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Abstract

We study the vectorial stationary Schrodinger equation —Au+a U +bu = F, with a saturated
nonlinearity U = u/|u| and with some complex coefficients (a,b) € C?. Besides the existence and
uniqueness of solutions for the Dirichlet and Neumann problems, we prove the compactness of
the support of the solution, under suitable conditions on (a,b) and even when the source in the
right hand side F'(x) is not vanishing for large values of |z|. The proof of the compactness of the
support uses a local energy method, given the impossibility of applying the maximum principle.
We also consider the associate Schrédinger-Poisson system when coupling with a simple magnetic
field. Among other consequences, our results give a rigorous proof of the existence of “solitons
with compact support” claimed, without any proof, by several previous authors.
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1 Introduction

We study the vectorial stationary Schrédinger equation with a saturated nonlinearity

—Au+aU+bu=F, in H Q) + L*(Q),
(1.1)

U .
U= ﬁ, almost everywhere in w,
U

where (a,b) € C?, w = {z € Qu(x) # 0} and  is a subset of RY whose boundary is I', with

homogeneous Dirichlet boundary condition
ur =0, (1.2)
or with homogeneous Neumann boundary condition

ou
e =" (1.3)

We point out the important difference between the structure of the “saturated nonlinearity” consid-
ered in this paper with respect to some related nonlinearities called by some authors as “saturable
nonlinearity” in which U is replaced by some regularized approximations as, for instance, function g,
below (see also the cases mentioned in the book by Agrawal and Kivshar [I]).

There are several different motivations to the study of such a coupled nonlinear system. The first
one is associated to the consideration of non-Kerr law optical Schrédinger equation with a saturated
nonlinearity arising, for instance, in nonlinear optical media (see, e.g. Agrawal, G. P. and Kivshar [,
Biswas and Konar [13]) in which the saturated nonlinear term is understood in an approximated

framework

190 4 Ay alyl 0 = £t ),

(notice that our interest here corresponds to the choice m = 0) and we search for “solitary wave
solutions” of the form (¢, x) = u(x)e™"** (when f(t,x) = !®* F(z)). This type of equations also arises

in Quantum Mechanics and Hydrodynamics.



We mention that in a series of precedent papers ([9, [10]) we study the extinction in a finite
time property for the case of damped non-Kerr law optical Schrodinger equation with a saturated
nonlinearity. Here our interest has a complementary nature since we are concentrated in the spatial
behavior of solutions.

The different possible assumptions on the complex coefficients (a,b) € C? play a fundamental
structural framework in the study of the system. In order to better advertise this fact, it is useful to

rewrite the system in terms of the real components of solutions and data
u=ugr+iuy, F=Fgr+iFy,
a=agr+ia;, b=0bg+ib;.

Then, the sign of the components of coefficient a is especially crucial for understanding the different

nature of the coupled system

—Aug +ag “L— + brur — brur = FRg,

UR _
Vaa U aa

—Aur+a Ll + af —=£&
B T e

+brus + brug = Fr.

Curiously enough, this kind of nonlinear coupled systems also arises (for different values of the
coefficients) in the study of systems of Schrodinger coupled equations with real coefficients: see, e.g.
Ambrosetti [2] and Maia, Montefusco and Pellacci [24] for the case of non-linear terms of saturable
type).

Systems of this type also arises in a very different setting: the study of compressed modes in Image
Processing (see, e.g. Ozolins, Lai, Caflisch and Osher [25], Choukroun, Shtern, Bronstein and Kim-
mel [I7] and its many references) when the system is understood as the corresponding Euler-Lagrange
system associated to a variational functional involving the L'—norm of the vectorial unknown. This
last fact makes arise the presence of the saturated nonlinearity in the system of scalar equations.

Our study will deal also with the natural coupling of a Schrédinger equation with a magnetic field
in the spirit of many papers in the literature (see, Benci and Fortunato [I1], Colin and Watanabe [18]
and their many references). As a matter of facts, we will consider merely the simpler case in which

the coupling is reduced to the so-called Schrédinger-Poisson system: looking for
(u,U,¢) € HY(RN) N LY RN) x L2(RN) x 2%2(RN;R),
U is a saturated section associated to u, (1.4)
pu € L*(RY) and ¢ > 0 in RV,

solution to

~Au+aU+bu+epu=F, in HHRYN) + L>°(RY),
€12 . r2/mN (1.5)
—A¢ = §|u| , in L#2(RY),



where the gauge potential (A, ¢) is reduced to the case A = 0 and the real coefficient e describes the
strength of the iteration playing an important role in the study of the system. Note that if e < 0 then
¢ <0andep >0, and if e > 0 then ¢ > 0 and ed > 0 (see Remark below). So without loss of

generality, we may assume that e > 0.

One of our main goals is to get sufficient conditions on the data implying that the corresponding
“solitary wave solution” w has a compact support when €2 is unbounded. One of the motivations to
consider this property comes from the fact that different authors claim the existence of solitary waves
with compact support (called sometimes as “solitons”) but no rigorous proof of this fact was given
until now (see, e.g., the many references collected in the monograph Biswas and Konar [13]). Here
we will prove that this kind of “solitons” exists in the presence of saturated non-linear terms, under
suitable conditions on the source term F.

This kind of results on solutions with compact support was initiated with the pioneering paper
by H. Brezis [I4] who constructed suitable super and subsolutions with compact support for some
unilateral elliptic problems: the a priori unknown boundary of the support of the solution is a “free
boundary” of the problem. After that, the result was extended to many other equations for which
the maximum principle holds (see, e.g. the exposition made in [I9]). The study of this property
for problems in which the maximum principle may fail was the main object of the monograph by
Antontsev, Diaz and Shmarev [3] where different local energy methods were proposed to get such
type of qualitative properties. This approach was improved and applied to sublinear Schrodinger
equations in [6] and [7]. The adaptation of the energy methods to the case of parabolic problems
involving some possible multivalued nonlinear term was carried out in [19]. The approach we will
follow in this paper is different and simpler than the method used in [20]. One of the unexpected
facts we will prove, in comparison with the results obtained by the authors for suitable sublinear
Schrédinger equations, is that the compact support may hold even if the right hand side term F is
never zero in the whole domain €. As mentioned before, this case was considered by the authors
when dealing with a completely different property: the extinction of the solution in a finite time for
the evolution damped saturated Schrodinger equations, nevertheless the required assumptions on the
coefficients (a,b) € C? are not the same. Among many general cases, we will prove that the compact
support property can be satisfied in the case in which the coefficients of the real or the imaginary parts
of the unknown are not both of “pure absorption type” (case which corresponds to the assumptions
ar > 0,br > 0and a; = by = 0) : see assumption below. This also explain why the uniqueness
of solutions is a delicate subject requiring some suitable assumptions on (a,b) € C2.

A very particular statement, dealing with the associated evolution Schrédinger nonlinear problem,

can be presented here as an application of Theorems and and [0, Proposition2.6] below.

Theorem 1.1. Let A € {1,i,—i}, p > 0 and F € H Y (RY). Assume that ||F| = (x<) is small



enough for some compact subset K of RN. Let ug € HY(RN) be the unique global weak solution (see
Definition 2.1] below) to

—Aug + pug + )\lu—ol = —F, in HYRY) + L= RY).
uo

For (t,z) € R x RN set u(t,x) = up(x)e*t. Then, u € C°(R; HY(RYN)) is a solution to

0 )
ia—zz—i—Au:)\%—&-F(x)e‘”t, in R x RN,
u(0) = uyg, in RV,

Furthermore, supp u(t) = suppug is compact, for any t € R. Finally, if \ = —i and F € L*(RY) then

the solution w is unique.

The organization of this paper is as follows: below, we present a short collection of the notations
used in the paper. The statements on the existence and uniqueness of solutions is given in Section
under suitable assumptions on the complex coefficients (a, b) € C? which are geometrically represented
in Section [3 for the reader convenience. The statemets of the results on the compactness of the
support of the solution is offered in Section |5 after a previous section (Section devoted to the
presentation of some crucial inequalities which will be used in the energy method used in this paper.
Section [6] contains the proofs of the existence and uniqueness of solutions while the proofs of the
spatial localization inequalities and the statements on solutions compactly supported are given in
Sections [7] and [ respectively. Finally, the Schrodinger-Poisson system is considered in Section [J]
where the compactness of the support of the component u is proved under suitable conditions on the
data.

For a complex number z, we denote by Z, Re(z) and Im(z), its conjugate, real and imaginary part,

respectively, and i> = —1. For p € [1,00], p’ is the conjugate of p defined by % + 1% = 1. Let Q be

an open subset of RY. Unless specified, all functions are complex-valued (H!({2) g L(Q; C), etc)

and all the vector spaces are considered over the field R. For a (real) Banach space X, we denote by
x* & Z(X;R) its topological dual and by (., .)x+x € R the X* — X duality product. When
X (respectively, X*) is endowed of the weak topology o(X,X™*) (respectively, the weakx topology
o(X*, X)), it is denoted by X, (respectively, by Xy ). Auxiliary positive constants will be denoted
by C' and may change from a line to another one. Also for positive parameters ay, ..., a,, we shall
write C(ay,...,ay) to indicate that the constant C' depends only and continuously on aq,...,a,. If
X and E are two Banach spaces then X — E means that X C F and that the identity function
i: X — E is (injective and) continuous. If A is a subset of RV then A¢ denotes its complement,

and A\ B=AnB°.

Let us recall some well-known results that we shall often use without referring to them. The first



one may be proved with Egorov’ Theorem (see also Strauss [26]). Let Q be an open subset of R,

a.e. in Q

u € CP 1 <p< oo, and let (up)nen C LP(R) be bounded. If u, ~~"=% u then u € LP(Q) and
n—00

L : . LP(Q)w .
U, # u, for any 1 < ¢ < p and subset Q' C  of finite measure. In addition, u, u, if
n—00 n—00
L% ()

p < 0o, and uy, u, if p = co. The second one comes from results for the weak topology, the

n—oo

Rellich-Kondrachov Theorem and a classical result of integration (H. Brezis [15, Theorem 4.9, p.94]).
Let (un)nen C HE(Q) be bounded. Then there exists u € H{(2) such that, up to a subsequence,

Hé () LiZDC(Q) a.e.in Q . o s . 1 .
Up ———— U, Uy ——— u, and u, ——> u. There is a similar statement in H* (). The third
n—oo n—oo n—oo

result is the following. If X and F are two Banach spaces such that X — FE with dense embedding
then E* — X*, and

VF € E*, Yu € )(7 <F7’LL>X*,X = <F7U>E*7E~
By the Riesz representation Theorem, we have for any p € [1, 00),

VE € LP(Q), Yu € LP(Q), (F,u) 10 0y 1o() = Re / F(z)u(z)dz.
Q

In particular, this implies that we shall always identify L?(Q) with its topological dual. Finally, if A;
and Aj are two Banach spaces such that A;, Ay C H for some Hausdorff topological vector space H,
and if Ay N As is dense in both A; and As then A; N Ay and Ay + Ay are Banach spaces, whose norms
are

lallainas = max {llalla,, lalla,} and lallasas = ot (faalla, + lazlla,),

a=aj+az
{(al,ag)GAl X Ag

respectively, and (A1 N Ag)* = A} + A3. This justifies the identity (2.7) below. For more details, see
Tréves [27], Bergh and Lofstrom [12], and [5].

We end our reminders by the space 2V2(RY), with N > 3. Setting |u|2 = |[Vu| 12, we have that
DV2RN) f :@(RN)‘ ' |2, 212(RV) is a reflexive separable Banach space, the embedding 22 (RY) —
L2

7c(RY) is compact, and

72 RN) = {u € L¥2(RY); Vu € L2(RN;CV)}.

Finally, there exists C = C(N) such that for any u € 212(RY;R), ||u||LN2§2 @) < C||Vul| 2wy For

more details on these spaces, see for instance Galdi [22, Chapter II] (Sections I1.6-11.10), and Lieb
and Loss [23] (Theorem 8.6, p.208, and Corollary 8.7, p.212).




2 Existence and uniqueness

Definition 2.1. Let 2 C RY be an open subset, (a,b) € C2, and

¢ € L*™®(Q) + LP?(Q)), where (2.1)
2, it N =1,

Py = { 2+ K, for some k >0, f N =2 (2.2)
N, it N > 3.

Although not necessary in this definition, it will sometimes be convenient to assume that ¢ verifies
¢p:Q— R and ¢ >0, a.e.in Q. (2.3)

1. Let u € L] .(9). A function U is said to be a saturated section associated to u if it satisfies

UeL>(Q) and ||Ul|p~@) <1, (2.4)
U= ﬁ, almost everywhere in w, (2.5)
u

where w = {z € Q;u(z) # 0}.
2. Let F € H1(Q2) + L>°(£). We shall say that a function u is a global weak solution to
—~Au+aU+but+ou=F, in H(Q) + L>(Q), (2.6)
with boundary condition (L.2)), if u € H}(Q2) N LY (), U is a saturated section associated to u,
and if
(Vu, Vo) r2(9),r2(0) +(a U, v) = (9),01(0) + (b, V) 12(0),12(2)
+{(Ppu,v) 2,220 = (Fyv)x+ x, (2.7)
for any v € H(Q) N LY(Q), where X = H}(Q) N L1(Q).

3. Assume that  has a finite measure and a Lipschitz continuous boundary. Let F' € H'(Q)*.
We shall say that a function w is a global weak solution to with boundary condition
if u € HY(Q), U is a saturated section associated to u, and if (u,U, ¢) satisfies for any
v € HY(Q), where X = HY(Q).

Sometimes, we shall write (u,U) or (u,U, ¢) to designate a solution with the obvious meanings.

Remark 2.2. Let ¢ = ¢1 + ¢ € L>®(Q) + LP#(Q), where py is given by [2.2). If u € H}(Q) (or if
u € HY(Q) and Q has a Lipschitz continuous boundary) then it follows from Holder’s inequality and
Sobolev’ embedding that,

oullr2o) < |1l L@ llullz2) + Clig2llrs (@ llull g1 )



from which we deduce,

oullrz) < Clléll Lo @)+ L7e @) llull a0 (2.8)

where C' = C(N, k). It follows that the L? — L? duality product in (2.7) involving ¢u makes sense,

and we have

(du,v)r2(0),c2()| < Clloll Lo )47 (o [l zp @) V] 220 (2.9)
for any v € L?(2), where C' = C(N, k).

Convention 2.3. Throughout this paper,  denotes any open subset of R, and (a,b) is a pair of
complex numbers. When a function will be said to satisfy the boundary condition (|1.3)), it will always

be assumed that 2 has a finite measure and a Lipschitz continuous boundary.

Let

)

A =C\{z € C;Re(z) <0 and Im(z) = 0}, (2.10)

Im(a)Im(b) > 0,
(a,b) e Ax A and or (2.11)
Im(d)
Im(a)
Theorem 2.4 (Null solution). Let (a,b) satisfy (2.11), with eventually b = 0, let ¢ satisfy (2.1)—
(2.3), and let F € L*(Q) with ||F||p~) < |a|l. Then there exists M = M(|al,|b]) such that if
|F |l o) < % the unique global weak solution (u,U) to (2.6) with boundary condition or (1.3)

is given by,

Im(a)Im(b) < 0 and Re(b) > Re(a).

1
u=0 and U= -F, (2.12)
a
almost everywhere in Q.

Remark 2.5. Let (u,U) be defined by (2.12). It is easy to check that if ||F|| g < |a| then (u,U)
is always a solution. If [[F[|pe(qy > |a| or if F' ¢ L>(Q2) then (u,U) is never a solution, in the
sense of Definition Indeed, U does not satisfies . This is trivially obtained by the identity
UL @) = rarllFll (-

Theorem 2.6 (Existence). Let (a,b) satisfy (2.11), and let ¢ satisfy (2.1)—(2.3). Then, for any
F € HY(Q) (respectively, F € H*(Q)*), there exists at least one global weak solution to (2.6]) with

boundary condition (1.2)) (respectively, (1.3). In addition, Symmetry Property below holds.



Symmetry Property 2.7. If, furthermore, there exists R € SOnN(R) such that for almost every
x €, Re € Q, F(Rx) = F(z) and ¢(Rx) = ¢(x) then we may construct a solution u which also
satisfies u(Rx) = u(x), for almost every x € Q. When N = 1, if Q is symmetric with respect to the

origin and if F' and ¢ are odd functions then wu is also an odd function.
Here and in what follows, SOy (R) denotes the special orthogonal group of R,

Theorem 2.8 (Uniqueness). Let ¢ satisfy (2.1)-(2.2), and let (a,b) € C? be such that a # 0,
Re(a) > 0 and Re(ab) + Re(ag) > 0, a.e.in Q. If Re(ab) + Re(ap) = 0, on a set of positive measure,

then assume further that one of the three following conditions is satisfied.
1. Re(b) + Re(¢) > 0, a.e.in Q.
2. Im(b) + Im(¢) > 0, a.e.in Q.
3. Im(b) + Im(¢) < 0, a.e.in .

If F e H1(Q) + L>(Q) (respectively, F € H*(Q)*) and if (u1,U1) and (ua,Us) are two global weak
solutions to (2.6 with boundary condition (1.2)) (respectively, (1.3])) then u; = ug and Uy = Us.

Remark 2.9. Assume that ¢ = 0. Then the assumptions simply become a # 0, Re(a) > 0, Re(ab) > 0
and b € A. Note that in any case, a € A. In [§], the authors study, among others, —Au+alu|~ =™y +
bu = F, with 0 < m < 1. Uniqueness is ensured if a # 0, Re(a) > 0 and Re(ab) > 0 ([8, Theorem 2.10]).
Here, the equation we study corresponds to m = 0, and we have to add an assumption to b, namely
b € A. This is due to the fact that the nonlinearity |u|~(~")u becomes ﬁ, whose the behavior near

0 is unknown.

Theorem 2.10 (A priori bound). Let (a,b) satisfy (2.11), let ¢ satisfy (2.1)—(2.3)), and let F €
H=Y(Q) (respectively, F € H'()*). Then there exists M = M(|al, |b|) such that any global weak

solution u to (2.6) with boundary condition (1.2)) (respectively, (1.3) satisfies
e + e + [ ofufde < MIFIe, (213)
where X = H}(Q) (respectively, X = H(Q)).
3 Geometric interpretation of existence and uniqueness of
complex parameters

Existence. Throughout this paper, the existence of a solution of the equations we study is ensured if
(a,b) satisfies (2.11]) (Theorem [2.6). Seeing the complex numbers a and b as points in the Euclidean

plane, the geometric representation of this condition is the following: [a,b] N & = (), where & is the



geometric representation of A°® : the half red line where Re(z) < 0 and Im(z) = 0. See Figures 1 and

2 below.

Im(z)

Re(z)= E:;EZ;

Re(z)

Im(z)

Admissible values for b with respect to a

Forbidden values for b with respect to a

Figure 1: Existence with Im(a) # 0

Im(z)

Admissible values for b with respect to a

Forbidden values for b with respect to a

Figure 2: Existence with Re(a) =0

Uniqueness. Assume ab # 0 and ¢ = 0. Uniqueness is ensured if Re(a) > 0, Re(ab) > 0 and b € A
(Theorem and Remark [2.9). Now, let us see a complex number z as a vector of the Euclidean

. > _ [ Re(2)
plane: 7 = < Tm(2)

—
between two vectors) means that ‘4(7, b )‘ < grad (see Figures 3 and 4 below).

10

) . It follows that Re (ag) = 7? > 0 (here, . denotes the scalar product



Im(z) Im(z)

a
[ ]
Re(aZ)=0 0
//
/
/
/
/
3 Re(z) Re(z)
0 0
a
®
Admissible values for b with respect to a Admissible values for b with respect to a
Forbidden values for b with respect to a Forbidden values for b with respect to a
Figure 3: Uniqueness with Re(a) > 0 Figure 4: Uniqueness with Re(a) =0

4 Inequalities for spatial localization

In this section and in what follows, r4 = max{0,r} denotes the positive part of the real number r. For
2o € RN and 7 > 0, B(xg,) is the open ball of RV of center ¢ and radius r, S(x, ) is its boundary,

and B(xzg,r) is its closure. Finally, o is the surface measure on a sphere.
Theorem 4.1. Let N € N, zg € RN, pg > 0 and u € H'(B(zo, po)). There ezists C = C(N) such

that, if u satisfies the inequality

VUl (o) + ullLr (B < M : (4.1)

/ TR
S(zo,p) |l‘ - l‘0|

for almost every p € (0,p0) and for some M > 0, then u = 0, almost everywhere in B(Zg, pmax),

where
E(o)Y(T) b( 0047 1=~(7)
pN+2 <pé\r+2 — OM? max {pd 1, 1) min { (po) max{2(po) : ;b(po) }} (42)
re(3.] - .
and where,

E(po) = ||VU||2L2(B($O7,)U))» b(po) = llull L1 (B(wo,p0))

21 —1 2(1—1)
’Y(T)*N+2» M(T)*ma

for any T € (%,1] .

11



Below, we give a sufficient condition which ensures that py.x = po.

Theorem 4.2. Let M >0, L >0, p1 > po >0, F € L*(B(z0, p1)) and u € H'(B(z¢, p1)). Assume
that for almost every p € (0, p1),

/ Wi —— 4o —I—/ |F(x)u(z)|dz | . (4.3)
S(wo,p) |z — o B(zo,p)

Then, there exist E, = E,(M,L, N, p1,po) and e, = e.(M, L, N, po, p1) such that if ||ull 1 (B(zg,p1)) <
L, ”VUHQLQ(B(%,I;I)) < E, and if

w31 (Bao.py) T+ 1l (B0, < M (

N+2
IFNZ2(Bao,p < ex((0=po)s)” (4.4)

for any p € (0, p1), then u = 0, almost everywhere in B(zg, po).

5 Solutions compactly supported

Throughout this section, we assume that (a,b) and ¢ satisfy (2.11) and (2.1)—(2.3)), respectively.

Theorem 5.1. Let F € H Y(RY), and let v € H*RY) N LYRY) be any global weak solution
to (2.6). There exists M = M(|al,|b|) such that if there exists a compact subset K of RN such that
Flge € L®(K®) and ||F || p(x<) < 17, then suppu is compact.

Theorem 5.2. Let K C Q be any compact subset of RN. Let F € H=*(Q) be such that Fox €
L>(Q\K) and let u be any global weak solution to with boundary condition . Then there exist
M = M(lal,|b]) and e, = e, (dist(K,T)) such that, for any e € (0,&,), there exists § = d(e,al,|b|, N)
satisfying that if |F||g-1(q) < 0 and |F||pe@\x) < 77 then suppu C K () C €, where

K(e) = {m € RV dist(z, K) < 5}. (5.1)
A similar statement holds for the boundary condition .
Remark 5.3. Here are some comments about Theorems B.IH5.2
1. The solutions involved exist with help of Theorem

2. By Theorem if [| F'|| oo (q2y is small enough then the solution is u = 0, in , and the above
theorems do not give any new information. On the other hand, if Fix ¢ L (K) or if || F|| Lo (5
is large enough then u = 0, over Q, can not be a solution (Remark [2.5). It follows that the

above results provide an additional qualitative property about the solutions.

12



6 Existence and uniqueness: the proofs

Let (a,b) satisfy (2.11]), with eventually b = 0, and let ¢ satisfy (2.1)—(2.3). Let u be a global weak
solution to (2.6)) with boundary condition (1.2]) or , with F € Y*. Here, Y = H} () N LY(Q), if
u satisfies (1.2), and Y = H!(Q), if u satisfies (1.3]). Choosing u and iu as test functions, we obtain

IVulZ2 () + Re(a)lull1 o) + Re(d) ul|Z2(q) + /Q Plul*dz = (F,u)y-y, (6.1)
Im(a)||ull £ () +Im(b)l|ullZs(q) = (Fiu)y-y. (6.2)
Now, let us prove Theorems [2.4] and [2.10]

Proof of Theorem Let F' € L>(Q) with || F[| (o) < |a|. Then, the pair (u, U) given by
is obviously a solution (Remark . Now, assume that (u,U) is a global weak solution to with
boundary condition or (L.3), and with b # 0. Using the dense embedding Y < L'(2) (where Y’
is defined as above), an appeal to [8, Lemma 4.5] (applied with C; = ||Vu||2L2(Q) + [ ¢lul*dz), and
Holder’s inequality yield to

s oy + llxon + [ Olude < MP oyl o
for some M = M(|al, |b]). It follows that if || F| 1) < 77 then
lullF @y + lullzr @) < llullzi ()

Therefore, then u = 0, a.e.in Q. From (2.6)), we get that a U = F, a.e.in Q. Now, assume that b = 0.
If Re(a) > 0 then we only deal with (6.1). If Re(a) < 0 then Im(a) # 0 and so we multiply (6.2]) by

% and add the result to (6.1). In both cases, we apply Hélder’s inequality and arrive at

Ww%mﬂwmm+AMWM<MMhmﬂwmm

for some M = M (|a]). The result follows by taking ||F||pe ) < O

1
2M *
Proof of Theorem Let the assumptions of the theorem be fulfilled. Let Y be at the beginning
of this section, and let X = H}(Q), if u satisfies (1.2), and X =Y = HY(Q), if u satisfies (1.3). By

the dense embedding Y < X, we have by (6.1)—(6.2) and [8 Lemma 4.5] that,
Jull + oo + | olulde < AP, (63)
for some My = M;(|al, |b|). Applying Young’s inequality, the result follows. O

From now and until the end of this section, we assume that (a,b) € C2, and ¢ satisfies (2.1)—(2.2)).

Let 6 € [0,1], and let for n € N and u € L?(Q),
u

, i |ul < n,
[ul + (n — |ul) 7=
golu) =3 " (6.4)
— if |u| > n,
Jul
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u, if |u] < n,

inw) = n%, if |u| > n, (6:5)
fn =agn(u) + (b— 06+ @)h,(u). (6.6)

Let u,v € H} (). Since ¢hy,(u), pv € L2(2), we have by Remark [2.2] that,

(Ohn(u), v) -1,y = (hn(u), $v) L2 2 < Cllhn (W) 2|0l Lootrra V]| 1z -

We then infer that for any u € H}(Q),

”QShn(u)HH*l(Q) < C||hn(u)||L2(Q)H¢||L<>O(Q)+LP¢(Q), (6.7)

where C = C(N, k). If Q has a Lipschitz continuous boundary then the same is true with H?!(£2)
instead of H}(Q).

Lemma 6.1. Let (Uy,)neny C L>(), U € L*®(Q) and u € L (). We definew = {z € Q;u(x) # 0}.

loc
a.e. in w

IfU, ——U in L™°(Q)we and U,, ——— % then U = %, almost everywhere in w.
— oo Tl ]

Proof. Set for each k € N, wy, = wN B(0, k). It follows from the dominated convergence Theorem

1 Wi
that U, LR w petkeNandhe L>(Q) N LY(Q) be defined by,
Wi

b= ﬁ —U, in wy,
0, in Q\ wg.

|wk

We have by Hélder’s inequality that for any n € N,

2

/ g—U dx
|ul
W
:Re/ <|Z| —Un) de+Re/(Un ~U)hda
Wk Q
u
< Aoy ||Un — ol )+ (Un = U, h) o (0,20 (9)-
Ll [5%%

Passing to the limit as n — oo, we get that U = ﬁ, a.e.in wy, for any k € N, from which the result

follows. 0

Lemma 6.2. Let us consider the following equation.

—Auy, + duy + frn(u,) = F. (6.8)
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Let F € H-Y(Q) + L>®(Q2). Assume that for each n € N, there exists a global weak solution u, to
with boundary condition (1.2). If (un)nen is bounded in HE(Q) and if

2
( [tn| 5 ]1{|un|<n}> is bounded in L'(Q), (6.9)
[tn| + (0 — |u |)F neN
then, up to a subsequence,
Hy(Q)w L () wa
Up, 2w and gn(un) U,
n—oo n—oo

where (u,U) is a global weak solution to u to (2.6) and (1.2). Finally, Symmetry Property holds.

Proof. Let (u,)nen C HF(Q)NLY(Q) be a bounded sequence of solutions to and ((1.2). We note

that for any n € N, ||g, (un)|| Lo (o) < 1. It follows that there exist a subsequence, that we still denote
Hg (D) L3,.(2)

by (un)nen, u € HE(Q), and U € L*°(Q) satisfying (2.4) such that u, ——— u, u,, —=— u,
n—oo n—oo
L% (Q)wx ;
n(Un) U, and u, aen@ -, By the almost pointwise convergence of (uy)nen, ,
n—00 n—r00
Fatou’s Lemma and the local compactness, we deduce that Symmetry Property holds, u € L*(€),
i L .(Q
gn(uy) 2225 Tup» Where w = {z € Qyu(z) # 0}, and hy(uy) Lo, Tt follows from the
n—oo n—roo

weakx convergence of (g, (un))nen and Lemma[6.1]that U is a saturated section associated to u. Since

200,
[ (w)| < |up|, we have by (2.8]) and the almost pointwise convergence of (uy, )nen that ¢hy, (u,) il
du. Let v € H(2) N LY(Q). We have by that for any n € N,

(Vun, VU) r2(0),12(Q) + (0xUn, V) £2(0),22(2) + (agn(Un), V) L), L1 (Q)
+ (b= 0u + @) n(un), V) 12(0),12(2) = (F, V) g-1(0),m1(0)-  (6.10)

We use the above convergences to pass to the limit in (6.10). We get that u satisfies (2.7) for any
v € HE(2) N LY(Q), so that u is a solution to (2.6) and (1.2)). This concludes the proof. O

A trivial adaptation of the above proof gives the following result about the homogeneous Neumann

boundary condition. The details are left to the reader.

Lemma 6.3. Let F € H'(Q)*. Assume that for each n € N, there exists a global weak solution u,,
to with boundary condition (1.3). If (un)nen is bounded in HY(Q) then, up to a subsequence,

HY(Q)y L ()
Uy ———u and gn(uy) U,
n—oo n—oo

where (u,U) is a global weak solution to u to (2.6) and (1.3)). Finally, Symmetry Property holds.

Lemma 6.4. Let n € N. Then, f, : HY(Q)w — L*(Q)w is weakly-weakly continuous, namely,
Hi (Q)w L*(Q)w

’ u then fp(ug) ——— fo(u). If Q has a Lipschitz continuous boundary then f, :
{— 00

Zf Uy

—00
HY Q) — L2(Q)y is weakly-weakly continuous.

15



Hg ()w L2 .(Q) a.e. in Q
Proof. Let n € N. Let uy p u. Then, uy £—> u, and ug, k—> u, for a subsequence
— 00 — 00 — 00
(ug, )ken C (un)nen. We then have,
a.e.in Q
Fulug,) =22 £ (),
— 00
L2 (Q)w
and by ([2.8), (fn(us))een is bounded in L?(Q). It follows that f,,(ug, ) ———— fn(u). The limit being
k—o0
L3 (Q)w
necessarily f,,(u), we infer that f,(uy) fn(u), for the whole sequence, which is the desired
—00
result. If 2 has a Lipschitz continuous boundary then the above proof applies with H!(2) in place of
Hg (). O

Lemma 6.5. Assume that Q)] < oco. Then for anyn € N, 6 € [0,1] and F € H=1(Q) (respectively,
§ € (0,1] and F € H*(Q)*), there exists a global weak solution u, € HL(Q) to with boundary

condition (1.2) (respectively, u, € H*(2) to with boundary condition(1.3))). Finally, Symmetry
Property 2.7] holds.

Proof. We begin with the boundary condition . By Lax-Milgram’s Theorem, we know that for
any G € H'(Q)*, there exists a unique solution u € H'(Q) to —Au + du = G which satisfies (L.3).
Moreover, there exists @ > 0 such that for any G € H*(Q)*, |[(—A + 5])’1G||H1(Q)
Finally, Symmetry Property holds. Let n € N. Set F,, = F — f,, and let us consider the following

< of|Gll g o)+

mapping 7T}, of H(9) as follows. Set

T, HY(Q) f gy ZAEDTL g,
w s Fy(u) s (CA+ DN (F) ().

Let pp = 2an|Q2(la| + |b] + 1 + Cl|@ll Loy rre ) + || F || g1(q)+, where C is given by (6.7)). It follows
from (6.7)) that for any u € H'(Q),

ITu)lm2 ) = (-4 + D) (Fa) (W)]| 1y < 0l B2+ < p
Then,

T (Bri(9)(0,pn)) C Bia)(0, pn), (6.11)
Bri()(0, pp) is a weakly compact subset of H'(Q). (6.12)

With help of Lemma we easily see that T, : H*(Q),, — H'(Q), is weakly-weakly continuous. As
a consequence, by , and a corollary of the Tychonoff fixed point Theorem (Arino, Gautier
and Penot [4], Vrabie [28, Theorem 1.2.11, p.6]), we infer that 7;, admits a fixed point u,, € H* ().
The Symmetry Property is obtained by working in {u € H*(Q); u(Rz) = u(z), for a.e.x € Q}
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(with the obvious modification for the odd case) in place of H'(2). Working with H}(2) instead of
H(Q), the boundary condition (1.2)) is treated in the same way, with possibly § = 0 (with help of

Poincaré’s inequality). O

Lemma 6.6 ([8, Lemma 4.5]). If (a,b) verifies then there exists 0, = d,(|al, |b]) € (0,1],
L = L(|al|,|b]) and M = M(|a|,|b]) such that, if § € [0,04] and Cy, C1, Ca, Cs, Cy are non-negative

real numbers satisfying

}Cl + (502 + Re(a)C’3 + (Re(b) - 5)C4| < C'()7 (613)
[Im(a)C3 + Im(b)Cy| < Co, (6.14)

then
0<C14+0Cy+ LC3+ LCy < MCy. (6.15)

Remark 6.7. Actually, the conclusion in [8, Lemma 4.5] is that,
0<Ci1+LCs+ LCy < MCy.
But letting totally unchanged its proof, we obtain ([6.15]).

Lemma 6.8. Let (a,b) satisfy [2.11)). Assume that ¢ satisfies and let F € H-Y(Q). Then
there exists 6, = 04(|al,|b]) € (0,1], L = L(|al,|b]) and M = M(|al,|b]) such that, if § € (0,0d],
and we assume that for each n € N, there exists a global weak solution w, of with boundary
condition , then we have that,

|un|2 M? 2
§llunllk + L/ dr < — || F|%-, (6.16)
(unl<n} tn] + (0 — Jun|) 7= 4

for any n € N, where X = H}(Q). If F € HY(Q)* and if for each n € N, u,, is a global weak solution
to with boundary condition (1.3)) then for any n € N, u,, satisfies (6.16)) where X = H(Q).

Proof. Let &, = &.(|al,|b]) € (0,1], L = L(|al,|b]) and M = M(|al,|b|) be given by Lemma [6.6]
Assume that § € (0,,]. Let n € N. Let X be as in the lemma. Choosing w,, and iu, as test functions

in (6.16)), we obtain

|un|2

unl<n} [tnl + (0 = |un]) 7z

IVun|Z2(0y + 0llunll7z ) + Re(a) </{ dz + ||un||L1({un|>n})>

+ (Re(®) = 8) (Ilunl2 1<y + Pllunll 2 qruntny) )

—|—/ ¢|un|2dz+n/ dlup|dr = (Fyup)x+ x, (6.17)
{lun|<n} {lun|>n}
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|unl?
Im(a / dx + ||un || 12

It follows from (6.17)—(6.18) and Lemma that,

|un|2

IVl () + Ollunll7z (o) + L/ de < M|[F[x+ [[unlx-

(lunl<n} [tn] + (0 = |un|) 72
Applying Young’s inequality to the above, we get (6.16]). -

Lemma 6.9 (Extension). Let (Q,)nen C Q be a sequence of non-decreasing open subsets of RY

such that Upen$d, = Q.

1. Let 0 < p < 00, (un)nen C HE(Q2,) N LP(2,), (Un)nen C L®(Q,) be a sequence of saturation
sections associated to (un)nen, and (¢n)nen C HE(Qn). Assume that there exists C > 0 such

for anyn € N,

unll g2, + unllze@,) + IVOnlzz@,) < C. (6.19)

Then there exist u € H}(2) N LP(Q) and a saturated section U associated to u such that, up to

subsequences (and with no change of notation),

U S, (6.20)

Jim (Oun, pi0,) 97 (@.).2(2.) = (Ou: 9) 97 (@).2(2); (6.21)
Jim (Un, ¢l0,) 2/ (@0).2(2.) = (U 0)2(@).2(2); (6.22)
nhj;oﬂunﬁ<P|Qn>9/(szn),@(9n) = ([ul*, ¥) 2 (2),2(9), (6.23)

for any 0 satisfying R.1)-2.2), and o € 2(Q). Moreover, if @ = RN and N > 3 then there
exists ¢ € PV2(RN) such that

a.e. in

bn L g, (6.24)
Jim (b, 010,)2(20).2(2) = (9, 9) 2 @Y),2@N), (6.25)
lim (dntun, Pia, )2/ (2,).2(2.) = (08 P) 9/ @Y) 2RY), (6.26)

for any o € Z(RY).

2. Let F € H-1(Q). Let n € N. Let us define for any v € Hg(Qy),

(Fa,.v) = (F,0) g-1(0),12 () (6.27)
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where ¥ is the extension of v by 0 in Q\Qy,. Then for anyn € N, Fio, € H(Q,), [|Fla, | n-10,) <
||F||H—1(Q) and

Jdim (Fla,, 910,02/ @.).2@.) = (F ) 2/(9).2(9); (6.28)
for any ¢ € 2(2).

Proof. We begin by the first part of the lemma. Let the assumptions be fulfilled. For each n € N,
let vy, V;, and 1, be the extension by 0 in Q \ Q, of u,, U, and ¢,, respectively. Let 6 satisfy

R.1)-@-2). By (6.19) and (2.8), (vn)nen, (Ovn)nen and (Vy,)nen are bounded in HE(Q) N LP(£2), in

L?(Q) and in L*°(Q), respectively. It follows that there exist u € H}(Q) and U € L>°(Q) satisfying

. Hé (Dw LIQOC(Q) L% (Q)wx
(2.4), and an extraction (ng)ren C (n)nen such that v,, ——— u, vy, u, Vi, U,
k— o0 k— o0 k— oo
. in e.in Q L*(Q)w . .
Vpy =%, and Ovy,, ~"=% Qu. It follows that fv,,, LD, gy, Since for any x € €2, there exists
k—o00 k—s00 k— o0

ng € N, such that for any n > ng, € Q, we deduce that ((6.20)) holds true, which implies with Fatou’s

Lemma that u € LP(Q). It follows from the a.e. pointwise convergence of (v, )ren that,

Vi, = Ung_ e inw, l, where w = {z € Q;u(z) # 0}.

" Tom] kel
By the weakx convergence of (V,,, )ien, the above limit and Lemma we get that U = |Z—‘7 a.e.in
w, so that U is a saturated section associated to u. Let ¢ € 2(2). Since the sets §2,, are open, there
exists k, € N such that for any k > k,, supp ¢ C €, , so that @0, € P(Q,.). We then have for any
k> ki,

k—o0
(Otiny, 012, ) 2 (00 ),2(2ny) = (Onir v (),2(2) —— (B, ) o (), 2(02)- (6.29)

n

The limit (6.22) is obtain with the same argument. Since (|v,|2)nen is bounded in L2 (Q) (in L2(Q),

N
a.e. in . LN=2(Q)w . .
if N < 2) and |v,,, |? :—Q> |u|?, it follows that |v,, | —————|u|? (in L?(Q),, if N < 2). We then
—00 k

)
easily obtain (6.23) in the same way as in (6.29). Now, assume that Q = RY and N > 3. By (6.19),
(¥n, )ken is bounded in Z12(RY). It follows that there exist ¢ € 2V2(RY) such that extracting

N

. LV rY), L2 ()

another subsequence to (ny)ken, if necessary, we have that 1,, —————— @, ¥n, kL> ¢ and
k—o0 —»00

Y, a:$9> ¢, from which (6.24) follows. Then, (6.25) is obtained in the same way as in (6.29). In
— 00

L (©
addition, ¥y, vn, 100—()> ¢u, from which we obtain (6.26)). Now, we turn out to the second property.

k—o0

Let n € N and Fo, be defined by (6.27). It is clear that Flo € H '(Q,) since that if v is a unitary

vector of H}(€,,) then ¥ is a unitary vector of H}(Q), and
[(Fla,., v)| = [{F,0) g-1(0),m20)| < |FllH-10),

so that, ||Fla, lg-1(.) < [[Fllg-1(q)- Finally, the limit (6.28) is obtain as in (6.29). The lemma is
proved. O
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Proof of Theorems By Lemmas and it remains to show the existence of a
solution satisfying the boundary condition with || = co. By Theorem and the Extension
Lemma [6.9| (applied with Q, = QN B(0,n)), we obtain such a solution which satisfies in 2'(Q).
But the terms of the equation belong to H=1(Q) + L>®(Q) — 2'(Q), from which the result follows.

U

Lemma 6.10. Let uy,us € Ll(Q), and let Uy and Us be two saturated sections associated to u; and

uy, respectively. Then Re((Uy — Uz)(ur — uz)) >0, a.e.in Q, and if

Re ( /Q (U — Ug)(ul—uQ)dx) —0, (6.30)
then
(U — Us) (i =02) = 0, (6.31)
almost everywhere in Q.
Remark 6.11. By [I0, Lemma 6.1], we already know that, Re ([,,(U1 — Uz)(us — uz)dz) > 0.

Proof of Lemma For j € {1,2}, let w; = {z € Q; u;(x) # 0}. Let us write that,

(U1 — Uz)(ur — uz)

u S u u u .
= (Ul - =2 ) (—u2)lusnw, + ( - U2> ur Loy nws + < - 2 ) (u1 —u2) L, N,

Juz] fur] Jur]  fua]

— — (VA1 (15) -
= (Juz| — U1%2)Lpenw, + (Jur] — Uan) Lo, nwg <|u1| - |u2|> (u1 —u2) L, w,

def . . .
= 11 + 12 +13,

a.e. in Q. Since |Uruz| < |ug| and |Ustr| < |ug|, we get that Re(i1) > 0 and Re(iz) > 0. We also

have Re(iz) = 0 ([9, Corollary 5.5]). After integration over 2, we infer with (6.30]) that, actually,
Re(z)
of

Re(i1) = Re(iz) = Re(is) = 0. Now, we see a complex number z € C as a vector 7 = Tm(2)

R2, whose Euclidean norm is | Z |5 = |z|. It follows that Re(i1) = 0 may be written as,
— —
Ur.th = |Uy||ug| cos(Ur, u3) = Re(Uytiz) = |usl,

a.e.in w§ N wo, where . denotes the scalar product between two vectors of R?. Since |U;| < 1, we
_)
deduce from the above that |U;| = cos(Uy, u3) = 1, so that Uy = \%Lﬁﬂwz’ and so i; = 0. Arguing

in the same way with Re(iz) = 0, we obtain that i = 0. Since Re(i3) = 0, let us write,

Re(<1“—u2>(u1—
lur|  usl

Ju| + |uz| _
= - R =0.
) = el o] - Re(ur)
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We deduce that, Re(u17z) = |u1]|uzl, a.e. in wy N wy. This may be reformulate as,
s = lug||uzl, a.e.in wy N wa.

We then infer that for some k& > 0, us = kuy, a.e. in wi N ws. Then return to iz, we see that iz = 0.

Hence (6.31)). O

Proof of Theorem Let uy,u2 be as in Theorem 2.8 It follows that u; — us satisfies,
—A(ur —u2) + a(Ur — U2) + b(u1 — u2) + (w1 — uz) = 0. (6.32)

We first note that if u; = ug then by (6.32)) we see that U; = Us. Choosing a(u; —usq) as test function,
we get that,

Re(a)||Vuy — VUQH%Q(Q) + |a|®Re(T) + /(Re(ag) + Re(ag))|uy — ug|*dx = 0, (6.33)
Q
where I = [,(Uy — Us)(ur — ug)dz. Since Re(I) > 0 (Remark , we deduce from that
Re(I) = 0, and then I = 0 (Lemma [6.10). If Re(ab) + Re(ad) > 0, a.e.in €2, then u; = up by (6.33).
Otherwise, taking u; — us and i(u; — us) as test functions in , we obtain that,

IVur — V|72 ) + /(Re(b) +Re(¢))ur — ugl*dz = 0,
Q

/ (Im(b) + Tm()) Jus — s[>z = 0,

Q

since I = 0. Therefore u; = us. O

7 Inequalities for spatial localization: the proofs

Lemma 7.1. Let a € (0,1], B, po, K > 0, and E € WH(0, po; R) be a non-negative solution to
PP E(p)' T < KE'(p), (7.1)
for almost every p € (0, py), with E(0) = 0. Then we have
Vp € [0,r], E(p) =0, (7.2)
where rf = (pg — KgE(po)O‘)+

Proof. We may assume that r > 0, otherwise there is nothing to prove. We note by (7.1) that F is
non-decreasing. Therefore, it is sufficient to prove that E(r) = 0. We proceed by contradiction and

assume that E(r) > 0. Then E > 0 over [r, pg] and by (7.1]), we have that

PO 1 PO , 1
/ PPlp <K [ E'(p)E(p)* 'dp,

r
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from which we get: pg —rB < K%(E(po)o‘ — E(r)®). By definition of r, this implies that E(r) <0, a

contradiction.

Remark 7.2. When 8 = 0, the same proof gives the same result with r = poe_%E(”U)a.

Lemma 7.3. Let a € (0,1), K > 0 and p1 > po > 0. Let € > 0 and E € WH(pg, p1;R) be a

non-negative solution to
a 1—a
E(p)'"* < KE'(p) +e(p—po) =, (7.3)
for almost every p € (po, p1). Then, there exist E, = Ei(a, K, po, p1) and e, = e4(a, K) such that if
E(p1) < E, and € < &, then E(py) = 0.

l—a

1
Proof. Let E, = (5% (p1 — po)) ™ and e, = 3 (5%) © . Let for any p € [po, p1],

« =
Glp) = (50 =) "
Then, G € C([po, p1];R), G(p1) = E, and G satisfies,

l—a

_ 1 _
G(p)' ™ = KG'(p) = 5G(p)" " = exlp = po) =,
for any p € [pg, p1]. It follows from the assumption € < &, and (7.3)) that,
E(p)'~™ — KE'(p) < G(p)'~* = KG'(p), (7.4)

for almost every p € (po, p1). Now we claim that for any p € [po, p1], E(p) < G(p). Otherwise, by
the assumption E(p1) < G(p1) and continuity, there would exist r € (pg, p1] and § € (0,7 — po)
such that E(r) = G(r) and for any p € (r — d,7), E(p) > G(p). This would give with that for
a.e.p € (r—4,r), E'(p) > G'(p). Integrating this expression over (p,r), we would obtain that for any
p € (r—2ao,m), E(p) < G(p). A contradiction. Hence the claim. In particular, E(py) < G(pg) = 0.
Hence the result. O

Proof of Theorems and Let the assumptions of the theorems be fulfilled. Let us write
px = po and & = 0, for the proof of Theorem [4.1] and p, = p; and & = 1, for the proof of Theorem [4.2]
Let p € (0, px). We set E(p) = ||Vu||%2(B(w0,p)) and b(p) = |lull£1(B(zo,p))- We now proceed with the
proof in 5 steps.

Step 1. E € WH1(0, p,), for a.e. p € (0, p4), E'(p) = ||Vu||2L2(S(IO7p)) and

y()+1

B(p) +b(p) < 5 (Ks(mo™ I 0)) (Blo) +50)*F 4 M F Bapany (75)

[

where K (1) = C(N)M? max {p¥ 1,1} max{b(p, )", b(p,) =7V}
We first note that E(p) = [ (fs(wo " |Vu|2da) dr, for any p € (0, py). The mapping r — fS(mO " |Vul?do
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belonging to L(0, p,), it follows that E is absolutely continuous on (0, pg). Then, E € W11(0, p,),
and for a.e. p € (0, p,), E'(p) = ||vu|‘%2(8(mo,p))' Let p € (0, px). By the interpolation-trace inequality
(Diaz and Véron [2I], Corollary 2.1]), we have

1 _N+2 N+2 1
lullz2 ey < CN) (B + 07 F0(0)) ™ b(p) 7, (7.6)

where C'= C(N). Applying the Cauchy-Schwarz inequality to (4.1)) or (4.3) (according to the different
theorems to prove), and using (7.6, we get that

Er(p) +b(p) < CME'(p)} (E(p)} + p~ b(p) ™2 + 6M / |F(z)u(x)|dz,  (7.7)
B(zo,p)
where Er(p) = E(p), for the proof of Theorem and Ep(p) = ||u||§11(3($07p)), for the proof of

Theorem [£.2] In the case of Theorem [I.2] we apply Young’s inequality to obtain

M 1
[ Peu@lde < TR0 + 7710l e (78)
B(zo,p)

Putting together (7.7) and (7.8), we obtain for both theorems,

N+1
N+42

E(p) +b(p) < 20ME ()} (E(p) + 07 F0(0)) ™7 b)) ™ + M| F [ a(pan . (T9)

Let 7 € (m+1 ] . A straightforward calculation yields

( E(p)? +p 7 b(p)) b(p) ¥
1 _N+2 N2
E(p)2b(p) ™51 4 p~ 7 b(p) ¥
1 17 _Nt2 1, 7 Nt2 7 1
E(p)b(p) ¥ b(p) N3 4 p 7 bp) 2N b(p) N W
E(p )% (p) Th(p )H(T)2<N+1) o 22b( )%+ﬁb( )(1—v(r))%

<25 max {7 1} K30 (B(p) + 4(p))

where K3(7) = max{b(p, )™, b(p,)'~7("}. Hence (7.5) follows from (7.9) and the above estimate
with K4 (r) = 64C2 M2 K3 (r) max {p} +1,1} , since (% + 77 ) ¥4 = 29+
Step 2. For any 7 € (1,1] and a.e. p € (0, p,),

N+2 2

0< E(p)' 77 < Ki(7)p~ NV E (p) + 5(2M)2 O R )

Let 7 € (%, 1] and p € (0, py), Using the following Young inequality,

» 1
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i - 3 bt ETCORSE
with o = 3 (K1(7)p"VVE (p))* .y = (E(p) +b(p))” * ,p= o ande=(y(1)+1)" 2 , we
have

1 _ 3 y(r)+1
5 (Ku@p N E () (B(p) +b(p)) "2
C = 1
< C0 (Km0 ()T + LE() + (o)),
2T 2
where,
1-— 1+~(T 1 2
cr) = 230 (1 () B < Jarton,

We then obtain,

1

(K1 (o~ MV (p) (E(p) + b(p))

Putting this estimate in (7.5]), we obtain

F(m)+1
2

< (KB () 77+ (B(p) + b))

1
_ = (7)
E(p) +b(p) < (Ka(r)p™ N VB (0)) 77 4 2002 F 13 52, -

Raising both sides of this inequality to the power (1 —v(7)) € (0,1), we obtain the desired result.
Step 3. Let r € (0, po]. If E(r) = 0 then u = 0, almost everywhere in B(xq, 7).

It follows from the hypothesis that E’ = 0, almost everywhere on (0,r). We also have by definition
of § and that for both theorem, dM?||F||72p,, ) = 0, for any p € [0,7]. It then follows from
Step 1 that b(r) = 0, which is the desired result.

Step 4. Proof of Theorem

Let for 7 € (3,1], r(r)N*? = (pé\”r2 —Kl(T)ME(pO)"’(T)>+7 where K is given at Step 1. Let

y(7)
7 € (3,1] . We have by Step 2 that for almost every p € (0, p),

pNTLE(p) T < Ko (r)E (p).

It follows from Lemma[7.1] that for any p € [0,7(7)], E(p) = 0, and then E(pmax) = 0, where we have
set Pmax = MaX, ¢(1 4 r(7). We conclude with Step 3.

Step 5. Proof of Theorem

Let L > 0. Assume that b(p;) < L. Set K = Kl(l)pa(NH), where K7 is given at Step 1. It follows
that K = K(M, L, N, p1,po). Finally, set a = v(1) = (N +2)~L. Let then E, = E,(M, L, N, p1, po)
and £, = &,(M, L, N, p1, po) be given by Lemma Choosing €, > 0 such that &, = (2M)2(1-®)gl-e
it follows from Step 2 and that

l—a

E(p)'~ < KFE'(p) +&x(p—po) = .

for almost every p € (po, p1). It follows from Lemma that if E(p1) < E, then E(pg) = 0. The

result then comes from Step 3. This achieves the proof. O
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8 Solutions compactly supported: the proofs

Lemma 8.1. Let (a,b) satisfy [2.11)), let ¢ satisfy 2.1)-(2.3)), and let F € L} (Q). Let u be a global
weak solution to (2.6) with the boundary condition (1.2)) or (1.3) (with the additional assumption for

F given by Definition . Let xg € Q and po > 0. If u satisfies (1.3) then assume further that
po < dist(zo, ). Then there exists M = M(|al, |b]) such that if FionB(zo,pe) € L™ (XN B(z0, po)) with

[ F|| 1o (@nB(zo,p0)) < 77 then we have

HuH%Il(QﬂB(mo,p)) +l[ullz1(@nB(ao.p)) < M

/ uVu.—2% 4o , (8.1)
QNS(zo,p) |(E - x0|

for any p € (0, po).

Proof. Let U be the saturated section associated to the solution u. Let us rewrite (2.6)) as,
—Au+ f(u) =G,

with f(u) = bu, and G = F — aU — ¢u. With help of (2.8), we may apply [7, Theorem 3.1] to obtain,

”vu”QLQ(QﬁB(xO,p)) + Re(a)Hu”Ll(QﬁB(wmp)) + Re(b)”uH%Z(QﬂB(xo,p))
+/ plul*dr = Re / Fudz | +Re / Wi~ 4o ,
QNB(zo,p) QNB(zo,p) QNS(zo,p) |.Z‘ - $0|

tm(a)[ull L1 @nBao ) + IO [llZ2 005w )

=1Im / Fudz | +Im / uﬂ.x_xoda ,
QNB(zo,p) QNS(zo,p) |.’E - (E0|

for any p € [0, po). Applying [8, Lemma 4.5] to the above (see also Lemma, and Holder’s inequality,

we obtain that u satisfies

||U|\12ql(mB(xo,p)) + |ull L1 (@nB(2o.0))

= L — Xy
/ uVu. do
QNS(z0,p) |z — 20l

for any p € [0, po), where C' = C(|al, |b]). The result follows by setting M = 2C. O

<C

+ CHFHLm(QﬁB(zo,p))||UHL1(QQB(zg,p))7

Proof of Theorem Let the assumption of the theorem be fulfilled. Let M = M(|al, |b]) be
given by Lemma and assume that ||F||pexe) < 7. Let R > 0 be such that K C B(0, R). By
Lemma u satisfies (4.1, for any B(zo,2) C B(0, R)°. Choosing py = 2 in Theorem there
exists €9 such that for any zo € RV, if ||Vu||2L2(B(IO72)) + llull L1 (B(zo,2)) < €0 then pmayx > 1, where

Pmax i given by ([4.2)). Since u € H*(RY) N LY(RY), there exists Ry > R such that

HVU\&2({|;E\>RO}) + [lull 21 (21> Roy) < €0-
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Finally, since for any |zo| > Ry + 2, B(x0,2) C B(0,Ro)¢ C B(0, R)°, it follows from Theorem
that for any |xg| > Ro+ 2, u =0, a.e. in B(zo,1). We conclude that u =0, a.e.in B(0, Ry +1)¢. O

Proof of Theorems Let M; = M;i(lal,|b]) and My = Ms(|a|,|b]) be given by and
Lemma respectively. Let M = M; + My, let K C Q be a compact subset, ' € H~1(f),
(respectively, ' € H'(Q)*) with ||F||r=\x) < 17, and let u be a global weak solution to (2.6)
satisfying one of the two boundary conditions or . Finally, let €, > 0 be such that K (5e,) C
0. Let ¢ € (0,e4). By Lemma we have that u satisfies , for almost every p € (0,2e¢),
and any zo € Q such that K N B(zg,2¢) = § and B(wg,2¢) C Q. By Theorem there exists
6 = (e, |al, [b], M) such that if | F||g1(0)» < 0 then pmax > €, where pmax is given by ([£.2). We have
that,

K N B(zg,2¢) =0, for any o € 2\ K(2¢), (8.2)

and B(zg,2¢) C Q, for any z9 € K(3¢). We may use Theorem to conclude that u = 0, a.e.in
B(zg,¢), for any g € K(3¢) \ K(2¢). It follows that

u = 0, almost everywhere in K (4¢) \ K (¢). (8.3)

Since K (2¢) N K (3¢)c = 0, it follows from (8.3]) that we may define u € H}(Q) N LY(Q), if u satisfies
(1.2), and © € H(Q), if u satisfies (1.3)), as
_ {u in Q. % 0\ K(3¢),

"o, in K(3e).

Choosing u and iu as test functions, we obtain that
IVl 2. + Re(a)ull Lo,y + Re(®)[[ulZ2(q,) + /Q lul*dz < /Q |Faldr, (84)
) 22 + Tl < [ Pl (8.5)
It follows from [8, Lemma 4.5] that there exists M3 = M3(|al,|b|) such that

|w@w+wwm+AwWM<mAuwm. (8.6)

€

Now, let us note that the constant M; in (6.3) is obtain from [8 Lemma 4.5] applied to (6.1)—(6.2)),
in which the constants involved (Re(a), Im(a), Re(b), Im(b) and § = 0) are exactly the same as in

(18-4)—(8.5). We then infer that Mz = M;. Applying Holder’s inequality, it follows from that,
[ullF .y + (1= M| Fll Loy l|ull 1 0.y <O

By assumption, ||F||ze@\x) < Mil Therefore, u = 0 in Q\ K(3¢), hence in Q\ K(¢) by (8.3). The
case in which u satisfies (|1.2) is obtained in the same way and the details are left to the reader. [
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9 Application to a Schrodinger-Poisson system

Theorem 9.1 (Existence, a priori bound and compactness). Let (a,b) satisfy (2.11) and let
e > 0. Assume that N € {3,4}. Then for any F € H-Y(RY), there ezists a global weak solution
(u,U, ) to (L.4)—(1.5). In addition, there exists M = M/(|al, |b|) such that any global weak solution
(

u, U, ¢) to (L.4)—(1.5) satisfies the following properties:
s oy + oy +e [ olufde < MIF Iy v, 91)
e
IVl Z2mny = 3 /RN B|ul*d. (9.2)

Finally, if there exists a compact subset K of RN such that Fige € L®(K®) and ||F||poo(ge) < %

then suppu is compact.

Remark 9.2. We do not know if the solution (u,U,¢) is unique. On the other hand, if —A¢; =
—Agy = §|u\2, in L2(RY), then we easily obtain that V¢, = Vo, in L2(RY). Since ¢1,¢s €

L% (RM), we infer that ¢; = ¢». It follows that uniqueness of u implies uniqueness of ¢ and then

U. In addition, the solution to —A¢ = £|ul?, in 2'(RY), is given by,

_ (&
6= 5(=8) " ul” = SG x[ul® € L (RY),

5
1 1
0= S —mon e 17

In particular, ¢ > 0 in R™V. By interior elliptic regularity (Cazenave [16, Proposition 4.1.2]), we easily
obtain that ¢ € HZ (RV;R).
Proposition 9.3. Assume |Q| < co. Let (a,b) satisfy and let e > 0. If N < 4 then for any
F € H Y(Q), there erists a global weak solution
(u,U,6) € HY(Q) x L=() x HY (@ R),
U is a saturated section associated to u, (9.3)
du € L*(Q) and ¢ >0 in Q,
to

—Au+aU+bu+epu=F, in H1(Q),

(9.4)
“A¢ = gw, in L*(9).
In addition, any global weak solution (u,U, @) to (9.3)—(9.4)) satisfies that
Il ey + ooy +e | ol < MIFI -1 0, (9.5)
e
IVolZeq) =5 | oluldz, (9.6)
2 Ja

for some M = M(|al,|b|).
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Proof. Since N < 4 we note that if v € H}(Q) then by Sobolev’ embedding, v satisfies (2.1)—(2.2)
and |v|? € L3(Q). Let F € H=1(Q). Let ¢p = 0 and let (uy,Ur) € HE(2) x L>=(Q) be a global weak

solution to,
—Auy +aU; +buy +epou; = F, in Hil(Q),

given by Theorem Now, let then ¢1 € H{(€;R) be a solution to —A¢; = §|uy|>. By the weak
maximum principle, ¢; is non-negative. Then ¢; satisfies (2.1)-(2.2), and by Theorem [2.6| there exists
a global weak solution (ug, Uz) € HJ(2) x L*°(£) to,

—Aus+aUs+bus + eprus = F, in H_l(Q)-

And now, we may find ¢ € H}(€;R) a non-negative solution to —A¢py = §|u2|2. By induction, we
construct a sequence (un, Uy, ®n—1)nen of global weak solutions to (9.3)) and
—Auy, +aU, +bu, +epp_1u, = F, in H-1(Q),

(9.7)
—Agn = Slunf?, i LA(Q),

for any n € N. By (2.13), (un)nen is bounded in H{(£2). We infer from the second equation in

(9.7), Cauchy-Schwarz’ inequality, the Sobolev embedding H}(Q) < L*(2), Poincaré’s inequality,
and Young’s inequality that,

e 1
IVénllZ2) < §||Un||2L4(Q)||¢n||L2(Q) <C+ §Hv¢n||2L2(Q)-

As a consequence, (¢, )nen is bounded in Hg (€2), and by Sobolev’ embedding, (¢, —1un)nen is bounded

in L?(Q2). Then, up to a subsequence, there exist u € H}(Q), U € L*®(Q) satisfying (2.4), and

H3(R) with ¢ > 0 such th b M- L@ g, Oy
¢ € Hy(;R) with ¢ > 0 such that, up to a subsequence, u, Uy Uy —— u, Uy, \

n—o0 n—00 n— 00

a.e. in . Li (2
&, and ¢n 2B & Since fu, |2 D@

n—oo n—oo n—r oo n—roo

in the second equation of (9.7) in 2'(Q) to get, —A¢ = §|u|2, in L2(Q). In addition, we have
U, = =, 22 ﬁ, a.e. where u # 0. We get with help of Lemma that U is a saturated

[unl

L2 _(Q
joc )3 |u|?, we may pass to the limit

section associated to u. Finally, (¢,,_ 1, )nen is bounded in L?(Q2) and ¢, _1u, acein @, ou, so that
n—oo

L (Q)w

du € L*(Q) and ¢y, _1uy,
equation in in @’(Q).nltc?ollows that (u, U, ¢) is a solution to (9.3)(9.4). Taking the H~' — H}
duality product of the second equation in with ¢, we get (9.6). To conlude, we note that
comes from . O

¢u. Finally, we use all these converges to pass to the limit in the first

Proposition 9.4. Let N < 4 and assume |Q| < co. Let (a,b) satisfy (2.11)), let K C  be any compact
subset of RN let F € H=1(Q) be such that Fio\x € L®(Q\ K), and let (u,U, $) be any global weak
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solution to (9.3)—(9.4). Then, there exist M = M(|al, |b]) and e, = e,(dist(K,T")) such that, for any
e € (0,e,), there exists & = (e, |al, |b|, N') verifying that if | F| -1 () < 6 and ||F||p@\x) < 77 then
suppu C K(g) C Q, where K(g) is given by (5.1)).

Proof. Apply Theorem O

Proof of Theorem We first note that if N € {3,4} then L*(RY) N L%(RN) — L¥+2 (RV)
with dense embedding so that by duality,

2N

PV RY) — Lv=2 (RY) — L°(RY) + LP¢(RY). (9.8)

With help of (28), it follows that if (u,¢) € HY(RY) x 2M2(RY) then ¢ satisfies (2.1)-(2.2) and
déu € L*(RY). Moreover, we have by that if (u, U, ¢) is a global weak solution to f
then (u, ¢) satisfies . Taking the H~' — H' duality product of the second equation in with
¢, we obtain . Finally, the compactness Property comes from Theorem It remains to show
the existence of a solution. Let F € H'(R™). Let (Flq, Jnen C H'(£,) be defined as in the second
part of the Extension Lemma where Q,, = B(0,n), and let us apply Proposition For each
n € N, let (up, Uy, ¢n) be a global weak solution to (9.3)-(9.4), where the domain is €, and where
the right member of the first equation in is Flg,- By 7, and the second part of the
Extension Lemma we have that

Hun\lifg(gn> + lunllzr@, + 1IVnlliz(o,) < M”F]QnHiI—l(Qn) < M||F (131 gy

for any n € N. Therefore, we may apply the first part of the Extension Lemma [6.9] to obtain the
existence of a global weak solution (u,U,¢) to (L.4)-(L5) in 2'(RY). It is clear that the second
equation in makes sense in L?(RY), while all the terms of the first equation belong to H~*(R™)+
L>®(RY) — 2/(RY). This ends the proof of the theorem. O
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