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NASH EQUILIBRIA FOR DIVIDEND DISTRIBUTION WITH COMPETITION

TIZIANO DE ANGELIS, FABIEN GENSBITTEL, STEPHANE VILLENEUVE

ABSTRACT. We construct Nash equilibria in feedback form for a class of two-person stochastic
games of singular control with absorption, arising from a stylized model for corporate finance.
More precisely, the paper focusses on a strategic dynamic game in which two financially-constrained
firms operate in the same market. The firms distribute dividends and are faced with default risk.
The strategic interaction arises from the fact that if one firm defaults, the other one becomes a
monopolist and increases its profitability. The firms choose their dividend distribution policies from
a class of randomised strategies and we identify two types of equilibria, depending on the firms’
initial endowments. In both situations the optimal strategies and the equilibrium payoffs are found
explicitly.

1. INTRODUCTION

1.1. Motivation. In this paper we consider a 2-player nonzero-sum stochastic game that arises from
a stylized model of dividend distribution for two competing firms. We build on the mathematical
framework of De Finetti’s classical dividend problem [10] which was formulated as a stochastic
control problem by Jeanblanc and Shiryaev [16] and Radner and Shepp [27].

In [16] and [27] a firm’s capital evolution is described by an arithmetic Brownian motion (aBm)
which, for the sake of argument, we denote by (X;)¢>0. The constant drift represents the firm’s prof-
itability per unit time. The Brownian motion carries the uncertainty. External financing is costly,
thus creating a precautionary demand for cash. The firm’s manager decides on the distribution of
dividends to the shareholders with the goal of maximizing the total discounted amount of dividends
paid until the firm’s default. The firm lives until its default time so that there is a tradeoff between
maximizing dividend payments at each time and keeping the firm alive for as long as possible.

The dividend problem is perhaps the most popular application of stochastic control theory in
corporate finance. One of the reasons is that it yields a stock price model which endogenises the
firm’s valuation—denoting ¢ the value function of the control problem, the stock price dynamics
reads S; = 0(X;). This is not the case, for example, in the celebrated Black and Scholes model,
where the stock price dynamics is given exogenously with no real connection to the firm’s financial
performance.

There exists an extremely vast literature around the dividend problem, which covers, for example,
more general jump-diffusive dynamics of (X;)>0, multi-dimensional models with stochastic interest
rates, constraints on the admissible dividend distributions, cash injections, etc. Accounting for
these developments is difficult because of the rapidly expanding field and it falls outside the scope
of our work. We refer the reader to the review paper [2] for a detailed overview of the field until
2010 and to the introduction of [3] for an overview of some recent results.

From our point of view, an obvious limitation of the classical dividend distribution model is that
a single firm operates in isolation in a market with no other economic agent. Our paper is the first
one to study how the presence of a competitor will impact the optimal dividend distribution when
two firms interact strategically.
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1.2. A summary of the model and economic insight. We consider two identically-efficient
firms acting on a single-good market in which the demand for the good is random. Both firms
have a capital evolution which is driven by the same aBm (i.e., with the same drift and diffusion
coefficients). Each firm’s manager chooses how to distribute dividends to the shareholders and
dividends are subtracted from the firms’ capital. Each firm lives until its default time.

Firms are not identical, because they may have different initial endowments and they can choose
different dividend policies, say (L:);>0 and (D);>0. In particular, we denote by (XtL)tZO and
(Y;”)i>0 the capital net of dividend payments for the first and the second firm, respectively. These
are the firms’ controlled dynamics. Although all ingredients will be formally introduced in Section
2, it is worth mentioning here that we allow for the most general class of dividend distribution
policies by considering singular controls (i.e., non-decreasing, right-continuous processes).

At time zero, the two firms are in duopoly but if/when one of the two firms defaults, the surviving
firm becomes a monopolist with an increase of its profitability. We model the duopoly/monopoly
transition with a change of drift in the aBm of the surviving firm: the drift changes from an initial
value pg to a larger value . In this context, each firm’s manager must decide how to optimally
distribute dividends in order to maximize the total discounted amount of dividends paid until the
default time of one of the two firms. The prospect of becoming a monopolist and the presence of a
rival exacerbate the standard trade-off between exerting controls (paying dividends) and keeping a
high level of cash reserves.

Despite the perceived simplicity of our model (firms’ capitals have the same dynamic evolution
in the absence of dividend payments) we observe non-trivial deviations from the optimal dividend
policy of the De Finetti’s dividend model. In particular, we find a Nash equilibrium in which at least
one of the two firms’ dividend distribution policy depends on a moving threshold. The value of the
threshold depends on the relative amount of capital held by one firm as compared to the other. This
is in contrast with the classical solution of the single-firm dividend problem, where the threshold
is fixed. Moreover, our equilibrium shows that the firm with the largest initial endowment may
use this initial asymmetry to its own advantage and induce the poorer firm to forego the option of
becoming monopolist. In a nutshell, we conclude that cash-rich firms are less likely to pay dividends,
because their shareholders have more interest in waiting for competitors to go bankrupt than in
receiving early dividends. This observation connects us to an emerging literature concerned with
the study of cash-rich firms who may engage in predatory strategies to drive poorer rivals out of
the market and thus benefit from monopolistic profits (particularly in the digital economy). In
the deep-pocket theory of predation (see [19] for a general presentation), predatory behavior may
arise when a firm adopts a strategy intended to induce the exit from the market of a financially
constrained competitor by depletion of its resources. The Nash equilibrium we find in our model
goes in this direction.

We do not claim that our Nash equilibrium is unique but it holds for all choices of the model’s
parameters (positive drift and diffusion coefficients of the aBm, initial firms’ endowments, discount
rate). Moreover, the dividend distribution policies at equilibrium and the firm’s equilibrium payoffs
are essentially explicit (see Theorem 4.1 and Proposition 4.4).

1.3. A summary of our mathematical results. We construct Nash equilibria for a two-player
nonzero-sum game of singular controls with an exogenous absorbing boundary for the state-dynamics
of each player (absorption is due to default). The game is played in continuous time and the
underlying dynamics is driven by a Brownian motion. We assume that players have complete
information about the dynamics of the system (including the initial states and all parameters
involved), about the class of admissible controls and about the game’s payoffs. We also assume
that each player can observe her opponent’s actions. Players’ admissible strategies are drawn from
a class of randomised strategies introduced in Definition 3.1.
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In Section 3, we carefully relate randomised (and pure) strategies to randomised (and pure)
controls and to the resulting payoffs. Not all pairs of randomised strategies produce a well-defined
dynamics of our system and therefore we need to introduce a notion of control-inducing pairs (cf.
Definition 3.4), related to the existence of a suitable fixed point in the space of paths.

We find two types of Nash equilibria, depending on the initial endowment/state of the two
firms/players. Both equilibria are constructed explicitly relying upon free boundary methods and
stochastic calculus. When the initial endowments of the two firms are different, we solve two
interconnected free boundary problems. The free boundary for the “poorer” firm is constant whereas
the free boundary of the “richer” firm moves with the state-variable associated to the other firm’s
level of capital (the free boundary is monotone and its inverse moves with the difference in the
amount of capital held by the two firms). Along the equilibrium trajectory, the poorer firm acts
as if it were alone in the single-good market by following the classical optimal policy from [16] and
[27]. The richer firm instead controls the level of its cash reserves in order to stay ahead of its
rival, making sure that the other firm defaults first. It is important to notice that, although we
consider deviations from equilibrium in the general class of randomised strategies, at equilibrium
the richer firm uses a pure strategy while the poorer firm uses a pure control (cf. Definitions 3.1
and 3.2, respectively). We emphasize that this structure is not due to some sort of restriction that
we impose on players’ action sets but rather it is one particular instance of a game in randomised
strategies that admits an equilibrium in a smaller class of strategies.

The use of randomised strategies is instead fundamental in order to construct a symmetric equi-
librium when the two firms have the same initial endowment. The firms are completely symmetric
at time zero. As soon as one of them distributes dividends, the symmetry is broken and the game
is back into the previous asymmetric situation. The firm that makes the first dividend payment
effectively accepts to be in a disadvantaged position compared to the other one. However, waiting
forever will eventually lead both firms to default and yield zero payoff for both. In this context, we
construct an equilibrium in which firms start making dividend payments at a randomised stopping
time and we characterise explicitly the optimal intensity of stopping. After the first dividend pay-
ment is performed by one of the two players, further actions of each player are obtained following
ideas similar to those from the asymmetric setting.

1.4. Our contribution to the literature. There exists an abundant literature on single-agent
singular control problems, dating back to seminal work by, e.g., Bather and Chernoff [5], Benes et
al. [0], Karatzas [17] and many others. As already explained, the two papers [16] and [27] set the
benchmark case for the analysis of corporate cash management in continuous-time, based on the
work of De Finetti’s [10]. Starting from this framework we investigate the impact of introducing
competition in problems of singular control with absorption.

From a mathematical perspective, the literature on nonzero-sum stochastic games of singular
control is still in its infancy. Kwon and Zhang [20] find Markov perfect equilibria in a game of
competitive market share control, in which each player can make irreversible investment decisions
via singular controls as well as deciding to strategically exit the market. De Angelis and Ferrari
[9] and Dammann et al. [11] obtain Nash equilibria in the class of Skorokhod-reflection policies for
a nonzero-sum game where two players control the same one-dimensional state dynamics. In [9]
an equilibrium is found by establishing a connection between the nonzero-sum game of monotone

controls and a nonzero-sum stopping game. In [1 1] an equilibrium is found by solving a free boundary
problem. There are two important differences of our work compared to [9], [ 1] and [20]. First, the
two players in those papers control the same dynamics and no default may occur (in [20] players may

decide to exit the game and therefore the transition from duopoly to monopoly occurs only because
of optimality considerations). In our paper instead each player controls her own dynamics and
default may occur also in the absence of control (actually, controlling will increase the probability
of default). Second, each player in [9] and [l 1] chooses a point on the real line and exerts control
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in order to reflect the dynamics at that point (one player pushes the dynamics upwards and the
other one pushes it downwards); equilibria in [20] are sought in a class of barrier strategies, which
is close in spirit to the classical Skorokhod reflection. Instead, we have 2-dimensional dynamics and
we do not restrict our class of strategies to those triggered by thresholds (i.e., we determine our
Nash equilibria by allowing deviations in a general class of randomised strategies).

Another related paper is by Ekstrom and Lindensjé [12]. They study an N-player competitive
game in an extraction problem from a common resource with Brownian dynamics. Ekstrom and
Lindensj6 find a Nash equilibrium for a class of Markov strategies of bang-bang type with regular
controls. That is, each player extracts at the maximum (bounded) rate when the controlled dynamics
is above a certain critical value. Since the game is symmetric, it turns out that all players act
simultaneously (i.e., they all choose the same critical value). All players control the same dynamics
and therefore they all default at the same time once the resources are depleted. Again, our setup

is different because the dynamics in [12] is 1-dimensional and equilibria are sought in the class of
threshold policies.
Finally, Steg [30] studied N-player games of irreversible investment in the context of capital ac-

cumulation (without default). He finds equilibria in open-loop strategies, in the sense that players
choose their investment policies based only on information contained in a commonly observed filtra-
tion (e.g., that generated by a commonly observed stochastic process). Differently from our notion
of strategy (Definition 3.1), in [30] players do not react to possible deviations of their opponents
from equilibrium trajectories. They only play what we call pure controls in Definition 3.2. More-
over, in his Introduction, Steg observes that “even to specify sensible feedback strategies poses severe
conceptual problems”’ in games with singular controls (this was brought up by Back and Paulsen [/]
with reference to an earlier paper by Grenadier [141]). In this sense, our paper (and in particular
Section 3) provides a rigorous framework for the study of stochastic games of singular controls with
feedback strategies.

1.5. Structure of the paper. The paper is organised as follows. In Section 2 we set up the
problem and recall some useful facts about the classical dividend problem. In Section 3 we introduce
the class of admissible actions for the two firms and the associated payoffs. We study in detail
the relationship between the notions of randomised /pure strategies/controls, control-inducing pairs
and Nash equilibria (cf., in particular, Lemma 3.7). In Section 4 we construct an equilibrium for
the game with firms having different initial endowments. In Section 5 we construct a symmetric
equilibrium for firms with the same initial endowment. In Section 6 we briefly discuss limitations
and possible extensions of our model. A short Appendix with a small technical result and a summary
of frequently used notations completes the paper.

2. PROBLEM SETTING.

We have two firms operating on the same market and whose cash reserves increase at a rate
o > 0 but are subject to a volatility o > 0. A firm defaults if its cash reserves drop below zero.
In that case, the surviving firm becomes a monopolist, resulting in a higher rate of increase of its
cash reserve, i.e., i > ug. For simplicity we keep the same volatility also for the monopolist but, as
it will become clear later, a change of volatility brings no substantial difference in our analysis.

More formally, we consider the space Q = Cy([0,00)) of continuous functions ¢ : [0,00) — R
with ¢(0) = 0 endowed with the o-algebra F generated by all finite-dimensional cylinders (cf.,
e.g., [18, Ch. 2.2]) and the Wiener measure P. The canonical process (By);>p on  is a standard
1-dimensional Brownian motion, and (F;);>0 with F; = 0(Bs,0 < s < t) is the canonical raw
filtration. We denote by (X¢):>0 and (Y;)¢>0 the cash reserve dynamics of the first and second firm,
respectively. Then, for ¢ > 0 and z,y € [0,00), we have

(21) Xt:$+ﬂot+O'Bt—Lt and Yt:y+u0t+aBt—Dt,
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where L; is the cumulative amount of dividends paid by the first firm up to time ¢, and D; is the
analogue for the second firm. We will often use X” and Y? to emphasise the dependence of the
processes on their controls.

As explained in the Introduction, we are interested in understanding predatory strategic behavior.
That behaviour would typically require a firm to be able to react to their competitor’s actions. For
that reason, we assume that both firms can observe the Brownian process B and the cumulative
amount of dividends paid by the other firm up to time ¢. As a result, each firm can compute the
cash reserve of the other firm. We also assume that each firm can act strategically and adjust
dynamically the dividend payments in reaction to both the Brownian fluctuations and, crucially, to
the past dividend payments made by the other firm. Moreover, firms can randomize their dividend
payments across different strategies. Before rigorously defining randomised strategies, which are
used to determine how the firms select the processes L and D, we first define the class from which
processes L and D are actually drawn. The formal definition of randomised strategies together with
the associated payoffs will be given in Section 3.

Definition 2.1 (Admissible controls). A pair of processes (L¢, Dy)i>0 is called a pair of admissible
controls if L and D are non-decreasing, adapted to (Fi)i>0 and right-continuous, with! Lo =
Do_ = 0. Moreover, letting (x)" := max{0,x}, it must hold

(2.2) Li—Li_ < (XE)* and D,— D < (Y)Y, forallt>0, and all w € Q.

Condition (2.2) ensures that the firms cannot pay dividends in excess of their cash reserve. We
denote default times by vyx and 7y, with? yx = inf{t > 0: X/ <0} and yy = inf{t > 0:Y,” < 0}.
Finally, we denote P, () = P(-[Xo— = z,Yo— =y).

Given a pair (L, D) of admissible controls, the expected payoffs J' and J2, for the first and
second firm, respectively, read

7L, (.0) = E, [ [

e—rtst + 1{’YY<7X}e_mY1A7(X$Y)} ,
[0,7xAy]

(2.3)
J2,(D, L) = Ex,y[/

e "dD; + Liyx <7Y}e_mxﬁ(yvg)} '
[0,7x Avy]
Here, r > 0 is a discount rate and v is the value function of the classical dividend problem with

cash reserves growing at the rate ji. That, is

(2.4) 0(z) :=supE, [/ e_rtdft},
3 [0,7¢]

with underlying dynamics given by C; = = + it + 0By — &, t > 0, and with y¢ = inf{t > 0 :
C’f < 0}. The supremum is taken over all admissible controls, according to Definition 2.1. Here we
emphasise the dependence of the problem’s structure on the drift of the underlying process, because
we will later use results for the dividend problem when the drift is either pg or ji. In particular, we
will use the notation ¥(x) = w(x; 1) and C¢ = C#¢, when convenient. An account of useful facts
about the classical dividend problem will be provided below in Section 2.1.

The integral term in each one of the two payoffs in (2.3) is the discounted value of the cumulative
dividends paid by the firm until both firms are active. At the (random) time yx A vy one or both
of the two firms goes bankrupt and the surviving firm becomes a monopolist with a larger cashflow
rate 1. Notice that if yvx = vy then no firm survives and the continuation payoff for both players
is zero. This is induces no loss of generality because the monopolist’s payoff is equal to zero when

Here we formally denote by Lo— and Do_ the values of the processes before a possible jump at time zero.

2Condition (2.2) could be replaced by the weaker condition XVLX = 0on {yx < 0o}, or equivalently L; — L;— < X}
for all ¢ < yx, as only the trajectory up to yx is relevant. Our choice is motivated by Definition 3.1 of strategies as
functionals on the canonical space, in which for simplicity we avoid to define strategies only up to a stopping time.
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the initial cash reserve is zero, i.e., 0(0) = 0. If instead yx < 7y, the remaining firm (i.e., firm 2) at
time vx is faced with the classical dividend problem but with an initial cash reserve le))(. Hence, the

payoff at time vx reads @(Yf;). Analogous considerations justify the continuation payoff @(Xfy)
for firm 1 in the event vy < vx.

In what follows we will unambiguously refer to the first and second firm as first and second player,
respectively. By the symmetry of the set-up it is clear that the player with the largest initial cash
reserve has an advantage on her opponent with a lower risk of being in liquidation ex-ante. We
will show that this allows a rather explicit construction of a Nash equilibrium. Furthermore, in the
completely symmetric situation in which x = y, the use of randomised strategies will be key to the
construction of a symmetric equilibrium.

2.1. Useful facts about the classical dividend problem. Here we recall a few well-known
results concerning the classical dividend problem for a generic drift g > 0 of the cash reserve. We
start by introducing notations which will be used throughout the paper. Given a set A C R? (or
A C R) we denote its closure by A. Given a function f : R? — R and openset A C R? (or f : R = R
and A C R) we write f € CF(A) for k € N to indicate that f is k times continuously differentiable in
A. We write f € C*(A) to indicate that the function f with all its k& derivatives admit a continuous
extension to the boundary dA. Given two open sets A C B in R? (or in R), letting E := B\ 4,
for k € N we use the notation f € C*(AU E) to indicate that f € C¥(A) N C*(E) with derivatives
which may be discontinuous across the boundary 0A.

In the notation of (2.4) we consider a generic value function w(z; 1) when the underlying dynamics
CH¢ has drift 4 > 0 (so that for (2.4) we have 9(x) = w(z;/)). All the results listed here can be
found, for instance, in [29, Ch. 2.5.2].

It is well-known that the optimal dividend policy in the classical dividend problem is of the form

+
(2.5) € = £ () == sup (:c —ay +ps + aBS> . =0,
0<s<t
where a, = a.(p) is an optimal boundary and dividends are paid so that the cash reserve process
(ct ;5*)20 is reflected downwards at a.. The solution is generally constructed by showing that the
value function w belongs to the class C?([0,00)) and that the pair (w, a) is the unique solution of
the free boundary problem

S’ () + ' (3 1) — rw(zs p) =0, @ € (0, a. (1)),

' (w5 1) + pw (3 1) — rw (s p) <0, @ € [an(p), 00),
(2.6) w'(x; ) > 1for allz € [0, 00),

w(asp) > 1 <= z € (0,a:(n),

w(0; ) = 0.

The value of the optimal boundary a.(u) is determined by the smooth-pasting condition

(2.7) w(ax(p); p) =0

and it can be calculated explicitly as a.(u) = 2(81 — B2) ‘log(—pB2/B1) where B1 = Bi(p) > 0 >
B2(1) = B2 are the two roots of the equation %ﬁz + ufB —r = 0. In order to simplify the notation,
we omit the dependence on p from w and a, when no confusion shall arise.

For x € (0, a) the expression for w reads

(2.8) w(z) = O (M7 — 7)),

where C' = C(u) > 0 is a constant that can be determined explicitly. Finally, we notice that the
conditions w’(a.) = 1 and w”(ax) = 0 and the first equation in (2.6) imply rw(a.) = p. Since w is
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non-decreasing, then
(2.9) rw(x) > p <= x € (ax, ).

Moreover, the condition w'(z) = 1 for > a, leads to w(x) = (z — ax) + w(ax) for > a,. Then,
simple algebra yields, for z € [0, 00),

(2.10) ";w"(x) + pw'(x) — rw(x) = —r[z — alt = —[rw(z) — y 7,

where [p]* := max{p,0}.

There are two particular values of p which will crop up in our analysis below, i.e., u = pg and
i = [, corresponding to the drift for the duopoly and for the monopoly, respectively. Then we
denote

o) = wes ), vol@) = w(zipo)s @ :=au(ft), ao:=as(u)

2.11 R
(2.11) i) and € =€ (o)

3. STRATEGIES AND EQUILIBRIA.

We introduce randomised strategies and define the associated non-zero sum game. All the equi-
libria that we construct in the subsequent sections will be Nash equilibria for such a game.

For a proper definition of strategy, in addition to the class Cy([0, 00)) we need the class Dy ([0, 00))
of right-continuous non-decreasing functions ¢ : [0,00) — [0, 00) with {(0—) = 0. We introduce the
canonical space Cy([0, 00)) x Dy ([0, 00)) equipped with the Borel o-algebra. The coordinate mapping
on the canonical space is denoted Wy (i, ¢) := (p(t), ((t)) for any (¢, () € Co([0,00)) x D ([0, 00))
and t € [0,00). Its raw filtration is denoted (F");>o.

Notice that the space (£2, F) introduced in the previous section is a subspace of the canonical
space and ¢ = B is the first component of the coordinate mapping. An element (¢, () of the
canonical space has to be interpreted as the pair formed by a realized trajectory of the process B
and a realized trajectory of a control, say D for Player 2 (resp. L for Player 1). That pair is the
information available to Player 1 (resp. Player 2) during the game and a strategy will be a map from
the canonical space to the set of control trajectories. There is no natural reference probability on
DaL ([0,00)), because the trajectory of the control of a player can be chosen freely. As a consequence
there is no natural reference probability on the canonical space. For that reason, our analysis of
strategies will be performed pathwise and the connection with the probabilities will appear only
when defining the payoffs of the game.

We say that a mapping x : [0, 00) x Cp([0,00)) x D¢ ([0, 00)) — R is non-anticipative if x(t, ¢, ¢) is
FV-measurable for all t > 0. In order to avoid further notation, in what follows we treat mappings
® : [0,00) x Cp([0,00)) — R as mappings defined on the canonical space but with no dependence
on the coordinate process (.

The next definition of randomised strategy follows an idea proposed by Aumann [l]: a ran-
domised strategy is a family of strategies depending on an auxiliary randomisation variable u. Since
we consider firms with different initial endowments, we formally introduce the class of admissible
randomised strategies for the problem starting from an arbitrary initial point .

Definition 3.1 (Randomised Strategy). A measurable mapping (u,t, ¢, () — E(u,t, ¢, ) with E :
[0,1] x [0, 00) x Cp([0,00)) x Dy ([0,00)) — [0,00) 4s an admissible randomised strategy with initial
condition x if:
(i) E(u,-,-,-) is non-anticipative for each u € [0, 1],
(i) t — ZE(u,t,9,C) is right-continuous, non-decreasing for (u,¢,¢) € [0,1] x Cp(]0,00)) x
Dy ([0, 00)),
(iil) For all (u,¢,¢) € [0,1] x Cp([0,00)) x Dg ([0,00)) and t > 0.

E(u, t, P, C) - E(u, t—, ®, C) < (‘T + H()t + 090(75) - E(u7 t_v ©s C))Jr )
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with the convention Z(u,0—, ¢, () = 0.

The set of admissible randomised strategies with initial condition of the state dynamics equal to x is
denoted Xg(x). The subset of Yr(x) of mappings E(u,t, ¢, () = ¥(t,p, () which do not depend on
the randomisation parameter u is denoted ¥(x) and its elements are called pure admissible strategies.

The two players use mutually independent randomisation devices. To emphasise that, we let the
i-th player’s randomised strategy depend on a variable u; € [0, 1], ¢ = 1,2. The next definition will
cast rigorously the following heuristics: when a player plays a randomised strategy, for a fixed value
of u and a fixed (, the realised trajectory (t,¢) — Z(u,t, ¢, () is an admissible control according
to Definition 2.1; letting the variable u vary on [0, 1] randomises such control. We now introduce a
family of randomised controls which depends on two auxiliary variables (u1,uz) € [0,1]%. Elements
from this family represent realised controls when both players play randomised strategies.

Definition 3.2 (Randomised Control). A measurable mapping (u1,usa,t, ) — Y(ui,ue,t, @), with
Y :[0,1]% x [0,00) x Co([0,00)) — [0,00) is an admissible randomised control with initial condition
x if:
(i) Y(ui,us,-,-) is non-anticipative for each (ui,us) € [0,1]?,
(ii) t — Y(uy,ug,t,p) is right-continuous and non-decreasing for any (ui,u2,¢) € [0,1]
Co([0, 00)),
(iii) For all (u1,us,p) € [0,1]? x Cy([0,00)) and t > 0.

2 x

T(ulau27t7 ()0) - T(Ul,Ug,t—, (/7) < (ZU + pot + ng(t) - T(ula ug, t—, SD))+7
with the convention Y (u1,us,0—,¢) = 0.

The set of admissible randomised controls with initial condition of the state dynamics equal to x is
denoted Dr(x). The subset of Dr(x) of mappings Y (u1,uz,t,p) = ®(t,¢) which do not depend on
the randomisation parameters (uy,uz) is denoted D(x) and its elements are called pure admissible
controls.

Remark 3.3. Notice that the set D(z) is exactly the set of controls introduced in Definition 2.1.
Indeed, in the notation of Definition 2.1 the coordinate mapping ¢ corresponds to B and a (Fy)-
adapted, cadlag process L can be expressed as a non-anticipative mapping (t, B) — ®(t, B).

Every pair (®,¥) € D(z) x X(y) induces a unique pair of (pure) admissible controls: (¢,p) —
(D(t, ), V(t, @, P(t,¢)). However, it is well-known that not every pair of pure strategies, or more
generally any pair of randomised strategies, induces a pair of admissible controls®. That leads us to
consider the subset of X p(x) x Xg(y) defined below:

Definition 3.4 (Control-inducing pairs). We let Or(x,y) be the collection of all pairs (E1,Z2) €
Yr(x) xXr(y) for which there exists (L, D) € Dr(x)x Dr(y) such that, for all (u1,us) € [0,1]?,
t >0 and ¢ € Cy([0,00)), the map [0,t] > s — (L(ui,u2,s,¢), D(ui,uz, s,¢)) is the unique solution
pair of the system:

L(ui,uz,s,p) = E1(u, s, @, D(u1,us2,s,¢))
Y ) — ) 9y Y ) Y v E 07t .
{D(Ul,’LLQ,S,QD) = ‘:‘2('“2757907[’(“17”273790))7 i [ ]

3For example, let us consider the pure strategies U' (¢, o, ¢) = 1{c0)>01 (“I move only if you move”) and Tt p,¢) =
1{c(oy=03 (“I move only if you don’t move”), which do not depend on ¢. It is easy to verify that there exists no pair
(L, D) induced by (', ¥¥). Indeed, both strategies W' and W* take their values in {0,1} (i.e., constant processes),
but none of the pairs (L, D) € {(0,0),(0,1),(1,0),(1,1)} satisfies L = W'(-,-, D) and D = ¥¥(-,-,L). More general
discussions on technical and conceptual issues related to strategies in continuous-time games can be found in [241] and

[26]-
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Notice that uniqueness of the solution of the fixed point problem appearing in the definition of
Or(x,y) is required for any time interval [0,t]. This is needed because a situation may arise in
which there are several fixed points on [0, ¢ and all but one of them will later lead to non-existence of
the fixed point (say at some ¢’ > t). In that situation, global uniqueness holds but local uniqueness
fails. Problems of existence and uniqueness of such fixed points in continuous-time games have been
discussed extensively in the literature. We point the interested reader to [26] and references therein
for a survey of different approaches.

Player 1’s payoff associated to a pair (2;,Z2) € Og(z,y) is defined as the expected payoff
associated to the induced control pair (L, D) € Dgr(x) x Dgr(y), evaluated along the trajectory of
the underlying Brownian motion (and analogously for Player 2). Compared to the formulation of
the two players’ payoffs given in Equation (2.3), we need to expand the probability space in order to
account for the randomisation of the strategies. At the payoffs’ level, that corresponds to integrating
the variables (u1,us) over the square [0, 1]2.

More precisely, we consider the enlarged probability space

(Q,F,P):=(Qx1[0,1] x [0,1], F @ B([0,1]) ® B([0,1]),P @ A® A),

with canonical element @ = (w, u1, u2), where B([0, 1]) denotes the Borel o-field and A the Lebesgue
measure. We denote P, ,(-) = P(-|Xo- = 2,Yp— = y) and E,, the corresponding expectation
operator. The two random variables U;(@) = u; for i = 1,2 defined on (2, F,P), are uniformly
distributed on [0, 1], mutually independent and independent of the Brownian motion B = B(w).

On this space, a pair of randomised controls (L, D) € Dr(x) x Dg(y) is identified with random
processes on ) through the relations L; = L(Uy,Us,t, B) and Dy = D(Uy, Us, t, B), ¥Vt > 0. More-
over, for every pair (u1,ug) the maps L""2 = L(uy,ug,-,-) and D"%2 = D(uy,us, -, -) are identified
with admissible controls in the sense of Definition 2.1.

Definition 3.5 (Players’ payoffs). For (L, D) € Dr(x) X Dr(y), with a slight abuse of notation we
set

Tuy(L D) i= Ex’y[/ e ALy + 1y cqxye” V(X))

(3.1) [0,7xAvy]

1 r1
= / / T (LM% D*2 ) duy dug,
0 JO

where jml,y(L“l’“% Dv%2) has been introduced in (2.3) and the second equality in (3.1) follows from
Fubini’s theorem. Player 2’s payoff associated to a pair (L, D) is defined analogously.

Given a pair (21,Z2) € Or(x,y) of randomised strategies with associated (L, D) € Dr(x)XDr(y),
we identify (again with a small abuse of notation)

(3.2) Tpy(B1.52) =T, ,(L,D) and J7,(E2,51) = 77,(D,L).

—_
—

The payoffs associated to a pair (21,Z2) ¢ Or(x,y) are defined as ja}’y(El,_g) = jﬁy(Ez,El) =
—0o0 (in the same spirit as in [20]).

Next we introduce the general notion of equilibrium used in this paper.

Definition 3.6 (Nash Equilibrium in randomised strategies). Given (x,y) € [0,00)2, a pair (Z},Z3%) €
Yr(x) x Xg(y) is a Nash equilibrium if and only if for all (£1,22) € Xr(z) X Xr(y)

Tey(E1,55) < Tpy(B1,53)  and T2, (52,57) < T2, (5, E1).

We notice that a different definition of admissible strategy profile and equilibrium can be found
in, e.g., [24]. A player’s strategy in [24] is admissible if it induces a well-defined dynamics for any
choice of the opponent’s strategy. In our context, that definition is too restrictive. Indeed the
equilibrium pairs (27, =3) that we find in this paper are not admissible in the sense of Neyman’s
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but they are control-inducing in the sense of our Definition 3.4. From now on we often use the
notation for the game payoffs introduced in (3.2).

Randomised and pure strategies/controls are linked and this link leads to some useful consider-
ations about Nash equilibria. First of all we notice that D(x) C X(z) C X (). The first inclusion
is obtained by identifying a control with a pure strategy that does not depend on the variable (.
The second inclusion holds because a pure strategy is a randomised strategy that does not depend
on u. It follows that Og(z,y) # @, because for all (z,y) € [0,0)?, we have

(3.3) D(z) x ¥r(y) € Ogr(r,y) and Xg(z) x D(y) C Or(z,y).

Indeed, any pair (1, ®2) € Xg(x) x D(y) induces a pair (L, D) € Dgr(z) x Dgr(y) that does not
depend on uy defined by

(3'4) L(ulau%tv@) :El(ul’ta@a(b?('agp))’ D(ul,u%ta@) :(I)Q(ta‘ap),
for all uy,ug € [0,1]%, ¢ > 0 and ¢ € Cy([0,00). The associated payoffs read

1 1
Ty (B1, ®2) = / Tpy(L*", D)duy and  J7,(®2,Z1) = / T2, (D, L' )duy,
0 0

where for every u; € [0,1], L** := L(uq,-,-,-) is an admissible control. We use a similar notation
for payoffs associated to a pair (®1,Z2) € D(z) x Xr(y).

Thanks to the observations above, we obtain useful results about Nash equilibria. In particular,
in Definition 3.6 each player can restrict deviations from the equilibrium pair to pure strategies.
Moreover, if there is a Nash equilibrium in which both players use a pure strategy, each player can
restrict deviations to controls.

Lemma 3.7. Given (z,y) € [0,00)2, the following properties hold:
(1) If (E1,25) € Zr(x) x Zr(y) is a Nash equilibrium, then (27,E%) € Or(z,y).
(11) A pair (E7,25) € Er(x)xEr(y) is a Nash equilibrium if and only if, V(V1, ¥a) € E(x)xX(y)

Tey(V1,53) < T2y (B1,83)  and T2, (02, E]) < T, (53, 55).
(i1i) A pair (¥7,V5) € 3(x) x X(y) is a Nash equilibrium if and only if, ¥(®1, P2) € D(x) x D(y)
Tiy(®1,05) < T, (01, 03)  and T, (P2, W) < T2, (95, 97).

Proof. The first point follows directly from the fact that the payoff is non-negative on ©g(z,y),
that both players can deviate by choosing an arbitrary control and using (3.3).

Let us prove (ii). For the only if part, it is clear that a Nash equilibrium satisfies the inequalities
stated in (ii), because 3(z) C X g(x) and 3(y) C Xr(y). For the if part, let us assume that those
inequalities hold. Then, as in the proof of (i) it must be (£],E5) € Or(x,y). Take E; € Yg(z).
Clearly, if (21, Z5) ¢ G)R(x y) then 7! (2%,53) > J, ,(E1,55) = —oco. So, with no loss of generality
we assume (21, 25) € Opr(z,y). Let (L, D) € Dr(xz) x Dgr(y) denote the controls induced by the pair
(E1,235) as per Definition 3.4. From Definition 3.1, for every uy, we have Z{* := =1 (uq, -, -, ) € X(z).
Uniqueness of the solution of the fixed point problem appearing in the definition of © g(x,y) implies
that (2]',25) € Opr(z,y). More precisely, for fixed u;, the unique control pair induced by the
pair (2", Z35) is the pair of maps depending only on (ug,t,¢) given by (L*', D"') where L*! :=
L(ui,-,-,-) and D" := D(uq,-,-,-). Recalling the notation L"*%2 D"1:%2 for j = 1,2 and Player 1’s
payoff in Definition 3.5, we have j;,y(:a“,:z) j;y(L“l,D“l) = fol Jx{y(l‘/“l’“?7 Dvr¥2)duy. With
this in mind, Player 1’s payoff reads

[1]

Jry(E1,53) / / TL (L2 D) duyduy

1 —~u1 —k 1 '—*'— _ 1 =% —x%
/ jxy \_41 ,._42 dul / ja:y ._41’;_42 du1 — jx,y(‘—‘lv‘—'Q)v
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where the inequality holds by the equations in (ii). A similar inequality holds for Player 2, thus
concluding the proof.

Let us prove point (iii). For the only if part, it is clear that a Nash equilibrium satisfies the
inequalities stated in (iii) because D(x) C X g(z) and D(y) C Xgr(y). For the if part, let us assume
that those inequalities hold for all (®1,®9) € D(x) x D(y). Then, as in the proof of (i) it must
be (¥7,V¥5) € Or(x,y). As in the proof of (ii), we may assume that =; € Xp(z) is such that
(21,95) € Op(z,y). Let (L,D) € Dr(z) x Dr(y) denote the randomised controls induced by
the pair (2, V%) as per Definition 3.4, and note that these controls depend only on the variables
(u1,t, ). Recalling the definition of Player 1’s payoff, we have j;,y(El, U3) = fol j;,y(Lul, D")duy,
where L*' := L(uy,-,-,-) and D" := D(uy,-,-,-). The fact that (L, D) is solution of the fixed
point problem appearing in the definition of ©r(z,y) associated to (21, U3) implies that for each
uy the pair (L"', %) induces the unique control pair (L%!, D%1). It follows that jiy(L“l, U3) =
j;7y(L“1,D“1). We conclude that

1 1
T (51, 3) = / T2 (L, D" )duy = / TL (LM U5)duy
0 0

1
< /0 T (W, Wy)duy = T (5, U5),

where the inequality holds by the if assumption in (iii). A similar inequality holds for player 2, thus
concluding the proof. O

This section provided a rigorous formulation of the game faced by the two firms. The challenge is
now to characterise equilibrium strategies. A general characterization of all possible Nash equilibria
(according to Definition 3.6) seems unfeasible. In the next two sections we find one equilibrium for
the case of firms with different initial endowment and one symmetric equilibrium for firms with the
same initial endowment. However, we do not claim uniqueness of those equilibria and indeed, in
the symmetric case, we show that there are at least three different equilibria, two of which are not
symmetric across players (cf. Remark 4.10). We also leave for future study the question of subgame
perfection of our equilibria, because of subtle technical difficulties that arise in our continuous-
time setup. Nevertheless, we notice that the construction of our equilibria is based on dynamic
programming ideas and it holds for any initial point of the underlying dynamics. That seems a
natural starting point for a suitable notion of subgame perfection.

4. NASH EQUILIBRIUM WITH ASYMMETRIC INITIAL ENDOWMENT.

In this section we consider firms with different initial endowments. Specifically, we study the case
y > x and construct a Nash equilibrium. It turns out that, in our setting, it is enough for both
players to use pure strategies to obtain a Nash equilibrium. Even more, the poorer firm’s strategy
is independent of the (-variable and it is therefore a pure control. Next we state the theorem. Its
proof will be distilled in a series of intermediate results which will be illustrated in the rest of the
section.

Theorem 4.1 (NE with asymmetric endowment). Let y > x and recall a and ag as in (2.11).
There exists a function b : [0,00) — [0,00) and a constant o > 0 with the following properties:

(i) b(0) = a (we extend b to (—o0,0) as b(z) = +oo for z <0),
(ii) b€ C([0,00)) and b € C1([0, ao)),

(iii) b strictly decreasing on [0, ag],
(iv) b(z) = a > 0 for z > ay,
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such that the pair (®*(t, ), ¥*(t,p, ®*(t,))) € D(x) x X(y) is a Nash equilibrium for the game
starting at (x,y), with

+
¥ (t0) 1= sup (- ao+ pos+op(s))
0<s<t

W (t,0,0) = sup (y— -+ () = bz + pos + o(s) — () )

0<s<t

(4.1)

fort >0 and all (,¢) € Cy(]0,00)) x D ([0, 00)).

In keeping with the notation from (2.1), the controls induced by the pair of strategies (®*, ¥*)
(cf. Definition 3.4) will be denoted

(4.2) L} =®*(t,B) and D} =U*(t,B,L%),

upon recalling that B is the canonical process on {2 under the Wiener measure P (recall also that
(Ft)t>0 is the canonical raw filtration generated by B). The associated controlled processes are
denoted X*=XT" and Y*=YP". Tt follows that L*=¢° as in (2.11) and

(4.3) (e b(X:)>+, D —o.

0<s<t
Then, Player 1’s equilibrium payoff reads vy (z,y) := jml’y(L*, D*) = vo(x) with vy as in (2.11). The
function = — b(x) is actually constructed explicitly thanks to (4.6). Moreover, it will later be clear
that Player 2’s equilibrium payoff is a C! function ve(x,y) = jg’y(D*, L*) solving a suitable free
boundary problem with b(x) the free boundary (cf. Proposition 4.4).

Remark 4.2 (An intuitive interpretation). An intuitive interpretation of the equilibrium obtained
in the theorem is as follows: first of all, given the initial cash advantage, Player 2 can afford to act
so as to make sure that the rival cannot become monopolist; this effectively “forces” Player 1 to solve
the same optimization problem as in the single-agent dividend problem (with drift po); hence, Player
1 adopts the control L} = ®*(t, B) distributing dividends when the cash-reserve exceeds/equals the
threshold ag (optimal in the classical dividend problem); now, Player 2 knows what Player 1 is
going to do, and she needs to select a best response; it turns that the best response consists of paying
dividends when the cash reserve Y;* is at the moving threshold X;4b(X;) where X* = X" (compare
to (4.34) later on); in other words Player 2 distributes dividends only when the difference of capital
between the two firms is sufficiently large (i.e., ;" — X; > b(X}) > a > 0); this happens because,
due to discounting, Player 2 does not want to be idle while waiting for Player 1 to default; at the
same time the condition V" — X7 > b(X}) > a > 0 creates a safety buffer that guarantees Player 2
can never be driven out of the market before Player 1. The level o is determined endogenously in
Player 2’s optimization, balancing the interplay between the effect of discounting and the value of
the continuation payoff as a monopolist. The value of o corresponds to the cash holding that makes
Player 2 indifferent between paying dividends or not when X* is equal to ag. Finally, we observe
that when Player 2 becomes monopolist (i.e., X; = 0) she pays dividends at the threshold b(0) = a,
which is optimal for the monopolist’s problem.

Remark 4.3 (Measurable dependence on initial endowment). Notice for later use that the strate-
gies ®* and U* depend in a measurable way on the initial positions x and (x,y), respectively. When
necessary, in Section 5 we will denote them ®*(x,t,p) and V*(z,y,t,p,() to emphasise that depen-
dence. Throughout the current section x and y are fized, with y > x, and we use notations as in

(4.1).

Our analysis in the rest of the section is organised as follows: first, we construct the solution of a
suitable free boundary problem (Proposition 4.4); second, we illustrate properties of the control D*
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z

ag X

FIGURE 1. An illustration of the boundary x + b(z) (in blue) in the positive quad-
rant, obtained by solving (4.6) with parameter values: i = 1.8, pop = 0.8, r = 0.8,
o = 0.4, so that ag ~ 0.419, a ~ 0.079 and a ~ 0.339. In the plot we see that the
boundary is decreasing in [0, ag] and it is extended to a constant b(z) = « for x > ao.

(Lemma 4.5) and show that it is a best response against the control L* (Proposition 4.6); third, we
show that L* is best response against the strategy ¥* (Lemma 4.8); finally, combining these results
we obtain the proof of Theorem 4.1 thanks to Lemma 3.7.

It is convenient to change our reference system and consider the state variables (z,z) with z =
y — x. Letting ZtL’D = Y;P — X[ it is immediate to check that ZtL’D =y—x+ Ly — Dy, for t > 0.
Moreover, for the default times we have 7y = inf{t > 0 : Z*” < —X[} =: v, and Y« = Zyys
P-a.s. It should be clear that vx = yx(L) and vz = vyz(D), therefore we omit the dependence on
the controls, for ease of notation.

In the first part of our analysis we focus on constructing Player 2’s best response to Player 1
using the control L* = £°. It is well-known from the classical dividend problem (and it can be easily
verified from (2.5)) that L§_ = 0 and L* is continuous except for a possible jump at time zero of
size L, = (z — ag)*. Moreover, the Skorokhod condition dL} = 1{xy=aoydLi holds for all ¢ > 0,
P-a.s. Finally X < a¢ for all t > 0, P-a.s. In summary, L* reflects the dynamics of X* at the
boundary ag and it is well-known to be optimal for the dividend problem with drift .

Since J7,(¥*, &%) = J2,(D*,L*), it follows from Lemma 3.7-(iii) that ¥* is a best reply to ®*
if the control D* is optimal for Player 2 in the singular control problem with value

UQ(xuy;L*): sup jzz,y(D>L*)
DeD(y)

Changing variables we define ug(z, z) := va(z, 2z + x; L*) and we have
(4.4) ug(z,z) = sup E,. [/ e "dD; + Loy <Vz}e*”X*@(Z,$;;D)].
DeD(w+2) [0,7x% AvZ]

It suffices to define the function ug on the set H = {(z,2) € [0,a0] x R|z > —z}. Indeed, if z > ay,
the initial jump of the control process L* shifts the x coordinate to the value Xj = ag. Then, we
can simply extend the definition of ug as

(4.5) ua(x, z) := uz(ap, z), for x > ap.

We will characterise properties of the function uo, along with an optimal control, using a verification
approach. In the next proposition we use three closed sets defined as follows: given a decreasing
function b € C([0, ag]) with « := b(ag) > 0,

He:={(v,2) € H|2 <0}, Hjq :={(z,2)€ H|ze€l0,a]},
Higp = {(z,2) € H|a < 2 < b(x)}.
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Proposition 4.4. Recall 0, vo, @ and ag from (2.11). There is a unique pair (u,b) such that:

(i) The function b is continuous on [0,00), strictly decreasing on [0,ao] with b € C1([0,ao)),
b(0) = a and b(ap) = o > 0. Here « is the unique solution of ¥'(a) = v((0). Moreover, b(-)
satisfies

(4.6) b(z) = [(0") "L ovp](ap — x), Yz €[0,aq].

(ii) For C := {(z,2) € H : z < b(z)} and S = H\ C, it holds w € C*(H) N C*(H< U Hpp o U

Hioy US), with ug, continuous across the boundary x +— b(z).
(iii) The function u solves the variational system

( (U—éamu + po0zu — ’I“U) (v,2) =0, for (z,2) €C,
(%dmu + o0zt — ru) (r,2) <0, for(z,z)€S,
O:u(z,z) > 1, for (z,2) € C,
(4.7) O.u(z,z) =1 for (z,2) € S,
' Ozgu(z,b(x)) =0, for x € [0, agp),
u(0, z) = 0(2), for z € [0, 00),
u(z, —x) =0, for z € (0,ay],
(0,u — Oyu)(ag, z) =0, for z € [—ap, +0).

Proof. We proceed with the construction of the function v and of the boundary b in four steps,
considering first the region Hp,y, then the region Hjy, and finally the regions H< and S. We
emphasise that in steps 1-3 we will produce candidates for the function u(x,z) (or its derivative
0,u) and the boundary b(z). In Step 4 we will verify that the candidate pair (u, b) solves the free
boundary problem (4.7). With a slight abuse of notation, we use u and b to denote those candidates.

We begin with some basic preliminaries. Let 85 < 0 < (1 be the solutions of the quadratic
characteristic equation %252 + pof —r = 0. Since b must be strictly decreasing on [0, ag], we can
equivalently consider its inverse c(z) := b~!(z), which must be continuous, decreasing on some
interval [b(ag),b(0)], with ¢(b(ap)) to be determined and ¢(b(0)) = 0. From the first equation in
(4.7) we must have for (z,z) € C

(4.8) u(z, 2) = A(2)e?® + B(z)e™*,

for some maps A(z) and B(z) which we find it convenient to define (with a slight abuse of notation)
as A, B : C — R. In particular, in order to guarantee that u satisfies the regularity required in (ii),
it must be A, B € C1(C) N C*(H< U Higq) U Hjqyp)). For z > 0, the boundary condition at z = 0
(sixth equation in (4.7)) leads to A(z) + B(z) = v(z), and by differentiation

(4.9) Al(z)+ B'(2) =9'(2), 2z€[0,b(0)].
We are now ready to construct the solution to the free-boundary problem.

Step 1. Here we take (7,2) € Hj, 3. The fourth equation in (4.7) yields d,u(z,b(x)) = 1, which
can be written equivalently as d,u(c(z),z) = 1. That is,

(4.10) Al(2)eP193) £ B(2)e24%) =1, 2 € [b(ag), b(0)].
We deduce from (4.9) and (4.10) that:
(4.11) A’(z)(eﬁlc(z) _ eﬁzc(z)) —1_ @’(z)eﬁzc(z).

The fifth equation in (4.7) (so-called smooth-pasting condition) can be written equivalently as
0zpu(c(z),z) = 0. That is,

(4.12) A (2)B1e%¢E) 4 B! (2)¢%2°3) = 0, 2z € [b(ao), b(0)].
Combining (4.12) with (4.9) yields
(4.13) A (2)(Bre"1°3) — Bye®2¢2)) = _i(2)B2e™¢?) 2 € [b(ap), b(0)].
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Solving (4.13) and (4.11) for A’(z) and equating the two expressions, we find

) B1ef1e(z) _ ByeB2e(z)
/ _
(4.14) V&) = B By

Next we show that for each z € [b(ag), b(0)] there is a unique ¢(z) that solves (4.14). More precisely,
we notice that (4.14) was derived only for z > 0 (because we used (4.9)). Therefore, as part of the
proof we must show that b(ag) > 0 (and even b(ag) > 0).

Setting

Breftt — Bael!
(61 — 52)e(51+52)£’

it is immediate to see that ¢(0) = 1 and simple algebra allows to check that ¢’ > 0 on (0,00) and
that limy o ¢ = +00. Since 9'(z) > 1 for z € [0,a) and ¢’'(a) = 1, we then obtain ¢(a) = 0. Letting
z decrease, starting from z = @, the function ¢(z) increases. That is, z + ¢(z) is strictly decreasing
in a left-neighbourhood of a. Moreover, in such neighbourhood we have

(4.16) c(z) = gb_l(ﬁ'(z)).

For the inverse function b(z) = ¢ !(z) we have b(0) = @ and z + b(x) (strictly) decreasing on a
right-neighbourhood of 0. Now we want to show that b(z) > 0 for = € [0, ag].

Recall from (2.8) that vj(x) = Co(B1e”1* — B2e2%), that v)(ag) = 1 and v}(ag) = 0. From those
expressions we deduce

(4.15) o(f) =

¢ € [0,00),

1

(4.17) Co = BrePrao — Byebzao

and B9 = g2efa0,

In particular, plugging the second expression into the first one yields Cy = B2/[B1(B2 — B1)]e~P1%.
We can thus rewrite (4.15), for ¢ € [0, ap], as

B (lgleﬁlf _ 526525) e~ (Br+pB2)¢ B B
9o(0) = (B1 — B2) BB — 51)e

The equation (4.14) is therefore equivalent to

“hiao]gy (a0t — gyef2(a070) = 4 (ag — 0).

¥'(2) = vplag — c(z)) <= o' (b(x)) =v)(ao — z).

We notice that v > vg by definition of the problem: any admissible control for the problem with
drift pg is admissible for the problem with drift /i and it gives a weakly larger payoff in the latter
because [i > . Therefore ¢'(04) > v((0+) since ©(0) = vp(0) = 0.

Arguing by contradiction, let us assume xo := inf{z > 0 : b(xz) = 0} € [0,a0]. Then ¢'(0+) =
vy (ap—xo) < v((0+), where the final inequality is by concavity of vg. Combining with the inequality
from the paragraph above it must be 9'(0+) = v,(0+) > 0. Recalling the ODE solved by the value
function of the optimal dividend problem (cf. (2.6)) and using 9(0) = v9(0) = 0 and ¢'(0+) =
vh(0+) > 0, we deduce 0 (0+)—v§ (0+) = 202 (po—f1)vh(0+) < 0. The latter implies o' (z)—vj(z) <
0 for z € (0,¢e) and sufficiently small ¢ > 0. Thus o(x) < vg(z) for z € (0,¢), which contradicts
0 > vg. Then we conclude xy ¢ [0, ag], as needed. The latter also implies that o« = b(ag) is the
unique solution of ¥'(a) = ¢(ag) = v((0).

By construction (cf. (4.16)), b(x) = [(?')~! o ¢](x) is continuous for x € [0, ag]. Moreover, using
that © € C?([0,00)) with 9”(z) < 0 for z € [0,a) we have

o ¢'(x) _ Y@
) = e @y e d)@) — (7 o))

€ (—00,0), for z € (0,aq].
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Letting = | 0 we have b(0) = a and 9”(a) = 0 in the denominator of the equation above. However,
also the numerator vanishes. Then, using De L’Hopital’s rule, in the limit as = | 0 we have

¢"(0) 2 _ ¢"(0)
ﬁ"'(b(O))b/(O—i-) - @///(d)-
Simple algebra yields ¢/ (0) = — /31 32. Differentiating once the ODE for ¢ and imposing the bound-
ary conditions ©'(a) = 1 and ©”(a) = 0 yields ©"(a) = 2r/o%. Hence, from (4.18) we conclude
V' (0+) = o+/|B1p2]/(2r) and b € CL([0, ag]) as claimed.
Note that (4.13) (or (4.11)) together with the explicit expression of ¢ in (4.16) determine A’,

on the interval [, a]. They also determine B’ on [a,a] by (4.9) and, finally, d,u on Hi, ;. More
precisely, (4.13) and (4.12) yield

_526526(2) N
B BgeBQC(z)v z) >0,

(4.18) V(0+) ~ = [V'(0+4)]

Alz) =

Bre(z)
/(5) — (— (Br—B2)e(z) 4/(,) — Sre o
Bz) = (=h1/B2)e A(2) Bleﬂw(z) _ ﬁQeﬁzc(z)v (2) > 0.

For future reference notice that

B2 _

4.19 Ala) = ———=—e P10,
(4.19) (@) =-5"5

Combining the above we have an explicit expression for d,u(z,z) = A'(2)e®* + B'(2)e* for
(z,2) € Hjqp)- We use that to compute Oy.u(w, 2) for (z,2) € Hiyy. In particular, for x < ¢(z),
z € [a,al,

Opzu(, 2) = A'(2) 51677 + B'(2) 20" < A'(2)B16519%) 4 B'(2)B2e%°3) = 0,

where the final equality holds due to (4.12). Since d,u(c(z),z) =1 (c.f. (4.10)), then d,u(z,z) > 1
for z < ¢(2), 2z € [, a]. This verifies the third condition in (4.7) in the set C N Hyy. Finally, it is
a matter of simple algebra to check that 0.,u and 0,,u are also continuous on H [ab]-

In this step we have obtained formulae for the coefficients A’(z), B'(z) and the boundary b(x)

(or its inverse ¢(z)). Then we have a candidate expression for d,u(z, z) and for b(z). To emphasise
that these are just candidates for now, we adopt the notation

(4.20) Qi(z,z) = A(2)e"" + B'(2)eP” = 0.u(x,2), (z,2) € Hipy-

Step 2. Here we take (z,2) € Hjy,. For z € [0,a), recall the reflection condition at (ao, 2)
as given in the final equation in (4.7). Differentiating that condition with respect to z yields
0z.u(ag, z) = Ozzu(ag, z). Using (4.8), the latter reads

(4.21) A"(2)eP19%0 4 B"(z2)eP2%0 = A'(2)B,P1% 4+ B(z)BaeP2%.

Differentiating also (4.9) we obtain B”(z) = ¢"(z) — A”(z), which we plug into the equation above
to obtain

A" (2)eP190 4 ("(2) — A"(2))eP2%0 = A/(2)B1e71% + (0/(2) — A'(2))BaeP2%.
Thus, A’ satisfies a linear non-homogeneous ODE on the interval [0, a] given by
(4.22) A" (z)(ePra0 — eP2a0) = A'(2)(B1e 190 — Bae290) 4 ¢/ (2) FpeP2%0 — ¢ (2)e 2%,
We impose the boundary condition at z = « given by (4.19). That ensures that
(4.23) A" is continuous in [0, b(x)] for every x € [0, ag] (hence in Hyg o) U Higp))-

Knowledge of A’ yields also the function B’ thanks to (4.9). Therefore, by continuity of A’ we
deduce that A” is also continuous by (4.22) and, thanks to (4.21) and (4.8),

(4.24) functions B’, B”, 0,u, 0,,u, 0.u and 0,,,u are continuous in Higo) U Higp)-
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Now we analyse properties of A’ in more detail. Plugging the expression for A’(a) from (4.19)
into (4.22) and recalling that ¢(a) = ap, we have

0" (r)el290

 ePao — gbeao

(4.25) A'(a—) = > 0.

We want to prove that A”(z) > 0 on [0, «]. Arguing by contradiction we assume that A” vanishes
on [0,«) and we let Z denote the largest zero of A”. Clearly Z < « by (4.25). By differentiating
(4.22) and taking z = Z, we obtain

A" (Z)(e190 — e210) = ¢/ (2),

where g(z) := 9'(2) f2e72% — " (2)e2% . We claim (and we prove it later) that ¢'(z) < 0 for z € [0, a].
Thus A”(Z) < 0 because %1% > %20 Since A”(%Z) = 0 and A” does not change its sign on (2, a)
(by definition of Z), it then follows that A”(z) < 0 for z € (2, ). That contradicts (4.25).

We want to show that g is strictly decreasing for z € [0,«]. With the notation from (2.11),
recalling the expression for the value function of the classical dividend problem in (2.8) and setting
Bj = Bj(fr), 7 =1,2 and C = C(f1), we can express g as

g(z) = Ce?® (52(@16312 — Bae) — Bl 4 3226’322>
= (e ((52 — B1)Br1e™ + Ba(Ba — B2)€é2'z) ;
on the interval z € [0,a) D [0, a]. Differentiating that expression yields
g/(2) = G0 (B = Br) BRe™™ + B3(Ba — Ba)e™)

Observing that i > pg = P2 < B2 we deduce that d'(2) < 0 from the expression above (recall
that C' > 0).

Next, we want to check the third condition in (4.7), i.e., d,u(x,z) > 1 for (x,2) € Hyq). By
direct calculation we have

D.u(x, z) = A" (2)eP1% + (' (2) — A" (2))e™®,
Dzpti(, 2) = A"(2)B151% + (8" (2) — A”(2))B2e"2%.
As shown earlier, for z € [0,a] we have A”(z) > 0. Moreover, ¥ is concave and therefore 0" (z) —
A"(z) < 0. We deduce for (z,z) € Hjy 4
Doou(z, 2) = A" (2)eP1% + (0" (2) — A" (2))eP?*

(4.26)
< A”(z)eﬁlao + ({)”(z) - A”(z))e/%ao = 82,2“(&07 Z) = azmu(a()a Z) < Oa

where in the third equality we use the reflection condition from the final equation in (4.7) and it
remains to prove the final inequality. For that, it is sufficient to observe that B2(0”(z) — A”(2)) > 0
implies

Ozzpu(ag, z) = A”(2)B1e7190 + (/' (z) — A" (2))B2e™* > 0.

Then, thanks to the fact that A’ is continuous at «a, choosing z = « in (4.13) so that ¢(a) = ag
(recall B'(a)) = 9'(a)) — A’(«r)) we have

azmu(a07 CV) = A/(a)ﬁleﬁlao + (@/(Oé) — A/(Oé))ﬂgeﬁzao = 0.

Combining these last two expressions yields the final inequality in (4.26).

Finally, by construction 0,u is continuous at (x, «) for all x € [0, ap] and the value of 0,u(x, ) > 1
was determined in Step 1 of this proof. Therefore, (4.26) implies that 0,u(z,z) > 1 for all (z,2) €
Hjp,q) as needed.
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As in Step 1, also in this step we have obtained expressions for the coefficients A’'(z) an B'(z).
We use them to construct a candidate expression for d,u(z, z). To emphasise this fact we set

(4.27) Qo(z,2) = A'(2)e”® + B (2)e?® = d,u(x,2), (x,2) € Hpp o)
Step 3. The set (z,2) € H< is analysed in this step. The boundary condition u(z, —z) = 0 reads,
for z = —ux,
(4.28) A(z)e P + B(z)e % =0,
and by differentiation
(4.29) B'(2) = [(B1 — f2) A(z) — A'(2)]eP2 702,
Note that in particular B(0) = —A(0). The reflection condition (9,u—d,u)(ag, z) = 0 (last equation
in (4.7)) implies
(4.30) Al (2)eP1% 4 B'(2)eP2%0 = A(2)B1719% + B(z) e,
Combining (4.29) and (4.30), we obtain

Al (2)eP1% 4 [(B) — B2) A(z) — Al (2)]elPeP)zef200 — A(2)B1eP1%0 — A(z)e(P2=P1)z g, o200,
which leads to A’(z) = B1A(z) and thus A(z) = A(0)e”? and B(z) = —A(0)e?? for z € [—ay,0).
Plugging this expression back into (4.28) yields the form of A(z) and B(z), and then
(4.31) u(z, z) = A(0)(eP@2) — &P2@+2)) (g 2) € He .

In order to determine A(0) we can, for example, impose d,u(ag,0+) = d,u(agp,0—), noticing that
0:u(ao, 0+) = Q2(ap, 0+) > 1 is obtained from Step 2 (see (4.27)). More precisely, we have
Q2 (ao, 0+) 1

(4.32) A(0) = Brefrao — ByeP2a0 > Brefrao — Boef2ao = Co,

where the last equality is (4.17). Therefore, for z < 0,

Q2(a070+) T4z T4z
(4.33) du(w,z) = BreBrao — ByeP2a0 (B1e?1(#+2) — Brefa(wt2)),
Taking one more derivative and observing that £i(x + z) < Biag, P2z > 0 and Saz > [aap for

(x,z) € H< we obtain

0,u(ag, 0+
O u(x, z) = 516[:100( — /82(-3-%2“0( %eﬂl(m—i-z) _ ﬂ%eﬁg(ac—i-z))
d.u(ag, 0+) (8265190 _ g2oPea0) — d.u(ap,0+)  vg(ao)
< Bleﬂmo _ 52662110 1 2 516,81(10 _ ,32662“0 C(MO)

where the penultimate equality follows from (2.8), upon recalling that we are working with ; =
B1(po) and P2 = Pa(po), and the final equality is by the smooth pasting condition (2.7). We then
conclude that d,u(z, z) > 1 for (z,2) € H<.

It is important to notice that, differently from Steps 1 and 2, here we have obtained an expression
for the candidate value function u(z, 2), (z, z) € H<, instead of a candidate for its z-derivative. We
are going to use this fact in the fourth and final step of the proof.

=0,

Step 4. In this step we piece together the functions obtained in the previous steps and confirm
that our candidate pair (u,b) solves the free boundary problem (4.7) as claimed.

We define Q(z, z) := lu,, (z,2) +Q21lm, (z,2)+1s(z, 2) on [0, ag] X [0, 00), with @1 and Q2
from (4.20) and (4.27), By construction and thanks to the smooth pasting condition 0,,u(z, b(x)) =
0, the functions @ and 0,Q(z,z) are continuous on [0, ag] x [0,00) (see (4.23) and (4.24)). Its
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derivative 0,,Q is continuous on Hjy . U Hyyp and it belongs to L°°([0,ao] x [0,00)). Next we
define

u(z,z) = u(x,0-) /Qm{d(, for (x,2) € [0, ap] x [0, 00),

where u(z,0—) is given by (4.31) in Step 3. On the set H< the function u(z, z) is defined by (4.31).
It is then clear that v € C(H). By Step 3 we have Oyu, 0zzu,0,u € C(H<). By dominated
convergence in [0, ag] x [0, 00) we have

Oru(z, z) = Opu(x,0— / 0:Q(z,¢)d¢ and Oypu(x,z) = Oppu(z, 0— / 022Q(x, ()d

Moreover, it is clear that d,u(z, z) = Q(z, z) on [0, ag] x [0,00). Then, thanks to the regularity of @
stated above, these derivatives paste continuously with the corresponding derivatives in H<. That
is, u € CY(H) and 0,,u(z,2) € C(CUS) as required in the free boundary problem.

By construction u solves the free boundary problem in H<. Next, for (z,2z) € Hjg o U Hiapy US
we can compute directly

(%28mu+uoaxu—ru) (x,2) = (%23mu+ﬂoaxu—7“u) (3370—)‘1‘/ (%23me+#08$@—7"@)(9?;§)(1€-
0

In particular, for (z,2) € Hj ) U H|yy) the right hand side of the equation above vanishes using the
explicit expressions (4.31), (4.27) and (4.20). Instead, for (x,z) € S we can compute

(%Qamu + poOpu — ru) (2, 2)

> @)
= (% Ozau + podzu — ru) (z,0—) + /0 (% 022@Q + 1100:Q — 7Q) (2, ¢)d¢ — r(2 — b(x))
=—r(z—0b(z)) <0.

This shows validity of the first two equations in (4.7). The third, fourth, fifth and seventh condition
in (4.7) hold by construction and by properties of (4.31), (4.27) and (4.20) illustrated in Steps 1-3.
For the sixth condition in (4.7) we observe that u(0,0) = 0 due to (4.31) and therefore

z

u(0, z) = u(0,0— / Q(0,¢0)d¢ = / (A'(¢ '(C))dC—F/ 1d¢ = 0(2),
anz
where the final equality is due to (4.9), and the facts that v/ = 1 on [a, 00) and #(0) = 0. The final
condition in (4.7) can be checked as follows: for z € [—ag,0], (0-u — d,u)(ao, z) = 0 by (4.30); for
z € [0,q]

(8zu - ax’u)(a(),Z) - QQ(CLOv ) 8 U a07 / a Q2 CLO, <

= Q2(ag, 2) — Opu(ag, 0—) — /0 0.Q2(ao, ()d¢ = Q2(ao, 0) — dru(ag,0—) =0

where the second equality is by (4.21) and the ﬁnal one by (4.33), upon recalling that d,u(ag,0—) =
0,u(ap,0—) by construction; finally, for z € [, 00), we have

(8zu—ﬁxu)(ao,z) = Q(ap, z) —dyu(ap,0 /8 Q(ap, ¢

— 1 Byu(ag, 0— /3Q2 a0, )¢ = Qs(ap, 0)— Byulag, 0—)+1—Qs(ag, a) = O,

where in the second equality we use that Q(ag,z) = 1 for z € [a,00) and in the final one we use
Q2(ap, @) =1 (thanks to (4.23) and (4.24)) and Q2(ao,0) = dyu(ag,0—) as above.
O
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The pair (u,b) constructed in the previous proposition is going to be used in a verification result
to determine uy (cf. (4.4)) and to prove optimality of D* for Player 2 (cf. (4.3)). Let us start by
noticing that for

i = sup (Y0 X:-b(X2)) ", fort>0,
0<s<t
where Y0 = y + pos + 0Bs. As a result, the pair (X*,Y*) introduced in Theorem 4.1 can be
expressed as

" 0 0 + x 0 0 « )T
(4.34) X=X~ sup (Xs - a0> and Yy =Y — sup (Y X b(XS)> :
0<s<t 0<s<t
with X0 = 2+ ugs+ o Bs. It is useful to determine some properties of (L*, D*) relatively to the pair
(X*,Z%), where Z* :=Y* — X*. Let us set v, := yx+ Ayz« =inf{t > 0: Z < — X or X; <0}.
Lemma 4.5. Forb constructed in Proposition 4.4 and (L*, D*) defined as in Theorem 4.1, it holds:
(i) D* is continuous except for a possible jump at time zero of size

* * *\) T +
Di=(y—xz+L5—bX3)" = (y—axNao— bz Aag))
Therefore, Z* is continuous except for a possible jump at time zero of size
Zy—Zs_ =Ly — Dy = (x —ap)t — (y—mAao—b(:UAao))+

(i) P(Zp,, < B(Xip )y VE 2 0) = 1.
(iii) For any S > 0, we have f(O,S/\’y*] Lizr<b(x;ndDf =0, P-a.s.

Proof. Continuity of the mapping ¢ — Dj,., on (0, 00) is clear because of continuity of the mapping
t— Lin,, — b(X{x,,) on (0,00). The expression for Dy is also clear by the explicit formula (4.3)
and thus the one for Zj — Z;j_ follows immediately.

The condition in item (7) can be verified easily upon noticing that D}, > 2+ Lj,, —b(X{\,.)
for every ¢ > 0. It remains to check the condition in item (éii). The argument is carried out path-
wise. Fix w € Q and assume Z;(w) < b(X[(w)) (with no loss of generality it suffices to consider
t < vx(w)). Then

77 (w) = z+ Lj(w) — Dj (w) < b(Xf(w)) — Dj(w) > z+ L} (w) — b(X;“(w)).

Therefore, by continuity there is &, > 0 such that D (w) > supy<,<; s, (2 + Li(w) — b(X} (w)))+
The latter implies D} (w) — Df(w) =0 for s € [t,t + d,,) which proves the claim.

Next we state our verification result.

Proposition 4.6. Let (u,b) be the pair constructed in Proposition 4.4 and recall ug from (4.4) and
(4.5). Set u(z,z) = u(ag, z) for x > ap and z > —x. Then, u(z,z) = uz(z,2), for x € [0,00)
and z > —x. Moreover, D* as in (4.3) is an optimal control, i.e., ug(z,z + x) = va(w,y; L*) =
jﬁy(D*,L*) for all (z,y) € [0,00)2.

Proof. In Proposition 4.4 we showed that u solves the free boundary problem (4.7). Take an
arbitrary control D € D(z + z) and take the admissible pair (D, L*). Denote ZP = ZL"P ~ =
vz AN yx+ and A = %Zﬁm + w0y — r, for simplicity. Fix (z,z) € H. We wish to apply Dynkin’s
formula to calculate E%z[e_r(tM)u(XfM, Ztl/)w)]. This can be done, for example, invoking [7, Thm.
2.1]. We must notice that (X7, ZSD/W) € H, for all s € [0,00) and, for any S > 0,

S S
/ Po-(ZP =b(X}), ZP > a)ds = / Po-(X: =c(ZP), ZP > a)ds
(4.35) ° s 0
= / Poo (X0 =c(ZP)+ L:, 2P > a)ds =0,
0
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where the final equality holds due to Lemma 7.1. Equation (4.35) guarantees Assumption A.l in
[7, Thm. 2.1], while the other assumptions are satisfied in our set-up thanks to the regularity of u
and b.

Applying Dynkin’s formula, up to a standard localisation argument that makes the stochastic
integral a martingale, we obtain

Ex,e [ u(x;, 28]

tAy
— () + B [ e (A (X7 2D
0

(4.36) tAy tAy
+Ex,z[ / e (Bou — Opu) (X7, ZP)dL1e — / e T 9,u(X*, ZP)dDe
0 0
FEne| Y e (X ZP) —u(xi, 2R))),
S€[0,tAY]

where (L*, D) is the continuous part of the pair (L*, D). Thanks to (4.35) we have for a.e.
s € [0,7(w)]
(4.37) (Au) (X3 (w), 27 () = (Au) (X{ (@), Z2 (@) 1(xz (w), 2P (w))es) < O,

where the first equality is by the first equation in (4.7) and the inequality by the second equation
therein.

Jumps of D do not affect the dynamics of X* and therefore, by definition of L* and the fact that
X} < ap we have L} = L;"° for t > 0. The sum of jumps then reads

Yo e (XL ZD) —u(X Z2) = Y e (XD, Z0) —ul(XE Z2)
s€[0,tA7] s€[0,tA~]

|AZP|
=— Y e“/ d.u(X;,ZP —Qdc<— > e AD,,
s€[0,tA9] 0 s€[0,tA1]

where we use that AZP = —~AD, < 0 and the third and fourth equation in (4.7). By the same two
conditions we also obtain

tAy tAy
/ TS0 u(X*, ZP)dDE > / e T5dD.
0 0

Combining these terms we obtain

tAy
> e (u(XE ZP) —u(X:, ZP)) - / e 0u(X), ZP)dDe

s€[0,tNA7] 0
(4.38) i~

< — Z ersADs_/ ersdD;::_/ e "$dD,.

SE[0,tNAY] 0 [0,tAY]

Finally, the last equation in (4.7) gives

tAy tAy
(4.39) / e " (Dpu — Opu) (X7, ZP)dLEe = / e " (0,u — 0yu) (ag, ZP)dL: = 0,

0 0

where we used that dLy = dL* = L{xr=qo}dLg for s > 0 in the first equality.
Combining (4.36), (4.37), (4.38) and (4.39) we obtain

we, ) 2Bl [ D e TG, 22 )]
[0,tAY]
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On the event {y < t,7z > vx} we have u(Xjy,, Ztlz,y) = u(0, Z%) = ﬁ(Z%) by the sixth equation
in (4.7). On the event {y <t,7yz < vx} we have u(X/,,, ng) =u(X},, =X, ) = 0 by the seventh
equation in (4.7). Therefore

(X Zine) = Lngeamnnye L) + Tpsne (X7, Z))

—ryx D
2 1{'7St7')’Z>'YX}e T’YXU(Z’YX)’

where the final inequality uses u > 0 which is due to u(z, —z) = 0 and 0,u > 1. Then

u(z,z) > Ey [1{@7}(/[

e AD, + 1y, a7 0(20)].
0,7x Avz]

Letting ¢ — oo, using Fatou’s lemma and noticing that P, .(vx A vz < 00) = 1 yields

(1.40) w2 B[ [ D e (2R ).
[0,7xA\vz]

Let us now consider the pair (L*, D*) with (Djf);>¢ as in (4.3). Denote the controlled dy-
namics (X*,Z*) = (XL, Z"P") and the associated stopping time 7, := vz« A yx+. The con-
trolled process is bound to evolve in C in the random time-interval (0,v.], thanks to Lemma 4.5.
Then, we can repeat the arguments from above based on Dynkin’s formula but now (4.37) reads
(Au)(X}(w), ZX(w)) = 0 for s € (0,7«(w)] and the inequality in (4.38) becomes an equality, due to
Lemma 4.5-(iii) and 0,u(x,b(x)) = 1 (see the fourth equation in (4.7)). Thus we obtain

u(:E, Z) = Ex,z [/[0 | e_mdD: + 1{%«§tﬂz* >7X*}e—7"yx* ﬁ(Z%*) + 1{7*>t}e_rtu(Xt*, ZZ‘)] .
A Y«

Now we let t — oo. Since (X}, Z;) € C for all t € (0,7.] and C is compact, then u is bounded on C
and clearly

Jim E,.[15 e (X7 2] =0

Monotone convergence also implies

U(IL‘, Z) = lim EI,Z |:/[0 }e_rsdD: + 1{7*§t,”/Z* >7X*}Q_T7X*@(Z€(* ):|
7t/\7*

t—o0

(4.41)
=y €D} + e (22|,
[07’YX* /\A/Z*}

where, in particular, we used that for each w € Q there is T,, > 0 sufficiently large that v.(w) < ¢
for all t > T, and therefore

/ e "*dDI(w) = / e "*dD}(w), forallt>T,.

Combining (4.40) and (4.41) we obtain that u = us on H and optimality of D*. Notice that the
equivalence u(z, z) = ua(z, z) extends to all z € [0, 00) and z > —z because of (4.5). O

Remark 4.7. Recalling that vo(ag) = Cop(e1% — eP200) it follows from (4.31) and (4.32), that
va(ao, ap) = uz(ap, 0) > vo(aop). Using that O uz(ag, z) > 1 for z > 0 and vj(y) =1 for y > ag, we
deduce that va(ag,y) = uz(ag,y — ag) > vo(y),for all y > ay.

Recalling the discussion after Theorem 4.1, the proposition above has established that when
Player 1 uses the strategy ®* from (4.2), Player 2’s best response is the strategy U*. In the next
lemma we show the viceversa, i.e., when Player 2 uses the strategy U*, then Player 1’s best response
is to use ®*. That will establish that (®*, U*) is a Nash equilibrium in the game with asymmetric
endowment, thanks to Lemma 3.7-(iii).
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Lemma 4.8. Assume Player 2 uses the strategy V*. Then for every y > x > 0, Player 1’s best-
response is the strategy ®*, i.e., for L* = ®*(-, B) we have
’1)1(1', Y; \I}*) = sup jxl,y(L7 \I/*( - B, L)) = j:(,*l,y(L*7 \II*( -, B, L*>)
LeD(x)

Proof. Recalling the expression of U* in (4.1) and using that b(z) > a > 0, for all x > 0, then
U*(t,B,L) < (y —x + Ly — a)T for all t > 0 and any control L. That implies for Player 2’s
dynamics:

Y = y+uot+oBi—V*(t, B, L) = XP+(y— vx)—V*(t, B,L) > X} +(y—xz+L;) Ao > XL,

for all t > 0, any realisation B(w) = (Bs(w))s>0 of the Brownian path and any choice of Player 1’s
control L = (Lg)s>0. Therefore, vy= > vxr, Py y-a.s. and Player 1’s expected payoff reduces to

T (L, T%) = Ex,y[ / e*”st]
[0,vx]
Thus, Player 1 is faced with the classical dividend problem and L* is optimal. O

Combining the results above we have a simple proof of Theorem 4.1.

Proof of Theorem 4.1. Fix (z,y) € [0,00)? with y > 2. Recall that the pair (¥*, ®*) induces the
pair of controls (L*, D*) with L* = ®*(-, B) and D* = U*(-, B, L*). From Proposition 4.6, D* is
optimal in the control problem with value ve(x,y; L*), and we have jﬁyy(\ll*, o) = jﬁy(D*, L*) >
jﬁy(D,L*), VD € D(y). From Lemma 4.8 we have jxl,y(@*,\lf*) = j£7y(L*,D*) > jx{y(L,\I!*),
VL € D(z). We conclude by Lemma 3.7-(iii) that (®*,¥*) is a Nash equilibrium of the game
starting at (z,y). O

Remark 4.9. The equilibrium constructed in this section turns out to be of the form control vs.
strategy, in the sense that Player 1 uses a pure control and Player 2 uses a pure strategqy (cf.
Definitions 3.1 and 3.2). However, one must notice that it is a Nash equilibrium of the game
introduced in Section 3 where both players have access to the larger class of randomised strategies,
according to Definition 3.6. Thanks to Lemma 3.7-(iii), it was sufficient for us to prove that there
is no profitable unilateral deviation from the pair (®*, U*) in the class of controls in order to deduce
that there is mo such deviation in the class of randomised strategies. That allowed us to rely on
singular control techniques to complete the argument.

We do not claim that the equilibrium we found is unique but it is an equilibrium for all parameter
specifications (po, [, o, r) and all values of the initial states y > x > 0. The question as to
whether an equilibrium exists in which Player 1 uses a strategy and Player 2 uses a control (both
either pure or randomised) is open when y > x, especially if we seek an equilibrium valid for all
parameter choices and initial states. The difficulty in this case arises from the fact that Player 2
(who has larger initial endowment) can always become monopolist by waiting until Player 1 defaults
(for example by paying less than y — x > 0 in dividends until vx ). Therefore, it would seem that
a mapping P(t, B.(w)), based solely on the observation of the Brownian sample paths, should be
insufficient for Player 2 to achieve a best response. We leave the question open for future research.

In the remainder of the paper we simplify our notation and adopt
(4.42) vi(z,y) =vi(z,y; ) and  wva(z,y) = va(, y; %),
for the equilibrium payoffs when 0 < x < .

Remark 4.10. Notice that by continuity of the mappings (x,y) — (vi(x,y),v2(z,y)), we can ac-
tually extend the formulae in (4.42) to points on the diagonal {(x,y) € [0,00)% : z = y}, and the
previous equilibrium analysis remains valid. For x = y by exchanging the roles of the players, we
obtain two different equilibria with asymmetric payoffs (i.e., (®*,¥*) and (¥*, ®*) are two equi-
libria with payoffs [vi(z,x; V), vo(x, z; ®*)] = [vi(z,x),va(z, x)] and [vi(x,z; D), vo(x, x; U¥)] =
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[va(x, x),v1(z, x)], respectively). In these equilibria, despite the players’ initial position being sym-
metric, one of the two players plays a predatory strategy with payoff va(z,x) and has a positive
probability to obtain the monopolist payoff v, while the other player plays an optimal control for the
standard dividend problem with drift ug, obtains the smaller payoff vi(x,z) = vo(z) and has zero
probability to obtain the monopolist payoff.

These equilibria may appear unrealistic as none of the players would agree to be in the dominated
position when starting from a symmetric position. Situations of this kind arise in classical “war
of attrition” models (see [15] for a complete study of the deterministic model in continuous-time),
where typically there exists also a symmetric equilibrium (i.e., with players using the same strategy)
in randomised strategies. Symmetric equilibria of this type are constructed in [31] in a continuous-
time stochastic model and an extension to a model with incomplete information is given in [25]. A
complete characterization of the equilibria in randomised strategies in the continuous-time stochastic
framework with complete information for one dimensional diffusions is given in [3].

In the next section we construct a symmetric equilibrium with randomised strategies for our game
with symmetric initial endowment.

5. NASH EQUILIBRIUM WITH SYMMETRIC INITIAL ENDOWMENT.

When the two players have the same initial endowment, i.e., x = y, the game is fully symmetric.
As soon as one of the players pays an arbitrarily small amount of dividends the symmetry is broken
and the game falls back into the situation analysed in the previous section. From a game-theoretic
point of view there is a second mover advantage and it is not clear whether a symmetric equilibrium
can be found only using pure strategies. We construct an equilibrium in randomised strategies, where
the players use a randomised stopping time to decide the time of their first move. By symmetry,
we only need to consider one function that describes the ‘intensity of stopping’ (in equilibrium) for
both players. This function will be specified later.

In preparation for the proof of the main result of this section we need to introduce some new
objects. For ¢ € Dd([0,00)), set T(¢) = inf{t > 0 : ¢ > 0}. Then, T(¢) is an (F)-optional
time because it is an entry time to an open set for a cadlag process (recall that (F");>q is the raw
filtration of the canonical process W;(p, () = (¢(t),((t))).

We also extend the definition of ®* to account for an activation at an arbitrary time s € [0, 00):

+
@}(t.¢) =12y sup (= a0+ pop +00(p)) . for o € CGo([0.00).
s<p<

In order to construct our equilibrium in randomised strategies, we let ¢ : [0,00) — [0,00) be a
measurable function to be determined at equilibrium and we define, for ¢ € Cy([0, x0))

t S
Ti(p) = /o e Jo Z(”“OPJFW(p))d”K(w + pos + op(s))ds.

Then, for u € [0,1] we also introduce 7*(p, u) := inf{t > 0 : T%(p) > u}. Notice that (¢, u) is an
(F}W )-stopping time as an entry time of a continuous process to a closed set. In particular, for each
w € 2 we denote

t
(51) Ff(w) = ff(B(w)) = / e~ fo K(Xg(w))dpg(Xg(w))dS —1—e" fot K(Xg)(w))ds7
0

where X{ = 2 + uot + 0 B;. Recall that we work on the enlarged probability space
(Q,F,P) = (2 x[0,1] x [0,1], F @ B([0,1]) ® B([0,1]),P ® A ® )),

with canonical element @ = (w, u1, uz), where B([0, 1]) denotes the Borel o-field and A the Lebesgue
measure, and that the two random variables U;(@w) = u; for i = 1,2 defined on (2, F,P), are
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uniformly distributed on [0, 1], mutually independent and independent of the Brownian motion
B = B(w). We define the randomised stopping times for the raw Brownian filtration

(5.2) v =7(B,U;) =inf{t > 0:T¢ > U;}, fori=1,2.

In order to find an equilibrium the two players need to find a function £* that generates a pair of
optimal randomised stopping times (77,73 ). At equilibrium, on the event {7 < 5} Player 1 makes
the first move and gives her opponent the second mover advantage. After the first move, the game
can be analysed with the arguments from Section 4. Indeed, we will show that Player 1 is going to
adopt the strategy ®* as in Theorem 4.1, while Player 2 is going to use the strategy ¥*. On the
event {7 > 3} the first move is made by Player 2 and the situation is analogous but symmetric.

Let ¢*(z) := [rvo(x) — po]™/ (v2(ap,z) — vo(z)), for z > 0, with vy from (2.11). Notice that
*(z) >0 < z € (ag,00) by (2.10) and since v2(ag,x) > vo(z) for x € [ap,00) by Remark 4.7.
Given (u, ¢, () € [0,1] x Co([0,00)) x D ([0, 00)), set 7*(p,u) := F* (¢, u) and simplify the notation
to ¥ = 3*(p,u), T = T(¢). An important role will be played by the randomised strategy =* is
defined as

(53) E*(u7 i, p, C) = 1{t2'7*/\T} |:1{T2’7*}(I)'1;* (t7 90) + 1{T<“_/*}\I,*(t7 ©s C) 3

where U* is defined as in (4.1) with the initial condition (z,z). The fact that = satisfies the non-
anticipative property in Definition 3.1 is not straightforward, because T is only an (F,")-optional
time of the canonical filtration. Checking non-anticipativity of the map will be part of the proof of
Theorem 5.1.

The next theorem provides a symmetric equilibrium in randomised strategies in the symmetric
set-up and it is the main result of this section.

Theorem 5.1 (NE with symmetric endowment). Set 7} = ¢, i = 1,2, as in (5.2). The pair
(2,2%), with Zf = 2%, i = 1,2, is a Nash equilibrium in randomised strategies and the equilibrium
payoffs for the two players read J; ,(E5,25) = jﬁm(E’é,E*{) = vo(z), x € [0,00), with vy as in
(2.11).

A few remarks are in order before we proceed with the proof of the theorem. Due to the symmetry
of the set-up, all the considerations that we make for one player’s strategy also hold for the other
player’s strategy.

Remark 5.2 (An intuitive interpretation). Once one of the players —say Player 1— activates her
control (i.e., she pays dividends), we reach a position X < YP. According to (5.3), at that point
both players play the asymmetric equilibrium obtained in Theorem 4.1, with Player 1 in a dominated
position. Thus, a player’s activation of her control can be thought of as “conceding”, in the sense
that the first mover accepts to be in a dominated position. In principle, neither player wants to be
the first to activate her control. However, waiting is costly for both players because of discounting
and the risk of default. Then, there is a trade-off —say for Player 2— between the potential gains
at the time Player 1 activates her control (i.e., vo(X,Y) —vo(Y) > 0) and the effect of discounting
and default risk. The strategy Z* for Player 2 can be described as follows: Player 2 will wait for a
random amount of time 5 and one of two mutually exclusive outcomes is possible:

(a) Player 1 activates her control strictly before v5 and concedes (that corresponds to the event
{T < #*} in (5.3)); Then the players start playing the continuation equilibrium from Theo-
rem 4.1 in which Player 1 is in a dominated position;

(b) Player 1 does not activate her control before v5 (that corresponds to the event {T > ¥*} in
(5.3)) and Player 2 concedes; Then at v3 players play the continuation equilibrium obtained
from Theorem 4.1 by exchanging the roles of the players, in which Player 2 is in a dominated
position.
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The function £* is constructed in order to make each player indifferent between conceding and
waiting at any moment of time when X > ag (the so-called indifference principle). That guarantees
that waiting a random time v* before conceding is a best reply. As this is true for both players, it is
then a Nash equilibrium. In particular, we notice that v is the first jump time of a Poisson process
with a stochastic intensity £*(X?), which is positive if and only if X > ag (analogously for ~3 ).
Note that our construction shares some important features with symmetric equilibria in stopping
games with a second mover advantage constructed in [31].

Remark 5.3 (Observable quantities for the two players). The random time 5 depends on the real-
ization of a private randomisation device Uy used by Player 2. As such, it is not directly observable
by Player 1. Then, the definition of Player 1’s strategy cannot depend explicitly on ~v5 and/or on
Us. Instead, Player 1’s strategy is allowed to depend on i and on the trajectories of B and of
Player 2’s control D, which are observable quantities for Player 1.

The realized controls L and D induced by a pair of randomised strategies (E1,Z2) depend in
general on (Ur,Us) (see Definition 3.4). Indeed, the control chosen by Player 2 may depend on Us,
as her strategy depends on Us, whereas Player 1’s strategy depends indirectly on Us through D. The
same is true by swapping the roles of the two players.

Proof of Theorem 5.1. The proof is divided into five main steps. In the first step, we show that =*
framE BB

satisfies the conditions of Definition 3.1. In the second step we show that (=7,Z3) € Og(z, ) and,
in particular, that there exists a unique pair of randomised controls (L*, D*) defined on €2 such that

(5.4) Lf ==*(Uy,t,B,D*) and D; =Z*(Us,t,B,L").
In the third step we calculate the players’ payoffs associated to the pair (L*, D*). Then we show

that the pair (2], E%) is a Nash equilibrium in two subsequent steps.

Step 1. Notice first that (u,t, ¢, () — =*(u,t, ¢, () is jointly measurable. For every u € [0, 1], the
trajectory

t— E*(u7 i, p, C) = 1{t27y*/\T} |:1{T2’7*}(I)j:y* (tv (70) + 1{T<7y*}‘11*(t7 2 C) )

is non-decreasing, right-continuous and it satisfies the admissibility condition in Definition 3.1(iii)
thanks to analogous properties of ®* and ¥U*. It only remains to check that ¢ — Z*(u,t, ¢, ()
is non-anticipative. Using that b(z) > a > 0 for z € [0,00), we deduce that for all (t,¢,() €
0,50) x Co([0,50)) x D ([0, %))
+
U (t,,¢) = s <C(5) —b(z + pos + op(s) — C(S))> = Ly Y (t 9, 0),
<s<

where we set 74(¢) = inf{t > 0: ( > a} for ¢ € D7 ([0,00)). It follows that, denoting 7o = 74(¢)
E*(u, e, C) - 1{t2’7*/\T} [1{T2”y*}¢)ik’y* (tv (P) + 1{T<'7*}1{t27a}\11*(t7 12 C)]
= Lii>5+aT) {1{@_:0}‘1’%* (t,0) + Lo s0p Lo} U7 (L 0, C)]

= Ly>57nra) {1{@*,:0}‘1’%* to) + 1. >V (¢ o, C)},

where we used that 7, > T, and that {(5+— = 0} = {T" > #*}. The final expression guarantees the
non-anticipativity property because 7*(u, -) and 7, are (FV)-stopping times.

Step 2. Here we show that there is a unique solution of (5.4). Fix a treble (w,uj,uz) € Q =
Q x [0,1]? so that (Uy,Us) = (u1,uz2) and the trajectory of the Brownian motion t — By(w) is fixed
(so is the trajectory ¢ — X{(w)). Then, the random times ~}, i = 1,2, from (5.2) are uniquely

determined. Here we should use the notation ~; (u;,w), for i = 1,2, L*(w, u1,u2) and D*(w, ui, u2)
to stress the dependence of these quantities on (w,u1,u2). This is rather cumbersome, so we drop
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the explicit dependence on the treble (w,u;,u2) but we emphasise that the rest of the construction
in this step is performed pathwise.

First we show that (5.4) admits at most one solution. Let us assume that (L*, D*) is a solution pair
for (5.4). Then, we show that t < vf Ays = Lj = D} =0 (actually L* = D* = 0 for s € [0,], by

monotonicity). Arguing by contradiction, assume Ly > 0 and ¢ < v{ A~3. Then from the definition
of L* and (5.4), it must be T'(D*) <t < ~f and Ly = ¥*(t, B, D*). Moreover, using the definition
of ¥* and recalling that b(z) > « for z € [0,00), yields L = ¥*(¢,B,D*) >0 = D} > «. Then,

(5.5) X =X0 -0 t,B,D)>X?— (Df —a)t =X? - D +a =Y +a.

However, since t < vf A~3 and L; > 0 imply Df > «, then we should also have t < 4§ A 75 and
Dj > 0. Therefore, we can repeat the argument above swapping the roles of the two players, and
obtain V;”" > X/ 4+ a. Combining the latter and (5.5) leads to a contradiction and it must be
t<~fAvs = Lj= D} =0, as claimed. It follows that T(D*) > v} A~ and T(L*) > ~f Av3.
The pair (77,75) is exogenously determined by the realisation of the pair (U;,Usz) and the tra-
jectory of B. Moreover, the definition of /* and (2.9) imply ¢*(x) > 0 < xz € (ag, o). Therefore

(5.6) t— 'Y (w) defines a measure on [0, c0) supported by the set {t > 0: X2(w) € [ag, 00)}.

That implies that 7§ and 74 can only occur during excursions of the process X into the half-

line [ag,00), and thus that ng € [ag,00) for all (u;,w), i = 1,2. First, we notice that v < ~;

implies T(D*) > ~;f and therefore L} = o (t,B). Second, if 7§ < 73, it must be us > w; and

SUD¢e [yx 2] X? > ag. This implies T'(L*) = T((I);i*(" B)) < 73, and thus D} = U*(t, B, E*)l{tET(ﬁ*)}'

Similarly, v5 < ~f = D} = o7 (t, B) and 5 < «; implies that T'(D*) = T(@:;(-,B)) < v and
Then, if a solution of (5.4) exists, it is uniquely determined by the properties above and

(q)j;f (tv B)7 v (ta B, (I)j;i* ('7 B)) 1{t2T(‘I>fq (,B))}) on {F}/ik < 75}7
67 (LD = (W (6B B) arr, oy B (6B)) o {35 <71,
<q>i;f (tv B),@j;; (tv B)) on {’7; = ’YT}
We check easily that the pair (L*, D*) as defined in (5.7) is a solution to (5.4) and that its restriction

on [0, ] is the unique solution of (5.4) on [0, ¢], which proves that (£}, Z%) € Or(x,x).

=k Tk

The characterisation of the pair (=7, Z3) is further simplified if we remove suitable |5—_null sets.
Indeed, P-almost surely 7. (t,B) > 0 for all t > ~/, i = 1,2. Then, 7{ < 3 implies T'(L*) = ~7,
P-a.s. Vice-versa, v; > 3 implies T(D*) = ~3, P-a.s. Then, the solution of (5.4) satisfies
l{tZ’yf} (q)fﬂ;f (ta B)a v (t7 B, (I)i;i‘(a B))) on {’ﬁ( < 75}7

Since 71 (u1,w) # 73 (u2,w) <= w1 # ug and (A ®@ \)(Uy = Uz) = 0, then (5.8) characterises the
pair (L*, D*) up to a P-negligible set.

(5.8) (L, Dp) =

Step 3. Here we calculate the players’ payoffs under the strategy pair (=7,Z%). The induced
pair of randomised controls is (L*, D*) constructed in step 2. We denote X* = X", y* = v~
with the associated default times yx+ and vy«. We also denote 79 = inf{t > 0 : X? = 0}. In
order to keep track of randomisation, for any realisation (U;,Us) = (u1,u2) we use the notation
(X*,Y*) = (X*wuz ysuu) and (D* L*) = (D*%u2 [*uu2)  These maps are measurable in
(u1,u2) by construction.
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Player 2’s payoff reads

1 r1
(5_9) ja?,x(D*vE*) _ / / ij’x(D*;uhuz’E*;u1,u2)duldu2‘
0 JO

For a fixed pair (u1,u2) we have

sz,:c (D*?'UJLUZ, E*;ul,u2)

(5.10) _ .
: _ —rt *UL,U2 —TY x*iul,ug *3U1,U2
- EW” [ € th + 1{7X*;u17u2 <Yy *iug,ug }e X U(YWX* jup,ug )
[0,7xx3u1 ug Avy*iug,ug]

The expression under expectation is zero on the event {7j(u1) A v3(u2) > Y0}, because default for
both firms occurs before they actually start paying any dividends.

On the complementary event, we consider separately the cases 77 (u1) < 75 (u2) and ¥ (u1) >
v5(uz). We recall the notation from Remark 4.3, i.e., ®*(z,t,¢) and ¥*(z,y,t, ¢, (), in order to
keep track of the position of the process X© at the time when the strategies of the two players
are activated. We also introduce a shift for the trajectories in the canonical space, defined as
0:(o(+)) = @(t+-) —p(t) for p € Cy(]0,00)). Finally, from the definition of ®} and ¥* it is not hard
to see that for ¢ > v*(u;), i = 1,2,

\y*(t,B@;ﬂui)):\y*(X . )XO( = ), O ) (B, & (1, 030 (B))

)t
(ze,a7 (B, & )

Notice that, for example, on the event {7i(u1) < ~i(u2)} we have L} = ®*(t, Oy (uy) (B.)) for
t > 75 (u1), which is the optimal control in the classical dividend problem starting at X 0 “(uy)* Then
D} = U*(t, Oy (ur) (B.)s ®*) for t > ~i(uy) is Player 2’s response in the game starting at X “(ur) when

Player 1’s concedes. From this dicusssion it follows that {7} (u1) < 74 (u2)} C {yx=mu1.u2 < Yy rutug }
A symmetric situation occurs on the event {vj(u1) > 5 (u2)}.
Continuing from (5.10), on the event {7{(u1) < ¥4 (u2)} we have

frt *UL,U —TY kU U *3U71 U
Ew[1{v;<u1)<w}1{wf(u1><v5<uz)}( / dDyHe 4 e QU(YWX:M%Q))}
[v5 (u1),yxxsug ug

—rt 1 R UL,
:Ew“[1{7f(U1)<vo}1{7f(m)<72*(m)}Em[ /h* o ° dDy
1 uy ), XORiul,u
F

vf(ul)H :

Using the strong Markov property, on the event {7{(u1) < v} N {7 (u1) < v3(u2)} we can write

—rt kUL ,U2 —TY x kUl ,u *3U71,U2
Eow [ / D™ e i (Y e
[71 (ul)ﬂx* uy,ug ]

—TY x*uq, u2 *UT,U2
+ € X (Y’yx* 111 ug )

Frtu } To.  xo (B, &),

# (u1) X7 (u1)
where the final expression is Player 2’s expected payoff when the game starts from (X7 “(uy) X 0 (Ul))
Player 1 uses ®* and Player 2 uses U*. From the analysis in Section 4 we know that

j)%o X0 (\i*,(i)*) ZUQ(XO X0,

77 (w1) "y (ug) Vi (w) (ul))

with ve as in (4.42). Since X0,
construction, then

yr(u) € (ap,00) by (5.6) and ve(z,y) = wve(ag,y) for x > ag by

0
Xr@n Xy

j2 0 (\I}*,i)*) :/UQ(G,O,XST(UI))
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That yields

frt *5UT U — Y kiU ,u *5U71 U
Ew[1{vf(m)<w}1{vi‘(u1)<vé(w)}( / R QU(YWXEMZ))]

(5.11) [’Yik(ul)v’}’x*;ubuz]

-7 (u 0
= Eos [1{’YT(U1)<’YO}1{’YI(U1)<’Y2*(U2)}6 il 1>U2(a0’XvI(u1))]

On the event {v;(u2) < 7f(u1)} the roles of the two players are reversed, in the sense that Player
2 adopts the strategy @:*(w) and Player 1 uses ¥*. Continuing from (5.10), arguments analogous
2

to the ones that yield (5.11) allow us to deduce

—rt 1 ¥ UL,U
Egg,:r;|:1{’Y§(“2)<’YO}1{7f(u1)>7§(u2)} e th 1 2]

(5.12) [v3 (u2), vy *su1,ug]
—ry5(u 0
= Eoa [1{75<w><vo}1{vf<u1)>v5(uz)}e i 2)UO(X’Y§(U2))}’

where we also use that yy=ui,uz > yy+u1,uz on the event {vj(u1) > 75 (u2)}.
Combining (5.11) and (5.12) with (5.10) and (5.9) yields

(5.13) Tea(D*, L") = Eua[Lns <ypnoy@ 200(X55) + gz cns noye” Vw2 (ao, X3- )]

By the same arguments we obtain an analogous expression for Jir(L*,D*). Therefore the two
players’ payoffs are well-defined under the strategy pair (27, Z3).

Step 4. In this step and in the next one we show that =5 is Player 2’s best response to Player 1’s
playing Z7 (recall that =7 = =*). In particular, in this step we are going to show that

(5.14) Jfgg( ,2%) < V(z), forany ¥ e X(z),
where
TAY0
(5.15) V(z) =supE, [e_”vo(XE)(l =T ) reroy + / e "y (ap, Xf)dfﬂ,
T 0

with T* = T'¥" and the supremum is taken over (F;; )-stopping times (recall that (F;) is the raw
Brownian filtration which is not right-continuous). By independence of U; from Fo, the expected
payoff in V' (z) can be rewritten as

TAY0
T e T A
(5.16)

= Ex@ [e_ 0(X )1{T<71}1{T<%} + 1{7 <rAv0}€ ™ va(ao, XO )}’

which coincides with the right-hand side of (5.13) with 7 instead of v5. It is a well-known fact that
the value function in (5.15) does not change if we allow 7 to be chosen from the class of randomised
stopping times*. Then, a priori it must be ng(D* L*) < V(z). In order to prove (5.14), we will
work with the filtration G, generated by F;4 and the random variable Uy, so that 77 is a (Gi)-
stopping time. It is well-known and it is not hard to prove that, thanks to independence of B and
Ui, B is also a (G;)-Brownian motion.

We now argue similarly to (3.4) and consider an arbitrary pair (25, ¥) € Og(z, z) with ¥ € X(x).
Then, there exists a pair (L*, D) € Dgr(x) x Dgr(y) which does not depend on U, and such that for
every uj € [0,1], every t > 0, every w, the restriction on the time interval [0,t] of (L*, D) is the
unique solution of

(5.17) Li(u1,w) = E*(u1,s, B.(w), D.(u1,w)) and Ds(ui,w) = ¥(s, B.(w), L*(u1,w)), Vs € [0,1].

4This can be seen as follows: recall that a randomised stopping time + is a measurable function [0, 1] 3 u +— y(u)
with y(u) a pure stopping time for each u € [0, 1]; for a generic (measurable) payoff process (P;):>0 and any randomised
stopping time v we have E[P,] = fO P, y]du < sup, E[P;], where the supremum is taken over pure stopping times;
then sup,, E[P,] < sup, E[P-] and since the reverse inequality is trival, we conclude.
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Note that D depends on U; through L*. The controlled processes associated to L* and D are
denoted X* = X" and Y? respectively and the corresponding default times vx« and 7y

The dependence of D on Uj is actually quite specific due to the definition of =*. Intuitively, if
Player 2 starts paying dividend strictly before Player 1, then the stopping time 7'(D) = inf{t >
0: D; > 0} at which that happens should be independent of U;. In order to make this statement
rigorous, let us define D; := U(t, B,0), i.e., the (non-randomised) control induced by the pure
strategy ¥ assuming that Player 1 pays no dividend. Now we are going to show that

(5.18) {T(D) 2 ~{} ={T(D) 27} and {T(D)<~i} C{T(D) =T(D)}.

Note that T'(D) is an (Fy; )-stopping time, which will be used below. Note also that (5.18) does
not imply that D and D coincide at or after T'(D).

As in step 2, it must be L¥ = 0 for t < T(D) A ~4f. Therefore, we have D; = D; = 0 for
t < T(D) A~f. Tt follows that {T(D) > ~i} C {T(D) > ~}. On the event {T(D) < ~}}, we
have D; = D; = 0 on [0,7(D)), and thus T(f)) > T(D). Assume by contradiction that there is
(w,u1) such that T(D(w)) < 7§ (u1,w) and T'(D(w)) > T(D(w)). We omit the explicit dependence
on (w,u;) for simplicity. Let t € (T(D),T(D) A~f). Then the pair (0, D) is solution of the fixed
point equation (5.17) for all s € [0, t] which, by uniqueness of the solution, implies D = D on [0, t].
Hence, a contradiction. We conclude that {T'(D) < ~¥} C {T(D) = T(D)}. This last inclusion
together with {T'(D) > ~} c {T(D) > ~} imply {T(D) > 4} = {T(D) > ~} concluding the
proof of (5.18).

Player 2’s payoff reads

TW.Z) = T (D) =B [ D T oAV
[0,7x* Avy]
5.19 =Euz|lip.. >0 / e "dD;
(5:19) ”[{ T Joay)
+1p. — / e "dD; + 1y e TxH(Y.EY) ],
P - O}( 0,75+ Ay ] W<k ( 7X)>}

where in the final equality we use that{D.x_ > 0} C {7y < yx+} by definition of =* and (5.17).
We now make two claims which we will prove separately after the end of this proof, for the ease
of exposition. The claims are:

L )]

(5.20) e ny]

_ ¥ 0
<Eiaz [1{D7f—:0}1{7f37x*/\7Y}e ”711;2(a0,Xﬁ) ‘

and

(5.21) S [1{Dﬁ,>0} /[0 e_rtht] <Esas [1{Dﬁ,>0}n{7sz(D)}e_TT(D)U0(X%(D))}‘
VY
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We substitute (5.20) and (5.21) into (5.19). Then we use {D,:— > 0} = {T(D) < 17} and that
{vy > p} C {0 > p} for any (G;)-stopping time p, along with (5.18), to obtain

Tra(D, L)

< Ear |1 50y Ly 201y P00 (X0 0) + 1(pe =0} e ny 2470 2 (a0, X3, )|
< Eve Loyt Loozrone” TP (X3(0) + Lizyoay Lpozape " v (a0, X3
=E { (T(D) <y} L {ro>T(D e TPy (X5 ) T L)z liozanye UQ(GOvX%‘)}

<supEsq [1{r<wr}1{@}@*””0(&) + 1{7271‘}1{“1027{}677"7;”2(6‘0’ X5 = Vi),
-
where the supremum ranges over all stopping times of the filtration (F:;) and we notice that
(5.22) 1{70 T}Uo(X ) = 1{,},0 T}’Uo(O) = 0.
Thus, we have established (5.14).

Step 5. In this step we show that J2,(D* L*) = V() so that Z5 is Player 2’s best response
against Player 1’s strategy Z} by (5.14) and Lemma 3.7-(ii). Thanks to the symmetry of the set-up,

=k =%

that will conclude the proof of the theorem and show that (=7, Z%) is a Nash equilibrium.
Our observation (5.22) and an application of Itd’s formula yield for any stopping time 7 of the
filtration (Fi+) (see (4.36) for the notation)

TAY0

Evve e T00(X) (1= T5) 1jrang) + /0 e~"vs(ag, X7)dI; |
—r(TA ) 0 * A0 —rt 0 *
= Em,x |:e AT (XT/\’YO)( FT/\WO)_‘_/O € " UQ(GOaXt )drt}
TAY0
— o) + B [ €7 1) (o) (Xl
0
TAY0 S /0
+ Ex,x[ / oo (X () (g, X0) — UO(XQ))e*(Xg)ds].
0
By definition of T'* (see (5.1)) and (2.10) we see that
(1 — F:)(AU(])(XS) = —e fos E*(Xg)du [’I“Uo(Xg) — Mo}—i_

= —e~ Jo CXDA (1) (ag, X0) — 0o (X0))£*(XD).

Therefore, for any 7
TAY0

(5.23) EM[ oo (X (1 =T5) Liangy + / e—%Q(ao,X?)dr;‘] = vo(x),
0

which yields V (z) = vo(z) for all z € [0, 00).
Starting from (5.13) and integrating out the randomisation device Uy of Player 2, we have

j§7x(D*7 E*)
1
_ ek 0 — ¥ 0
:/0 Easr[Lisswy<atrnre 2 00(X3s ) + Ling <sinaoye " v2(a0, X3:)] du

1 () o WA 0
- /0 Eoo [e_rb ! UO(XWS(u))(l o F%(u))l{“/;(“)<’70}+/0 e "va(ag, Xy )drﬂ du = vo(z),

where the second equality is due to (5.16) and the final one is by (5.23). Therefore, J2,(D*, L*)
V(z) = vo(x), as needed.

ol
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It remains to prove the formulae in (5.20) and (5.21).

Proof of (5.20) and (5.21). Let us start with the proof of (5.20). First we recall that by construction
va(x,y) = wvaag,y) for © > ag. Second we recall that X% > ap = X%* on {D,:— = 0} by
definition of L* and +{ (c.f. (5.6)). Finally we recall that va(z,y) = u2(z,y — ) (see (4.4)) and that
ZtL*’D = 7P =YP — X", Then, on {D4;— = 0}, we have e_mfvg(ag,Yv?) = e_”fvg(X%,Yv?) =
e_TWTUQ(X%,ZVDf).

For any (G:)-stopping time p < vx+ A vz, Itd’s formula yields (c.f. (4.36) for the notation)

* = * ’yik\/p
(X5, 29) = B[P un(X5 200, — [ e (Au) (X, 2D
s

*
1

_ 1 [hiVve D 4=
— Eu / ™" (Dzuy — Dpus) (X7, ZP)dLE* gﬂ
L ,.y]ﬁf

(5.24)

gﬁ}

B X (X 2P) (X, 22))[6x:
se(vi Vel

_r [YiVp
+Eys / e "0 ua(X7, ZP)dDe
Yy

*
1

where we removed the stochastic integral, which is a (G;)-(local)martingale (standard localisation
arguments may be used if needed).

Now we recall from Step 5 in the proof of Proposition 4.4 that (Aug)(XZ, ZP) < 0 for a.e. s > 0,
O,uz(X2,ZP) > 1 for all s > 0. Moreover, on the event {Dy;— = 0} we have that L = ®.+(s, B)
for s > ~f. That implies L} = L& and dL} = 1{ys_q,3dL} for s > ~7. Thus, for every s >~} we
have

(GZUQ — Omug)(Xj, ZSD)dIZ:’C = (8Zuz — GIUQ)(CL(), ZSD)dE:’C = O,
and, using d,us > 1 yields ug(X7, ZP) — ua(X;_, ZD)) = uao(XF, ZP) — ua(X}, Z2)) < —AD,.
Combining these observations with (5.24) and rewriting uo in terms of ve leads us to

—ryy Dy _ -y * D
1{Dﬁ7:0}e UQ(G’O’Y’YT) 1{Dﬁ7:0}e UQ(X’YT’Y’YT)

(525) = —r( *\/ ) * D —Trs
> Up,. =0}Baa|e” P 0a( Xy, YVidy,) + e dD; gﬂ‘}
! (71 Vel
Choose p = yx+/A\yy. Ontheevent { D,y = 0}N{y] < yx+Avy } we have v (X | nyy s Y’Y?(*/\’YY) =

Ly <y 102( X Ay s Y’Yg*/\WY) = 1gy,. <7Y}{)(Y£(* ), where the first equality holds because vy (z,0) =
0 and the second one because v2(0,y) = 9(y). For @ € {Dyx— = 0} N {7} = 7x+ Ay} the pro-
cess D has no jump at 7; because of the admissibility condition (2.2). Hence it must be also
Yx+(@) = (@) = (@) and X} (0) = ijg(w) = X9 (@) = 0. Thus, on the event {Dy:_ =
0} N {~f =vx+ Ayy} we have

g 1

(X2, V.2) +/ e "D, = 12(0,0) = 0 = d(Y?),
(i1l

where for the integral we use that (v7,~]] = @.
Since {7} < yx+ Ay} € Gy;, combining the observation above with (5.25), we conclude that

Ex,:c [1{Dﬁ,:0}ﬂ{'yl <vx=Avy}€ U2 (ao, YWI‘ )]

C —rs —TrYxk D
> Eug {1{Dw*7:0}ﬁ{'ﬁ§’b¢*/\’w}< / e dDs + 1y cqyye ¥ v(ny*))}-
! (5 vxx Ay ]

(5.26)
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Notice that ve(ay, Yﬂ/?) — va(ay, YW?_) < —AD,z, because dyvy = d,uz > 1. Moreover, on the event
{Dy— =00 {7 <yx Aw}

/ e "dDs+ e TAD,: = / e "*dD;.
(1 x= Ay ] [07x*Avy]

Then, adding on both sides of (5.26) the quantity e™™1 AD,: we obtain

Eoo [I{Dﬁf:O}ﬂ{vf <oy Tv2(ao, Yff)—)}
. > Byl “rsdD, + 1 X (VP
Z o | 4D, s _=0}n{y; <vx+ Ay} € s T 1{yxe<oyre 0(Yor.)) |-
! [0,7x+Avy]

Finally, we notice that

1{D x_=0}N{r{>yx* Ay} (/ e "dDs + 1{’YX*<’YY}e_mX*@<Y’Y?(*)>
1 0,7+ Avy]

- - * 0 —
- 1{Dvi‘f:0}ﬂ{’ﬁ>7x*/\’Yy}l{’YX* <y }€ o U(X’YX*) =0,

where the final equality uses that for every @ € {D,:— = 0} N {y] > yx+ Ay} we have Di(w) =
Li(@) =0forallt € [0,vx (@) Ayy (®@)], hence implying that vx« (@) = vy (@) = 70(@)°. Combining
with (5.27) we arrive at

— . —T"Yf D
Evo [I{Dﬁ _=0}{yi<vx*Av}€ va(ao, YVT -)

> B, [1{%_:0}( / e "dD; + 1{7x*<w}e_r”’x*{)(YW€){*)>}.
! [0,7x % Avy]
The expression in (5.20) is finally obtained upon noticing that on {D,: = 0} we have Yf;i =X 2{.

Now we prove (5.21). Recall T'(D) = inf{t > 0 : D; > 0}. For any (G;)-stopping time p < vy,
It6’s formula yields

efrT(D)UO(YTDiD))

_ (VT(D)) D pVT(D) D pVT(D) D
(5.28) ~ oe [P0y (¥ 0 1) - /T(D) o (Av) (V) ds+ /T oy ¢ Buro(Vi)D;

- Z e " (vo(YP) —vo(Y2)) )gT(D)} ;

s€(T(D),T(D)Vp]
where we removed the stochastic integral (using standard localisation if needed). From (2.6) we
D

know that for all s > 0, (Avg)(YsP) <0, 9yve(YP) > 1 and v(Y,”) — vo(V2) < f;,/}, Oyvo(u)du <
—(Ds — Ds_). Combining these with (5.28) and taking p = 7y, we obtain

1{%7>0}ﬂ{w>T(D)}e*TT(D)vo(Yﬁm) 2 Up . sopnfy>1(0)}Eee U(T(D) ] ¢ ap
VY

gT(D)] :

SNotice that X; (@) = ;P (@) = X2 (@) for t € [0, yx+(@) A vy (@)]. So even if we consider the event {yx+ < v}
instead of {yx~ <y} we obtain 1¢y , < 367 "X 0(X5, ) = Ly <qypye X7 9(0) = 0.
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Since vg(YﬁD)) — vg(YﬁD)_) < —ADg(p), then adding e_TT(D)ADT(D) on both sides in the
expression above and recalling that Y;” (0) = X (@) for t € [0, T(D)(®)), yields

(5.29)

Lps_sopnen>1one T Poo(X0) 2 b, sontoy sTo)Ere | / ¢dD, |Gr(p)|

[T(D)y]

= 1{Dwf—>0}”{7y>T(D)}E$:x[ / e ""dD; gT(D)]-

[vayy}

Now we notice that on {vy = T'(D)} we have YﬁD) =YDP =0and Y%D(D)f = X%(D). It follows

that ADppy = X%(D) and vo(YﬁD))—vo(YﬁD)_) = vp(0) —vo(X%(D)) = —vO(X%(D)). Since vj > 1
on [0,00), then

0 D D Abrwy 5
—v0(X7(p)) = vo(Yr(py) = vo(Yp(p)—) = —/0 vo(Yr(py— — ¥)dy < —ADr(p).
We deduce that on the event {D,-— >0} N {y =T(D)}

/[0 }e_”st = e TP ADrpy < e TPy (XY )
VY

Notice also that f[o 1€ "dDs = 0 on the event {Dy;— >0} N{yy <T(D)}.
Taking expectation in (5.29) and using these observations we can conclude

Ev |:1{va7>0} e_rsdDS] <Eio [I{Dw;7>0}W{WZT(D)}6_TT(D)UU (X%(D))} )

[Oﬂ'YY]
as claimed in (5.21). O

6. SOME CONCLUDING REMARKS.

The model we studied in this paper is certainly a very stylized formulation of a complex eco-
nomic problem. The assumption that both firms’ capital evolves as an aBm with the same drift
and diffusion coefficients is perhaps restrictive. From an economic perspective we interpret that
assumption as saying that the two firms are equally efficient, they produce the same good and they
operate on the same market. On that market, customers perceive the products manufactured by
the two firms as completely equivalent and so they are equally likely to buy either of the two. That
determines identical profit streams for the two firms. The same type of one-dimensional model with
one exogenous shock variable has already been studied for example in exit decision problems for
a duopoly (see [21], [23]) or more generally in two-player continuous-time nonzero-sum stopping
games modeling a war of attrition with symmetric information (see [%]).

Despite the simplifications in the model, the mathematical complexity is significant. Yet, we are
able to obtain an equilibrium with ezplicit expressions for players’ payoffs and strategies. The crucial
observation in our solution method is that when we look at the problem in the (X, Z)-coordinates,
the process Z is purely controlled with no exogenous component in its dynamics (i.e., no drift or
diffusion). Similar structures are well-known in single-agent, singular control problems (e.g., [13]
and [22]). When translated into free boundary problems (e.g., in Proposition 4.4) this feature
allows us to treat the z-variable (almost) as a parameter. Indeed, in (4.7), the differential operator
associated to the dynamics (X, Z) only involves derivatives in the z-variable, while z-derivatives
only appear in some boundary conditions. That enables the explicit solution of a family of ordinary
differential equations (ODEs), parametrized by z, via the general theory of fundamental /particular
solutions.

If instead the drift coefficients in the dynamics (X,Y") were different (say pg # ud ), then the
dynamics of Z would acquire a drift uf = pud — . Then, the differential operator in (4.7) would
include a term HOZ 0, and the free boundary problem would be in the form a true partial differential



NASH EQUILIBRIA FOR DIVIDEND DISTRIBUTION WITH COMPETITION 35

equation (PDE). Similarly, if the diffusion coefficients in the dynamics (X,Y") were different, or if
the two processes were driven by two (possibly correlated) Brownian motions, then the dynamics
of Z would acquire a diffusive term. Again, at the level of the free boundary problem we would
have a PDE with a differential operator including second order partial derivatives in the z- and
z-coordinates. Explicit solutions of free boundary problems with PDEs are fundamentally out of
reach. Even if we could prove existence of a solution to the PDE analogue of (4.7), such solution’s
structure would be abstract and extremely complex. Then, finding a best response map for Player
1 (i.e., the analogue of Lemma 4.8) appears a phenomenally challenging task.

The discussion in the paragraph above shows that completely different methods would be needed
to solve the problem at hand when drift and/or diffusion coefficients in the dynamics (X,Y’) are not
the same (and/or two Brownian motions drive the dynamics). An approach with variational methods
would require the solution of a complicated system of free boundary problems with Neumann-type
boundary conditions at the (unknown) free boundaries and Dirichlet conditions at the default
boundaries {0} x (0,00) and (0, 00) x {0}. We are not aware of any instance of such problems being
studied in the literature. Alternatively, it would be tempting to study the game with methods from
Backward Stochastic Differential Equations. As far as we know, a study of BSDEs associated to
games of singular controls with absorbing states (defaults) is not available.

7. APPENDIX.
In this short appendix we recall a simple useful lemma (see, e.g., [25, Lem. 4.4]).

Lemma 7.1. Let (¢)i>0 be a cadlag process of bounded variation and let (Mi)i>o be a continuous
semimartingale. Assume there is a positive, (locally) integrable process (m¢)e>o0 such that (M) =

fot msds and my > € for allt > 0, for some ¢ > 0. Then, E [fos 1{MS:,,S}ds] =0 for any S > 0.

Proof. Set N := M — v and let hs(z) := 1(_54)(2). By the occupation time formula ([25, Thm.
IV.45.1]) fOS hs(Ng)d(N)s = [g hs(2)lzdz = fis l%dz, P — a.s. where (¢7)¢>o is the local time at
z € R of the process N. The left-hand side of the expression above is finite and therefore /3 < oo,
P-a.s., for a.e. z € (—0,9). Letting § | 0, using the dominated convergence theorem on both sides
of the expression, we obtain

S S S S
0= / 1{N5:0}d<N>S = / 1{M5:Vs}d<M>s = / 1{M5:Vs}m5d5 Z 5/ 1{MS:Vs}d87 P— a.s.,
0 0 0 0
where for the second equality we recall that v is of bounded variation. This yields the lemma. O

8. NOTATIONS.

We summarize here the main notations for the readers’ convenience.

= Cy([0,00)): continuous functions ¢ : [0,00) — R with ¢(0) = 0;

P is the Wiener measure on the Borel o-algebra of €;

D{ ([0,00)): right-continuous, non-decreasing functions ¢ : [0, 00) — R with ¢(0—) = 0;

We(p,C) := (p(t),(t)) for t € [0,00): coordinate mapping on the canonical space Cy([0, 00)) %

D¢ ([0,00)). Its raw filtration is denoted (FV);>o.

(Bt)t>0: standard, 1-dimensional Brownian motion (notice that B;(w) = w(t) for w € Q);

o Fy = 0(Bs,s <t) is the raw Brownian filtration;

e (), a, ét: value function, optimal boundary and optimal control of dividend problem with
drift j;

e v(1), ag, £: value function, optimal boundary and optimal control of dividend problem
with drift po;

e Yr(z) (resp. X(x)): randomised (resp. pure) strategies with state dynamics starting from x
at time zero;
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Dr(z) (resp. D(x)): randomised (resp. pure) controls with state dynamics starting from z
at time zero;

ORr(z,y): control-inducing pairs with state dynamics starting from (x,y) at time zero;
b(x): optimal boundary for the firm with larger initial endowment; o = b(ag);

o H={(z,2) € 0,a0]xR|z > —z}, Hc = {(z,2) € H|z < 0}, Hpo ={(z,2) € H|z € [0, o]},
Hio ) ={(z,2) € Hla < z < b(z) };

Ba < 0 < f31: solutions of 6252 + 23 — 21 = 0;

o (Q,F,P):=(2x0,1] x [0,1], F @ B([0,1]) @ B([0,1]),P @ A @ A);

For ¢ € Dy ([0,00)) we set T'(¢) = inf{t > 0: ( > 0}.
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