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Abstract

Should central banks’ inflation targets remain set in stone? We study a dynamic mechanism
design problem between a government (principal) and a central bank (agent). The central
bank has persistent private information about structural shocks. Firms learn the state from the
central bank’s reports and form inflation expectations accordingly. A dynamic inflation target
implements the full-information commitment allocation: the central bank is delegated the
authority to adjust its own target as long as it does so one period in advance. Both the level and
flexibility of the dynamic inflation target respond to persistent shocks. Target flexibility is set to
correct the time consistency problem, while the target level provides the correct incentives for
target adjustments. An informational divine coincidence arises: the central bank’s incentives to
misreport its persistent private information to manipulate firm and government beliefs exactly
offset each other under the mechanism. We apply our theory to study lower bound spells, a
declining natural interest rate, and a flattening Phillips curve. We leverage our framework
to study longer-horizon time consistency problems and speak to practical policy questions of
inflation target design.
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1 Introduction

Since their inception in the early 1990s, many central banks’ inflation targets have evolved sub-
stantially. For example, the Bank of New Zealand has announced at least four major updates to its
target definition since 1990." The Bank of Canada undergoes regular reviews of its inflation target
at 5-year intervals. In 2020 and 2021, the U.S. Federal Reserve and the European Central Bank
both updated their inflation target frameworks.” Overall, central banks have exercised substantial
discretion over target adjustments during this period.

In academic discourse, an important motivation for inflation targets is the interaction between
a time consistency problem and central bank private information: commitment to a rule corrects
inflationary bias while flexibility to set inflation allows the central bank to respond to private
information about economic shocks.? Prior work has shown that a static inflation target solves this
commitment-versus-flexibility trade-off in static environments or when shocks are uncorrelated
(Walsh, 1995; Athey et al., 2005). These results motivate inflation targets as desirable mechanisms
but do not speak to the empirical regularity that central banks regularly update their targets. When
deliberating target adjustments, central banks in practice often invoke persistent economic change,
which presupposes that shocks are correlated over time.* Recent debate on persistent changes
in r* and the slope of the Phillips curve—both difficult to measure in practice—highlights the
importance of central bank persistent private information.

In this paper, we study a dynamic monetary policy game in the presence of persistent shocks
and private information. As in previous work, the central bank faces a time consistency problem;
unlike in previous work, persistent shocks make the central bank’s private information persistent.
This gives rise to additional information frictions because firms learn about the persistent state
from the central bank, which they use to form inflation expectations. Our main result is that a time-
varying, dynamic inflation target mechanism implements the efficient, full-information commitment
allocation. The dynamic inflation target is a two-parameter mechanism, featuring both a target level
and a target flexibility. Together, they serve the dual role of correcting the time consistency problem
and the information frictions that emerge with persistent private information. A key property
of our mechanism is an informational divine coincidence: under the dynamic inflation target, the

central bank’s incentive to misreport its information in order to bias firm inflation expectations

! The Bank of New Zealand’s initial target postulated an inflation band of 0-2%. The band was revised in 1996 to
0-3% and again in 2002 to 1-3%. Another revision in 2012 added an explicit focus on the 2% target midpoint (McDermott
and Williams, 2018).

2 In August 2020, the Fed concluded a long-term strategic review by adopting a target that aims to “achieve inflation
that averages 2% over time” (Powell, 2020). The ECB concluded a similar strategic review in July 2021, moving from
a one-sided “below but close to 2%” inflation target to a symmetric one. At the same time, commentators have also
suggested an upward revision in the inflation target level to 3 or 4% (Blanchard et al., 2010; Ball, 2014; Krugman, 2014).

3 There is much empirical support for the existence of central bank private information. For example, see Romer and
Romer (2000), Kuttner (2001), Giirkaynak et al. (2005), Campbell et al. (2012), Krishnamurthy and Vissing-Jorgensen
(2012), and Lucca and Moench (2015) among many others.

* The strategic review that preceded the Fed'’s target adjustment in 2020 was partly motivated by the persistent
decline in r* and the accompanying concern about future lower bound spells (Clarida, 2019).



downards to stimulate output is exactly offset by its incentive to bias the government’s expectations
upwards to reduce future penalties. Our paper generalizes the canonical work on inflation targets
to environments with persistent private information.

Our infinite-horizon model features persistent economic shocks and general social preferences
over inflation and output. Firms determine the current inflation-output relationship based on
their expectations about next-period inflation, giving rise to a forward-looking Phillips curve. The
standard time consistency problem emerges (Kydland and Prescott, 1977; Barro and Gordon, 1983).
Neither firms nor the government observe the underlying economic state, which is persistent
private information of a central bank that sets monetary policy under discretion. A Ramsey
government (principal) designs a transfer /punishment mechanism to incentivize the central bank’s
(agent) policy decisions. Transfer/punishment mechanisms are important components of the
inflation targeting framework—practical analogs include Congressional scrutiny, reputational
risk, or firing (not reappointing) the central banker (Walsh, 1995; Halac and Yared, 2022).5 The
central bank’s behavior under the mechanism reveals its persistent private information to both the
government and firms. Firms in turn use this information to form inflation expectations, updating
their beliefs about the distribution of future shocks and the conduct of future policy. An incentive
compatible mechanism must account for both the time consistency problem of the central bank and
its strategic incentive to use information revelation to influence firms’ inflation expectations.

We develop our main result in Section 3: a dynamic inflation target mechanism implements
the full-information Ramsey commitment allocation. This mechanism is incentive compatible—
it overcomes both the central bank’s time consistency problem and the strategic misreporting
problem that arises under persistent private information. Formally, the dynamic inflation target is

a two-parameter slope-intercept transfer rule,
T; = —b_1 (71 — T—1).

The central bank faces a linear penalty for inflation, 7t;, in excess of a target level, T;_1, with the slope
of the penalty representing the target flexibility, b;_,. The linear penalty for inflation is set so that
the central bank internalizes the marginal cost of inflation in the prior period, which resolves the
time consistency problem. Crucially, our mechanism implicitly delegates to the central bank the
authority to update its own target—both level and flexibility—as long as it does so one period in
advance. That is, the target parameters for date t are set at date t — 1. The central bank takes as
given its target (b¢_1, 7;—1) at date t and can only make adjustments for the next period. Intuitively,

the central bank internalizes its future time consistency problem when updating the target one

5 In the U.S., for example, this process is multifaceted. The central bank Chair is directly held accountable by
Congress in the form of bi-annual, as well as extraordinary, Congressional testimonies. Public hearings and independent
scrutiny are also used more widely (Svensson, 2010). New Zealand allows for firing the central banker (Felix Hiifner,
2004; Halac and Yared, 2022). Delegation frameworks that call for bounds on inflation (Athey et al., 2005; Waki et al., 2018)
can be thought of as a transfer/punishment mechanism where sufficiently large penalties are imposed for exceeding the
bounds, and no penalties are imposed within the bounds.



period in advance.

At the heart of our paper is an informational divine coincidence: the dynamic inflation target
overcomes the central bank’s incentives to strategically misreport its private information. Intu-
itively, the central bank would benefit from biasing firm beliefs downwards in order to improve
the contemporaneous inflation-output tradeoff. Our mechanism sets the target level equal to
government inflation expectations, which provides a counteracting force: misreporting downwards
becomes costly because it lowers the target level and raises expected future penalties from the
mechanism. The central bank’s incentive to bias firm expectations downwards is therefore exactly
offset by its incentive to bias government expectations upwards.

We develop three applications of our theory in Section 4. Each is motivated by recent empirical
evidence and monetary policy debates on structural change in the U.S., emphasizing in each case
the relevance of persistent private information.

When confronting the effective lower bound, central banks have recently resorted to uncon-
ventional policy instruments, focusing largely on forward guidance and asset purchases. Some
commentators have raised the question whether target adjustments can serve as an additional
unconventional policy instrument. Our theory provides a natural framework to ask this question.
It is well known that optimal monetary policy under commitment features history dependence at
the lower bound, keeping interest rates low even after the economy exits the liquidity trap. This
policy is implemented with an infinite sequence of promises, or forward guidance. We show that a
dynamic inflation target can implement the commitment solution even in the presence of persistent
private information. The optimal target adjustment raises both level and flexibility. Importantly, im-
plementing the commitment solution relies only on one-period iterated commitments to a dynamic
inflation target, which replace the long-horizon forward guidance commitment.®

In our second application, we study how the dynamic inflation target responds to a decline
in the natural rate of interest r* in the presence of an occasionally-binding effective lower bound
on interest rates. With mounting empirical evidence for a historically low natural rate after the
Great Recession (Laubach and Williams, 2016), this question has received ample attention. Many
observers in the U.S. have explicitly advocated for an increase in the Federal Reserve’s inflation
target level (Blanchard et al., 2010). We show that a decline in r* leads to an increase in the dynamic
inflation target’s level as well as, more surprisingly, to an increase in its flexibility. While academic
and policy discourse has largely focused on implications for the optimal target level, our theory
suggests an equally important role for adjustments of target flexibility. A second key insight of our
analysis is that the presence of an occasionally-binding lower bound constraint may even lead to a
sign switch in optimal target flexibility in steady state: When the probability of lower bound spells

is sufficiently large, the benefits from higher inflation expectations can dominate the standard time

® Dynamic inflation target adjustments thus present an alternative implementation of forward guidance in the
context of discretionary monetary policy. They serve much the same “commitment” role as asset purchases in Bhattarai
et al. (2019). To the extent that long-horizon central bank promises lack perfect credibility in practice, dynamic target
adjustments could therefore support forward guidance.



consistency problem, leading to too little inflation under discretion.

Our third application studies the implications of a flattening Phillips curve. The changing
slope of the U.S. Phillips curve has garnered much attention since the Great Recession (Blanchard,
2016; Gali and Gambetti, 2019; Rubbo, 2020; Del Negro et al., 2020), and the ensuing debate has
engulfed monetary policy discourse in recent years (Brainard, 2015). We show that a persistent
flattening of the Phillips curve leads to a decrease in both the level and flexibility of the dynamic
inflation target. Intuitively, a flattening Phillips curve increases the sensitivity of output to expected
inflation and thus exacerbates the time consistency problem. In the context of the decline in r*
and the flattening of the Phillips curve, much recent policy discourse seems to have stressed the
benefits of raising the target level and allowing for more flexibility.” While these target adjustments
are indeed optimal in response to a decline in r*, a flattening of the Phillips curve pushes in the
opposite direction in both dimensions. These results have important policy implications if the
flattening of the Phillips curve proves persistent.

A dynamic inflation target allows the central bank to adjust its own target one period in advance.
To consider the implications of our result for policy design in practice, a natural question emerges:
How long is a period and what is the appropriate horizon for target adjustments? We generalize
our theory in Section 5 in the necessary dimensions to tackle this question. We consider forward-
looking models where output depends on forecasts of inflation for the following K periods. A
longer-horizon time consistency problem emerges. We show that a K-horizon dynamic inflation target
implements the Ramsey allocation. It takes the form of a two-parameter transfer rule and parallels
our baseline dynamic inflation target: its target flexibility equals the total time consistency problem
over the last K periods, and its target level equals a weighted average of inflation forecasts for date
t made over the last K periods. The informational divine coincidence continues to hold.

We introduce the commitment curve, which characterizes the duration and persistence of the
promises the central bank makes to improve the contemporaneous inflation-output tradeoff. The
commitment curve formally represents the size of the commitment the central bank makes at date ¢
for all future periods t + k. The flatter the commitment curve, the more important long-horizon
commitments are relative to short-horizon commitments.

Our main application in this environment characterizes the determinants of the appropriate
horizon for target adjustments in practice. We consider a generalized New Keynesian Phillips
Curve that emerges when linearizing the standard Calvo model around a steady state with positive
trend inflation (Ascari, 2004; Ascari and Sbordone, 2014). We show that the commitment curve’s
shape is that of quasi-hyperbolic discounting (Laibson, 1997): The central bank makes a dispropor-
tionately large commitment for the next period, as well as an exponentially decaying sequence of
commitments over longer horizons. We show that almost all long-horizon promises occur over a

five-year horizon, suggesting that a five-year adjustment window like that of the Bank of Canada

7 In fact, the Federal Reserve has adopted an average inflation target in August 2020, which arguably reflects an
increase in target flexibility.



can capture all desirable long-horizon promises.

Finally, we study extensions of our model to incorporate different information structures
(Section 6.1), costly mechanism enforcement (Section 6.2), and preference differences between the
government and central bank (Appendix C.2). We show that a penalized adjustment process for
the dynamic inflation target implements the Ramsey allocation when some firms are informed
about the economic state. We also show that costly enforcement and preference disagreement imply
optimal policies that parallel the insights obtained in our baseline model.

While monetary policy is the primary focus of this paper, our results could be applied more
broadly to principal-agent settings where “moving goal posts” are desirable due to a combination

of persistent private information and time consistency problems arising through expectations.®

Related literature. The paper most closely related to ours is Halac and Yared (2014). They study
optimal delegation mechanisms in a fiscal policy framework with persistent private information and
time inconsistency due to quasi-hyperbolic discounting. By contrast, we study persistent private
information in the monetary policy context with transfers/punishments, where time inconsistency
results from a forward-looking Phillips curve. Our environment features novel informational fric-
tions because firms learn the state from the central bank’s report, which has important implications
for the design of the mechanism and gives rise to the informational divine coincidence. We build
on the dynamic mechanism design literature with persistent private information. In particular,
Pavan et al. (2014) provide conditions for implementability in a general principal-agent framework
with transfers and persistent shocks.” We deploy these techniques to study central bank inflation
targets.

We also build on the literature that studies transfer /punishment mechanisms in the monetary
policy context.!? Walsh (1995) shows that an inflation target is an optimal mechanism in a static
context with transferable utility. The linear form of this static target follows the same intuition as
the within-period linear form of our dynamic target. In the dynamic context, it is well understood
that the full-information Ramsey allocation can be implemented with a linear inflation penalty
whose slope is the recursive multiplier on the Phillips curve implementability condition (Marcet
and Marimon, 2019; Svensson, 1997b; Svensson and Woodford, 2004). Davila and Schaab (2022)
extend the recursive multiplier approach to and study central bank targets in a heterogeneous-agent
New Keynesian model. Our contribution is to study the impact of persistent private information in

a principal-agent environment. Our framework provides a novel role for the target level in over-

8 For example, the sovereign debt literature commonly features a time consistency problem that arises because
long-term debt prices depend on the government’s future fiscal policy decisions.
? A similar first-order approach is found, for example, in Farhi and Werning (2013).
10°A large literature considers time inconsistency. For example, see Kydland and Prescott (1977), Barro and Gordon
(1983), Canzoneri (1985), Rogoff (1985), Cukierman and Meltzer (1986), and Persson and Tabellini (1993) among many
others. More broadly, there has been a long tradition considering the implications of private information for the design
of policy. For example, see Backus and Driffill (1985), Sleet (2001), and Angeletos et al. (2006) among many others.

5



coming the incentives of the central bank to strategically reveal its persistent private information.!!

Halac and Yared (2022) study the trade-off between instrument-based and target-based rules in a
framework with socially costly penalties. Finally, a related literature studies transfer mechanisms in
the context of quasi-hyperbolic agents (DellaVigna and Malmendier, 2004; Galperti, 2015; Beshears
et al., 2020).

A closely related literature studies the delegation approach rather than the transfer approach.
Athey et al. (2005) studies a dynamic monetary policy framework with independent shocks and
shows the optimal mechanism features static bounds on inflation. Waki et al. (2018) extends this
framework to incorporate a New Keynesian Phillips curve and independent shocks, showing that
the optimal mechanism consists of history dependent bounds on inflation. Amador et al. (2006),
Halac and Yared (2018), and Sublet (2022) study delegation mechanisms to control quasi-hyperbolic
agents. Our contribution to this literature is to characterize the optimal transfer /penalty mechanism
in a setting with persistent shocks and private information, which gives rise to novel information
frictions because firms learn the state from the central bank.

Our policy applications connect to several literatures. We build on prior work studying
optimal monetary policy during lower bound spells (Eggertsson and Woodford, 2003; Werning,
2011). A long literature studies the optimal rate of inflation (Schmitt-Grohé and Uribe, 2010). Recent
work has investigated whether a decline in r* could quantitatively justify a higher inflation target
level (Coibion et al., 2012; Kiley and Roberts, 2017; Andrade et al., 2018; Eggertsson et al., 2019).
In our paper, we take as given that persistent structural shocks can alter the welfare implications
of inflation and, consequently, the socially desired rate of inflation. We ask if and how a central
bank should respond to such shocks—in the presence of persistent private information and time

consistency problems—by adjusting its inflation target.

2 Model

Our economy is populated by a government, a monetary authority or central bank, and a continuum
of small firms. The central bank learns about persistent changes in the state of the economy. It
uses this private information, which we also refer to as the central bank’s type, to set monetary
policy under discretion. The central bank is subject to a time consistency problem in the tradition
of Kydland and Prescott (1977) and Barro and Gordon (1983): Firms determine the relationship
between inflation and output in a forward looking manner, which gives rise to a Phillips curve. The
government (principal) designs a mechanism to control the inflation policies of the central bank
(agent), taking as given the price-setting behavior of firms.

Time is infinite and discrete, indexed by t = 0,1, ... We summarize allocations by inflation

1 More broadly, several papers have extended the Marcet and Marimon (2019) approach for providing a recursive
representation of a planner’s problem to environments with moral hazard and incomplete information (Messner et al.,
2012; Mele, 2014; Pavoni et al., 2018). Our contribution is to study the problem of a principal designing a mechanism for
an agent, rather than giving a recursive representation to the principal’s problem.



7y € [, W) and output y; € [y,y]. There is a state of the economy, §; € ® = [0, 0], that follows
a Markov process described By the conditional transition density f(6;|6;—1). The central bank
observes the state 0; at the beginning of ¢ (i.e., ; is central bank private information) and is tasked
with setting inflation for that period. Firms do not observe the state but form posterior beliefs ; on
its distribution based on behavior of the central bank in that period.'?> We denote by By [7t;1 | ]
firms” expectation of next-period inflation, given their posterior beliefs y; about the current state
0;. Firms’ price setting determines output based on future inflation expectations, giving rise to a

“Phillips curve”'?

yr = Fe (70, B[t | pt])- 1)

Because shocks are persistent, inflation expectations E; |71 | 4] depend on firms’ beliefs about
the future conduct of monetary policy and the distribution of future shocks 6; 1.

The per-period social welfare function for the central bank and government over inflation
and output is U; (711, ¢, 0;). To simplify exposition, we internalize the Phillips curve relationship
(1) and write reduced-form preferences as Uy (7, E¢[7ti41|pe], 0:) = Us(7te, Fe(7te, B [7tes1 | pe]), 0)-
The lifetime social welfare function of the central bank and government over inflation can then be
written as

E Y B Ui(7t, Be[mis1 | e, 04), (2)
=0

where B is the discount factor.

In Section 4, we develop applications of our theory that make use of the canonical New
Keynesian Phillips curve and loss function at a distorted steady state. We choose particular shocks
0; that are motivated by empirical evidence and recent policy debates on important structural

changes.

12 There is a long tradition in macroeconomics to motivate and study monetary policy games when the central bank
has private information (Sargent and Wallace, 1975; Barro and Gordon, 1983; Canzoneri, 1985; Rogoff, 1985; Walsh, 1995;
Athey et al., 2005). There is much empirical support for central bank private information. Romer and Romer (2000)
show that the difference between the Federal Reserve’s private inflation forecasts and commercial inflation forecasts
is a significant predictor of commercial forecast errors. Lucca and Moench (2015) document sizable excess returns on
U.S. equities leading up to scheduled Federal Open Market Committee (FOMC) meetings, implying substantial private
information content in FOMC announcements. Krishnamurthy and Vissing-Jorgensen (2012) find strong empirical
support for a signaling channel of unconventional monetary policy, whereby asset purchases between 2009 and 2012
worked to a large extent by conveying private information to financial market participants. Kuttner (2001) and Giirkaynak
et al. (2005) show that FOMC announcements are associated with price effects that are not due to changes in the policy
rate itself. Campbell et al. (2012) show that asset prices and commercial macroeconomic forecasts respond strongly to the
information content in FOMC announcements.

13- Although we use linear expectations [E; 7ty 1, it is straightforward to adapt our framework to nonlinear expectations.
For example, suppose that we had y; = F; (7, Etgt+1(741)) for a nonlinear function g;. Then define 7t} = g¢(71441),
define the Phillips curve as y; = F (71}, Ee7rf ) = Fe (g, L), [E¢7t}, 1), and similarly for the preference function. More
generally if we have [E;g;11(7111,Y;41), then we can define a new variable 71} = g;(71:, y¢), and define the problem over
(7}, y¢) where y; = Yt(n;k,]Etn;‘H), where Y; solves Yt(ﬂf,]Efnt*H) = Ft(gt’l(n;‘ \Yt(nf,IEtﬂ;‘+1)),]Etnj+l).

14" A key concern of this Phillips curve relationship is a Lucas critique—firms’ price-setting behavior may change in
response to changes in the monetary policy regime, such as target changes (L'Huillier and Schoenle, 2019). Our Phillips
curve relationship is robust to a Lucas critique provided that expected future (next period) inflation is sufficient for
determining how changes in future policies affect firm behavior. For example, higher expected inflation may lead firms
to increase the frequency with which they update prices, altering the slope of the Phillips curve.



2.1 Benchmark: Full-Information Ramsey Allocation

We begin by providing a benchmark allocation for efficiency. In particular, we characterize the
efficient allocation that arises when: (i) the central bank has full commitment (Ramsey problem);
and (ii) firms have full information, i.e., they observe the shock at date t. Given full information,
firms’ posterior beliefs are the degenerate distribution which places all mass on 6;, which we denote
by u: = 6, abusing notation slightly. We refer to this allocation as the full-information Ramsey
allocation. It provides an efficiency benchmark that respects the Phillips curve relationship between

inflation and output determined by firms.

Proposition 1 (Full-Information Ramsey Allocation). The full-information Ramsey allocation is charac-
terized by

oU;_
ou —1 =L fort > 1
7t = Vt—l 7 Where Vt—l = IB alEf—l(ntwt_l) f (3)

o7t 0 fort=0

The optimality condition for inflation at date t equates the marginal utility from inflation, oU; /d7t;,
with the marginal (dis)utility from the effect of inflation on previous period’s output, summarized
by v;—1. The left-hand side (LHS) of equation (3) is date t adapted, whereas the right-hand side
(RHS) is date t — 1 adapted. Therefore, the RHS is constant from the perspective of time ¢, implying
that the marginal (flow) utility from inflation is constant at date f in histories 6’ proceeding from
the same history 6/~

The wedge v;_1 is a sufficient statistic for the shock history 61 in determining the Ramsey
allocation rule 71y, 77441, . . . for inflation.'® In other words, the Ramsey allocation from dates ¢t and
onward can be calculated with the knowledge of the wedge v;_1, without knowing the exact shock
history 6'-1 that gave rise to it. Note that since the economy startsat t = 0, thenv_; = 0.

It is helpful to contrast the full-information commitment (Ramsey) allocation of Proposition
1 with the full-information discretion (Markov) policy. Under discretion, the central bank finds
it optimal to set oU;/dm; = 0 state by state. In particular at date ¢, the central bank neglects the
impact of inflation on the previous period’s Phillips curve, which no longer serves as a constraint of
the problem. This results in inflationary bias and reflects a standard Barro and Gordon (1983) time
consistency problem. v;_; is precisely the wedge between the full-information Ramsey and Markov
allocations. It reflects the severity of the central bank’s time consistency problem. We therefore
refer to v;_; as the inflationary bias of the central bank at time ¢. In the presence of persistent shocks,
this inflationary bias is potentially time-varying.

This inflationary bias under discretion motivates studying how the government can design
a mechanism to control the behavior of the central bank. Such a mechanism must respect the

asymmetric information problem that stems from the central bank’s persistent private information.

15 Equivalently, we can give a recursive representation to the Ramsey problem (Marcet and Marimon 2019).



2.2 Mechanism Structure

Our framework is a principal-agent problem in which the central bank privately observes the state
of the economy 0; and then sets inflation under discretion. Because 0; is private information and
the central bank has a time consistency problem, the government (principal) designs a mechanism
to control the decision making process of the central bank (agent). The mechanism the government
establishes can specify transfers (or punishments) T; based on inflation policy.

Although explicit monetary transfers are one interpretation, the practical analogs of the control
mechanism T; may be closer to policies such as Congressional scrutiny, reputational risk, or firing
(not reappointing) the central banker (Walsh 1995, Svensson 2010, Halac and Yared 2022). For
example, a central bank that is awarded high T; may face a low degree of Congressional scrutiny in
its policy determination.

The lifetime preferences of the central bank over social welfare and transfers are given by

o
EY B | Us(rt, Be[resa|pel, 00) + Tt |- (4)
t=0
Our main focus will be on characterizing a mechanism that implements the full-information
Ramsey allocation. Such a mechanism is optimal when there is no social cost of implementing the
mechanism, as we assume here. In Section 6, we study the case where transfers are not neutral
from the perspective of the government.

The mechanism requires the central bank to make a report of the observed shock at date ¢.
We denote the reported type 0; and say that reporting is truthful when 0; = 6;. We study direct
and full-transparency mechanisms, under which the central bank truthfully reports its type each
period.'® Full transparency implies that there is no pooling of central bank types in reporting in
a manner that shrouds the private information. Along the equilibrium path, agents’ posterior
will therefore be the degenerate distribution at the reported type, or ; = 8;. Note that we abuse
notation here because y; is a full distribution in general.!”

We denote by ©' the space of shock histories up to date . A mechanism in our model is
a mapping from the history of reported types into a transfer and allocation, given by (7, T;) :
@' — R2. Although the date t allocations depend on the entire history of reported types, we will
show state space reduction results that allow us to characterize sufficient statistics for information

histories.

16 Once we restrict to full transparency, the Revelation Principle as usual allows us to focus on mechanisms where the
central bank truthfully reports its type.

17 Restricting attention to full transparency mechanisms is not without loss of generality. In principle, the government
could want to pool central bank types to manipulate firms’ posterior beliefs. By considering mechanisms under which
the central bank truthfully reveals its type, we assume away such motivations. Given that central bank transparency has
become an increasingly prominent focal point over the last two decades, we view the full transparency benchmark as
important and realistic (Powell, 2019).



2.3 Incentives, Time Consistency, and Information

At every date t, the central bank makes a report 8; of its true type 6;. We define the value function

)

where 0/~ is the history of reported types whereas 0; is always the current true type. Note that 71

of the central bank under the mechanism (7, T) by

0

Wt(gt) = max {Tt + Ut (ﬂt,lEt [71}_,_1|9~t] ,9,5) + ﬁ]Et Wt+1 (Bt_l,ét,GtH)

and T; are functions of the current reported type and the history of reported types. The incentive

|

> Uy (7, Bt [7e4110], 0¢) + Tr + BIE; {Wtﬂ(gt_l,é, O0:11)

constraint of the central bank at date t with history 6'~! is

Uy (70, Ex 71111164, 01) + T + By [wt+1(ef+1>

et] 5)

for all t, 6!, and 8, and where we denote 7; = m(f)t_l, 5) and so on. Equation (5) is the truthful
reporting incentive constraint: at date ¢, a central bank should find it preferable to truthfully report
its type 0; as opposed to reporting any alternate type § € ®. As usual, incentive compatibility
is characterized using a one-shot deviation along a path of truthful reporting, which is why the
continuation value includes the true continuation type. The global incentive constraint (5) is high-
dimensional, as there is an incentive constraint for each § € © and every history §' € ®. As usual,
we will employ a first order approach to incentive compatibility in deriving results (e.g., Pavan et al.
2014, Farhi and Werning 2013). The required envelope condition associated with global incentive

compatibility—derived in the proof of our main result in Appendix A—is given by

oW, (") _ oU; (7ty, By [71141]64] , 64)

(0:4116¢) /064
f(6r1116:)

T BE W (oY 94 ©)

where, for clarity, au’(m’Egg ri1 18] Br)

is the derivative of U; in the direct type 6;, but not including the
Phillips curve expectation (which is based on the reported type). The familiar integral incentive
constraint is obtained by integrating and iterating forward (see the proof of Proposition 13 for this
representation).

The global incentive constraint (5) and its envelope formulation (6) reveal three principal
driving forces of the model. The first two are conventional forces. First, there is a standard Barro
and Gordon (1983) time consistency problem, marked by the absence of any terms that capture the
impact of inflation at date t on the Phillips curve at date t — 1.1

Second, there are information rents the central bank earns from its persistent private information

18 This follows the standard Barro and Gordon (1983) logic: When the central bank considers which type ; to report
in period t under discretion, it does not consider the implications of its actions on past price-setting decisions of firms.
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(Pavan et al., 2014). There are two components to this information rent (equation 6). The first is the
static information rent, dU; /96;. It captures the gain in welfare that the central bank achieves from
an increase in its type 0;, while holding fixed its report. An incentive compatible allocation must
maintain this information rent to ensure that a central bank with a higher type does not report a
lower type. The second is the dynamic information rent from shock persistence: revealing 0; gives
up private information about the distribution of future shocks, captured by the term %gf‘ef). If
high 0; on average leads to high 6; 1 and high continuation values W, 1, then the information rent
earned by 0; is higher because the central bank knows it will receive high continuation values even
without changing its report. This means that incentive compatibility requires awarding the central
bank more for reporting higher values 6; today. If shocks are not persistent, then the dynamic
information rent is zero.

The third and novel force in our model is that the central bank has an incentive to manipulate
firm beliefs. Firms form inflation expectations, which appear in the Phillips curve, based on their
beliefs about next period’s shock distribution. The central bank’s report today affects these beliefs,
ie., B[ | ét]. Global incentive compatibility (5) reflects that a change in reported type alters
the central bank’s current flow utility indirectly by changing firms’ inflation expectations. In the
conventional New Keynesian framework, an increase in expected inflation generally lowers current
flow utility. The central bank therefore has an incentive to bias firm expectations downward in order
to improve the contemporaneous inflation-output trade-off. The fact that expectations are formed
based on the reported type also means that the central bank does not earn an information rent from
this channel. Formally this is seen in the fact that the first information rent term on the RHS of
equation (6) is only the direct derivative in the type, and does not include a term for inflation

expectations.

3 Dynamic Inflation Target

In this section, we show the main result of our paper: A “dynamic inflation target” mechanism can
implement the full-information Ramsey allocation when the target is set by the central bank one
period in advance. This mechanism overcomes the time consistency and informational problems we
identified in Section 2.3.

Equation (3), along with its sufficient statistic implications, suggests a mechanism that uses
the transfer rule T; to penalize inflation deviations from a target. An inflation target of this form
seeks to correct the time consistency problem by incentivizing the central bank to set inflation close
to the target. In the presence of persistent structural shocks, however, the target itself might need to
be adjusted over time to accommodate a changing efficient level of inflation. That is, the optimal
inflation rate may drift far from the central bank’s target in a persistent manner, implying large
potential gains from letting the target adjust. The commitment-flexibility trade-off that motivated

the inflation target in the first place may itself be subject to structural change. Indeed, this is
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precisely reflected in the time variation of the full-information Ramsey allocation in the presence of

persistent 6; shocks.

3.1 Inflation Targets as Dynamic Mechanisms

We look over a class of mechanisms defined by the affine transfer rule
Ty = —bt—l(ﬂt - Tt—l)- (7)

We say that 7;_; is the level of the transfer, and b;_; is the slope of the punishment for increasing
inflation.'” This class of mechanisms specifies affine transfers at date t based on inflation at date ¢,
where the affine function parameters (b;_1, T;—1) are determined at date t — 1.

We define in particular a class of mechanisms with affine transfer rules under which the level

is expected next-period inflation.

Definition 2 (Dynamic Inflation Target). A dynamic inflation target is an affine transfer rule mecha-
nism whose target level equals expected inflation, 7;_1 = IE;_1[7t; | 8;_1], and whose target flexiblity
is the slope b;_;.

Under our proposed dynamic inflation target, two things happen when the central bank reports
its type 6; at date ¢t. First, its type report maps into a contemporaneous inflation policy 7t;, which
in turn generates a transfer T; based on the target parameters (b;_1, 7i—1) specified in the previous
period. The mechanism establishes a target in the sense that 7,1 = E;_ [714|0;_1]; that is, the
level of the mechanism is always equal to expected inflation. Second, the report also maps into
target parameters (b;, ;) for the transfer rule in the next period, i.e., the new target. In sum, the
mechanism is a mapping (7t;, by, ¢) : ® — R® from the history of reported types into inflation for
the current period and the target for the next period. In this sense, we can also think of the central
bank as directly choosing inflation and its own future target, represented by (71, by, 1), from among
the set of triples that follow from the same history 6! ~! of reported types prior to date t.

The target level 1,1 and target flexibility b;_; capture two distinct facets of the inflation target
mechanism. The target level is the level of inflation the central bank is expected to hit on average.
The target flexibility characterizes how severe the punishment is when the central bank exceeds
its inflation target. An increase in target level means that the central bank incurs lower penalties
for higher average inflation. An increase in target flexibility means the central bank incurs lower
penalties for higher marginal inflation.

Our main result is that this dynamic inflation target implements the full-information Ramsey
allocation in a locally incentive compatible mechanism. Moreover, it admits a key state space

reduction property.

19 The structure of our target mechanism and, in particular, its linearity are similar to Walsh (1995) in a static setting.
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Proposition 3 (Dynamic Inflation Target Implements Efficient Allocation). A dynamic inflation target
implements the full-information Ramsey allocation in a locally incentive compatible mechanism, with target
flexibility by_1 = v;_1. The target (T;_1,b;_1) is a sufficient statistic at date t for the history '~ of past
types.

Proposition 3 shows that the full-information Ramsey allocation can be implemented by a simple
dynamic inflation target. Inflation always meets the target level in expectation, thatis 7,1 = [E;_1 71,
while the target flexibility is set to the inflationary bias, b;_1 = v;_1. The inflation target prescribed
by our mechanism is dynamic in the sense that both its level and flexibility are time-varying.

Intuitively, the mechanism serves two roles: It uses the inherited target from the prior period
to correct the time consistency problem in the central bank’s contemporaneous inflation choice, and
it provides incentives for correctly updating the target for the next period. The form of the inflation
target follows the well-known logic from the static setting (Walsh, 1995). Since v;_; is the central
bank’s inflationary bias, the mechanism provides the correct incentives for the inflation choice by
assigning a penalty b;_1 = v;_ for raising inflation. This means the target’s flexibility is used as
the means of correcting inflationary bias that arises from the fact that firm inflation expectations
affect contemporaneous output.

In the presence of persistent shocks, the inflation target must be updated to accommodate
persistent changes in the full-information Ramsey allocation. Proposition 3 yields two key insights.
First, the central bank optimally resets its target one period in advance. That is, when the central
bank observes a persistent shift in the efficient inflation level, it adjusts its inflation target for the
next period in response to this shift. The current target, on the other hand, remains in effect for the
current period and governs contemporaneous inflation policy. Second, both the target level 7;_;
and the target flexibility b;_; are subject to change when the target is updated.

Dynamic target adjustments under our mechanism are best understood in relation to the
underlying frictions discussed in Section 2.3. Consider first a change in the target flexibility. When
the central bank updates b; in period t—to go into effect and govern inflation policy in period
t + 1—it internalizes that expectations about future inflation affect output today via the Phillips
curve. In other words, even though the central bank takes the behavior of its future self as given
under discretion, it understands that the target it sets in period ¢ will constrain the inflation policy of
its future self in period t + 1. The central bank consequently internalizes its future time consistency
problem and corrects it by setting the appropriate penalty, b; = v, for its future self—one period in
advance.”’

Our mechanism uses changes in the target level, 7;, on the other hand, to overcome the core
informational frictions of our model, in particular the central bank’s incentives to manipulate firm

and government beliefs in the presence of persistent private information. While it is surprising that

20 This is also similar to the static setting, where the central bank is willing “ex ante” to set up a targeting mechanism
for itself. It is also closely related to the literature on optimal mechanisms to control present bias (e.g. Amador et al.
2006), where agents are willing to set up mechanisms to control their own time consistency problems.
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a simple dynamic inflation target is able to account for these complex effects, the affine transfer
rule of our mechanism is designed so that the two information forces exactly offset each other. We
call this important property of our mechanism informational divine coincidence.

To illustrate, consider the effect of a perturbation in inflation expectations on the central bank’s
lifetime value. The two relevant terms in the central bank’s Bellman equation are U; (7t;, B [71;41 | 04, 0) +
BUE[7T111 | ét], where the latter comes from next-period’s inflation target T; ;. The indirect effect

of a marginal perturbation in the central bank’s report, df;, through inflation expectations is given

by

’ ] 5 11| OB [741/64]
D — e u ,:[E 9 ’9 IE 9 it St e
aJEt[met]{ t(70, B [71141164], 0r) + BUiE[71111]64]] 7
:(aLIt(m,IEt[mH]ét],et) s )W
O [71441(6¢] 30,
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< putp t) 20,

=0

where the third line follows from Proposition 1. In economic terms, the central bank wishes to bias
downward the inflation expectations of firms in order to economize on the Phillips curve relationship
and improve the contemporaneous inflation-output trade-off. By setting next period’s target level
to also equal inflation expectations, i.e., 7; = E;m;11, the government provides the central bank
with a distinct incentive to bias upward inflation expectations: increasing expected inflation raises
the target level and so reduces average future penalties for high inflation. The marginal benefit
of this upward bias is equal to the target flexibility, v;. But under the full-information Ramsey
allocation, the target flexibility is precisely equal to the inflationary bias. Thus these two forces
exactly offset each other.

This informational divine coincidence is central to our mechanism. It arises because firms and
the government have the same information sets, i.e., firms learn from the mechanism in exactly
the same way as the government does. This information structure is critical for a simple dynamic
inflation target to be able to implement the full-information Ramsey allocation. In Section 6.1, we
study the implications of alternative information structures for the design of dynamic inflation
targets.

Finally, a key source of tractability for our mechanism is that the current target (v;_1, T;—1) is a
sufficient statistic for the entire history 6/ ! of shock realizations. This means that our mechanism
admits a recursive formulation where the date ¢ state variables are the inherited target, (v¢_1, Ti—1),
and the current state, ;. This sufficient statistic property follows precisely because the target
flexibility v;_1 summarizes the inflationary bias from the previous period, while the target level

T;—1 summarizes a form of promised utility to the central bank for truthfully revealing its persistent
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type. This property greatly reduces the knowledge required for the central bank to adjust its target:
the central bank only needs to know its current target and not the history under which that target
arose.

We characterize the first-order welfare gains of switching from a static to a dynamic inflation

target in Appendix C.1.

3.2 Evolution of the Target

A key feature of our dynamic inflation target is that it can be updated over time by the central
bank. This subsection characterizes the evolution of the target’s flexibility and level in response to

structural shocks.

Target flexibility. Combining the Ramsey first-order condition (3) with the definition of v;, we

obtain the law of motion for target flexibility

o,
Vp = 0| V1 — — |, 8
=01 (1 ®
where the derivative %4 holds output fixed, and where §; = /9B easures the relative
Bm ﬁayt /Bm

effects of inflation expectations and current inflation on current output. For the standard New
Keynesian Phillips Curve, we have §; = 1. §; < 1 implies contemporaneous inflation has a larger
effect on output than inflation expectations, while §; > 1 implies contemporaneous inflation has a
smaller effect.”!

When §; = 1, the evolution of target flexibility is vy = v;_1 — g—%. The mechanism starts from
the flexibility afforded in the current period, v;_1, and then adjusts v; upward as the central bank
incurs greater disutility from inflation today, g—%i. Intuitively, if the central bank is willing to incur
greater disutility from inflation, then the value from stimulating output must be higher. But when
0r = 1 and the effects of contemporaneous and future inflation on output are the same, then the cost
of future inflation must also be high. The high cost of future inflation means the time consistency
problem is large, leading the central bank to adopt a less flexible target for the next period.

When ¢; # 1, target adjustment is scaled by the relative pass-through of current and future
inflation to output. If ; < 1, current inflation has a larger impact on output than future inflation.
The time consistency problem is then less severe than under the standard Phillips curve, and the
mechanism imposes an increasingly more flexible target over time. By contrast if 6; > 1, future
inflation has a larger impact on output, the time consistency problem is more severe, and the target

becomes less flexible over time.

2l Gee Werning (2022) for a recent treatment of the pass-through of inflation expectations.
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Target level. The response of the target level to a marginal increase in the structural shock is

th 8f(9t+1]0t)/89t] E)vt |:a7Tt+1 :|

— =E | + =;E 0 . 9

do; 1. f(014116¢) d0; : oV t ®)
Expectations Target Flexibility Adjustment

The first effect, “expectations,” reflects that the probability measure over future states changes in
response to the shock. If a higher 0; raises the probability of high-inflation states, then the target
level 7;_ increases as well. The expectations effect therefore implies that, in response to persistent
shocks, the target intercept can change even when the target slope remains constant. If shocks
were fully transitory, on the other hand, the probability measure would not be affected and no
adjustment in the target level would be required.

The second effect, “target slope adjustment,” reflects the extent to which a change in target

am
g

flexibility passes through to optimal future inflation. In the natural case where < 0, an increase

in target flexibility (gg: < 0) is accompanied by an increase in target level, and vice versa. In

economic terms, if a structural shock leads to an increase in flexibility (reduction in v;_1), then the
central bank will find it optimal to generate higher average levels of inflation in the next period,
since the penalty for exceeding the target has been reduced. Firms anticipate this, so that inflation
expectations increase for a given state 6;_; and associated conditional density f. As a result, the
target level 7;_1, which is set equal to firm inflation expectations, also increases.

In sum, when the economy experiences a structural shock 6;, both components of the target
may be affected. The flexibility of the target responds to the shock if it leads to a fundamental
change in either the central bank’s motivation to generate excess inflation or the nature of the time
consistency problem. The level of the target is affected directly by changes in expectations but also

indirectly if target flexibility is adjusted.

4 Applications

This section presents three applications of our theory. Each stresses in a different way the relevance
of persistent private information for the design and conduct of monetary policy.??
In our applications, we study special cases of a linearized New Keynesian model. The model

consists of a standard New Keynesian Phillips Curve (NKPC), given by
1ty = BE;7t41 + KiYt, (10)

and a dynamic IS equation, given by

1/. N
Yyt = By — - (lt —Eimpp — 1 + €t>/ (11)

22 Appendix B provides additional applications and also revisits these applications with costly enforcement (Section
6.2).
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where 71; and y; denote inflation and the output gap, respectively. This formulation of the model
potentially allows for time variation in several parameters. We think of {x;, 7}, €;} as exogenously
specified stochastic processes, given some initial conditions {xo, 7, €9 }. In particular, ; is the slope

of the Phillips curve, ; denotes the natural rate of interest, and p; captures a demand shock.?

4.1 Lower Bound Spells: Target Adjustments as Unconventional Policy

When the economy is at the effective (zero) lower bound, which we refer to as a “lower bound spell”,
the central bank loses its conventional policy instrument (short-term interest rates). Historically,
central banks have then resorted to unconventional policy, focusing largely on forward guidance
and asset purchases. Some commentators have explicitly raised the question whether changes
in the targeting framework could and should be seen as a potential additional unconventional
monetary policy instrument. Our theory provides a natural framework to ask this question.?

Zero lower bound spells are commonly represented by a constraint i; > 0 (Eggertsson and
Woodford, 2003; Werning, 2011). Consider a canonical loss function at a distorted steady state,
U(m,yr) = —377 — 3ay? + Ay;. When explicitly accounting for the zero lower bound constraint,
ir > 0, social welfare can be associated with the Lagrangian E Y2 ' [U(7t:, yt) + 64i¢]. The
Lagrange multiplier 6; can be interpreted as the shadow value of being able to set negative nominal
rates. In other words, when the economy falls into a liquidity trap, the shadow value on policies that
push the economy away from the constraint rises—for example by raising inflation expectations,
lowering current output, or raising future expected output.

In this application, we represent the mechanism design problem directly over the reduced-
form loss function U; (711, y¢) + 60+, which encodes the shadow value of being able to set negative
rates directly into utility. A positive innovation to 6; qualitatively captures the same economics
as an explicit lower bound spell: the shadow value of higher nominal interest rates or, as we
show below, higher inflation expectations rises. We associate a persistent lower bound spell with a
persistently high shadow value 0;.

We assume that E;0;,1 = pb; for 0 < p < 1. We associate p = 0 with a transitory liquidity
trap, where the lower bound constraint is expected not to bind in the following period. In this
application, we abstract from shocks to the slope of the Phillips curve, x; = «, innovations in the
natural rate, r; = r*, and demand shocks, €; = 0. Substituting the NKPC (10) into the dynamic IS

equation (11) then implies

. ., O
it = Byt +17 + | Tt (1+ B)Eimt11 — BEi 42| (12)

23 Equations (10) and (11) also take as given a process for the nominal interest rate {i;}. In our applications, the
nominal interest rate—the conventional instrument of monetary policy—will be determined as part of the dynamic
inflation target mechanism.

24 Crucially, we implicitly abstract from asset purchases: That is, we do not allow the central bank to use any other
unconventional tool that would allow it to make the lower bound constraint slack again. We assume that instruments
are incomplete to such an extent that the economy experiences a lower bound spell.
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This means that, after substituting out for i; and y; in preferences U; (7, y¢) + 64ir, we can represent
reduced-form preferences by Uy (7t;, [E;7ty41, Bt 7t 42, 6¢). Since E; 71442 appears in this implementabil-
ity condition, the resulting time consistency problem has a horizon of more than one period. We
study longer-horizon time consistency problems in Section 5, where we revisit this application for
general o # 0. In this application, we set ¢ = 0 so that the time consistency problem reverts to a

single period. We can then rewrite the reduced-form utility function as

2
1 1,\ N *
Ut(m, lEtT[t+1,9t) = —57'[,52 — ED( <7It — ﬁlEtﬂt+1> + )L(T[t — ﬁlEﬂTH,l) + 9t <IEt7Tt+1 +r >

where & = % and A = 2.%> We now characterize the dynamic inflation target of Proposition 3 when

the economy experiences a lower bound spell.

Proposition 4. The dynamic inflation target that implements the full-information Ramsey allocation is
Ve = Y0+ 710t + 12V

1
Eimir = v+ (12— Dve + <’)’1 + 5>P9t

> 0, where y; = 12 [p — 1;;0‘[13} < 0, and where y, = 1+a(1+p)— (215;&(1%))2—4&2[%

%’Yz
1=B72

with 0 < y2 < 1. Optimal inflation sets 7wy = vy — Vi1 + %Qt.

where vy = T=7:Bp

To illustrate the economic forces that govern the dynamic inflation target mechanism, consider the
following exercise: We initialize the economy at its risky steady state.”® Formally, we consider a
particular realization of the stochastic process where 6; = 0 for sufficiently many periods such that

the economy and the mechanism asymptotically converge. Itis straightforward to see that the target

0o — 1 T2
I-12 = I-m1-pm
(1997b), the distorted steady state A > 0 implies that there is an average inflationary bias, which v > 0

flexibility convergesto vy — v =

kA > 01in this limit. In the language of Svensson

corrects. Similarly, the target level converges to 7, = E;7t¢41 — T = 79 + (72 — 1)v = 0 in the risky
steady state limit. This reflects a common Ramsey intuition: with a distorted steady state, the central
bank achieves a better inflation-output trade-off today by promising lower inflation tomorrow,

and subsequently achieves a better inflation-output trade-off tomorrow by promising future lower

% In both this application and the ones that follow, the proof shows that there are two linear solutions that satisfy the
first order conditions of the optimum, and we take the non-explosive solution to remain consistent with the transversality
condition.

%6 We define the risky steady state of the economy under a dynamic inflation target as comprising the allocation,
prices, and target parameters (7,v) that the model converges to if a shock sequence of 8; = 0 for all ¢ is realized. This is
distinct from the standard deterministic steady state because agents understand that the environment is stochastic. It is
also distinct from the stochastic steady state, which describes the random variables that allocation, prices, and target
parameters converge to in distribution as the model is simulated for a sufficiently long period of time under the ergodic
stochastic process {6;}.
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Figure 1. Impulse Responses: Lower Bound Spell

Note. Figure 1 plots the impulse responses of inflation and the dynamic inflation target after a lower bound shock 6y > 0.
Panels (A) through (D) show target flexibility, target level, inflation, and the shock, respectively. We target a quarterly

calibration, staying as close as possible to Gali (2015), setting § = 0.99, « = 0.75, and x = w. The blue solid
line corresponds to a persistent shock (o = 0.6) and the red dashed line to a transitory shock (o = 0). In each case, we
initialize the economy at the risky steady state and consider a shock at time 0.

inflation, and so on. This pushes optimal inflation under commitment towards zero in the long run,
absent shock innovations. Formally, the allocation rule implies 77 = v — v;_1 + %Gt —v—v=0.
Our dynamic inflation target implements the long-run Ramsey allocation in the risky steady state
of this economy with a target level of T = 0 and a positive target flexibility v > 0 that exactly offsets
the central bank’s time inconsistent incentive to respond to the steady state distortion.””

We now initialize the economy at this risky steady state and consider a positive realization of
the shock, 8y > 0. Intuitively, we consider the economy as having entered a lower bound spell of
uncertain duration at date 0. We plot the resulting impulse response functions (IRFs) under the
dynamic inflation target mechanism in Figure 1.

Suppose first that the ZLB spell is purely transitory, and hence Eyf; = 0. We consider a
realization of the shock path such that 8; = 0 for all t > 1. The red-dashed line in Panel (a) of Figure
1 plots the dynamics of the target flexibility under this path.

The dynamic inflation target becomes more flexible at the lower bound, i.e., vy falls since
71 < 0. Intuitively, the transitory lower bound spell increases the shadow value of future inflation
and calls for a lower future inflation penalty. Even though the economy escapes from the lower
bound at date 1, the added target flexibility is persistent and decays only at the rate 7, < 1.

This endogenous persistence in the target response captures the standard intuition that optimal

%7 Similarly, we have i — r* and y; — 0. The allocation in the risky steady state is therefore the same as in the
deterministic steady state of this model. This follows from certainty equivalence under a first-order linearization.
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monetary policy in a liquidity trap makes long-lived promises to keep interest rates low even
after the economy moves away from the lower bound (Werning, 2011). Intuitively, promising high
inflation at date 1 means that unless the central bank also promises high inflation at date 2, the
economy experiences a significant output contraction at date 1. The central bank therefore smooths
the output contraction by promising to maintain higher inflation for longer.

The associated increase in inflation expectations is also reflected in an upwards adjustment of
the target level—see panel (b) of Figure 1. This reflects the success of the central bank in using the
increased target flexibility to raise inflation expectations. It manifests in a higher inflation level in
the next period. Coinciding with the gradual decay in target flexibility, the target level and realized
inflation also both remain above zero even after the shock has phased out.

A persistent shock, p > 0, leads to qualitatively similar but more persistent dynamics. Target
flexibility is hump-shaped under persistence, at first becoming more flexible as the shock phases
out. The intuition comes from the evolution of v; in Proposition 4: A persistent lower bound spell
makes it valuable to increase target flexibility beyond the initial date, which is reinforced by earlier
promises of greater flexibility. These promises therefore compound in the initial phase of the lower
bound spell.

Inflation target adjustments as forward guidance. The full-information Ramsey solution in a
liquidity trap is well understood. In the language of Eggertsson and Woodford (2003), optimal
monetary policy features history dependence and keeps interest rates low beyond the duration of
the lower bound spell. This policy is implemented through an infinite sequence of promises, or
“forward guidance.”

Proposition 4 demonstrates how a dynamic inflation target can implement the commitment
solution even in the presence of persistent private information. More importantly, however,
implementing the optimal policy relies only on one-period iterated commitments to a dynamic
inflation target. The central bank can implement forward guidance by adjusting its dynamic
inflation target, replacing the long-horizon forward guidance commitment by a sequence of iterated
one-period commitments.

Our theory provides a role for target adjustments as an unconventional monetary policy
instrument: the dynamic inflation target implements forward guidance, thus serving much the
same “commitment” role as asset purchases in Bhattarai et al. (2019). To the extent that long-
horizon central bank promises lack perfect credibility in practice, dynamic target adjustments
could therefore support forward guidance. This is not unlike the view under flexible inflation
targeting—already a mainstay idea in central banking—that there may be benefits to allowing
short-run flexibility around the central bank’s inflation goal.

Another important insight of our theory provides a cautionary tale for such arguments, how-
ever: target adjustments must be made one period in advance. Indeed, determining the appropriate

horizon for target adjustments becomes crucial to evaluate the implications of our theory for policy
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design practice; we take up this question in Section 5.

42 r*

A vibrant debate has emerged on how monetary policy should respond to the decline in the natural
rate of interest, or r* (Laubach and Williams, 2016). In the presence of an effective lower bound
(ELB) on interest rates, a decline in the natural rate implies that nominal rates are closer to the ELB
on average and there is less room for central banks to use conventional policy during recessions.
Many observers in the U.S. have advocated for an increase in the Federal Reserve’s inflation target
(Blanchard et al., 2010; Ball, 2014; Krugman, 2014).

This application studies a persistent fall in the natural rate of interest in the stochastic steady
state of an economy that may encounter the ELB with some probability in the future. We denote
movements in the natural rate by 0; = r; — r*, i.e., as deviations from a long-run value. We assume
that E;0; 11 = p0; for 0 < p <1, where high p corresponds to persistence in natural rate movements.
Finally, we set x; = x, shutting off shocks to the slope of the Phillips curve.

We model an effective lower bound as follows. At the beginning of each date ¢, the central
bank observes 6; and adopts a rule for monetary policy. After the policy rule has been set for the
period, an observable transitory demand shock € € [e + r*, € + r*] is realized, with Ee = 0. Defining

€ = & — 1", so thate; € [¢,€] and Ee; = —r*, we have
it = Byt + 6 — €,

where as in Section 4.1 we set ¢ = 0 in the dynamic IS equation. We represent the effective lower
bound as a separable utility penalty Ao — A;i; for negative realized nominal interest rates i; < 0,
with Ag, A1 > 0. The expected (dis)utility from the ELB is therefore

olit) == [ (ho—aali — o)) fle)te

*
t

1

=, so that we have

where i} = ;7111 + 6;. We assume € is uniformly distributed, f(e) =

» R S
o(if) = —o+ Pooi; — 5poni?,

1 Ag+AE 1 M
2B €+r* 2B e+r*

effective lower bound generates welfare gains from setting i; > 0 as this creates distance from the

for vy = and v; = 28 This means we have v/(i}) = B(vy — v1i}). Intuitively, the

ELB and makes it less likely that a demand shock will push nominal rates below zero. This has
implications for the design of the dynamic inflation target, as we show below.

Social preferences take the form Us(m;, yt,if) = —in7 — ay? + o(if), reflecting both the
loss from inflation and output gaps, and the loss from ELB penalties. We can then represent the

— 2
28 We further have v = Ag=5- + 37 5.
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reduced-form utility function as

—_

2
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Ui (e, B 71449, 01) = —§7Tt2 -5 <7Tt — ,31Et7'ft+1> + v(E¢ 41 + 6r)

N

for # = %. We now characterize the dynamic inflation target in the presence of time-varying
K

natural interest rate movements 6;.

Proposition 5. The dynamic inflation target that implements the full-information Ramsey allocation is

vt = 0p + 61v4—1 + 620;

1 ap+v

Z”L} =v9+dy+ <51 — ﬁﬁéﬁl>w + (52 — Ul)POt
where 0y — —51%00 < 0, where &, — 1+&(1+/5)+v17\/(21;&(1%)%1)2,4&2/3 with 0 < 6, < 1,
where dp = %15&_(;7;1%))5101 < v1, and where { = m > 0. Inflation is given by %m =
Vp — 545;;301 Vi1 + 0o — 010

To illustrate the economic forces at play, we again start by analyzing the risky steady state of the
economy under the dynamic inflation target, which corresponds formally to the limit under a

sufficiently long shock realization with 6; = ¢; = 0. In this limit, the target level converges to

T — T:§<vo+5o> +C<(5l—&ﬁ&—gvl>v >0,

which is positive. Unlike in Section 4.1, the risk of a lower bound spell in this economy leads to
a positive long-run target level. It is well understood that proximity to an occasionally-binding
effective lower bound provides an economic motive for a higher inflation target level. Proposition
5 formalizes this logic, showing that the dynamic inflation target features a positive target level in
the risky steady state, even in the presence of persistent private information. If we shut off the risk
of hitting the occasionally-binding effective lower bound, i.e., take the limit as Ag, A1 — 0, we have
T — 0 as in Section 4.1.%

While the implications of the effective lower bound for the optimal inflation target level may

be well appreciated, our qualitatively novel result is that optimal long-run target flexibility is also

% Even in this limit, we study an economy at a non-distorted steady state in this subsection, whereas we considered a
distorted steady state in Section 4.1. While the time consistency problem that stems from this distorted affects target
flexibility in the risky steady state, this discussion highlights that the target level is unaffected. The commitment Ramsey
allocation features 0 long-run inflation for the same economic rationale as we discussed in Section 4.1.
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Figure 2. Impulse Responses: r*

Note. Figure 2 plots the impulse responses of inflation and the dynamic inflation target after a decline in the natural rate
of interest. Panels (A) through (D) show target flexibility, target level, inflation, and the shock, respectively. We target a
quarterly calibration, staying as close as possible to Gali (2015), setting 8 = 0.99, « = 0.75, and x = w. The blue
solid line corresponds to a persistent shock (o = 0.6) and the red dashed line to a transitory shock (o = 0). In each case,
we initialize the economy at the risky steady state and consider a shock at time 0.

affected by the risk of lower bound spells. In particular, in the risky steady state we have

1 & 1+a(l-B)
Sy =— by = — .
Vi v 1—51 0 1—(51 06(1—5(51) o <0

A surprising result is that target flexibility is negative in the risky steady state: the central bank is
rewarded for higher inflation. Intuitively, this application abstracts from steady state distortions, so
the central bank lacks the usual inflationary bias for raising output that results from a distorted
steady state. Without the effective lower bound we would therefore have v; = 0, giving from to the
divine coincidence.?’ With an effective lower bound, the central bank could still implement the
allocation 71y = y; = 0, but doing so requires negative nominal interest rates in response to large
demand shocks. This generates first-order welfare losses from negative interest rates, while welfare
losses from allowing inflation and output gaps around this allocation would be of second order.
Hence, optimal policy pushes away from the divine coincidence allocation by raising inflation
expectations, which is implemented by increased target flexibility in the risky steady state, v < 0.
Intuitively in this case, the time consistency problem is a tendency towards too little inflation as a
result of the effective lower bound.

To characterize the inflation target dynamics in response to a fall in r*, we initialize the

30 That is to say, demand shocks would simply alter the welfare-irrelevant nominal interest rate.
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economy at its risky steady state and consider a shock 6y < 0. Figure 2 plots the associated impulse
responses. A decline in r* prompts an increase in target flexibility (i.e., a fall in v4). Intuitively, a
lower natural rate pushes the economy towards the ELB, raising the risk of lower bound spells, and
thus making it valuable to raise inflation expectations. Under a dynamic inflation target mechanism,
the central bank achieves this by raising its target’s flexibility. And the resulting rise in inflation
expectations is again reflected in an increase in the inflation target level, 7;. A decline in r* therefore
requires an adjustment in both target parameters. When the fall in the natural rate is persistent,
p > 0, the dynamic response of target flexibility, v;, is again hump-shaped, following the same

economic logic as we discussed in Section 4.1.

Target flexibility with ELB and declining r*. Two surprising insights emerge from this applica-
tion. First, in the presence of an occasionally-binding lower bound constraint, the standard time
consistency problem is offset by the benefit of higher inflation expectations. In this application,
the optimal long-run inflation target features v < 0, thus rewarding the central bank for higher
inflation. This result is stark because we abstract from the steady state distortion that motivated
the penalty v > 0 in Section 4.1. More generally, two opposing forces shape the optimal level of
target flexibility: The standard time consistency problem leads to inflationary bias if unaddressed
and requires an inflation penalty. The risk of lower bound spells, however, makes higher inflation
socially valuable, pushing optimal target flexibility in the opposite direction. In fact, the closer the
economy is to the ELB, the stronger this force becomes, as highlighted by the impulse response in
Panel (a) of Figure 2. The long-run level of the natural rate is therefore a critical determinant of
optimal inflation target flexibility.

Second, both target parameters optimally respond to a decline in r*. Academic and policy
discourse has largely focused on implications for the optimal inflation target level. Our theory
suggests that appropriate adjustments in target flexibility are just as important in order for the
inflation target mechanism to implement the efficient Ramsey allocation. While our results echo
previous arguments for an increase in the target level, they emphasize that a persistently lower

natural rate of interest also calls for increased target flexibility.

4.3 Flattening Phillips Curve

The flattening of the U.S. Phillips curve has garnered much attention since the Great Recession
(Blanchard, 2016; Gali and Gambetti, 2019; Rubbo, 2020; Del Negro et al., 2020). This debate has also
engulfed monetary policy discourse in recent years (Brainard, 2015). In this application, we analyze
the implications of a persistent flattening of the Phillips curve for the central bank’s dynamic
inflation target. We associate 6; with a persistent shock to the social benefit of stimulating output,
which corresponds to time variation in the slope of the NKPC.

Social welfare is characterized by a New Keynesian loss function around a distorted steady

state, U (71, y1, 0;) = — 272 — Say? + 04y For tractability, we set & = 0. In this case, internalizing
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the NKPC yields reduced-form utility

1 1
U(rty, Bymtiyq, 0;) = _Entz + /6 <7Tt - ,B]Etﬂt+1>- (13)

Note that an increase in 0; corresponds to an effective reduction in the slope x; = x/0; of the
Phillips curve. We assume that [E;;;1 = 1 — p + p0; with 0 < p < 1, reflecting reversion of the
slope of the Phillips curve towards k over time. We now characterize the optimal inflation target

response to a persistent change in the slope of the Phillips curve.

Proposition 6. The dynamic inflation target that implements the full-information Ramsey allocation is

1
_K/Gt

Optimal inflation is 7t = g — 75—

We again start our discussion of the economic forces by studying the risky steady state that obtains
after a sufficiently long realization of §; = 1. In this limit, the slope of the Phillips curve is constant
and given by «. It is therefore easy to verify that v; — v = 1 and 7, — T = 0. Intuitively, there is a
constant inflationary bias that arises from the assumed steady state distortion. The target flexibility
V= % offsets the central bank’s incentive to use inflation to stimulate output precisely because
the slope is constant: the marginal value of stimulating output today is equal to the marginal cost
of reducing output yesterday, resulting in zero expected inflation being optimal. This justifies a
long-run target level of 7; = 0 and steady state inflation of 77y = 0.

We now initialize the economy in the risky steady state and consider a shock 6y > 0 that flattens
the Phillips curve. The target adjustment dynamics are displayed in Panels (a) and (b) of Figure 3.
A flattening of the Philips curve reduces optimal target flexibility, implying larger punishments for
high inflation. Intuitively, a flatter Phillips curve implies a larger marginal benefit from stimulating
output and a larger marginal cost of expected future inflation. This exacerbates the central bank’s
time consistency problem. The optimal target adjustment is therefore to reduce flexibility. As
the central bank faces larger penalties for positive inflation, firms’ inflation expectations fall. The
optimal inflation target adjustment therefore features both a fall in the level and a reduction of
flexibility in response to a flattening of the Phillips curve. As in previous applications, persistent
shocks lead to more persistent dynamics.

One interesting observation from Proposition 6 is that the on-impact response of the target
level is larger when the shock is transitory. A transitory flattening of the Phillips curve implies

that stimulating output is valuable today relative to the future. The Ramsey allocation exchanges
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Figure 3. Impulse Responses: Flattening Phillips Curve

Note. Figure 3 plots the impulse responses of inflation and the dynamic inflation target after a flattening of the Phillips
curve. Panels (A) through (D) show target flexibility, target level, inflation, and the shock, respectively. We target a
quarterly calibration, staying as close as possible to Gali (2015), setting = 0.99, « = 0.75, and ¥ = (1 — a)(1 — ap) /.
The blue solid line corresponds to a persistent shock (o = 0.6) and the red dashed line to a transitory shock (o = 0). In
each case, we initialize the economy at the risky steady state and consider a shock at time 0.

an output boost today for a future output contraction. Inflation expectations and thus the target
level fall sharply on impact. By contrast, a persistent flattening implies that stimulating output is
valuable over a longer horizon. This tempers incentives to stimulate current output and dampens
the impact on inflation expectations. The on-impact response of target flexibility, on the other
hand, is unaffected by shock persistence because the time consistency problem is governed by the
contemporaneous Phillips curve slope. In the limit p — 1, the central bank adopts a permanently

less flexible target while keeping the target level at 7; = 0.

Flattening Phillips curve vs. declining r*. The U.S. has recently experienced two empirically
prominent structural changes—the decline in r* and the flattening Phillips curve. Much policy
discourse seems to have stressed the benefits of raising the target level and allowing for more
flexibility. In fact, the Federal Reserve has adopted an average inflation target in August 2020,
which arguably reflects an increase in target flexibility. We have shown in Section 4.2 that these
target adjustments are indeed optimal in response to a decline in r*. Surprisingly, however, a
flattening of the Phillips curve pushes in the opposite direction in both dimensions: The optimal
policy response is to lower the target level and to remove the central bank’s flexibility around the
target because of an exacerbated time consistency problem. These results have important policy

implications if the flattening of the Phillips curve proves persistent.
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5 Duration and Persistence of Time Inconsistency

A dynamic inflation target implements the Ramsey allocation in an economy with persistent shocks
and persistent private information. Our mechanism delegates to the central bank the authority
to adjust its own target, as long as it does so one period in advance. To consider the implications
of our result for policy design in practice, a natural question emerges: How long is a period? We
now generalize our theory in the necessary dimensions to tackle this question and characterize the
determinants of the optimal target adjustment horizon.

We introduce a longer-horizon time consistency problem in Section 5.1 and define its duration
and persistence. Our main result in Section 5.2 shows that a generalized dynamic inflation target
still implements the efficient Ramsey allocation in the presence of persistent private information.
A commitment curve now summarizes the size of commitments the central bank makes at various
horizons. We develop our main policy application in Section 5.3, where we discuss how a fixed-
horizon review process as practiced by the Bank of Canada can yield a good approximation of a

dynamic inflation target in practice.

5.1 Long-Horizon Time Consistency Problems

The Phillips curve of Section 2 features one-period-ahead inflation expectations. It gives rise to a
time consistency problem that has a duration of one period: Under discretion, the central bank fails
to internalize that policy decisions at time t affect inflation expectations formed at time ¢t — 1. To
study longer-horizon time consistency problems, we introduce a generalized Phillips curve, under

which output depends on K > 1 periods of inflation expectations,
yr = Ft(”t, Ei[7ti1 [ 64, .., B[k | ét]>, (14)

where IE;[77; ,« | 8] denotes firms’ k-period-ahead inflation expectation. Implementability conditions
like (14) emerge naturally in many settings.”’ We leave the model of Section 2 otherwise unchanged.

Substituting into social preferences U; (71, ¢, 0;) yields the lifetime social welfare of the government
E Z ﬁtllt (71}, Et[ﬂt+1 | éf], ey Et[ﬂt+1< ‘ ét], 91‘) . (15)
=0

The case K = 1 corresponds to the baseline model.

31 For example, the non-linear pricing equation that emerges in time-dependent rational expectations models of
nominal rigidites features an infinite sequence of expectation terms (Calvo, 1983; Gali, 2015). It is only when linearizing
around a 0-inflation steady state that the standard NKPC (10) with a single expectation term emerges. In Section 5.3,
we study a generalized NKPC by linearizing the standard Calvo model around a steady state with positive inflation,
which is an important and policy-relevant benchmark. Many other prominent models of nominal rigidities yield pricing
equations of the form (14). Starting with Fischer (1977) and Taylor (1980), multi-period staggered wage and price
contracts have become a popular model of nominal rigidities. An influential paper in this tradition is Chari et al. (2000).
More recently, Werning (2022) studies the pass-through of inflation expectations and considers Phillips curves with
generalized beliefs that also take a form similar to (14).
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We again consider the full-information Ramsey allocation as an efficiency benchmark, which

we then seek to implement through an incentive compatible mechanism.

Proposition 7. The full-information Ramsey allocation is characterized by

K-1 B S L0 S S Y A
aut Bk OB, 1k [t | 0p—1_] th 1 k 2 0

— = Z Vi_1k, Where v;_ 1= (16)
o7t} = 0 ift—1—k<0

Proposition 7 generalizes Proposition 1. Inflation at date ¢ affects flow utility not only in period
t —1but also in t — 2 through t — K. Facing the implementability condition (14), a Ramsey planner
under commitment therefore finds it valuable to make promises about inflation K periods into the
future. Such promises affect output y; contemporaneously through firms” inflation expectations.
Such commitments are valuable because they improve the contemporaneous inflation-output
tradeoff: When there is a tradeoff between output and inflation stabilization in period ¢ (i.e.,
Divine Coincidence does not hold), then being able to backload inflation adjustments—for a given
desired output gap—into periods t 4 1 through t + K smooths the cost of inflation across these
periods.* This intuition is directly reflected in the optimality condition (16) that characterizes the
full-information Ramsey allocation.

These promises that the Ramsey planner finds it valuable to make are time inconsistent, in
the sense that a planner reoptimizing in period t + s would have an incentive to reneg on them.
It is in this sense that implementability condition (14) leads to a long-horizon time consistency
problem. The duration of time inconsistency is then naturally defined as the largest integer S such
that expectations about period t + S appear in forward-looking implementability conditions. The
duration of time inconsistency implied by (14) is K. And as the duration K increases, the first-order
condition (16) becomes increasingly backward looking. Intuitively, the duration tells us for how
many periods into the future the planner finds it valuable to make promises in order to improve
the contemporaneous inflation-output tradeoff.

Proposition 7 defines v;_ analogously to v;_j in the baseline model as a date t — 1 — k

adapted constant. In this environment, we can think of

K—1
Vi1 = Z Vi—1,k
k=0

32 This intuition is true even in the standard model, where the NKPC features a single expectation term. Optimal
policy under commitment in this benchmark is history-dependent: The planner makes promises for all dates into the
future. But this is not because promises arbitrarily far into the future improve the contemporaneous inflation-output
tradeoff the planner faces in period t. Instead, the planner smooths the cost of inflation adjustments between periods ¢
and t + 1 initially, which is possible due to firm expectations, but then finds it valuable to again smooth the promised
inflation adjustment between periods t + 1 and ¢ + 2, and so forth. Under the generalized Phillips curve (14), promises K
periods into the future directly improve the contemporaneous inflation-output tradeoff.
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as the total time consistency problem—or fotal inflationary bias—that needs to be corrected at date ¢
in order to implement the full-information Ramsey allocation. Total inflationary bias represents the
sum of K time inconsistent promises v;_1 x. Not all of these promises are created equal, however.
The planner will find it valuable to make stronger promises about future inflation in some periods
and weaker promises for other periods. We introduce the notion of persistence of time inconsistency
to capture this: Formally, the persistence of time inconsistency in period t is the K x 1 vector whose

kth element v;_; _; captures the strength of promises made k periods ago for date .

5.2 Dynamic Inflation Targets with Long-Horizon Time Inconsistency

We now develop the main result of this section: a K-horizon dynamic inflation target implements the

full-information Ramsey allocation.

Definition 8 (K-horizon Dynamic Inflation Target). A K-horizon dynamic inflation target is an affine
transfer rule mechanism, T; = —b;_1(71; — T;_1), whose target level equals a weighted average of

the past K inflation forecasts,

K-1

o1 =Y w1 Bk | 6—1-k),
k=0

for some weights w;_1 , and whose target flexiblity is the slope b;_.

The K-horizon dynamic inflation target reverts to the dynamic inflation target of Section 3 when
K = 1. When K > 1, however, the target level 7;_; is based on the last K forecasts for date ¢
inflation, which is reminiscent of results on inflation forecast targeting (Svensson, 1997a; Svensson

and Woodford, 2004). We are now ready to prove the following generalization of our main result.

Proposition 9. A K-horizon dynamic inflation target implements the full-information Ramsey allocation in

Vi—1k
(7

a locally incentive compatible mechanism. The weights for the target level are w;_ y = and the target

flexibility is by_1 = V1.

Proposition 9 generalizes our main result to longer-horizon time consistency problems. Intuitively,
the mechanism still serves the same two roles emphasized in Section 3: correcting the time consis-
tency problem in the central bank’s contemporaneous inflation choice, and providing incentives for
correctly updating the target. The target flexibility, b;_1, is again set to address the former. When
K =1, inflationary bias is simply captured by 7;_1 = v;_1 ¢ as in Section 3, i.e., the impact of current
inflation on last period’s output. When K > 1, the total time consistency problem #;_; summarizes

the cumulative impact of current inflation on output over the last K periods.
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The target’s level, 7,1, is again used to overcome the model’s core informational frictions:
the central bank’s incentives to manipulate firm and government beliefs. The mechanism sets the
target level equal to a weighted average of inflation forecasts for date t made over the last K periods.
Intuitively, the weight w;_1 ;11 = V’;:% assigned to the inflation forecast k periods ago is the
fraction of the total time consistency problem, #;_1, that originates from the impact of inflation on
output k periods ago, v;_1 i11. Large weights are assigned to past dates with large time consistency
problems. The K-horizon dynamic inflation target again achieves informational divine coincidence:
The central bank’s incentive to bias firm inflation expectations downward is exactly offset by its
incentive to bias government transfers upward at the equivalent horizon. It holds precisely because
the slope vy for future transfers is equal to the marginal utility cost of future inflation through

changes in current output.

Evolution of commitments and commitment curve. As in the baseline model, the central bank
only needs to know the target parameters (71, ;_1), and not the history that gave rise to those
parameters, to set optimal inflation policy for date t. To update the target for the next period,
however, the central bank must respect cumulative past commitments made for period t + 1. We
now show how to summarize this information in two K x 1 vectors, V; = {V;1,...,Vix} and
T; = {T:1,..., T, x}, that serve as sufficient statistics for the target adjustment process.

We define V;; as cumulative promises made for target flexbility k — 1 periods ahead, i.e., in
period t — 1 + k. Under this convention, V;; = 7;_1 corresponds to target flexibility at date t and
summarizes all commitments made over the past K periods. By contrast, V; for k > 1 reflects
the cumulative partial commitments the central bank has made so far. We refer to these as partial
commitments precisely because they can still be updated at date t. We can track the evolution of

partial commitments using the recursion

Vicik = Vigpr T Vigr-1k

where V; k11 = 0 and v;_1  reflects the new promise made at date ¢ for target flexibility k periods
ahead. To illustrate, note that Vi1 11 = Vio + v;1 = 7 target flexibility for period ¢ + 1 results from
adding a new partial commitment made in period ¢, v; 1, to our measure of cumulative promises
made in the past, V;». Vector V; thus summarizes all relevant information for updating target
flexiblity.

To update the target level T;, the central bank must compute a weighted average of historical
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inflation forecasts. The evolution of this weighted average of forecasts satisfies the recursion

v,

K
v, - P 5
T = Vf—:)IEt[Trt+1|9t] +3 tt E; k[7t41]01—«]
=1

1%

_ V0
vio + Vip

~ Vio K vig ~
E 0 _— ~E,_ 0;_«l,
t[7tes1|0f) + Vt,o-l-Vt,zkzzl Vi, k[ 7Te41100—k]

=Tip

where the first line expresses 7; as an average of current and historical inflation forecasts with
weights directly taken from Proposition 9. We introduce T; to track the evolution of average
forecasts and summarize the information needed by the central bank to update its target level. Its
first element reflects the current target level, T; ; = 7;_1, which is taken as given at date t. For k > 1,
T; x summarizes the cumulative weighted average of historical forecasts for inflation in period

t — 1+ k. Its evolution satisfies the recursion

Viki1
Vijs1 + Vigk—1k

Vitk—1k

E; | ké .
Vi1 + Vigk—1k 74l

Tij1k = Tij1 +

To implement the K-horizon dynamic inflation target, the central bank must therefore keep
track of (V;, T;). Intuitively, these two vectors encode a notion of forward guidance in the form
of partial commitments for what the central bank will do for the next K periods. At date ¢, the
central bank takes as given its target for the current date, ;1 = T;; and b;_; = V; 1, and lacks any
ability to update this target. The central bank has partial ability to update its target for periods
t+k, for 1 < k < K, taking as given its prior commitments that are encoded in V;;_; and T} ;.
Finally, the central bank has no prior commitment over inflation at date ¢ + K, and so makes its
first partial commitment for this period at date t. This provides a generalized notion of the iterated
one-period commitments of the baseline model: The central bank here makes iterated K-period
partial commitments.

A useful representation of this partial commitment process is the commitment curve. It encodes

the size of the partial commitment made by the central bank at date t for date ¢ + k, which is

precisely vy k-

Definition 10 (Commitment Curve). The commitment curve at date t is the curve (k, v; ) of

commitments made at date ¢ for all k > 1.

The commitment curve provides a natural representation of the persistence of time inconsistency
and commitments under the K-horizon dynamic inflation target. Intuitively, its shape conveys how
long the horizon of commitments made by the central bank truly is: A sharply downward-sloping

curve means the central bank is only making large commitments for the near term, while a flat
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curve means the central bank is making large commitments over a long horizon. The commitment
curve provides an instructive conceptual framework for characterizing the optimal horizon of

target adjustments and answering the policy-relevant question of how long is a period.

5.3 Practical Policy Implications

This section develops our main policy application, leveraging the commitment curve introduced
above to characterize the determinants of the optimal target adjustment horizon. We do so in the
context of a generalized New Keynesian Phillips curve (GNKPC) that emerges when linearizing the
standard Calvo model around positive steady state or trend inflation, denoted y = 1 + 7 (Ascari,
2004; Ascari and Sbordone, 2014).33

Following closely Ascari and Ropele (2007), we study a linearized New Keynesian model that
comprises a standard dynamic IS equation of the form (11), with EIS ¢ = 1, and a GNKPC, together
given by

vt = By — (ir — Epmrigq) (17)

7t = ky; + (By + B)E;mti1 + BE; { Z 5S7Tt+1+s} . (18)
s=1

where B = (y—1)B(1 —ay*')(e —1) and § = aBy~!. The slope of the GNKPC is x =

(1—ay* 1) (1-apy)
w)/e—l

riod and by € the elasticity of substitution between intermediate inputs. Note that in the case

. We denote by (1 — «) the probability that a firm can reset its price each pe-

with no trend inflation, v = 1 and B = 0, we recover the standard New Keynesian Phillips curve
(10).3* Unlike in previous sections, we now denote by 7; and y; the percent deviations from a
deterministic steady state with trend inflation y.

Given a preference function U (7, yt, 0;), we can sharply characterize the shape of the commit-
ment curve associated with the GNKPC (18).

33 The linearized model with trend inflation is an important and policy-relevant benchmark. Ascari and Sbordone
(2014) argue that “the conduct of monetary policy should be analyzed by appropriately accounting for the positive trend inflation
targeted by policymakers.” However, many other models also yield generalized Phillips curves of the form (14)—see also
Footnote 31.

3 Ascari and Ropele (2007) represent the GNKPC in terms of an auxiliary variable

7 = xye+ BYEims + (v~ DB — ay* ) Ee (e ~ Dy + praa
¢t = apy*'E; [(6 = D)7+ ‘Pt+1}
where we have already set the EIS to ¢ = 1. Defining 3 and ¢ as above, then dividing through the second equation by

€ — 1, defining ¢; = ﬁ, and solving forward we have ¢; = Y o2 4 SS]EHTHS. Substituting into the first equation and
reallocating terms, we get 71y = xy; + (B + B)Et 71111 + PEe X004 8711145

32



Proposition 11. The commitment curve has a quasi-hyperbolic shape, that is

k-1
Vitkk = ,5*5*( )Vt+1,1

Proposition 11 reveals that the commitment curve in the GNKPC model has a shape associated
with quasi-hyperbolic discounting (Laibson, 1997). This implies a large and discrete drop, f*J*, in
the commitment curve between k = 1 and k = 2. For k > 2, the curve is governed by exponential
discounting, with vy 11541 = 0 Veyik.

The quasi-hyperbolic shape emerges because long-horizon inflation expectations have a lower
pass-through to current inflation. According to the GNKPC (18), the relative effect of inflation
expectations on current output at different horizons is given by

oy/IE T —+po!

= _ =gl <1
oy /OE; 7T 11 —%([37 +B) p

The pass-through of long-horizon relative to one-period-ahead inflation expectations is muted. The
smaller * and J, the more quickly the effects of long-horizon inflation expectations decay.

The long-horizon time consistency problem that emerges from the Phillips curve (18) is
governed precisely by the sensitivity of current output to long-horizon inflation expectations.
Likewise, the commitment curve of Proposition 11 is therefore shaped by the parameters §* and
§ that also govern the relative pass-through of k-horizon inflation expectations. Intuitively, the
quasi-hyperbolic shape implies that promises made for date t in the previous period t — 1 tend
to be larger by a factor f* than partial commitments made in earlier periods. Here, B* reflects
the disproportionate impact that one-period-ahead inflation expectations have on output, and it
therefore governs the relative importance of short- and long-horizon commitments. §*, on the other
hand, determines how quickly the importance of partial commitments decays at longer horizons.

Notice that the standard NKPC (10) features 8 = 1 and 8* = 0. The standard New Keynesian
model therefore corresponds to an extreme case of quasi-hyperbolic discounting, where only the

tirst point on the commitment curve is nonzero.

Bank of Canada mechanism. The duration of the time consistency problem implied by the
Phillips curve (18) is K = +00. Only an infinite-horizon dynamic inflation target could therefore
implement the Ramsey allocation, requiring an infinite sequence of forward-looking partial com-
mitments that are updated every period. The central bank would have to continuously update
infinite-horizon target commitments, which is impractical.

Proposition 11 underscores, however, that not all commitments are created equal. The quasi-

hyperbolic shape of the commitment curve has two implications. First, long-horizon commitments
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Figure 4. Commitment Curve

Note. Figure 4 plots the commitment curve (k, v;yxx) for k > 1 relative to k = 1 in Panel (a) and the measure V;_1 ;- in
Panel (b). We target a quarterly calibration and stay close to Ascari and Ropele (2007), setting B = 0.99, &« = 0.75, € = 11
and ¢y = 1.01.

become increasingly less relevant because the severity of the time consistency problem at longer
horizons decays exponentially. Second, commitments for the very near term are disproportionately
important because of the quasi-hyperbolic discount f*. Together, these observations suggest that
approximating the optimal infinite-horizon mechanism with an appropriate finite-horizon one may
not generate large welfare losses.

The Bank of Canada follows a regular 5-year review process of its inflation target. In our
framework, this implies that the target level and flexibility (7,v) are optimally updated every
5 years, but held constant between reviews. Our theory provides a natural framework to ask
what the optimal horizon of such a review process is. Under the Bank of Canada mechanism, the
choice of adjustment horizon K involves a tradeoff between short- and long-horizon commitments.
Intuitively, increasing K is valuable to address the long-horizon time consistency problem implied
by (18). Since the target is held fixed between reviews, however, a larger K is costly because it
implies less flexibility to respond to persistent shocks in the short run. Proposition 11 allows us to
compare the relative importance of short- and long-horizon commitments. In the limiting case as
B* — 0, no long-horizon commitments are made and we revert to the standard New Keynesian
Phillips curve. In this limit, the Bank of Canada mechanism with a review horizon of K = 1 period
in fact implements the Ramsey allocation.

By contrast, as f* and J* become larger, the commitment curve flattens. To characterize the
relative importance of long-horizon commitments, we can ask what share of the current total
commitment, 7;_1, is accounted for by partial commitments made more than k* periods ago. This

share is precisely captured by V;_; ;+, which we can compute in closed form around the economy’s
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risky steady state, where v;, 11 = v. We have

* {00 *\k— x_ OF
Vit = B Litp () = 1=0  gx(k*-2)
TR, 1

Figure 4 plots both the commitment curve and V;_; ;- for a standard quarterly calibration in
Panels (a) and (b), respectively. Panel (b) suggests that 90% of the total is accounted for by one-
quarter-ahead commitments, with 10% of the total coming from long-horizon commitments. The
vast majority of commitments are made over a 10-quarter horizon, and virtually no commitment
comes from more than 30 quarters—roughly 7 years—into the future. This reveals two important
takeaways. First, finite-horizon dynamic inflation targets approximate the optimal mechanism in
this environment. They likely incur only small welfare losses even though the duration of time
inconsistency is K = +co. Second, commitments over the short term are particularly important and
account for a large share of the total. The Bank of Canada’s 5-year review horizon is therefore long
enough to capture nearly all long-horizon commitments. Conversely, Figure 4 suggests that at a
5-year horizon, the marginal impact of long-horizon commitments is likely small. However, the
short-run commitments that would be made if the central bank could adjust its target continuously
might be large. Our results therefore suggest that a shorter adjustment horizon may strike a better
balance between flexibility to respond to persistent shocks in the short run and commitment to

address long-horizon time inconsistency.

6 Extensions

In Section 3, we showed that a dynamic inflation target can implement the full-information Ramsey
allocation. This constitutes an optimal mechanism under three conditions: (i) the informational
divine coincidence holds, that is firms and the government have the same information sets; (ii)
enforcement is costless to the government; (iii) the government and central bank have the same

preferences. We study (i) and (ii) in this Section, and (iii) in Appendix C.2.

6.1 The Importance of Information

Our first extension relaxes the assumption that firms and the government have the same information
sets. We assume that a fraction of firms are informed and directly observe the state 6;. We show that
the optimal mechanism is a dynamic inflation target with a penalized adjustment process. Intuitively,
penalized adjustments are required to compensate the central bank for information rents earned
from informed firms. This extension demonstrates the robustness of the dynamic inflation target
framework to different information structures.

Let a fraction v € [0,1] of firms directly observe the state 6;. The remaining firms are

uninformed and learn the state from central bank reports. Average inflation expectations are thus
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given by ]E?ngﬂ = YE¢[rti11|6:]) + (1 — ) E¢[rti51 | 0;]. We now write reduced-form preferences
over average inflation expectations as U; (7, ]E?Vg 7tt41, 04). The full-information Ramsey allocation,
including 71; and v;_1, is as in Proposition 1.

Following the same steps as in the proof of Proposition 3, we obtain the new envelope

condition for incentive compatibility,

Previous Terms

OWH(6") _ oU; (11, By [11111(64] , 64) t+149f (0r+1(0) /96;
aet — agt + ;BlEt Wt+l (9 ) f(6t+l |9t) 01‘ (19)
oU; (7ty, By [7114164] 9t)]Et [mﬂ 0f(01+16+)/96; 9t:| .
OE; [77111(64] f(0r11/6¢)

Information Rent from Informed Firms

Notice that inflation expectations of informed and uninformed firms coincide under the truth-
telling mechanism. The first line of (19) captures the same information rents as before in equation
(6). The second line, however, now reflects a new source of central bank information rents, earned
from informed firms. This new force represents the key departure from the baseline model. It
reflects how information about the state affects informed firms” inflation expectations.

Equation (19) reveals that a simple dynamic inflation target is no longer incentive compatible
because it neglects this new information rent. We need to augment the mechanism accordingly.
Denote the negative of the new information rent (omitting ) at the Ramsey allocation by w; =
BUtE: [ 741 W | 6¢]. We now define a penalized dynamic inflation target as an affine transfer
rule with an additional penalty P; for target adjustments at date ¢, which we will associate with the
new information rent w;,

T, = —btfl(n—t — Etﬂtfl) - ’)’Pt

Finally, we define the lifetime expected penalty as P; = P; + E;[Y3>; B*P; «|6:], which admits a

recursive representation Py = P; + BIE;P; 1.

Proposition 12. A penalized dynamic inflation target implements the full-information Ramsey allocation in
a locally incentive compatible mechanism, with target flexibility b;_1 = v;_1. The lifetime penalty function

P is given in recursive form by>

(0r1]xt) /9t
f(Or1]xe)

_ 6 O —_ 9
Pt(Gf) :/9 wt((?t’l,xt)dxt +/9 ﬁ]Et |:Pt+1 f ’Xt:| dxt.

Proposition 12 generalizes our main result to environments with informed firms. It demonstrates
that dynamic inflation targets are robust to alternative information structures—in this case requiring

an additional penalty P;.

35 Note that the static penalty, P, can be obtained by combining this equation with the recursive representation above.

36



The lifetime penalty has a “static” and a “dynamic” component. The marginal static penalty
is wy, which is the information rent from the central bank’s private information about informed
firm expectations. The information rent depends on how firms’ inflation expectations covary with
the shock structure. If high types 0; signal high future types ;1 (monotone likelihood) and high
future types signal high inflation 77,11, then w; > 0, that is there is a penalty for upwards target
adjustments.>® Intuitively, the unpenalized dynamic inflation target gives too much surplus to high
6 types, and the penalization process deters lower types from deviating upwards. The marginal
dynamic penalty, [E; [EH At+1104], reflects that once a penalized adjustment process is in place, the
central bank also possesses persistent private information about the distribution of future penalties.

Proposition 12 yields important insights on the design of central bank inflation targets. The
immediate consequence is that information heterogeneity necessitates a penalized target adjustment
process. Penalties play the intuitive role of ensuring that a central bank that should implement low
inflation is not incentivized towards excessive upward adjustments. A more nuanced perspective is
that this suggests a complexity-based argument for central banks to be responsible for collecting and
disseminating information about the structural state of the economy to firms. When all firms are
uninformed and learn from the central bank, an unpenalized dynamic inflation target implements
the Ramsey allocation. By contrast when some or all firms are informed, a dynamic inflation target

requires a penalization process to control target adjustments.

6.2 Costly Enforcement

Our second extension allows for costly mechanism enforcement. While the optimal mechanism no
longer implements the Ramsey allocation, we show the optimal allocation rule is similar to that
under a dynamic inflation target. Moreover, the optimal mechanism reverts to a dynamic inflation
target at the extremes of the shock distribution. In Appendix B.1, we revisit the applications of
Section 4 under costly enforcement.

To capture the social cost of implementing and enforcing a monetary policy mechanism, we

assume social preferences are now
E| Y B (Us(rty, Ee[mm4110], ) — xTy) |, (20)
=0

where transfers are socially costly in proportion to x > 0.%” In conjunction, we introduce the central
bank participation constraint, given by Wy > 0, normalizing the outside option to 0 without loss
of generality.*® Recall that a mechanism is a mapping (7t;, T;) : ®" — R? that must be incentive

compatible, as defined in Section 2.3. We again solve for the optimal relaxed mechanism that

% This means the information rent is negative.

37 This corresponds to a standard (quasilinear) transferable utility model. As usual, T; may also correspond to
non-quasilinear utilities, provided they are transferable in this form.

38 At the end of the proof of Proposition 13, we show that a dynamic inflation target is an optimal mechanism when
there is instead an average participation constraint, EWy > 0.
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enforces the envelope characterization of local incentive compatibility (6).

Proposition 13. The solution to an optimal allocation rule of the relaxed problem is given by the first-order

conditions U U
t t

o iggan = A1 (21)

K

The where

where K =

10Uy 1 PU,
A = _BE)IEtilm +KD_1gm fort>1
fort =20

and where T'(0") is given recursively by

T1(0") =T 1 (0" 1)1 (66;_1)E; 4 [A(stlf)t_l) St > Bt] (22)
where To(6°) = h=1(6y), where h='(6:]6;_1) = % is the inverse hazard rate, and where
A(st6;-1) = %%)GH is the derivative of the likelihood ratio.

Proposition 13 characterizes the allocation rule under the optimal mechanism with costly enforce-
ment.* If transfers are not costly, x = K = 0, the optimal mechanism reverts to a dynamic inflation
target that implements the Ramsey allocation. Two new economic forces emerge when transfers
are socially costly.

First is the classical information rent earned by the central bank (agent), manifesting in the

term KT a%ffé, on the LHS of (21). Intuitively, this reflects the surplus that the central bank receives
from revealing its persistent private information to the government. This surplus, manifesting as
larger transfers for a given allocation, is costly to the government in proportion to the enforcement
costs K > 0. Thus when transfers are not costly, information rents earned by the central bank
have no cost to the government, and this term drops out. This information rent parallels the usual
information rent in models with persistent private information (Pavan et al., 2014): it is higher
when an increase in inflation yields a larger increase in marginal utility for higher types, that is
92U,/ 9607 > 0, and when the information signaled about the current type from past types, I';, is
higher.

Second is an information rent due to time inconsistency, i.e., the forward-looking Phillips
curve, reflected by the term Kl”t_lé 50 PUy

_10E; 171
can disproportionately affect higher current types, the historical information rent matters to the

. Much as an increase in contemporaneous inflation

extent that increases in past inflation expectations may disproportionately affect higher past types

39 1t should be noted that the government can still use a dynamic inflation target to implement the Ramsey allocation,
but this mechanism is no longer optimal due to enforcement costs.
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.. .ps . . 92U,_4
0;_1. This intuition is encoded in W oF,

information rent by worsening the previous period’s inflation-output trade-off. Then this effect in

. Suppose that higher expected inflation lowers the

fact calls for a higher inflation rate at date t than under allocative efficiency. Intuitively, the higher
inflation rate improves planner welfare by lowering the central bank’s information rents in the
prior period, even though it worsens social surplus.

Proposition 13 highlights the importance of shock persistence to the optimal mechanism with

costly enforcement. If shocks were not persistent, then I'g = 1}@(09)0) butI'; =0forallt > 1, since

A = 0 (past shocks convey no information about the current shock). This implies that the optimal

allocation satisfies % = —1Ur forall ¢t > 2: the optimal mechanism reverts to a dynamic
' B ok 17

inflation target along any history for all dates t > 2. This reflects a variant of the standard intuition
that absent persistent shock, the principal extracts all surplus ex ante by promising the agent her
optimal allocation after the initial date. Our result differs in two ways due to the time consistency
problem from the Phillips curve. First, the (undistorted) optimal allocation is the Ramsey allocation,
rather than the discretion allocation, which would be optimal absent time inconsistency. Second,
when extracting surplus at date 0 the government internalizes the impact of date 1 inflation on date
0 information rents through the Phillips curve. The reversion to the Ramsey allocation only occurs
at date 2 as a result.

Despite costly enforcement, the optimal allocation rule bears important similarities to that
under a dynamic inflation target. The marginal impact of inflation on flow utility net of informa-
tion rents today;, 3—% - KFt%, is equated with the marginal impact of inflation today on flow
utility net of information rents the prior period, A;_1. This historical impact is represented by the
single statistic A;_1. Thus, the history dependence of the mechanism can be encoded in the triple
(At—1,T¢-1,60:—1). Ar_1 encodes the total time consistency problem, while (T;_1,6;_1) encodes the
persistence of information rents (used to determine I';). This triple is a sufficient statistic at date
t for characterizing the allocation and transfer rule to implement the optimum of Proposition 13.
In this respect, a key qualitative insight of the dynamic inflation target that carries over is that
there is a simple sufficiently statistic, A;_1, that summarizes the consequences of time inconsistency
for the evolution of the optimal mechanism. Unlike in the baseline model, however, this variable
encapsulates not only the impact on allocative efficiency, but also the impact on past information

rents.

Multiplicative taste shocks. A canonical case in principal-agent frameworks is multiplicative
taste shocks, U (7ty, E;7ty41, 01) = 0p144 (71, E¢ 7441 ). In this case, the optimal allocation rule reduces

© J 19
ek S L

ﬁtam :B alEt,lm'

(23)

where ¢; = 6; — KT is the principal’s virtual value, and where ¢y = 6y — 1}59(09)0) is the canonical

virtual value from static frameworks. Absent a time consistency problem, equation (23) reduces to
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the usual problem of maximizing flow utility #; when the virtual value is positive, and minimizing

promised utility u; when the virtual value is negative.’’ With the time consistency problem, the

planner trades off marginal utility at date ¢, weighted by virtual value ¢, against marginal utility at

date t — 1, weighted by virtual value ¢;_;. Thus, the allocation rule is the Ramsey allocation of a

planner whose type is the virtual value ¢. This tells us that the direction of distortion relative to the

Ramsey allocation depends on the relative distortion of the virtual value relative to the true type.
[/

In particular, the central bank promotes more inflation on the margin when %’ > 8 i.e., when the

virtual value of the central bank at date ¢ is higher relative to the true type than at date t — 1.

Reversion to dynamic inflation target. Proposition 13 implies that the optimal mechanism reverts
to a dynamic inflation target at both extremes of the shock distribution. The following corollary

formalizes these no-top- and no-bottom-distortion results.

Corollary 14. If 6; € {0,0}, then the optimal allocation at dates t + 1 + s (s > 0) can be implemented

by a dynamic inflation target.

Corollary 14 parallels no-top- and no-bottom-distortion results that arise absent time consistency
problems (Pavan et al., 2014). Since there are no central bank types above 6, no types above 6 earn
information rents from the allocation of type 6. There is consequently no reason to distort that
allocation. Persistent private information furthermore implies a no-distortion at the bottom result
because the lowest type earns no rents from revealing information about the distribution of future
types. In our model, the time consistency problem implies that the optimal allocation rule we revert
to is the full-information Ramsey allocation. As a result, the optimal mechanism reverts to the

dynamic inflation target at the limits of the distribution.

7 Conclusion

We develop a theory of how a central bank should update its inflation target in the presence
of persistent economic shocks that are private information of the central bank. We show that
a dynamic inflation targeting mechanism can implement the Ramsey allocation. The dynamic
inflation target corrects not only the central bank’s time consistency problem but also its strategic
incentives to reveal information to firms about the persistent underlying state. The target’s level
and flexibility are both adjusted over time, and adjustments must be made one period in advance.
We ntroduce the commitment curve, which summarizes the size of commitments the central bank
makes for the future and helps inform the persistence of commitment to the current target. Our
results suggest that a mechanism of adjustment at restricted points in time—for example every five

years as practiced by the Bank of Canada—could be a desirable adjustment method.

40 In canonical buyer-seller frameworks, this corresponds to selling the good only if the virtual value is positive.
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Online Appendix

A Proofs

A.1 Proof of Proposition 1

Under full information, the objective function of the government is

[ee]

sup Eo Y U, (71, Ey [7104164] , 6;) -
Tt t=0

Taking the FOC in 714, we have
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From here, we have = f(6¢6;—1), so that we have

0= U1 %
- B]Et,lm 871}

from which the result follows.

A.2 Proof of Proposition 3

The proof strategy is as follows. First, we derive the relevant envelope condition associated with
local incentive compatibility, which defines necessary conditions on the value function associated
with an incentive compatible mechanism.*! We then show that the value function generated by our

proposed mechanism satisfies this envelope condition.
Envelope condition. Suppose that the central bank has a history 6! of reports and a history 6

of true types at date t. Given a mechanism with transfer rule T;(f;) and allocation rule 7t;(8;), the

value function of a central bank that has truthfully reported in the past, assuming truthful reporting

|

Notice that the Phillips curve expectation [E; [7Tt+1 |§t] is based on the date t reported type, not the

in the future, is given by

Wi(0") = rnéax T+ Us (71, By [1441164] , 01) + BE: | Wi (6", 04, 6141)
t

date t true type. Furthermore, notice that W, depends on the reported type 8;, but not on the
true type 6;. This is because flow utility at dates t + s (s > 0) do not depend on past true types and

41 This portion of the argument follows from the arguments in Farhi and Werning (2013), or more generally from
Pavan et al. (2014), but we state it out for completeness and for clarity.
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because the shock structure is Markov. This implies that we can in fact write W, 4 (9“1, 0;, O11)-

As a result, the Envelope Condition in the true type 6;, evaluated at truthful reporting §; = 6y, is

)

7] OE; | Wi.1(6t71,6,,0
IWi(0') _ U; (7t Er [1114116:] , 61) B f[ b1 ( tr0t11)
a@t o agt a@t

where we have

OE; [ Wii1(0'71,64,0141) Qt] 5 8 i
5 = a—et/e W1 (071,01, 011) £ (01410¢) 0141

et}
Of (0;+1(6:) /96 0 }
f(0r4116:) t

which provides a conventional envelope condition for incentive compatibility. For clarity, note that
Uy (711, ¢ [7144164],6r)
a6;

Of (0:1116:)/90;
f(0:+1]0)

= E; [Wt+1 (et_ll 0r,0:11)

Substituting in and evaluating at truthful reporting, we obtain

OWi(6) _ Ui (i, Iy [1141|6], 0r)

+ BE, [WM(@"‘“)

is the derivative of U; in the direct type 6;, but not including the Phillips curve

expectation, which is the derivative in the reported type.

Verifying the envelope condition. We now verify the value function under our mechanism

satisfies the envelope condition. Our mechanism has a transfer rule T;(6!) = —v; (6! 1) <7rt(9t) —

E; [ |9t1]> and an allocation rule given by the constrained efficient allocation of Proposition 1.

|

where v;_1, 71, E;_1[71|60;_1]) are the constrained efficient values associated with Proposition 1,

The value function associated with this mechanism is

WH(0") = —v; 4 (ﬂt — ]Etl[m|9t1]> + Uy (711, By [1114104] , 01) + BIE; |:Wt+1(9t+1)

given the realized shock history. From here, recall that v;_; and E;_1[71;|6;_1] are only functions of

6t—1. Therefore, agal — i &[);r:\e,,l] = 0. Thus differentiating the value function in 6;, we have
oW (0') ol [ 121, Of (014116+) / 06; ]
=—— 4 BE; | W gt 0
06 o0, P (8 f(0r110) |
am aut am 8Ut dIEt [7Tt+1 |9t] aWt+1 (9t+1)
_y, T OO E, | &2\ )
Vi-1 89f + aT[t 89t + BIEf [T[t+1|9t] d9t ‘B ! 89t 9t
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The first line on the RHS are the terms associated with the envelope condition. The second line are
derivatives that arise because in equilibrium, the reported type equals the true type, and we have
evaluated the value function given truthful reporting. It therefore remains to show that the second
line sums to zero and hence our mechanism satisfies the required envelope condition.

It is helpful to write out the continuation value function W, in sequence notation. Iterating

forward, we obtain

Wi (01 = — 1 <7Tt+1 - Et[ﬂt+1|9t]>

— B [ Y Bt <7Tt+1+s - IEt+s[7Tt+1+s|9t+s]> 9t+1:|
s=1
[e0]
+Ein [ Y BUriss (Te1vs Bryrgs [7ipa1s |01 4s), 01 vs) 9t+1]
5=0

The first two lines on the RHS are total expected discounted value arising from transfers. The third
line on the RHS is total expected discounted value arising from flow utility.
Notice from here that the second line is equal to zero. To see this, applying Law of Iterated

Expectations, when s > 1 we have

9t+s:| ‘Gt—&-l}

9t+s:| |9t+1] =Ei [Vt+s]Et+s |:7Tt+1+s

E¢i1 [Vt+s 7Tt+1+s‘9t+1:| = Eq |:]Et+s [Vt-i-sn't—&-l-i-s

since vy, is a function only of 05 and so is known at date t + s. As a result, the second line is

zero, and we can write

Wi (Gt“) =—V <7Tt+1 - IEif[7ft+1|9t]>

[ee]

+Ei [ Y B Ur1ys (Trpars, Bryrgs [Meras|Br1vs], Orr14s)
s=0

9t+1]

From here, we differentiate the continuation value W;.1(6'1) in the date t type 6;, yielding

oW1 (0H1 0 0 dE 6
) G (i~ Bulmealey ) — v (2551 - TRl

06; 06, 06; d6;
- Ut 145 07014145 Uy 1145 [aﬂt+2+s ] ) ]
+E s ( + E —\0 0
i L;)'B OTy14s 96 OE; 115 [TTt1245|0r41+45] SRl AT Br1+s s

Notice in the above derivation that only the first line includes a total derivative of firm expectations,
%{;1\0&/ which accounts for the changes in probability density. All later lines only include the
direct change in inflation policy. This is because conditional expectations at date t + 1 are taken

with respect to 6,11, not 6.
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We now rearrange the first term on the second line as follows. In particular, we write

Z sOUr 145 074145 OUp1 0741 n i s110Ut 215 0T 245
OMit14s 00  Omyq 96 = OTti24s 0B

which extracts the first element of the sum, and relabels the remainder of the sum to continue to

start from s = 0. Substituting back in, we obtain

aWt_H (9t+1) . avt amH d]Et[ﬂt+1’9t] aLItH aT[H_l
oo, ag, \ 1 T Elmnled ) —vi a6, LT

s OU; 4215 0714245
+E s+1 <
a LZ(:) P 07t 12+s 06

" 1 U1 145 E, [aﬂt+2+s 1021 ] > 0 1]
7 t+14s | = 35 [Vt+1l+s t+1]-
BOE; 145 [Tri24s|0414] 00;

By definition, we have v;1441 = —%a]EHHsa[g:I ; ] given the allocation rule we are using in

constructing the value function is the constrained efficient allocation rule. By Proposition 1, we

also have 3@7? = V4541 for the same reason. Therefore, we can write

o0 OU; 1245 07T14 1 oU; 14 OTTriss
E s+l< t+2+s ++s+7 s E IMitars g
t+1 L;)ﬁ OTiinrs 00 BOE; 11 [Mri24s|0r1ss] t+1+s 26, |6+1-+5

9t+1]

> o7t ot
=Ein [ Z 5s+1 (Vt+1+s 552% — Vi1 +sEet14s [5;2%‘9&1%] )
s=0 t t

9t+1]
=0
where the last line follows by Law of Iterated expectations,

o7 2
E 1 [Vt+1+let+1+s [(—;gt%’et—kl-i—s]

07014245
9t+l] =Eiq |:]Et+1+s |:Vt+l+s‘6t+1+s

2, 6t+l:|

07Tt 2+5
d6;

=Ei1 |:Vt+1+s 9t+1] .

Therefore, we obtain

aWt+1(9t+l) 814 aTl't+1 dIEt[ﬂt+1 |9t] 8th+1 aTl',ud
o0, o, \ et T Edmnl0d ) —vi| =g a6, Oy 00;

Finally, notice that as before, by Proposition 1 we have v; = ?i—ﬁﬂ, and therefore we can write

OW;.1 (01 9 o
tglf)(t): 50, (”f“ Ef[”t+1!9t]>+vf[dét1|f].
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We are now ready to substitute back in to the expression for IV . Substituting back in, we

d6;
have
IWi(0") _ ol [ t+1, 9 (0r416¢) /90, ]
+ BE 0 0
90, 00, PE: #l ) f(0r416:) t
v am But Bm 8Ut dlEt [ﬂt+1|9t]
— V15,57

89t * Tmaiﬁt + aIEt [7Tt+1|9t] d@t

v dE;| 744110
+ 5]Et[ 8(; <7Tt+1 — ]Et[ﬂt+1|9t]> + Vtt[d;j”t]

|

The arguments now are familiar. The first term on the third line is zero, since

ov ov.
]Et[ aet <7Tt+1 —]Et[ﬂt+1|9t]> 9} = —aT;]Et [ﬂtﬂ — E¢[7111(6¢] Qt] =0.
From here, we can rearrange terms to get
oW (0") o [ ri11 0f (0;41|6:)/96; ]
+ BE; [ Wi (6'F 0
a0, oo, PRV ey |
ou; | oy ol dE; [mi41|04] dIE4 7114104
+ { V-1t 5 ]aet YO e de; PE V=g, |%

aut

By Proposition 1, we have —v; 1 + § = 0.*2 Likewise from the definition of v;, we have

m —Bv;. Therefore, we also have
8Ut dIEt [nt+1|9t] dlEt[T[tJrlwt] _ dIEt [nt+1|9t] dIEt[ﬂ'tJrl’Qt] _
E)lEt [7Tt+1 |9t] d9t ‘BIEt Vi dgt Gt - ‘th th + ‘th d9t =0

Thus, the entire second line is zero, and we are left with

IW(6')  aU
20, 90,

Of (0¢1116:) /96
f(0:41]6¢)

which is the required envelope condition. This concludes the proof.

' 4+ BE; [W Can)

|

A.3 Proof of Proposition 4

Using reduced form preferences, our two key equations are

Vg1 =—T — & <7Tt - ,BIEtﬂtH) + A

42 For completeness, note that when considering the date 0 value function, we have v_; = 0 and have aut = 0by
Proposition 1.
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~ 1
Vy = —56<7Tt — IBIEﬂTH_l) + A - BQt

Summing the two equations, we get

1
Vi = Vi1 + T — *Qt

p

Now, we guess and verify a linear solution of the form,

Vi = Yo + 710t + Y2vi—1

Using our key equation, we get

T Vp —V +19
t =V — V1 + 50
p

Leading one period and taking expectations,

1
Eitipr =+ (12— Dve + (’)’1 + IB>P9t

Now, substituting back in to the equation for v; and rearranging,

(1+&—5é,3(72—1)>vt = &pyo+ A+ [&ﬁ(’yl#—;)p— 1;5‘}9&&%1

Now, we solve by coefficient matching. Coefficient matching on 7,, we have

(SRR -

0=aBy;— (1+&+&5>fyz+ac

and so the non-explosive root is

2
l+&+&ﬁ—\/<l+&+&ﬁ> —4a2B
T2 = 248

Now, we can coefficient match on the constant,

B & &Byo+ A

=T a—ap(—-1) &
T é
70_1—,37256
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Finally, coefficient mathcing on 7,

A.4 Proof of Proposition 5

Consider reduced-form preferences,

1
Ut(ﬂt,]EtTftH,Gt) = —*7Tt2 -

2
1
5 06<7'Ct — IBIEHTH_1> + U(]Etﬂt+1 + 9,})

2

where for notational convenience we use « in place of & in the derivations (and then simply replace

« with & at the end). Thus, we have derivatives

ou
8771: = —m—zx(m —ﬁIEth)
auf ( ) I
=wap| s — BE;: ) +0 (i
T B\ 7t — BEi (if)

Under the usual definitions of v;, we then have

Vi1 = —TTt — & <7Tt - ,31Et7Tt+1> (24)

V= —a <7Tt - ,31Et7Tt+1) — 0 + 01E47T4 41 + 0104 (25)

where we have used v/(i;) = Bvg — Boiy and i} = 7ty + 6;.

We now guess and verify a linear solution of the form
Vi = 70 + Y1Ve-1 + 720k

Rearranging equation (24), we get

1+a
o

1
BE; 71 = EVt—l + Ttt, (26)

and substituting into equation (25) we get

(aB+01)(1+a)—a?p aB + v
zxﬁ 7Tt+ IX‘B

vy = —0p + Vi1 + 0164
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From here, we denote % = W > 0. Thus rearranging the above equation, we have

1 B+ v1
—T = - ~1— 010 27
7T v = v (27)
We now lead this equation forward one period and take expectations,
1 af+ v
ZIEth = Ewip + 00 — B ve — 01E0141

and now, we can use the guess for v; along with the property E;6;.1 = p6; to obtain

xfB+vq
ap

1
ZIEtTCtJrl =7+ + <’71 -

>1/t + (72 — v1) b
Now, equations (26) and (27) jointly imply

1 11 14«
Bty = > — v +

¢ Cap ap

and so substituting in, we obtain

B+ v
ap

(Vt + 00 — Vi1 — 019t>

B+ 0vq
ap

which rearranges and simplifies to

1+a+aB+0 1+a—u« 1 1+a—u«
R I M

«p «p CpT ap

The LHS is linear, so using our guess vy = 7o + y1v;—1 + 720; and coefficient matching, we have

11 1+« af+v
’Yo+vo+<71— )Vt+(72—01)P9t=Vt1+(VH-Uo— P 1Ut1—019t>

Gap ap ap

U1+ ’YzP) 0;.

the system
- 1+“0(¢é_ﬁ) %0 — 70
70 = 1+a+ap+ov;
11— —ap
1 1
T = _B'Yl _ 1+nc4;0é/3+v1

— <1+a&1ﬁﬁp) 01 + 72p>

Y2 = - 1+oc—';o;ﬁ+v1
1+ataf+o;

The second equation rearranges to a quadratic B3 — 71 +1 = 0in ;. We choose the

o
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non-explosive lower root to maintain consistency with the transversality condition, which yields

2
1+oc(1+[3)—|—vl—\/<1—|—tx(l—|—ﬁ)—|—vl) —4a2B

M= 208
From here, the equation for 7y can be rewritten as yg = — 71 < +“% A) vy — 'yo> , and rearranging
yields
1+a(1-p)

0= """~/ 7- 00
7 7 a(1—PB71)

Similarly, the eequation for 7, is rewritten as v, = 71 <1+‘“5P)01 + ’yzp> , which rearranges to

_114a(1-pBp)
=T B11p Y101
Thus, we have our solution.
Inflation is given by
1 ap+o
ZT[,} = Vi — ‘B(X‘B 11/t_1 + 09 — '01915
A.5 Proof of Proposition 6
Given reduced form preferences U; = —%n? + Gt%, then we have
ol 1
=~ + =6
am K
oy B 0
OF, 11y Kk
t—17T¢
Thus substituting in the definitions,
Vi1 = =T + /0,
v 1
T k0

Thus putting them together, we get 71, = ﬁet — /9 — - Finally, using E; 7,11 = 1 — p + p0; we get

=(1—p)%—(1—p>@

]Et6t+l - 91’
Eitpp = ————
K K

which gives the result.
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A.6 Proof of Proposition 7

Consider the Ramsey problem,
max ) B'U (71, Ei[711116], ..., By 7114 k164], 61)
t=0

It is expositionally helpful to extend the sum to include U_j, ..., U_x = 0. Under this extended sum,

differentiating in m(Gt) for t > 0, we have

= oUs  9FE[rt|6s] ou;

0 - § 95 tY~t Qt .
s:tZ—K’B aIEs[ﬂ:t’Qs] aﬂ't(et) f( )+ﬁ aﬂtf< )

From here, note that we have

a]ES[nth] s\ __ t|ps S\ __ t
Wf((?)—f((? 16°)f(6°) = f(6")

Thus rearranging and dividing through, we have

o = 2 PSR e

s=t—K

Substituting in the definition of v, gives the result.

A.7 Proof of Proposition 9

The proof strategy is as follows. First, we derive the relevant envelope condition associated with
local incentive compatibility, which defines necessary conditions on the value function associated
with an incentive compatible mechanism. We then show that the value function generated by our

proposed mechanism satisfies this envelope condition.
Envelope Condition. Suppose that the central bank has a history 8! of reports and a history 6

of true types at date t. Given a mechanism with transfer rule T;(f;) and allocation rule 7t;(6;), the

value function of a central bank that has truthfully reported in the past, assuming truthful reporting

|

Notice that the expectations at date t are based on the date t reported type, not the date ¢ true type.

in the future, is given by

Wi(0") = max Ty + Uy (7ty, By [7t1:1|04), .., Be [tk |0:], 0¢) + BE; | Wii1(0", 04, 0:11)

6

Furthermore, notice that W; 1 depends on the reported type 8;, but not on the true type ;. This is
because flow utility at dates t + s (s > 0) do not depend on past true types and because the shock
structure is Markov. This implies that we can in fact write Wt+1(9t*1, 0, 0111). As a result, the
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Envelope Condition in the true type 0;, evaluated at truthful reporting 0, = 6, is

|

(0" au; . JE; [Wt+1(9t_1;ét,9t+1)
89t - 89t 'B a91?

where we have

alEt Wt+1 (et_ll ét/ Qt—i-l)

o L.
5 :E)T)t/e W1 (01,0, 0i1) f (014116:) 40541
et}

Of (0141(64) / 96 0 ]
f(Oral0r) |

which provides a conventional envelope condition for incentive compatibility. For clarity, note that

%—%ﬁf is the derivative of U; in the direct type 6;, but not including the Phillips curve expectation,

of (6:1116:) /00
f(6:116¢)

= E; |:Wt+1 (0"1,8;,0:1)

Substituting in and evaluating at truthful reporting, we obtain

oW, (0") _ OUy (71, By [1114164] , .., B 77 [64], 61)
BGt aet

+ BIE; [Wt+1(9t+l)

which is the derivative in the reported type.

Verifying the Envelope Condition. We now verify the value function under our mechanism

satisfies the envelope condition. Our mechanism has a transfer rule

K
Ty =— ) vie(m — Begmmy)
k=1

and an allocation rule given by the constrained efficient allocation of Proposition 7. It will at times
be helpful to define

K
U1 = Z Vt k-
k=1

The value function associated with this mechanism is
K
Wt(Qt) = - 2 Vt,k(7'ft - IEtfk7Tt)
k=1

+ Uy (71, B¢ 41, o Bymtiy k, 0¢) + BE: [Wt+1(9t+1)

|

where all objects are evaluated at their constrained efficient values associated with Proposition 7,
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given the realized shock history. Differentiating the value function in 6;, we have

IW(0Y)  au 1. 0f (81:110;)/96; }
+ BE; | Wiy (6 0
o ] L R [Ty R
87'( aut 87‘ct K allt dlEtﬂt+k BWtH (9t+1)
TUe T o8 T A aEm,, e, P e |

The first line on the RHS are the terms associated with the envelope condition. The second line are
derivatives that arise because in equilibrium, the reported type equals the true type, and we have
evaluated the value function given truthful reporting. It therefore remains to show that the second
line sums to zero and hence our mechanism satisfies the required envelope condition.

We begin by noting that the first two terms on the second line sum to zero, that is

am 8Ut 87'[,5 -

0130, 89t ton Bm BGt

This follows immediately from Proposition 7 given the definition of v;_;. We are therefore left to

|

K aut d:[EtntJrk ‘BIE 8Wt+1 (9t+1)
=1 8]Et7'[t+k d9t ' 89t

study the final two terms, and so we write

Wi(eh) AU
T

(0:41]6:)/00;

Ly BE; | Wii1 (9t+1)aff(9t+1|9t)

+

|

It is helpful to write out the continuation value function W;, 1 in sequence notation. Iterating

forward, we obtain

K

[e0]
Wt+1(9t+1) =Ei Z B { - Z Vi1 sk (Ta14s — Brp1ps kry14s) + ut+1+s:|
=0 k=1

Now, we differentiate in 6;. Here, we obtain

aW 9t+1 o K o
t;o() =Ei11 ) f° [ oy Mk ]EHHSWHHS)}
f = k=1 t

i [ & dE k7T
+Ei1 ) B ) Vi t+1+;9t as +s]

© [ & ot al, o7t
E sl t+1+s t4+1+s t4+1+s

- K
E S U114 07Ty {1454k
+ B E B 3E Frlbs ™ op
s=0 Li=1 OLBt+1+4sTTt+1+s+k t
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To begin with, note that the third line is zero, from Proposition 7. Thus we can write,

oW1 (611 o0 K 3y
’551;) =E; E B’ [ _ 2 %‘*‘Srk(ﬂt—&-l-i-s - ]Et+1+s—k7—[t+l+s):|
f 5=0 k=1 t

i K dE T
14+s—kTTH+1
+Ei1) B [ Y Vipitsk L ij = +S]
5=0 k=1 t

i K ou, ks 1 k
+E 1 s[ t+1+s E . t+1+s+ :|
t s;)ﬁ k; OBt 11457041454k i a6;

Next, recall that we can write

y 1 oU;_¢
bk = T okam
5" oE; 7t
Therefore, we can equivalently write
U1+
; = —ﬁkVt+1+s+k,k

OBt 11467041454k

Thus substituting into the third line,

OW, (011 0 K ay
Hal;) =E;1 Y B [ Sy Mk JEHHSWHHS)}
f 5=0 k=1 t

. s X AB ¢ 15— kTt 4145
FE1 ) B ) Virgsk 10
5=0 k=1 t

00 K o

1+s+k

+Ei1 ) [ ). _5kvt+1+s+k,k1Et+1+s%0:rs+]
5=0 k=1

From here, let us compare the second and third lines. When s > k, we know thatt4+1+s—k >t 41

and so we have

ABi 14 kTTi14s E kaﬂt+1+s
dgt f+1+57 aet

We also know that all terms with t +1 +s —k < ¢, thatis k > 1+ s, drop out of the second line
(since they are date t — 1 or lower adapted constants). What this leaves us with is that the second
line cancels out with the third line except for the points where t 41 45 — k = t, that is precisely the
points where there is also a probability measure derivative. Put together and taking the expectation

at date ¢, this gives us

aW Qt-‘rl il K 81/
lEtM =, Z B - Z M(”HHS — Bt k7T14s)
00; s=0 o 90
il ATt 115

S
+ S;) B Vi14s,14s 16,
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where we note that all terms on the second line are t-adapated, so the expectation operator drops
out. Now consider the first line. Here, we know that v, 1, is date t +1 4 s — k adapted. Therefore,
it drops out for all s < k. When s > k, we know that E; 1,5 ymii14sisadatet +14+s—k>t+1

adapted constant, which is the same as v 1. Therefore by law of iterated expectations for s > k,

th ov

14k _ H1tsk _

B (Testes = Brprpsiiries) = Be—0 =" Er1ps k(r1s — Brpais17T14s) = 0
t t

Therefore, the entire first line is zero, and we are left with

Wy (1) K= dE, 7t
IEttBG(t Z B Vit1ts1+s tdéHJrs-

Finally, we can now go back and substitute in for our equation for the derivative of W;. Substituting

in,
a6t au, 1 3f(6101]01)/96; ]
+ BE ot )
o0 oo, PRV ey |
K BUt d]Etﬁt+k d]Etﬂt+1+s
=+ = a]Etn_t-s-k 6, + ,B Z ,B Vitl4sl4s ™35 A6,
Substituting in v 145145 = ﬂlﬂg am&% we get
oW, (6") _ ol t+1,9f (B1+110¢) /96
o R L R T Ty

K aut d]EtT[H_k . K-l aut d]Etﬂt+1+s

+
=1 a]Etﬂt+k d@t =0 a]Etﬂ't+1+S th

and the second line drops to zero (the two sums are equivalent replacing k = 1 +s). Thus, we

|

obtain M ACH L Of (01+1/60¢) /00
t t t+1 t+1|Yt t
+ BIE; | Wiy1(0
20 06 BE:| Wi (677) f(6:416¢)

which is the required envelope condition. This completes the proof.

A.8 Proof of Proposition 11

Recall that we have -
7= Ky + (B + BEmian + BE: | Y 871 .
s=1

From Proposition 7 for k > 1,
1 E)Z/{t Byt

Vi = ﬁ 87% JE; 7Ty i .
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Thus, we can write for k > 1,

ay,
_ 1 JE; 7Ty
Vitkk = W ay, VLl
) =
1 ng 1
Vi+11
IR

= /3*5*(k_1)Vt+1,1

x _ 3 x B
where 6" = B and * = By p , completing the proof.

A.9 Proof of Proposition 12

Replicating the proof of Proposition 3 and including a penalty function ();, we have additional

J

For the envelope condition to be satisfied, these terms must equal the unaccounted for information

terms in our value function at date ¢,

apt

T3, ]Et[Z.B

kOPrik |

rent, —yw; from equation (19). Thus we must construct penalties satisfying

oP, 2 0P
TR, { Y i t+k
t k=1 t

Now from here, we can totally differentiate the recursive formulation of P; to write

oP; E)Pt

_ aPt+1
i + BE;|

of (0;+1(6:) /96
f(0:41]6)

10:] + BE:[Pr11 |64].

Thus combining with the required condition above, we have

oP,
20,

of (6:1116:) /00
f(6::16¢)

= wi + BE[P11 0]

The final expression comes from integrating. Thus we have constructed the required penalty
function to satisfy the envelope condition.
A.10 Proof of Proposition 13

Integrating the Envelope Condition (equation 6), we obtain integral incentive compatibility

0; au Ot 1 0
Wi (6') _/ t(<95t)dst+ﬁ/ E; [WH—

[}

Oft(0141]st) / 9st
fi(Ori1lst)

‘St dSt (28)
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Integral incentive compatibility relates the total date-t utility to the central bank to two information
rents. Note that due to shock persistence, the central bank earns information rents not only due to
the effect on current flow utility, but also on the conditional probability distribution.*’

Integral incentive compatibility (28) gives a Bellman representation to the value function, in
terms of only the allocation rule. We can re-express this Bellman equation in sequence form by
iterating the Bellman equation forward. Doing so, we obtain the following result characterizing

this sequence representation.

Lemma 15. The value function W; can be represented as

Wi(6") = E;

io ﬁsB? (9t+s)

9t] vt,

where B} is given by

s—1 1
Bs 9t+s — %
(O =1l o o

/ aut+5(9t_1/5t/ ws Sts) ﬁ Of ik (Orky1lSes)
5t<0t,,8t4+5 <Ot 4s

dssys...dsy.
OSt1s k=0 98tk

Proof. Suppose that we take the Bellman equation:

0 UL (61, 5¢) 0 Oft(0s11|s¢)/ 0s¢
W (6! :/ " dsi+ / E {W 15
&) 0 9s¢ v+ P o LY fiBals) s

And iterate it forward once. Iterating forward once, we obtain:

O ToU(0'"1,st) oft (Or+1]st) /0st Orr QUL (60", 51, 5141) fe+1(0r42]5¢41) /95111
Wet:/E[’ ds; + [/ U 4 B Wi T ~ =
HE) 0o 0si t ft (Br41]st) 0 0St+1 T e (Bralse)

Iterating forward, suppose that we define the following recursive operator. In particular, we
define: o
BY(3.0) = /9 gdst
Note that for the function gy = au’a(s(jH , we have that B} is the first term in the infinite series
defining W;.

And suppose we define next:

0 aft<9t+1|st)/ast
1 _
B; (g.9) _/9 Bt { fi@ls) 8

St:| dSt

43 Recall that we have normalized the date 0 outside option to zero.
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: . 6 1
Consider the function g} = [;"" w
t+1

multiplying by B, we obtain the second term in the infinite series for W;.

ds;1. Taking the function B} (g},6;) and

From here, we define a recursive operator. Consider a function g that is a date t + s adapted

function. We define the operator:

B? (3t2' 0:) = B (Bt1+1 (gtzf Or+1) /9t>

So that we have:

B Oft(Bry1]st) /05y [On Ofr+1(0r42(S¢+1) /95141
B? 2,9:/E[tt+ /E[+++ 102 (5,,1,0
! (gt t) ! ft(9t+1|5t) 0 o ft+1(9t+2’5t+1) &t ( a t+2)

5t+1} dsti1 St] ds;

-1
6r1p OUtt2 (9 /St/5t+1/5f+2>
0 05142

the next term in the infinite series defining W;.

ds;42 and multiplied by B2, gives us

Which, when g2 (st, 5¢4+1, 042) =

Continuosly defining these recursive operators as such, and defining functions g7 (s¢, ..., St4s—1, 0r+s) =

Or+s aUH—S (ef_l,st,...,SH_s)
fg aStJrs

In other words, we can construct such recursive operators. From here, we look to simplify

, we obtain the infinite series that characterizes W;.

these operators. Let us start from the operator B} (g, 0;). In particular, we have:

& Oft(0r41|st)/ 9st
1 _
B; (g/ Gf) = /0 E; [ ft(9t+1|5t) g(st/ 9t+1)

0; R YAL s
- / / ft(atJng(Sf/ 0t+1)d9t+1d5t
0 Jbi

St

O 0ft(Or41]st) }
- o 8(8t,0111)dst | db
611 [/9 ds; g(st t+1) St 11

[ ;r %;‘Sf)g(st, 9t+l)d5t}

= f(6r41(6r)d0r 1

St:| dSt

011 ft(Br+10:)
1 % 0f1(Ors1st)

=E | —————=g(5¢,0r41)dse | | 0

f [mewwo [/9 a5 SCuf) ] ]
In particular, as applied to the function g} = 99’“ %sttﬂ, we obtain:
1 O (01 QU; 41 (0L, 51, 8141) Oft (0141]5¢)
1 _ t+1 7otrot+1 t\Vt+1|ot
Bi (3.6) = {ft(9t+1’9t) [/9 /9 05t 41 s dstHdSt} et]

Which is of the form in the Lemma.

Now, let us consider the second operator. We have:

B (3,6:) = B} (Btlﬂ (8,0i11) /0t>
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Recall that the simplified operator above expresses:

1 [/:t Mg(st, 9t+1)dsf]

1 _
Bi (8,0) = Ei [ft(9t+1|9t) st

|

In other words, we have along history (0'=1,5):

1 i1 3 fyr (Br2ls11)
1 _ t+1\Vt+2|9t41
Bt+1 (8, 9t+1) =Ein1 |:ft+1(9t+2‘9t+1) [/9 st g(st15t+1/9t+2)dst+1]

9t+1:|

Bf(g,6:) =E

And applying this into the operator defining B?, we obtain:
1 [/G’ aft(9t+1|5t)

t |:ft(9t+1 |9t) aSt t+1 (g/ 9t+1) dst:| 9,{|

[ 1 [/Gt aft(6t+1|st)Et . [1 [/9’“ Oft41(0r+2(81+1)
JACERD st L fir1(Bri20i1) Lo 95¢+1

— EE [ 1 |:/9t Aft(Or41|st) { 1 [/Gm frs1(0r42lse41)
T L@l Lo dst fr41(0r42(0k41) [Je 05111

=F

g(st/5t+1/9t+2)d5t+1} 0,

g(5t15t+1/9t+2)d5t+1:| 6,

0

LIE
A~ 1 [/ef /9”1 dft 9t+1|5t) Oft+1(0r2]541) }
= E; , ,0 d d

[ft(9t+1|9t)ft+1(9t+2\9t+1 0st41 8strSt1, Ore2)dstadst

9t+2 aUtJrz(@ JStSt41, 5t+2)
0542
Lemma. From here, the result follows from repeated iteration. n

And substituting in g7 = dsi12, we get the next expression from the

Lemma 15 allows us to represent the principal’s optimization problem in a tractable way. Given an
allocation rule for inflation, we use the characterization of the value function in Lemma 15 as well

as the Bellman equation to characterize the transfer rule which implements the allocation,
Tt = Wt — Ut — ,BIEt[Wt—f—lwt]-

We can then substitute the implementing taxes into the government’s utility function, and obtain

the following result characterizing the relaxed social planning problem.

Lemma 16. The relaxed social planning problem can be written as

maxE_4

{ru}

LA |-

BO + ut:|
t=0
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where B} is given as in Lemma 15. The implementing transfer rule is given by
Tr = Wi — U — BE:[Wi41104],

where W is given as a function of the allocation rule as in Lemma 15.
Proof. For any allocation rule, T; provides the implementation. Recall that the government’s welfare
is given by:

max E_1 [ Z ,Btllt — KTt] ,

t=0

Recall that bank welfare is given by:

Wo=E Y [BU+Ti]
t=0

In other words, we always have:
—E0Y_Ty=Eo)_ B'U— Wy
t=0 t=0
Substituting in above, by Law of Iterated Expectations we obtain the planning problem:

maxE_1 | —xWo+ ) B (14 x)Uy|,
t=0

and where lastly, we use Lemma 4 substitute in for W) to obtain the result. u

Lemma 16 provides a characterization of the relaxed social planning problem, subject to integral
incentive compatibility. We are now ready to characterize the optimal allocation in Proposition
134

Recall that our objective function for the second-best optimization problem was given by:

- K
max/ [Z :Bt |:_ BS (gé, 90) + U; (7Tt, 7Tt+1/9t19t):|] dF0(90>
i 1+x
Note that given the optimal mechanism implements truthful reporting, we may substitute in
gt - Gt.
Recall further the simplified form of the operators:

B —E rl—]l: 1 U5 (071, 51, s Stps) ﬁ Of 1k (Orit1lSe44)

k=0 frak(Orrk111061x) /Stéf)f,...,sHsS@Hs 0S5 k=0 951k

dStJrs...dSt

4

# We characterize the optimal allocation assuming that 7; is interior.
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Now, denote the realized value of the operator B(t) by:

= 1 OU, (50, ..., 5¢) T+ O fi(Bxr1|sk)
BL(0) — 7/ (S0, -+, St KOk+115k) 50 4
o) =L G0 focpnza o L7 o, o

So that B (6") is a random variable derived from the history 6’ of shocks. Given the definition
of this random variable, denote E_; to be the beginning-of-period-0 expectation, not conditional on

the information 6y. From here, we can rewrite the objective function of the government as:

[ee] K B
max E_; [Z B [—1 +K36(7Tt, 741, 0610'") + (1 + k) Ui (7, 7Tt+1,9t|)H
=0

From here, consider the optimal choice of inflation (2!, for a realized history 0t = zt of

shocks. Note that the solution can be written in the form (for t > 1):

i1 f( U ity < S -4 g 5
an—t(zi)f(z )+.Ba7_[t(zt)f(z ) — 1 +KE71 Z ,B WBQ(T[S, 7TS+1/95|9 )

s=t—1

So that all that remains is to characterize the derivatives of B} with respect to 71;(z'). When

s = t, we have:

t—1 t—1
A gy = 2 ! 1 / IUi (o, -+ 5t) Hafk(9k+1|5k)dstmd80
50<6p,...,5: <0

dz! (2" | izo fe(Okr1(0k) Os; isg sk
Note that 71;(z") appears in %S’t“"st) only along the path given by sp = zp, 51 = z1, ... , 5t = 2.

Essentially then, this derivative at a single point 71;(z!) comes down to extracting the derivative

along that path under the integral. The derivative along that path is then given by:

i, -1 1 Uy = Ofi(Oria|zk)
a4 =1
dzt BO(G ) 20<00,-,2¢ <0 Ig) fk(9k+1|6k) aztant(zt) l!;](:) aZk

Note the subtlety that the 6’s are preserved, as the realization of the random history, whereas the
s’s are replaced by z’s, as the path under the integrals that leads to the history z' under the integrals.
It is worth remembering then, when we substitute into the expectation, that 6; is a random variable,
and z' is (fixed) the history being differentiated along, and so is not a random variable.

Note that by exactly the same logic, we obtain Vt > 2

d 1 azut_l ﬁ afk(9k+1’2k)

t—2
731‘*1 Qtfl -1
dzt 0 ( ) 20<00,...,2¢—1 <01 IQ) fk(9k+1‘0k) aZt_1a7'(t(Zt) P 0zx
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As a result, the right-hand side of the first-order condition becomes Vvt > 2

t
d
RHS = E_4 ;1 WBS(NS, 7541, 65]6%)
el

1+«
K

=2 1 82Ut_1 =2 8fk(9k+1|zk)
=L 1|1
1 [ 20<00,-,2t-1<6; 1 Ig) fk(9k+1|8k) aZt_laTIt(Zt) Ig) 9z

=1 1 U, =1 afk(0k+1]zk)
+BE |1
PE- ! 20=bo, 'ngfgfk(ekm@k) 0z;0714(z") ,g 0z

TR AR SRS
9z;_1071,(2) =1 | tzo<bp,...z1-1<0;1 k:ka(9k+1|9k) 9z)

o*U; — 1 ﬁ Afi Ok |Zk)]

—BE_1 |1
+ tham(zt)'g 1 [ 20<00,...,2: <0 ka(9k+l|9k) azk

k=0 k=0

Where here, we applied the fact that we have chosen a specific history z!, so that the cross-
partials above are not random variables, but rather are specific realizations of those random
variables. By contrast, the part inside the expectation corresponds to histories which contain these
specific histories, and so are random variables.

Now, consider these two expectations. Now, we define Q) (z") by:

t-1 1 T 9k (Bria|zi)
con T 1112
1(z') 1 [ 20002 <6t g fe(Orsl00) g 9z

0 0 gt—1 afk(9k+1|zk)
N /Zf ltl “‘/; H Tf(eo)detn.deo

0 k=0
9fi(6rlzia) | [P 001 fk(Bria|20)
= B — - e do
/z, 0z /Zt1 /ZO g 9z, f(00)d0;—1...d6g | dO;

0
— / afk(ef |Zf*1) Qtfl (Zt—1>d9t
z

t athl

0
— Qtfl (Zt—l) / afk(gt‘ztfl)det
V4

t 9z1

Which is well-defined for all t > 1. However, it requires an initial condition Qg (z°). It is helpful to
define this initial condition in the date 1 FOC. Note that at date 1, we have:

fo auOd

By (61 = By () = Jo 95 450
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So that we have — ( )Bt LO1) = 1, <, a;? EoL In particular then, the expectation is simply:

7
Bﬂmﬁ%ﬁilfwwwozl—Fﬁw

So that we have initial condition Q(z°) = 1 — F(zo).

This gives us a state space reduction property, where we can fully determine (); from ;1
and z;_1 by a recursive sequence, where the initial value is Qy(z°) = 1 — F(z).

From here, we can substitute back into the FOCs:

(1) [Smb FE ) + Byt f

N

92U, 92U
n| = -1y U by U
)} - {Qtl(z )Bthlam(zt) + Bz )E)ztam(zf)]

From here, it is helpful to divide through by f(z~1):

oU;_q ou; 01 (Ztil) 82th,1 Qt(Zt) 82Ut

1 _ = _
(149 |+ Pamey )| = SR 5 e P e sy )
And from here, we define I';(z') = Qf(zztf)) . Note that we have:

r (Zt) _ Qf( t) _ Qtfl(ztil) fzet afk(th‘;til)th _ I" (Zt—l)fzot afk(th':til)det
f f& FE) ffaa) i flztlzi-1)
Giving us our key result for ¢ > 1.
Note that the relevant initial condition is Iy = 1}(FZ(OZ)°) . This is the standard term in evaluating

the virtual value in static mechanism design problems, and it is not surprising that it appears here.
What it notable is that this term appears in the date 1 optimality condition, in addition (as we will
see) to the date-0 one. This is because of the time consistency problem.

Lastly, we can evaluate the FOC for 719. In 719, there is no time consistency element, and we
are left with the simple tradeoff between current 77 and transfers. Repeating the steps from above,

we obtain the simple condition

8ll0 K azu0
= To(2")
d71y 14+« 020977

which is a standard virtual value condition. This gives the full result.

This concludes the proof.
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A.10.1 Second best with Average Transfers

In the baseline model, we impose the assumption that the outside option takes the form W;(6°) > 0.

We might alternatively have expressed this in the form
[ Wo@) £ (Bol6-1)dt0 > 0
vt

The core difference between these two assumptions from a modeling perspective is on the timing
of information arrival versus the participation decision. Under the baseline assumption, either 0y is
already known to the central bank, or the central bank has the opportunity to revert to the outside
option after learning 6p. Under the second assumption, 6y is not known to the central bank, and the
central bank does not have the option to revert to the outside option after learning it.

Under this alternative structure, the optimality of the dynamic inflation target returns. In
particular, implementable allocations are still defined as in Lemma 15, while the transfer rule is

Ti(6") = Wy — U; — BE; [W;4116t]. The average participation constraint implies that we have
0=E_- Wo=E_1) B (U+T),
t=0

which is markedly different from the baseline model. In particular, substituting this expression into

social welfare, we obtain the social optimization problem

maxE_; ) B (1+x)U;
£=0

{7}

implying that the optimal allocation rule is constrained efficient. From here, we obtain the optimal-

ity of the dynamic inflation target.

Proposition 17. Suppose that the participation constraint takes the form
; Wo(6°) f(60]6_1)d6y > 0
0

Then, the optimal mechanism is a dynamic inflation target, and yields the constrained efficient allocation.

Proof. The proof follows immediately. The objective function is to maximize social welfare and
hence the optimal allocation is the full-information Ramsey allocation. The mechanism that
implements this is the dynamic inflation target, with a lump sum transfer at date 0 to achieve a

binding participation constraint. u

The intuition behind Proposition 17 is straight-forward: under the average constraint, the gov-

ernment can capture the full social surplus and simply reduce the average transfer to the central
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bank at date 0 to satisfy the participation constraint. This implies that the government chooses the

mechanism and allocation that maximize social surplus, which is the dynamic inflation target.

A.11 Proof of Corollary 14

The proof follows immediately from the definition of I';, which is equal to zero if 6; € {6, 5}. When
I't = 0, the allocation rule is constrained efficient for all I'; 1, k > 1, so the optimal mechanism

reverts to constrained efficiency, which is implemented by the dynamic inflation target.

B Further Applications

In this Appendix, we develop several additional applications. Appendix B.1 revisits our main
applications of Section 4 under costly enforcement. Appendix B.2 revisits the classical conservative
central banker Rogoff (1985). We study persistent cost-push shocks in Appendix B.3 revisits
the canonical New Keynesian consensus on inflation targets with persistent cost-push shocks.
Appendix B.4 revisits persistent changes in the natural interest rate r; (Section 4.2) and allows for
arbitrary EIS, o > 0.

B.1 Costly Enforcement: Main Applications Revisited

It is instructive to revisit how costly enforcement (Section 6.2) affects the optimal allocation rule in
our main applications to lower bound spells (Section 4.1), changing natural interest rates r; (Section
4.2), and changing slope of the Phillips curve (Section 4.3). We show that costly enforcement calls
for less aggressive unconventional policies (e.g., forward guidance) when the economy experiences
a lower bound spell, while it calls for more aggressive policies (e.g., raising the inflation target) in
response to a decline in 7*. We document competing effects in the case of flattening Phillips curve

that can call more more or less aggressive policies.

Lower bound spells. In the case of lower bound spells (Section 4.1), reduced-form preferences

satisfy ai%tet =0and W%aet = g for a constant ¢y > 0. This reflects that high 6; > 0 corresponds

to a binding lower bound and thus makes it valuable to promise more future inflation. However,
because 6; reflects a benefit of increasing the nominal rate and increasing inflation 7; does not
directly increase the nominal rate, changes in the allocation rule 71; does not generate an information
rent for the central bank at date f. This leads to an allocation rule given by

ou,

—— =1+ KTy _1cq,

87‘@
where the RHS is A;_1.

Suppose that lower bound spells are persistent and higher current types signal higher future

types (monotone likelihood). Then, I';_; > 0, so that the optimal mechanism prescribes a marginal
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value of contemporaneous inflation that is higher under costly enforcement, all else equal. Intuitively,
higher inflation expectations increase past information rents through by pushing the economy away
from the lower bound. This leads the planner to prefer a less aggressive policy for promoting future

inflation.

Declining r*. In the case of changes in the natural rate §; = r; (Section 4.2), reduced-form

preferences satisfy 8781%9[ = 0 and ﬁ%aef = —c for a constant ¢c; > 0. Intuitively, high 6;

corresponds to being further from the effective lower bound, which reduces the value of raising
inflation expectations to get away from the ELB. The allocation rule under the optimal mechanism
is given by

ol
Tt =11 — KI4q0q,
7Tt

where again the RHS is A;_1. The rule thus parallels the rule under lower bound spells, but in the
opposite direction. This is because higher inflation expectations now reduce past information rents
to the central bank, rather than raising them, by pushing the economy away from the ELB. This
leads the planner to prefer a more aggressive policy for promoting future inflation.

These results highlight a surprising contrast between the two lower bound applications: costly
enforcement calls for less aggressive unconventional policies in a lower bound spell, but for more
aggressive policies in response to changing a natural rate. Intuitively once the economy is already
in a lower bound spell, boosting inflation expectations raises central bank information rents by
disproportionately benefiting central banks in worse conditions. By contrast if the economy has
not yet hit the lower bound, boosting inflation expectations reduces central bank information rents
by pushing all central banks away from the lower bound, reducing the value to the central bank of

private information about r*.

Flattening Phillips curve. In the case of a flattening Phillips curve (Section 4.3), reduced-form

preferences satisfy aith[)fet = Land ﬁ%laet = —g. This reflects that a flattening Phillips curve

(higher 6;) increases the value of stimulating current output through current inflation, but also
increases the cost of higher inflation expectations that depress output. The optimal allocation rule
is given by
317,{1: =V + %Art/

where again the RHS is A;_1 and where AT’y = I'y — I';,_;. There are two competing effects from
costly enforcement On the one hand, high 6; means that the central bank’s value of stimulating
output rises, promoting higher current inflation. This increases information rents to the central
bank and calls for lower inflation. On the other hand, high inflation also increases past inflation
expectations, which reduces information rents to past central banks and calls for higher inflation
(similarly to the r* application). The relative magnitude of the two effects is determined by AI’;, that

is the change in the persistent portion of the information rent earned by the central bank between
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the two dates. From Proposition 13, we can write

ATy =T (h(9t|9t—1)13t [A(Stmt—l)

St Zet:| —1>

where recall that h =1 (6;(0;_1) = % is the inverse hazard rate and A(s¢|6;_1) = %
is the derivative of the likelihood ratio. We know that the expected likelihood ratio derivative is
zero at 6; = 6 while we know that the inverse hazard rate is zero at 8; = 0. Thus local to the two
extremes of the shock distribution, we have AT’y < 0 and hence the optimal mechanism promotes
higher inflation. Interestingly, this suggests a tendency in this environment for the backward
looking information rent to dominate the contemporaneous information rent, and hence generate
a tendency to promote higher inflation to generate lower past information rents (at the expense
of promoting higher current information rents). In the interior, two common assumptions are a
nonincreasing inverse hazard rate and a monotone (increasing) likelihood ratio (higher past types
signal high future types). These have competing effects on the response to a flattening Phillips
curve. Intuitively, a lower inverse hazard rate reduces current virtual surplus whereas a higher

likelihood ratio increases virtual surplus.

B.2 Revisiting Rogoff’s Inflation-Conservative Central Banker

We ask whether dynamic inflation targets can be implemented by inflation-conservative central
bankers in the spirit of Rogoff (1985). In particular, our inflation-conservative central banker places
a greater penalty on inflation than the government. After appropriate intertemporal rearrangement

of terms, we represent this by assuming central bank preferences equal to
Vi = U; — (i — Byq[7e|0:-1]),

where as before U; denotes the preferences of society and the government, and where c is the
constant linear cost to the conservative central banker of inflation exceeding firm inflation expecta-

tions.*> We obtain the following result.

Proposition 18. With an inflation-conservative central banker, the full-information Ramsey allocation can

then be implemented by a dynamic inflation target with by_1 = vi_1 — c.

Proposition 18 demonstrates that the appointment of an inflation-conservative central banker
does not obviate the fundamental need for a dynamic inflation target. Intuitively, the inflation-
conservative central banker applies a constant penalty to inflation, given by c. In the presence

of persistent shocks, the target flexibility v; of the dynamic inflation target changes over time.

45 This is a special case of preference disagreement in Appendix C.2.
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While an inflation-conservative central bank raises target flexibility on average, in the sense that
bi—1 = vi—1 — ¢ < v4_1, the total implied inflation penalty b;_; + c is v;_1 just as before. The inflation
target mechanism that implements the full-information Ramsey allocation is still time-varying and
responds to persistent shocks.

In the language of Svensson (1997b), however, appointing an inflation-conservative central
banker can resolve average inflationary bias when c is set equal to the average value of v; in the
stochastic steady state. When this average penalty is large (e.g., in the presence of a distorted
steady state) but time variation in v; is small, approximating the dynamic inflation target with an
inflation-conservative central bank may result in relatively small welfare losses.

Proposition 18 suggests that an alternative implementation of the dynamic inflation target
might be to appoint new central bank chairs with appropriate inflation preferences in response to
changes in v;. The inflation conservativeness of the central bank would then be time-varying and
correspond to ¢; = v;_1. If in response to a shock at date ¢ — 1 the dynamic inflation target requires
Vi_1 > V;_p, then a more dovish central banker at date ¢ — 1 should be replaced by a more hawkish
central banker at . Just as the dynamic inflation target must be updated one period in advance, the

appointment of a new central banker would also be announced one period in advance.*®

B.2.1 Proof of Proposition 18

The proof follows the same steps as in Proposition 3. The envelope condition is the same, given
that the additional term —c(7t; — IE;_1[7t¢|0;]) in V; depends on reported types and not true types.
From here, the value function at date ¢ under our proposed mechanism given by
Wt(et) = —C(7'L'tL — ]Et—ln't) —+ Vt -+ ﬁ]Et |:Wt(9t+1) ’91‘:|
= —(C + bt—l)(ﬂt — lEt_lﬂ't) + Ut + ‘B]Et [Wt(9t+1) ’9{|

= _Vt—l(nt — ]Et_lﬂt) + U + ,B]Et [Wt(9t+l)‘9t:|

which is the same value function as in the proof of Proposition 3 when evaluated at the constrained

efficient allocation. Thus the result follows using the same proof as for Proposition 3.

46 Importantly, just as a fixed central bank under the optimal mechanism was tasked with updating its own target,
in an implementation with time varying conservativeness a central banker would be tasked with appointing her own
replacement one period in advance (or at the least, would be responsible for naming her successor). However, this
institutional arrangement is not typical (if used at all) in practice. For example, in the U.S. the president is tasked with
appointing members of the Board of Governors, who must then be confirmed by the Senate.
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B.3 Cost-Push Shocks, Flexible Inflation Targeting, and Price-Level Targeting

In this application, we study a persistent cost-push shock both with and without costly enforcement.
This revisits the related full-information environment of Svensson and Woodford (2004) and
studies the properties of the dynamic inflation target. Social welfare is characterized by a New
Keynesian loss function around a non-distorted steady state, U (71, yt, 6;) = — % 7'(t2 - %a(yt —0;)2.
For simplicity, we set the slope of the Phillips curve to be x = 1. Internalizing the NKPC (10) into

the loss function yields reduced-form preferences

1 1
U(T[t, lEt7Tt+1,9t) = —57'[}2 — E(X(TL} — lBEtr[tJrl — 61})2. (29)

Note that 6; is a cost-push shock in the usual sense: higher 6; means higher current inflation
is needed in order to maintain the same output loss. We assume the cost-push shock satisfies
E:0;11 = p0;, where 0 < p < 11is its persistence. The following result characterizes the dynamic

inflation target.

Proposition 19. The dynamic inflation target that implements the full-information Ramsey allocation is

Vi = 7Vi—1 + 720

T =—(1—71)nvic + 72011 — 1+ p)6s,

where 0 < 71 < 1 does not depend on p, and ~yo > 0 increases in p. Optimal inflation sets 71 = vy — Vi_1.

Proposition 19 specializes the dynamic inflation target of Proposition 3 to the cost-push shock
application. In response to a positive and persistent innovation in the shock, i.e., a high 6; realization,
the central bank updates both parameters of the target for the next period. First, the target flexibility
decreases in the sense that v; rises. This happens because the cost-push shock leads to a larger output
gap today, increasing the inflationary bias of the central bank.

Second, the response of the target level is ambiguous and depends on the shock persistence.
When shocks are not persistent, a cost-push shock is followed by a lower target level. As shocks
become more persistent, there is a critical level p* = 1 — 1 after which the central bank raises
the target level instead. This result reflects the common intuition of the cost-push shock model:
The central bank would like to promise low future inflation to improve the contemporaneous
inflation-output trade-off; as shocks become more persistent, however, it also wants to promise
higher future inflation to mitigate future expected cost-push shocks.

The target also decreases as the previous period’s target flexibility parameter v;_; rises. This
reflects the history dependency: a high past inflationary bias leads to a desire for low inflation today;,
which in turn leads to a desire for low inflation tomorrow. This means that the increase in v; serves

as a force for future deflationary pressures. Finally, contemporaneous inflation unambiguously
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rises in response to a positive cost-push shock. It is interesting to note that the target flexibility is
always more responsive to a contemporaneous cost-push shock than its flexibility, since we have
—1 <’)’1—1—|—P<1.

. o, __ 1 ay _
Costly enforcement. With costly enforcement, note that we have amare, = s« and m =

—1aB. The impacts are analogous to a flattening Phillips curve, and means we can write

o, 1K
L =y Z=AT
97T Vt1+21x g

Thus relative to the Ramsey solution, the optimal mechanism adjusts the allocation trading off
two effects on information rents. On the one hand, higher expected inflation reduces past infor-
mation rents by increasing costs of inflation for central banks that experience large past cost push
shocks. On the other hand, higher contemporaneous inflation increases current information rents
by reducing costs of large contemporanous cost push shocks. The optimal allocation rule trades
off these two effects. As once again AI'y < 0 local to the boundaries of the shock distribution,
particularly large or particularly small cost push shocks at date t lead past information rents to
dominate, and calls for a more aggressive inflation response today in order to reduce historical
information rents. Interestingly, this amplifies the response of inflation to a large cost push shock,

pushing the allocation rule closer to the policy under discretion.
B.3.1 Proof of Proposition 19

Given reduced from preferences are

1 1
U(rt, E¢mtgq, 0) = —§7Tt2 — Ea(m — BE;mtiy1 — 6:)?

then we have

ou
aimf = —m; — a(m — BEimtiq — 6f)
ol _
F—tl;t = ,306(7'&—1 — BE;_171 — Gt—l)-
By definition, we have
1 oU;_
Vi1 = —Bﬁ = _“(ﬂt—l - ,BEt—17Tt - 9t—1)-

au, _

Therefore, we can write the FOC for the full-information Ramsey allocation, o

v;_1, equivalently
as

—Th —V = Vi
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or in other words, 7; = v; — v;_1. Combined with the definition of v;_; and the initial condition
v_1 = 0, this gives us a complete system.
Suppose that [E;8;1 = pf;, where p = 1 corresponds to full persistence. We thus think of cost

push shocks as reverting towards zero. We guess and verify a linear solution
Ut = Y1Ve-1 + 71261
Given this conjecture, we know from the FOC that
e = (y1 — 1)vi—1 + 720%.

Using the definition of v,

Vp = —QT0 + ﬂ(,BIEtTCt+1 + “Gt,

we substitute in the expression for 71; and our conjecture for v;1 to obtain

V= —a <Vt - Vt—l) +ap <(71 D + 72]Et9t+1> + aby.

Now using that IE;0; 1 = pf; and rearranging, we get

®
S l+a+ (1—7)ap

"‘(,B’sz + 1)
0
1+a+(1—91)ap

Vg Vi-1+

Thus coefficient matching, we have the system of equations

b4
Ttat(1—y)ap

"‘<:372P+1>
I1+a+(1—71)ap -7

The first equation is defined solely in terms of ;. Thus taking it and rearranging, we obtain the

quadratic
apy; —m(1+a+ap)+a=0.

This quadratic has two roots, with the upper root being explosive since < 1 implies ;" > 1. Thus

selecting the non-explosive root gives 0 < yq < 1, where

Cl+ataf—/(IT+a+aB)?—4a2p
N 20B '

T

Note that to see why this root lies between 0 and 1, the quadratic above equals a > 0 for 1 = 0
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and equals —1 < 0 when y; = 1.

Given that 0 < ; < 1, we can solve for > using the second equation, which gives

T

2= 1-Bom’

which is positive since foy; < 1. Thus we have our solution. Given this solution, the parameters
of the target are
Ve = Y1Vi—1 + 720

and

T = 7141
= (71— Dvi + 7200

= —(1=9)1vi1 + 72011 —1+p0)6;

B.4 Application: r* Revisited and the Commitment Curve

We revisit the application to persistent changes in the natural interest rate r; (Section 4.2) but allow

for o > 0. The realized nominal interest rate is
it = IEtT[H_] + Ht +0 |:1Etyt+l - yt:| — €t

Intuitively, an expected rise in the output gap means household consumption is expected to rise,
raising the nominal interest rate and pushing the central bank away from the ELB. Similar to Section
4.2, we can write iy = i — €; and write the welfare losses v(i}) from the ELB. In this case with

o > 0, we have a change in the definition of i} to
Z;k = —07 + <1 + 0'(1 + ,B))IEtntJrl — O'IBIEtTL'H_Q + Gt,

which reflects internalizing the NKPC to substitute out the output gap. Intuitively, higher inflation
today, 714, increases output today and so reduces the required nominal rate. Higher inflation 7741
both directly increases the nominal rate and indirectly increases it by stimulating output y;.

Conversely, higher inflation 71,1 depresses output y;,1 and so reduces the nominal rate.

Consider the shape of the commitment curve. Recall that we have U; = —%7{% — %& (m -
2
ﬁlEtTctH) + v(if). We can write
U i
V11 = Vg F V1
where vtyH | = —3h (m — ﬁ]EtrrtH) is the usual output gap component, and where v, =
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— <vo — Boiif ) <1 +o(1+ 5)) < 0 is the component coming from the effective lower bound.
From here, we can show that

_ * 1
Viyop = =B Vi

where f* = =5 < lisincreasing in 0.

Intuitivg}i(ilg ihis case the commitment curve can be decomposed into two components. The
first component is the output gap commitment curve, where we have v/ 411 > Oand v/ ik =0
for all k > 1. This corresponds to the standard one period commitment to stabilize the output
gap. The second component is the effective lower bound commitment curve, where v 411 < Oand
Vi 420 = — Bt 111 > 0. The effective lower bound commitment curve switches signs precisely

because of the different effects of inflation at different horizons.

C Further Extensions

C.1 Welfare Gains from a Dynamic Inflation Target

We characterize the potential welfare gains under a dynamic inflation target. Suppose that the
central bank adopts a permanent, static target (v*, 7*) instead of the dynamic inflation target of
Proposition 3.*” The following proposition describes the first-order welfare gains from moving

from the static target to a dynamic inflation target.

Proposition 20. To first order, the welfare gains in allocative efficiency from moving from a static target
(v*, T*) to the dynamic inflation target (vi_1, Ts—1) of Proposition 3 are

[ee]

t * * *

E) B Vi —V } [ Ei 17t — T

=1 S— ——~— _
Cost of Excess Inflation Amount of Excess Inflation

The first order welfare gains available from moving to a dynamic inflation target depend on two
forces. The first, v/ | — v*, is the intertemporal variation in the time consistency problem under
the static target (where v ; is the time consistency wedge evaluated at the allocation obtained
under the static target). When v} ; > v*, the time consistency problem is more severe than the
slope imposed v*, and hence inflation is too high relative to the efficient tradeoff. In other words,
the first term reflects the cost of excess inflation. The second term, [E; 171} — 7;_1, is the difference
between inflation expectations under the static target and inflation expectations under the dynamic
target. High welfare gains are therefore available when a large excess time consistency problem,

v;_, — v*, coincides with substantial excess inflation, IE;_171; — 7;_1, relative to the constrained

7 To simplify analysis, we will characterize welfare under a static target with full information, even though the
dynamic inflation target implements the Ramsey allocation under incomplete information. This streamlines analysis
because under a static target absent full information, the central bank’s reporting constraints would be nontrivial due to
information effects.
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efficient inflation level. The dynamic inflation target thus allows welfare gains not only by allowing
for greater inflation when the static target would be too severe, but also by allowing for lower

inflation when the static target would be too flexible.

C.1.1 Proof of Proposition 20

To first order, the welfare gains of an inflation perturbation from the static target is

ou;
IE Zﬁ |:d t+aIEn_t+1d7Tt+1]-

From here, the first order condition of the central bank is v* gut while by definition a]Eag;H =

—pBv;. We have guo = 0, so that we have

Eo ) p' [v* — vf_l] dr.

t=1

Finally, we have E;_1dm; = 7,1 — E;_171/, giving the result.

C.2 Preference Differences

We extend the costly enforcement model (Section 6.2) to allow for preference disagreement. For-
mally, the central bank has utility U; but the government has utility V;(7t;, E¢[71:41 |64], ;). Social

preferences of the government are now

max [E iﬁt (Vi(re, Bl 11164], 6¢) — € Ty) | (30)
=0

As before there is a central bank participation constraint. Define K = ;1 as before, and define
weighted reduced form preferences to be

Zi = (1—K)V; + KU,

Weighted reduced form preferences average the preferences of the government and central bank. A
higher weight is assigned to central bank preferences the more costly enforcement is, that is K rises

in x. The optimal mechanism can be described as follows.

Proposition 21. The solution to an optimal allocation rule of the relaxed problem is given by the first-order

conditions 57 UL
t
— —K[——— = A}
am E)Gt& =1
* _ 1 071 1 azut7] . . . I’
where A{ | = st m T K15 5808, and T’y is defined as in Proposition 13.
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The optimal allocation rule of Proposition 21 is similar to that of Proposition 13, but with one
important difference: the weighted preference Z; replaces the planner’s utility. Intuitively, the
government places value on the lifetime utility to the central bank because promising higher lifetime
value allows the government to extract more surplus in the form of transfers. Counterveiling
this force is information rents, which are analogous to before and only depend on central bank
preferences U;. Intuitively, these terms only depend on central bank preferences as information
rents accrue based on central bank preferences. Otherwise, the intuitions of Section 6.2 carry over.

It is helpful to illustrate two dichotomous cases. If K = 0 and enforcement is costless, we
have Z; = V; and hence the optimal allocation is the government’s Ramsey allocation. This follows
intuitively: the government has no cost to designing a scheme that incentives the central bank to
choose the government’s preferred allocation. At the other extreme, if K = 1 then Z; = U, that is
to first order the planner only values transfers. Interestingly, the optimal allocation collapses to
that of Proposition 13. Intuitively when the principal only cares about transfers, the principal on
the one hand wants to make utility as high as possible to the agent in order to relax the central
bank’s participation constraint and extract larger transfers ex ante. On the other hand, the principal
also internalizes that higher agent utility increasess agent information rents. This leads to the same
allocation rule as in the case where principal and agent preferences are aligned except for transfers.

At intermediate values of K, the optimal allocation rule trades off the two extremes. On the
one hand, the planner wishes to push the allocation closer to her Ramsey allocation, which increases
her direct utility from allocations. At the same time, the planner wishes to push the allocation
closer to the central bank’s Ramsey allocation in order to relax the participation constraint and
extract greater transfers. This leads to a balancing act determined by K, which encodes a relative
weight the principal assigns to the different motivations.

Asin Corollary 14, following 6; € {0,0} the optimal allocation reverts to the Ramsey allocation
associated with weighted reduced-form preferences Z;. If K = 1, then this allocation coincides with

that of the dynamic inflation target.

C.2.1 Proof of Proposition 21

Observe that the integral envelope condition (28) still holds and implies Lemma 15 characterizes the
central bank’s value function, given central bank preferences have not changed. Thus the transfer
rule is still given by T; = W, — U; — BE{[W};1/6:]. Thus we still have

~EY T, =E)_ p'U - Wy
t=0 t=0

where Wy = E [zg"’_o B°B;(6°)

function is now

90] Given the change in preferences, the government’s objective
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thus substituting in the transfer rule and definition of W), the government’s objective function is
lE[Z,Bt[Vt—i—KUt—BéH
=0

1-K 1 ), we obtain

Finally dividing through by 1 + x and defining K = = 1

K
1+x
E[Zﬁt[(l — K)V; + KU; —KB{)H

t=0
Thus we simply define Z; = (1 — K)V; + KU, and the derivation proceeds exactly the same as

before with Z; replacing U; as the government’s effective utility function. This recovers the first

order condition given and completes the proof.

79



	modele_tse_wp1389
	a_theory_of_dynamic_inflation_targets
	Introduction
	Model
	Benchmark: Full-Information Ramsey Allocation
	Mechanism Structure
	Incentives, Time Consistency, and Information

	Dynamic Inflation Target
	Inflation Targets as Dynamic Mechanisms
	Evolution of the Target

	Applications
	Lower Bound Spells: Target Adjustments as Unconventional Policy
	r*
	Flattening Phillips Curve

	Duration and Persistence of Time Inconsistency
	Long-Horizon Time Consistency Problems
	Dynamic Inflation Targets with Long-Horizon Time Inconsistency
	Practical Policy Implications

	Extensions
	The Importance of Information
	Costly Enforcement

	Conclusion
	Proofs
	Proof of Proposition 1
	Proof of Proposition 3
	Proof of Proposition 4
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Proposition 7
	Proof of Proposition 9
	Proof of Proposition 11
	Proof of Proposition 12
	Proof of Proposition 13
	Second best with Average Transfers

	Proof of Corollary 14

	Further Applications
	Costly Enforcement: Main Applications Revisited
	Revisiting Rogoff's Inflation-Conservative Central Banker
	Proof of Proposition 18

	Cost-Push Shocks, Flexible Inflation Targeting, and Price-Level Targeting
	Proof of Proposition 19

	Application: r Revisited and the Commitment Curve

	Further Extensions
	Welfare Gains from a Dynamic Inflation Target
	Proof of Proposition 20

	Preference Differences
	Proof of Proposition 21




