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Abstract

The aim of this thesis is to study a class of McKean-Vlasov stochastic differential equations
(MV-SDEs) whose drift depends pointwisely on marginal density of the process. In existing
literature, the space of probability measures is endowed with total variation metric. In the thesis,
we go in a different direction where we use Wasserstein metric for distributions. The structure
and main results of the thesis are summarized below.

In Chapter 1, we give motivation for the research problem. After that, we briefly survey related
literature.

In Chapter 2, we recall related definitions and results that will be used in subsequent chapters.
The first part of the chapter is about gradient flows in Wasserstein space. The second part is
about regularity of marginal density for classical SDEs.

In Chapter 3, we carefully apply the framework in [AGS08] to study Langevin dynamic for a
function whose gradient is not necessarily locally Lipschitz. First, we prove well-posedness of the
associated Fokker-Planck equation. If, in addition, a log-Sobolev inequality is assumed, then we
obtain exponential rate of convergence to the stationary distribution.

In Chapter 4, we study well-posedness of MV-SDEs whose drift is density-dependent and locally
integrable in space-time. Our approach is by mollifying argument. First, we prove existence of a
strong solution. If some more technical conditions are assumed, we obtain strong uniqueness of a
solution.

In Chapter 5, we study Euler-Maruyama scheme for a special case of SDE in Chapter 4 where
the noise is constant and the drift is bounded. First, we obtain Hoélder regularity of the scheme.
Second, we derive convergence rate in weighted total variation distance.

The thesis is based on the two preprints:
1. Anh-Dung Le. Well-posedness of McKean-Viasov SDEs with density-dependent drift. 2024.
under review.

2. Anh-Dung Le. Convergence rate of Euler scheme for McKean-Viasov SDEs with density-
dependent drift. 2024. under review.
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Notations

We adopt the following conventions:

Generic elements and operations

weak convergence on P(R%)

weak-* convergence on P(R?)

plus infinity

matrix product of z € R ® R™ and y € R™ @ R"
Frobenius inner product of z,y € R? @ R™
Frobenius norm of z € R% @ R™

maximum between z,y € R

minimum between x,y € R

maximum between xz € R and 0

Holder conjugate of x € [1, 0], ie., 1 = % + m%
the smallest integer greater than or equal to z € R
{m,m+1,...,n—1,n} for integers m < n
identity function on R?

identity matrix in R? @ RY

push-forward of measure p through function f
projection of R? x R? onto i-th coordinate
Lebesgue measure on R?

gradient operator

Hessian matrix

Laplacian operator

divergence operator

derivative in spatial x; direction

derivative in time

transpose of z € RY @ R™

trace of x € R? ® R?

p-th moment of probability measure p



Rd ® R™
B(R?)
P(RY)
LO(R)
LY (RY)
LY(RY)
LP(RY)
-1z
Cy(R?)
Cg(RY)
C.(R%)
C*(RY)

w.r.t
iff

e.g.

a.e.

a.s.
PDE
SDE
PoC
MV-SDE
MP
MCT
DCT
WLOG
m-BM
AF

PS

Contents

Sets and spaces

set of non-negative real numbers including 0

set of natural numbers excluding 0

space of real matrices of size d x m

Borel o-algebra on R?

space of Borel probability measures on R?

space of real-valued measurable functions on R¢

subset of LY(R?) that consists of non-negative functions
subset of LO(R?) that consists of bounded functions
Lebesgue space of real-valued p-integrable functions on R?
norm of LP(R%)

space of real-valued continuous bounded functions on R¢
space of real-valued a-Holder bounded functions on R%
space of real-valued continuous functions on R¢ with compact support
subspace C.(R?) that consists of smooth functions

Abbreviation

with respect to

if and only if

for example

almost everywhere

almost surely

partial differential equation
stochastic differential equation
propagation of chaos
McKean-Vlasov SDE
martingale problem

monotone convergence theorem
dominated convergence theorem
without loss of generality
m-dimensional Brownian motion
admissible filtration

probability space



Chapter 1

Introduction

1.1 Motivation

1.1.1 Three perspectives on simulated annealing

A fundamental question in optimization is how to minimize a differentiable function V : R4 — R
that is bounded from below. This becomes challenging when V is non-convex and possibly has
many local minimizers. One approach to find a global minimizer of V' is simulated annealing, a
technique rooted in the seminal work [Met+53]. The authors in [Met+53] attempted to calculate
properties of a substance composed of interacting molecules. The guiding principle is that
the system of molecules will move to a configuration resulting in lower potential energy. For
mathematical studies of simulated annealing, we refer to [HKS89; GM91; Mic92; RRT17; Xu+18;
GGZ22], the monographs [Van+87; AK89] and references therein.

In time-continuous formulation, simulated annealing is described by a solution (X;) of the
stochastic differential equation (SDE)

dX; = = VV(X;) dt + V2dB;. (1.1)

Above, (B;) is a Brownian motion and () C Ry is a sequence such that ¢ — oo as t — oo.
We assume that V has a unique global minimizer . Under appropriate assumptions on V and
(1), (X¢) converges to Z in some suitable sense. Let p; be the distribution of X;. By Itd’s lemma,
(u¢) satisfies the following Fokker-Planck equation in distributional sense

8“% =" le(,U,tVV) -+ A,U,t. (12)

We assume that each p; admits a density denoted by p;. Let M be the space of densities on
R? with finite second moment. We endow M with the Wasserstein metric Wy. For v > 0, we
define V, H, U, : M — (—o0, 0] by

V(o) = » Vodz, (1.3)
H(o) = /Rd{glng—i- 1- o} da, (1.4)

U, (o) =~V(e) + H(o).

The maps V, H are called potential energy and internal energy respectively. Otto’s formalism
[0tt96; JKO98; Ott01] allows one to interpret M as a Riemannian manifold and (1.2) as a
gradient flow in M, i.e.,

“Oppr = — grad U, [pe]”. (1.5)

Each of above three forms provides distinct advantages, depending on the question of study.
First, (1.1) provides practitioners with operational algorithms through time discretization, such as

9



10 Chapter 1. Introduction

Euler-Maruyama scheme. Second, (1.2) entitles researchers to partial differential equation (PDE)
techniques, particularly for exploring questions related to the regularity of (u;). Third, (1.5)
opens a fresh perspective on gradient flows in the space of probability measures. In particular,
different forms of U, likely lead to different PDEs.

1.1.2 Otto calculus

Next we follow [FG21, Section 4.2] to motivate Otto’s formal interpretation, and there will
be no attempt at rigorous justification. Given a curve (pt)iejo1] C M and a vector field
v:[0,1] x RT — R? (we set v(z) == v(t,x)) such that v; € L?(p;). We say that (p;,v;) satisfies
the continuity equation

815,015 + diV(Ut,Ot) =0 (16)

in distributional sense if it holds for (f, g) € C°(0,1) x C(R?) that

1 1
[ [ 1@ s+ [ [ 5@)(Vgt),wa)pa) dede =0,
0 R 0 R

or equivalently, if it holds for g € C2°(R?) that

d

= _ >
1 /Rd gpedx /Rd<Vg,vt>pt dr fora.e. t>0.

By Benamou—Brenier formula [BB00, Proposition 1.1},
W22 (00, 01)

1
= min { [ uulag dt  (prve) satisfies (1.6) and (oo, pr) = (20, 1)}

= min {/01 min {/]Rd lve|?py Az = (pg, vy) satisfies (1.6)} dt : (po, p1) = (00, Ql)}. (1.7)

Pt vt

Given a Riemannian manifold (M, g), its Riemannian metric d;; between two points x,y € M
can be defined as

1
d?w(sc,y) = inf {/0 H"ytHth dt : (Vt)iepo,1) C M such that (y0,71) = (x,y)} . (1.8)

Comparing (1.7) and (1.8), it is natural to define Wasserstein norm of the derivative d;p; at
Pt as

H&gptHit ‘= min {/ [vg|?ps dar = (pg,v¢) satisfies (1.6)}. (1.9)
vt R4
It turns out that the minimizer ¥; of (1.9) is of the form o; = V4 for some v : RY — R.

If the density p; is regular enough (say, positive and smooth), then 1 is the unique (up to a
constant) solution to dyp; + div(p Vi) = 0. So we can define

18epel, = /Rd Ve pe da.

If the curve (p;)ico,1] is regular enough, then [pq Oprdr = % Jrapedx = 0. As such, it is
natural to define the Wasserstein tangent space T,M at p € M by

/Rdhdx:0}/rv.

Above, the equivalence relation ~ is defined via the equation h + div(pV) = 0. Accordingly,

ToM = {h:Rd—>]R
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the Wasserstein inner product on T,M is defined as
(h1,h2)o = /d(le,ngﬂ_)dx where h; + div(pVy;) =0
R

We have just given a meaning to the LHS of (1.5). Next we do so for the RHS of (1.5). For a
functional U : M — R, its Wasserstein gradient at o € M, denoted by grad U[g|, is the unique
element in T, M (if it exists) such that

3pt’ > _ Oup]
t=0

<grad Ulo], 5t

for any smooth curve p: (—tg,t9) — M with py = p.
To obtain a more explicit formula for grad U[g|, we introduce the first variation of U at
0 € M, which is denoted by var U[g] and defined as the function in L?(R¢) such that

IU[p] ‘
ot li=o0

_ Ipt
= /]Rd var U[g] x E’t:o dz (1.10)

for any smooth curve p : (—tg,tg) — M with py = o. Let ¥ be the solution to 8“ ‘t o Tdiv(eVy) =
0. Then

aPt

<gradU[ ], T > = —/dvarU[ 0] x div(oVe) dz

o

= / V (var U[g]), Vip)odzx.

By definition of (,-),, we deduce that

grad U[p] = — div(pV (var U]p])). (1.11)

Example 1.1. Consider a smooth curve (p;)¢cpo,1) C M. First,

IV]p] d /
== 1.
ot ’t:O dt’t:O Vpedz by (1.3)
apt
= [Vx ]t da.

Second,

63{[%]‘
ot lt=0 dtt 0

o x 22t da.
= o< G| yo

By (1.10), var V[p] = V and var H[p] = In p. By (1.11),

/{ptlnpm—pt}dm by (1.4)

grad U, [o] = —div(eV(7V +In o))
= —ydiv(eVV) — Ap.

Then we recover (1.2) from (1.5).
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1.1.3 A new class of density-dependent SDEs

We consider a more general internal energy H : M — (—o0, 0o] defined as H(p) := [ p o pdz for
some twice differentiable function ¢ : Ry — Ry. Then var H|[p] = ¢’ 0 ¢ and thus

grad Uy [o] = —div(eV(7V + ¢’ 0 0)).

The corresponding version of (1.5) is

Ahpr = div(pe{ 7 VV + V(¢ 0 pr)}). (1.12)

Next we follow [BMV24, Section 2.2] to find an SDE whose associated Fokker-Planck equation
is (1.12). We define a function « : (0,00) — R4 by

a(r) = 1/0T s’ (s)ds.

r
By formal integration by parts, it holds for o € M and g € C°(RY) that

/(Vg,V(sD’OQDde:/ (Vg,0¢"(0)Vo) dzx
Rd
—/ (Vg,V(oa(o))) dx
— - | ale){Agheds.
R4

Then (1.12) is equivalent to

atpi& = 8zi{'7t(vv)ipt} + 8$ia-'l‘i{a(pt)pt}‘

Above, we adapt Einstein summation convention. Also, (VV) is the i-th coordinate of VV.
This suggests that the SDE for which we are looking is of the form

dX, = —3VV(X,) dt + \/mdBt- (1.13)

SDE (1.13) is interesting due to its pointwise dependence on marginal density. Our initial
goal is to Study the existence of a solution to (1.13) when ¢ is one of the power-like functions
{¢m :m € (0,1)} introduced in [BMV24, Section 3.1]. For m € (0, 3), the function ¢, : Ry —
R is defined as

molbmion) e g e 0, 1]
Som(r) .: { m(m—1)

@ if re(1,00).
Then
=7 8 T i = (S £ 70
We define 8, : Ry — R, by
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Then oy, and 3, are continuously differentiable on (0, co) with

rmlif e 0,1,

m=l,m=2 if e (0,1],
/ (r) o m ( } .
r if re(1,00).

%—i—%% if re(l,00),

and 3 (r) = {

Our focus is on ayy,, so we assume that V and pg are regular enough. By [BR21b, Theorem
4.1], (1.13) has weak uniqueness. Unfortunately, we could not make progress on the existence of
a solution. The subjective reason is because papers on (1.13) rely heavily on PDE techniques for
which we were unable to get into. Let o, := \/ay,. One objective reason is the possible blow-up
am(o(z)) — o0 as || — oo for a density p. This makes it hard to establish stability estimates
for fixed-point and compactness arguments. In below example, the fact that lim, o a(r) < oo is
crucial.

Example 1.2. The following reasoning is used in the proof of [BJ19, Lemma 2.4]. For v €
L%((0,T); HY(R?)), it holds for a.e. t € (0,T) that

(ur,u2) — L(ug,uz) = a(v(t,z))(Vui(z), Vua(x)) dz

2 Jra

is continuous on H'(R?) x H'(R?) because
1
Liur, uz) < 5sup{a(r) : 0 <7 < vllooHIVurll 2 ey VU2l 22 ga)-

First, o, is neither bounded nor Lipschitz. Second, o, is not twice differentiable at 1. Let
us elaborate on why existing literature does not cover the case of our «,,. The relationship
between (a, 3,0) in the the general setting is the same as that between (v, B, 0m ). In [JMIS],
o is Lipschitz. In [BR20; Gru23], « is bounded. In [BR23a], 8 is bounded. In [Gru24], « is
locally Lipschitz at 0. In [BRR10; BRR11; BCR13; BR18; BR21a], there exists a constant n > 1
such that §(r) < r” and thus limsup, o a(r) < co. As such, we turn our attention to a more
manageable case where the density-dependence is on the drift. Even in this simpler setting, we
only consider the situation where b(t, x,r) is locally integrable in (¢, z) uniformly in 7.

1.2 Literature review

An SDE is a differential equation that incorporates noise into classical ordinary differential
equation (ODE), and gives rise to a solution which is itself a stochastic process. The basic form
of an SDE is

dX; = b(t, Xt) dt —I—U(t, Xt) d By, (114)

where
b:Ry x R —» RY,
o:Ry xR 5 RI@RY,

are measurable and (B, ¢ > 0) is a Brownian motion. An extension of (1.14) is to take into
account the marginal distribution of the process, i.e.,

{dXt = b(t7Xt,Mt) dt—|—0(t,Xt,,ut) dBt, (1 15)

¢ is the distribution of Xy,
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where

b: Ry x R x P(RY) — RY,
o:Ry xR x P(RY) — R? @ RY.

SDE (1.15) is called MV-SDE or distribution-dependent SDE. The study of (1.15) started
with Kac’s seminal paper [Kac56] in which he gave the first rigorous definitions of chaos and
propagation of chaos (PoC). A decade later, McKean introduced in [McK66] a class of Markov
processes that satisfy this property. Recently, (1.15) has drawn great attention from research
community because it appears as the limit of various interacting particle systems in biology
[NPT10; MT14; Degl8], mean-field games [CD18; Carl9], and data science [MMN18; SS20b;
RV22] where the notion of chaos plays a central role. We refer to [CD22a; CD22b] for a more
comprehensive review of this aspect. By Itd’s lemma, the curve (u;) of probability measures in
(1.15) satisfies (in distributional sense) the nonlinear PDE

. 1 o
atﬂt = _8$i{bl(t’ B Mt)ut} + iaxzaxg {Jzkajk(tv "y :U’t)lu’t}7

which makes (1.15) interesting to both probabilists and PDE analysts.
In the thesis, we consider the following generalization of (1.15), i.e.,

{Xt = b(tv Xta ‘gt(Xt)v :ut) dt + U(t7 Xta Mt) dBt7 (1 16)

e is the distribution of Xy, and #; is the density of X,
where

b:Ry x RYx Ry x P(RY) — RY,
o:Ry xR x P(RY) — R? @ R%.

The drift in (1.16) depends pointwisely on marginal density of the process. SDE (1.16) is called
MV-SDE with density-dependent drift. In particular, b(t,z,r, 1) is not necessarily continuous in
(t,x). Unlike classical MV-SDEs, the map pu — b(¢, z, %(m), ) is not even continuous w.r.t the
weak topology of P(R?) (see e.g. [SH24]). This discontinuity presents additional challenges in
the analysis of these equations. Below are two situations where (1.16) arises.

Example 1.3 (Nonlinear Filtering). Consider the nonlinear filtering problem in continuous time

signal process :  dXy;= M(X;)dt+ dV,,
observation process : dZ; = h(X;)dt + dW;.

Above, M : R* — R% and h : R — R are regular enough; V; and W; are independent
Brownian motions of dimension d and 1 respectively; and the filtration Z; = o(Zs,s < t). We
fix T € (0,00) and let T := [0,7]. Let n > 1 be an integer and ¢ = % be the step size. Let
ty == ke for k = 0,...,n. In practice, we have access to (Zy,)}_, instead of (Z;,t € T). We
define a random function v from T x R% x P(R?) to R? by

-— 1 y_x 7

v, ) 3= wq /Rd ly — x\d{mt(y) — e dpy),
VA -7 1
Tt T Zp2(y) for b€ [tr th),

mi(y) = h(y) 5

e = / ma(y) du(y),
Rd

where wy is the surface area of the unit ball in RY. Crisan-Xiong [CX10] proposed to approximate
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(Xt,t € T) by a solution (Y;,t € T) to the following SDE (see e.g. [PRS21, Equation (1.5)])

'Ut(Y;faMt)
dY; = M(Y) dt + dV, + ————=dt
t (Y, dt +dV; + () ,

where p; is the conditional distribution of Y; given Z;; and ¢, is the density of p;.

Example 1.4 (Generative Modeling). Assume that an unknown distribution pp of Xy is
perturbed through a mechanism modeled by an SDE

dXt = f(ta Xt) dt + g(t) dBta

where f: T x R - R% and g : T — R are regular enough. We are given the functions f, ¢ and
the distribution pr of Xp. We are aimed at sampling from pg. We define Yy := X7 for t € T.
Anderson [And82] proved that (Y, t € T) satisfies the SDE (see e.g. [Son+21, Equation (6)])

dY; = —[f(t,Y;) = §*(t)Va log €:(Y)] dt + §(t) d By

Above, /; is the density of Y;; f is defined as f(t,z) == f(T —t,x); and § is defined as
3(t) = g(T —1).

In the thesis, we study three questions: Langevin dynamics (1.14) for non-convex potentials,
well-posedness of (1.16) and Euler-Maruyama scheme for (1.16). The first question is to get
ourself into the research problem. The other two questions (with corresponding preprints) will
be the original contribution of the thesis. In the following, we give an introduction for each of
them. We emphasize that the cited works below do not exhaustively cover the related literature.
As such, we also direct the readers to the references therein.

1.2.1 Langevin dynamics

Let V and 7 be as in Section 1.1. For v > 0, let 77 € P(R?) such that d7” oc e=7V dz. Under
mild conditions except convexity (see e.g. [Hwa80; Hwa81; AH10; Bra22]), #7 converges weakly
to 0z as 7 — oo. Let ¢”(u) be the (non-negative) relative entropy of u € P(R?) w.r.t 77. Then
¢"(p) = 0 iff p =77, Our goal is to construct a curve (i) C Po(RY) that approximates 77 in
the metric W5. We are motivated by [Cral7] where she established existence of gradient flows
in (P2(R%), Ws) for w-convex functionals. In particular, VV is not necessarily locally Lipschitz.
In our setting, there exists a non-decreasing continuous function ¢ : Ry — R, called Osgood
modulus of continuity, such that

1. ¢(0) = 0 and fol ﬁ‘;) = 0.

2. YP(s) > sfor s e Ry.

3. |VV(x) = VV () < ¢(|lx — yf?) for z,y € R™.
An example of 1 taken from [Cral7] is

0 if s=0,
P(s) = ¢ s|Ins|? if se
s—2BIn(p) if se

We refer to [FZ05; LW14; Luol8] for well-posedness results of an SDE that assumed Osgood
modulus of continuity. We consider

o == inf{¢7 (1) : p € Pa(RY}.
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Our approach is by gradient flows in the space (P2(R%), Wy). We obtain

1. (Existence) One candidate for such an approximating curve is the unique solution (in
distributional sense) to the PDE

Opp =y div(p VV) + Agyy.

2. (Convergence) If, in addition, 77 satisfies a x-logarithmic Sobolev inequality for some
k > 0, then we obtain an exponential rate of convergence

$(1]) —a < e () —a} for t>0.

To obtain convergence rate, [RRT17; Xu+18; EMS18] assumed that V satisfies (VV (z),z) >
c1|z|? — co for some constants c1,co > 0. In [KNS16; BB18; LMS23], V is assumed to satisfies
Polyak-Lojasiewicz inequality, i.e., 3|VV(z)|> > ¢{V(z) — minV} for some constant ¢ > 0.
Optimizing a functional G : P(RY) — (—o0,oc] has attracted considerable research efforts
because training an “ideal” two-layer neural network can be cast as such problem.

Example 1.5 (Neural Network). A two-layer neural network is described as a map

1 n
RIS R,z - Z cro(wy ),
k=1

for some parameter (wy, cy)i_; C R? x R and activation function o : R — R. Here n is called
the width of the hidden layer. Due to law of large numbers and under regularity assumption,

9" (z) = gy(x) = / co(w'z)dv(w,c) as n — oo,
R4xR

where v € P(R? x R) is the asymptotic distribution of parameters. Let our data be (X,Y). We
can estimate v by solving

inf{p(n) : € PRI x R)} with  ¢() = E{Y — g, (X)}2] (1.17)
We review some related works in this general framework.

1. [MMN18; SS20a] studied an approximation of (1.17) by stochastic gradient descend when
gy is replaced by ¢"; and the population (X,Y") is replaced by its sample (X, Y;)i”,. They
obtained some non-asymptotic convergence rates.

2. Chizat-Bach [CB18] considered V : Q@ — F where Q is the closure of a convex open subset
of R% and 7 is a separable Hilbert space.

3. [Hu+21; Chi22; CRW23] studied the problem inf{¢(u) : p € P(R?)} for a generic map
¢ : P(R?) — R that admits a linear functional derivative (see e.g. [CD18, Volume I - Part
I1)).

The results in this section are not completely novel, and their purpose is to get ourself familiar
with the rigorous machinery developed by Ambrosio-Gigli-Savaré [AGS08]. This approach by
gradient flows could be adapted without difficulty to deal with functionals of the form GV := Fo¢”
for some function F': Ry — Ry regular enough.

1.2.2 Well-posedness of classical MV-SDEs

[McK67; TH81; Tan84; NT85; Léo86; HM86; Szn91; BTI6; MéEI96; FMI7; BTI7; Ben+98;
BRV98; MS19; MV20; Cha20] studied (1.15) where the coefficients are of integral form, i.e.,
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b(t,x, 1) = fra b(t,z,y) du(y) and o(t, 2, p) = fpa &(t, z,y) du(y) for some b : Ry x RY x R4 — RY
and 6:Ry x RYx RY - RY @ RY. We mention some works where b (or b) is continuous in z:

1. Dawson [Daw83] and Scheutzow [Sch86] considered specific models where b contains a
polynomial component.

2. Funaki [Fun84] assumed that b and o are continuous. He proved existence of martingale
problem (MP) under a Lyapunov-type condition and uniqueness under a Lipschitz condition.
The proof is by Euler scheme. We refer to [MS19; HSS21a; LM22; LM23; LM24] where
Lyapunov-type conditions were used.

3. Oelschlager [Oel84] proved well-posedness of MP when b, o are Lipschitz and o is bounded.
Scheutzow [Sch87] provided some examples of (1.15) having more than one solution when
o =0 and b is locally (but not globally) Lipschitz in p. Méléard-Roelly [MR88] proved
well-posedness of MP when b is Lipschitz and o is of integral form. Gértner [Gar88]
assumed that b, o are continuous and proved well-posedness of MP under some coercivity
and monotonicity conditions, which are weaker than those in [Léo86].

4. Graham-Méléard [Gra92; GMI7] considered (1.15) with jumps and proved well-posedness
of MP when b, o are Lipschitz. Erny [Ern22] also considered (1.15) with jumps and proved
strong well-posedness when

a) b, o satisfy some growth condition and X has exponential moment; and
b) b is locally Lipschitz in (x, ) and o is Lipschitz in (z, u).

Graham-Méléard [GM93; GM94a; GM9I4b] studied interacting systems which are not
necessarily exchangeable nor Markovian.

5. [Ben+98; BRV98] studied one-dimensional constant-diffusion models. They proved strong
well-posedness when X satisfies some integrability condition and b(t,z,y) = Sz — y).
Here the function 5 : R — R is odd increasing locally Lipschitz and has polynomial growth.

6. Chaudru de Raynal [Cha20] proved strong well-posedness when

a)
b)
c¢) ¢ is uniformly non-degenerate and Lipschitz in (z,y); and
d)

b is bounded and Hoélder in x;
bi

is differentiable in y with bounded derivative;

¢ is differentiable in y with derivative being bounded and Hélder in x.

The proof is by Zvonkin transformation and parametrix expansion of transition density.
With differential calculus in (P2(R?), W), Chaudru De Raynal and Frikha [CF22] extended
[Cha20] to more general (b, o). For differentiation in (P2(R%),Ws), we refer to [HW21a;
Wan23a].

7. As a corollary of their path-dependent framework, Hammersley-Sigka-Szpruch [HSS21b]
proved weak existence under two sets of assumptions. First, X satisfies some integrability
condition and (b, o) is bounded continuous in (x, ) w.r.t the weak topology of P(R?).
Second, ¢ is non-degenerate and b, o are of integral form with (l;, &) being bounded.

8. Kalinin-Meyer-Proske [KMP22] proved strong well-posedness when

a) (b,o0) is continuous in = and satisfies some growth and local boundedness conditions;
and

b) b is locally monotonic in  and ¢ is uniformly continuous in x.
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The authors also established some exponential stability estimates. We refer to [Wanl18;
KMP24; HHL24] where monotonicity conditions were used.

9. For state spaces more general than R?, we refer to [CKS91; DV95; BM19b]. For MV-SDEs
driven by noise other than Brownian motion, we refer to [HY21; RIM22; GHM22; Fan+22;
RJM23; DH23; GHM?23]. For SDEs that involve conditional expectation or conditional
distribution, we refer to [Der03; LSZ20; LSZ22].

In some practical models [JR15; FPZ19; CGL23], the drift b is not continuous in z. We
mention some works that tackle the discontinuity of b (or b) in x:

1. With fixed-point argument, Jourdain [Jou97] proved well-posedness of MP when

a) b is bounded and Lipschitz in p; and
b) o(t,z,u) = o(z) is Lipschitz and uniformly elliptic.
2. In their study of Burgers equation, Bossy-Talay [BT96; BT97] considered (1.15) where o is
constant and b(t, z,y) = 1g, (x —y). We refer to [Jou0Oa; Jou02; JouOOb; JMWO05] where

the convolution of 1g, with measure appears. This special form of distribution-dependence
is related to rank-based models [JMO08; Shk12; JR13; ASZ19].

3. As a corollary of their path-dependent framework, Li-Min [LM16] proved weak well-
posedness when
a) b is bounded and uniformly continuous in u; and

b) o(t,z,u) = o(t,z) is uniformly elliptic and Lipschitz in z.
The proof is by Schauder fixed point theorem and Girsanov’s theorem.

4. Bauer-Meyer-Proske [BMP18; BM19a] considered constant-diffusion models. They proved
weak existence when b is continuous in p and has at most linear growth.

5. Inspired by [MV20; GMO1], Huang-Wang [HW19] proved weak existence when (b,0) can
be approximated by a sequence (b",0"),ecn of functions such that
a) (b",0™) is bounded and Lipschitz in (z, u); and

b) b" is locally integrable in (¢,2) and ¢ is uniformly elliptic.
There exists a unique strong solution if we assume, in addition, that

a) (b,0) is Lipschitz in pu;
b) o is uniformly continuous in = and weakly differentiable in x; and

c) b(-, - m)|? +|Va(-, -, u)l? is locally integrable for any pu.

We refer to [WR24] for an exposition of this direction; to [RZ21; Hua2l; Zha24] where
b is locally integrable in (¢,x); and to [HW21b; HW22; Hua23; Ren23; Wan23b] for a
generalization where b also contains a Lipschitz component.

6. Inspired by [VK76; Kry08], Mishura-Veretennikov [MV20] proved weak existence when b, &
have at most linear growth in z and & is non-degenerate. The proof is by Krylov’s estimates.
Studying constant-diffusion models, Lacker [Lac23] obtained some well-posedness results
under more relaxed linear growth assumptions on b. The proof is by relative entropy
method. Partial generalization of [Lac23] was obtained by Han [Han22].
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1.2.3 Well-posedness of density-dependent MV-SDEs

When replacing distribution-dependence by density-dependence in (1.15), we have

{Xt = b(t, Xy, £(Xy)) At + o (t, Xy, £(Xy)) dBy, (1.18)

Uy is the density of Xy,
where

b:Ry xR xRy — RY,
0 : Ry xR xRy - RI@ R

Compared to (1.16), (1.18) does not involve distribution but its o additionally has density-
dependence. Let a := oo . We use notations b(t,z,7) and o(t,z,r) for coefficients of (1.18).
First, we review some works about (1.18).

1. Studying PoC for Burgers equation, [CP83; GK83; OKS85; Szn86] considered one-dimensional
constant-diffusion models where b(¢, z,r) = r. Roynette-Vallois [RV95] proved strong well-
posedness in a more general setting where b(t,z,r) = *—
medium equations, [[no91; Ben+96] considered driftless models where o(t, z,r) = r*I; for
some a > 0.

2. [Oel85; MR8T7] considered constant-diffusion models where b(t, z,r) = b(x,r) is bounded
Lipschitz and (x,r) — rb(z,r) is Lipschitz. Jourdain [Jou97] proved well-posedness of MP
when

a) 7+ rb(t,z,r) is bounded Lipschitz; and
b) o(t,z,r) = o(x) is Lipschitz and uniformly elliptic.

Studying SDEs driven by a-stable process, Simon-Olivera [SO18] considered constant-
diffusion models where b(t, z,r) = b(x,r) is bounded Lipschitz.

3. Jourdain-Méléard [JMI8] considered models where b(t,z,r) = b(r) and o(t,x,r) = o(r).
Bringing together results from [FBL14; L.S88], they proved strong well-posedness when

a) bis C? (twice continuously differentiable);
b) o is C3 and Lipschitz;
) T
)

¢) r+ (ra(r)) is strongly elliptic; and

d) £y belongs to the Holder space H*+(R%).

4. [Ber+10; BJT11; BJ15; BJ18] considered stochastic Lagrangian models where the depen-
dence is on conditional density.

5. Studying generalized porous media equations, [BRR10; BRR11] considered one-dimensional

driftless models where o(t,z,7) = \/@Id. Here the function 5 : R — R is (possibly
discontinuous) increasing with (0) = 0. The proof is by nonlinear semigroup [Barl0;
Bar21]. We refer to [BCR13; BRR17] for partial extensions of those results; to [BBC75;
BC79; BC81; Pie82; EM24] for studies of the related PDE dyu = £92, 8(u); and to [Var9l;
Uch00] where the PDE dyu = 302, 8(u) is the limit of constant-diffusion interacting particle
systems.

6. Bossy-Jabir [BJ19] considered driftless models where o(t,z,7) = o(r). Using comparison
principles and energy estimates (see e.g. [Vaz06; Eva22]), they proved strong well-posedness
when
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a) o is O! and /g satisfies some integrability condition; and
b) r+— (ra(r)) is continuous and strongly elliptic.
7. In a series of papers [BR21b; BR20; BR23a; BR18; BR23b; BR24b], Barbu-Roéckner

considered models where

a) b and o are density-dependent; and

b) 7+~ ra(t,z,r) satisfies some monotonicity condition.
They used PDE techniques to study the associated Fokker-Planck equation. Well-posedness
of (1.18) then follows from superposition principle [Fig08; Trel6; RXZ20; BRS21]. We refer
to [BR24a] for an exposition of this direction; to [Mar23] for a dual variational approach;

to [Bog+15; Barl6; Barl8] for studies of Fokker-Planck equations; and to [Gru23; Gru24;
RRW22; BSR23; Reh23b; RR23; Reh23a] for partial extensions and related works.

8. [IR23; Iss+24] considered constant-diffusion models where b involves a term belonging to a
negative Besov space, besides density-dependence.

The literature on (1.16), which is the object of the thesis, is much scarcer. We use notations
b(t,x,r, ) and o(t,z, u) for coefficients of (1.16).

1. Wang [Wan23c] proved strong well-posedness when

a) b is locally integrable in (¢,2) and Lipschitz in (r, u);

)
b)
)
) 4

o(t,-, ) is uniformly elliptic and belongs to the Holder space C’,}Jra (RY);

lo(t, - u) —olt, - illop < Cllp = fillo; and
o satisfies some integrability condition.

c
d

He used the space of bounded densities (together with supremum norm) for (absolutely
continuous) distributions.

2. Hao-Rockner-Zhang [HRZ24] proved strong well-posedness when

a
b
¢
d

b is locally integrable in (¢,x) and Lipschitz in (7, p);
o(t,x,n) = o(t,x) is uniformly elliptic and Holder in x;

o is weakly differentiable in = and Vo is locally integrable in (¢, z); and

~— — —

{y satisfies some integrability condition.
They used total variation metric for distributions.

3. Zhang [Zha22] considered kinetic models where both b and o depend on density as well as
distribution. Here the distribution-dependence is of integral form.

In the same vein as [Wan23c; HRZ24], we aim at proving some well-posedness results for
(1.16). Let us elaborate on our contribution that distinguishes the thesis from [Wan23c; HRZ24]:

1. We use a mollifying argument whereas [HRZ24; Wan23c] employed a Picard-iteration
argument. We argue that our approach is more flexible because it can be extended to those
situations where reasonable Holder estimates are available. An interesting case for future
study is when b is allowed to grow linearly in space as in [MPZ21].

2. For existence result, the conditions on ¢ in [Wan23c; HRZ24] are more restrictive than
ours. First, [HRZ24] assumed that o(t,z, ) = o(t,x). Second, [Wan23c| assumed that o
is Lipschitz in space, that Vo is Holder continuous, and that ||o(¢, -, u) —o(t, -, v)[lce <
1€y — Cv||oc. Here £,,, ¢, are the densities of p, v respectively.
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3. To be more aligned with existing literature of Mckean-Vlasov SDEs, we use Wasserstein
metric for assumptions of continuity. This makes estimating supremum norm between
marginal densities (as in [HRZ24; Wan23c]) (of two weak solutions) not applicable in
our case. However, using Wasserstein metric to estimate the difference between marginal
distributions (of two weak solutions) is also not applicable due to the presence of pointwise
density ¢;(X;) in b. To overcome these difficulties, we will estimate weighted total variation
distance between marginal densities.

1.2.4 Euler-Maruyama scheme for density-dependent MV-SDEs

For discretization, we consider a particular case of (1.16), i.e.,
¢
X; = Xo+ / b(s, Xs, £s(Xs), s) ds + V2B;. (1.19)
0

For n € N, the step size is defined as €, := T//n. The Euler-Maruyama scheme X" := (X/',t €
T) of (1.19) is constructed by

t
X7 = X+ /0 (s, X, €0 (X7, 1)1 e, 7 (5) ds + V2B,
py is the distribution of X', and ¢} is the density of X'

We review some works about discretization of (1.16).

1. Bencheikh-Jourdain [BJ22] considered constant-diffusion models where b(t, z,r, u) = b(t, x)
is bounded. They obtained sup{||u, — pi, lltv : k = 1,...,n} < /en. The proof is by
randomization in time.

2. Jourdain-Menozzi [JM24] considered constant-diffusion models where b(t, z,r, u) = b(t, )

is locally integrable. They proved that the pointwise difference between transition densities

is bounded by |e,|* (with a =1 — (g + %)) multiplied by some centered Gaussian density.

The proof is by randomization in time and cutoff in space. This result was extended by
Fitoussi-Jourdain-Menozzi [FJM24] to the case of a-stable noise.

3. Lé-Ling [LL22] considered models where
a) b(t,x,r,u) = b(t,x) is locally integrable;
b) o(t,z,u) = o(t,z) is uniformly elliptic and Holder in z; and
¢) o is weakly differentiable in z and Vo is locally integrable.

They obtained strong rate of convergence. The proof is by stochastic sewing lemma.

4. [DGI22; JIP23] considered constant-diffusion models where b(¢, z,r, 1) = b(t,z) belongs
to some subspace of Schwartz distributions. They obtained convergence results for
supger E[| X7 — Xi].

5. With Euler approximation, Hao-Rockner-Zhang [HRZ21] proved strong well-posedness
when
a) o is constant;
b) b(t,z,r, u) = b(t, z,r) is bounded and Lipschitz in r; and
c) o satisfies some integrability condition.

Hao [Hao23] obtained sup;cr |6 — 7)1 S +/En for convergence in [HRZ21]. Wu-Hao
[WH23] extended [HRZ21] to SDEs driven by a-stable noise. Song-Hao [SH24] obtained

super 16 — 7 S |5n|a771 for convergence in [WH23|.
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There appears to be a shortage of results about (1.16). In this direction, we have found only
four papers [Wan23c; HRZ24; Zha22; Le24b]. To our best knowledge, there has not been any
study on Euler-Maruyama scheme of (1.16). This scarcity is the motivation for our study of
(1.19). We assume that b(¢,x,r, 1) is bounded and Lipschitz in (r, u). The drift b(¢, z,r, p) is
not necessarily continuous in z. Our contribution that distinguishes the thesis from [HRZ21;
Hao23; WH23; SH24] is that b also depends on distribution in our case. First, we obtain Holder
continuity of the scheme (X', ¢t € T),en. As a consequence of this regularity, we give a direct
proof of well-posedness of (1.19). Finally, we derive the rate of convergence

sup [ (14 2|6 () ~ fo(a) do S Jeal £
teT /R

where « is the Holder exponent of 4.



Chapter 2

Preliminary

2.1 Optimal transport

We have explained at the end of Section 1.2.3 that using Wasserstein metric instead of infinity
norm distinguishes the thesis from [Wan23c; HRZ24]. Therefore, we recall definitions and results
about Wasserstein spaces from [Vil03; Vil09] and about gradient flows from [AGS08]. Currently,
optimal transport enjoys numerous applications in statistics, artificial intelligence, and signal
processing, to name just a few. See e.g. the works of Peyre, Cuturi and Bach.

The genesis of optimal transport can be traced back to Gaspard Monge in 1781 [Mon81]. In
modern terminology, Monge problem is formulated as follows: given two probability measures
u, v defined on measurable spaces X,Y respectively, find a measurable map T : X — Y with
v= Tﬁu such that 7" minimizes the transport cost, i.e.,

/X c(z, T (x) du(z) = min {/X c(x, T(z)dp(z) v = Tﬁu} , (2.1)

where ¢ : X x Y — Ry is a given cost function. When T satisfies v = Ty, it is called a transport
map, and if T also minimizes the cost, we call it optimal transport map. Even existence of a
solution to (2.1) turns out to be very challenging (see e.g. [Mag23, Sections 1.1 and 1.2]).

A major advance is due to Kantorovich [Kan42; Kan48], who suggested to look for transport
plans instead of transport maps, i.e., probability measures on X X Y whose first and second
marginal are p and v respectively. With this relaxation, existence of an optimal transport plan
can be established easily by direct method from calculus of variations.

The next advance is due to Brenier [Bre87], who proved well-posedness of optimal transport
map when the cost is the squared Euclidean metric. The result was then extended to compact
Riemannian manifolds by McCann [McCO01] and led to connections with PDEs, fluid mechanics,
differential geometry, probability theory and functional analysis. See e.g. the works of Otto,
Villani, Figalli and Ambrosio.

2.1.1 Wasserstein spaces

We fix p € [1,00). Let My(u) = [pa|z[P du(x) be the p-th moment of u € P(RY). Let P,(RY)
be the set of those measures in P(RY) with finite p-th moment. For u,v € P(R?), the set of
transport plans (or couplings) between them is defined as

D(p,v) ={o€ PRIxRY) : p = W;Q and v = W?Q},

where 7* is the projection of R? x R¢ onto its i-th coordinate, and Wég is the push-forward of o
through 7. For u,v € Pp(RY), we define

Wy(p,v) = inf {/]Rd |z —yP do(x,y) : 0 € T(, V)}l/p' (2.2)

23
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By [Vil09, Theorem 6.18], (P, (R%), W,) is a Polish space. By [Vil09, Theorem 6.9], it holds for
fin, 1o € Pp(RY) that Wy (pn, ) — 0 i.£f g, — pand My(pn) — M,(p). Let @, be the collection
of all (¢,9) € Cy(R?) x Cy(RY) such that o(z) + ¥ (y) < |z — y[P for z,y € RY. For brevity, we
denote W2(u,v) = (Wp(i,))P. We denote by [u — v| the variation of the signed measure y — v
as in [Rud87, Section 6.1]. By [Rud87, Theorems 6.2 and 6.4], |u — v| is a non-negative finite
measure. We recall properties needed for Chapter 4:

Lemma 2.1. 1. [Vil03, Theorem 1.3] It holds for u,v € Pp(RY) that
Wy (w,v) zsup{/Rdcpdqu/Rdzbdv (e, ) € <I>p}-
2. [Vil03, Theorem 1.14] It holds for p,v € P1(R?) that
Wi(u,v) :sup{/Rdfd(,u—u) cf e LM — v|) with [f]1 < 1}.

3. [Vil03, Remark 7.1.2] It holds for 1 < p < q < 0o and pu,v € Py(RY) that Wy(u,v) <
WQ(/L’ 1/)'

Above, the first claim is called Kantorovich duality while the second one is called Kantorovich-
Rubinstein theorem. For more information about optimal transport, we refer to [FG21; Mag23;
Vil09; Vil03; AG13; San15; ABS21; Tho23]. The next result states that W} is controlled by the
weighted L'-metric.

Lemma 2.2. Let p,v € pr(]Rd) be absolutely continuous with corresponding densities £, 1, .
Then

WeGur) < v [ 1aPit, - 6@ do

Proof. For B € B(R?), we denote by II(B) the collection of all finite measurable partitions
of B. This means (By,...,B,) € II(B) i.f.f {By,...,B,} C B(RY) are pairwise disjoint and
B = Jj—, Bx. We have

{i\ —v)(By)| (B1,...,Bn)€H(B)}
SUP{Z|/B (fu—ﬁy)(:v)dad:(Bl,...,Bn)en(B)}

<sup{Z/ r)dz (Bl,...,Bn)eH(B)}

lu—v|(B

On the other hand, we have from [Vil03, Proposition 7.10] that

Weur) < (v [ el din = vi(@)
The claim then follows. O

2.1.2 Geodesics in Wasserstein spaces

In this section, we work with (P2(R%),Ws). Let T'o(u, v) be the set of minimizers in (2.2). By
[Vil03, Theorem 1.3], I'o(u, v) is non-empty. We call ¢ € I'o(u,v) an optimal transport plan
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between p and v. A curve vy : [0,1] = Po(R?) from p to v is a continuous map with vo = p and
~v1 = v. The length of v is defined as

n—1
Len(v) == sup{z Wo(Ye, Yipsy) im ENand 0 =t < t1 < --- <t = 1}.
k=0

We define 7; : R x R? = R? by 7, == (1 — t)n! + tx? for t € [0,1]. The (interpolating)
curve induced by o € I'(p,v) is a curve v from p to v defined by 7 = (m)40 for t € [0,1].
A geodesic from p to v is a curve with shortest length among those curves from p to v. A
constant-speed geodesic vy : [0,1] — Po(R?) from u to v is a geodesic from p to v such that
Wa(vs, 1) = |s — t|Wa(u, v) for s,t € 0,1]. By [AGS08, Theorem 7.2.2], 7 is a constant-speed
geodesic from p to v i.f.f 7 is induced by some ¢ € I'y(u, ). From now on, all geodesics are
understood as constant-speed geodesics.

Let P3(R%) be the subset of Py(R?Y) that contains measures admitting a density. Let ¢ :
Po(R?) — (—o0, 00]. The proper domain D(¢) of ¢ is defined as {y € Po(R?) : ¢(u) < oo}. We say
that ¢ is proper if D(¢) is non-empty, and that ¢ is lower semi-continuous if ¢(u) < liminf,, ¢(u,)
whenever p,, — . In the remaining of this section, we assume D(¢) C P§(R?).

Definition 2.3. 1. [AGSO08, Definition 9.2.2] For uy, ua, v € P2(RY), a generalized geodesic
from py to pe with base v is a curve induced by 77&’2‘(_) € I'(u1, po) for some o € I'(u1, po, v)
with 7rﬂ1’3@ € I'o(p1,v) and 7rﬁ2’3g € T (o, v). Here 77 is the projection of R? x R? x R?
onto its i-th and j-th coordinates. If v coincides with either p; or pe, then a generalized
geodesic is also a geodesic.

2. [Cral7, Definition 2.17] A map w : Ry — R is a modulus of continuity if it is continuous
non-decreasing and vanishes only at s = 0. If, in addition, there exists another modulus
of continuity w such that fol j; oo and |w(s) — w(t)] < w(|s — t|) for s,t > 0, then w

a(s)
is called an Osgood modulus of convexity. In this case, w is called an Osgood modulus of
continuity of w.

3. [Cral7, Definition 2.4] For a modulus w of convexity and a curve v induced by o € I'(u, v),
the map ¢ is w-convex along v (with constant A € R) if it holds for ¢ € [0, 1] that

d(ve) < (L —=1)o(70) + to(11)
20— DK () + (1~ K3 ()},

where Ky(p) = ||7? — 7T1HL2(9). In case w = id, we simply say ¢ is A-convex along 7.

The map ¢ is w-convex along geodesics if for p,v € Po(R?) there exists a geodesic v from
u to v such that ¢ is w-convex along v. The map ¢ is w-convezr along generalized geodesics
if for pig, pu1,v € Po(R?) there exists a generalized geodesic v from g to u; with base v such
that ¢ is w-convex along . Clearly, w-convexity along generalized geodesics implies that along
geodesics. In case w = id, we simply say ¢ is A\-convex along geodesics/generalized geodesics,
which is consistent with [AGS08, Definitions 9.1.1 and 9.2.2]. In case A = 0, we simply say ¢ is
convex along geodesics/generalized geodesics.

Lemma 2.4. [Cral7, Propositions 2.8 and 4.7] Let V' and v be given by Assumption 3.1. We
define w : Ry — Ry by w(s) == \/s10(s). We define V: Po(RY) — R by V(u) = [pa V dp. We fix
v € Po(RY) and o € T(p,v). Let 7y be the curve induced by o. Then t — V(v;) is differentiable

with
d

Vi) = Vir0) = V(0| _ = 20w(K3(0)). (2:3)

As a consequence, V is w-convex along any interpolating curve with constant A\, = —4C < 0.
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Proof. First, we are going to prove (2.3). By Assumption 3.1(2) and Leibniz integral rule,

By Taylor formula,

d
V(71) = V() — dtV(% o / /Rded (VVom —VVor! n?—xl)dedt.

Notice that m; — 7! = t(72 — w!). We have

/d d|<VVo7Tt—VVo7T1,7T2—7T1>|dQ
Re xR

<||VVom—VVo 7r1HL2(g)||7T2 - 7r1||L2(Q) by Cauchy—Schwarz inequality

(|r? =2 )||7r2 - 7T1”L2(_g) by Assumption 3.1(3)
< 20\/\\772 - 771H%2(Q)w(H712 — 2, g)) because /4 is concave
= 20w(K3(0))-

Second, we are going to prove the w-convexity of V. We fix t € (0,1). We need to prove

V() < (1 =£)V(v0) +tV(n) (2.4)
Aw
-5 - Hw(t*K3(0)) + tw((1 - 1)*K3(0))}-
Let 9 = (7rt,7r2)ﬁg € I'(v,m) and ¢ := (7, ﬂl)ﬁg € I'(4,70)- Let 4,% be the curves induced
by 9, 0 respectively. By (2.3),
d

V(i) — V(o) — V()| 2 20w(3(), (2.
V(i) — Vo) — VG| > 200(3 (@), (2.6

Notice that 4s = Vg1—¢)+¢ and ¥s = y1—s) for s € [0,1]. By chain rule,

d

Do) = -0
V6| = 12w

Notice that Ka(g) = (1 — t)Ka(p) and Ka(9) = tKa(p). We multiply (2.5) with ¢, multiply
(2.6) with (1 —t), and add the resulting inequalities. Then (2.4) follows. This completes the
proof. O

2.1.3 Gradient flows in Wasserstein spaces

We define the tangent space at p € Po(R?) as

dy ._ . oo (TRd L2(n)

T, PR = (Vo g € Co(RD} .
Definition 2.5. 1. [AGS08, Definition 1.1.1] A map u : (0,00) — Po(R?) belongs to
ACY ((0,00); Py ( 4)) with p € [1,00) if there exists f € LP ((0,00);R;) such that
Wg(us,ut) JEf(r)dr for 0 < s <t < co. In case p = 1, we say that (u) is locally
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absolutely continuous. By [AGS08, Theorem 1.1.2], its metric derivative

. W2(Mt+s ,Ut)
/ t = l 77
l(®) =ty ===

exists for a.e. t > 0 and Wa(us, pu) < [ |p/|(r) dr for 0 < s < t < o0.

2. [AGS08, Definition 10.1.1] For u € D(¢), a vector field f € L?(u) belongs to the Fréchet
subdifferential 0¢(p) if

B) = o) = [ (1.4~ id) du+ o(Wa(pev))

or equivalently
— — t —id)d
i ing 20— () — Jpalf, 8 — id) dpe
VR Wa (M? V)

>0,

where t} is the optimal map that transports u to v. If f € 0¢(p) also satisfies

Sltew) = o) = [ (.t id) du+ ot — id 2
then f is called a strong subdifferential.
3. [AGS08, Definition 11.1.1] A curve () € ACE_((0,00); Po(R?)) is a gradient flow for ¢ if
there exists a time-dependent Borel vector filed v such that
a) v € T, P2(RY) and vy € —0(yuy) for ae. t > 0.
b) t = [lvellp2(y,) belongs to L% (0,00).

c¢) Oy + div(pevy) = 0 holds in distributional sense.

2.1.4 Auxiliary lemmas

Definition 2.6. 1. [AGS08, Definition 1.2.1] A map g : P2(R%) — [0, 0] is a strong upper
gradient for ¢ if, for every locally absolutely continuous curve (), the map ¢ — g(u;) is
Borel measurable and

() — d(1s)] < /:gmr)m'ur)dr for 0<s<t<oo, (2.7)

with the convention |¢(ut) — ¢(us)| = 0o whenever ¢(pug) + ¢(us) = oo.

2. [AGSO08, Definition 1.2.4] The local and global slopes of ¢ at u € D(¢) are defined as

= timsup L —SEDT — up (O00) — 60
09| (1) ._1H#p W) d Iy(p): sup

3. [AGSO08, Definition 1.3.2] For p € (1,00), a locally absolutely continuous curve (p) is a
p-curve of mazximal slope for ¢ w.r.t |0¢| if t — ¢(uy) is equal a.e. to a non-increasing map

f and

WP(@) 1091 (ue)
p q

where ¢ is the Holder conjugate of p, i.e.,

< f'(t) forae. t>0, (2.8)

+1lo7.

S
Q=
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4. [AGS08, Definition 10.1.4] The map ¢ is reqular if it satisfies Assumption 2.7(1) and

f € 09(),
© = o(u).

Pn — @ in ?Q(Rd)a Yn — @, Sup, HfTLHLQ(,th) < 09,

the strong differential f,, € 0p(un), ©n = ¢(1n), {
fn — f € L?(p) weakly in the sense of [AGS08, Definition 5.4.3],

5. [Cral7, Definition 2.12] For ¢ > 0, the prozimal map Jy¢ of ¢ is defined as Jop[u] = p and

2
Jio[p] == arg min {gb(,u) + VVQ;:’V) (v E ng(Rd)} for ¢t >0.

First, we have a sufficient condition for being regular:

Assumption 2.7. 1. ¢ is proper and lower semi-continuous with D(¢) C P5(R?).
2. There exists 7 € (0, 00] such that Jy¢[u] # 0 for u € Po(R?) and ¢ € (0, 7).

Lemma 2.8. Assume that ¢ satisfies Assumption 2.7(1) and is w-convex along geodesics with
w(s) =0(y/s) as s L 0. Then ¢ is regular.

Proof. The argument in the proof of [AGS08, Lemma 10.1.3] (for A-convex functionals) also
works in our case of w-convex functionals. This is because that argument is due to the variational
characterization of the Fréchet subdifferential, whose counterpart in our case (which is Lemma 2.9)
exists. O

Second, we have a characterization of Fréchet subdifferential:

Lemma 2.9. Let ¢ be w-convex along geodesics with w(s) = 0(y/s) as s | 0. We fix p € D(¢)
and f € L*(p). Then f € 0¢(p) i.f.f it holds for v € D(¢) that

Ut = iy g S Gs0) < 00) — 0000

Proof. The implication <= is obvious due to w(W3(u,v)) = o(Wa(u,v)) as v — p. Let’s prove
the other implication. We define ; := ((1 —t)id +tt},)yu for ¢ € [0,1]. Then v is a geodesic from
w to v. Then

d(1) < (1 =1)d(70) + td(71)
2= (W0, 1)) + 11— 123 0, 1))}

Thus

P(vt) — d(70)

- < é(m1) — ¢(0)

_ %{(1 _ t)w(t2W22(70a71))

" +w((1 =)W (0, m))}-

2 2
Because limy w =0,

lim g £0) = 9(0)

pinf 200200 < 51) — 6(n0) — 2B (0,710).

2
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Notice that Wa(y1,7) = tWa(y1,70) and t)f = (1 — ¢) id +tt},. Fréchet sub-differentiability
implies

. 9(n) — o) . .
RASLYER S WA _ Yt
hrgénf ; hrg%)nf ; Rd(f, t) —id)du

:/Rd<f,t; —id) dy.
The claim then follows. O
Finally, being regular implies several nice properties:
Lemma 2.10. Let ¢ be reqular and satisfy Assumption 2.7.
1. [AGS08, Lemma 10.1.5] We have u € D(|0]) i.f.f Op(u) # O and

0 = inf . 2.9
0610 = it 712 (2.9)

In this case, there exists a unique vector f € 0¢(u) which attains the minimum in (2.9):
we denote it by 0°P().

2. [AGS0S8, Theorem 11.1.3] We have (u) is a p-curve of mazximal slope for ¢ w.r.t |0¢| i.f.f
(ue) s a gradient flow for ¢ and (p(p)) is a.e. equal to a function of bounded variation.
In this case,

vy =—0%°(u) for a.e. t>0.

3. [Cral7, Theorem 3.12 and Remark 2.11] Assume, in addition, that ¢ is w-convex along
generalized geodesics for an Osgood modulus w of converity with w(s) = 0(y/s) as s | 0.
For py € D(¢), there exists a unique gradient flow (i) for ¢ such that py — po ast | 0.

2.2 Stochastic differential equations

In the rest of the manuscript, (By) is a given m-dimensional Brownian motion (m-BM) and (F3)
is a given admissible filtration (AF) on a given probability space (PS) (€,.4,P). This means
for 0 < s <t that B; is adapted to F; and that B; — B is independent of Fs;. We assume that
(Q, A, (F1),P) satisfies the usual conditions.

We fix T' € (0,00) and let T be the interval [0,7]. We consider the SDE

{dXt = b(t, X;) dt + o(t, X;) dBy, (2.10)

v is the distribution of Xj.
Above, the coefficients

b: T xR — RY,
c:TxR! 5 RI@R™,

are measurable. The study of (2.10) started with theory of stochastic integration created by
It6 in 1940’s [It644; 1t646]. The theory was further developed by Doob [Doo53], Meyer [Mey62;
Mey67a; Mey67b; Mey67c; Mey67d], Courrége [Cou63], Kunita-Watanabe [KW67], and Doléans-
Dade-Meyer [DM70], among others. We refer to [JP04; Mey09] for a brief history of stochastic
calculus and to [Din00; Bic02; Kuo06; Med07; Sok12; Sok13; Prol13; CW13; MP14; MR14] for
expositions of stochastic integration. SDEs have many practical applications such as modeling
stock prices and random growth phenomena (see e.g. [KP92, Chapter 7]).
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Definition 2.11. 1. A strong solution to (2.10) is a continuous R%valued process (X;) on
(92, A,P) such that for t € T: X; is Fi-adapted and

t t
X: = Xp —i—/ b(s, Xs)ds —i—/ o(s,Xs)dBs P-as.,
0 0

/OtIEHb(s,XS)] +|o(s, X,)[2] ds < oo,

2. A weak solution to (2.10) is a continuous R%valued process (X;) on some PS (92, A, P)
where there exist some m-BM (B;) and some AF (F;) such that the conditions in (1.) are
satisfied.

3. SDE (2.10) has strong uniqueness if, whenever the PS, the AF and the m-BM are fixed,
two strong solutions (X;) and (Y;) such that Xy = Y coincide P-a.s. on the path space
C(T;R%). SDE (2.10) has weak uniqueness if two weak solutions with the same initial
distribution induce the same distribution on C(T;R%).

4. SDE (2.10) is strongly well-posed if it has strong solution and strong uniqueness. SDE
(2.10) is weakly well-posed if it has weak solution and weak uniqueness. SDE (2.10) is
well-posed if it is both strongly and weakly well-posed.

Let a == oo ". We denote b; := b(t,), 0y := o(t,-) and a; := a(t, -).

2.2.1 Heat kernel estimates of transition density

In this section, we mainly recall heat kernel estimates from [MPZ21] and heat semigroup estimates
from [Wan23c]. They are essential tools to obtain regularity of marginal density.

Assumption 2.12. 1. a; is invertible for t € T.
2. There exist constants C' > 0 and 8 € (0,1) such that for t € T and z,y € R%:
166(0)] + llaeloo + llaz Moo < C,

be(x) — be(y)] < C(1V |z —yl),
lo1(z) — ou(y)| < Clz —y/”.

We gather parameters in Assumption 2.12:
@2 = (d7 T? 67 C)'

In Section 2.2.1, we assume that (b, o) satisfies Assumption 2.12. For (s,z) € [0,T) x R%, the
SDE
dXg, =0b(t, Xg,)dt +o(t, Xgy)dBy, tels,T],X{, =, (2.11)

is weakly well-posed by [MPZ21, Theorem 1.2] and has transition density denoted by (pls’f)og s<t<T-
This means pZ;;f(a;, ) is the density of X{,. The semigroup (P; ¥ )o<s<t<T is defined for x € R?
and f € L% (RY) U LY(RY) by
b b
P @) = B3] = [ o @ fo)dy. (212

The associated time-dependent second-order differential operator (Li)’g)teqf is defined for
f € C*(R%) and = € R? by

L2 $(w) = (), V(@) + 5 trlaa(a) V().
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The backward Kolmogorov equation holds, i.e., for f € Cl? RY),z2eRYand 0 < s <t < T:
05 Py f(x) + LY P f(zx) = 0. (2.13)

As in [MPZ21, Section 1.2], we will construct a family (¢ ¢)steT of C°°-diffeomorphisms on
R?. Let p : R* = R be a smooth symmetric density whose support is contained in the unit ball
of R?. We define b : T x R? — R? by b(t,-) := b(t,-) * p where * is the convolution operator. By
[MPZ21, Inequalities (1.9) and (1.10)], it holds for n € N that

sup{||V"b(t, )|loo + |[b(t,-) — b(t,)]|eo : t € T} < 0. (2.14)
For (s,z) € T x R%, we consider the ODE

{éf‘t@bs,t(w) = b(t,hey(x)) for teT,
¢s,s($) =

8

For k > 0, we consider the Gaussian heat kernel defined for ¢ > 0 and = € R? by

() = 71 ex —|$|2>
pi(z) = o) p ( |

The following results give density and gradient estimates for (2.11):

Theorem 2.13. Let Assumption 2.12 hold.

1. [MPZ21, Theorem 1.2] There exist constants ¢,k > 0 (depending on ©3) such that for
i€{0,1,2},0<s<t<T and z,y € R

IViph? (z,y)| < et — 8)"2pf (Vsu(@) — ).

2. [MPZ21, Lemma A.1] For o € (0, ), there exist constants ¢,k > 0 (depending on Oz, )
such that for 0 < s <t < T and z,y,y’ € R%:

14+

Va2 (,y) — Vapl$ (,9)] < cly —y/[*(t — 5)7 72
X {pg—s(w87t<m) - y) + pf—s(ws,t(x) - y/)}

We define for £ > 0, f € LY (RY) U LY(RY),z e RYand 0< s <t < T:

PEf@) = [ pi(e =)/ (0) dy.
Prf(@) = [ P eel@) =) ) dy.
Prf(@) = [ (W) = ) () dy. (215)

For brevity, we denote % = % — % for p,q € [1,0]. By Young’s inequality for convolution,

there exists a constant ¢ > 0 (depending on d, k) such that for ¢t >0 and 1 <p <p < oc:
d(p—p)

1P o —rr = sup [P fllps < et 20 (2.16)
Ifllpr<1

We recall a class of functions locally integrable in space-time. Let p,q € [1, 00]. The localized
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version LP(R?) of LP(R%) is defined by the norm

Hfo,P ‘= Ssup HlB(m,l)fHLpa
z€R4

Above, B(z,r) is the open ball centered at x with radius r. For 0 <ty < t; < T, we define

the Bochner space
Lb(to,t1) = L%([to, ta]; LP(RY)).

The localized version Bq’ (to,t1) of LE(to,t1) is defined by the norm

HQHZS(to,tl) = xsél[é)d HlB(z,1)9HL§(to,t1)-

Then Hg”ig(to,tl) = |19/l (t0,61)- It holds for p,q € [1,00) that

t1 % %

lolzginen = ([ ([ lotsopa)” as)”
n CNE N
= ([ ([, o) o)’

)

For brevity, we denote

LE(t) = LE(0,t), LE(t) = LE(0,t), LB :=LE(0,T), LE:=LE0,T).
We recall generalizations of (2.16) for dealing with unbounded drift:

Lemma 2.14. [Wan23c, Lemma 3.2] Let Assumption 2.12 hold.

1. There exists a constant ¢ > 0 (depending on ©3) such that for 0 < s < t < T and
I1<p<p<oo:
" AL = _d(=p)
H‘Ptfs”zpi)iﬁ + HPS,tHLP*)Zj’ + HPs,tHiPHLﬁ S C(t - S) P

2. There exists a constant ¢ > 0 (depending on ©2) such that for0 < s <t <T,1<p<p< o
and q € [1,00]:

_ d(p—p)

VPS5 gz + 1Bz < elitt =755 g, for £ & L0, x R,

flz» for f,g€L%(RY).

A _ d(p—p)
sup [|gPg{1p¢ ) Hip S c(t —s) 2 [|g]l s
2z€R4

Proof. We only include the proof of (1.). Let z € R%, f € LY (R?) and B,, := {v = (v1,...,vq) €
744 vl = n} for n € N. We write M; < M if there exists a constant ¢ > 0 (depending
on O2) such that M; < c¢Ms. By [Wan23c, Inequality (3.11)], there exists a constant ¢; > 0

(depending on O3) such that

d(

p—p) __n?
20 Y > e a1 flle-

B Pifle S (t—s)”
n=0veB,

We have card(B,,) < (2n + 1), so

o0 2

oo
> el < > @2n+1)te @t <1
n=0

n=0 UGBTL
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On the other hand, |[1p(;40.q)fllzr S IIfIlz»- Then

_d(p=p)
1P5flls S (t=5)" 27 || £l

Notice that P  is a special case of P s+ where 95 =id. Then

_d(p=p)
1P fllze S (E—s) 2 | fll -

It remains to prove for P:t- By [Wan23c, Inequality (3.2)], there exists a constant ¢ > 1
(depending on O3) such that

sup{[[ Vs tlloo + Vit oo 10 < s <t < T} < co. (2.17)

We have
Prf(@) = [ b () —2) W) dy by (215)
—1 ) —
</, pf_s<m)f(y)dy by (2.17)

C2
N/ Pi (Wit (@) —y)f(y)dy where & = k|co|?

= (PLf) oy, tl(x) (2.18)

It suffices to consider p < co. We have
o Pl S [, 1PN Vi@ e by (218)
— / (PF . f)()|P] det Vipy o (2)]| da (2.19)
S t(B(z 1))

S PP (2.20)
Y, (B(2,1))

= ||1¢;g(B(z71))PtR—sf||Izﬁ
SIPEAIR, by (2.17).

Above, (2.19) is due to change of variables formula and (2.20) due to Hadamard’s inequality
for determinants. Then ||1p;1)Psfllzs S |1PF o fllz5- This completes the proof. O

2.2.2 Stability estimates of marginal density

The inspiration for Chapter 4 comes from [Wan23c, Lemma 5.1], which is about uniform Holder
regularity in space of marginal density. We intended to establish its counterpart for time regularity,
so this section was intended as a preparation of auxiliary results leading to the counterpart.
Unfortunately, Professor Francesco Russo has pointed out that Wang’s proof contains a gap,
which is the symmetry pz’t(x,y) = pz,t(y,ac). For the sake of our understanding of related
techniques, we decide to keep this section.

In our study, b is not necessarily continuous but only locally integrable in (¢, z). To measure
the local integrability in space-time, we introduce the class K of exponent parameters:

K= {(p,q) € (2,00}2:Z+3 < 1}.

Assumption 2.15. 1. a; is invertible for ¢t € T.
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2. There exist measurable maps b® : T x R — R? and b : T x R* — R? such that
bi(z) = bgo) (x) + bﬁl)(az) for t € T and = € R

3. There exists 1 < fy € [7;8 with (po,qo) € X such that |b§0) (x)| < folt,z) for t € T and
r € RY.

4. There exist constants 3 € (0,1),C > 0 such that for t € T and z,y € R%:

b () = b ()] < Cla — ],
b ()] + lloelloo + llai Moo < C,

o () = 0x(y)| < Ol —yl”.

By (2.14), if b satisfies Assumption 2.12 then it also satisfies Assumption 2.15. We gather
parameters in Assumption 2.15:

@3 = (d7 Ta ﬁ) Cvp()v q0, fO)
Remark 2.16. If f € fﬂg for some (p, q) € XK, then there exists (p,q) € X such that |f|> € Eg.

Assumption 2.15 is appealing because it is a general but sufficient condition to obtain Krylov’s
and Khasminskii’s estimates. The class X of exponent parameter is defined by

X = {(p,q)e(l,oo)2:;l+c21<2}.

Proposition 2.17. Let (b,0) satisfy Assumption 2.15 and (Xy,t € T) be the solution to (2.10).
We fiz (p.q) € K.

1. (Khasminskii’s estimate) There exist constants ¢ > 0,k > 1 (depending on ©z,p,q) such
that for 0 <tqg<t1 <T and g € Lg(to,tl):

t1
| exp ([ ot X1 ds ) 7] < exple(1 + lalty o) (2.21)

2. (Krylov’s estimate) For j € [1,00), there exists a constant ¢ > 0 (depending on ©3,p,q,7)
such that for 0 <ty <ty <T and g € Lfl’(to,tl):

B (1ot x) ds)j

Proof. 1. There exists g € (1,¢) such that (p,q) € K. By [ZY21, Theorem 3.1], there exists a
constant ¢; > 0 (depending on O3, p, q) such that for 0 < ¢ty < t; < T, stopping time 7 and
g < Lg(t[),tl)i

(2.22)

to,t1)’

Fio| < cloliy,

tINT
B[ [ lgts. x)ds
t,

oNT

Fo| < allglzgpuny (2.23)

Let § :==
that

€ (0,1). By Holder’s inequality, it holds for 0 < ¢ty < t; < T and g € Dg(to, t1)

1_1
q q

0
HQHE{;(tO,tl) < (t1 — to) ”gHig’(to,tl)' (2.24)
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\iVe denote lzy I? the open interval ((j_l)gl_to), j(tln_to)) for j =1,...,n. We fix g €
Lb(to, t1) C LE(to,t1). Let n > 2 be the smallest integer such that

1 .
HgHig(IJﬂ) < %0, for j=1,...,n. (2.25)

By (2.23) and [XZ20, Lemma 3.5],

t1
E{exp (/ |g(s,XS)|ds) fto} < 2™
to
By (2.25), there exists j € {1,...,n — 1} such that
1 2.26
lgllze ey > % (2.26)

By (2.24) and (2.26),

th—to° 1
(2=2) Mollzguny > 5

1/
LZ (to ,tl) :

Then
_1
n<1+T(2c1) 5]l

The estimate (2.21) then follows with k := 1.

2. We follow an elegant idea from [HW22, Lemma 2.3]. Let C; := e/~1. We define h: Ry — Ry
by h(r) == |In(Cj 4+ ). Then h is concave. We have

[ ([ o5 5105
< E[{ln (Cj + exp (/t:l |g(s,Xs)|ds>>}j
{ln <Cj -I-E{exp (/7: l9(s, Xs)| ds>
{1

n[C; + exp(e(L + lgl7p sy 1))} -

%)

7

J
]:to] > } by Jensen’s inequality

IN

IN

.@bove, the constants ¢,k > 0 are given by (2.21). As a result, there exists a constant
Cj > 0 (depending on ¢, j) such that

[ (1ot %) ds)j

in above inequality, we obtain

tho] < éj(l + HgHIIi,g(to,h))j.

Replacing g with

g
”gHis(th)

[ ([ 1ot x) ds)j

The estimate (2.22) then follows. This completes the proof.

ft0:| < Cj2j|’9||%g(t0,t1)'

O]

For another proof of Proposition 2.17, see e.g. [Xia+20, Lemma 4.1]. We recall the following
result about Lipschitz continuity w.r.t initial data. This result is interesting because the drift b
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in Assumption 2.15 is not necessarily continuous. The key ingredient in its proof is Zvonkin’s
transform that allows one to extract Lipschitz regularity from a locally integrable drift.

Lemma 2.18. [HW22, Theorem 1.1(2)] Let Assumption 2.15 hold and p € [1,00). Assume, in
addition, that

1. oy is weakly differentiable for t € T.

2. For i € {1,2,...,1l}, there exists 1 < f; € ié’;ﬁ with (pi,q;) € K such that |Vou(z)| <
St fit,x) fort € T and x € R?.

Fori € {1,2}, let (X},t € T) satisfy (2.10) and v; be the distribution of X§. There exists a
constant ¢ > 0 (depending on O3, p, (pi, ¢, fi)}_,) such that

E[sup |X; — X7[] < cE[|X; — X3|"].
teT
Proof. By Assumption 2.15(2), there exist measurable maps b0 TxRY — R% and b)) : TxRY —
RY such that b (z) = b,(fo)(x) + bgl)(m). By Assumption 2.15(3), there exists 1 < fy € ig’g with
(o, qo) € X such that |b§0) (z)] < fo(t,x). We write My < My if there exists a constant ¢ > 0

(depending on O3, p) such that M; < cMs. Let (L, t € T) be the time-dependent differential
operator defined by

1
Liv = (b, Vv) + 5 tr(a;V2v)

for any function v : R? — R with two weak derivatives. By Zvonkin transform [ZY21, Theorem
2.1], there exists a constant A\g > 0 (depending on ©3) such that for j € {1,...,d} the PDE (in
distributional sense)

(O 4+ Ly)uld) = Aguld) — 07,
u! (T, ) =0,

has a unique solution ¢ : T x RY — R with the properties

. . . 1
||V2U(J)||1:§g S1oand  u9|e + VUl < 5. (2.27)

[\)

Above, b*7 is the j-th row of b(?). We define u : T x R — R? by u == (uM, ..., u@®)T. By
(2.27),

IV2ull g0 < 1,

1
oo + 1Vl < 5. (2.28)

Above, Vu and V?u are the first and second-order weak derivatives (w.r.t spatial variable) of
u. In particular, Vu is the Jacobian matrix of u. By generalized It6’s lemma [ZY21, Lemma 3.3],

dul (¢, X7) = {8, + L9 (¢, X7) dt + {(Vu)) To}(t, X7) dB;
= {Dou¥ =}t X7) dt + {(Vul?)) To}(t, X{) dBy,

which can be written in matrix form as
du(t, X7) = {Aou — b} (¢, X7) dt + {(Vu)o}(t, X?) dB;. (2.29)
Let Y} :== X} + u(t, X}). By (2.10) and (2.29),

Ay’ = {Aou+ b, X7) dt + {(Ig + Vu)oh(t, X}) dB;.
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By maximal inequality (see e.g. [Xia+20, Lemma 2.1(i)]),

lo(t,2) —o(t,y)| S o — y{M|Vorl(x) + M|Vor|(y) + o]l }

l
Sl =yl D {MSi(t, ) (@) + Mfi(t, ) ()}, (2.30)
=1
IVu(t, z) — Vu(t,y)| < |z — yl{M|V?u(t,)|(z) + MIV?u(t, )|(y) + | Vulloo }
S o = y[{1+ M|V2u(t,)|(z) + MIVult,-)|(y)} (2.31)

Above, M is the local Hardy Littlewood maximal operator defined for g : R — R, by
Mg(x) = suP,e(0,1) 1510777 JB(0.) 9( + ) dy. Let

Hy = {Xou+ bMWY, X)) = {dou + 0}t XP),
Gy = {(Iqg + Vu)o}(t, th) —{(Ig+ Vu)o}t, Xf),

2 ' 2 1 4
b= 3 MIVZu(t, )| (XF) + 30 S Mt ) (XT).

j=1 j=1i=1
Recall that b(!) is Lipschitz in space uniformly in time. By (2.28),
[Hel S 11X — X7 (2.32)
By (2.28), (2.30) and (2.31),
(Gel S 1X7 = X7I(1+ o). (2.33)
Let Z; == Y,! — Y2, Then dZ; = H;dt + G;dB;. We consider g : R — R, defined by
g(z) = |z|?. Then Vg(z) = 2p|z|*P V2 and V3g(x) = 2p{2(p — 1)|z[?PDaaT + |22~V 1,}.

Thus
Vg(@)| < |=[*7' and  |VZg(2)| < |o[*P7Y. (2.34)

By (2.28),
1 3
SIXE - X2 <12 < SIX - X (2:35)

By It6’s lemma,

d|Z|* = [(Vg(Z)) " H; + %tr{VQg(Zt)GthT}] dt + (Vg(Z)) "G dB;

SIZIPP (1 + |hef?) At + (Vg (Zy)) T Gr d By (2.36)
< |Zy)*P dA; + dM;. (2.37

Above, Ay == [{(1+ |hs|?)ds and M, == [ (Vg(Zs))" GsdBs. Also, (2.36) follows from (2.32),
(2.33), (2.34) and (2.35). Then

t
X} = XP S X5 = X3P+ [IX] - X2 AL +

Let n; == sup{| X! — X2|P : s € [0,t]} for t € T. By (2.37) and stochastic Gronwall’s lemma
(see e.g. [Xia+20, Lemma 3.7]), there exists a constant ¢; > 0 (depending on p) such that

T ‘1
Elnrl 72l £ {B|exp (e [ (14 ) at) 7]} 165 - X3
0

=9"1Xg — Xg|P-
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We have

oo
S Eney ' { f:l{ﬂvuv%(t, G + 30 SO ) fae)

j=14i=1

7

< XZ:E{GXP (q /OT{M|v2u(t,-)|}2(Xg)dt>

%)

+S[ew (o [ O 0K @)

.7:0] by AM-GM inequality

Recall that (p;,q;) € X and thus (%,%) € K for i € {1,...,1}. By Proposition 2.17(1), there
exists a constant ¢z > 0 (depending on O3) such that

Ij < exp(ea(L + [{MIV2u(t, )1} Foos2)
ag/2
= exp(ea(1 + [|M|V2u(t rHi%%
< exp(ea(1 + || V2ult, ')”25’528)) by [Xia+20, Lemma 2.1(ii)].

By Proposition 2.17(1), there exists a constant c¢3 > 0 (depending on ©3) such that

K;j < exp(es(L+ [[{Mfi(t, )} HLW

H283

= exp(c3(1 + | Mfi(t, L’”

< exp(es(1 + || filt, .)H%%f’;)) by [Xia+20, Lemma 2.1(ii)].

Then E[nr] < E[| X — XZ[P]. This completes the proof. O

We recall Duhamel presentation and LP estimate of marginal density:

Theorem 2.19. [Wan23¢, Lemma 4.1] Let Assumption 2.15 hold. Let v admit a density ¢, and
Uy be the density of X in (2.10).

1. Forp € (1,00], there exists a constant ¢ > 0 (depending on O3,p) such that fort € (0,T]

and 1 <k <k< )
E—k)

_d(k—k) 1
[ell ppieys < et 2R (6|7,

2. Let v : T x R — R? be another drift such that (v, o) satisfies Assumption 2.12. We assume

there exists 1 < g € fg with (p,q) € K such that |by(x) — vi(x)| < g(t,z) fort € T and
x € R, Tt holds fort € T and x € RY:

fw) = [ b o)) dy
+ /Ot /Rd es(y)<bs(y) - Us(y), Vyp";’:g(y’ x)) dy ds.



2.2. Stochastic differential equations 39

3. There exists a constant ¢ > 0 (depending on O3) such that for k € [pg, oo]:

sup |4l zr < clllu | zr-
teT

The existence of (¢;) is guaranteed by Theorem 4.5(1). We remind that pg is a parameter in
©3. Recall that 7* is the Holder conjugate of r € [1, o).

Proof. We write M1 < Mo if there exists a constant ¢ > 0 (depending on O3,p) such that

~

M, < ¢M;. By Assumption 2.15(4), (b(1), ¢) satisfies Assumption 2.12. By Theorem 2.13(1),
there exist a constant £ > 0 (depending on O3) and a family (s +)o<s<t<T of C*°-diffeomorphisms
on R such that for i € {0,1},0 < s <t < T and z,y € R%:

Vipl) (@) S (¢ = 8) 720 (hes(2) — ). (2.38)

1. It suffices to consider p € (1,00). Then p* € (1,00). Let Ry and (X;,t € T) be as in the
proof of Theorem 4.5. Let K, := E[|Rp|"] for r € R. As in the proof of [FF13, Proposition
2.4], we have K, < co. Notice that K, depends on O3,7. Let z € R? and f € Lg(Rd). We
have

[ 4015 H@) do = El(Lsey D] by (47)
=E[R(1p(;1)f)(X;)] by Girsanov’s theorem
< Ky |7 (E[{1p. )| fPH(X0)])? by Holder's inequality
S El{LpenlfPYHED) 7
([, Lo @) nenl /P @ dedy)” by (10)

|=

=

< ([, [ n@ - ) 1ol fPHo @) dedy) " by (239

1
= 6P {1l fIPHIZ-

Let 1 <k <k < co. Applying Lemma 2.14(2) with (p, p) = (k*, k*), we have

~ _ d(k=k)
16 EG A B [P o S ¢ 2F [l e AP 2

Then

_d(k=k) 1
| A0lsen ) de S 65 612 e

The claim then follows from duality.

2. Notice that (pyy )o<s<i<r is well-defined. Let f € C2°(R?). Applying Itd’s lemma on
[0,t] x R = R, (s,2) (Pgy f)(x), we have

(P (X0} = {(0s + LY7)(PLY F)}(Xs) ds + dM,
= {(9s + LY7) + (LY — LY HPLY £)(X) ds + dM,
= {(LY7 = LYY (P ))}(X,) ds + dM. (2.39)
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Above, P;} f is defined by (2.12); My = 0 and dM, = {V(P:ff)(XS)}TJ(s, X,)dB; for
s € [0,¢t]; and (2.39) is due to (2.13). Then

FOG) = (BEF D) (Xo) + [ {Bu(X) = wu(X.), V(P £)(X)) s (2.40)

+/{v P £)(X.)} o (s, X,) dB..

Clearly, f and thus Fyy f are bounded. Let’s prove that [|[V(Pgy f)|lee < co. Tt suffices to
verify that P} f is Lipschitz. We consider the SDE
dY, = o(t, V) dt +o(t,Y)dBs, tel[s, T],Y = .

’ s,

By Lemma 2.18, there exists a constant ¢; > 0 such that

|1Poy f (@) = Py f(y)] = [B[f (V)] — ELF (Y
< VAl BV, = Y4
< allVHleolz =yl

We have
B[ [ 060 — 0 (X)) X [9(PLE (X ]

t
< IV DIE] [ gt X) ]
S IVCP llllzgy by Proposition 2.17(2).

So each term in (2.40) is P-integrable. Then
/Rd 0i(2) f () dz = / (@) (P ) () da (2.41)
+ /0 [ @) 0(@) = (), V(P ) @) da ds,
By Theorem 2.13(1) and Leibniz integral rule,
VD@ = Ve [ P @) dy = [Vl @) ) dy.
So (2.41) is equivalent to

[t s@de= [ ([ 5706w dy) s do
(L w00 ), 0p7 20 dy ) )

The required representation then follows.

3. By Assumption 2.15(4), (b)), ¢) satisfies Assumption 2.12. By Theorem 2.19(2),

G = [ wonwart [ [ a0, 9 @ o) ayds @)
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By (2.38) and (2.42),
b(@) S [ i (unay) — 2)6 () dy
+ [=07% [ e npnaty) — 2 dyds

= Bitu(o) + [ (6= ) PG fols D) ds by (2.15)
Then it holds for I € [1, 00] that

_1
ez S 1P+ [ NP folss )t = 5) 36,51
= 1l + 1o

Applying Lemma 2.14(1) with (p,p) = (,1), we have HP&E,,HI:J S |1€u] 70 For convenience,
we denote (s, x) = £s(z). We fix | € [pf, o0]. There exists ¢; € [1, po] such that % = /pio +1.
Then (po, qo) € K implies

1 dil—q) 1 d q-—1

s—typdiza) 1, d
2 2q 2 2pg )

<1
Applying Lemma 2.14(2) with (p,p,q) = (q,1,1), we have
I = 1P folt =) 3l S Iolt =) el
By Holder’s inequality,
Ifott =)0l = [ oo )t = ) belg s
< [ 1o Ml - el ds

1
(/ 1 fo(s, )%, ) (/ Ht—s 51, ,qods)o
= Molzzg (/ e o)1 05)

Then 1

t _So* * aF

ez S 16l + follzzy ([ 6= 57061 as)

Thus .
e S e+ [ N ds. (243)

Notice that (po,qo) € K implies dgg € (0,1). WLOG, we assume ¢, € ﬂk(Rd).

a) We consider the case k = co. Let | € [pj,o0). We apply Theorem 2.19(1) with
k =k =00 and p=1{* € (1,po]. Then there exists a constant ¢;; > 0 (depending on
©3,1) such that

1
sup [[€]| 7 < eralllll o < 00 (2.44)
teT
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By (2.43), (2.44) and Gronwall’s lemma,

sup [|€l[ 70 S 14017 (2.45)
teT

Taking the limit [ 1 oo in (2.45), we have sup{||¢:||; : t € T} S [[l]|foo-

b) We consider the case k € [pj, o0). For k € (k, 00), let Prk = Zgi:g > 1 and thus
- d(k —k
k= (p,zk")" and lim Q =0
’ kik 2kkpy i

Recall that dg € (0,1), so there exists k € (k,o0) such that

d(k —k
€L = ¥ € (0,1 —dqp).
’ Qkkjka;

By Theorem 2.19(1), there exists a constant ¢z, > 0 (depending on ©3, k) such that

e - 1/p, %
1€ell e < eopt™mF (|67 (2.46)

By (2.43) with [ = k and (2.46),

sup ||¢ ”qé‘ < HqS + / an‘/m,;; tt_ —0a5 gk i
Pl fr ~ lvllfe T C2,kl1Ev ] fi sup ( 8) s “kEas.
teT teT JO

Because dqj + €5, < 1,

t
sup/ (t — §) %% s %kk ds < o0.
teT JO

Then X
sup H&H%“k < 0. (2.47)
teT

By (2.43) with | = k, (2.47) and Gronwall’s lemma, sup{|[¢|/;. : t € T} < |[€u]fx-
This completes the proof.

O
2.2.3 Auxiliary lemmas
We include here results that will be used later on. Consider the Fokker-Planck equation
. 1 o
Opir = —0z, {b"(t, x) e } + 58901.83;]. {a" (t, )} (2.48)

Lemma 2.20 (Superposition principle). Assume that a weakly continuous map T — P(RY), t —
e satisfies [p [pa{|b(t,z)| + |a(t,z)|} du(z) dt < oo and is a distributional solution to (2.48).
Then (2.10) has a weak solution whose distribution of Xy is us for t € T.

The above form of Lemma 2.20 is taken from [BR20, Section 2]. We refer to [Fig08; Trel6;
RXZ20; BRS21] for studies of superposition principle. We denote by X the weak-* convergence
on P(RY). This means i, — p i.ff [ga f dpn — [ga fdu for f € Co(RY).

Lemma 2.21. Let fin, p € P(RY) for n € N. If ju, = p then pu, — pu.
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Proof. Let f € Cp(R%) and g € C.(R%) such that 0 < g < 1. Then gf € C.(R?%) and f =
(1—9)f +gf. We have

‘/Rdfd(/‘n_ﬂ)’ < ||f||oo/Rd(1_g)d(M”+N)+‘/Rdgfd(un—,u)‘.

It follows from g, — p that lim, Jra 9f d(ptn, — ) = 0. Then

lim sup
n

/ fd(ﬂn_ﬂ)’ < Hf”oothUP/ (1—g)d(,un+u).
Rd n Rd
Notice that

limsup/ (1—g)dp, =1-— liminf/ g d,
Rd n R4

n

=1 —/ gdu  because i, —
R4

= [ (1-g)dp.
R4

Thus

timsup | [ o~ ] < 20fll [ (1= 9)dn (2.49)

n R4 R4

Because p is a probability measure,

sup{/dgd,u:gecc(Rd) andogggl}zl. (2.50)

R

The claim then follows from (2.49) and (2.50). O

See e.g. [HLS22] for a generalization of Lemma 2.21. Finally, we recall freezing lemma.

Lemma 2.22. Let D,G be independent sub-o-algebras of A. Let (E,E) be a measurable space
and Y : Q = E measurable w.r.t D. Assume that ¢ : E x Q — R? is measurable w.r.t £ QG and
that (Y, +) is integrable.

1. Let N :=={xz € E : ¢(x,-) not integrable}. Let u be the distribution of Y on (E,£). Then
N €& and u(N) =0.

2. We define ® : E — R by ®(y) :=0 fory € N and ®(y) == E[p(y,-)] fory € E\ N. Then
® is measurable and Elp(Y,-)|D] = (V).

Proof. WLOG, we assume d = 1 and ¢ is non-negative. The claims that N € £ and that & is
measurable follow from Tonelli theorem, measurability and non-negativity of .

1. Let v be the joint distribution of (Y,id) : (2, A) — (ExQ,E®G). Let Pg be the restriction
of P to (©2,G). We have v = ;4 ® Pg because it holds for A € £ and B € G that

v(Ax B)=P[(Y,id) € A x B]

P{Y € A} n{id € B}]
[

L

Y € A] x Plid € B] by independence of D, G
(Y € A) x Pg|[B].
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Then

/ w)|dr(y,w) because ¢ is measurable w.r.t £ ® G

/ (/ lo(y,w)| dPg(w )) du(y) by Tonelli theorem

/ ey, )] dp(y). (2.51)

By the integrability of ¢(Y,-), it holds for p-a.e. y € E that E[|¢(y,-)|] < co. Thus
u(N) =0.

2. Tt remains to prove E[p(Y,-)|D] = ®(Y). First, we verify that ®(Y) is integrable. Indeed,

=/ |2 (y)| du(y)
E

— [ IElp(y, )l du(y)
E

g/mm%mw@
FE
— E[lp(Y,)]] by (251)

< 00.

Let D € D. We need to prove E[p(Y, )1p] = E[®(Y)1p]. It suffices to consider the
case P[D] > 0. We define a probability measure P on (2, A) by P[4] = FIAOD] g0y

P[D]
A€ A Let E be the expectation w.r.t (€2, A, IP’) By approximation with simple functions,
E[Z1p] = P[DIE[Z] for Z € L*(Q, A, P). So it suffices to prove E[p(Y,-)] = E[®(Y)].

Let i be the distribution of Y on (E,£) under P. Let U be the joint distribution of
(Y,id) : (2,A) = (E x Q,& ® G) under P. Let Pg be the restriction of P to (€2,G). Let’s
prove that v = 1 ® Pg. Indeed, it holds for A € £ and B € G that

U(A x B) =P[(Y,id) € A x B]
=P[{Y € A} n{id € B}
P[({Y € A} n D)n{id € B}
P[D]
P{Y € A} N D] x P[{id € B} N D]
(P[D])?
=P[Y € A] x P[id € B]
= (Y € A) x Pg|B].

by independence of D, G under P
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Then

,w)dr(y,w) because p is measurable w.r.t £ ® G

w) dPg(w )> dp(y) by Fubini theorem

by independence of D and G under P

dfi(y) = E[®(Y)]. This completes the proof.
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Chapter 3

A class of Langevin dynamics

3.1 Introduction

Let V : RY — R be differentiable and 7 € P(R?) such that dr = e~" dz. This means e~V is
the density of m w.r.t Lebesgue measure on R%. We define ¢ : R, — R, by ¢(0) := 0 and
¢(s) = slogs for s > 0. For y,v € P(R?), their (non-negative) relative entropy is defined as

. d
H(plv) = Jra @ oodv it Q:.£’
00 otherwise.
For u € Po(RY), its internal energy is defined as
. d
) = | S e edr T 0=
00 otherwise.

If V has at most quadratic growth at infinity, then [ABS21, Proposition 15.6] implies
S) = 90(ulm) = [ Vdp+3(w) for pePofRY.

Consider
o = inf{p(p) : p € Po(RY}. (3.1)

We have explained in Section 1.1 that (3.1) gives rise to the PDE
Orpre = div(ue VV) + Apg. (3.2)
For well-posedness of (3.2), we assume the following set of assumptions:
Assumption 3.1. 1. V :R% — R is differentiable with [pae™" dz = 1.

2. There exists a constant C' > 0 such that V(x) > —C and |V (z)| + |[VV (2)]> < C(1 + |z]?)
for = € RY,

3. There exists a continuous non-decreasing and concave function ¢ : Ry — R, such that
a) ¥(0) = 0,f01 % = o0 and 9(s) > s for s > 0.
b) [VV(z) = VV(y)|* < 4C%*)(|z — y[?) for z,y € R%.

For p1,v € P(R?), their relative Fisher information is defined by

I uly) = {4&@ V(y/o)lPdv if o= with /o€ W'23(RY),
0

otherwise.

47
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For rate of convergence, we assume a log-Sobolev inequality.

Assumption 3.2. There exists a constant k > 0 such that

I(plm)

P for € PRY).

H(plm) <

We recall from [Chi22] two conditions under which 7 satisfies Assumption 3.2. The first by
[BES5] is when V2V = Iy, The second by [HS87] is when 7 = e~%v for some 3 € L%°(R?) and
some v € P(R?) satisfying Assumption 3.2.

Our result is the following

Theorem 3.3. Let Assumption 3.1 hold and py € D(¢). There exists a unique distributional
solution () to (3.2) such that py — po in Po(R?) ast | 0. If, in addition, Assumption 3.2 holds,
then ¢(pu) — v < e >*{p(ug) — a} for t > 0.

The rest of this chapter is dedicated to the proof of Theorem 3.3.

3.2 Convexity along generalized geodesics

We define w : Ry — Ry by w(s) = /st(s). It follows from limg w\;f) = 0 that w(s) = 0(y/s) as

s 1 0. We have v is a modulus of convexity, so is w. Let’s prove that w is concave. For x,y € R
and t € [0,1],

w((l=t)z+ty) > (1 —thw(x) + tw(y)
= (1= Dz + 1y (1 -tz + ty) > (1 1)y Jxb(x) + 1y (y)
= (1=t +ty)p((1 -tz +ty) > (1 - )’z (z) + Py (y)
+2t(1 — )y /zy(x)(y).

Above, the last inequality is true due to the concavity of ¢ and AM-GM inequality. Let’s
prove that w is an Osgood modulus of continuity of itself. Let © > y > 0. It suffices to prove
w(z) —w(y) < w(x—y) or equivalently w(x) < w(z —y)+w(y). This is true because w is concave
with w(0) = 0.

We define V : P2(R?) — R by V() == [pa V dp. By Assumption 3.1(2), V is well-defined.
By Lemma 2.4, V is w-convex along any interpolating curve with constant A\, = —4C < 0. By
[AGS08, Proposition 9.3.9], H is convex along generalized geodesics. Then ¢ = V+ H is w-convex
along generalized geodesics.

3.3 Existence of a solution

It is clear that ¢ is proper. By [AGS08, Lemma 9.4.3], ¢ is lower semi-continuous. The proximal
map Jip at p € Po(R?) is non-empty for all ¢+ > 0. This is due to the fact that ¢ is non-negative
and lower semi-continuous. By Lemma 2.8, ¢ is regular. By Lemma 2.10(3), there exists a unique
gradient flow p € ACZ.((0, 00); Po(R?)) for ¢ such that p — pg as t | 0. We fix g € O (R?).
By Definition 2.5(3), there exists a time-dependent Borel vector field v with the property: it
holds for a.e. t > 0 that v; € —0¢(u;) and

dt/ gdu = / (Vg,ve) dpue. (3.3)

By Lemma 2.9, it holds for a.e. ¢ > 0 that

[ (o=t dp (W ) < 60) — $(p) for vED@).  (34)
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We fix ¢ > 0 such that (3.3) and (3.4) hold. Let f; := id+sVg for s € R. Then f, =
V(3| |?+ sg). There exists § € (0,1) such that 3| - |*> + sg is convex for |s| < §. By Brenier
theorem (see e.g. [Vil03, Theorem 2.12]), fs is the unique optimal map that transports u; to
Vs = (fs)gue for |s| < 6. Hence

Wy (e, vs) i s €[0,4),

W2(V37lu’ ) = { s .
! %'WQ(Mt,I/_(;) if se [—5, 0].

Recall that w(s) = o(y/s) as s | 0, so

W(W22(V87 ,Ut))

lim - =0. (3.5)
By (3.4),
— [ (V.0 dp+ A W) ) —00) e ¢ 1,4,
(3.6)
—/Rd<Vg,vt) dpg + AZ‘:J‘”(W%((:S’W)) > #s) - o) o e [~5,0].

By Taylor formula,
Vo fs(z) = V(z)

1
=s(VV(x),Vg(z)) + 3/0 (VV(x +rsVg(x)) — VV(z),Vg(x))dr.

We have
Vivs) = V)
S
Vofs=V
=/ % du: by change of variables formula
R

= /d(Vg, VV)du + /d /I(VV(x +rsVg(x)) — VV(z),Vg(x)) drdu(z).
R Re Jo

We have

1
/Rd/o (VV(x +rsVg(x)) — VV(z),Vg(x))drdu(x)

1
< /Rd/() |IVV (x+rsVg(z)) — VV(2)| x |Vg(x)|dr du(z)

< 2C||Vg|loor/¥(s]|Vg||%,) by Assumption 3.1(3).

We have 9 is continuous with ¢ (0) = 0, so

V(vs) =V
lim 2(s) = Vlpe) :/ (Vg, VV) dp.
s—0 S Rd
By [Mag23, Theorem 13.9(iii)],
lim M - _/ Agdp.
5—0 S Rd

ows) — dlue) _ /R (Y, V) — Ag}du. (3.7)

Then

lim
s—0 S
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By (3.5), (3.6) and (3.7),
/ (Vg,ve) dpy =/ {Ag —(Vg,VV)}du. (3.8)
]Rd Rd

By (3.3) and (3.8),
d
- duy = Ag — dyg.
dt/Rdg 14t /Rd{ g—(Vg,VV)}du

Then (u;) is indeed a distributional solution to (3.2).

3.4 Uniqueness of a solution

‘We consider the SDE

dX, = —VV(X,)dt + V2dB,. (3.9)
Because VV is continuous, it is locally integrable. By [KR05, Theorem 2.1], (3.9) has weak
uniqueness. Another way to obtain this is by noticing sup,cga % < oo and applying [BLOS,

Theorem 2]. Let (1) be another distributional solution to (3.2) such that (1) is locally bounded
and v; — pg as t | 0. We have

1. ug, v € P(RY) for t > 0.

2. z — VV(z) is measurable and
T
/ /d IVV|d{u + v} dt < 0o for T >0.
o JR

3. t— u; and t — 1y are weakly continuous.
By Lemma 2.20, (3.9) has two weak solutions (X;,¢t > 0) and (Y;, ¢ > 0) such that the
distribution of X; is us and that of Y; is 4. The weak uniqueness of (3.9) implies (u) = (v4).

3.5 Regularity of a solution

In the rest of this chapter, “it holds a.e” means “it holds for almost every ¢t > 0”. From the
previous section, it holds a.e. that u; € D(¢). Indeed, we can obtain stronger result.

Lemma 3.4. (¢(u)) is locally absolutely continuous.

Proof. By [AGS08, Theorem 8.3.1], it holds a.e. that [1/|(t) < [[vel|r2(,)- By [AGS08, Lemma
10.1.5], it holds a.e. that [9¢|(ut) < [|ve]|r2(y,)- By definition of a gradient flow, ¢ — [Jve[|r2(4,)
belongs to L2 (0,00). Then

t > |06|(ue)|1'|(t)  belongs to L (0, 00). (3.10)

We fix 0 < a < b < oco. Let Py := {u : t € [a,b]}. Then (Py, W) is compact. We need
to prove [a,b] o t — ¢(u) is absolutely continuous. For ¢ € [a,b], the global slope [g(ut) of
¢ : Py — (—o0,00] is defined as

($(ym) = 3(v)) "

(9 = sup 3.11
¢(Ht) vEP\{ue} Wa(pe, v) ( )
By [Cral7, Proposition 2.7],
+
Spt) = d(v) | Aow(W3 (1, v))
06|(11y) — + . 3.12
06| (11¢) sup ( W (e ) Wa e, ) (3.12)
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By [AGS08, Theorem 1.2.5], [2) is a strong upper gradient for ¢ : Py — (—o0, 00]. By (2.7), it
suffices to prove that [a,b] > t — Ig(ﬂt)|u’|(t) is integrable. Let R := diam(Pg) < co. The map

(0,R] 35— %‘92) is continuous and limg %‘92) = 0. So S := supye(op| w(f) < oc0. By (3.11),

(3.12) and the fact that A\, < 0, it holds for ¢ € [a, b] that

(3(1e) < 109](ne) — AoS. (3.13)

The claim then follows from (3.10) and (3.13). O

As a consequence of Lemma 3.4, it holds a.e. that u; admits a density, which will be denoted
by p;. We will verify that ¢ satisfies doubling condition (10.4.23) in [AGS08, Lemma 10.4.4].

Lemma 3.5. There exists a constant ¢ > 0 such that ¢(s+1r) < {1+ o(s) + ¢(r)} for s,r > 0.

Proof. The minimizer of ¢ is é and its minimum value is —% < —%. Then 1+ o(s) + ¢(r) > %
for s,r € Ry. It holds for 2 < s <r that ¢(s+7r) = (s +r)In(s+7r) < 2rln(2r) < 2rln(r?) =
drinr < 4{1+4 p(s) + ¢(r)}. Let ¢; = 5max{p(s+7):0<s <r <2}. The claim then follows
by picking ¢ =4V c;. O

Next we obtain differentiability of p; and explicit form of 9°¢(p).

Lemma 3.6. We firt > 0 such that u; € D(|0¢|). Then p, € WHL(R?) and pyVV + Vi = pyw
a.e. on R for some vector field w € L?(uz). In this case, w = 9°¢ ().

Proof. 1. We fix g € C®(R%RY). Let fs :=id +sg and vs = (fs)su for s € R. By (3.7),

lim 20%s) = 90e) _ / (g, VV) — div g} dpss.
Rd

5—0 S
It holds for s > 0 that Wa(u, vs) < s{|gl[z2(,,)- We have

o 8020 = O) o (9l0) — 0
510 S 510 S

(¢(vs) — d(pe))*
W2(,Ut> Vs)

< [l9ll L2 () |01 (1) - by definition of [0 (u)-

< |lgllz2ue) hmfbuP
S

Then
[ 40 9V) = div g} dus < gl 06 (a). (3.14)

By Cauchy—Schwarz inequality,

- /R Ldivgdpy < {1061 () + 1YV 112 Hlgll 2 - (3.15)

By Assumption 3.1(2), [[VV||z2(,,) < oo. Then p; is a function of bounded variation. Thus
its distributional derivative Dp; = (D1py, ..., Dgp) is a finite R?-valued Radon measure
on R%. Then (3.15) is equivalent to

d
Z/Rd 9i {Dipt} < {10¢|(pe) + [IVV I 2 (00) HIG £2100)-
i=1
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By Riesz representation theorem, there exists a unique vector field z € L?(u;) such that

d
> [ dDip} = [ (9.2 dus
i1 Rd Rd
Then p; € WHH(R?) with its weak gradient Vp; = p;z. Thus (3.14) is equivalent to

[ (9:09Y + Vi) do < gl 06 (1)

By Riesz representation theorem, there exits a unique vector field w € L?(u;) such that
lwllp2(u,) < 106|(1t) and

R4 R4

In particular,
oVV +Vp, = pw a.e. on R

2. To prove w = 0°¢(u¢), it remains to check w € 9¢(u¢). There exist vector fields wy, wy €

LQ(Mt) such that p,VV = pywy and Vp; = pywe. It holds for ps-a.e. that w = wi + wo.
It suffices to check wy € OV(ur) and we € OH(pe). We fix v € D(¢). Let t :=t}, be the
unique optimal map that transports u; to v. By Lemma 2.9, it suffices to prove

: Aw
1t = i) dps + Z2(WE ,0) < V() = Vo), (3.16)
/Rd (o, t — id) dpy < H () — H(e). (3.17)
Let  be the unique constant-speed geodesic from p; to v. Then v, = ((1 — ) id +st)y14
for s € [0,1].

a) Next we will verify (3.16). Recall that V is w-convex along any interpolating curve, so
it holds for s € [0, 1] that

V() < (1 5)V(0) + V()
= 21— )l WE (0, ) + s((1— )73 (0, )}

Then

Vi) — V(o) > L) = V(o)

S
Aw w(s2W2 (v,
20 - 920wz 0,0
Thus Vi) - V(w) A
V() = Vo) > lim =0 4 B (10,1)). (3.18)
By Leibniz integral rule,
V(vs) =V
lim 2 0s) = V(0) :/ (VV,t — id) dvo. (3.19)
sJ0 S Rd

Clearly, (3.18) and (3.19) imply (3.16).
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b) Next we will verify (3.17). By Lemma 3.5 and as in [AGS08, Theorem 10.4.6], there
exists a sequence (v,,) C D(¢) of measures with compact support such that v, — v
and H(v,) — H(v). By [Vil09, Corollary 5.23], we can assume WLOG that t}» — ¢

in probability measure p; as n — oco. By Vitali convergence theorem (see e.g. [Brell,
Exercise 4.14]),

/ (wo,t)r —id) dpe 270 | (wo,t — id) dp.
Rd d

R

By [AGS08, Lemma 5.4.1], we indeed have stronger convergence

/Rd [t — > dpe 22 0.

Hence it suffices to consider v with compact support. Recall that H is convex along
generalized geodesics. Similar to (3.18), we have

() - %(00) > lim 70~ 300), (3.20)

As in the proof of [AGS08, Proposition 9.3.9], the requirements of [AGS08, Lemma
10.4.4] are satisfied. By [AGS08, Equation (10.4.22)],

%w = /Rd tr(V(t —id)) dvo. (3.21)

Above, V(t —id) is the approximate differential of t — id in the sense of [AGSO0S,
Definition 5.5.1]. By [AGS08, Lemma 10.4.5] and the compactness of supp v, there
exists an increasing sequence of Lipschitz functions g, : R — [0,1] with compact
support such that (g,) converges to 1 pointwise on R? and

—/ tr(V(t —id)) dvyg > lim sup/ gn(Vpi, t —id) da.
R4 n—oo JRd
Then
—/ tr(V(t —id)) dyo > limsup [ gn{piws,t — id) dz
Rd n—oo JRd
=limsup [ gn{wo,t —id) du,
Rd

n—oo

= / (wa,t — id) dpy. (3.22)
Rd

Clearly, (3.20), (3.21) and (3.22) imply (3.17).

3.6 Rate of convergence

By Lemma 2.10(2) and Lemma 3.4, (p) is 2-curve of maximal slope w.r.t |0¢|, and it holds a.e.
that vy = —9°¢(). A monotone function is differentiable a.e. (see e.g. [Taoll, Theorem 1.6.25]).
By (2.8), it holds a.e. that u; € D(|0¢|). By Lemma 3.6, it holds a.e. that p, € W1 (R?) and
ptVV 4+ Vps = —pvy a.e. on RE. In particular, it holds a.e. that v; = —(VV + %) [-a.e. on
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R?. We have dm = e~V dz and dyy = prdex, so g = % = evpt. Then

\V4 2
sl = [ VI g
{g:>0} Gt

= V(I go)[I72 ()

= Hvt”QLQ(ut)'

By chain rule [AS07, Equation (4.55)], it holds a.e. that

d
3 0m) = =llvelza gy = =9uelm).

By Assumption 3.2, J(p|m) > 26H(pe|m) = 26¢(ue). Let (v,,) be a minimizing sequence of
(3.1), i.e., ¢(vp) | @ as n — oo. Notice that ¢ > 0, so it holds a.e. that

d

3 100u) = 60} < =26{() = dlva) )

By Gronwall’s lemma, it holds for ¢ > 0 that ¢(u;) — ¢(vy) < e 2 d (o) — ¢(vp)}. Taking
the limit n — oo, we have ¢(us) — a < e 2" {¢ (o) — a} for t > 0. This completes the proof.



Chapter 4

Well-posedness of MV-SDEs with
density-dependent drift

4.1 Introduction

Let T € (0,00) and T be the interval [0, 7. Let
b:T xR? x Ry x Pp(RY) — RY,
o:T xR x P,(R%) — R @ R™,
be measurable. We consider the SDE
dX: = b(t, X, 0e(Xe), pe) dt + o (¢, Xz, pit) d B,

v is the distribution of Xy, p is that of X, (4.1)
and {4 is the density of Xj.

We recall notions of a solution:

Definition 4.1. 1. A strong solution to (4.1) is a continuous R%valued process (X;) on
(Q, A,P) such that for t € T: X is Fi-adapted, X; has a distribution p; € pr(]Rd), X
admits a density £;, and

t t
Xt:Xo—i—/ b(s,XS,ES(XS),,uS)ds—i—/ o(s,Xs,pus)dBs P-as.,
0 0

t
| Bl X (X, )] (5, X 1) P ds < oo
0

2. A weak solution to (4.1) is a continuous R%valued process (X;) on some PS (22, A,P) on
which there exist some m-BM (B;) and some AF (F;) such that the conditions in (1) are
satisfied.

3. SDE (4.1) has strong uniqueness if, whenever the PS, the AF and the m-BM are fixed,
two strong solutions (X;) and (Y;) such that Xy = Y coincide P-a.s. on the path space
C(T;R%). SDE (4.1) has weak uniqueness if two weak solutions with the same initial
distribution induce the same distribution on C(T;R%).

4. SDE (4.1) is strongly well-posed if it has strong solution and strong uniqueness. SDE (4.1)
is weakly well-posed if it has weak solution and weak uniqueness. SDE (4.1) is well-posed if
it is both strongly and weakly well-posed.

55
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Recall that M,(o) is the p-th moment of o € P(R?). Let a := oo . We denote b;(z,r, 0) =
b(t,x,r, 0),01(x,0) = o(t,x,0) and a;(z, o) == a(t,z, ). Below, we introduce the main assump-
tion about initial distribution and coefficients of (4.1).

Assumption 4.2. There exist constants 5 € (0,1),p € [1,00),C > 0 such that for t € T;z,y €
R 7,7’ € Ry and g, 0 € Pp(RY):

1. a; is invertible and oy is weakly differentiable w.r.t space variable.
2. There exists 1 < fy € E{Z’g with (po,qo) € K such that |b(z,7, 0)| < fo(t, ).
3. There exists 1 < f; € IN/{I’Z? with ¢ € {1,2,...,1l} and (p;,¢;) € K such that |Vo(z)| <
Yi filt @),
4. v € Pp(R?) has a density £, € L=(RY).
5. The following conditions hold:
lotlloo + llag oo < C,
‘bt(‘rvrﬂ Q) - bt(xﬂ 7,/7 Q)‘ < C{|T - T/‘ + Wp(@ Ql)}7
|O-t($7 Q) - Ut(ya Q,)‘ S C{|‘T - y|6 + Wp(@v Q/)}

We remind that the space E{z’g and the set K have been defined in Section 2.2.1 and Section 2.2.2
respectively. We gather parameters about (b, o) in Assumption 4.2:

61 = (P, da TvﬁacJa (pMQZ)fZ)i:O)

There is no continuity condition w.r.t spatial variable of b. Assumption 4.2(2) means that
marginal density and marginal distribution do not affect local integrability of the drift. If b is
bounded, then it satisfies Assumption 4.2(2).

Our results are the following:

Theorem 4.3 (Existence). Let Assumption 4.2 hold.

1. SDFE (4.1) has a strong solution (X;) whose marginal distribution is denoted by (u:) and
marginal density is denoted by (l¢).

2. There exist constants ¢c; > 0 (depending on ©1), ca > 0 (depending on O1,v), and § € (0, %)
(depending on qo) such that

sup [[£iflec < 1|y loo,
teT

W (s, pe) < colt — s|°  for s,teT.

Theorem 4.4 (Uniqueness). Let Assumption 4.2 hold. Assume in addition that p = 1,||b|lcc < C
and o¢(x, 0) = or(x).

1. For k € {1,2}, let (XF,t € T) be a weak solution to (4.1), vy its initial distribution and
(¢F.t € T) its marginal density. We assume that vy satisfies Assumption 4.2(4). There
exists an increasing function A : Ry — Ry (depending on ©1) such that

sup [ (1+ [ (2) = ¢ (a)]| da

teT JRE

< Ao lloo + Mi(11)) /Rd(l + 2Dy, (x) = b, ()] .

2. SDE (4.1) has both weak and strong uniqueness.
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4.2 Qutline of the proofs

We will summarize the main ideas behind our mollifying argument. Let (p™) be a sequence of
mollifiers. We consider the SDE

{de = bt XF, (0" 5 i) (X, 1} dt + o (1, XF', uf) By, 42)

v is the distribution of X{, and pj' is that of X}'.

Above, * is the convolution operator, i.e.,
(0" s+ 0)(a) = [ pMe—p)doly) for o€ PERD.

Then (4.2) is well-posed and each X[* admits a density ¢}. The sequence (") is locally
Holder continuous on (0,7] x R?. By Arzela—Ascoli theorem, we can extract a subsequence
that converges to some function ¢ : T x R? — R, uniformly on every strip [R™!,T] x B(0, R)
where R > 0. We then verify that ¢; := {(t,-) is indeed a density whose induced distribution
pe € Pp(RY). Also, plt converges to pi; in W, (as n — oo) uniformly for ¢ € [R™1, T where R > 0.

By Ito’s lemma, (uj',t € T) satisfies the Fokker-Planck equation

Oty (x) = =0z, {b(t, x, (p" * £7) (), )7 () } + %5zi3xj{ai’j(t, z, g ) () }-

By the convergence of ¢ to ¢, that of u}' to p, and the continuity of b(t, x,r, o) in (r, 0), we
deduce that (u¢) satisfies

Buly(x) = —By {D(t, 2, (), ) E(L, )} + %axiaxj{ai’j (t, 2, )y ()} (4.3)

Notice that (4.3) is the Fokker-Planck equation associated with (4.1). By superposition
principle (e.g. [BR20, Section 2]), (4.1) has a weak solution.

4.3 Moment estimates of marginal distribution

In this section, we consider the classical SDE (2.10). First, we establish the following moment
estimates:

Theorem 4.5. Let p € [1,00) and (b, o) satisfy Assumption 2.15. Let p; be the distribution of
X, in (2.10).

1. py is absolutely continuous w.r.t Lebesque measure on R?.

2. There exist constants ¢ > 0 (depending on ©3,p) and ¢ € (0, %) (depending on qo) such that
for0<u<t<T:

E[ sup |X,[P] < c(1+E[|X,[)), (4.4)
s€(u,t]
E[ sup |Xs— Xu|P] <clt — u\‘sp(l + E[| X,[P]). (4.5)
s€E[u,t]

Proof. By Assumption 2.15(2), there exist measurable maps b0 . T x R* - R? and b™) :
T x R? — R? such that by (x) = bgo) (x) + b,gl)(:c). By Assumption 2.15(3), there exists fo € I:{;g
with (po, qo) € K such that |b£0) ()| < fo(t,z). We consider the SDE

dX, = bW (¢, X,) dt + o(t, X;) d By, (4.6)



58 Chapter 4. Well-posedness of MV-SDEs with density-dependent drift

where the distribution of X is v. Clearly, (b1, o) satisfies Assumption 2.15, so (4.6) is weakly
well-posed. We define

& = {o] a7 0V} (Xy),

t
Bt = Bt —/ gst,
0

t 1 t
R; == exp (/ ¢l dB; — 5/ ‘ft|2dt>7
0 0

I = E[exp (; /Ot &2 dtﬂ.

By uniform boundedness of o, a; !, Remark 2.16 and Proposition 2.17(1), we have I < oco.
So Rr is an exponential martingale with E[Rr] = 1. By Girsanov’s theorem, (By,t € T) is
an m-BM under the probability measure P := RyP. We denote by E the expectation w.r.t .
Clearly, (4.6) can be written under P as

dXt = b(t, Xt) dt + O’(t, Xt) dBt (47)

1. By Assumption 2.15(4) and [MPZ21, Theorem 1.2], the distribution of X; under P admits

a density. Notice that I’ and P are equivalent, so the distribution of X; under P also admits
a density. Because X is Fo-measurable, it holds for ¢ € C°(R?) that

E[¢(Xo)] = E[p(Xo)Ro] = E[(Xo)]-

Then v is also the distribution of Xy under P. By weak uniqueness of (2.10) and (4.7), the
distribution of X; under P is the same as that of X; under P. Thus the distribution of X;
under P admits a density.

2. We combine localization argument (see e.g. [Ball7, Theorem 9.1]) with Krylov’s estimate.

(a) We fix p € [1,00) and u € [0,T) such that E[|X,|P] < co. For R > 0, let 7 := inf{t €
[u,T] : | X¢| > R} be the exit time of X; from the open ball B(0, R). We adopt the
convention that 7p = T if | X;| < R for all t € [u,T]. We denote Xpr(t) := Xnrp,. It
holds for ¢ € [u, T] that

tATR tATR
Xn(t) :Xu+/ b(r, Xr)dr—ir/ o(r, X,) dB,

t t
= X, + / b(r, X )l <y dr + / o (1, Xr)Lir<rpy dBy

u

t t
= Xu + / b(l)(ra XR(T))l{r<TR} dr + / b(O) (T7 Xr)l{T<TR} dr

t
+ / o (1, X (7))L r<rp) AB.

By Hardy’s inequality, it holds for n € N,p > 1 and z1,...,z, € R< that lxp + -+
TP < nP(Jz1|P + -+ 4 |zn|P). We write My < Mo if there exists a constant ¢ > 0

~
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(depending on O3, p) such that M; < cMs. Then

E[ sup [Xg(s)P] < E[X.P) —HE[(/: fO(’l“,Xr)dT)p:|

se[u,t}
. P
+E[( [ 00, Xn(rar) |
+E{ sup /U(TaXR(T))l{T<TR}dBT
se[u,t] u

= E[|Xu|p] + I + Ir + Is.

]

By Proposition 2.17(2), I; < 1. We have [b()(r, )| <14 ||, so
t
I, <|t— up_lE[/ 16D (r, X (r))|P dr] by Hoélder’s inequality
¢
Ste-uP B | [+ X)) ]

t
<1t |t—up'E [/ \XR(T)\pdr] .
u

By Burkholder-Davis-Gundy inequality (see e.g. [Sch21, Theorem 19.20]) and bound-
edness of o (from Assumption 2.15(4)),

e[ [ XR<r>>\2dr)p/2} <t ulf,

As a result, it holds for ¢ € [u,T] that

nr(t) =E[ sup |Xp(s)l"]
s€[u,t]

t
ST+EIXP]+ [ EIXa()P]dr
By construction, |Xg(s)| < |X,|VR for s € [u,t]. This implies ng(t) < E[|X,[PVRP] <
oo for t € [u,T]. It holds for t € [u,T] that
t
Mn(t) S 1+ EIX + [ an(r) dr

By Gronwall’s lemma, it holds for ¢ € [u,T] and R > 0 that nr(t) < 1+ E[|X,[P].
Because X has continuous sample paths, 7 1T a.s. as R — oo. Hence

sup |[Xr(s)|P 1 sup |XsP as. as R — oo.
s€[u,t] s€[u,t]

The estimate (4.4) then follows from monotone convergence theorem (MCT).
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(b) We have

E[ sup X, - Xul’] <E[(/ fo(r, X, dr)]

s€[u,t]
+ EK/u 5D (r, X,)| dr>p]

+E[ sup /U(T,XT)dBT

s€[u,t]

]

There exists gy € (2, qo) such that (pg, o) € K. Let § := _% — q% € (0, %) By Holder’s
inequality,

= J1+ Jo+ Js.

1ol z20 ey = (= Wl foll 220 (.0
By Proposition 2.17(2),

J1 S HfOHLPo < (t-— u)5p\\fo||L,,O HS - ).
As for I and I3, we have

t
Jo < |t —ulP'E [/ (1+ X,7) dr}
St—ulP(1+E[|Xy[P]) by (4.4),
Js S |t —ul®.
Then
E[ sup |Xs — XuP] < |t —ulP(1 4+ E[| X, [P]).
sE[u,t]

The estimate (4.5) then follows. This completes the proof.

We consider the following set of assumption:
Assumption 4.6. Let Assumption 2.15 hold with b() =

We gather parameters from Assumption 4.6 in ©4. For A > 0 and v € R, the heat kernel p?*
is defined for ¢ > 0 and x € R? by

1 Az
_el?

First, we recall the following estimates:

Lemma 4.7. [Zha2/, Lemma 3.9] Let (b, o) satisfy Assumption 4.6. Let vy :=1— p% - q%. Then
(2.11) has a unique weak solution and X7, admits a density. Moreover, there exist constants
c1,¢2,¢3 >0 and X € (0,1) depending on @4 such that

1. (Gaussian estimate) for 0 < s <t <T and z,y € R%:

0,21 b, 0,\
ap’s (y—x) <pgi(x,y) < copy (Y — ).
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2. (Gradient estimate) for 0 < s <t <T and z,y € R%:
(Ve (2, 9)] < espi?y(y = @),

3. (Hélder estimate in t and y) for v € (0,8 Ay), there exists a constant cy > 0 depending
on (©4,7) such that for 0 < s <t; <ty <T and x,y,y1,y2 € RY:

b7
27, () — pog, (2, y)] < calts — ta] 2 Zptl_s T —y),
i=1

2
b, b, A
‘ps,g(ajvyl) - ps,?(x7y2)| S C4|y1 - y2|’y sz—s(aj - yl)
i=1

We have an immediate corollary:

Corollary 4.8. Let (b, o) satisfy Assumption 4.6. Let v admit a bounded density ¢,. Let ¢y be
the density of X; in (2.10).

1. There exists a constant ¢y > 0 depending on ©4 such that:

sup [[£t[loc < 1|y [loo-
teT

2. Let v :=1— p—o — qQO. For v € (0,8 A7), there exists a constant ca > 0 depending on

(©4,7,v) such that for 0 < s,t <T and x,y € R%:
[n(x) = Lo(@)| < eolt — s[2(t7% +572),

0p(z) — Ly(y)] < colm — gyt 2.

Proof. We have
= [ 6t o) dy.
R4

The claims then follow from Lemma 4.7 and the fact that ¢, is bounded. O]

By Theorem 2.19, we have the following Duhamel presentation:

Lemma 4.9. Let (b,0) satisfy Assumption 4.6. Let v admit a density ¢,. Let ¢y be the density
of X; in (2.10). Then it holds for t € T and x € R%:

li(x) = /degf(% dy+// £s( Vet (y,x)) dy ds.

Third, we establish a decay of tail moment:

Lemma 4.10. Let p € {0} U[1,00) and v € P,(R?). Let (b,0) satisfy Assumption 4.6 and (Xy)
satisfy (2.10). Let py be the distribution of X;. There exists a function ¢ : Ry — Ry depending
on (O4,v,p) such that limp_, ¢(R) = 0 and that

SUP/ |- Pdu < ¢(R) for R>0.
teT JBe(0,R)

Above, B¢(0, R) :== R?\ B(0, R) where B(0, R) := {z € R?: |z| < R}.
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Proof. WLOG, we consider R > 0. We write My < M, if there exists a constant ¢ > 0 depending
on (04, v,p) such that M; < c¢Ms. Let ¢; be the density of X;. Then

b(@) = [ L@ w2 dy.

By Lemma 4.7(1), there exists a constant A € (0,1) depending on ©4 such that pg’g(y, z) S

p?’A (y —x). Then ¢; < £, * pg’)‘. Let Z be a standard normal random variable on R?. Let Y be a
random variable on R?, independent of Z, with distribution v. Let ¢; = w/ﬁ and s := % Then

/Bc [P dpe S Elgjezvi>myleeZ + Y]

R

S E[(Lje,z1>sry + 1yi>a—s)ry) (P Z[F + [Y[P)]
S IE[1{|z|>§}|z|p] + E[l{‘z‘>%}|Y|p]

+Elgy>a-9ry 2] + Ely)>a-sry Y 1P]
= [1(R) + I(R) + I3(R) + I4(R)
— gb(R)

By Markov’s inequality,

P[|Z| > sR/er] < CTEQZH,
PY|> (1— )R] < m.

We have E[|Z|P] + E|Y'|P] < co. By dominated convergence theorem (DCT),

lim [1(R) = lim I3(R) = lim I3(R)= lim L4(R)=0.

R—o0 R—o0 R—o0 R—o0

This completes the proof. ]

4.4 Existence and regularity of a solution

This section is dedicated to the proof of Theorem 4.3. We recall that ©1 = (p,d, T, 8, C, 1, (ps, qi, fi)li:o)
contains parameters about (b,o) from Assumption 4.2. We write M; < My if there exists a
constant ¢ > 0 (depending on ©1,v) such that M; < cMs. We construct a sequence (p™) of
mollifiers as follows. We fix a smooth density p : R? — R whose support is contained in B(0, 1).
For each n € N, we define p" : R? — R by p"(z) := n?p(nz) and consider the McKean-Vlasov
SDE

(4.8)

dXy" = b(t, X7, (p" o+ ! )(XT), ') db + o (8, X7, ') A By,
v is the distribution of X§, and pj' is that of X;*.

Then (4.8) is a mollified version of (4.1).



4.4. Existence and regularity of a solution 63

4.4.1 Stability estimates for mollified SDEs
We define the map " : T x R? x P,(R?) — R? by b"(t, z, 0) = b(t,z, (p" * 0)(x), 0). Then

Bta0) (00| S | [ 0"~ v)dle - D)+ Wiler0) (4.9)
< V0" | Wale,2) + Wilo. ) (1.10)
< (1+ V" o) Wale. 2) (411)

Above, (4.9) is due to Assumption 4.2(5), (4.10) due to Lemma 2.1(2), and (4.11) due
to Lemma 2.1(3). It follows that ™ is Lipschitz in distribution variable. We consider the
McKean-Vlasov SDE

{dYt = b6, Y5, &) dt + o (t, Y1, &) dBy, (4.12)

v is the distribution of Yy, and & is that of Y;.
It follows from [HW22, Theorem 1.1(1)] that (4.12) is well-posed.

Remark 4.11. The Lipschitz continuity of b"(¢,z,-) is just for the application of [HW22,
Theorem 1.1(1)], and its Lipschitz constant does not play any role below.

By (4.8), (X}',t € T) satisfies (4.12). As a consequence, (4.8) is well-posed. We define the
maps b" : T x R* - R% and 6" : T x R* - R? ® R™ by

b(t, x) = b (t, x, pl),
o (t,x) = o(t,x, uy).

We have _
AXP = b (t, Xp) dt + 6" (t, X}*) dBy. (4.13)

Let a" == &"(6") . We denote b} := b"(t,-), o7 = a"™(t,-) and a == a"(t, ).
Remark 4.12. All pairs (I_)”, 0" )nen satisfy Assumption 4.6 for the same set of parameters.

By Theorem 4.5(1), each X" admits a density denoted by ¢}'. By Theorem 4.5(2), there
exists a constant d € (0, %) depending on ¢p such that

sup sup My () S 1, (4.14)
neN teT
sup W (u, ut) < |t —s)° for st e T. (4.15)
neN
Let v9:=1— p% — q% and v = % By Corollary 4.8(1),
supsup [[£[loc S [y [loo- (4.16)
neN teT

By Corollary 4.8(2), it holds for t € (0,7 that
|65 () — €7 ()]

sup sup sup S ST, (4.17)
neN s,re[t, T] zeR4 |S - 7"|§
S#ET
0 (x) — 07
sup sup sup =@ =GO oz (4.18)

neN se[t,T] ¢,ycR? ‘.Z' - yh
TFy
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By Lemma 4.10, there exists a function ¢ : Ry — R, depending on (01,v) such that
limp 00 ¢(R) = 0 and that

sup sup/ (I+1]-")duy <¢(R) for R>0. (4.19)
neN teT J Be(0,R)

By (4.15), the map T — P,(R%), ¢ — u? is continuous.

4.4.2 Convergence of marginal densities of mollified SDEs

By (4.17), (4.18), Arzela—Ascoli theorem and diagonal extraction, there exist a sub-sequence
(also denoted by (¢£7) for simplicity) and a continuous function ¢ : T x R? — R, such that

lim sup sup  |[07(z) —b(x)| =0 for R>TL (4.20)
" te|R-1,T) x€B(0,R)

Above, by == ((t,-). Clearly, ¢o = ¢, and

sup [[€e]loo < {14yl oo- (4.21)
teT

We remark that the constant in (4.21) depends on O;. Next we verify that ¢; is indeed a
density for t € (0,7]. We have

/ (z)de =1— / 0} (z) dz
B(0,R) B<(0,R)

>1-¢(R) by (4.19).

By (4.20), (4.21) and DCT,

/ l(z)dx = lim 0 (x) de.
B(0,R) "0 JB(0,R)

It follows that

- $(R) < /B(O IICLEE

Then

l(z)dx = lim l(x)de = 1.
Rd R—00 JB(0,R)

Let p; € P(R?) be the probability measure induced by £, i.e.,

i (B) ::/Bﬁt(ac)dw for B e B(RY).

By (4.20), u? = u; as n — co. By Lemma 2.21, u} — py as n — co. We have

/ |- [Pdus = lim |- |Pdpr by MCT
Be(0,R) K—00 JBe(0,R)NB(0,K)

= lim lim -|Pduy by (4.20
K—oon—00 Bc(o,R)mB(o,K)| "y by (4.20)

SG(R) by (4.19).

Then

sup [P S 0(R) (4.22)
teT JB<(0,R)
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Clearly, | - |? is continuous and bounded from below. By Lemma 2.21 and Portmanteau’s
theorem,

sup Mp(p) < sup lim inf M, (u;')
teT teT 7
<1 by (4.14).

Then y; € P,(R?) for t € T. Moreover,

Wy (s, ) = sup {/Rd pdus + /Rd Ydpe : (p,7) € ‘1>p} (4.23)
= sup {lim </ pduy +/ wdu?> (o, 0) € %} (4.24)
n Rd R4
<tmswpsup{ [ odut+ [ waul (o0 € 2,
n Rd Rd
= lim sup W} (15, p17') (4.25)
< |t — s|%P. (4.26)

Above, (4.23) and (4.25) are due to Lemma 2.1(1); (4.24) due to Lemma 2.21; and (4.26)
due to (4.15). It follows that

Wylps, ) S|t —s” for st eT.

Next we establish an essential result about convergence:

Lemma 4.13. We have for R > T~ that

lim sup  Wp(pi, ) = 0.
" te|R1,T]

Proof. We have
Wei ) S [ a6 (@) = @)l do by Lemma 2.2
R

< [ Jall@) - )| do +
B(0,k) Be(0,k

= I(t,n, k) + J(t,n, k) for k>0.

: [P (6 () + b(x)) dz

By (4.20),
lim sup I(¢t,n,k)=0.
" te[R-1,T]

By (4.19) and (4.22),
supsup J(t,n, k) < o(k).
neN teT

As such,
lmsup sup W2, )
n te[R—1,T)

< limsup  sup  I(t,n, k) + limsupsup J(¢,n, k)
n o te[R-1.T] n  teT

S o(k).

The claim then follows by taking the limit k£ — oco. O
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4.4.3 Existence of a weak solution

Notice that p™ x ui = p™ * £}'. The Fokker-Planck equation (in distributional sense) associated
with (4.8) is

Oply/ (x) = =0, {b(t, , (p" + £") (), )7’ () } + %C%iaxj{ai’j(t, z, g ) () }-

This means for each (p,1) € C(0,T) x C(R?) that
~ [, ¢ @) dup(a)a
T JRd

d
= [ b 0 ) 0 00 i ) (4.27)

d
T % > /E /Rd " (t, , g ) o () O, Oy b () dpay! () dt.

4,7=1

Above, a* is the entry in the i-th row and j-th column of a. We recall from Lemma 4.13
and (4.20) that

Wy(ug', ) === 0, (4.28)
sup |00 (z) — be(z)| =220 for (t,R) € T x R,. (4.29)

2€B(0,R)

We fix (¢,9) € C2(0,T) x C*(R?). By (4.28), the boundedness of a, and the continuity of
a w.r.t distribution variable,

[ )00 00y () g ) 225 [ a2, 002,00, 0(@) (),

Let S := B(0,1) + supp . By triangle inequality,

s {(p" * £) = Li}lloo < [[1s{p™ * (" = £e) oo + 15 (0" £ = £1)loo
< o™ * {15 (6 = £e)}Hloo + 115 (0™ # £ — i)l oo
< s (€ = €o)lloo + (15 (p"™ * £ = £1) |-

By (4.29), || 1s(4f —4;)||cc — 0 asn — co. By [Brell, Proposition 4.21], ||[1g(p" %t —¢¢)||cc — 0
as n — oo. It follows that ||[1g{(p" * €}') — {¢}||cc — 0 as n — oo. This, together with (4.28) and
Assumption 4.2(5), implies

e [b(t, @, (p" * £7) (), i) = b(t, @, (), )| == 0, (4.30)
xe

Recall that |b| < fo and fy € igg. It follows from (4.28), (4.30) and DCT that

[ bt 7« 6 @) )0 (w) A (a) 222 [ bt () )b ) s ).
R R
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Taking the limit n — oo in (4.27), we get
/ @' (t)(x) dpy () dt
Rd
i=1

1< -
" 2 Z ~/]T/]Rd a*’ (t’ Z, Ht)¢(t)8wiaxj¢(x) d,ut(l‘) dt.
ig—=1

So £ satisfies the Fokker-Planck equation
1 o
(9t€t(x) = _aa:l{b(t7 x, Kt(x), ut)ﬁt(x)} + 583%83;] {QZJ (t) x, Mt)ﬁt(x)}

Moreover, ¢ satisfies the following integrability estimate:

Lemma 4.14. There ezists a constant ¢ > 0 (depending on ©1) such that

[ bt @), )] + a2, ) @) dt < 1+ 1ol zg)-
Proof. By (4.13), B
AXP = b(t, XP) dt + 6" (t, X") d By.

_ Recall that Assumption 4.6 is a special case of Assumption 2.15. By Remark 4.12, all pairs
(b, 6™ ) nen satisfy Assumption 2.15 for the same set of parameters. Then

[ oty auieyae =&

T
/ folt, Xf)dt] by Tonelli’s theorem
0

<1+ ”fOHng by Proposition 2.17(2). (4.31)
We have
L L fott.) dpatayde = [tim [ 10 @folt2)6s @) do e (4.32)
T JR4 T k JRd
Sliminf// Lg(o,k) (%) fo(t, x) € (x) dz dt (4.33)
k T JRd ’
= lim inf / lim / Lo (x) fo t, )60 () duz dt (4.34)

<hm1nfhm1nf// Lp(o,k) (%) fo(t, x)€; () dz dt (4.35)

<hm1nf// fo(t, )0} (x) da dt
S+ follgze by (4.31). (4.36)

Above, (4.32) is due to MCT; (4.33) and (4.35) are due to Fatou’s lemma. We will justify
how (4.34) follows from fy € LpO and DCT:

1. From (4.16), we get 1p(ox)(2) fo(t, 2)€7 (x) < 1pow () fo(t, ).

2. From (4.29), we get 1o (%) fo(t, 2)0f (x) — 1w (®)fo(t, z)l(x) (as n — oo) for all
z € RY.
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We denote by I the LHS of the inequality in the statement of Lemma 4.14. Then

151+//1h@@dm@Mt
T JR4
S1+ ||f0Hng by (4.36).

This completes the proof. O
We have
1. The maps (t,z) — b(t, x, l(x), ) and (t,x) — a(t,z, uy) are measurable.

2. By Lemma 4.14,

//NWJ%@Mm+MmemM@a<w
T JR

3. The map T — P,(R?), t + p; is continuous by (4.26).

By superposition principle [Fig08; Trel6; BRS21] as in [BR20, Section 2], (4.1) has a weak
solution whose marginal distribution is exactly ().

4.4.4 Existence of a strong solution

By the previous subsection, there exists a PS (Q, ,_éi, P) on which there exist an m-BM (B;), an
AF (F;) and a continuous (F;)-adapted process (X;) such that

dXy = b(t, Xy, 6(Xy), o) At + o (t, Xy, py) dBy,
v is the distribution of Xy, j is that of X,
and ¢; is the density of X;.

Above, the distribution of X is v, that of X, is p, and the density of X, is ;. We define the
map b: T x R? x P,(R?) — R? by b(t, z, o) = b(t, z, £(), 0). We consider the McKean-Vlasov
SDE

dY; = b(t, Y, 1)) dt t,Y;, 1) dB
{ t (t, Yy, py) At + o (2, Ye, i) d By, (4.37)

v is the distribution of Yy, and p} is that of Y;.

We recall that (B;) is the fixed m-BM on the fixed PS (€2, A,P) introduced in Section 2.2.
By [HW22, Theorem 1.1(1)], (4.37) is well-posed. On the other hand, (X}) also satisfies (4.37).
Then p; = py and thus the density of Y; is also ¢;. In particular,

dY}/ == b(t, }/tagt(yt); /‘Lt) dt + O'(t, Y;g, Mt) dBt

This completes the proof.

4.5 Uniqueness of a solution

This section is dedicated to the proof of Theorem 4.4. For k € {1,2}, we consider the SDE

AXP = b(t, XF, 6 (XF), uf) dt + o (t, XF) dBf,
vk is the distribution of X%, uf is that of XF, (4.38)
and ¢ is the density of X}.

Above, (BF,t > 0) is an m-BM. We define measurable maps b* : T x R? — R? by b¥(t, z) :=
b(t, @, 6 (), uf)-
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4.5.1 Uniqueness of marginal density

Clearly, (b*, o) satisfies Assumption 4.6. We denote bf(z) := b¥(t, 2). By Lemma 4.9,

)= [ 8w+ [ [ A0, Vs g 0) dyds,
Then
8@ = 0@ < [ w2l 1)~ )] dy
2 2 0,0
[ IR 120) — W) < 985 ) dy s

[ AR -2 19,607 0, 0] dyds.

We write M; < My if there exists a constant ¢ > 0 (depending on 01) such that M; < c¢Mo.
Thus

102 (x) — € (z)] < /Rd P07 (9, )0, () — Loy ()| dy (4.30)
t
+/0 /Rd 162 (y) — £5(v)| X |Vyps (y,2)| dy ds
t
[ B~ 1) % 19,087 (.2 dy ds.

By Corollary 4.8(1),
sup 164 lloo < (160 [l oo- (4.40)
teT

By Assumption 4.2(5),
820) = B2 < 2(0) = E4(0)] + Wlu ). (a.41)
By (4.39), (4.40) and (4.41),
(@) = @) < [ Ph7 0216 () ~ taw)] dy
S04 1) [ 186) = )] * 9,082 ()] dyds

t
[ Wdud) [ W)V ) dyds
= () + (14 6o o) ot ) + Ta(t,2).

The pair (0,0) satisfies Assumption 4.6. By Lemma 4.7, there exists a constant A > 0
(depending on ©1) such that for i € {0,1},0< s <t <T and z,y € R%:

IVipy (y. x)| < pit(y — ). (4.42)
Then
/R 2l + DIVl (v 2) da < /R 2l + 1)pi (y — ) de by (4.42)

< (t=8)"E(jylP +1). (4.43)
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We define a measurable map f: T — R, by
1) = [ (2l + DIE@) = A da.
By (4.4), f is bounded. First,
/Rd(w + DIt 7) da
= [ [ 16 0) ~ o) /R (a4 10507 0. ) i dyds
<[]0 6) = 6a ol + Vs by (443
< [+ Dl ) = a0l dy = F(0).

Second,
/(|m|p+1)lg(t,x)da:
= [ 126 = ) [ Qe+ DIV, . 0] dedyds
</O<t—s> F ) — Iyl + 1) dyds by (4.43)
:/Ot(t—s)éf(s) ds.
Third,
/(\x|p+1)13(t,:c)d:c
= [ W) [ ) [ (el + DIV ()] g s
< [t W) [ WP+ Dayds by (143)
<+ M) [ (69 WG ) ds by (49
<(1 —|—Mp(1/1))/0t(t — §)73|f(s)|7 ds by Lemma 2.2.
To sum up,

N:\»—t

F0 % FO)+ (4 W oo + M) [T 9)73(7(6) + 7)) ds

Because p = 1, we get
t 1
FO < 0)+ 1+ Wl + M100) [ (7= 5) 21 (5) s

By Gronwall’s lemma,

sup () < f(0) exp {2VT (1 + [t + M1(11))} (4.44)

This implies the existence of the function A as required in Theorem 4.4(1).
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4.5.2 Weak and strong uniqueness of a solution

By (4.38),
AdXF =¥, XF)dt 4+ o(t, XF) dBY.
Now we let v := v = 1. By (4.44), £} = ¢? and pj = p? for t € T. Then b := b! = b?. We
consider the SDE

{dYt =b(t,Y;)dt + o(t,Y) dBy, (4.45)

v is the distribution of Yj.

By [HW?22, Theorem 1.1(1)], (4.45) is well-posed. On the other hand, (X}) and (X?) satisfy
(4.45). It follows that (4.1) has both weak and strong uniqueness.






Chapter 5

Euler-Maruyama scheme for MV-SDEs with
density-dependent drift

5.1 Introduction
Let T € (0,00) and T be the interval [0,7]. Consider a measurable function
b:T xR? x Ry x Pp(RY) — R
This chapter is about time discretization of the SDE

dXy = b(t, Xy, 6(Xy), pue) At + v2dBy,
v is the distribution of Xo, p; is that of X, (5.1)
and ¢; is the density of X;.

The Euler-Maruyama scheme X" := (X*,t € T) for (5.1) is constructed as follows. We
fix n € N and ¢, = T/n. Let ty = ke, for k € [0,n]. Let 7" == t; if t € [tg,tr4+1) for some
ke [0,n—1]. For t € T, let

{Xt" = Xo + Jo b(s, X7, O (X7, 1) (e, 11 (5) ds + V2B, (5:2)

pit is the distribution of X7’ and ¢} is the density of X"

We consider the following set of assumptions:

Assumption 5.1. There exist constants a € (0,1),p € [1,00),C > 0 such that for t € T;z,y €
R 7,7’ € Ry and g, 0 € Pp(RY):

1. |b(t,z, 7 0)| < C.
2. v € Pp(RY) admits a density £, € C¥(RY).
3. |b(t,x, 7, 0) = b(t,x, 7", p")| < C{|r — 7| + Wp(o, o)}

We gather parameters in Assumption 5.1:
0, =(d,T,a,p,C).

First, we prove the following estimates about Hoélder regularity:
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Theorem 5.2. Let Assumption 5.1 hold. There exist constants ¢; > 0 (depending on ©1), ca >0
(depending on ©1,v) and 6 € (0, %) such that for 0 <s <t <T:

supsup |6} {|ce < ey ]| oy, (5.3)
n teT
sup |67 — £[|oc < et — ), (5.4)
Sgp WP(M?? M?) < Cl(t - 8)67 (55)
sup/d(l + |zP)| 0 (@) — 07 (x)| dz < ot — s) 257 2. (5.6)
n JR

If we assume, in addition, that [pa(1+ |z|P)\/{,(x)dx < C, then

e

sup/d(l 2P () — ()| da < eat — )5 (5.7)
n JR

Estimate (5.6) will be used in the proof of Theorem 5.4, but it explodes as s | 0. As in
[SH24], we use time cutoff 1(., 1) in (5.2) to tackle this issue. Well-posedness of (5.1) has been
obtained in Chapter 4 via mollifying argument, which in turn relies on [HW22, Theorem 1.1(1)].
We will give an alternative proof of weak existence as a direct application of Theorem 5.2.

Theorem 5.3. Let Assumption 5.1 hold. Then (5.1) has a weak solution whose marginal density
satisfies the estimates in Theorem 5.2.

Finally, we derive the following rate of convergence:

Theorem 5.4. Let Assumption 5.1 hold and p = 1. There exists a constant ¢ > 0 (depending on
©1,v) such that

sup/ (14 |20 (x) — by(x)|dx < en™ 2.
teT JR4
5.2 Some crude estimates
We define " : T x R? — RY by
b (t, ) = b(t, @, On (2), p7n ) (e, 1 (1)- (5.8)
Then X" satisfies
dXy = b"(t, X7n) dt + V2dB. (5.9)

First, we verify that the scheme is well-defined.

Lemma 5.5. Let Assumption 5.1 hold. Then each X' in (5.2) has a distribution uf € Pp(RY)
and admits a density.

Proof. We fix t € (ty, tx+1] for some k € [0,n — 1]. By induction argument, we assume WLOG
that the statement holds for t;,. We have
t
X=X+ [ b"(s,X;")ds + V2(B; — By,).
Ly

It follows from M, (pf ) + [|b" || < 00 that M, (uy') < oco. It remains to prove that X{* admits
a density. Let 3} be the o-algebra generated by (Bs — By, t, < r < s < t). Let X7 be the
o-algebra generated by Xj,. We define Iy : R? x Q — R? by

t
Fi(z,-) =z + [ b"(s,2)ds +V2(B; — By,).

tg
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Because b" is bounded, F; is well-defined and measurable w.r.t B(R%) @ %}, First, XJ* =
Fy(XT, -). Second, F;(z,-) has a non-degenerate normal distribution. We fix a Lebesgue-null set
A € B(R?). We need to prove P[X]" € A] = 0. We define F; : RY — R by Fy(z) := P[F(z,-) € A].
Then F; = 0. Because F is admissible, ¥} is independent of ¥7. We have

PIX] € A] = P[Fy(X],,-) € A]
PIF(XL,) € AIS2]

E
E[Ft(XZZ)] by Lemma 2.22
0.

This completes the proof. ]

We consider the standard Gaussian heat kernel defined for t > 0 and = € R? by

T) = 1 ex —@
pe(z) = D)’ p( m >

Then

pe(z) < 22pay (), (5.10)

pu(z+y) <28 exp () par (). (5.11)

The following estimates are classical. See e.g. [HRZ21, Lemma 2.1] for their proofs.

Lemma 5.6. 1. There exists a constant ¢ > 0 (depending on d) such that for t > 0 and
r,y € R%:
1
|Vpe(x)| < et™2pe(z). (5.12)

2. For a € (0,1), there ezists a constant ¢ > 0 (depending on d,T,a) such that for 0 <t <
T;z,y € R and i € {0,1}:

Vip(a) — Vip(y)] < ez — y|*t " {par(@) + pas(y)}- (5.13)

3. For a € (0,1), there exists a constant ¢ > 0 (depending on d,T,c) such that for 0 < s <
t<T;zcRandic{0,1}:

i+

2 pos(x)}. (5.14)

) . o o ita —
Vipe(x) = Vips(a)| < cft — s|2{t” 2 par(x) + s

The associated semigroup (P;,t > 0) is defined for z € R? and f € L) (R%) U LY(R?) by
Pif(a) = [ po=u)1)dy.

Second, we have some crude estimates.

Lemma 5.7. Let Assumption 5.1 hold. Let t € (tg,tgs1] for some k € [0,n — 1]. There exists a
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constant ¢ > 1 (depending on ©1) such that for ¢ € LY (R? x R?) U LY(R? x RY):

t
b" (s, x) ds) dz dy (5.15)

Blo(X X)) = [ o) @ (2 -y + |
k

<cf, @@ (- y)drdy, (5.16)
161l < cll€F, lloo- (5.17)
Proof. Let ¥.},%? and F; be defined as in the proof of Lemma 5.5. We have

Elp(Xi, X)) = Elp(Xy,, Fi( Xy, )]
= E[Elp(X7, . F(X],, )2 (5.18)

We define F; : RY — R? by Fi(x) = E[p(z, F,(z,-))]. Notice that Fy(z,-) has a normal
distribution with mean x + fttk b™ (s, x) ds and covariance matrix 2tI;. Consequently, the density
of Fy(x, ) isy = pr—y, (x —y + fttk b"(s,x)ds). There exists a constant ¢; > 1 (depending on ©1)
such that

t b" (s, x) ds) dy (5.19)

ty

Fi(z) = /Rd (@, Y)Pe—s, (x —y+
<c /d (7, Y)P2(t—t,)(x —y)dy by (5.11) and Assumption 5.1(1). (5.20)
R

WLOG, we assume ¢ € LY(R? x R?). Then

Elp(XP, X)) = E[Ft(th)] by (5.18) and Lemma 2.22

/ o (5.21)

< /R dedw(ﬂs @ oz —)dady by (520, (5.22)

Thus (5.16) follows. Clearly, (5.19) and (5.21) imply (5.15). The case ¢ € LY (R? x R?)
follows from a truncated argument and MCT. It holds for f € L9 (R?) that

Ef(X)] < [

fly )en( )p2(t tk)( r—y)dzdy by (5.22)
R4 xRd

<allle [ @k @—y)dedy

= cl|’£tkH00HfHL1-
By duality, [|€}'||oc < c1]l€f, [[oo- This completes the proof. O
Finally, we obtain Duhamel representation of marginal density.

Lemma 5.8. Let Assumption 5.1 hold. It holds for z € R that
() = P, +/ E[(" (s, X ), Vpr_o( X2 — 2))] ds, (5.23)
t(x) )+ / b5, X, 0s(X,)s 1), Vpr—s(Xs — )] ds. (5.24)

Proof. Let’s prove (5.23). We fix t € (0,7] and f € C°(R%). We define

g: [0, xR 5 R, (s,9) = (P—sf) (v).
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Then (05 + A)g = 0. We have

dg(s, Xg) = (b"(s, X7n), Vg(s, X)) ds by It6’s lemma
+ (05 + A)g(s, X2)ds + d M,
= (0" (s, X/n), Vg(s, XJ')) ds + dMs.

Above, My = 0 and dM; = {Vg(s, X?)} " dB,. Then
J(XE) = 9(0, Xo) +/ (0" (s, X7n), Vg(s, XJ)) ds + M.

To apply Fubini’s theorem, we next verify sup,cr [[Vg(s,)|lco < 0o. It suffices to prove that
the Lipschitz constant of g(s,-) is bounded uniformly in time. We consider the Gaussian process
governed by the SDE

dYy, =v2dBy, te[s,T], Y, =

’ 8,8

We have

l9(s,z) — g(s,9)| = [E[f (V)] — ELf (VI
< IVAlIE[YS — Y]
< allVHleolz =yl

Above, the constant ¢; > 0 is given by Lemma 2.18. By Fubini’s theorem,
[ F@) ) do = Elg(0, Xo)) + [ EL0"(s, X1, Vls, X2)]ds
=1 + Is.
By Leibniz integral rule,
Vo(s.) =V, [ pisly—o)f(@)de = [ Tpiuly—a)f () do.

We have

b= [ LR ) dy

:/ f(x)(/ iy — x)ly (y)dy>dx

= [ J@1{PL} ) da
I = / B[ (1" (s, X7, / (@) VP (X7 — ) do)] ds
/E [(b" (s, XTn), Vpi—s(Xg — x))] ds dz.

Then (5.23) follows. The proof of (5.24) is a straightforward modification of above reasoning.
O

For brevity, we adopt the following conventions in the remaining of this chapter:
1. We write M; < My if there exists a constant ¢ > 0 (depending on ©1) such that M; < c¢M.

2. We write M; < Ms if there exists a constant ¢ > 0 (depending on ©1,v) such that
M1 S CMQ.
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5.3 Stability estimates of the scheme

This section is devoted to the proof of Theorem 5.2 where we use techniques from [Wan23c;
HRZ21]. By (5.2),

_Xn = /b"rX" )dr + V2(B; — By).

Then
p
2

E[|X¢ = XSS (6= 8)P + E[[Bi—s|’] S (t = 5)7.
Thus (5.5) follows.

5.3.1 Bound supremum norm of marginal density

By Lemma 5.8 and Assumption 5.1(1), there exists a constant ¢; > 0 (depending on ©1) such
that

0y ()

IN

t
6l + 1 [ E[Vp-(X7 = o)) ds

t
'||£V\|oo+cl/ E,ds. (5.25)
0

Step 1: We are going to prove the existence of m € [1,n] such that ™ depends only on ©
and that [[£} [[cc < 2|60 for k € [0,m]. The idea is to pick m such that the following induction

argument is vahd We fix k € [1,m] and assume that ||€[[cc < 2|4, | for i € [0,k —1]. Let
s € (ti, tiy1) for some i € [0,k — 1]. We have

Es < 0L (Y)po(s—t:) (Y — 2)|Vpy,—s(x — z)|dydz by (5.16)

Rde

S m Lo Gopami (v = prslz = ) dydz by (5.12)

N m Rd xR 1- p2(5 t; )( - Z)pQ(tk—S) (:E - Z) dz dy by (510)

y)dy by Chapman—Kolmogorov equation

m/]Rd t; p2 tk t)(
_ 2bl

T Vit — s

By (5.25) and (5.26), there exists a constant ca > 0 (depending on ©1) such that

by inductive hypothesis. (5.26)

o (2) < |6, ||oo[1 +/ m]
= Ity || oo (1 + 2c1c2V/T).

It suffices to choose m such that
1
Clch/tk S 5 (5.27)

Clearly, there exists a constant c3 € (0,1) (depending on ©1) such that if ™ < c3 then (5.27)
holds.

Step 2: Repeating Step 1 at most [1/c3] times, we have [[f} [[oc < 2M/esl |0, || o for
k € [0,n].
Step 3: By (5.17), there exists a constant ¢4 > 1 (depending on ©1) such that if t € (t, tg11)



5.3. Stability estimates of the scheme

then [} |lco < cal[€7 |lco- Thus

sup |16} [loo < ca2/ 4116, | oc.
teT

5.3.2 Holder continuity in space
We fix z,2" € R%. By Lemma 5.8 and Assumption 5.1(1),
|6 (z) = £ ()] S | Pl () — Prby ()]
+ [ EVp- (X~ 0) = V(X2 = ) s

¢
=1 —i—/ I3 (s)ds.
0

We consider the Gaussian process governed by the SDE

dy? =+2dB;, teT,Y§=u.

By [HW22, Theorem 1.1(2)],

E[sup [Y" = V" [] S o — 2/|.
teT

On the other hand,

Iy = [E[6,(Y")] - E[6, ()]

< (6B Y = Y[
<[] (E[|YF — Y?IH)O‘ by Jensen’s inequality
< [l)alz — 1% by (5.30).

Next we bound I} (s). We have

n _HJ o n n
I(s) S 57 2 |o = 2'|"Elpag—s) (X — 7) + pag—s) (X — 2)] by (5.13)
_lta

=s 2 v —a|? /Rd CWHPage—) (Y — ) + Page—s) (y — )} dy

S lloos™ 2 e — 2/|” by (5.28).

By (5.29), (5.31) and (5.32),
|47 () — 47 (2")]

| — 2’|

t «
< [ + 1]l / 5 ds
0

Sl because a € (0,1).

Then (5.28) and (5.33) imply (5.3).

5.3.3 Holder continuity in time

WefixzeRland 0<s<t<T.

79

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)



80 Chapter 5. Euler-Maruyama scheme for MV-SDEs with density-dependent drift

1. First, we will prove (5.4). By Lemma 5.8,

o (x) = P, /E (™ (r, X7%), Vpr_p (X — )] dr,
(5.34)
02 () +/ E[(b"(r, XTn), Vps—p (X;" — z))] dr.
By (5.34) and Assumption 5.1(1),
|67 (x) — £5(2)| S |Pely(w) — Poly(x )|
+/ ([Vper (X7 — &) — Vps_o(XT — )] dr
+/ (Vper (X7 — )] dr
= Ii(z)+ I}(z) + I[§(z (5.35)
It holds for i € {0,1} that
viptfr (y - ZE) - vipsfr (y - 1")
= v; /Rd psfr(y - Z)ptfs(z - 13) dz — vipsfr(y - :L‘)
=V [ o= sz~ )z =V [ ey = @pie(e — ) dz
= /Rd{vips,r(y —2) = Vpser(y — ) }pi—s(z — z) dz. (5.36)
First,
= ‘ /Rd GNPy — ) —ps(y — 2)} dy'
= /d /d Ly(y){ps(y — 2) — ps(y — x)} dy}pt_s(z —z)dz| by (5.36)
R [ JR
< [ L @ty = 2) = puly = )b dylprs(z — 2)
= [ ] pHb ) — by + )b dyfpis(z — o) d
< /Rd |z — 2|ps_s(z — 2) dz  because £, € C&(R?)
<(t—s)t. (5.37)
Second,

B - [ g [, {vps_r<Xﬁ—z>—vps_w—x)}pt_sw—ﬂf)dz]dr by (5.36)

/ /]Rd [|Vps—r(X] — 2) = Vps—o (X)* — 2)|]pt—s(z — ) dzdr
(s—r) / |2 — 2|*E[py(s—p) (Xy' — 2)|pt—s(z — ) dzdr by (5.13)

+/ s—r _HTa/d |z — z|E 294(5—7~)(X;1 —2)|pt—s(2 —x) dzdr
0 R

= I3y () + I5().

A

~

[e=]
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We have
Bi@) = [(s=n)7% [ = el G pien(y — pies(z — ) dyddr
R x R4

(s—r)" "2 /Rd i |2 = @|*Py(s—p) (Y — 2)pt—s(z — x) dydzdr by (5.28)
X

14+
S (S—T)’%/ |2 = 2|*Pags—r) (Y — 2)Pa(t—s) (2 — ) dydzdr by (5.10)
R4 xR4
:/ (s—r)_HTa/ |2 — 2| py(p—s) (2 — ) dzdr
0 R4
<(t-9)% [ (s—r) 2 dr (5.38)
0
Similarly,
[e] s «
() < (t—s)8 / (s — )5 dr. (5.39)
0
Third,
t
B@= [ [ 6w y—o)dyar
to1
< " (Y)pe—r(y — 2)dydr by (5.12 5.40
N/smwr(y)pt (y —a)dydr by (5.12) (5.40)
to1
< _(y—2)dydr by (5.28
/s \/m/det (y x) ydar Y( )
t dT a
:/ <VE—s<(t—s)5. (5.41)
s Vt—r
By (5.37), (5.38), (5.39) and (5.41),
(@) — ()| < (t—s)g{l—i—sup/ (s—r) 5 dr
seT JO

<(t—s)% because o € (0,1).

This implies (5.4).

2. Second, we will prove (5.6). We have
L@ < [ 6Ol —2) = ply - o) dy
Slt=sl [ L@t Tpu—a)+s Epaly—o)bdy by (5.14)
S-9)%% [ G0 paly - o)+ paly— o)} dy.
Then
[0+ la)n(a) da
R
S-9%s78 [ 6| [ 0+ puls— o)+ paly - )} do| @y

S-9% [ (1) dy

< (t—s)2s7 2, (5.42)
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We have
a [ _lta n
Ba)Slt—slf [ Bl =) Fpyn(XP—2) by (5.14)
_lta "
+ (5 _T) 2 pQ(S—T)(X'r _‘T)] dr
Slt=slf [ (5= 1) F Bl (X7 - )] dr
0
Then
[0+ )5
Sl sl [0 FE| [ 0+ oPIpa (X7 - 2)do|ar
0 R
< \t—s\%/ (s — 1)~ B2E[1 + | X7P] dr
0
o s 14+
< \t—s\f/ (s—r)""2 dr by (5.5)
0
<|t—s|2 because a € (0,1). (5.43)
We have
| @+ el (@) do
R4
t 1
< n p _
< [ = L ew] [0+l -] ayar by (40)
t 1
s [ o= [La+urew )
s — 7 [LJRd
t
< [ )
s t—r
<Vi—s<(t—s)z. (5.44)

We have (5.35) together with (5.42), (5.43) and (5.44) implies (5.6).

3. We assume, in addition, that [pa(1 + |2[P)\/¢,(z)dz < C holds. Finally, we will prove
(5.7). Let Y be a random variable whose density is p;. Then
Li(x) = [E[f(z + VIY) — by (z + V/sY))|
< E[{[6(z + V) ~ bz +/5Y)*} 2]
S E[(VE—V3)Y|2 x |, (x+VtY) — b, (z + \/EY)]%] because £, € C£/(R?)
< (¢ = ) TE[YIE {6 (z + VY2 + [ (e + V5Y)[2)].
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Thus
/d(1+ |z[P) [1 ()
R
< (t— 3)%E[|Y\%/ (14 [2[P){| (& + VEYV)|? + |6, (z + /5Y)[2} da]

S (t—9)iE[]Y]? /(1+lep+lY!p)\/€u(w)dx]
< (t—=s)TE[Y]2 (1+[V]?)]
< (t—s)t. (5.45)

We have (5.35) together with (5.45), (5.43) and (5.44) implies (5.7). This completes the
proof.

5.4 Existence of a weak solution

This section is dedicated to the proof of Theorem 5.3.

5.4.1 Convergence of marginal densities

By Theorem 5.2 and Arzela—Ascoli theorem, there exist a sub-sequence (also denoted by (¢") for
simplicity) and a continuous function £ : T x R¢ — R such that

limsup sup |f(z) —l(x)]=0 for R >0. (5.46)
" teT z€B(0,R)

Above, 0y == ((t,-). Clearly, ¢p = ¢, and

sup [[€e]|ce < Ilevllog

teT

16, — lylloo < [t — 5|2 for s,teT.
As in Section 4.4.2, we get

1. 4, is a density whose induced distribution ji; € P,(R%).

2. There exist a function ¢ : Ry — R, depending on (©1,v) and a constant § € (0, ) such
that limp_o ¢(R) = 0 and

lim sup  W,(ui', ) =0, (5.47)
" te[R-1,T]
Wy (e, ps) < |t — 51, (5.48)
sup sup 11 (Bg) < ¢(R), (5.49)
neN teT
sup ¢ (B%) < ¢(R) for R>T7 L (5.50)
teT

5.4.2 Existence of a weak solution

We fix (f,g) € C(0,T) x C°(R?). We apply It6’s lemma to (5.9) and the map (¢, ) — f(t)g(x).
Then

B[ £/()o(X2)ds] = ~ B[ [ (F(:)Vg(X0),5"(s, X5) ] (5.51)
~EL[ 752002 as]
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Let

13(s) ZEKV (X), 0" (s, X7 ))]

[ ¥ .0 (@) by (5.15) (5.52)

X Ps—rn (x —y+ / by (x) dr) dz dy.

By (5.51) and Fubini’s theorem,
b t t
[ @ as=- [ soneds— [ @ (5.53)
It holds for n large enough that supp f C (g,,,7). WLOG, we assume s € (e,,T) and thus

hm[l( )*/ g(x)l(s,x)dx,

(5.54)
hm I3 (s / Ag(x x)dz.

Next we consider IZ(s). For 2 € R?, we define v™* € P(RY), h"(z) € R and I5(s) € R by

dv™® (y) = Ds—rn (1‘ —y+ /Ti b"™ (r, x) d?“) dy, (5.55)
W(@) = [ (Tol),bls,, Oy (@), i) () (5.56)
/ 0 2),b(s, 2, £s(x), 1)) da. (5.57)

Then

[t =slarm o) = [ o (v+ [ 3oyar) dy,
R4 R4 Tn

S /s —711 by Assumption 5.1(1) and (5.11), (5.58)
/ @B (2)de by (5.52), (5.55) and (5.56).  (5.59)

WLOG, we assume ||f|lc + [|Vglloo + [ V2glloe < 1. By (5.57) and (5.59),

13(5) ~ ()| S [ 16(2) = ()] x [(Vg(a). bs, o, bu(a) )| o (560

+ / 2) (@) — (Vo). b(s. . L) 1) .
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First,
1) = (Tga), (s, 2, L), 1)
< [, Vo) = Vg(@) (o) by (5.56)
(b5, 2, (), 420 = b5, 2, £(2), )
S [ o=yl () + |6 (@) = () |+ Wylpo ) by Assumption 5.1(3)
S VET T+ 16 () — @)+ Wl ) Dy (5.59). (5.61)

Let S :=suppg. Then S is compact. By (5.60) and (5.61),

136) = ()| S [ 16 @) = i@ do+ V5= 77 (5.62)

+ [ @) @) = @) do + Wik, ).

By (5.4) and (5.46), it holds for R > 0 that

lim sup |0 (z) —€s(z)] =0. (5.63)
" zeB(O,R) °
By (5.5) and (5.47),
lim Wy (i7n, ps) = 0. (5.64)

We have
limsup |15(s) — I>(s)|
< limsup / O (@)]0 () — Le(x) dz by (5.62), (5.63) and (5.64)
n R S S

< limsup / [0 (@)~ Lo(x)]dz by (5.3)
R S

n

< lim sup/
n B(0,R

)

=: limsup I} (s, R) + limsup I}5(s,R) for R >0.

107, (2) — £4(x)| dz + lim sup / 1%, (2) — £y(2)] da
) S n S

Br

By (5.63), limsup,, I} (s, R) = 0. By (5.49) and (5.50), limsup,, I}5(s, R) < ¢(R). Then
limsup,, |15 (s) — I2(s)| < ¢(R) and thus lim,, I3 (s) = Iz(s). This together with (5.53), (5.54)
and DCT implies

/t/df’(s)g(a;)ﬂ(s,x) deds = — /t df(s)(Vg(x),b(s,x,K(s,x),us)ﬁ(s,x»dxds
0 JR 0 JR

t
— / f(s)Ag(x)l(s,z)dzds.
0 JRd
Hence ¢ satisfies the following Fokker-Planck equation in distributional sense

d
Ol(t,x) = = 0p AV (t, w, £(t, ), o) 0(t, )} + AL(L, ).
i=1

Clearly,
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1. (t,z) — b(t,x, L(t, x), ut) is measurable with

//d b(t, @, £(t, ), pe)| dpe () dt < oo.
T JR

2. T — Pp(RY), t = p is continuous by (5.48).

We apply superposition principle as in [BR20, Section 2| and get that (5.1) has a weak
solution whose marginal distribution is exactly (u¢,t € T). This completes the proof.

5.5 Rate of convergence

This section is dedicated to the proof of Theorem 5.4.

5.5.1 Decomposition of error

For (s,2) € T x R?, we define

I7'(s, 2) = E[(0" (s, X7n), VDr—s (X = 2) = Vprs(XTn — 2))],

13 (s, 2) = E[{b" (s, X7n), VDr—s(X7n — 2))] = E[(0"(s, X{), Vs (X" = 2))],

13(s,2) = 1, ($)E[(b(s, X, €00 (X)), ) — 0(s, X 05(XS), 1), Vpe—s (X = 2))];
(s,2)

s77s

1
=110, ($)E[(b(s, X, 05 (X)), 1%), Ve (X{ — 2))].
We also define the density-like function £} : R¢ — R by
() )+ [ EIbs, X, 000, 1), T o (KT~ )] s,
By Lemma 5.8,
(z) — 0 (z) = /Ot{f?(s, D) IB(s,2) + I (s, 2) — I(s, )} ds.

We define f, f : T — Ry by

£ = [0+ 16 ) - b)) d=

Fo)y = [0+ ) - b)) d=
By (5.5) and (5.48), f is bounded. Clearly,

SO <FO+ [ [0+ IS+ )+ 2] + s deds. (.69

We have
117 (s, 2)| S E[[Vpr—s(XS — 2) = Vpr—s(X7n — 2)|] by Assumption 5.1(1)
1
S EEHX? = X {pa(—s) (XE — 2) + pag—s)(XTn — 2)}] by (5.13)
1
5 \/m /(Rd)2 ‘.’L’ - y‘a{pll(tfs)(y - Z) +p4(t,‘9)($ - Z)} by (516)

x g?_? (x)pQ(ser")(x - y) dzdy.
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There exists a constant x > 0 (depending on ©1) such that

LA i@ = 2) + paso = 2)bdz S 1+ fal? + [y,

|l‘ - y|ap2(s—7'§1) (l‘ - y) 5 (8 - Tg)%pn(s—Tg)(x - y)

Then
L+ I s 2) 0z
(S_Ts p P\ pn
S T (U P ) oy () Ay
c(s—mh)? .
< (1+ |z|P)0n (x) do
R S

by (5.5). (5.66)

We have

115 (s, 2)| < /Rd (0" (s, @), Vpi—s(x = 2))| X |67 () — £ ()] da

< 1(5n,T] (8)

s /dpt_s(m — 2)|0 () — 2 (x)|dx by (5.8), (5.12) and Assumption 5.1(1).
— S R S

Then

L+ I 2]
R

AN

1(€n’T](S) p n n
\/t_—s/Rd /]Rd(l + |21P)pr—s(z — 2) d2 | [£20 (x) — €5 (2)| dx
1 En7,T (8) n n
G [ )l () — £ (w) e
(s =) 1, m(s)
e VE=s
P ™21, 7(s)

(s—en)2v/t—5

N

by (5.6)

(5.67)

We have

1135, 2)| S EIVpr_s(X2 — 2)[{10% — oo + Wy (s, u)} by Assumption 5.1(3)
1 = 2l + Wil )
~ t—s

Elpi—s(XY — 2z)] by (5.12)

(S Tg )2 E[pt—s(X:gn _ Z)] by Theorem 5.2.

Vi—s

<
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Then
a2 as < SR [ (2 - 2)ds
R4 Vi—s Rd
(s— )%
<X S R[4 | X™P
S Ep X
JBoT)E ), (5.68)
t—s
By Assumption 5.1(1) and (5.12),
1
1762 5 2elmp 07 - 2)
Then
1 ]
[ s 2 de 5 28] [ g - 2) e
1[05 ](3)
< Benld VRN X P
s Lellgp 4 xpp
1[05 ](S)
< ———- by (5.5). 5.69

5.5.2 Bound weighted total variation norm

As in Section 4.5.1, we have
FO S 0+ oo + My0) [ (7= 9)7H{5(5) + 7)) ds
< [@ =9 76 + 1)y s (5.70)
0

By (5.65), (5.66), (5.67), (5.68), (5.69) and (5.70),

o 1 1[0,&n] (3) 1(5n,T} (S)

f(t)<<s_rf)2/0 {m+(s_7g)g\/m (s_gn)sm}ds
4 /0 (T —8)"3{f(s) + |f(s)|7 } ds

(=3 4 [ (T8 H(s) ()]} ds.

[e=]

By Gronwall’s lemma,

This completes the thesis.
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