principal may be better off terminating the project or ran-
domizing between terminating and continuing the contract at an efficient point. I assume
that after termination, the lender receives a scrap value S. At period t, based on 6!, the
lender can choose a probability a;;1(6") of termination at ¢ + 1. In that event, the princi-
pal can also give the entrepreneur a compensation of Q;,1(6"). In case of no termination

at period t the objective of the principal is

/ [—b(6") + a1 (6)9 (S — Qi1(6")) + (1 — ap51(6")) (ki1 (6") + gKpsa (0(6), A (6,6, ki1 (6")))]
X @ (04]0;1)d6;.
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[ assume that after terminating the contract, the entrepreneur can freely save Q;.1(6")
and obtains a per period gross return %. Then, his value after terminating the contract is

o t
u(@ ?1) 3;1(9 ) . The continuation utility now becomes

u ((1 - q)QtH(Gt))
(1—9)

wi(6') = u(c(0')) + B | ar+1(6") + (1= a1 (09)ve(6%) |,

and the local IC

wi(60") = ' (c(60"))efp(ke, 01) + (1 — e (6%)) Ar(6").

It is then easy to see that the optimality conditions for b(6"), k;.1(6"),0:(0"), A¢(6") and
w;(6") are the same as in the main model. Therefore, although it may be optimal to ter-
minate the contract, the characterizations of the optimal allocation presented in the paper

do not rely on the assumption of no termination.

It is interesting to understand when and where (in the state space) termination may
occur in this model and how it compares with the risk neutral case. With risk neutrality
(54) the Pareto frontier is increasing in the promised utility. Consequently, termination
occurs when the promised utility is low. Moreover, because utilities drift upward, the ter-
mination probability tends to decrease over time. With risk aversion, the Pareto frontier
is decreasing in promised utility (see Figure C.8a). So, the motives for termination differ
from the risk neutral case.

Two other sources of inefficiencies could motivate the termination of the firm. First,
low promised information rents (i.e. low Ag) is inefficient. Panel C.8b shows that the
Pareto frontier is increasing in Ag. Over time, if the lender has promised too low in-
formation rents to the entrepreneur, termination could potentially become optimal. Sec-
ond, introducing a limited commitment constraint as in Section C.3.1 could also generate
endogenous termination. If v;(6') decreases sufficiently, the limited commitment con-
straint may require that k; 1 (6') — 0. Then, as shown in Dovis (78), the Inada condition
limy_,¢ fx(k,0) = oo implies that in this region, the Pareto frontier is increasing in v. When
the frontier is increasing, there may be a range of scrap values S where it is optimal for
the lender to randomize between termination and continuing at a higher v. Because the
shadow costs of information rents and the variance of promised utility tend to increase,
both inefficiencies should imply that the termination probabilities tend to increase over
time. Again, these are the opposite dynamics of what is found with risk neutrality.
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Figure C.8: Pareto frontier

(a) As a function of promised utility vg (b) As a function of promised information rent A
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Note: For Panel (a), the promised information rent is set at the optimal level at t = 0, i.e. I set 7y = 0. For
Panel (b), A is adjusted for every value of Ag so that vy is kept fixed.

Persistent shocks and optimal termination probabilities. Another interesting obser-
vation is that whenever termination is optimal, the lender may have more incentives to
increase the termination probabilities when the persistence of the shocks is higher. The
reason is that a higher termination probability decreases the dynamic information rents.
The intuition is similar to the equity purchases and the distortions in firm size. Imag-
ine that, at history 6/!, the lender increases the termination probability of type 6; and
compensates him by increasing Q(6) such that his ex-ante continuation utility is kept
constant. Types 6 > 0; know they are expected to obtain higher returns at ¢ + 1, so they
have a relatively higher preference for continuing to operate the firm. Therefore, the in-
crease in a(6') makes deviations less attractive for 6 > 6;, and so it lowers the cost of

screening types.

I show this intuition more formally in a simplified two-period and two-type version of
the model. Assume the entrepreneur’s productivity can take values {8,6"} with 6" >
6L In the first period, P(6; = 8") = p!, and in the second one, P(6, = 0|6; = 1) = pH
and P(0, = 0H|0; = 0L) = p*. Letp = p" — p* > 0,if p > 0 we say types are persistent. We
assume the production function is of the form f(6,k) = 6, so we can abstract away from
the choice of firm size. In the second (and last) period, we assume that the entrepreneur

consumes all its endowment, so there is no repayment. The principal’s objective is

K(v) = p! [—bH + gaf (S — QH)] +(1-ph [—bL + qat (S — QL)] )
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The values of the high and low types are

Wt = (0" — b) + B [a™u(QH) + (1 — ™ EH (u(61))]
wh = u( — b1 + p [l u(Q) + (1 - ab)E (u(6))],
where for j € {H,L}, E/ (u(6,)) = p/u(6") + (1 — p/)u(6"). The participation constraint

1S
Pl + (1 -t =o

and the IC constraint can be written as

w = wh +31(6H —bh) —u(8t — bY) + (1 — ab)Bo(u(6™) — u(BL)l.

~ \a

~\~ ~\~

static info rent Dynamic info rent

Notice that the dynamic information rent is increasing in p and decreasing in aL. I directly
assume that the parameters are such that a* € (0,1) is optimal and show that the principal

increases the termination probability when the persistence increases.

Proposition 18. If ak € (0,1) is optimal, the optimal contract is such that % >0.

Proof. The proof is as follows. Starting from the optimal contract, we consider a perturba-
tion where we increase a* while preserving the IC and PK constraints, and show that the
resource gains are increasing in p . To this end, let Aa® = & > 0, for e small. We perturb
the allocation along the low type’s indifference curve, so to keep w’ constant, we increase
QL by
ot [1(Q") ~E! (w(e)]

[XLu/(QL)

The perturbation lowers the dynamic information rents, and so it relaxes the IC constraint.

This allows us to lower the high type’s period one utility by
Aufl = —Bo(u(6) — u(0h))e.

Because w' is kept fixed, this changes the ex-ante utility by p!Aufl. Then, to satisfy the
PK constraint, we increase the period one utility of both types in an incentive-compatible
manner. Because information rents depend on consumption, increasing utilities uni-

formly would not be incentive compatible. If we increase the low type’s utility by Aut,
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the IC constraint requires increasing the utility of the high type by

H,IC _ w'(e" —vt)
Au = mAu .

The ex-ante utility is kept fixed if

' (07 —bh) 1 L_ _ 1a . H
p —u’(GL—bL)Au +(1—p)Au"=—pAu”,
which implies
plu (0L — bL)

H
Pl (0H — L) + (1 — pl)u/ (6L — bL)A” :

Aut = —

Therefore, the total change in the high type utility is

AuHTOT _ AyH | Ay HIC
u' (oL — bt)

11 H
=(1-p )plu/(gH_bL)+(1_P1)ul(9L_bL)Au :

Finally, the resource gain from this perturbation is
AK 1 1 H,TOT 1 1 L
it {u’(()H—bH)Au +(1-p) u’(GL—bL)Au +Q

1 1 '(L — bt
~ |~ w— | e g PP A —ueh) +

where () collects all the terms that do not depend on p. Because the initial allocation is

optimal, [u’(GLlbe) — u’(eHlfbH)} < 0 and u(6™) — u(0%) > 0. Therefore, the principal’s
AK
resource gain from this perturbation is increasing in p, i.e. aaf < 0, which implies that

L . .
aaip > 0 is optimal. O

C.3.3 Screening model: divert funds before investing

In this section, I study a screening version of the model where the entrepreneur can choose
what fraction of the funds available he invests in the project. The remaining funds are se-
cretly diverted for consumption. Now, the lender can observe the entrepreneur’s returns
but not the entrepreneur’s productivity nor invested and diverted funds. In this sense,
the investment decision is similar to the labor/leisure choice in the Mirrlees taxation prob-
lem. This model yields the same characterization of the shadow costs y;, the GIEE, and
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the firm size dynamics. Moreover, we can directly define the investment wedge 7*(6') as
the wedge between invested and diverted funds relative to the first best.

Denote by B; the funds advanced by the lender. The entrepreneur can use these funds
to invest in the project k¢, but he can also divert a portion a; of the funds for his consump-
tion. Therefore, invested and diverted funds are subject to the constraint

kt + as < Bt. (C13)

The lender now observes returns f (k¢,0;) but not productivity 8; and how funds are used,
i.e. kt and a;. Diverted funds are converted into consumption units according to the

function g(a;), with ¢’ <0 < ¢/, so the entrepreneur’s consumption is

Ct = f(kt,(?t) — bt + g(at). (C14)

The principal’s within period objective now is B; — b;. The envelope condition of the
agent’s problem is
d
a—etWt(Gt) =u'(ci(0")) fo (ki (6"),00) + BAL(E").
Now the investment wedge can be defined explicitly as the distortion in invested and
diverted funds relative to the first best (where we would have f;(k¢(6"),0;) = ¢’ (a:(6")).
Define (a(6)
k(gty — g (a0
T(0)=1—- 27"~
=1 hawe)
The rest of the planning problem is the same but with the extra flow of funds constraint
(C.13). The optimality condition for diverted funds is

21(0") =8’ (a:(9")),
where {;(6") is the multiplier on constraint (C.13). The FOC for investment is

pi(6")

W”/(Gt)fak(kt(et)zet)

21(0") = fr(ke(6"),6:) —

Then, combining the two optimality conditions, we get

t t o' o' 1/t
) = gofet(w*)—l) %f))” () >0,
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which is the same as in Proposition 10. Because Tk((?f) > 0, there is more cash di-
version than in the first best. This is the standard screening result; the principal distorts
effort (here investment k;) downwards to screen types at a lower cost. When shadow
costs (y¢(6")) are high, the principal increases distortions to reduce the costs of screening
types. Moreover, this wedge also captures the distortions to firm size as in the cash flow

diversion model. Combining the FOC for B;1(6") and the envelope condition, we get

1 _ t Vt+1(9t+1) 1/ nt+1 t
—=E | fi(kt1(0°),041) — u' (0°) for (kes1(6"),0r41) 0t
q P41 (0t41|0141)

=E [fk(kt—i—l(gt)/et—&-l) (1 - Tk(et“)) |9t] ,

which is exactly how the wedges were defined for the cash flow diversion model in equa-
tion (3.16). Then, it is also easy to verify that this model yields the same characterization
for the shadow costs pt(0"') and the GIEE.

C.4 Details numerical simulations

I follow a similar procedure as Farhi and Werning (87), Stantcheva (166) and Ndiaye (149).
In these papers (and in Kapic¢ka (122) and Golosov et al. (101)), the model is solved with
a geometric random walk process. This allows to normalize the principal’s optimization
problem and drop 6;_; as a state variable. Here, the problem can also be normalized if
the production function is assumed to be of the form f(k,0) = z6'~*k*. However, [ am
interested in performing comparative statics with respect to the persistence of the process
(p). Therefore, I solve the full problem without renormalizing.

It is convenient to transform the problem to write the Hamiltonian as a function of the
current shock ¢; instead of the current productivity 6;. Denote the density function of the
shock by g.(e;), then it follows that

Moreover, we also have that

9@ (6 | 6;—1) 0 1 (logb; —plogb;—1 — u) exp {_ (log6; — plog;_1 — u)* }

901 e, 0 021 o7 207

229



and

dge (€t) 1 [(logﬁt — 1) } (loges — )°
= — +1|expy ——2—""—>.
gy e20:\/ 21 o? P 202
Therefore,
(o) = gu(en) 1 e25E) _ BT 09(6]611)
el&r) = Jel&t € de; = 0 96, .

Then note that d6; = Gf_ldst implies

(P(et | gtfl)dgt = gg(ﬁ't)dgt,

and 99 (0t | 6¢—1) e (et)
@0 | U1 _ Jel &t
BGt_l d@t 1Y Qt_l dSt.

The planning problem over the shock ¢; is

K(v-1,8¢-1,kt,0;-1) = min/ (ke () — be(er) + gK (vr(er), Ae(er) ke (e1), 00 €1)) &e(er)dey
st (PK)  wiler) =ulce(er)) + Porler)  [geler)Gi(er)]
o= [wiege(eder  [gele) ]
(IC)  ai(er) = 6 4 (' (c(er))ifolke, 6f qer) + BDi(er))  [mi(er)]
Ar = [wile)(—ggelender [geleman]

(Feasibility) ci(er) = f(ke, 00 jer) — be(er)

The optimality conditions are

%)\t(gt) = u/(Ctl(Et)) |:1 + ;((itt)) ef_llfﬂ (kt/ Qf_lst)u”(c(gt)) (C15)
Te(er) = —Sef_l ;, ((Z)) (C.16)

and the two LOM
p(er) = — %)\t(st) — A1+ ’)’tl%iigzg ge(€t) (C.17)
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wi(er) =0 | (u'(c(er))ifo(ke, 0F jer) + BAi(er)). (C.18)
I truncate the distribution of ¢; at the 0.01 and 0.99 percentiles, the boundary condi-
tions then need to be adjusted to y(g) = —7;-157-2g¢(€) and p(e) = —7r-157€ge(e)-

To solve the model, the state space is modified to (A_,y_,k,0_) , so the multipliers
A_ and 7y_ are used instead of v_ and A_, respectively. I use 20 grid points for A_, 14
for v_, 25 for k and 15 for 6_. I interpolate on K, v and A with cubic splines and allow to
extrapolate. To solve the model with an i.i.d type process, the algorithm is the same but
with A = 0 and without the state variables y_ and 6_.

Algorithm

Step 0: Guess the value function K’, promised utility v’ and promised marginal utility A’
on the grid (A—,v_,k,6-)

Step 1: Compute the policy functions for k. on a grid (Apol,'ypol,O) by minimizing

ki + qK/()\pOI (i)r')’pol (1), k+,0(i))

(Note: k1 needs to be computed multiple times at every step while solving the ODE. But
to improve speed, we can solve before the policies on a dense grid and then interpolate
when solving the ode).

Step 2: For each point in (A_,y_,k,0_), solve the optimal control problem with a
shooting method.

e a) Guess continuation utility of lowest type w(e) = w.

e b) For each ¢, solve A(e) in equation (C.15) and (¢) in equation (C.16). To compute
c(e), first compute k (¢) by interpolationg the array of policies on (A(e),y(¢),6” ¢).
Then obtain v(¢) by interpolation of v’ on (A(g),y(¢),k4 (¢),6” €) and solve

c(e) = u~" (w(e) — Po(e)).

With these solutions solve the differential equations (C.17) and (C.18). Note when
solving (C.17) also need to interpolate A’ on (A(e),y(¢), k4 (¢),6” ¢).

¢ ¢) Check the boundary condition y(€) = —v_#-2g:(¢). If it does not satisfy the
tolerance, go back to step a).
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Step 3: Given the solution (y(e),w(e)), repeat step b) to obtain all policy functions on a
grid (A_,v_,k,6_,¢), also compute b(e) = f(k,0" ¢) — c(e).

Step 4: Compute the lender’s value function, promised utility and expected marginal

utility at every grid point

v(A_,y_,k0-)= /w()\_,’y_,k,e_,e)gg(st)dst

AA_, v,k 0-)= /w()»_,'y_,k,()_,s)(—ﬁ_gg(st))dst
K(A_,v—,k6-)= / (ks (A, v—,k,0_,€) —b(A_, v, k,0_,€) + gK'(A(e), vy (e), ki (e),0" €)) ge(er)det.

Calculate the distance with previous guess of K’, v’ and A’ , and repeat from Step 1

until the convergence criteria is satisfied.

When solving the model without time-0 screening, for the Montecarlo simulation, the
initial A and 6 can be fixed at arbitrary values. Because A is a free variable, we must set

70 = 0. Then kq is chosen optimally given (Ag,6) and o = 0.

C.4.1 Time-0 problem

I also solve the time-0 problem with a shooting method by iterating on vy (8). To solve the
problem, we use the value functions v(A,7,6,k) and A(A,7,6,k) and the policy function
k(A,7,0) from the solution of the recursive problem.

Algorithm.

1. Guess the lowest type continuation utility vy (6)
2. Solve the ODEs 0(90) = Ao(eo) and ]4(90) = — [)\1(90) - /\0] g(@o)

(a) Atevery step for every (v(6o),1(6p))

i. Get ’)/1(9()) from: —’)/1(90) = %

ii. With 1(6p), 6p and vo(6p) can back out the corresponding A (6p). Note, v
will be computed on a grid (A1(6),71(00),60,k1(6p)), so for every Aq(6p)
need to get the optimal k1 (6p) (from the policy functions in the recursive

problem) and then use this to get v until solve the root.
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iii. With (A1(6p),71(60),00) can in turn also back out Ag(6p)
iv. Update the LOM

3. Check u(6) = 0, if it doesn’t satisfy tolerance go back to 1. with a new guess

4. Repeat (a) to recover all the policy functions on a grid for 6

C.4.2 Check global IC constraints

The first-order approach consists of solving a relaxed problem where only the local incen-
tive constraints are considered. A priori global incentive constraints may bind, in which
case the solutions of the relaxed program (3.15) and the full program (3.9) would not co-
incide. I follow the approach outlined in Kapi¢ka (122) and Farhi and Werning (87) to

verify ex-post that only the local incentive constraints bind.

The procedure is the following. First, after solving numerically the relaxed problem,
we have obtained the policy functions A(A_,y_,k,0_,¢), y(A—,v—,k,0_,¢€), ks (A—,v—,k,0_,¢)
and b(A_,v_,k,6_,¢) and the value function v(A_,y_,k,60_). Let € denote the agent’s re-
port about the innovation to the productivity. Then we consider a problem where the
entrepreneur takes as given the policy functions and can report any € € [g,¢] and verify
that for every (A_,vy_,k,0_,¢)

e = argmaxu(c(A_,v—,k,0_,¢%))

g€le ]
+ ﬁv()\(/\—/,)/—lkl 9—//5)1 V(A—/7—1k16—1a1k+ (A—I,Y—Ikle—laleﬂa
st c(A_,v—,k0_,e¢€) =1f(ke)+ (1 —1)f(ke) —b(A_, v,k 0_¢).

C.4.3 Solution implementation

With persistent shocks and constant equity, the entrepreneur’s problem in the quasi-

implementation is
W(Wy,0-1,6:1,e) = _max u(c;) + BV(Wii1,0) 1e1,61)
0,<00 e
s.t Wi = qC(Wt,gt,@vt,l)
et =(1— Q)C(Wtzgt,gt—l)
G =ci + 1(f(ks,0_yer) — f(ksp,64))
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where 1
C(W;,604,6;1) = §Wt + x(f(ksg,0:) + qf (ksp,0t) — f(ksp,0i-1))

f(ksp,0:) =E q" ' f(ksp,0r+7)|0:

il

and
V(Wii1,0:,0;) = /W(Wt+1,9t,9t,€t+1)gs(€t+1)d€t+1-

With ii.d shocks, the problem is the same but without 6;_; and 0;_1 as state variables
and with f(ksg) independent of §;. The problem is solved with standard value function
iteration, and to have the closest comparison with the solutions of the optimal allocation,
V(Wii1,64, gt) is computed with numerical integration.
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