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who chooses random production plans. Shareholders do not observe the chosen plan but only
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1 Introduction

Corporations are often owned by a large number of investors, who may hold different beliefs
say on the likelihood of success of a new product, on the payoffs associated to an investment
opportunity, or on the future prospects of the market. It is well known that, under some
conditions, shareholders with different beliefs can reach an agreement on the preferred plan of
action by trading contingent claims in a complete asset market. Even then, however, decisions
are often delegated to a manager, and it may be very costly or impossible for shareholders to
observe the manager’s actions. A classic question for shareholders is how to design a contract
that would make the manager act in their interest.

This is the question we address. We consider a firm owned by shareholders with different
beliefs and run by a manager. There is only one production and consumption date. The manager
chooses a production plan, whose output is uncertain. Shareholders cannot observe the plan
chosen by the manager, they only observe the realized production, and they can trade in a
financial market that consists in all the assets that are contingent on the realized production.
A contract for the manager specifies her compensation as a function of the firm’s production
and possibly some restrictions to trade in the financial market. We ask whether one can design
such a contract so that the manager chooses a plan unanimously preferred by shareholders.

Our analysis builds on Bianchi, Dana and Jouini (2021), who introduce the concept of
manager-shareholders equilibrium (in short, m-s equilibrium), defined as follows. Given a com-
pensation scheme and a price, the manager chooses a production plan that maximizes her in-
direct utility, that is the maximal utility she can obtain by choosing a consumption plan in her
budget constraint. Given their expectation about the production plan and future wealth, share-
holders choose consumption plans that maximize their utility under their budget constraints.
At equilibrium, in addition to the usual market clearing conditions, shareholders should cor-
rectly anticipate the plan chosen by the manager and they should unanimously prefer that plan
to any other feasible plan. Bianchi et al. (2021) assume that the manager does not face any
trading restriction and show that a m-s equilibrium exists only if the manager receives a linear
compensation and if she has the same characteristics as the representative shareholder.

This paper is motivated by the fact that the above result can be interpreted as showing the
impossibility to reach such an equilibrium. In fact, in practice, it may be impossible to find a
manager with the same characteristics as the representative shareholder. As shown in Bianchi
et al. (2021), that would require for example finding a manager with a declining or even a
stochastic discount rate, even if all shareholders have constant discount rate. This impossibility
is tightly linked to the fact that shareholders hold different beliefs, it would not arise if we
were to start with a single shareholder. This begs the question of whether commonly observed
restrictions to insider trading for the manager can help reaching an equilibrium in case the
manager is not like the representative shareholder. If this is the case, the next question is which
properties equilibrium compensations have and in particular how they deviate from linearity.!

In order to address these questions, we extend the analysis by Bianchi et al. (2021) and

allow for restrictions to trade on the manager. In our framework, a m-s equilibrium is a list

! As we will show, linear compensations are equilibrium compensations also in our setting when the manager
and all the shareholders have the same belief.



of a compensation scheme, a space of allowed transactions, a production plan, consumption
plans for shareholders and the manager and a price that fulfill the properties above. The
main contribution of this paper is to provide a framework where indeed an equilibrium can be
reached if shareholders can restrict the manager’s trades in the asset market. In addition, we
characterize the associated compensation scheme, and highlight some of its properties that are
qualitatively valid irrespective of the exact form of belief heterogeneity.

We start by describing some properties of a m-s equilibrium, showing how it relates to the
standard concept of production equilibrium where the initial production set is replaced by a net
(of manager’s compensation) production set and defining a representative shareholder associated
to such a production equilibrium. We then move to our main task of designing a contract for
the manager that can lead to a m-s equilibrium. As implied by Bianchi et al. (2021), trading
restrictions are necessary when the manager is not the representative shareholder. In fact, in
order to characterize an equilibrium compensation, we focus on the case in which the manager
is not allowed to trade in the financial market. As we show, the compensation schemes defined
in this way are the only candidate equilibrium schemes, even if the manager were to face milder
trading restrictions. A key result is that the manager implements an equilibrium plan only if
her compensation is designed so that the marginal utility of her compensation is proportional to
that of the representative shareholder at equilibrium. In this way, the manager’s compensation
leads her to mimic the behavior of the representative shareholder at equilibrium.

We can express this condition in terms of a differential equation that the compensation
function should satisfy. In general, solving this equation involves a fixed-point problem since
both the production equilibrium (if it exists) and the representative shareholder’s characteristics
depend on the compensation function. Moreover, as detailed below, the fixed-point problem
need not be well-defined.

As a useful starting point, we consider the special case in which shareholders have identical
beliefs. In this case, our differential equation can be explicitly solved. We show that, if the
manager shares the same belief as the shareholders, a linear compensation can be used to
implement a m-s equilibrium. If instead the manager is more optimistic than the shareholders
(in a sense made precise below), the compensation should moderate the manager’s optimism
by offering a lower compensation rate when the firm’s production turns out to be very large.
Similarly, when the manager is more pessimistic than the shareholders, the compensation rate
should be larger for larger realizations of production.

Turning to the general case of shareholders with heterogenous beliefs, we address the fixed-
point problem by taking a reverse approach. We start by a production set net of the manager’s
compensation and suppose that there exists a production equilibrium for that set. We obtain the
compensation function that solves our differential equation and construct the associated gross
production set. We then show that this compensation function is an equilibrium compensation
when the production set corresponds to the derived gross production set.

This allows to derive some properties of the associated equilibrium compensation. We show
that, as long as the manager holds beliefs that are between the "most optimistic" and the "most
pessimistic" (again in a sense made precise below) of the shareholders, an equilibrium compen-

sation has the following property. When output realizations are extreme, the compensation



is such that the instantaneous utility of the manager is much larger (in absolute value) than
what she would reach with a linear compensation. Notice this does not require having an exact
knowledge of the belief of the manager, and it shows that, relative to a linear compensation, an
equilibrium compensation induces the manager to attach more importance to how the different
production plans behave in terms of extreme realizations.

We conclude by developing an example of a net production set for which we can explicitly
compute the production equilibrium and, given the belief of the manager, define an equilibrium
compensation in closed form. In this setting, the representative shareholder’s belief leads to
overestimate the level of risk relative to all shareholders. We show that the associated equilib-
rium compensation has the properties stated in the previous paragraph, and provide numerical
illustrations that highlight the effect of increasing belief heterogeneity.

We think our results have important implications for the study of agency problems. Our
model is most closely related to a common agency problem, in which an agent faces multiple
principals with possibly conflicting interests (as started by Bernheim and Whinston (1986)).
Our key distinctive feature is to embed this problem in a general equilibrium setting, in which
the asset market is used to mediate and possibly align shareholders’ conflicting interests. This
approach allows highlighting the importance of modeling explicitly the equilibrium process
leading to the definition of a representative shareholder. As we show, the insights one would get
by taking the representative shareholder as given would be different, and possibly misleading,
in settings where shareholder heterogeneity is important.

The general equilibrium approach fundamentally changes the incentive problem of the man-
ager, who chooses a production plan and at the same time a consumption plan while possibly
trading in the asset market. This opens the possibility for the manager to deviate and implement
a different plan, while increasing her utility by trading on her private information and changing
her consumption decisions. For this reason, we can abstract from effort costs on the part of the
manager; our incentive problem stems from the fact that the manager, unless restricted, can
benefit from trading on her information about the chosen production plan.

We show it is necessary to impose trading restrictions to the manager in a setting in which
the action she takes cannot be observed by shareholders. Without those restrictions, it would be
impossible to find a compensation scheme which induces the manager to choose an equilibrium
plan. This provides a rationale for the commonly observed restrictions both to insider trading
and to non-exclusive contracts.

We also qualify the view that agency conflicts are minimized when the manager owns a
substantial part of the firm’s shares, which has motivated the rise in stock compensation. Our
analysis instead emphasizes that the compensation rate should vary with the level of produc-
tion and provide conditions under which this rate should become very large or very small when
realizations become extreme. This result stands in contrast to the argument in favor of com-
pensations -such as call options- which encourage risk taking (see e.g. Kadan and Swinkels
(2008)).



1.1 Related Literature

Our paper builds on the literature on aggregation of preferences and beliefs in asset markets.?
Our focus on agency problems between a manager and shareholders is however novel in this
literature. Similarly, managerial compensation has typically been studied under the perspective
of a representative shareholder (see e.g. Murphy (1999) and Murphy (2012) for reviews). We
provide new insights by embedding the choice of the compensation in a stock market equilibrium
with heterogeneous shareholders.?

Part of this literature has analyzed the characteristics of the optimal contract when the
manager and the shareholder hold different beliefs (see e.g. Adrian and Westerfield (2008);
Giat, Hackman and Subramanian (2010); Jung and Subramanian (2014)). Our approach is
different as we consider a setting with several heterogenous shareholders and, importantly, we
introduce the possibility to trade in an asset market. In this way, we can derive endogenously
the properties of the representative shareholder and, in addition, study trading restrictions as
part of the managerial contract.

In line with the literature on optimal contracting, we emphasize that, in a setting with
asymmetric information, it may be beneficial to prevent the manager from trading in the stock
market (Fischer (1992)).% Our novelty is to show how trading restrictions, and the form of
equilibrium compensation, can arise from a different mechanism: the interaction between moral
hazard and shareholder heterogeneity. Moreover, as mentioned, moral hazard in our setting is
not driven by private effort costs but rather from the fact that the manager’s beliefs may differ
from those of the representative shareholder and that she can in principle trade on her private
knowledge of the production plan.

The way in which information asymmetry is introduced makes our paper in line with the
probability approach to general equilibrium developed by Magill and Quinzii (2009). Indeed,
we assume that shareholders do not observe states of nature but only the production outcomes,
so from their point of view, production plans only differ by the outcomes’ probability distribu-
tion. Accordingly, we consider contracts that are contingent on the possible realizations firm’s
production as opposed to being contingent on exogenous states of nature.

Finally, we relate to the literature on firms’ objectives when shareholders are heterogeneous.
Magill and Quinzii (2002) review fundamental problems posed by market incompleteness, as
well as classic contributions addressing these problems. Bisin, Gottardi and Ruta (2016) study
competitive equilibria in a production economy with incomplete markets and agency frictions
and derive fundamental welfare properties.” We instead focus on the design of the compensation

scheme and keep shareholders’ objective as simple as possible by assuming a form of market

2Recent contributions include Detemple and Murthy (1994); Gollier and Zeckhauser (2005); Jouini and Napp
(2007); Jouini, Marin and Napp (2010); Cvitani¢, Jouini, Malamud and Napp (2012); Xiong and Yan (2010);
Bhamra and Uppal (2014); Atmaz and Basak (2018).

3 Alternative equilibrium models have instead focused on the labor market equilibrium (e.g. Gabaix and
Landier (2008)) or on financial market equilibrium with a representative agent (e.g. Diamond and Verrecchia
(1982)).

4This literature has also pointed out at beneficial aspects of insider trading, such as improving the informational
efficiency of market prices (e.g. Leland (1992)). We abstract from this issue as in our settings there are no investors
apart from shareholders. We refer to Bhattacharya (2014) for a recent review of these issues.

®Other recent contributions include Demichelis and Ritzberger (2011), Magill, Quinzii and Rochet (2015),
Cres and Tvede (2021).



completeness (detailed below).

2 Model

We consider a firm owned by a group of shareholders with heterogenous beliefs and run by a
manager. There is only one production and consumption date T. The information structure is
modeled by a probability space (2, F, P). The firm produces a consumption good, which we
use as numeraire, according to a production plan y. This plan is a random variable and y(w)
defines the production of the firm at date T in state w.

We denote by X the space of F measurable production and consumption random variables
xz. We denote by X’ the space of state-price densities p where, for a given state of the world
w € Q, p(w) corresponds to the price of one unit of consumption at date T in state w. For a
given price p, the value of the consumption plan z is p-x = E [px], where E is the expectation
operator under the probability P.

For these expectations to be well defined, we have to further impose that production and
consumption plans in X are such that E|z|P < oo and that prices in X’ are such that E|p|? < oo,
where p and ¢ are such that 1 < p < oo and ;1) + % = 1.5 We denote by X, and X' the set of
nonnegative pairs, respectively, in X and X’. For Y C X, we denote by Y, the set Y N X .

In terms of notations, while z and y will be used to denote random consumption and
production pairs taking their values in R?, z will be used to denote vectors in R? and, henceforth,
generic values taken by x or y. As usual, z < 2’ (z << 2’) means z (w) < 2’ (w) (z (w) < 2’ (w))
almost everywhere, and x < 2’ means x < 2’ and = # 2’. Finally, we denote by u the Lebesgue

measure on R.

2.1 Production

We let Y C X denote the set of production plans. Denote with Ny (y) the normal cone of Y at

Y,
Ny(y)={peX :p-(y—y) <0,Vy €Y},

which corresponds to the set of linear forms that reach their maximum on Y at y. We will
say that y € Y is positively exposed if there exists p >> 0 such that p € Ny (y). Note that
a positively exposed production plan y is efficient in the sense that it not dominated by other
feasible production plans : $y’ € Y, ¢/ > y. We denote by Eff 7(Y") the set of positively exposed
production plans.

We say that Y is smooth if, for all § € EffT(Y), there exists p >> 0 such that Ny (y) =
{Ap: A > 0}. This condition states that at positively exposed plans, the tangent cone (i.e. the
polar of the normal cone) is a half space and it ensures that ¥ has no outward kink.

We make the following assumptions:

Assumption (P)

P1Y =K - X, where K C X,

1/p
5The space X equipped with the norm ||z|| = (ZtT:O E|xt|p) is then a Banach space whose dual (the space

of continuous linear forms on X) is X'.



P2 Y is closed and smooth,
P3 If y € EAT(Y), the random variable y has a density h, with h, >0, p—a.e. on (0,00).

Assumption P1 implies the classical free disposal assumption, ¥ — X, C Y. Assumption
P2 is standard in the general equilibrium literature in finite dimension.” Assumption P3 states
that for every positively exposed production plan, all positive values are possible.® Indeed,
this implies that by observing a given realization (y(w)) of a given production plan in Eff*(Y),
shareholders are not able to exclude any plan y € Y from the set of possibly chosen plans. This
assumption underlies the information asymmetry between the manager and the shareholders in

our model. Bianchi et al. (2021) provide an illustration of Assumptions (P2) and (P3).

2.2 Shareholders

The firm is owned by a group of N shareholders, i = 1,..., N. We denote with v shareholder
i’s initial endowment of shares, and we assume v* > 0 for all i. Shareholders have no other
endowments, and they are heterogeneous in their subjective probabilities Q. All subjective
probabilities are assumed to be equivalent to P and we denote by M? the density of Q' with
respect to P, M* = ‘ﬁ%.

A key ingredient in our analysis is that shareholders do not observe the plan y chosen by the
manager nor the state of the world w. In state w, their information is given by the realization
(y (w)). As already mentioned, by Assumption P3, the observation of a given series of output
realizations does not allow them to infer the chosen plan nor the state of the world. It follows
that shareholders can only trade assets whose payoffs are contingent on y (w). More formally,
let C' be the set of contingent contracts C' : X, — X whose payoffs for a given y are of the
form ¢(w) = C(y(w)), for some measurable functions C': R} — R,. Given y, shareholders only
trade consumption plans in C(y) = {C(y),C € C}. We assume that markets are complete, or -
more precisely - full spanning, meaning that it is possible to find a portfolio of assets that pays
one unit if a given outcome for the firm is realized, and nothing otherwise (as shown in Magill
and Quinzii (2009), full spanning is typically much weaker than market completeness).

All shareholders have the same consumption space X4 and they are assumed to be expected
utility maximizers. The expected utility of shareholder ¢ for a contingent consumption plan ¢
is defined as

U'(c) = E [M'u(c)], (1)

in which u is a CRRA instantaneous utility function (the same for all shareholders).” That is
u(z) = —a’, (2)

for some v < 1. We further assume the following:

"Note that this assumption is automatically satisfied when the production set is of the form Y =
{y € X : E[F(y)] <0} where F is a given function with a bounded derivative. In such a setting, we have
Ny (y) = {\F'(y) : A > 0} for y such that E[F(y)] =0 and Ny (y) = {0} for y such that E [F(y)] < 0.

®In this assumption (0, 00) might be replaced by some (A, B) for 0 < A < B. In this case, all the considered
functions that are defined on (0, 00) are replaced by functions that are only defined on (A4, B).

9The assumption that shareholders are only endowed with shares of the firm and that they have the same
CRRA utility is crucial for the proof of existence and uniqueness of a production equilibrium.



Assumption (C)
1. For all i, M* and M7 belong to X' for all ¢ € K,

2. For all i, M's" belong to L' (0, F, P).

Assumption (C) assures that shareholders’ marginal utility is well defined in all directions
and that their utility is well defined on K.

2.3 Manager

The firm’s production plan is chosen by a manager. While we do not model explicitly why
shareholders need to delegate this choice to a manager, a standard argument is that they lack the
time or the skills needed for implementing the plan, which may require continuous adjustments
over time. Manager’s characteristics are similar to those of the shareholders. She is an expected
utility maximizer with instantaneous utility u, as defined in (2), she has a subjective probability
Q™ equivalent to P with density M™. Her expected utility of a contingent plan c is therefore
defined by
Um(c) = E[M™u(c)] .

The manager is given a contract (®, W) described by a compensation scheme ® : X, — X, and
of a set W of transaction plans she is allowed to make in the contingent claim market, which
we describe below. As shareholders can only observe the realized production, the compensation

can only depend on the realization y (w) . Hence ®(y) must be of the form

D(y) (@) = ¢y (W), (3)

for some ¢ : Ry — Ry assumed to be continuous almost everywhere. From now on, we
will use the same notation ¢ for ® : X, — X, and for ¢ : Ry — R, with the convention
6(y) (@) = oly (w)).

As the compensation cannot exceed the available quantity of consumption good, we neces-
sarily have ¢(z) < z for all z € Ry and, in particular, ¢(0) = 0.

We next describe W, the space of transactions allowed to the manager in the contingent claim
market. We assume that W is a closed subspace of X. When W = {0}, then the manager has
no access to the market while when W = X, the manager has access to all contingent contracts
and she can trade just as shareholders. Given a production plan y, the manager’s set of feasible

adapted consumptions plans C™(y) is

C"(y) = ((y) + W)NC(y).

In particular, when W = {0} then C™(y) = {¢(y)}. When W = X, then C™(y) = C(y).
Assumption (F)

1. For all y € K and all w € W, M,,¢(y)?"*w belongs to L' (Q, F, P),

2. For all y € K, My, ¢(y)? belong to L* (Q, F, P).



Assumption (F) ensures that the manager’s marginal utility is well defined in all feasible
directions and that her utility is well defined when y € K.

To explain how the manager chooses the production plan, let us introduce the concept of
indirect utility of production plans for a given price. Given a production plan y and a price
q € C(y), let Vi,(y,q) be the maximal utility of the consumption plans that the manager can
obtain by trading her compensation under her market constraint ¢ € C"(y) and her budget

constraint ¢ - ¢ < q- ¢(y),

Vin(y, q) = max{Up(c), c € C"(y), ¢-c < q-9(y)}. (4)

The manager’s maximization problem in Equation (4) differs from what appears in standard
agency problems. First, our manager is maximizing her indirect utility, which depends not only
on her choice of the production plan y but also on the given price ¢q. Second, the manager’s
consumption may depend not only on her compensation but also on the possibility to trade in
the asset market, which in itself depends on the plan y. This is a key feature that needs to be
considered in our equilibrium definition, as we will see.

Similarly, let V(y,q) be the maximal utility of the consumption plans that shareholder i

can obtain by trading her share of production under her market and budget constraints:

Viy,q) = max{U*(c), c€C(y), q-c<v'(q- (y— ()}, (5)

where v denotes her initial share and y — ¢(y) is the production left to shareholders after
having paid the manager. Equations (4) and (5) show how the manager and the shareholders,
respectively, assess the utility associated to the various alternative production plans. They
compare their indirect utility under y to the one they would have obtained under any alternative

y' €Y, by taking prices q as given.'’

2.4 Equilibrium

Let us now define our concept of equilibrium between shareholders and the manager. We have
in mind a setting with a large number of non-strategic agents. We take a general equilibrium
approach in which resource allocation is decentralized through prices and in which prices depend
on firm’s choices. The only source of risk we consider is -roughly speaking- generated by firm’s
payoffs and the Arrow-Debreu assets can be seen as options on the firm’s payoffs. We adapt
the general equilibrium approach so as to account for the information asymmetry between the
manager and the shareholders.

Shareholders appoint a manager with a contract (¢, W) and delegate to her the choice of
the production plan. Given her compensation and a price ¢, the manager chooses a production
plan y that maximizes her indirect utility Vj,(-,q) over Y and an optimal consumption plan
Cp(y). Shareholders maximize the utility of their consumption plans under their market and

budget constraints based on their expectation about the plan chosen by the manager. At

Price taking is important to be able to define a consensus plan (see e.g. Grossman and Stiglitz (1980) for a
discussion on price taking behaviors and unanimity). Price taking could also be derived by considering a setting
with a large number of identical firms. The analysis would not be affected.



equilibrium, shareholders should correctly anticipate the plan chosen as the manager, they
should unanimously prefer the manager’s plan to any other plan feasible y and finally, markets

should clear.

Definition 1 A manager-shareholders equilibrium (in short m-s equilibrium) is defined by a
contract (¢, W), ¢ # 0, a production plan§ € Y, a list of contingent contracts (OZ),, a contingent
contract Cr, and a price § € C(9) such that:

A .

1. & = CU(§) mazimizes U'(c) s.t. c€C(9), G-c < v (G- (9 — o)),

2. ém = Cou(§) mazimizes Up(c) s.t. ¢ € C™(9), G-¢ < G- d(7),

6. V'(,q) = maxy V'(y,q).

Our definition of m-s equilibrium is adapted from Bianchi et al. (2021) by considering that
the manager in our setting receives a contract (¢, W) that may specify some trading constraints
W, while this was not the case in Bianchi et al. (2021).

From Assumption P3, when y is in Efft(Y), shareholders cannot infer the chosen plan
by observing the firm output, they choose their consumption plan based on their expectation
about the production plan chosen by the manager. Conditions 4 and 5 imply however that the
manager finds it optimal to choose the equilibrium plan ¢ and so, at equilibrium, shareholders’
expectations are consistent with the plan actually chosen by the manager. An alternative
interpretation would be that the manager announces the chosen plan to shareholders (who
choose their consumption plans based on this announcement), and Conditions 4 and 5 would
imply that the manager has no incentive to misreport her production choice.

Condition 5 is also important to highlight a key distinctive feature of our equilibrium,
relative to more standard agency problems in partial equilibrium. In our setting, the manager
is choosing a production plan but also a consumption plan C,,(y), possibly by trading in the
asset market. As mentioned, this opens the possibility for the manager to implement a different
plan and at the same time increase her utility by trading on her private information.

Condition 6 means that, given ¢, shareholders unanimously prefer § to any other plan y
in Y. It is known that when markets are complete and shareholders run a firm according to
profit maximization, unanimity holds at equilibrium. We show that unanimity at equilibrium
also holds in our framework where decisions are delegated to a manager and shareholders trade
contingent claims on production under the condition that there exists at least one shareholder

who prefers § to any other plan y in Y.

"' Notice also that we do not explicitly define any participation constraint for the manager. Adding such
constraint would be immediate, as discussed in Section 5.
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3 Equilibrium Properties

We first show that the manager’s equilibrium consumption equals her equilibrium compensation.
In other words, in equilibrium the manager does not trade in the financial market. We deduce
from the no-trade result that, for a given compensation scheme ¢, the manager chooses a
production plan that strictly maximizes the utility of her compensation on the production set
Y. The shareholders solve a production equilibrium problem given the net production set
Yo ={y—9¢(y):yeY}

In order to state our results, let us recall the concept of production equilibrium associated
to the production set Y. Note that shareholders are not constrained to trade in C(y*), where

y* is the equilibrium production plan.

Definition 2 A production equilibrium associated to the production set Y is given by a produc-
tion plan y*, y* € Y, a set of individual consumption plans (C“)Z e XN and a price ¢* € X'
such that

1. ¢ = argmaxU'(c), q* - c < Vi (q* - y*) for all i,

2. y* = argmaxy ¢* - v,

3. Y et =y~

We now list some properties of a m-s equilibrium given a contract (¢, W).

Theorem 1 Assume (P) and (C). Let ((¢, W), (¢")i, (ém),4,7) be a m-s equilibrium then

~

. The functions z — ¢(z) and z — z — ¢(z) are both nondecreasing and differentiable,
2. Shareholders’ income ¢ - (y — ¢(y)) is maximized over Y,
3. The manager does not trade, i.e. ¢y = ¢(7),

4. The production plan y strictly mazimizes Un,(P(y)) over Y, Un(¢(9)) > Un(o(y)) for all
yey,

5. The triple ((¢)s,4,9 — ¢(7))) s a production equilibrium associated to the production set
Y?={y—o¢y):y €Y} that fulfills G € C(7).

6. (6, W), (&Y, (ém),d,9) is a m-s equilibrium for any W' C W. In particular, it is a
(¢,{0}) m-s equilibrium.

From Point 6, W = {0} plays a special role since any m-s equilibrium ((¢, W), (¢");, (ém), 4, 9)
remains a m-s equilibrium when the manager is not allowed to trade. We will use this property
in the next section, to provide a necessary condition fulfilled by an equilibrium compensation ¢
by setting W = {0}. The next theorem, together with Theorem 1, provides a characterization

of the m-s equilibria associated to a contract (¢, {0}).

11



Theorem 2 Let ((¢,{0}), (¢");, (ém),4,9) be a given list. Assume that C and assertions 3 to 5
of Theorem 1 are fulfilled. Then
((¢,{0}), ()i, (Cm), 4, ) is a m-s equilibrium.

As a consequence, when (¢, (¢');, (ém), G, 9) are given, there exists W such that ((¢, W), (¢')i, (ém), 4, 9)

is a m-s equilibrium if and only if Assertions 3 to 5 of Theorem 1 are fulfilled.

3.1 Representative Shareholder

We now define the representative shareholder at equilibrium. As standard, she is a fictitious
shareholder who - if endowed with the equilibrium production - would have no incentive to trade
at equilibrium prices. As we show in the next section, this is a key step for the definition of the
equilibrium contract.

As shown in Theorem 1 if ((¢, W), ("), (ém),d,9) is a m-s equilibrium then ((&%);,q,9)
with § = § — #(¢) is a production equilibrium associated to the net production set Y¢ =
{y — ¢(y) : y € Y} that fulfills ¢ € C(9). Hence, there exists a representative shareholder asso-
ciated to this production equilibrium. In order to characterize such shareholder in our setting,
let

[(Zz‘ ()\"Mi)ﬁ) 17} .

As ((¢");,4,7) is a production equilibrium associated to Y¢ that fulfills ¢ € C(¢) '2, there exists

A:{AeRﬁ:Z(Ai)l—lvzl}, NQ) =
E

i

a unique vector of equilibrium utility weights (5&) in A and v > 0 such that

1

NMU(EY = pg or & = (v§)TT (AM) ™7 for all i.

N @ —o@) =14 (6)

for v/ = vE

1\ 1] ~
(zi (AiMi> 1”) ] > 0. As § € C(§), N(A) € C(§)). Therefore, the repre-

sentative shareholder has instantaneous utility u and a density M € C (9) determined by

M =N()). (7)

Furthermore, as ((¢%);,4,%) is a production equilibrium associated to the net production set
Y ={y—oé(y):y €Y}, ¢ € Nys(j). Hence, from (6), the representative shareholder maxi-

mizes her utility on Y?. Equivalently she maximizes the utility of the net production on Y

max B [N(Vu(y - 6(y)] (8)

2Note that as Id — ¢ is strictly increasing, it has an inverse and C(§) = C(%)
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4 Equilibrium Contract

We now consider the possibility of designing a contract (¢, W) such that there exists ((¢');, (ém), 4, 9)
for which ((¢, W)(&):, (ém),d,9) is a m-s equilibrium. When this is the case, we say that (¢, W)
is an equilibrium contract and that ¢ is an equilibrium compensation. The aim of this section is
to define these concepts and to relate them to the fundamentals of our model, the shareholders’
and manager’s beliefs.

From Theorem 2 and its comment, ¢ is an equilibrium compensation if and only if Y¢ has
a production equilibrium ((&");, §, 7) such that ¢ € C(§) and the maximum of U,, (¢(y)) on Y
exists and is reached at ¢ defined by § — ¢(9) = g.

We start by providing first order conditions for assertions 4 and 5 of Theorem 1. The
following corollary establishes a link between the compensation function ¢, the beliefs of the

manager and those of the representative shareholder, as defined in the previous section.

Corollary 3 Let ((¢, W)(&")s, (ém),4,79) be a m-s equilibrium. We then have
¢ ()M (6()) = p(1 — &' () Mu' (5 — 6(9)), (9)

for some p > 0. Therefore, we must have M™ € C(g).

A necessary condition for the existence of m-s equilibria is that the compensation ¢ is such
that the gradient of the manager’s utility from compensation is proportional to the gradient of
the representative shareholder’s utility from net production.

When prices are given and the manager faces no trading restrictions, the only feature of
a compensation that matters is its market value. However, in our general equilibrium setting,
prices are endogenous, and they depend in particular on the production plan chosen by the
manager, which in turn depends on her compensation and on her constraints. Hence, the
shape of the compensation matters and Equation (9) constrains the shape of the compensation
function ¢.

Without trading restrictions on the manager (W = X), as seen in Bianchi et al. (2021),
equilibrium requires that the compensation is linear. At the same time, from (9), under linear
compensation, the manager shares the same belief as the representative shareholder. When this
is not the case, there exists no equilibria and therefore the manager should bear some trading

restrictions.

Corollary 4 Let ((¢,W)(¢")i, (ém),q,9) be a m-s equilibrium. If W = X, ¢ is linear. If ¢ is
linear then M™ = M. If M™ # M then W G X.

We then consider the other extreme case W = {0}. From Theorem 1, item 6, the compen-
sation schemes defined when W = {0} are the only candidate equilibrium schemes even if the
manager were to face milder trading restrictions, W # {0}.

Let ((¢, W)(&):, (ém),d,9) be a m-s equilibrium and let § = 3 — () = (Id — ¢)( ) be the

equilibrium net production plan. As N(A) € C(y) and M™ € C(y), there exists a measurable
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function h : Ry — R, such that

T =)
From (9), we obtain that
¢' (@) (6(9)) = n(l = ' (9) @' (5 — 6(3)), (10)
¢ (2)p(2) 7! = p(1 = ¢(2)) (2 = (2))" " h(z — §(2)), for all 2. (11)

Equations (10) and (11) provide first-order conditions at § such that the manager and represen-
tative shareholder are aligned in the choice of the production plan. Note that while ¢ does not
appear explicitly in Equation (11), it enters in the definition of h as that involves the Lagrange
multipliers associated to the equilibrium net production plan § = g — ¢(9).

Although (11) seems to be a standard differential equation, it raises a fixed-point problem.
Indeed, the solutions of the above differential equation depend on h, which depends on the
production equilibrium associated to Y¢. An equilibrium compensation ¢ must be such that the
differential equation associated to the production equilibrium of Y'® has ¢ as solution. However,
for a given ¢ the existence of a production equilibrium associated to Y is not guaranteed.'
When h and ¢ are independent, Equation (11) may be solved to determine ¢. This is the case
when the shareholders have the same beliefs, as we consider in Section 5. It is also the case
when the net production set (and the net production equilibrium) are taken as primitive as h

is then exogenously given, as detailed in Section 6.

5 Homogeneous Shareholders

In this section, we consider the case in which all shareholders and the manager have the same
belief, and the case in which all shareholders have the same belief, but that is different from the
manager’s belief. As mentioned, in these cases, Equation (11) can be solved explicitly and this

allows to build useful intuitions for the more general cases considered in Section 6.

5.1 The Common Belief Case

Suppose that shareholders and the manager have identical beliefs. We show that in this case a
m-s equilibrium can be implemented with a linear compensation, where we say that ¢ is linear
if there exists 0 < o < 1 such that ¢*(y) = ay. In fact, when M* = M™ for all 4, h(z) = 1 and

from Equation (11), we obtain the following result.

Corollary 5 Assume M' = M™ for all i. If there exists a production equilibrium ((¢");,q,7)
associated to 'Y such that ¢ € C(9), then any linear compensation ¢ with 0 < a < 1 is an

3 Along the same line, to show that ((¢, W), (¢"):, (ém),d,9) is a m-s equilibrium, given ¢, we must prove
existence of a production equilibrium ((¢');,§,J) associated to Y?. We then have to find a ¢ such that the
maximum of Uy, (¢(y)) on Y exists and is reached at ¢ defined by § — ¢(§) = §. We are thus led to find a zero
of a correspondence ¢ = (Id — ¢) ' (§) — arg maxy Uy, (6(y)). However, this correspondence may not be well
defined as for a given ¢ the existence of a production equilibrium associated to Y? is not guaranteed nor that of
a solution to the problem maxy U, (¢(y)).
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equilibrium compensation.

It might seem puzzling that the compensation is defined up to a multiplicative constant
«. In order to define such «a, one may assume that the manager has a reservation utility level
U* so that we must have U™(¢(9)) > U* (condition RU) and that shareholders minimize
the compensation cost, that is, ¢- ¢ () < ¢ - ¢ (9) for any other equilibrium compensation ¢

(condition CC). Under these conditions, it is easy to show that « is uniquely pinned down as

One can also show that, among the compensation schemes that implement the equilibrium
production plan ¢ and satisfy condition RU, the linear compensation scheme is the only one

satisfying condition CC (see Appendix B).

5.2 A Unique Shareholder Example

Let us now consider a situation in which there is a unique shareholder whose belief is M (or,
equivalently, all shareholders have the common belief M) while the manager has a belief M™.
We express these beliefs as a function of the equilibrium production g, assumed to follow a
log-normal distribution. More precisely, the shareholder believes that Ing ~ A(a,c?) while the
manager believes that In§ ~ N (b, 0?). We focus on the case in which disagreement is large, and
we say that the manager is very pessimistic relative to the shareholder when a —b > (1 — )02,
and that she is very optimistic relative to the shareholder when a—b < —(1—+)o?. The following

corollary defines some properties of the equilibrium compensation in this setting.

Corollary 6 Let ((¢, W), (¢):, (ém),d,9) be a m-s equilibrium and let us assume that the share-
holders believe that Ing ~ N(a,0?) while the manager believes that Ing ~ N(b,a?). If the
manager is very pessimistic relative to the shareholder, the share of the production left to the
shareholders should be bounded above. If she is very optimistic relative to the shareholder, her

compensation should be bounded above.

Hence, when the manager is optimistic, the equilibrium compensation should moderate the
manager’s optimism by lowering her compensation rate when the realized production is very
large. Similarly, when the manager is pessimistic, the compensation rate should instead be
large when production is large. These assumptions are clearly special, and they are expressed
directly in terms of g, but they allow to convey our intuition in the simplest form. A more

general treatment of disagreement is developed in the next section.

6 Heterogeneous Shareholders

As mentioned in the previous section, in the case of heterogenous beliefs, Equation (11) involves
a fixed-point problem as h depends on ¢. In this section, we overcome this dependence by

assuming that the net production set is given as primitive and that there exists a production
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equilibrium on that set. As h is then a data of the model, h and ¢ are independent and Equation
(11) may be explicitly solved to determine ¢. We first characterize the solutions of Equation
(11) that fulfill $(0) = 0 and provide conditions insuring that such a solution is an equilibrium
compensation. Hence, this compensation be embedded into a m-s equilibrium associated to a
well-chosen gross production set. We next analyze the effect of belief heterogeneity on the shape

of the compensation. Finally, a fully worked-out example illustrates our methodology.

6.1 From Gross to Net Production

The setting is as follows: Let ) be a set for which there exists a production equilibrium
((¢"), 4, ) such that § has a positive density on (0,a) for a € Ry U {oc} and § € C(§). The set
Y may be considered as the net production set. Let A be the production equilibrium Lagrange
multipliers. From equation (6), as ¢ € C(7), N(\) € C(§). Assume that M™ e C(j). Then

7];\[/[(51) € C(y). Let h: (0,a) — R4 be the measurable function such that
N
= = ) 12
Y ) (12)

Let ¢, with ¢,(0) = 0 verify the following differential equation:

$.(2)0u(2) 7 = (1 = ¢1,(2)) (2 = $u(2)) " h(z — du(2)), 2 € Ry (13)

It may easily be seen that a solution ¢, of (13) has the property that ¢,(z) # 0 if z # 0 and is
such that ¢, and (Id — ¢,,) are strictly increasing .

Our next goal is to provide conditions on h that insure the existence of solutions to (13)
defined on Ry that fulfill ¢,(0) = 0 and to characterize them. This will allow us to state
technical conditions insuring that the list ((¢,, {0}), (¢")i, ¢u(9),d,9) with § defined by § —
éu(9) = 7, is a m-s equilibrium associated to the gross production set Y, = (Id — ¢u)_1 ).

To this end, let us consider the compensation as a function of net production, in other words,
the function ,, such that

¢u(y) = %(y - ¢u(y))v for all y. (14)

As the function Id — ¢, is strictly increasing, it is invertible and
Uu(2) = ¢u((Id — @) " (2)), for all z € (0,a).

Conversely as Id + v, = (Id — ¢, + ¢,) o (Id — (ﬁu)*l = (Id — qﬁu)fl, from (14) we obtain:
$u(2) = Yu((Id + )71 (2)), for all z € (0,a). (15)

Let us show that 1, verifies a differential equation which solutions may be given in closed form.

Differentiating (14), we get

¢'(2) = (1 = ¢'(2)¥' (= — ¢(2)).
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From Equation (13), we obtain that:

V(2 = Gu(2)u(z = $u(2)) ™ = pl(z = $u(2)) " h(z — ¢u(2)), for all ,

or equivalently
1%(2)@[)#(2)7_1 = 2" th(z), for all z € (0,a). (16)

Let us assume that h satisfies the following condition.'*

Assumption (H) For v > 0, the integral of h(u)u?~! converges at 0. For vy < 0, the integral
of h(u)u?~! is divergent at 0 and convergent at a when a = oc.
Let 1, be the solution of (16) that verifies 1,,(0) = 0, We then have
Pu(2)” = yp fo h(w)u? " du  when v >0, an
Yu(2)? = C —yp [T h(uw)uw’ " du  when y < 0.

Under Assumption (H), 1, is well defined, continuous and increasing. Recalling (15), we

then have
d)u(z) = ¢u((1d + %)71 (2)). (18)

Then ¢, is well defined, satisfies ¢,,(0) = 0. As usual ¢, : X4 — X and ¥, : X; — X are
defined by @, (y) () = 6, (y(w)) and ¥, (y)(w) = B, (y(w)) ac.

Finally, let the gross production set Y, be defined by Y,, = Y + ¢,()). Note that Y, =
(Id — qﬁu)_l Y. Hence, it is the natural gross production set when the net production set is given
by ) and the compensation in terms of net (resp. gross) production is given by 1, (resp. ¢,).

We can now state an existence result for an m-s equilibrium associated to Y}, and for the

existence of an equilibrium compensation ¢,,.

Theorem 7 Let be smooth and let ((¢');, 4, §) be a production equilibrium associated to ) such
that ¢ € C(y) and M™ € C(y). Let Y be considered as the net production set and 1), defined by
(17) be the compensation as a function of the net production. Let the compensation as a function
of the gross production ¢, be given by (15) and the gross production set be given by Y, =Y +
V(). Assume further (C) and (H) and uop,, strictly concave, then ((¢,, {0}), (¢%)i, ¢, (4), 4, 9)
with § = § + ¥,(9) is a m-s equilibrium associated to the production set Y, =Y + 1,(Y).

In Appendix C, we provide conditions under which there exists a production equilibrium
((¢Y)i,4,7) associated to Y and conditions under which ((¢,,{0}), (¢")i, ¢.(9), 4, 7 + . (7)) is a
m-s equilibrium associated to the production set Y, =Y + v,()).

6.2 Properties of the Equilibrium Compensation

In this subsection, we consider the same setting as in 6.1 and we wish to highlight some properties
of the compensation schemes defined by Equations (17) and (14). In particular, our aim is to
highlight the effect of heterogenous beliefs on the shape of the compensation. We introduce an

assumption that implies some boundary properties on h. We say that shareholder ¢ is more

"The Assumptions at 0 are, for instance, satisfied if there exists some € > 0 such that lim, o h(2)2?™¢ = 0
when v > 0, and h(z)z” is bounded away from 0 at 0 when v < 0.
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optimistic than shareholder j (or that shareholder j is more pessimistic than shareholder i) with
respect to the net production y if!?
i i

lim - =00 and lim - =
y—oo MJ y—0 M

0. (19)

Note that this definition generalizes the definition of optimism/pessimism introduced in Section

: (a;—a;)
5.2. Indeed, if i believes that Iny ~ N(a;,0?), we have that % is proportional to y  «2 .

We assume that there exists some shareholder ¢ more optimistic than the manager and some

shareholder j more pessimistic than the manager with respect to § = § — ¢,(¥). In particular,

there exists a shareholder ¢ and a shareholder j such that

ghlgo A = and ;13(1) Svile 0. (20)
It is then easy to check that,
lim N () = lim Ny = 00. (21)

G0 M™ — §o0 MM
The reason is that N .
N()N) AN M?

and that holds in particular for any shareholder who is more optimistic than the manager. That

for all 4,

gives the result in (21) for § — oco. Similarly, we have

M™ M™
—_— < =~ )
NA)  NMJ
where j is the most pessimistic shareholder. That gives the result in (21) for y — 0. There-
fore, under Assumption(20), from Equation (12), h(y) = % — o00asy — ooory — 0or
equivalently
lim h(z) = lim h(z) = oco. (22)
z—0 Z—00

This can be expressed by considering the compensation rate, defined by the function y :

(0,00) — R such that

Xul(2) = w“z(Z), 2 € (0, 00).

We can show the following result.

Corollary 8 Assume that M' # M7 for some i and j. Assume that (H) and (20) hold. If there

exists a m-s equilibrium, then the compensation rate in terms of net production verifies

lim, 0 xp(2) = lim, 00 xu(2) =0, fory <0,

. . (23)
lim, o xu(2) = lim, o0 Xu(2) = 00, fory > 0.

Corollary 8 shows that the equilibrium compensation is such that the instantaneous utility

15We assume that the support of the net production plan is (0,00). All the results can be easily adapted to
the (0,a) case.
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of the manager for extreme realizations is much larger (in absolute value) than what she would
reach with a linear compensation. Relative to a linear compensation, this induces her to attach
more importance to how the different production plans behave in terms of extreme realizations.
As the ratio between the representative shareholder’s and the manager’s belief is such that
M /M™ — o0 as z — oo or z — 0, from Equation (16), the compensation counterbalances
this effect by having that the ratio between the manager’s and the representative shareholder’s
marginal utilities goes to infinity as z — oo or z — 0. As lim, 0 h(z) = lim, . h(z) = o0, it

follows from equation (16) that the ratio

ACUAC

21 ’

as z — 0 or z — o0o. As shown in the proof of Corollary 8, this implies that (WZ(# = xu(2)”
tends to infinity as z — 0 or z — oo, which gives the properties of x,(z) depending on the sign
of v as stated in (23).

Let us see the consequences of (23) on ¢, that is the compensation defined in terms of gross

production, and let us define

Corollary 9 Assume M® # M for some i and j. Suppose Assumption (H) and (20) hold. If

there exists a m-s equilibrium, then the compensation rate verifies

lim, 0 2,(2) = lim, o0 52,(2) =0, fory <0,

lim, 0 52,(2) = lim, o0 22,(2) = 1, for v > 0.

Until now, in this section, we assumed that there is a shareholder who is more pessimistic
than the manager and another one who is more optimistic. When the manager is more optimistic

(pessimistic) than all the shareholders, we have the following result.

Corollary 10 Assume (H) and that the manager is more optimistic than all the shareholders.

If there exists a m-s equilibrium, then the compensation rates verify

Xu(2) =000, Xu(2) =00 0, 204(2) —0 1 and 5,(2) — 0.
If the manager is more pessimistic than all the shareholders, then

Xu(2) =00, Xu(2) =0 00, 24(2) —0 0 and 5,(2) =0 1.

6.3 Example

Let the net production set Y? be given by
Vanso = {exp (m(6)t +6viF) 0> 0},

where & ~ N(0,1), m(#) = a — b(0 —0y)* and a, b and 6 are given positive constants.

The value of 0 is set by the manager and a given choice of 6 generates the production plan
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yg = exp (m(0)t + 0/12) .

We assume there are two shareholders with CRRA utility as in (2) with ¥ = —1. Sharehold-
ers only consume at time ¢ and they have heterogeneous beliefs indexed by 3. A shareholder of
type [ believes that T ~ N (3,1) and we assume 3 € {§, =} with § > 0. We have

B)

~ 2
MP =L ey , Be{s, o).

(7 —
Vor 2

All densities are expressed with respect to Lebesgue measure. We denote with v4 the proportion

of stocks of shareholder of type 8. In order to ensure the existence of a production equilibrium,

we assume that ) .
—(1—-2b) + ———— < 0. 24
62 ( ) 14 exp 7—522 (24)

Proposition 11 Under (24), there exists a unique net production equilibrium (¢%,¢°, 4, ) such

that ¢ € C(g) with § = exp <m(9~)t + éﬁ%) and

) 1 6
0= 0o+ —— (205 — 1 9
. 7 —0)2 T46)2\? __
q= <)‘éeXP ( +exp——— ) > )2,
F—5)2
20 _ Ag exp 1 46) i
Agexp — 25 4 exp — EHE
5 2
6_6— eXp—i( -Z(S)

- i T
Agexp — 5 4 exp — EH-
where \j the square root of shareholder’s ¢ equilibrium utility weight when that of shareholder

—d s normalized to one is the nonnegative solution of

A2 exp(—00Vt)v_5 + )\exp(—522)(21/5 — 1) + exp(86vt)(v_5 — 1) = 0. (26)

We notice from (25) that the equilibrium production plan induces a larger § and so a larger
exposure to the random variable Z when shareholder of type § has at least half of the shares
(2v5 > 1) and is very optimistic (4 is large). If shareholders have the same endowment (2v5 = 1),
g is always lower than g since any 6 > 6y would increase the exposure to risk and at the same
time decrease m(#).

Let the representative shareholder belief be defined by

. _ 2
<)\(; exp —7(38_45)2 + exp —7(9626)2)

~ ~ 21 °
e T——

M =

Note that as C(j) = C(%), § € C(§) and M € C(§) and this example fulfills the hypotheses of

the previous section.
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From Corollary 4, if ((¢, W), (¢°,¢7°%), ém, §,9) with é, = ¢() and § = § — ¢(9)) is a m-s
equilibrium without trading restrictions on the manager, then ¢ must be linear. Furthermore, if
¢ is linear, then the manager implements the equilibrium plan ¢ only if she has the representative
shareholder belief (M™ = M ). This means that unless the manager belief is given by M, we

have W # X and the existence of an m-s equilibrium requires the manager to be constrained.

Remark 12 Suppose that the manager receives a linear compensation. Let E™ [z] and VAR™ [z]

denote respectively the mean and the variance of T as perceived by the manager. We then have

(A2 —1)0
)‘é +1+2)\;exp—5
(A% n 1) (14 0%) + 2)5 exp (—%) (A2 — 1) 2
VAR™ ['ﬂ - ’ 2 - v 2 .
)\§~+1+2>\0~exp—% )\3+1+2)\9~exp—%

We remark (see the appendiz) that E™ [Z] is a weighted average between the mean as perceived
by the optimistic shareholder (§) and that perceived by the pessimistic shareholder (—§), with
weight depending on vs. When vs = 0, \j = 0 and E™ [z] = —6 while if v; = 1, \j = o0
and E™ [Z] = 0. Moreover, E™ [z] > 0 if and only if \j > 1, which is true if vs is sufficiently
large. On the other hand, while shareholders agree that VAR[Z] = 1, we have (see the appendiz)
VAR™ [Z] > 1. Hence, the manager should overestimate the variance of T. In other words, a
manager with a linear compensation evaluating the risk as shareholders would underestimate the
level of risk relative to what would lead her to choose . Hence, without constraints (W = X ), the

m-s equilibrium exists only if the manager overestimates the risk with respect to the shareholders.

Assuming next that the manager cannot trade, let us search for a compensation 1 in terms
of net production such that ((¢, {0}), (¢°,¢7%), ém, 4, §) with ¢ defined by (14), § = §+(9) and
ém = ¢(9) is a m-s equilibrium. Let us assume that the manager has a belief which coincides

with the objective one (Z ~ N(0,1)) and that shareholders have the same endowment,

1
vs=v_s=7. (27)

Condition (27) implies
Aj = exp (55\@) .
It is also convenient to define the variable

0
20/t

In order to ensure that the resulting compensation is nonnegative for all y € (0, 00), we need to

impose 2k < 1. The compensation is given by Equation (17) with

h(y) = exp (4]{:5%) exp(—2ku(0)t)y?* + exp(2km(0)t)y 2% + exp (2]{:521&) .
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From (17), we obtain

Hny
1/}@,0) (y) = y2k ~ ~ 9

o 2k ~ ~ 28
Cuy + 1+ 4§17 exp(2kt(m(0) — 62)) — 51— exp(2kt(6? — m(0))) 28)

1 . .
—-——— 1S a negative
P(u,0) &

where p and C are arbitrary positive scalars. Note that u o 9, c) =
combination of a constant and of three negative power functions. Hence u o1, ¢ is concave.

We can then state the following;:

Proposition 13 Suppose that vs = 1/2, 2k < 1 and that the manager correctly believes that
T ~N(0,1). There exists a two parameters family of compensation functions of net production

which implement a m-s equilibrium associated to the net production set Y given by Equation

(28).

The corresponding compensation in terms of gross production follows from (14):

D) (2) = Y0y ((Id + P 0)) 71 (2))

It is easy to verify that lim, .o h(z) = lim,_,o h(z) = co. Hence, the compensation in (28) has
the properties highlighted in Corollary 8: the compensation rate x(y) goes to zero as y — 0 or
y — 00. Further properties are illustrated in a simple numerical example.

Suppose C' = 0,a = %(00 —1) and b = m. That gives § = 1 and m(0) = 0. Suppose
alsou=1,t=1, 0y =3/2 and 6 = 1/2 (shareholders’ beliefs deviate from the objective belief
by % standard deviation). In Figure 1, we plot the resulting compensation ¥ (y) (left panel) and
compensation rate x(y) (right panel) as a function of the net production. We observe that the
compensation rate x(y) is inverted U-shaped while the compensation v (y) is convex as y — 0
and concave as y — oo (the convexity close to zero is not easily showed in the graph as it would
require a change of scale close to zero). In Figure 2, we plot the corresponding compensations
as function of the gross production, and we observe that those functions have the same shape
as the ones in Figure 1.

In order to see the effect of shareholder heterogeneity, notice first that if shareholders agreed
on the true distribution of z (that is, 6 = —0 = 0) we would have k£ = 0 and expression (28)
would give ¥(y) = 7y and (the linear compensation). In Figure 1, we also plot an equilibrium
compensation rate x(y) and compensation ¢ (y) for 6 = 1/4 (dashed lines) and § = 3/4 (dotted
lines). In Figure 2, we plot the corresponding compensations as function of the gross production.
As intuitive, the larger shareholders heterogeneity is (the larger §), the larger are the required

deviations from linearity.

7 Conclusion

We have shown that, when shareholders have different beliefs, reaching a manager-shareholders
equilibrium requires imposing some trading restrictions on the manager. As already mentioned,
when prices are given and the manager faces no trading restrictions, the only feature of a

compensation that matters is its market value. However, in our general equilibrium setting,
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prices are endogenous, an equilibrium compensation cannot just be summarized by its market
value, its shape as a function of the production realization matters. This is in particular analyzed
for well chosen families of beliefs.

While we have defined equilibrium compensations when shareholders can trade any asset
contingent on the firm’s output and the manager is prevented from trading, an interesting next
step would be to consider intermediate cases in which shareholders have access to an incomplete
market or in which the manager may face milder trading restrictions.!® We have shown that the
set of compensation schemes identified when the manager has no access to the market are the
only equilibrium candidates even under milder trading restrictions. More generally, one could
investigate which minimal trading restrictions would allow to achieve a manager-shareholders
equilibrium.

Another natural extension would be to introduce multiple firms. This would allow to consider
a richer contracting space, both in terms of trading restrictions and in terms of compensation,
and possibly to investigate issues of competition among firms for managerial talent. One could
also consider more general forms of endowment for shareholders. These are in our view very

interesting avenues for future research.
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Figure 1. Equilibrium compensation (y) (left panel) and compensation rate x(y) (right panel) as a
function of the net production for § = 1/4 (dashed), 6 = 1/2 (solid) and § = 3/4 (dotted).
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Figure 2. Equilibrium compensation gf)(z)(left panel) and compensation rate %(Z)(right panel) as a function

of the gross production for & = 1/4(dashed), 6 = 1/2(solid) and 0 = 3/4(dotted).

9 Appendix A

Proof of Theorem 1. The proof that z — ¢(z) and z — z — ¢(z) are monotone and
differentiable is in Appendix B, where we also show that when some consumption plan ¢ does
not satisfy the market constraints ¢ € C(y) for some y € Y, the market constraints are satisfied
for some slight perturbation of y.

PROOF OF THE SHAREHOLDERS’ INCOME MAXIMIZATION PROPERTY

We first show that at equilibrium, the price ¢ should be strictly positive. We then show that ¢
should maximize on Y any shareholder’s income at price g,i.e. ¢-(§—¢(9)) = maxy ¢-(y—o(y))
and § € EffT(Y). Let us first show that § > 0. Indeed if for some ¢, ¢, < 0 on a set A of
positive measure, the shareholders’ and manager’s demand could be arbitrarily large on A
violating assertion 3 of the definition of equilibrium.

Let (¢, W) be given and ((¢');, ém, 4, %) be a m-s equilibrium. From items 2 and 4 in Defin-

ition 1, the manager solves the following problem:

max max Un(c)st.ceC™(y)and G- c < G- ¢(y). (29)
ye ¢

As ¢y, solves Assertion 2 and U, is increasing, ¢, = ¢(g) + w for some w € W N C(y)
and G- ém = G- 6(5).
y € K such that U, (c) is well defined with Up,(c) > Up(ém)-
we have min [u (¢(y) + @), u (¢(y))] < u(¢(y) + (1 —e) ) < max[u(¢(y) + @), u(d(y))] and
Un(o(y) + (1 —e)w) is well defined. We have u((1 —¢) (¢(y) + @) = (1 —¢)" u(p(y) + W)
and U, ((1 —¢€) (¢(y) + w)) is also well-defined and U, ((1 —¢) (¢(y) + w)) > Upn(én) for e
sufficiently small. Let x = § and 2’ = ¢(y), by Lemma 14 there exists " € X, such that

Let ¢ be a consumption plan of the form, ¢ = ¢(y) + @ for some

Since ¢ is nondecreasing,
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0 < é(y) — 2" < ep(y) and C(g) C C(2"). Since ¢ is continuous nondecreasing with ¢(0) = 0
and since we have " < ¢(y), we may define y” pointwise by y” (w) = inf {z : ¢(z) = 2" (w)}.
We have ¢(y") = 2", C(y) C C(z") € C(y") and y" < y which gives v/ € Y If we take
d"=2"4+(1-e)w=0¢{W") + (1 —¢e)w, we have

(1-e)(o(y) +i) <" < d(y) + (1 —e)b

hence Up,(¢”) is well defined with Up,(¢”) > Uy (ém), w € C(y") and G- (¢(y") + (1 —e)w) =
G- ¢(y") which contradicts (29). Therefore, we have

Upn(6(3) + 1) > mise U (6(3) +10).

Assume that there exists y’ € K such that §- (v —&(y")) > G- (§—¢(9)). As ¢ is 1—Lipschitz and
by Lemma 14, there exists " close to 3’ such that §-(y”" —o(y")) > §-(5—¢(9)), C(y) € C(y") and
y" € Y. From the definition of the indirect utility, we have V*(y",q) > V(3, §) which violates
assertion 4 of the definition of equilibrium. Therefore, - (7 — ¢(7 )) > maxg G- (y — o(y)).

Let us assume that there exists ¢y € Y such that ¢/ > ¢. Without loss of generality, we
may assume that y' € K. We have Uy, (¢(9) + w) > Up(p(y') + w) and since Uy, is increasing
we have 9(§) = B(y') on A = {y/ > g} . This gives 4~ (s — 914 > d- (4 — H(§)La and
G-y — o) 1lana = ¢ (§ — ¢(9)) 1 a Which contradicts the fact that G- (§ — ¢(g)) > maxg g-
(y — ¢(y)). Hence g € K and from there

05 6(5) = maxi - (y — 9(y)) = maxd - (y — H(y)) (30)
Un(9(9) + ) = max Upn(6(y) +10) = max Un(9(y) + ). (31)

Let 0¢(z) = co {limh_@ w} . As ¢ is nondecreasing and 1—Lipschitz, we have d¢(z) =
[¢"(2), ¢/ ()] C [0,1] for all z with ¢ (2) = ¢/, (z) = ¢/(z) when ¢/(z) exists (which is the
case almost everywhere on Ry). Let y € Y, v =y — g and 0 < ¢ < 1. We have §j 4+ cv € Y and
- (—91)—d-G+ev—0(g+ev)=—q4-9() —q¢-(ev—d(J+ev)) = 0or

R . o5+ ev) — B(9)

—q-v+q- > 0.
€

We have 0 < ¢ <1 — W) v1,>0 hence, by Fatou’s Lemma, F [Gvl,>0]— [q¢’ (1 )v1v>0] <
Elqvly>o]-limsup, o E [@wl >0} or E (¢, (§)vly>0] > limsup,_o E [Awl >0]

Similarly, from 0 < —QWUMSO we derive — [q¢' (g )vlv<0] < —liminf. o F [qwlvgo]
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or F [q¢ (g )vlv<0] > liminf. .o F [ wlvgo] . Therefore,

E [¢¢" (9)vly>0] + E [§6"(§)v1s<o]
> lim sup P [ (Y + 61;) — o) 1@0} +lim inf [(fﬁ(y + 61;) — o) 1@]
> lim 1nf E [ Nt 61;) — ¢(Q)] (32)
> qu.

5 O(I+env)—¢(9)
3

To prove (32), it suffices to consider a sequence (&,) such that F [ 1v§0] converges

[ ¢(y+sv) (y)1v§0:| - (gtenv)—o(

. The sequence F [q - @ )1020} is bounded above by
A¢(l7+5v)*¢(17) 1v>0:| .

to liminf. o F

E [Gvl,>0] and (e,,) admits a subsequence that converges to some ¢ < limsup,_,o E [

Along this subsequence, E [qw Awlvgo}

which gives ¢+ liminf._,o F [QM

} converges to /4 liminf._,o F [

1 <0} > liminf. o FE [AM] then (32).

A~

To summarize, we have ¢(1 — ¢’ (§)1y>0 — ¢'_(9)1y<0) - v < 0 for all v. Therefore, we have
p1=q(1 = ¢, (9) >0 — ¢ (§)1v<o) € Ny ().

We also have Uy, (¢(9) + ) — Up(¢(y + ev) + w) > 0 and U’"‘(¢(Q)+w)_im(¢(g+w)+w)v >0
and, by Fatou’s Lemma, E [(¢/,(9)1v>0 + ¢"_(§)1v<0) Mmu'(¢(4) + w)v] < 0 for all v which
leads to p2 = (¢ (§)1v>0 + ¢ (§)1v<0) Mpu'(¢(§) + ) € Ny (§). Note that pp = 0 if and only
if (¢, (9)1v>0+ ¢ (9)lv<o) = 0 which implies p # 0. We have then 0 < p = p; + p2 € Ny (9)
and § € Eff(Y). Therefore, § has a density hy with hy; > 0, p—a.e. on R% and ¢/ (9) =
¢ () = ¢'(9) a.e. Since § € Eff 7 (Y), Ny () is generated by a single vector, (1 — ¢'(¢))g and
&' (9)U! (¢(§) + w) are proportional.

PROOF OF THE NO-TRADE PROPERTY

From Assertion 5 of Definition 1

maXE[Mmu(C’m(y)] = Um(ém@))]
yey
Let us show that this implies that C’m(z) is nondecreasing in z. Let us define
A= {(z,z’) € (]Ri';)2 (2= 2)(Cn(2) = Cu(2)) < ()} and let us assume that p® u (A4) > 0.

By Fubini, there exists z* such that p(B) > 0 with B = {z > 2% Cp(27) > C’m(z))} Let
us consider ¢ such that §' = z* on {§ € B} and ¢’ = ¢ elsewhere. We have ' < § and
then ' € Y and C,(¢) > Cyn(9) which contradicts the fact that § maximizes Uy, (Chn(9))
on Y. Hence, Cy,(z) is nondecreasing and Cy,(z) admits a derivative with respect to z almost

C’m z+h—é’mz
( })L ()}

everywhere. Let us denote by 8C’m(2) =co {limhﬂo .As Gy, is nondecreasing,

we have 9C,,(2) = [C’;l,(z),é’,’nJr(z)] C [0,00] for all z with C’,’n,(z) = C’,’nJr(z) = (! (2)
almost everywhere on Ry. Let y € Yv=y —gand 0 <e <1 Wehave y +ev € Y and
U (Con(4)) = Upn (Con (i) +-v) and Um(Cm(g))—Z}m(Cm(g)+sv)v > 0 which, by Fatou’s Lemma gives

E [(cm#( )y +cm,_(g)1vgo) Mmu'(ém(g)(y))v} < 0 for all v and then €', (§)1y50 +
CA’,’n’,(ﬁ)lvgo € Ny(9). As § € Eff 7(Y), it has a density h; with h; > 0, p—a.e. on R*and
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Cr—(9) = CA',’nJr(g)) = (' (4)) almost everywhere on Q which gives C’ (§) € Ny (§) or

Cry (D) M™ 0 (&) = v, (33)
for some v > 0. From Equations (31) and (33), we thus obtain that :
(Co = v¢!) @M () =0 (34)
As ) € Efft(Y), it takes all possible values in (0, 00) and we have
C!(2) = v (2), ae.
Integrating with respect to z, we obtain
Cn(2) =vo(z) + k (35)

for some constant k. From item 3 of Definition 1, we have Cp,(z) < z hence C,,(0) = 0 which
implies £k = 0 and
Cr(2) = vo(2), V2 € Ry, (36)

AsG-Cpn=q-0(f), v=1and Cp, = 6.
PROOF OF U, (¢(y)) > Un(é(y)) FOR ALL y € Y — {7}

To prove Assertion 4, from item 2 of Definition 1 and from the last result, we have

As ¢(y) is a feasible consumption plan for the manager when she is given y, Vi, (y, 4) > U (6(y)),

therefore
Vin(9,4) = Un(9(9)) > Vin(y,4) > Un(o(y)),Vy € Y — {7},

proving Assertion 4.
PROOF OF THE PRODUCTION EQUILIBRIUM PROPERTY

From the first item in the definition of the m-s equilibrium, ¢ maximizes U’(c) s.t. ¢ €
CH), G-c < v'(q-(§— ). Let ¢ ¢ C() such that ¢-c < v*(¢- (§ — ¢(7))). Taking

A~

the expectation conditional to ¢, we have ¢ - E[c|g] < v(§- (§ — #(3))). Since E|[c|g] €
C(9), UN(E[c|g]) < U'(&) and, by concavity of U?, U'(c) < U'(¢'). We therefore have that ¢
maximizes U'(c) s.t. §-c < (G- (§ — ¢(9))), for all i. We conclude the proof of Assertion 5
thanks to Assertion 2 and the market clearing condition.

PROOF OF THE EQUILIBRIUM PROPERTY FOR W/ C W

In order to prove assertion 6, it suffices to remark that if the manager does no trade when
allowed to make transactions in W, she will not trade when only allowed to make transactions
in W' C W and since all the other conditions do not involve W, we have the result. m

Proof of Theorem 2. Let ¢ € C(¢) and ((¢);,4,9 — ¢()) be a production equilibrium.
Then & maximizes U'(c) s.t. G-c < vi(G- (5 — ¢(9))). As G-& = v (G- (§ — ¢(7))), taking the

conditional expectation with respect to 7, we obtain that ¢- F [él g}] =1(q-(§— #(7))). Hence
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E ¢
Ui(e) < UY [ |y] ) with a strict inequality unless ¢’ = F [é" g)] As the strict inequality

gj] is budget feasible and from Jensen’s conditional inequality, as U’ is strictly concave,

would contradict the definition of éi we have ¢ = F [éz

g] and therefore & € C(g) for every i.
It also follows that V(7,§) > V*(y,q) for any y and i. The remainder is immediate. m

Proof of Corollary 3. From Assertion 2 of Theorem 1, we have § - (§ — ¢(y)) = maxy ¢ -
(y — ¢(y)) . From the first order condition, we have (1 — ¢'(§))§ € Ny (§). We also have
Un(6(9)) = maxy Uy (¢(y)) which gives ¢'(9) Mpu(¢(9)) € Ny (9). Finally, by definition of
the representative shareholder, we have N(A*)u/(§ — &(4)) = vq. Since all elements in Ny ()
are positively proportional, we have the result. =

Proof of Corollary 4. The 2 first assertions are from Bianchi et al. (2021). The third one
is immediate. m

Proof of the strict monotonicity of ¢ and Id — ¢. Since ¢ is nondecreasing, let I an
interval on which it is constant. We have ¢/ = 0 on I and then p(1—¢'(2))(z—¢(2))" tg(z) =0
on I. Since all the beliefs are equivalent and since § is such that hy > 0, we have g > 0 a.e. on
I. Furthermore, ¢'(z) =0 # 1 on I and ¢ cannot be equal to z a.e. on I. We have then p =0
and ¢’ = 0 everywhere and ¢ is constant. Since ¢(0) = 0 we have ¢ = 0 which is excluded by
condition 4 in the definition of a m-s equilibrium. We have then that ¢ is increasing. The result
on z — z — ¢(z) is derived similarly. =

Proof of Corollary 5. When M? = M™ =: M for all i, h = 1 and (11) becomes: for some
>0

§(2)0(=) " = p(1 — ¢/(2))(= — 9(=)) 7, for all 2 > 0.

It may easily be verified that for any v < 1 and any 0 < a < 1, ¢“(z) = «az is a solution of
the differential equation above. If there exists a production equilibrium ((¢%);, ¢, 7)) associated
to Y such that ¢ € C(9), ((1 — )&, 4, (1 — a)f) is a production equilibrium associated to
(1 — @)Y such that ¢ € C(y) and § solves maxy E(Mu(y)). By homogeneity of u, it also
solves maxy E(Mu(¢®(y)). The list ((¢%,{0}), (1 — a)é&');, ag, g, 9) thus fulfills the conditions
of theorem 2. m

Proof of Corollary 6. It is easy to see that h(y) = exp( ) = By®
with 8 = exp(“52") and o = 2. Equation (11) becomes ¢/(2)¢7 ! ( ) = (1 - ¢>'( N(z —
_ [e% 1—7y 1—v
9(2)) (=) or ¢'(2) = G = Alz 6(2) with A(z,5) = 580
A _ _a—1_.—v+1_Bu —z+za+zy—sa _ _ -
and 5= = 2% s Gos) ((Z R W+1,Bu)2 which has the sign of —z+ za+ 2y —sa =0
that cancels only for z = s 77— . Hence, for ;=0— > 1 or a > 1 -+, we have A(s,s) = 1,
( a+w 1) B

limA, o(z,8) = 1 and A(s

< 1 is then a minimum for

ar1%) = (a-lﬁ-;’yl>1 v+( Ty )aﬁu
-«

A(z,s) on [s,00). We have then ¢'(z) > W with B = (a-@ 1) (ai;L)l—V which
easily leads to lims, ¢(2) = 0o and limy ¢/(2) = 1. We have then ¢ (2) (1+ Bp(z)~*) > 1 and
integrating between 1 and z gives ¢(z) — ¢(1) + (IEQ)B (¢17(2) — ¢'7*(1)) > z — 1. We have
seen that limy, ¢(2z) = oo hence, for sup(1, 1 — ) < a, we have lim, ¢*~%(2) = 0 which gives
hmm%?:lmmoz¢<>z> —6(1)— 2y B (617°(2) — ¢172(1)) = —o(1)+ ey Bot (1)
and the share § — ¢(g) of the production 1eft to the shareholder is bounded above

Remark that replacing o by —a, and ¢(z) by z — ¢(2z) does not modify our differential
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equation above which means that the behavior of manager’s compensation ¢(y) for o > 0 is the
same as the behavior of the share of the production § — ¢(g) left to the shareholder for o < 0
and conversely. The case —a > sup(1l,1 — ) is then immediate. m

Proof of Corollary 8. For v > 0, ¥,(2)" = yu [y h(u)u?"'du and %j)w ~o yph(2)27 7L
Hence (wu(2)>7 = el yph(z) and WT(Z) —o 00. Let u be given, for u sufficiently

z z
large, we have h(u) > M and M = yut Jo huw)utdu > pMz7"1 for z sufficiently large.

v
Hence, for z sufficiently large, we have (M) > yuM and w“T(Z) —00 00. The case v < 0 is

z
treated similarly. m

Proof of Corollary 9. We have ¢(z) = v, ((Id + @Du)*l (2)) and »,(2) = Yull4+4) 7 (2)) (d+4) " (2)

(d+v,) " (2) z
If z = (Id+ 1/1“)71 (2), we have 9, (z) + = z then x < z and, in particular, w <1
and lim,_,o (Id+¢u)_1 (2) = 0. Since v, is nondecreasing and defined on R, it is also
easy to check that lim, oo (Id +15,) " (2) = oo If ¥ < 0, lim, 000 242 = 0 and then

$u((Md+,) 1 (2) _ Ch o - _ zxu(@) _
W = 0 which gives lim; 0,00 72,(2) = 0. If v > 0, we have 2= 4 £ =1

z
and the second term is negligible with respect to the first one for x (or equivalently for z) near

(@) _ bula)

hmz—>0,oo

to 0 or to co. Since we have = 7,(2), it comes lim,_,q o0 22, (2) = 1.

Let us consider the case where the manager is more optimistic than all the shareholders. we

NV NN

have then limj .o J7m = 0 and limg o 577 = 00, lime A(2) = 0 and limg h(z) = co. =

Proof of Corollary 10. If the manager is more optimistic than all the shareholders and
1
v > 0, the function g : v — h(v7) is such that lims_,o g(s) = 0 and then lims_, % Jo 9(v)dv =0

and Tim. o 22 = tim, .yt 77 h(v7)dv = 0. The limit in 0, the case v < 0 and the

case where the manager is more pessimistic than all the shareholders are treated similarly. The
properties on ¢ are derived as in the proof of Corollary 9. m
Proof of Proposition 11. Let yy = exp (m(@)t + 9\/11%) where 6 is given. Let us show

that the yg-exchange equilibrium (09’5 0 qg) is given by

—2
g = Yo
A exp — 505 4 exp — 2

9 = Ao EXp = —— Yo
Ag exp —% + exp —W

P8 — efp _% _ ”

Agexp—%—i—exp—% ’

where g the square root of shareholder § equilibrium utility weight (when that of the other

shareholder is normalized to one) is the nonnegative solution of

A exp(—06vVt)v_s + )\exp(—(S;)(QV_(; — 1) 4 exp(05vVt)(v_s — 1) = 0. (37)

We have
qp = )\EM(;U’ (09’5) = M_(;u'(ce’_‘s) and yg = 9 + 0

and (09’5, 097_5) satisfies the first-order conditions for utility maximization as well as the mar-

ket clearing condition. We need to check that the budget constraint is also satisfied, i.e.
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E [q9007_5] = v_sE [qoyg]. After simple calculations, this constraint appears to be equivalent
to (37). It is also straightforward to show that (37) admits only one positive solution. Let us
finally find 6 such that (65, ¢9.4, ) is a production equilibrium. Since (cé";, cé’_‘s, qé) is already
a yg-exchange equilibrium, we need only take care of the profit maximization constraint. For
this purpose, let us define g(0,0) = F [goy,] and let 8 be such that g,(6,6) = 0 which can be

rewritten as

2b 1 9

=571

For such a 6, § = y; satisfies the first order condition for profit maximization. Under condition
(24), we can show that ga(é, o) is positive for o < 0 and negative for ¢ > # which means that
g(é, o) reaches its maximum for o = 6 and (057‘5, 657_5, qg) is a production equilibrium,

|

Proof of Remark 12. The analytic expressions of E™ [z] and VAR™ [z] are obtained

through straightforward computations. From there, we easily derive,

>
TN

-1
+1

-1
+1

>
<

5 <

6 < E™[7] <

5 <0,

>
™
>

N

hence if A\; < 1 and A5 # 0 (or vs # 0), we have

VAR™ [7] > 1 + 62

2
(Aé+1) _ 52 (A\g—1)° 1
(Ag+1)? (Mg= + 1)2 '

While for \; > 1 and if A\j # oo (or vs # 1), we have

2
(A2 +1) A -1
m (57 2 o) 52 0
VAR™ [z] > 1+ 7(>\g+1)2 J 7)\§+1 > 1.
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10 Online Appendix

10.1 Appendix B

Proof of Theorem 1, Point 1.. PROOF OF THE MONOTONICITY OF z — ¢(z) AND z —

2= ¢(2)

Let us show first that z — ¢(z) and z — z — ¢(z) are both nondecreasing a.e. in the sense
p@p({(22) €R?: (2= 2)(p(2) - p(2) <0}) =0.

We have ¢, € C(y) and there exists a nonnegative measurable function C such that &, =
C(9). By Lebesgue Theorem, the derivative of z — [ C(s)ds exists and is equal to C(z)
almost everywhere. Let F(z) = E[My,|§ = z] and let us assume that x(G) = 0 where G =
{z:F(2) =0}. We have 0 = [ _. F(2)hy(2)dz = E[Mpnlyec] and My, > 0 a.e. which gives
M,, =0 a.e. on G and since M,, > 0 a.e., we haveu(G) = 0.

Let D the set of points z such that (fo ds) = C(z), ¢ is continuous at z, F'(z) > 0 and
hy(z) > 0. We have p (Ry\D) = 0.

Let us assume that ¢ is not nondecreasing and let

A= {(z, Z)e (RL)?: (2 — 2)(6(2) — ér(2)) < o} .

We have, u2 (A) > 0. Without loss of generality, we may replace A by AN C2.
Let (a,b) € A with a < b and then

¢(a) > ¢(b) .

For n > 0, there exists € > 0 such that |¢(z) — ¢(a)| < ne(a) for z € I = [a —e,a+¢) and
|p(2 ) d(b)| <me(b) for z € J =[b—¢e,b+¢). If n and ¢ are chosen such that ;—Z% > 1 and
e < %4 we have I < J and ¢(I) > ¢(J). It is immediate that ¢(a) < ﬁgb(z) for z € I and

o(b) < ﬂgb( z) for z € J.

Let f: R — R\ J be defined by f(z) =3 (a—¢)+3z0nl, f(z) =a+3(z—b+¢e)onJ
and f(z) = z elsewhere. We have f(z) < z for all z and f admits an inverse denoted by g

If z € T then f(z) € I, and |¢(z) — ¢(f(2))] < 2n¢(a) < i—”ﬂgﬁ( ). We further impose 1 - <1

and we have ¢(f(2)) > (1 — £2L)(2).
If z € J then f(z) € I and

¢(2) = o(f(2)) < (1 +n)o(b) — (1 — 1) ¢(a) <O. (38)

We also have ¢(f(z)) < (1+n) ¢(a) < ké(z) with k = 1—"% > 1.

Elsewhere, we have ¢(z) = ¢(f(2)).

Let us define the random variable § by § = f(y). We have § < ¢ then § € Y. By definition
of g, we have § = ¢(y). They generate then the same information structure and we have
C(y) = C(@)-

By definition of the indirect utility function, Vi,,(9,4) = Un(énm). Let w be defined by

= ¢m — ¢(y), we have w € C(y) "W and ¢-w < 0. If we define é,, by &, = ¢(7)+ (1 —Ef_—"ﬂ)ﬁ),

Cm i a function of §. We further impose € < 1.
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On {§ € I}, &m = &(f(9)) + (1 — e > (1 — %) (6(§) + ) = (1 — $24)én > 0. From

1-(1- —)7> u(ém). By the market clearing condition,

/

there, we derive u(ép,) — u(Gn) <

we have ¢, <y and u(éy) — u(éy) < (1 —(1- 12777)7) u(y).
On {§ € J}, &m = o(f(9) + (1 — 725 )d > ¢(f) + (1 — L) > (1 — £24) (6(§) + ) > 0.

Furthermore, since u is increasing and concave, we have

where ¢ = &, if ¢()) — ¢(f()) + et > 0 and ¢ = ¢(f(9)) + (1 — L) < k() + b)
elsewhere.

From there and using (38), we have

and since (14 17) ¢(b) — (1 —n) ¢(a) < 0, we have

u(Cm) — u(Cm)

< KT+ ) 6(6) — (1 =) §(a)) o (ém) + 512"77 (K™ @Lazo + dlazo) ' (ém)

< (1) 60) = (1= ) 0()) o (5) + e (87 Lz + L0) 0 ()

Finally, on {§ ¢ TUJ}, ém = ¢(§) + (1 — e72% )b =
Furthermore, since u is increasing u(ép,) —u(¢p) < u(épm)—u ( 1- aﬂ)ém> < u(ém) <1 —(1- 52—77)7) <
u(@) (1- (1 -e2%)).

We have then é&,, > 0 a.e. and then é&,, € C" (7). Furthermore, we have §¢-¢,, = §-¢(9)+4-w <
G- ¢(g) which gives V,,,(7,4) > Up (& ). From Condition 4 in the equilibrium definition, we have

Um(ém) = Vm(i’%d) > Vm(g> (j) > Um(ém) (39)
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However, from the above inequalities on u(ép, (w)) — u(ép (w)), we have

1 . ~
L Une) — Un(n) 1o
< 2—18(1 ~(1- 2_7777)7)E [Minu(9)1ger]
ok (10 96) — (1= m) 6(@)) B Myt (3) 15¢]
+ =B [My (K iLa0 + iLg20) o/ (ém) Lges]
(0= (0= 2B e i)

Let us show that M,,u’ (¢,,)w € LY(2,F, P) and for this purpose let us consider separately
its positive part and its negative part. Since u is increasing, the sign of M,,u’ (&, )w only
depends on the sign of w. Let us define c. by c. = ¢(9) + (1 — &) w, we have ¢. € C(g) N W
and § - c. < §- ¢(§) which gives U(c.) < U(én). For & > 0, we have 0 < “émlulee) o

ullm)—ules) _, oy (ém) W , Assumption (F) and the dominated convergence

u (¢(9))w and since
Theorem give lim._,g E [melwzo] = E[Mpu' (¢(9)) wly>o] < oo. Let us assume
that —E [My,u (ém) Wlgy<g] = oo. Since w is increasing, we have (u(c:) — u(én)) ly<o > 0

and by Fatou’s Lemma, we have liminf,_,og F [melmgo} > —E [ (én) wlg<o] = o0,

)

We have then a contradiction and then —E [My,u’ (¢(§)) wlg<o] < oo which gives LY(Q, F, P).

As a consequence, we have

From there lim._,o E [me} = oo which gives U(c.) > U(éy,) for e sufficiently small.

lim B [My, (K7 b Liz0 + Wlazo) ' (ém)1ges] = 0.

Taking the limit when ¢ goes to 0, in (40), we obtain

1 R -
glir(l) 2—8 [Um(cm) Um(cm)]
—(1- (1 - L)) F(a)u(a)

R+ m) 6(b) = (1= n) é(a)) F(a)u'(a)
FAp B [Mp(n)]

Taking the limit when 71 goes to 0, we obtain k7~ (¢(b) — ¢(a)) F(a)u'(a) < 0.

Hence, for n and ¢ sufficiently small, Up,(¢(9) + @) < Up(¢(9) + W) which contradicts 39.
Therefore, the compensation z — ¢(z) is increasing.

Similarly, replacing the manager by one of the shareholders, we obtain that the net produc-
tion z — z — ¢(z) is increasing.

PROOF OF THE DIFFERENTIABILITY OF z — ¢(z) AND z — z — ¢(2)

Since z — ¢(z) and z — z — ¢(z) are nondecreasing then z — ¢(z) is 1-Lipshitz and then

differentiable a.e.

Lemma 14 For (z,2') € X2 and £ > 0, there exists z” € Xy such that 0 <z’ — 2" < ez’ and
C(x) C C(x"). In particular, if 2’ € Y then 2" €Y.
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Proof of Lemma 14. Let s, = (1+¢)2 for n € Z. The family § = (8n)pez is an

ordered family with lime, s, = 00, lim_o s, = 0. Let z > 0 and 2’ > 0. There exits n € Z

such that s, < 2/ < s,41 and we define h by h(z,2) = s, — ($p — Sn—1) rrz- We have
0<(1—e)2 <(1—¢)sp+1 < sp—1 < h(z,2") < s, < 2 < spy1. Let us suppose now that we
know h(z, z") without knowing z nor z’. The inequalities s,—1 < h(z,2’) < s, uniquely define
a pair (sp,Sp—1). 2 is uniquely determined by the equation h(z,z') = s, — (sn — sn—1) 155
Let (z,2') € X2, and let 2" = h(z,2’). We have (1 —¢)2’ <2’ <2’ or 0 < 2/ — 2" < ex'.
Furthermore, knowing z” permits to determine = and we have C(z) C C(z”). Finally, if 2’ € Y
then 2" < 2’ leadstoz”" €Y. m

Corollary 15 We assume that M* = M™ for all i, and that there exists a unique production
equilibrium ((¢%);,q,7) that satisfies U™ () > U*, then

N , ~ N
1. (¢, W), ((1 — a)é)s, 1,4, 9) with ¢(z) = az and o = (U,Z—(y)) " s a mes equilibrium
that satisfies (RU),

2. if (6, W), ()5, (1), 4, 9) is a m-s equilibrium that satisfies (RU) then G-¢ () < G-¢ (i) .

Proof of Corollary 15. The case v > 0 is immediate. The first assertion is also immediate

and we denote by ((¢, W), (1 — a)é);, ag, 4, §) with ¢(z) = az and o = (U%Zg))l/y the linear
compensation m-s equilibrium that satisfies (RU). Without any loss of generality, we may assume
that M* = 1 for all ¢ and we have ¢ = {7~ . Let us assume that v < 0 and let us consider
(&, W), (&)i,6(1), G, §) a m-s equilibrium that satisfies (RU) and that minimizes - ¢(9) among
all the other compensation schemes that are compatible with §. By Corollary 5, we may restrict
our attention to the compensation schemes ¢ = ¢, ¢ with ¢Z7C(z) =C+ p(z — ¢uc(z))” for

some (u, C'). For a given z, we have

dou.c(z) _ 1 <0
Wy (o) + 2+ bz t)
dou,c(2) _ (=duc(z) +2) <0
(1 ouc@ + 2T H Guoa )

o
then decreasing in 1 and C. The compensation cost minimization leads then to Uy, (¢(9)) = U™.
We may then restrict our attention to the pairs (u, C) that satisfy %E 4,03 C(g))} = U*. By the

implicit functions Theorem, we have

E y—1/~ 1_
dy P10 D ey romctor ) |
dc Elo1) (~bu.c(@)+3)"
1O (=0 c@+9) +ouc@) )
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and since the shareholders minimize ¢ - ¢,,c(9), this leads to the following first order condition

d . ; du d
As ¢ = 97!, we have
E |9t !
7 (1 (=0uc@ + 9" + 0@ )
E ’Y*l ~ 17 _
Pn.c ) (#(=uc@)+3) 1+¢p,c(17)”_1)] I (—dpc(@) +3)"
_ y 7
B o) (=u,c(@)+9)" 7 (u(—qbu,c(y) )7 %,C(Q)’V’l)
me (N(7¢N,C(Q)+Q)yil+¢u,c(g)w_l)
=0
or
yw—l . . yw 1 . .
E\M———| E[M(=¢uc(d) +9)] - E[M]E (—=¢uc(@ +9)| =0
¢M7C (y) ¢ ( )
ith M = ¢7 (g L ivalentl
w1 ¢#,C (y) <M(—¢M,C(ﬂ)+@) +¢u @) 1) or, equivalently,

VA L gt A
E' | = | B (= uc(®) +9)] = E* | —— (= duc(®) +9)"
Q%,C (9) 0,C )

where E* is the expectation under the probability whose density with respect to P is given by

M This condition can be rewritten as

E[M]’
\ g\ )
cov (( e (g)) (=) + y)”) = 0.

On one hand, we know that—¢, c(z) + z increases with z and (—¢, c(9) + )" is then de-

creasing with §. On the other hand, from ¢Z,C(z) =C+ p(z — duc(2))” we derive %é(z) =

e ((‘ﬁ"cﬁf”)” +¢M,C(z>) = Gluc(:) with G(:) = 1 ((559)7 +2). We nave

N
and G is increasing for C' > 0 and (#(y)) is then decreasing
1,

G()—C<(c+x~/)

. v—1
with . The random variables ( y y)> and (—¢, c(9) + )" are then comonotonic and

c(®
we necessarily have cov* <(¢ ;( )>7 (=0u,c(9) + @)7> > 0. Similarly, for C' < 0 we have

cov* <(%g(y)>7 (= (@) +9)7 > < 0. The first order condition leads then to C' = 0 and

¢p,c is linear with ¢, c(2) = az for some a. With the reservation utility condition we conclude
that ¢ = &. m
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10.2 Appendix C

PROOF OF THEOREM 7

Proof. Let us show that ((¢,, {0}), (¢')i, ¢.(9), 4, 9) with § = §+,(7) is a m-s equilibrium
associated to the production set Y, = Y+1,,()). From Theorem 2, as Y% = Y has a production
equilibrium ((¢%);, ¢,9), it remains to show that § = § + 1, () strictly maximizes u(¢,(y)) on
Y, or equivalently as Y, = ) + ¢, ()) that g strictly maximizes u(¢,(y)) on Y. As wo 1, is
strictly concave, it is equivalent to show that M™; (§)u' (¢¥.(9)) € Ny(g). From (12) and (
16), we have

M™P () () ™ = uNNG ™ = uN (A (7).

As the representative shareholder of the production equilibrium ((é);, ¢, §) maximizes at § the
utility of the net production on ) which is smooth, we have N(\)u/(§) € Ny(§) proving the
desired result. m

As the statement of Theorem 7 requires the existence of a production equilibrium associated
to YV, let us provide conditions on ) under which a production equilibrium exists. To this end,
let us first introduce a definition and an assumption. We will say that ) is strictly convex from
above if for (y1,y2) € Y% and t € (0,1), there exists y € ) such that ty; + (1 — t)ys < y.7
Assumption (P’)

P'1 Y= K — X, where K C X and such that 0 <¢ < K <&,
P’2 Y is closed, strictly convex from above and smooth,

P’3 If y €EffT()), the random variable y has a positive density on (0, a,) for some a, €
RU{o0}.

P’4 For all i, M'c?~! belongs to X’ and M’ and M'ZY belong to L' (Q, F, P).

Assumption (P’) provides conditions on ) under which a production equilibrium exists. The

following corollary can then be easily derived.

Corollary 16 Assume (P’), then there exists a unique production equilibrium ((¢");,q,7) asso-
ciated to Y. Let 1, be defined by (17) and ¢, by (18). Assume (H), § € C(g), M™ € C(g) and
wotp,, strictly concave. Then ((¢u,{0}), (¢)i, 6u(9),q,9) with § = G+v,(§) is a m-s equilibrium
associated to the production set'Y, =Y +1,()).

Proof. The existence and uniqueness result is adapted from Bianchi et al. (2021). The rest

is immediate. =

"Let us recall that ) is strictly convex when for all (y1,y2) € Y2 and t € (0,1), there exists ty1 + (1 — t)y2 €
int(Y). It is immediate that strict convexity implies strict convexity from above. However strict convexity is a
much stronger condition and requires, in particular, a nonempty interior.

38



