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Abstract

We study a Mirrleesian economy with labor income, consumption, and retirement savings or
bequests. We derive a novel representation of optimal non-linear income and savings distortions
that highlights the role of consumption inequality and consumption responses to tax changes.
Our representation establishes a close connection between the formula for top income taxes of
Saez (2001) and the uniform commodity taxation theorem of Atkinson and Stiglitz (1976): One
cannot be valid without the other, and departures from this joint benchmark lead to a clear
trade-off between income and savings taxes. Consumption data in turn discipline the optimal
departure from this benchmark. Because consumption is much less concentrated than income, it

is optimal to shift a substantial fraction of the top earners’ tax burden from income to savings.
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1 Introduction

Optimal Top Income Tax Rate: A Puzzle. Consider a static economy in which workers
differ in productivity and choose consumption C' and labor income Y given a non-linear income tax
schedule. In a milestone contribution to the modern theory of income taxation, Saez (2001) shows

that the revenue-maximizing income tax rate on top earners is given by

- : W

?Saez _ _
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where py > 1 is the Pareto coefficient of the upper tail of the distribution of taxable income,
C_}?TY > 0 is the Hicksian or compensated elasticity of taxable income with respect to (one minus)
the marginal tax rate, and C_{/ > 0 is the income effect of a lump-sum tax levy for the highest
earners.” The appeal of this formula is that it readily lends itself to quantitative evaluations. For
example, using empirical estimates of the elasticities E}I/—{Ty = 0.33 and E{/ = 0.25 and the Pareto
coefficient of yearly income py = 1.8, we obtain 75%¢% = 74%.

The optimal income tax formula (1) completely abstracts from consumption to focus exclusively
on income inequality and labor supply responses to taxes. While this result follows from the
objective of maximizing income tax revenue, we find it striking that the marginal costs and benefits
of higher income taxes seemingly do not depend on how much redistribution the existing tax
system already achieves, that is, on the distribution of consumption rather than pre-tax income.
More generally, focusing exclusively on measures of income inequality may paint an incomplete
picture of the tradeoff between redistribution and incentives, since in practice agents may insure
against labor market risks through other means than the government, such as private insurance,
precautionary savings, or intra-family transfers.’

The static model studied by Saez (2001) in fact admits an alternative, consumption-based,

'Formally, let ¥ and Y denote respectively the uncompensated and compensated labor supplies, expressed
in terms of earnings rather than hours. Let also Fy (-) be the CDF of the income distribution, Ty (-) the in-
come tax schedule, v = T4 (Y) the marginal income tax rate, and Ty = Ty (Y)/((1 — 7v)Y) the (normal-
ized) average tax rate. We then define py = —limdln (1 — Fy (Y)) /0InY, ng =1imdlnY*"/9In (1 - 7v), and
(i =1imdInY /Ty, where the limits are taken as Y — oo.

2Echoing this observation, equation (1) contrasts with a vast literature that uses consumption data to assess the
optimality of risk-sharing arrangements or social insurance design, going back (at least) to Townsend (1994), see,
e.g., Ligon (1998) and Kocherlakota and Pistaferri (2009) for applications with asymmetric information or incentive-
redistribution tradeoffs of the kind studied in Saez (2001), or the literature on unemployment insurance design
following Baily (1978), Gruber (1997), and Chetty (2006a).



representation of revenue-maximizing top income taxes:
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(2)

where pc > 1 is the Pareto coefficient of the consumption distribution, fg ~ > 0 is the highest
earners’ compensated elasticity of consumption with respect to the retention rate, and E(IJ > 0 is
(minus) the income effect of a lump-sum tax levy on their consumption.® We obtain equation (2)
from equation (1) and three model-implied identities, pc = py, fg Y = gtgw, and gté =1- 5{,,
which all follow from the static budget constraint that equates consumption to after-tax income. In
other words, we have two independent data sources—income and consumption—to estimate a single
optimal tax relationship. Hence, the role of consumption inequality and consumption responses to
taxes is not separately identified from the role of income inequality and labor supply responses. The
literature following Saez (2001) has systematically focused on equation (1), but one could equally
well use the consumption-based formula (2), or any combination of the two, to determine optimal
income taxes, given reliable estimates of the corresponding sufficient statistics.

Using consumption rather than income inequality measures radically changes the inferred op-
timal top tax rate. Consumption appears to be significantly more evenly distributed than income
among top earners, with a Pareto coefficient for consumption of po ~ 3 (Toda and Walsh 2015;
Buda et al. 2022; Gaillard et al. 2023). For the same taxable income elasticities as in the opening
paragraph, the optimal top income tax rate falls to 57% if we use consumption inequality rather
than income inequality in formula (1), increasing the after-tax income of top earners by 66%.

Unfortunately, the static model provides no guidance about which is the most appropriate
measure for estimating income taxes. Moreover, it is inconsistent with the empirical discrepancy
between consumption and income inequality. Interpreting the model-implied identities instead as
testable over-identifying restrictions, their violation suggests that the static model of Saez (2001)
is not well suited to address how consumption or income inequality matter for optimal taxes, or to

offer sound, empirically grounded policy prescriptions.

Our Contribution. Motivated by these observations, in this paper we study to what extent
consumption inequality and consumption responses to income shocks influence optimal tax design,
independently of income inequality and labor supply responses. We consider a Mirrleesian economy

in which agents with heterogeneous labor productivities work, consume and save for retirement.”

*Formally, po = —limdlog (1 — F¢ (C)) /0log C, (5 ., =1limdInC" /dIn (1 — 7v), and (; = —limdIn C/0Ty.
40ur baseline model is kept deliberately as simple as possible. In Section 3, we show that our results carry over
to much more general settings.



The additional consumption-savings margin allows us to separate consumption from after-tax in-
come, and also introduces capital taxes as a second margin for redistributive taxation. This connects
our analysis with another milestone result, the “zero capital taxation” (also known as “uniform com-
modity tazation”, henceforth UCT) theorem of Atkinson and Stiglitz (1976), which states that it
is optimal to leave consumption choices undistorted—and, hence, not to tax savings—if prefer-
ences for savings are independent of labor productivity. Savings taxes must thus be rationalized
by departures from this benchmark, for example if agents with higher earnings capacity also have
a stronger preference for savings relative to consumption (see, e.g., Saez 2002).

We show in Theorem 1 that ?is'/aez and UCT are two sides of the same coin: the revenue-
maximizing top income tax is equal to ?@“62 if and only if UCT applies and the optimal savings
tax is 0, except in the trivial case where savings vanish at the top of the income distribution.
Conversely, departures from this joint benchmark identify a trade-off between income and savings

Saez
Y

taxes: Either it is optimal to tax savings and reduce the income tax below 79%“%; or it is optimal

to subsidize savings and raise the income tax above ?gq/aez.

Theorem 2 and Corollary 2 then provide novel representations of optimal income and savings
taxes in terms of the moments that define the static wedge ?gqfaez and three consumption-based
sufficient statistics: (i) the ratio of Pareto coefficients of earnings and consumption py/pc, (i)
the ratio of compensated elasticities C_g - / Eﬁé{w that captures non-homotheticity of preferences
and maps into consumption responses to permanent income changes, and (i7i) a scaling parameter
that is identified by the elasticity of intertemporal substitution (EIS) or consumption responses to
wealth tax changes. A simple calibration based on available empirical estimates for these three
moments suggests that the optimal policy shifts a significant fraction of the top income earners’
tax burden from income to savings taxes, with an optimal savings tax between 12% and 30% and
correspondingly a top marginal income tax that drops from ?ﬁ“ez = 74% to between 63% and 70%.”

What connects the income tax formula (1) to UCT? Saez (2001)’s characterization applies to
a static economy with a single labor supply margin. In a dynamic setting, the optimal income
tax continues to be equal to ﬂs/aez , if and only if the design of income taxes can be reduced to
a static trade-off between labor supply and after-tax earnings, with no information needed about
how the latter is allocated between consumption and savings. But this condition holds if and only

if preferences for savings are independent of incentives to work and the conditions for the UCT

theorem are satisfied, i.e., iff it is optimal not to tax savings separately from consumption.

5These numbers should be interpreted in a life-cycle context: over a 25-year horizon, with annualized returns on
savings of 4%, a savings tax of 30% corresponds to a 1.4% annual tax on accumulated wealth, or a 37% capital income
tax. If we interpret savings as retirement income or pensions, a wedge of 30% means that top income earners receive
a present value of $0.77 in additional pension payments for each additional dollar in social security contributions.



Why is it optimal to shift part of the tax burden from income to savings? If consumption is
less concentrated than income, as suggested by estimates of py /pc, top earners have a vanishing
marginal propensity to consume. This could arise either because savings have a higher income
elasticity than consumption for given preferences, i.e., agents have non-homothetic preferences and
view savings as a luxury good relative to consumption, or because preferences for savings (relative
to current consumption) correlate positively with labor productivity, or a combination of the two.
Empirical studies that estimate consumption responses to permanent income changes find pass-
through coeflicients that are too high to rationalize the gap between consumption and income
concentration entirely through non-homothetic preferences. Hence we reject UCT in favor of a
shift towards positive savings taxes and lower income taxes.

Consumption data are essential for reaching these conclusions and identifying optimal income
and savings taxes. In the scenario where consumption has a thinner tail than income, the highest
income earners’ labor supply decision is again based on a static tradeoff, but this time between
labor supply and savings rather than consumption as in the static model of Saez (2001). Therefore,
the static wedge ?ffaez, and hence income data, continue to matter for optimal policy, but they now
determine the optimal combined wedge between income and savings. What is more, as the saving
share of income converges to one, savings data becomes redundant—and therefore uninformative—
relative to income data. As a result, formulas based on the distribution and behavioral responses
of savings, in the tradition of Saez (2002), are only able to identify the combined wedge and not
the two top tax rates separately. Instead, consumption is essential to determine how this combined
wedge should be decomposed into an income tax and a savings tax, i.e., how much one should
depart from the joint benchmark of Saez (2001) and Atkinson and Stiglitz (1976).

We derive these results from two conditions that optimal income and savings taxes must satisfy.
The first is a no-arbitrage condition which states that a marginal shift from income to savings taxes
(or vice versa) that leaves all agents’ utilities unchanged should not raise or lower tax revenues,
since it would otherwise lead to a strict Pareto improvement. The no-arbitrage condition shows
that the departure from UCT depends on the comparison between the ratio of Pareto coefficients
py /pc and the ratio of compensated elasticities ng /gﬁ{w. The second optimality condition,
called revenue-spillover condition, augments the static income tax tradeoff with a fiscal spillover
from income taxes to savings tax revenues. This condition implies that the optimal income tax is
strictly lower than (resp., equal to or higher than) the static wedge ﬂs/“ez if and only if the savings
tax is positive (resp., zero or negative). Theorem 1 connects these two optimality conditions and

provides a simple test for the departure from Saez (2001) and UCT.



Solving the two optimality conditions, we then derive novel representations of optimal top
income and savings taxes in terms of consumption-based sufficient statistics (Theorem 2). These
representations generalize the income tax formula (1) to economies with consumption and savings
and provide an analogous formula for optimal top savings taxes. Our representation highlights that
when agents work, consume, and save, inequality and behavioral elasticities of all three variables
matter for optimal tax design, even if they are jointly determined by the optimal allocation and
must satisfy over-identifying restrictions analogous to those of the static model.

Finally, we explore several extensions of our baseline model. We generalize the no-arbitrage and
revenue spillover conditions, as well as our representation of optimal income and savings taxes and
the tradeoff between the two, to multi-good economies with arbitrary planner preferences, a life-
cycle economy in which tax perturbations have additional inter-temporal spill-over effects through
labor supply to income and savings taxes in other periods, and models with multi-dimensional
heterogeneity, in which the optimal tax structure is analogous to that in our baseline setting, except
that it is now determined by the co-variation of average consumption and savings with income. We
finally discuss how our model can accommodate heterogeneous asset returns and dynamic income

risks.

Policy Implications. The income tax formula (1) of Saez (2001) and the UCT theorem of
Atkinson and Stiglitz (1976) have both been highly influential in shaping tax policies, but they are
typically invoked independently from each other: The former features prominently in discussions
about income tax design, while debate about savings taxes focuses on the policy relevance of UCT.
For example, a highly cited review article by Diamond and Saez (2011) simultaneously makes a
case for high top income taxes based on the formula for ﬂs/aez and for positive capital taxes by
questioning the assumptions underlying UCT. Theorem 1 shows that policy discussion of income
and savings taxes cannot be separated: Both are part of a policy mix that optimally trades off
between multiple tax instruments. Hence, the two policy recommendations by Diamond and Saez
(2011) are mutually inconsistent. Our characterization of optimal income and savings taxes in
Theorem 2 in turn provides empirical guidance on how the policy maker should resolve this tradeoff:
Government revenue is maximized by shifting part of the tax burden from income to savings, and
consumption data allow us to identify the magnitude of this shift. Hence, we provide empirical

support for the second recommendation by Diamond and Saez (2011), while at the same time

invalidating their first recommendation.



Related Literature. Our paper contributes to the optimal taxation literature originating with
Mirrlees (1971), as well as the sufficient statistics approach towards estimating optimal tax rates
that was pioneered by Saez (2001). Our model is based on Atkinson and Stiglitz (1976). Because
we allow for arbitrary preferences, their uniform commodity taxation theorem only applies as a
special case of our framework.® Mirrlees (1976), Saez (2002), and Golosov, Troshkin, Tsyvinski,
and Weinzierl (2013) study a similar problem to ours but do not characterize the optimal top tax
rates analytically nor express the formulas in terms of empirically observable sufficient statistics.”

Scheuer and Slemrod (2021), Gerritsen et al. (2020), Schulz (2021), Ferey, Lockwood, and
Taubinsky (2024), and Lefebvre, Lehmann, and Sicsic (2025) characterize or estimate optimal
savings taxes using savings-based sufficient statistics.® Our contribution here is twofold. First, by
combining the revenue-spillover and no-arbitrage conditions for the design of income and savings
taxes, we identify the joint benchmark that consists of Saez (2001) for the former and Atkinson
and Stiglitz (1976) for the latter, highlight a tradeoff between these instruments away from this
benchmark, and most importantly, offer a unified representation of optimal top income and savings
tax rates, in a model encompassing these previous studies.” Second, and most importantly, we
emphasize the role of consumption—rather than savings—data to characterize optimal income and
capital taxes. Consumption data are essential for identifying optimal taxes on top income earners,
who are the main focus of our analysis. In the empirically relevant scenario where consumption is
less concentrated than income, the highest income earners’ savings co-move one-for-one with their
savings, which renders their savings data redundant given the information already contained in their

income—thus making savings-based formulae uninformative about the optimal tax rates on top

SChristiansen (1984), Jacobs and Boadway (2014), and Gauthier and Henriet (2018) generalize Atkinson and
Stiglitz (1976) to non-homothetic preferences, but typically constrain commodity or savings taxes to being linear.

"Our work also relates to the literature that uses consumption data to assess optimality of risk-sharing or social
insurance design. The first generation of papers (see footnote 2) tended to use consumption to estimate marginal
social welfare weights or costs of consumption fluctuations. In this context, Fadlon and Nielsen (2019) and Landais
and Spinnewijn (2021) also offer original attempts to infer consumption-smoothing benefits of social insurance from
consumption and labor market data. We instead rely on consumption data to minimize the incentive costs of tax
distortions, as shown by our no-arbitrage condition. In this regard, we are conceptually closer to Chetty (2008)
who uses consumption to isolate incentive costs of Ul from liquidity effects, or Hendren (2017), who infers private
information about unemployment risks from consumption.

8The observation that revenue spillovers affect optimal income tax formulas goes back at least to Golosov, Tsyvin-
ski, and Werquin (2014) and Badel and Huggett (2017), and versions of this condition are used to characterize either
income or savings taxes in Ferey, Lockwood, and Taubinsky (2024), Gerritsen et al. (2020), Schulz (2021), and Lefeb-
vre, Lehmann, and Sicsic (2025). The no-arbitrage condition appears as a Pareto-efficiency condition in Scheuer and
Slemrod (2021) and Gerritsen et al. (2020), and are discussed also by Ferey, Lockwood, and Taubinsky (2024).

90ur model is formally equivalent to Ferey, Lockwood, and Taubinsky (2024), and our characterization com-
plements theirs by focusing specifically on top income earners. Gerritsen et al. (2020) and Schulz (2021) consider
models with heterogeneous returns, assuming that preferences satisfy the Atkinson-Stiglitz restrictions. We nest this
framework as a special case, but without exploring various micro-foundations of return heterogeneity that are beyond
the scope of our analysis. Scheuer and Slemrod (2021) consider a model with heterogeneous initial endowments which
is nested by an extension of our baseline model.



earners. Moreover, perturbing one top tax rate at a time no longer suffices to fully determine both
optimal top tax rates, since labor supply decisions only respond to the combined wedge between
earnings and savings at the top—in other words, both perturbations become colinear at the top and
cannot separately identify the two wedges. The no-arbitrage condition, which perturbs both taxes
simultaneously holding fixed the combined wedge, is therefore essential in fully characterizing the
optimal tax system. We discuss these issues in Section 3.5 when we compare our characterization
with Ferey, Lockwood, and Taubinsky (2024) and Scheuer and Slemrod (2021), who are the most
closely related to our analysis.

Finally, our calibration builds on the vast empirical literature that estimates consumption re-
sponses to income and rate of return changes; we review key contributions in Section 4. In this
context, we argue that the important econometric challenge of separately identifying the hetero-
geneity vs. non-homotheticity of preferences is precisely what underlies the economic rationale to
tax savings—mnamely, the hidden correlation of preferences for savings with permanent income.
Many of the existing empirical studies lack the flexibility to identify both mechanisms separately,

and hence lead to a biased estimate the pass-through elasticity that is relevant for optimal taxation.

Outline of the Paper. In Section 2, we set up our baseline model and derive our main theoretical
results on optimal income and savings taxes (Theorem 2) and the relationship between Saez (2001)
and Atkinson and Stiglitz (1976) (Theorem 1). Section 3 discusses several extensions. In Section

4, we present results from a simple calibration. All proofs are collected in an Appendix.

2 Optimal Taxation of Top Earners

In this section, we set up the simplest environment that allows us to decouple consumption from
after-tax income and derive our optimal labor and savings tax formulas. In Section 3, we generalize

our analysis to much richer environments.

2.1 Environment

There is a continuum of measure 1 of heterogeneous agents indexed by a rank r € [0,1] uni-
formly distributed over the unit interval. The preferences of agents of rank r are defined over
“labor income” Y, “consumption” C, “savings” S. They are represented by the utility function

U(Y,C,S;r)."" We assume that U is twice continuously differentiable in (Y, C,S) with Uy < 0,

10While it is convenient to define preferences in terms of the observables Y, C, and S, it is straightforward to
map the preference over labor income Y into a preference over labor effort N = Y/A (r), where A (r) denotes labor

7



Uyy <0,Ug >0, Ucc <0, Ug >0, Ugg < 0 and satisfies the usual Inada conditions as Y, C, or
S approach 0 or oo, for any r. We further assume that U (Y, C, S;r) is non-decreasing in 7, for any
(Y,C,S). This specification nests the standard case of an intertemporally separable utility func-
tion Uy (Y, C;r)+BUs (S; ), where the second-period utility Us represents (possibly heterogeneous)
preferences over future consumption or bequests; more generally, it also allows for non-separability

between current and future consumption, for instance as in models of habit formation.

Assumption 1 (Single-Crossing Conditions). (i) The marginal rates of substitution (MRS)
between consumption and income, —Uy /Uc, and between saving and income, —Uy /Ug, are strictly

decreasing in r for all (Y,C,S), i.e.,

Oln (—Uy/UC) = Uyr _ UCr < 0 and Jln (—Uy/Us) Uyr _ USr

Ust g (3
or Uy U or Uy  Us (3)

Il
o

Furthermore, the marginal disutility of effort is decreasing in r, Uy, /Uy < 0.
(ii) The MRS between consumption and savings, Us/Uc, is monotonic in r for all (Y,C,S),

i.e.,
0ln (Us/Uc) Usr Ucr

= — 4
or Ug Uc )

is either mon-positive or non-negative everywhere.

The first equality in (3) is the standard single-crossing condition (Mirrlees 1971); the second
condition introduces its analogue with regards to savings. These conditions rank agents according
to their preferences over leisure, on the one hand, and consumption or savings, on the other hand.
On the margin, higher-ranked agents are more willing to work for a given consumption or savings
increase. The additional restriction Uy, /Uy < 0 implies that higher ranks r find it less costly to
attain a given income level Y; that is, we can associate agents’ ranks with their labor productivity.

The second part of Assumption 1 imposes that the inter-temporal MRS is monotonic. If it is
increasing and (4) is positive, then higher ranks have a stronger taste for saving (relative to current
consumption) than lower ranks. In other words, given the same allocation, those who are the most
inclined to work—the higher ranks—are also the most inclined to save. If instead (4) is negative,
then those who are the most inclined to work are also those who are the most inclined to spend
their incomes on current consumption. Under the restrictions on preferences imposed by Atkinson

and Stiglitz (1976), the intertemporal MRS is constant and (4) is uniformly equal to zero.

productivity, and N and A (r) are not directly observable to the planner. The dependence of the utility function on
r also allows for heterogeneity of preferences across ranks.



Social planner’s problem. Consumption, income, and savings are assumed to be observable,
but an individual’s productivity rank r is their private information. For now, we assume that the
social planner is Rawlsian and maximizes the utility of the lowest-ranked agent; this assumption
is without loss of generality for our results on optimal top taxes.'! The Rawlsian social planner’s

problem amounts to choosing a tax function 7' (Y, S) that maximizes government revenue

/0 T(Y (r), S (r) dr (5)

subject to the constraint that all agents maximize their utility given their budget constraint C' <

Y —S—-T(Y,95), that is:
{Y(r),S(r)} € arg max uy,y-s-1(,5S),S;r), (6)
and a lower bound constraint on the lowest rank’s utility
U (Y (0),€(0),5(0);0) = Wo. (7)

Following Saez (2001), this formulation allows us to characterize optimal income and savings taxes
using simple perturbations of the tax function 7' (Y, S). With one-dimensional heterogeneity, it is
without loss of generality to consider separable tax functions of the form 7' (Y, S) = Ty (Y)+T5s (5).

This problem can be transformed into a standard mechanism design problem of choosing an allo-
cation {Y (-),C (), S ()} that maximizes the government’s surplus fol{Y (r)—=C (r)—S (r)}dr sub-
ject to incentive compatibility and the lower bound constraint (7). Incentive compatibility implies
the envelope condition V' (r) = U, (Y (r),C(r),S (r);r), where V (r) = U (Y (r),C (r),S (r);r).
In the Appendix, we show that this envelope condition is also sufficient for global incentive com-
patibility, if Y (-), C'(-), and S (-) are monotone in . We then go on to characterize its solution

using standard results from optimal control theory.?

Marginal income and savings tax rates. Let 7y (r) = Ty, (Y (r)) and 75 (r) = T4 (S (r))
denote the marginal income and savings tax rates at rank r. From the first-order conditions implied

by equation (6), the marginal income tax rate satisfies v = Uy /Uc + 1 and therefore corresponds

1YWe generalize our results to arbitrary planner preferences in Section 3.1. Our top income tax results remain
unaffected so long as the marginal utility converges to 0 at infinity, so that top-ranked agents receive vanishing weight
in the planner’s objective function.

120 ease notation, throughout the paper we write X (r) = X (Y (r),C (r), S () ;7) for any function X of both the
rank r and the allocation {Y (r),C (r), S (r)} assigned to this rank. We further drop the dependence on r whenever
this is unambiguous from the context.



to the labor wedge at rank r, i.e., the intra-temporal distortion between the marginal product and
the marginal rate of substitution between consumption and income. Likewise the marginal savings
tax rate satisfies 7¢ = Ug/Uc — 1 and therefore corresponds to the savings wedge at rank r, i.e.,
the inter-temporal distortion in the agent’s first-order condition for savings. We focus on the top

of the income distribution, for which we make the following assumption:

Assumption 2 (Top Tax Rates). The optimal allocation {Y (-),C (-),S ()} is increasing in r,
for r sufficiently close to 1. Moreover, optimal labor and savings wedges converge to constants

v <1l and 7s > —1 asr — 1.

We can interpret our optimal tax system as a combination of income taxes, social security
contributions and pension payments (“savings”) that are indexed to labor income, without any
additional private savings. The savings wedge then represents the marginal shortfall or excess
of social security contributions relative to pension payments. Alternatively, we interpret S as
“bequests”, let C' and Y stand for life-time earnings and consumption, and reinterpret the savings

wedge as a tax on bequests.

2.2 Sufficient Statistics

Our characterizations of optimal income and savings taxes are based on two sets of sufficient
statistics: (i) distributional parameters, such as the Pareto coefficients and the consumption and
saving shares of income; and (ii) behavioral elasticities (income and substitution effects) of earnings,

consumption, and savings with respect to tax changes.

Distributional parameters. We denote the local Pareto coefficients of the distributions of labor

income, consumption, and savings, respectively, by

dln (1 - Fy (X (1))
dln X (r)

px (r) =

for X € {Y,C, S}, where Fx denotes the CDF of the distribution of X. We further denote by

= cr) and sg(r) =
) = aon vy s =

(1+75(r) S (r)
(1 =7y ()Y (r)

the shares of consumption and savings in retained income at rank r.

Behavioral elasticities. Next, we introduce the substitution and income effects of tax changes

on taxable income ({QW,CQTS,({/), consumption (CgTy,(gTs,Cé), and savings (Cé{w,(gm,(fq).

10



Fixing a linear tax function 7'(Y,S) = Ty + 7vY + 7595, the substitution effects are defined as
the compensated (Hicksian) elasticities with respect to the after-tax wage or asset return, and the

income effects are defined as the (weighted) semi-elasticities with respect to lump-sum tax changes:

OlnX
Oln (1 —7v) |50

O0ln X
Oln (14 75) 5=

Oln X
0Ty

(Rry , (R = ,and Ck = (1_TY)Y‘

for X € {Y,C,S}. These substitution and income effects identify structural properties of the

underlying utility function which are fully summarized by the following six preference elasticities:

£ = ~UccC fu = _UssS £ = UyyY S = UcyY _ UsyY _ UcsS

We assume that all of these variables converge to constants for top earners:

Assumption 3 (Convergence). The Pareto coefficients (py, pc,ps), consumption and savings
shares (sc, ss), substitution and income effects ({gTy,CgTS, ), (Cgm,, {gTS, ¢d), (ng,cgm, ¢y,
and preference elasticities (Ec,Es,Ey,Ecy,Esy,Ecs) all converge to finite limits as r — 1. For

any of these variables, we write X = lim,_,1 X (r).

Model-implied restrictions: a tale of three tails. The Pareto coefficients, spending shares
and behavioral elasticities are not independent of each other: They are linked through the agents’
budget constraints and first-order conditions. As discussed in the introduction, this additional
structure imposes over-identifying restrictions that enter the representation of optimal taxes.
First, differentiating the agents’ budget constraint with respect to r yields the following condi-
tion linking local Pareto coefficients and spending shares: 1/py = s¢/pc + ss/ps. This equation
relates the concentration in earnings to the concentration in consumption and savings above any
rank . Now, as r — 1, the spending on consumption or savings of top-ranked agents cannot grow
faster than their after-tax income, so that pc > py and pg > py. But total spending must grow at
the same rate as after-tax income, which in turn implies that py = min{pc, ps} and s5¢ + 55 = 1.
In other words, the cross-sectional distribution of labor income must have a weakly thicker upper
tail than those of both consumption and savings, but it cannot have a strictly thicker upper tail
than more than one of these variables. This relationship is the analogue of the condition py = p¢
in the static setting. Moreover, if consumption has a strictly thinner tail than income, then the
share of consumption in retained earnings must be vanishing, so that s = 0 whenever pc > py.

Symmetrically, s¢ = 0 if pg > py. On the other hand, the shares of consumption and saving can

BFor future reference, we also define Es¢ = UscC/Us = (sc/ss) Ecs.
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converge to any value in [0, 1] when the three upper tails have the same Pareto coefficient.

In addition, income and substitution effects satisfy standard demand-theoretic properties, ob-
tained by differentiating the agents’ first order conditions with respect to changes in marginal tax
rates and lump-sum income transfers: C{/{TX = scchX + SSCgTX for X € {YV,S} and 1 - {{ =
scg“é + ssgé. These equations generalize the conditions C{;{TY = Cgﬂ_y and 1 — C{/ = Cé from
the static model and add the analogue condition for substitution effects w.r.t. savings taxes.
Moreover, the Slutzky symmetry condition for substitution between earnings and savings imposes
CQTS = —sg( g‘{w‘ Hence, income and substitution effects provide five distinct moments to identify
six preference elasticities. The remaining degree of freedom captures the fact that demand func-
tions identify ordinal preferences, not cardinal utilities—but these are sufficient for analyzing the
Rawlsian social planner’s problem.'*

Finally, as with the Pareto coefficients, taking the limit as » — 1 imposes additional restrictions
on the identification power of these income and substitution effects. If S0 = 1 — §¢ = 1, so that
savings vanish at the top as a proportion of income, then the substitution and income effects on
consumption mirror those on taxable income, i.e. (Eg’w, fgm, ) = (E}I,{’Ty, E{};S, {). Therefore,
identification requires using the response of top earners’ savings to tax changes, (E g{Ty, EgTS, C_é)
If s =1— 59 = 0, so that consumption vanishes at the top, then the income and substitution
effects on savings mirror those of income, i.e. (C_gw,fgm,fé) = (ngy,C_{}fTS,C_{/), and therefore
identification requires using the response of consumption to tax changes (Eg Ty,C_g g? E(I;) Finally,
if 5¢,5¢ € (0,1), any two sets of substitution and income effects identify the third, along with the

preference elasticities.

In sum, our model admits three possible scenarios that we summarize as follows:

1. If py = pc < psg, then s¢ = 1 and 5g = 0, so that savings are strictly less concentrated
at the top than income and consumption, and top earners consume most of their income
in the current period. The Pareto coefficients and behavioral responses of consumption and
labor supply then coincide, thus making information from consumption redundant, relative
to income data. Preference elasticities and optimal taxes are then identified from Pareto

coefficients and behavioral responses of income and savings.

2. If py = pc = ps, then 5¢ = 1 — s¢ € [0,1], so that income, consumption, and savings
are equally concentrated at the top, and top earners both consume and save non-vanishing

fractions of their income. The substitution and income effects of any two of the three variables

14Going beyond the Rawlsian tax design problem, the extra degree of freedom summarizes the transformation of
ordinal to cardinal preferences, or equivalently, the welfare weights assigned to different agent types.
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can then be used to identify the preference elasticities and determine optimal income and

savings taxes.

3. If py = ps < pc, then s¢ = 0 and 55 = 1, so that consumption is strictly less concentrated
at the top than income and savings, and top earners save most of their income. The Pareto
coefficients and behavioral elasticities of savings and labor supply coincide, making savings
information redundant relative to income data. Preference elasticities and optimal taxes are

then identified from Pareto coefficients and behavioral responses of income and consumption.

In the sequel, we refer to these cases as Case 1, Case 2, and Case 3, respectively. The evidence
cited in the introduction points to Case 3 with po > py and s¢ = 0 as the empirically relevant

scenario.

2.3 Linking Departures from Seminal Taxation Results

When should income and savings be taxed? It is well-known since Mirrlees (1976) that the optimal
labor and savings wedges inherit the signs of Ue,. /Uc—Uy,. /Uy and Us,./Us—Ucy/Ue, respectively.
Assumption 1 implies that the former is positive, and hence that it is optimal to tax labor income.
Analogously, it is optimal to tax (respectively, subsidize) savings whenever the latter is positive
(resp., negative), that is, if higher ranks have a higher (resp., lower) intertemporal MRS Ug/U¢ and
are thus more inclined to save (resp., consume) their current income than lower ranks. Intuitively,
if the more productive ranks have a stronger taste for savings, the planner can screen them—i.e.,
deter them from mimicking lower ranks—by taxing the savings of lower ranks. This general result
nests the uniform commodity taxation setting of Atkinson and Stiglitz (1976) as a special case.
When all ranks r have the same intertemporal MRS Ug/U¢, savings taxes are unable to affect
the low-productivity workers differently from the more productive ones who mimick them. It is
then optimal to set 7g = 0 for all r, so that redistribution is achieved only through the income tax
without further distorting the consumption-savings margin.

This discussion, however, does not shed any light on connections between optimal income and
savings taxes. We show that these two tax instruments interact through two distinct channels,
and must therefore be jointly determined. First, optimal tax distortions obey a simple arbitrage
principle: A Pareto efficient tax system must smooth tax distortions across different margins in such
a way that a marginal shift from income to savings distortions—or vice versa—that leaves agents’
utilities unchanged should also not increase or lower tax revenue. This no-arbitrage condition relates

the level of optimal savings taxes or subsidies to the level of optimal income taxes. Second, there
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are tax revenue spillovers: Raising marginal income taxes reduces savings, and thus the revenues or
costs from savings taxes or subsidies. Accounting for these revenue spillovers implies that optimal
income taxes are a decreasing function of savings taxes, and vice versa. The no-arbitrage and
revenue spillover conditions jointly determine the optimal tax system.

By combining these two conditions, we uncover a deep connection between the seminal results
of Saez (2001) and Atkinson and Stiglitz (1976), which to our knowledge has not been recognized
before: One cannot hold without the other—outside of the “trivial” Case 1 where savings vanish
(as a fraction of earnings) at the top of the income distribution. In other words, the static optimal
income tax rate and the uniform commodity taxation theorem are two sides of the same coin. Hence,

799 must also support the recommendation of

an expert calling for high income taxes based on
zero capital taxation, and support for positive savings taxes must be accompanied by less extreme
recommendations for the income tax. This connection between optimal income and savings taxation

is summarized in the following Theorem:

Theorem 1. Suppose that Sg > 0 (Cases 2 and 3). Then,

< _ _
Ty = Té‘wz — Tg

_ — > = =
0 < po/ps = CEn /¢l

AV

The revenue-spillover condition implies the first equivalence in Theorem 1, which highlights
that the tax authority faces a trade-off between income and savings taxes: Positive taxes (resp.,
subsidies) on savings must go hand-in-hand with a reduction (resp., increase) of income taxes below
(resp., above) the level prescribed by 7_'{/9“62 . These revenue spillovers become negligible only if s = 0
(Case 1), in which case the optimal top income tax equals the static optimum. The no-arbitrage
principle implies the second equivalence in Theorem 1. It provides a simple empirical test of the joint
benchmark of ﬂs/aez and uniform commodity taxation by comparing the ratio of Pareto coefficients
of consumption and savings, pc/ps, to the ratio of their inverse substitution effects w.r.t. income
tax changes, 55{71/ / Eg - Moreover, the difference between these two ratios determines in which
direction optimal income and savings taxes must depart from this joint benchmark. The next two

subsections derive these two optimality conditions in turn, and Theorem 2 combines them to solve

for the optimal tax rates Ty, Tg.

2.4 The No-Arbitrage Condition

Our first proposition articulates the no-arbitrage condition, according to which the planner cannot

increase revenue by locally shifting tax distortions between income and savings taxes. This result
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is based on a Pareto efficiency criterion and therefore holds under much weaker conditions than

those implied by the optimal planner’s solution.

Proposition 1. Optimal top income and savings tazxes satisfy

= _ - FH = FH

C — PSs
(NN Y,  where X = Fi Q%TY e %}TY. ()
L+7s =7y PCCC,TS - PSCSJS

We now sketch the proof of Proposition 1 and discuss its economic interpretation, first as the
solution to the mechanism design problem as in Mirrlees (1971), and second by means of a well-

designed tax perturbation in the tradition of Saez (2001).

Proof of Proposition 1 using mechanism design. The first-order conditions to the mecha-
nism design problem imply that at any rank r, the following arbitrage relation must hold between

income and savings tax distortions:

s/ (1+7s) _ Usy/Us —Ucr/Uc ©)
v/ (1—1y) Ucr/Uc — Uy, /Uy

Equation (9) equates the ratio of the resource gains from reducing the savings tax vs. the income tax
at rank r, in the left-hand side, to the ratio of changes in marginal information rents V' (r) that such
lower tax rates induce, in the right-hand side. The latter capture the respective changes in utility
that must be granted to ranks 7’ > r to deter them from mimicking rank r after the corresponding
tax cuts. This arbitrage relation is based on a Pareto efficiency principle that applies regardless of
the planner’s tastes for redistribution: At the optimum, the planner should not be able to increase
tax revenue by perturbing income and savings taxes in such a way that agents’ marginal information
rents (and hence their utilities) remain unchanged.!®> The following identification lemma relates

the changes in marginal information rents to the sufficient statistics in equation (8):

Lemma 1. For any given system of tax distortions {ry (r),7s ()}, we have

Ucy UYr) o & dln(l—1y)
1—7 - SN A S h £ 10
( )(Uc Uy pc  py dn(l—r) (10)
Usy, UCr) gs gc dln (1+71g)
1—r - = SB_c 2T 11
( )(Us Uc ps pc dln(l—r) =

where éy =& — &y — Esy — Ecs/ss, éc =&+ Esc — sc(Ecy — Esy), and 55 = &g+

5The Uniform Commodity Taxation Theorem of Atkinson and Stiglitz (1976) is a direct corollary of this condition,
since equation (9) implies 7¢ = 0 whenever Usg,/Us — Ucr/Uc = 0.
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Ecs + ss (Ecy — Esy). Moreover, the ratios of preference elasticities are identified by the ratios of

behavioral elasticities as follows:

5 H 5 H
é:Y = — CCirs and @ = Cry . (12)
tfe] C{/{T s Eo Cé{ 2%

Equations (10) and (11) are obtained by totally differentiating the agents’ first-order conditions
1—7y = =Uy/U¢ and 1 + 179 = Ug /U with respect to r and noting that in each case the differ-
entiation can be decomposed into a component that captures the rank-dependence of preferences
for a given allocation (i.e., the heterogeneity of preferences across agents), and a component that
captures how the allocations vary with income at a given rank (i.e., the non-homotheticity of pref-
erences for a given agent). The latter is fully identified from preference elasticities and local Pareto
tail coefficients, and can thus be used to identify the former. To understand the economics un-
derlying this key identification result, suppose that savings are more concentrated at the top than
consumption (pc > pg). This could occur either because top-ranked earners face more strongly
diminishing marginal utilities of consumption than of savings (E:’C > E:'S), which would constitute a
departure from the homotheticity of preferences, or because agents’ intrinsic preferences for savings
are heterogeneous (i.e., rank-dependent). The ratio pc/ps identifies the concentration of savings
relative to consumption observed in the data, while c‘:’g / c‘fg identifies the concentration of savings
relative to consumption that is consistent with rank-independent preferences. Rank-independence
is rejected when the former differs from the latter. By comparing pc/ps to éc / Eg, we thus identify
how much preference heterogeneity is required to rationalize the gap between consumption and
savings inequality, and thus to what extent savings taxes or subsidies are useful to screen and
redistribute from higher- to lower-ranked agents, on top of income taxes.'%

Furthermore, equation (12) identifies the ratios of preference elasticities from the ratios of sub-
stitution effects. It shows that £g /éc = (g v / ng, i.e., the substitution effects for consumption
and savings with respect to retained earnings are inversely proportional to the preference elasticities.
Intuitively, agents pass through earned income changes to consumption and savings with elasticities

that are inversely proportional to the respective preference elasticities Ec and és. Thus, the ratio of

16 A more formal intuition goes as follows. With constant top savings taxes, agents’ consumption and savings must
grow with after-tax income at rates that keep the inter-temporal MRS constant, hence 1/Us and 1/Uc must have
identical upper Pareto tails. With rank-independent intertemporal MRS, this in turn implies that fs/ps = éc/pc.
Conversely, if preferences are rank-dependent (Us,/Us # Ucr/Uc), the upper Pareto coefficients of 1/Us and 1/Uc
augment the terms Es /ps and éo /pc, which capture the role of diminishing marginal utilities at a given rank, with
additional terms (1 — r) Us,/Us and (1 — r) Ucr/Uc that capture the rank-dependence of 1/Us and 1/Uc at a given
allocation. Equating the two Pareto coefficients then implies that the rank-dependence of the intertemporal MRS is
equal to the difference between 55 /ps and éc /pc and is thus fully identified from the latter.

16



substitution effects from income tax changes identifies the ratio of preference elasticities, and hence
the amount of consumption vs. savings concentration at the top that can be rationalized without
preference heterogeneity. Combining the two conditions (11) and (12), it follows that the infor-
mation rent term Ug,/Us — Uc,/Uc, and therefore departures from uniform commodity taxation,
depend on the difference between pc/pg and CgTY / Cg v OF equivalently on pC(g —_— PngTY- The
reasoning is similar for the term Ug,/Uc — Uy, /Uy, using the over-identifying restrictions derived
in Section 2.1. Proposition 1 then follows from taking limits as r — 1. The ratios of preference elas-
ticities, substitution effects, and Pareto coefficients are therefore natural and transparent sufficient
statistics for intrinsic rank-dependence of preferences and hence optimal taxes.

Lemma 1 highlights the importance of non-homothetic preferences for optimal tax design. If
preferences are homothetic in consumption and savings, i.e. Eg = éc, consumption and savings
of top earners both move one-for-one with after-tax income, implying that (g ~n =G gTY = Cﬁé{w’
and the response of consumption and savings to income tax changes becomes uninformative about
optimal savings taxes. Any difference between the concentrations of consumption and savings in
the data is then fully attributed to preference heterogeneity, which directly translates into a motive
for savings taxes. It is only with non-homothetic preferences that there is a meaningful problem
of identifying preference heterogeneity separately from income effects, and only in this latter case

that these additional behavioral elasticities are informative about optimal income tax design.

Proof of Proposition 1 using tax perturbation methods. Consider a small perturbation
(O1y, 07g) that shifts taxes from income to savings for a small interval of types r' € [r,r + Or).
Following Saez (2001), these perturbations mechanically change tax payments at rank r' > r + Or
by Ory (Y (r +0r) =Y (r))+015 (S (r +0r) — S (r)) = (0rvY/py + 0755/ps) Or/ (1 —r).'" They
further affect overall tax revenue through the behavioral responses of earnings and savings. These
behavioral responses can be decomposed into a substitution effect for types r’ € [r,r + dr) and an
income effect for types r’ > r+dr. We scale the income and savings tax perturbations so that their
mechanical effects exactly offset each other: 0mvY/py + 0755/ps = 0. With this scaling condition,
the two tax perturbations also have exactly offsetting income effects for all types ' > r + dr,
leaving their earnings, consumption, and savings (and hence tax payments) unchanged. Therefore,
substitution effects for ranks v’ € [r,r + Or) are the only possible source of variation in tax revenues.
At the optimum, the changes in income and savings tax revenue due to substitution effects must

exactly offset each other. The behavioral response of earnings at rank r to the combined change

" Throughout the paper, we use the symbol “~” to denote first-order approximations when dr > 0 is small. This
approximation becomes exact in the limit as dr — 0.
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. . . H 8 H 9 H H Y 8
of income and savings taxes is Y = —((y/,, 1_Tfy = Yorg 1+TTSS)Y = —(Cy Py — gszypS)p—Yl_Tfy,

where we have first substituted the scaling condition —d71yY/py = 0795/ps and then the Slutzky

symmetry condition. Likewise, the behavioral response of savings to the combined tax perturbation

is 0S = (CgTS ps — C{{TS py)p% 1‘?:%. The perturbation must leave total tax revenue unchanged, or

Ty Y + 7505 = 0. Since —01vY/py = 0755/ ps, it follows that

H H H H
s 1Y WY —CnPS Ty (O PC Gy PS
1 +7s L—mv oy = ops L—1yv ¢4, .pc— ¢ ps

(13)

where the second equality follows from a few steps of algebra that use the over-identifying restric-
tions to express the ratio in terms of (pc, CgTy,(gTS) instead of (py, C{%TWC{ZTS). This last step
matters for Case 3, where consumption moments are necessary for identification purposes—notice
that the first equality in equation (13) would be equal to “0/0” in this case since savings and earn-
ings are asymptotically indistinguishable. We return to this important point in Section 3.5 below
when we discuss the relationship between our paper and Ferey, Lockwood, and Taubinsky (2024).

The tax perturbation proof offers a complementary intuition for the no-arbitrage condition:
Shifting tax distortions from earnings to savings increases earnings (0Y > 0) if and only if C{/{’TY py >
¢ gTY ps, or the positive substitution effect of lower income taxes outweighs the negative substitution
effect of higher savings taxes. If this inequality holds and 7g = 0, such a compensated shift from
income to savings taxes thus raises overall tax revenue, in which case it is optimal to shift part of
the tax burden from income to savings. If instead C;{TY py < (¢ gTY ps, subsidizing savings to increase
income taxes raises overall tax revenue. Finally, the Uniform Commodity Taxation Theorem applies
if and only if the two substitution effects just offset each other and the compensated tax perturbation
leaves income and overall tax revenue unchanged. This observation connects the revenue trade-off
between income and savings taxes back to the preference conditions that govern the departure from

uniform commodity taxation.

2.5 The Revenue Spillover Condition

The second source of interaction between income and savings taxes results from the spillovers that
one tax has on the revenue collected from the other. The following proposition derives the optimal

top income tax Ty for a given savings distortion 7g on top income earners.

Proposition 2. For a given top savings distortion Tg, the optimal top income tax Ty satisfies

= —Saez =
v ¥ s ¢ _ - GH 1
7 1= 7—.}§aez (1 13 T535<I>5> ,  where  ®g = py(g,,. + (s (14)
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where T%% is given by (1). In particular, in Case 1 (sg = 0), the optimal top income taz rate Ty

is equal to the static optimum ﬂsfaez. In Case 3 (sg = 1), the static optimum ?}S/‘wz is equal to the

combined wedge on income and savings:

1 — 75967 = . (15)

Proposition 2 summarizes how the revenue spillover from income taxes to savings changes the
optimal design of income taxes for top income earners. When savings taxes are zero for all types, the
optimal income tax is derived from the same trade-off between mechanical increases in tax revenue
and labor supply responses as in the static model. Hence, when 7¢ = 0 the optimal income tax on
top earners is equal to ?g/gaez. However, when 7g # 0, an extra term enters the optimal tax trade-off,
given by the behavioral response of savings to the income tax change. This tax revenue spillover
implies that the optimal income tax is lower than at the static benchmark if savings are taxed,
or higher than at the static benchmark if savings are subsidized. The magnitude of this spillover
depends on the income and substitution effects of savings in response to income tax changes, as
well as the savings share among top earners.

The two polar cases are particularly informative. In Case 1 (55 = 0), top income earners save
a vanishing fraction of their income, and the spillover effect to savings taxes or subsidies becomes
negligible. Intuitively, savings simply do not matter at the top, and the model converges to the
standard static trade-off between income and consumption, so that the optimal income tax is the
same as in the static model. On the other hand, in Case 3 (sg = 1), top income earners consume a
vanishing fraction of their income, and savings mirror earnings at the top of the distribution, so that
g = 1/72%* and hence 1 — 7% = (1 — 7y)/(1 + 75) (equation (15)). That is, the spillover effect
from income to savings tax revenue is so strong that higher savings taxes translate one-for-one into
lower income taxes, leaving the overall wedge constant at ﬂéaez. Intuitively, if consumption becomes
negligible at the top, then the optimal top income tax is again governed by a static trade-off—but
it is now between income and sawvings, rather than between income and consumption. The static
wedge therefore still matters, but it identifies the combination of the labor earnings and savings

wedges—the latter being non-zero whenever the Atkinson-Stiglitz theorem fails to hold.

Proof of Proposition 2 using mechanism design. We decompose the mechanism design
problem into two stages. In the first stage, the social planner designs the income tax sched-
ule Ty (Y') and agents trade off between labor supply and after-tax earnings M =Y — Ty (Y),
as in Saez (2001). In the second stage, the planner designs the savings tax schedule Ts (.5)
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and agents allocate after-tax earnings to consumption and savings. Here, we take the outcome
of the second stage as given and focus on the design of income taxes for a given savings tax
schedule. Define U (Y, M;r) = maxc,s U (Y,C,S;r) st. C+ S+ Tg(S) < M as the indirect
utility function that characterizes the solution to the second-stage problem, and S (Y, M;r) =
argmaxs U (Y,M — S —Ts (S),S;r) as the optimal savings decision, given earnings Y and after-
tax income M =Y — Ty (Y). The optimal first-stage allocation {Y (-), M (-)} maximizes the
aggregate tax revenue fol (Ty (Y (r)+Ts(S(Y (r),M (r);r)))dr subject to the promise-keeping
V (0) > Wy and the local incentive compatibility constraint V' (r) = U, (Y (r), M (r);r), with
V(r)=U (r),M (r);r). This mechanism design problem departs from the static optimal in-
come tax design problem of Mirrlees (1971) and Saez (2001) only by including a spillover to savings
tax revenue in the planner’s objective function. We express the resulting optimality condition in
terms of observable sufficient statistics to obtain equation (14).

The economic insight of this proof is that the optimal income tax equals ?gq/aez if and only if
the optimal income tax design can be reduced to the first-stage problem, that is, a static problem
with preferences directly defined over earnings Y and after-tax income M, with no information
needed about how the latter is allocated between consumption and savings. But this condition
is met precisely when preferences satisfy the necessary and sufficient condition for the Uniform
Commodity Taxation theorem of Atkinson and Stiglitz (1976) and it is optimal to leave savings
undistorted; that is, if the MRS between consumption and savings is independent of rank r. By
contrast, the reduction to a single decision margin and single tax distortion characterized by Saez
(2001) no longer applies when the preference restrictions of Atkinson and Stiglitz (1976) fail to
hold. The design of optimal income taxes can no longer ignore how after-tax income is allocated
to consumption and savings, since preferences for savings and incentives to work are no longer
independent. If higher-ranked agents are more inclined to save, the taxation of savings facilitates
redistribution towards lower-ranked agents and allows the social planner to reduce labor supply
distortions. Hence, the optimal income tax is strictly lower than the static benchmark ?39,‘"32.

Conversely, it becomes optimal to subsidize savings and raise the income tax above ?39/““ if higher-

ranked agents are less inclined to save.

Proof of Proposition 2 using income tax perturbation. Consider a local perturbation of
the marginal income tax similar to Saez (2001). Fix a rank r € (0,1) and income Y = Y (r),
and for small Or > 0, consider a small increase of the marginal income tax by dry > 0, for
ranks v’ € [r,r + dr). For ranks ' > r 4+ Or, the marginal income tax is unchanged, but the

level of the tax schedule is shifted up by dry (Y (r+ 9r) — Y (r)). Hence, this tax perturbation
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mechanically raises tax revenues by dmy (Y (r+0r) =Y (r)) (1 —r) = Oy 0rY/py, which at the
optimum must be exactly offset by the behavioral responses of earnings and savings in response
to the tax change. The behavioral response of earnings can be decomposed into a substitution
effect Y (') = —YCgTyaTy/ (1 —7y) for ranks ' € [r,r + Or), and an income effect 9Y (') =
GO (Y (r+r) =Y (r)dry/ (1 =1y (r')) for ranks r' > r + dr. Similarly, we decompose the
behavioral response of savings into a substitution effect 95 (') = —SSYC 01y [ (1 + 75) for ranks
v’ € [r,7 + Or), and an income effect 9S (1) = sg (') L (7') (Y (r + Or) = Y (r)) Oy / (1 + 75 ("))
for ranks 7/ > r+0r. Integrating over 7’ > r and letting r go to zero yields the following optimality

condition for income taxes at rank r:

U= e R[4 2
s (1)
T 0 505

r > r} (16)

E
+SS<1+ PYCSTY-F [

Equation (16) augments the usual tax perturbation trade-off by a spill-over term from the income
tax to savings that includes both a substitution effect for ranks 7’ € [r,r 4+ 9r) and an income effect

for ranks ' > r + Or. Proposition 2 then follows from taking limits as r — 1.

2.6 General Representation of Optimal Taxes

We can now solve the system consisting of the revenue spillover and no-arbitrage conditions for Ty
and Tg. We obtain the following representation of optimal income and savings taxes in terms of

sufficient statistics:

Theorem 2. Optimal top income and savings taxes satisfy

B ?gaez B E?gaez
Y = s =Saez and TS = s =Saez —=Saez’ (17)
1—!—85@57’1/ by 1—|-85(I)57'Y Y- ( —1-2)

=Saez

where T is given by (1), ¥ is defined in Proposition 1, and ®g is defined in Proposition 2.

Theorem 2 gives our complete characterization of the optimal top income and savings tax
rates in terms of Pareto coefficients, income and substitution effects. The first equation in (17)
generalizes the top income tax rate formula of Saez (2001), while the second one provides an
analogous representation for savings taxes. Our characterization boils down to three (composite)
sufficient statistics: the optimal static wedge ?SW , the revenue-spillover coefficient ®g, and the

=Saez

tax-arbitrage coefficient ¥ whose sign governs both the departure of 7y from 79%¢* and the sign of

the savings wedge Tg. They derive from five behavioral elasticities (two income effects and three
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substitution effects with respect to changes in income or savings taxes) and the Pareto coefficients
of earnings and either consumption or savings.

Without additional structure, all five of these behavioral responses are necessary since they
play different roles in the optimal tax formulas: The behavioral responses of earnings (QT}I,,QT{}’Ty)
determine the trade-off between labor supply and after-tax income in the first stage of the tax design
problem, and hence the value of ﬂs/aez . The behavioral responses of savings (Efq,égw) determine
the spill-over from income taxes to savings, ®g. Finally one additional substitution effect with
respect to the savings tax is required to fully identify the tax-arbitrage coefficient 3.

In Cases 1 and &, optimal taxes only depend on the static wedge ?@aw and the tax-arbitrage

coefficient 3. A similar result obtains for Case 2 if preferences are weakly separable w.r.t. Y:
Corollary 1. In Case 1 (ss =0), optimal income and savings tazes satisfy

P E?ig/aez
— _ =Saez -
Ty = Ty and Tg = —(+%) 7}S/aez' (18)

In Case 3 (s¢ =0), optimal income and savings tazes satisfy

- 1 —Saez - )y ?ﬁaez
Ty = 71_{_2-7'3/ and Tg = 1+E-1_?§aez. (19)

In Case 2, suppose that Ecy = Egy. Then optimal income and savings tazes satisfy

_ ?gaez p B E?)S}aez (20)
Ty = — — an Tg = — = — .
1455 (CE, /¢E )T 1+ 355 (¢, /¢, ) 2 — (14 2) 750

In Case 1, the tax revenue spillover vanishes while in Case 8 it becomes so large as to equal
1 /?f;“ez. In both cases, it does not need to be separately identified from ?gq,—“ez , and therefore the
identification problem is summarized by the value of ﬂé;“ez and the tax-arbitrage coefficient X. In
Case 2, the revenue-spillover coefficient ®g needs to be separately identified, but @g?@aez equals
ng / C_gTY or ¢&/(1 — ) whenever preferences are weakly separable with respect to earnings.
When Ecy > Esy, we obtain ®575%* € [¢F_ /¢H ., (5/(1 = ()] and equation (20) provides an
upper bound for both 7y and 7g. When Eoy < Egy, equation (20) provides a lower bound for 7y

and 7g.'8

¥The opposite bounds for Ty and Ts are obtained by replacing ng /E{ZTY with ¢§/(1 — &) in Equation (20).
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2.7 Simplifying the Representation

Flynn, Schmidt, and Toda (2023) show that for a wide range of consumption-savings problems,
comparative statics w.r.t. changes in rates of return and other primitives depend on the elasticity
of intertemporal substitution and an index of non-homotheticity of preferences. In this section, we
show that the same insight applies here, and use it to further simplify the optimal tax formulas of
Theorem 2 and Corollary 1 by expressing the consumption and savings responses that appear in X
in terms of these two statistics, for which we have readily available empirical estimates. We discuss

Case 3 here, and Cases 1 and 2 in the Appendix.

Identifying Preference Elasticities. The two-stage representation of the tax design problem

in section 2.5 implies

. o _ 1
—=— = &+ RA, where RA = ————.
H 55/Es +5c/Ec

(21)

Therefore, the three preference elasticities (£y, €, Eg) are fully identified from (E{/{Ty, 55] Ty,fg, rs)
via equations (12) and (21) and the symmetry condition 5{/{73 = —ésfgw. Following Chetty
(2006b), when preferences are completely separable between earnings, consumption, and savings
(i.e., Eoy = Esy = Ecs = Esc = 0), then RA equals QI//E{}'TY and represents the agents’ relative
risk aversion coefficient over after-tax income M =Y — Ty (Y), defined as RA = —Upsp M /Uy,
where U is the indirect utility function for the second-stage problem introduced in Section 2.5. For
general preferences, RA differs from RA and satisfies E{/ / E{}fﬁ, =RA-K=RA-K , where K and
K’ are composite parameters that summarize the strength of preference complementarities between
consumption, savings and earnings. In the empirically relevant Case 3, we have K = Ecg + Eoy
and K’ = Egy .1

In addition, define the elasticity of intertemporal substitution (EIS)

prg = _om/©) 1
aln (1 + TS) YU gcgs + ESSC
The EIS governs how agents’ consumption and savings decisions respond to marginal changes in the

income tax, holding earnings constant. Since EIS , }/21\4, and Eg v/ ¢ gTY =& / &c only depend on
(é’c, c‘:’g), any two of these statistics fully identify (c‘:’c, ffg) along with the third, with &y identified by

More generally, we have K > K’ > 0 if Ecs > 0 (intertemporal preference complementarity, such as habit
formation) and Ecy > Esy > 0 (preference complementarity between earnings and consumption).
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equation (21).2Y This allows us to restate our optimal tax formulae in terms of (i) the compensated
labor supply elasticity CKTy; (7i) the non-homotheticity chTy/ CY7Ty; and (i7i) a scaling factor A
that can be expressed as a function of either FI1S, ]/%1\4, f:’y, or K.2!' The non-homotheticity and

the scaling factor are identified from the consumption elasticities (¢# o cH o)

Optimal Taxes in Case 3. In this case, the top earners face a static trade-off between earnings
and savings, with consumption responses to tax changes determined by intertemporal substitution.

We obtain the following characterization of optimal income and savings taxes:

Corollary 2. In Case 8 (s =0), the optimal income and savings tazes satisfy

Ao cH =Saez e
Y Y
Ty = ?gaez [1 —A (1 - €€YH’TY>‘| and Tg = Tyisaez A (1 - [_)C—.}I;TY> ) (22)
PCCC,TY 1 -7y PCCC,TY
where the scaling factor A satisfies®
~H ~H
CCJY _ CC,TY

1 ~H
= K = = T
CY + CY,TY EIS Cgﬂ_y + Cgﬂ_s

Moreover, A = E{/ if preferences are fully separable, and ng = C_{%TY if preferences are homothetic.

Corollary 2 clearly identifies the role of consumption moments for optimal taxes. They enter
optimal income and savings taxes in three places: (i) the ratio of Pareto coefficients py /pc that
describes concentration of consumption vs. earnings and savings; (i7) the ratio of compensated
elasticities ég v/ QT{/ITY that identifies the non-homotheticity of preferences over consumption and
savings; and (i77) the scaling factor A that captures the curvature of preferences w.r.t. consumption
and savings and scales the optimal savings tax and the departure of Ty from TS“Z. While the
former is identified from Cc,nn the latter requires one additional moment which can be obtained

by direct estimates of the E1.S or the consumption response to savings tax changes, Eg 75-23

20Since (§:4 EIS)~Y?% = 50(55/50)1/2 + 55(€c/€s)Y?, we can infer the degree of non-homotheticity £c/Es
from RA - EIS. Equivalently, we can infer RA usmg estimates of KIS and the ratio of the compensated elasticities
%) TY/§S 7y I C’ase 3, 50 = 0 implies EIS = 1/ and RA = Es.

2INotice that RA &y and K are linked through equation (21) and RA = CY/(Y - K.

22 A described above, we can also express A in terms of RA or Ey as follows: A = RA - H oy = 1— Evcl Ty

23Moreover, comblmng an estimate of E'IS with estimates of RA &y or K also identifies the non-homotheticity,
since CC,TY / Cy,-ry = RA-FEIS. Corollary 2 thus provides comparative statics of optimal taxes w.r.t. the underlying
primitives: For given éy v ¢t and ¢H oy the scaling factor A is increasing in RA and K and decreasing in &y and
EIS. Inturn, ¢§ oy /Cy - 18 increasing in KIS, RA and K, and decreasing in &y . Therefore, if cH v /CY r = Pc/py,
higher values of RAor K, or lower values of £y unambiguously increase the gap between Ty and 75* and the absolute
magnitude of 7g5. For EIS, the comparative statics are ambiguous and depend on whether E1S is used to identify
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The Cases of Complete Separability and Homotheticity. Moreover, with complete sepa-
rability (K = 0), we get A = 5{,, and we only need one additional moment to identify Eg v/ EQTY
and therefore determine optimal taxes. Likewise, if preferences are homothetic, fg - / Qt{}fw =1,
and only one additional moment is required to determine the scaling factor A. If preferences are
both homothetic and completely separable—a common assumption in the literature—then equation
(22) simplifies even further as A = ¢I- and Eg v/ f{}rw = 1. That is, the ratio of Pareto coeflicients
py /pc is sufficient to fully identify optimal income and savings taxes, which mechanically revert
to ?éaez and 0, respectively, if py = pc.
The Role of Preference Complementarities. The role of preference complementarities /C is
embedded in the scaling factor A = (} + ICgthy. In Case 3, we have K = Eog + Ecy, which
thus summarizes the impact of savings and earnings on the marginal utility of consumption. Given
our identification of A from compensated elasticities, I is then identified from income effects on
labor supply: C_{/ +K EQTY = ng/(égw + EgTS). For a given income effect on labor supply f{,, a
positive value of IC increases A, resulting in higher savings taxes and lower income taxes, relative to
the baseline case with completely separable preferences (K = 0). These comparative statics follow
the logic of Corlett and Hague (1953), according to which it is optimal to tax less heavily the good
that is more complementary to earnings.

Moreover, if K > 0 the scaling factor A satisfies 1 > A > @ These two inequalities imply the

following inequality restriction on fg - / E}%—Y and E1S:

—— BIS > i > Y EIS o i > BIS > ¢H_ . (23)
Y,’Ty Y,Ty Y,Ty Y

In other words, if L > 0, each estimate of F'1S identifies an interval of admissible values for the non-
homotheticity of preferences Eg . / @{Ty, and each estimate of 551 v / E{ZTY identifies an admissible
range of values for EI1S. In combination, these ranges define upper and lower bounds for the
departure of optimal taxes from ?gq/aez and 0. The higher is E{/, the tighter are the bounds on A
and therefore on the admissible range of values for F1.S and Eg v / 551 - We use these observations
in Section 4 to present three different calibrations of our optimal taxes: one with homothetic

and separable preferences which does not require any additional consumption moments other than

Eé’ !/ QT{/I ry» in which case it amplifies the departure of optimal taxes from 739 and 0, or A, in which case it dampens

it. Notice that risk aversion and intertemporal substitution play conceptually different roles for determining optimal
income and savings taxes. The former governs the variation in marginal utilities of after-tax income and thus the
strength of the redistribution motive. The latter governs the responses of consumption and savings to savings taxes.
Both together identify the non-homotheticity in preferences that drives the magnitude of optimal savings distortions.
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Pareto tails; one that matches the pass-through elasticity from permanent income to consumption;
and one that matches empirical estimates of EIS obtained from the response of wealth accumulation

to wealth tax changes.

3 Extensions

We now generalize our baseline results along several important dimensions, allowing for mul-
tiple commodities, multi-period life-cycle economies, heterogeneous initial endowments, multi-
dimensional heterogeneity, heterogeneous rates of return, and dynamic stochastic economies. In all
of our extensions, we assume suitable generalizations of Assumptions 1, 2, and 3, and we then show
how to apply the logic of the no-arbitrage and revenue-spillover conditions, even if their exact form

may change. Here, we describe the main results and leave detailed derivations to the Appendix.

3.1 General Preferences over Multiple Commodities

We first extend Theorem 2 to preferences U (Y, C;r) over efficiency units of labor Y, an arbitrary
N-dimensional vector C' = (C1,...,Cy) of consumption goods, and r € [0,1]. To generalize As-
sumption 1, we define U,, = 0U/IC,, and U,, = 9U,/IC,, and assume that Uy, /Uy < U, /Uy,
for all n and U,, /U, is increasing in n. Hence, —Uy /U,, and U, /U,, are decreasing in r whenever
m > n. Each good n is produced at a constant marginal cost of p, efficiency units of labor.

We consider a general social welfare objective with both rank-dependent Pareto weights w (+)
such that folw (r)dr = 1 and an increasing and concave Bergson-Samuelson function G (-) that
captures the planner’s attitude towards inequality. The planner chooses a tax function 7' (Y, C)
that maximizes government revenue fol T (Y (r),C (r))dr, subject to (i) the promise-keeping con-
straint folw(r)G(U(Y (r),C (r);r))dr > Wy for some weighted utility promise Wy (with as-
sociated Lagrange multiplier \), and (ii) the incentive compatibility constraint {Y (r),C (r)} €
argmaxy,c U (Y,C;r) s.t. 27]:[:1 pnen + T (Y,C) < Y. We identify good 1 as the numéraire, and
we let 7v = 14Uy /U; and t, = U,,/U; — 1 for n > 2 denote the marginal income and consumption
tax rates.

As in Section 2, we define the Pareto coefficients {py, pn }, spending shares s,, = —C,U,,/(UyY),
and preference elasticities {Ey, &n, Eny, Enm}- The preference elasticities are identified, up to one
degree of freedom, from the income and substitution effects of earnings Y and the N different con-
sumption goods with respect to N different tax changes. The latter can—in principle—be estimated

as behavioral responses to income, price, or tax changes.24 We let gy =& — Zﬁ;l S$nny Py / Pn

2 8pecifically with N + 1 different commodities (including efficiency units of labor in the count), there are
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and &, = &, — Eny Pn/py — Z,#n Enkpn/pr forn=1,...,N.

We derive the generalized no-arbitrage and revenue-spillover conditions that link consumption
taxes to income taxes in the Appendix. Solving these conditions yields the following characterization
of top income and consumption taxes generalizing Theorem 2 to an arbitrary number of goods and

arbitrary planner preferences:

Proposition 3. The optimal income and consumption tazes are given by:

- 1-T d tn _ (1 — F)En
Y = —Saez _ T N < an 14+¢ - —Saez __ N <
/7y L+ 55,22, +tn /7y 14> 050 Pn2y

gn n_g =~ ~ N — 3
where Xy, = %75;//;? and @, = py L+ (L, and T = Mim,1w (1) G (U (r)) U (r).

These expressions have the same structure and interpretation as in the baseline model. Un-
fortunately, the representation of ¥, in terms of compensated elasticities is less transparent with
N > 2 than in the baseline model. Nevertheless, if preferences are separable in earnings (€,y =0
for all n), we obtain that ®,, 7% = QTT{{W / C}{W, generalizing Corollary 1. In addition, if preferences
are completely separable (£,y = &, = 0 for all n and m # n), we recover the same identifying
relations c‘fnﬁgw = élg{{TY =1- gy({};_y and gycgtn = —glﬁftn as in the baseline model, which
allows us to express 7y and ¢, only in terms of substitution and income effects and generalize the
characterization of optimal income and savings taxes with completely separable preferences to the

case with N commodities and arbitrary planner preferences.

3.2 Income and Savings Taxes over the Life Cycle

We now extend our baseline model to multiple periods to explore how income and savings taxes
should vary with age. Suppose that households work and consume over a fixed number of pe-
riods indexed by ¢t = 0,...,7T, before enjoying consumption during a final “retirement” period
or equivalently leaving a bequest Cryi. Their preferences are given by Etho BU (Yy, Cpr) +
BT Ur 1 (Cry1;r), where the within-period utility function may vary deterministically with age
(for example to capture age-dependence of labor productivity or preferences over consumption),
but otherwise satisfies the same restrictions as in our baseline economy. Their initial rank is drawn
prior to date t = 0 and is their private information. To simplify the analysis, we assume that Uy is

separable between consumption and earnings, Ucy; =0 for t =0,...,T.

(N +1) (N +2) /2 independent preference elasticities, since the off-diagonal elements must satisfy $nEnm = SmEmn-
They are identified from N independent income effects ¢ and N (N + 1) /2 independent substitution effects C,I;{ ks
accounting for symmetry of the Slutzky matrix and the usual adding-up constraints. The remaining degree of freedom
accounts for the fact that income and substitution effects are invariant to monotone transformations of U.
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Households and the planner can save at a fixed rate of return R > 0, and savings are assumed to
be observable and taxable. The households’ period-t budget constraint is RS;—1+ Y; — T} (Y4, Sy) >
Cy + St, where Ty (Y:, S¢) denotes the total tax payments collected in period t, with S_; (r) given
and Cr;1 = RS7.?” The planner chooses the sequence of tax functions {7 (-, -)}?:0 to maximize
the present discounted value of tax revenue subject to incentive compatibility and a lower bound
on the lowest rank’s lifetime utility. As in Section 2, we define the age-dependent Pareto coeffi-
cients {py, pc+}, within-period spending shares {sc, ss+}, and the behavioral elasticities C)P(IS’TY’N
C)}(IS’TSJ, C)I(,t for X € {Y,C,S}, where the income effects are in response to transfers within the
same period. In addition, let sy; = R~ (1 — 7v;) Y2/ 23;01 R™* (1 —1y,)Ys denote the share of
period-t earnings in net life-time income.

Optimal (revenue-maximizing) income and savings taxes Ty; = lim,_,; 07;/0Y; and Tg; =

lim, 1 9T;/0S; on top income earners are linked through the no-arbitrage conditions

TSt Tyt TYt+1 Tyt
—— = Yg4-—=— and ———— = Yy,  (1+7sy) =
1+7g¢ 1 -7y 1 =Ty 1 -7y

H H H
PC,t CCtﬂ/,t 1 PC,t CCt*"'Y,t N 2ex CcthY,t
s FH > T > T
PCt+1 CCH—L‘FY,t PCt+1 CCt-Hv"Y,t PYit+1 CYH—L‘FY,t
where Yg; = —— and Yy; = = .
pc’tCCths,t ﬁC,t CCtVTS,t
s : — 5o, 7H
pY’tCYtﬁS,t Pyt CYtaTS,t

These conditions fully characterize optimal top income and savings taxes at all ages for a given value
of Tyo. As a direct consequence, we obtain the following result showing how optimal income and

savings taxes should account for age-dependent preferences, income and consumption concentration:

Proposition 4. Optimal savings tazes are positive (resp., zero, negative), i.e. Tgy z 0, and income

>

tazes are increasing (resp., constant, decreasing) in age, i.e. Tyi41 z Ty, whenever ﬁc,tcgt vy =
’ 5

—~ H = H H > - H H
pcvt+1€C’t+1,TY,t and pY’tCYt,Ts,t/CCt,Ts,t < vatJFlCYHhTY,t/CCt,TY,t'

Everything else equal, it is optimal to defer tax distortions to periods with higher levels of income
and consumption concentration, or periods with lower elasticity of labor supply and higher risk
aversion over consumption, where the gains from redistribution are higher and the costs of incentive
distortions lower. Therefore, increasing age-dependent income and consumption concentration
provide a rationale for savings taxes and age-dependent income taxes that increase with age. At
the same time, if labor supply elasticities are U-shaped, and highest early and late in life, the above

result suggests that optimal income taxes may be inverse U-shaped.?®

2Letting S_1 depend on rank r allows us to incorporate initial heterogeneity in endowments or wealth.
26Tn contrast to the baseline model, the tax-arbitrage coefficient s ; is based on a trade-off between current and
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Next, we generalize the revenue-spillover condition using a perturbation of the income tax at

any age t holding all other taxes constant:

— =Saez — — _ _

Tyt Ty TSt SY,s TSs TY,s

d = d 1-— Z5q,D — — [ —=—54 ., + —
LTy, | L—moae | Tymg, oF S %;t Sy (1 T T T YS””)
where ®x, -, = @Igs Ty PYE T f§< s for X € {Y,S} denote the spillover coefficient from period-t
T = 1+ Gy Py — () 7" the tax that

maximizes income tax revenue in period ¢ without internalizing revenue spillovers. The dynamic

income taxes to period-s savings and earnings, and 7Y/

model admits spillovers within and across periods to both income and savings tax revenue. With
separable preferences, we have ®g_ ., /®y, ., = —Eé',s / E{CS, and therefore ®y, ., <0 < &g 7.,
for all s: When Ty increases, households substitute labor supply and earnings intertemporally from
age t towards other ages, which increases income tax revenue in all other periods; this is reinforced
by income effects of the tax increase. On the other hand, if preferences are separable, raising 7y
reduces savings in all periods. Hence, intertemporal substitution of labor supply generates negative
spillovers towards savings but positive spillovers towards income in all other periods.

Because of this additional intertemporal substitution channel, the static tax formula qu/‘fz
no longer represents the appropriate optimal income tax benchmark in the absence of savings
taxation. Define therefore {TY } as the sequence of optimal income taxes when 7g; = 0 for all ¢ in
the revenue-spillover equation. These are the income taxes that internalize intertemporal revenue
spillovers for income taxes; they are the relevant benchmark, rather than the static optimum TS“eZ
to characterize the departure of optimal taxes from uniform commodity taxation in a dynamic

context. We have 7 TYt > TS“Z for all ¢ if @y, 5., <0 for all s,, i.e., the intertemporal substitution

of labor supply unambiguously raises optimal income taxes above the static optimum.

Proposition 5. If preferences are separable, then Ty, z ?ﬁf and Tg 4 ; 0 for all t if and only if
ﬁC,tJrngHMY’t 2 ﬁc,thmyyt for all t.
Proposition 5 extends the equivalence between uniform commodity taxation and optimal income

taxation to a dynamic economy. The main difference with the baseline model is that the income

tax benchmark for uniform commodity taxation changes to {?{}f } to account for intertemporal

future consumption, not consumption and savings. The change in information rents that is relevant for the one-
period savings distortion is Ucyt+1/Uc,t41 — Ucrt/Uc,t, which is different from the one that captures the change
in marginal information rents over all future periods, unless Cy+1 (S, 7) is independent of r, i.e. the cross-sectional
variation in savings combined with the causal impact of savings on future consumption fully account for the cross-

sectional variation in future consumption. This knife-edge condition is equivalent to requiring that ﬁC,tHCchHl,ry.t =

= H
psthSt,‘ry‘t .
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substitution in labor supply. It follows as a direct consequence of Proposition 5 that income taxes
exceed {?{}f } and a fortiori {?%ez whenever savings are subsidized, but revenue spillovers towards
savings and earnings have opposite effects on optimal income taxes, and hence the comparison
between {Ty;} and {?)S/fltez } remains ambiguous whenever it is optimal to tax savings. In addition,
departures from uniform commodity taxation must be uniform, i.e., either it is optimal to tax
savings in all periods and lower the income tax, or it is optimal to subsidize savings in all periods
and increase the income tax above ?éf 27 In sum, the dynamic economy continues to admit a
direct correspondence between the departure from uniform commodity taxation and the level of

optimal income taxes, highlighting that positive taxation of savings should go hand in hand with

a reduction in income taxes in all periods.

3.3 Multi-Dimensional Heterogeneity

In our baseline model we assumed that agents’ intertemporal marginal rates of substitution co-
move perfectly with their labor productivity. We now extend our two key optimality conditions to
a model with multi-dimensional heterogeneity. We adapt the perturbation-based proofs to allow
for a non-degenerate joint distribution of income, consumption, and savings. For convenience,
we consider tax functions that are asymptotically separable and linear in savings at the top, i.e.,
T(Y,S) = Ty (Y) + 75S for income ranks r sufficiently close to 1. For now this is an ad hoc
restriction on the set of admissible tax policies; below we provide conditions for the optimality of
such an asymptotically affine tax structure.

Formally, let » € (0,1) denote an agent’s rank in the income distribution, with Y (r) denoting
earnings at rank r. Let o € (0, 1) denote the rank of savings conditional on income, and let S (r, a)
denote the savings at rank «, conditional on income rank r. By construction, r and o are mutu-
ally independent and uniformly distributed on (0,1). For X € {C,S}, let X (r) = [ X (r,a) da
denote the average savings and consumption at income rank r. We define the local Pareto co-
efficient of average savings and average consumption as px (r) = — (dlog X (r) /dlog (1 — 7))~ *.
Importantly, pg and pc do not represent the Pareto coefficients of savings and consumption, but
those of the part of savings and consumption that correlates with income, as px () /py (r) =
dlog X (r) /dlogY (r) are the elasticities of average savings and average consumption w.r.t. in-
come. We also define the spending shares sg(r,a) = (1+79)S(r,a)/((1 =7y (r))Y (r)) and
sc(r,a) = C(r,a) /(1 =1y (r)) Y (r)), and the average spending shares sx (r) = [ sx (r,a) da.

Finally, we define substitution and income effects as in Section 2. While (C{/{Ty, g{?TS, ) are func-

2TOur characterization still applies when it is optimal to tax savings in some periods and subsidize them in others,
but then the sign of revenue spillovers from income to savings taxes is no longer unambiguous.
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tions of r only, (CgTy,CgTS,g‘é) and ({gTy,CgTS,Cé) may depend on both r and «. We thus let
k()= [ (r,a) (sx (r,a) /sx (1)) da denote the average income effects conditional on rank r
and weighted by spending shares; the average substitution effects (C)I;I,Ty, C)QI’TS) are defined analo-
gously. We assume that all these average elasticities converge to finite constants as r — 1.

With these definitions in place, we extend the no-arbitrage and revenue-spillover conditions to

the multi-dimensional case as follows:

Proposition 6. The optimal tax system with multi-dimensional heterogeneity must satisfy the no-
arbitrage and revenue-spillover conditions (8) and (14), with taz-arbitrage and revenue-spillover

coefficients ¥ and ®g given by

¢t pc—CY L, ps ss(r.a) 1 g A1
= = Y Y and ®g=lim | —"—|(J,, (r«a r) + (s (r,a)| da,
(e = C8lrgPs + 50T s=lim [ ey S ey )+ 8 o)
(24)
where T = lim,_,; Cov{CL (r, @) Sfc(?’;;), Sgﬁ’(“f)”) Ir} and CL(r,a) = E[CL (7, ) 83*2(55)) |r" > r]. In

Case 1 and Case 3, the (unrestricted) optimal tax policy is asymptotically affine, T = 0, and Corol-

lary 1 holds ezactly given our adjusted definitions of behavioral elasticities and Pareto coefficients.”®

The main differences with the analysis of Section 2 are in the adjusted definitions of elastic-
ities and Pareto coefficients, which clarify that optimal income and savings taxes depend on the
co-movement of consumption and savings with income, not on unconditional measures of consump-
tion or savings inequality. The tax-arbitrage coefficient ¥ includes an additional Y term in the
denominator, which appears if income effects on savings vary with . But the sign of ¥, and
hence of Tg, is still determined by that of fg PC — ng ps, as in our baseline model. More-
over, in the empirically relevant Case 3, the formulas of Section 2 continue to hold exactly in the

multi-dimensional setting.

Return Heterogeneity. Recent empirical evidence suggests that heterogeneous rates of return,
whereby wealthier agents earn higher returns on their savings, are an important component of
the observed concentration of wealth; see, e.g., Bach, Calvet, and Sodini (2020), Fagereng et al.
(2020), and Gaillard et al. (2023). There are two potential sources of such heterogeneity: type
dependence (returns depend on individual types, such as whether they are entrepreneurs or salaried

workers), and scale dependence (returns increase with wealth, regardless of an individual’s type).

28More generally, the optimal tax policy is indeed asymptotically affine only if income and substitution ef-
fects of savings for top earners are constant across a, i.e., limy—1 -2 (ss (r,@) (&, (r,a)) = limy_1 %éé (rya) =
lim, %{gfs (r,a) = 0. If this condition fails the tax authority could gain by tailoring the revenue spillover or
tax-arbitrage perturbation to the strength of income and substitution effects of tax changes on savings.
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Our baseline framework of Section 2 nests these cases assuming that returns depend on savings
(scale dependence) or that they correlate perfectly with labor productivity (type dependence),
while the extension to multi-dimensional heterogeneity naturally allows for ex-ante heterogeneity
in returns and savings that does not perfectly correlate with labor income.

To see this, suppose that agents’ preferences u (Y, C,Cy;0) are defined over earnings Y, first
period consumption C' and second-period consumption or final wealth Cy, for some primitive type
6 € © C RE, with L > 1. Moreover let Cy be defined by the agents’ private returns on savings,
Cy = R(S;0,¢) S, where R (S;0,¢) can depend on savings S to capture scale-dependence, on types
0, and a shock € that captures ex post heterogeneity or idiosyncratic return risk that is uncorrelated
with types and savings decisions (S, ). Substituting for Cy and taking expectations over ¢ defines
an indirect utility function U (Y, C,S;0) = E[u(Y,C, R(S;0,¢) S;0)] as a function of earnings,
consumption, and initial savings, given type 0, as in our baseline model. This formulation maps
directly into our baseline model if L = 1, or the multi-dimensional extension if L > 1 and preferences
are continuous in # € © with a smooth full-support distribution. It embeds two dimensions of
heterogeneity—in labor productivity and in ex-ante returns—through the dependence on 6 of the
functions u and R. If labor productivity is correlated with expected returns to savings, R will
appear to be increasing in the income rank r.

Our optimal tax formulas therefore continue to apply, except that pg is defined with regards
to initial savings, not final consumption.?’ In particular, in Case 3, the budget constraint implies
ps = py. Since 1/pc, = 1/ps+1/pr, where pc, and pr denote respectively the Pareto coefficients
of second-period consumption and rates of return, final wealth can have a thicker tail than labor
income—as in the data. Moreover, since our optimal tax formulas are derived from behavioral re-
sponses of income, consumption, and savings to tax changes, they apply regardless of the underlying
primitives that shape consumption-savings and labor supply decisions. Return heterogeneity (type-
or scale-dependence) and co-variation of income and returns thus influence the relevant behavioral

elasticities, but conditional on the latter they do not separately affect optimal tax design.?"

29Gimilar arguments apply if we allow for type-dependent initial endowments E (§). Assuming that income and
savings are observable while consumption is treated as a residual, the model with endowments is nested by setting
UY,C,S;0) =E[u(Y,E(0)+ C,R(S;0,¢)S;0)], where E () + C is total consumption, and C represents the net
expenditure on first-period consumption. In this case our formulas apply with pc representing the Pareto coefficient
on net consumption expenditure in the first period, although sc may be negative if the top income earners consume
less than their initial endowments. If endowments and labor productivity are perfectly correlated, this extension
reduces to the model of Scheuer and Slemrod (2021), see Section 3.5 below for further discussion.

300ptimal tax formulas expressed in terms of ex-post wealth pc, rather than savings ps, such as Schulz (2021),
must account for whether heterogeneity of returns is driven by scale- or type-dependence.
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3.4 Inverse Euler Equation

We can finally link our results to the “Inverse Euler Equation” that emerges in dynamic Mirrleesian
economies with stochastically evolving types (Golosov, Kocherlakota, and Tsyvinski 2003; Farhi and
Werning 2013; Golosov, Troshkin, and Tsyvinski 2016). Except for Hellwig (2021), this literature
abstracts from heterogeneity in preferences for savings and complementarities between consumption
and labor, which rationalize savings taxes in our setting.

Suppose that there are two periods, in which the agent works and consumes, and preferences are
additively separable across time. Second-period preferences over consumption Cy and earnings Yo
are given by fBug (Ca, Ya;72,7), where the second period rank 7o € [0, 1] is uniform and i.i.d. across
agents and independent of the first period rank r. By making second-period preferences depend on
the first-period rank, we are allowing for labor productivity to be persistent. First-period savings
S generate a return R > 0. The social planner then sets second-period allocations {Cs (-), Y2 (+)}
to maximize Us (S,r) = Bfol ug (Cy (ro,r),Ys (ro,7);72,7) dre subject to incentive compatibility
constraints ug (Cy (r2,7) , Y2 (ro,r) ;72,7) > ug (Co (rh, r), Yo (rh,7) ;re,r) for all ro, 75 € [0,1] and
the break-even constraint RS > [ (Cy (re,7) — Y2 (re,7)) dre. That is, our indirect utility function
over savings Us (S,7) stands for the expected second period utility at given savings S. We can
then characterize the optimal labor distortions in both periods (7y;1,7y,2) and the wedge between
first-period consumption and savings, 7g, exactly as in our baseline model, using preferences over
first-period earnings, consumption and savings defined by U (Y1, Cyi;7) + Uz (S, 7). In addition, a
simple perturbation argument shows that

1 1 1

= = E|-———F—— -m(r2,7)|, 25
(1+715) Ui c Us,s BRuy c (r2,7) (r2,) (25)

where we let m (ro,7) = exp{ff}i (u2,cry Juz,c)drb} JE [exp{ffz (u2,0ry /u2,c)drh}]. Thus, the inverse
marginal utility of first-period savings 1/Us g is equal to an expected inverse marginal utility of
second-period consumption, weighted by an adjustment factor m (r9,r) that accounts for the non-
separability of preferences between consumption and productivity; this adjustment factor is equal
to 1 if ug ¢y, /u2,c = 0. In that case, it is well known (see e.g. Golosov, Kocherlakota, and Tsyvinski
2003; Farhi and Werning 2013; Golosov, Troshkin, and Tsyvinski 2016) that the returns to savings
must be distributed in proportion to inverse marginal utility so as to raise utilities from savings
uniformly, leaving second period incentives to work unaffected by a marginal increase in savings.

When instead ug cr, 7# 0, returns to savings instead require a further adjustment that takes into
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account the need to preserve second-period incentive compatibility.!

In other words, our characterization of optimal savings wedges naturally extends to a dynamic
Mirrleesian economy, which now combines two separate rationales for taxing savings: the het-
erogeneity in intertemporal marginal rates of substitution or departure from uniform commodity
taxation that is captured by 7g, and the adverse incentive effect of savings that the Inverse Euler
equation emphasizes by characterizing the marginal value of savings as a harmonic expectation of
second-period marginal utilities. That being said, our identification for separable preferences di-
rectly identifies optimal income and savings taxes from Pareto coefficients and behavioral responses
of earning, consumption and savings in period 1 without taking a stand on period 2 preferences.
Just like the discussion of return heterogeneity, the 2-period model merely offers a structural in-
terpretation of the reduced-form preferences over consumption and savings in period 1, without
altering their identification or optimal tax design in the initial period.

We kept the present discussion deliberately simple by assuming that ranks were i.i.d. across
time and agents and introducing persistence of types directly in preferences. Hellwig (2021) ana-
lyzes a dynamic Mirrleesian economy with arbitrary Markovian shock processes and non-separable
preferences, generalizing the characterization of optimal savings wedges in equation (25). The main
difference between the fully dynamic characterization and the representation of Theorem 2 is that
the sufficient statistics required to compute optimal taxes are now based on the Pareto coefficients

of earnings, consumption and savings conditional on the entire type sequence or earnings history.*

3.5 Relationship with the Previous Literature

Our results contribute to a recent literature that characterizes optimal savings taxes in terms of
observable sufficient statistics. Closest to our work are Ferey, Lockwood, and Taubinsky (2024),

henceforth FLT, and Scheuer and Slemrod (2021), henceforth SS. We discuss each paper in turn.

Relationship with Ferey, Lockwood, and Taubinsky (2024). Our paper and FLT’s start
from a similar two-period model of earnings, consumption and savings. The core intuition for
savings distortions in both papers relies on moments that identify preference heterogeneity over
savings by separating the cross-sectional variation of savings or consumption with income from

the causal impact of income or tax changes on consumption and savings. FLT’s analysis follows

31Gee Hellwig (2021) for a general derivation of this incentive adjustment to the Inverse Euler Equation.

32Brendon, Hellwig, and Maideu Morera (2024) further show that this characterization offers a rationale for savings
subsidies if agents have precautionary savings motives and if productivity shocks are persistent. While inconsistent
with our calibration of savings taxes for top income earners, this result may well be more intuitive for low income
earners where precautionary savings motives tend to be the strongest.
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Saez (2002) to express tax rates in terms of the comparison between the cross-sectional variation
of savings with income and the causal effect of earnings on savings. In our case, this separation
occurs instead through the comparison of Pareto coefficients and compensated elasticities.

There are, however, important differences, due to the fact that they use different tax pertur-
bations, resulting in a different set of sufficient statistics.>> While such choices should in principle
be equivalent and matter only for interpretation purposes, they turn out to be critical for optimal
income and savings taxes on top earners in the empirically relevant Case 3, for the following two
reasons.

First, as we discussed earlier, if the saving share of income converges to 1, savings data—
which include the sufficient statistics used in FLT—become redundant at the top and lose their
informational content. The representation of optimal savings taxes in FLT is then no longer well
identified for top earners; we show that it converges to a ratio of “0 over 0”. Let S(Y,r) €
argmaxg U (Y, Y — S —T (Y, S),S;r) denote the optimal savings of a household of rank r given

income Y. The optimal savings tax in FLT (equation (19)) at rank r can be expressed as:

_9InS(Yyr) L _¢H JeH L
TS _ Oln(l—r) U — ps S,y I SY,1y - py /]
14+ 7g _9lnS(Yr) sc-EIS ’
81n(1+7’5) Y,T(Y,S)

where the denominator represents a compensated elasticity of savings to savings taxes, holding
constant the household’s income Y and total tax burden 7' (Y, S), and ¥ € (0,1) is a constant
that depends on the marginal social welfare weights adjusted for income effects. The elasticity
OlnS(Y,r)/0In (1 —r) in the first equality captures the effect of preference heterogeneity on sav-
ings for a given income and corresponds to s}, - (1 —r) /S in FLT. The second equality follows
after taking derivatives and expressing dIn S (Y,r) /01n (1 — r) as the difference between the cross-
sectional heterogeneity in savings, 1/pg, and the product of the cross-sectional heterogeneity in
earnings, 1/py and the causal effect of income on savings, In S (Y,r) /0InY, which corresponds
to sl,.-Y/S in FLT. The latter in turn is equal to CgTY / C{}fW.M In Case 3, the causal effect of
earnings on savings, dIn S (Y,r) /0lnY = Cé{w / C{}{Ty, mechanically converges to 1, and the Pareto

coefficients on savings and earnings also have identical limits. Since s¢ also converges to 0, the

numerator and the denominator in the above expression both converge to 0, even though their ratio

330ther differences include the fact that FLT focus on savings taxes, with income taxes only playing a secondary
role in deriving optimal savings tax formulas. We instead emphasize the interaction between both taxes, and show
how these interactions shape their joint design.

34Perturbing the households’ FOC for savings (14 75)Uc = Us and the budget constraint as in Lemma 1
yields dIn S (Y,r) /0InY = Ec/(sséc + scés) = ng /C{/{TY. The perturbation we used to define EIS leads to
=0 S(Y,r) /0In(1+75)ly 1(y,s) = 5C EIS.
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converges to a finite constant. Therefore, FLT’s formula for savings taxes is not identified at the
top. Instead, using the over-identifying restrictions to restate dInS (Y,r) /0In (1 —r) in terms of
consumption data shows that the optimal savings tax is identified even in Case 3.3

Second, the tax perturbation FLT use to derive optimal savings taxes becomes perfectly co-
linear with their income tax perturbation at the top. Hence their tax perturbations only identify the
combined wedge between earnings and savings, but cannot separately identify optimal top income
and savings taxes. Consider a perturbation that raises the marginal savings tax for a small interval
[r,7 + Or], holding 7y constant.’® This perturbation results in an optimality condition for 7g (r)
that trades off the mechanical effect of the tax increase against the income and substitution effects
on savings and the revenue spillovers to income taxes. In Case 3, savings mirror earnings at the
top of the distribution, and therefore the optimality condition for top savings taxes thus reduces
to 1 — 72%* = (1 — 7y)/(1 + Ts), which is the same as the revenue spill-over condition (14) for
optimal top income taxes.?” To a first order, top earners only care about the combined tax wedge,
not its decomposition into income and savings taxes. Therefore, a higher income tax leads to a
one-for-one reduction in the optimal savings tax, and vice versa. By contrast, our no-arbitrage
condition considers a shift from income to savings taxes or vice versa, while holding the combined
wedge fixed at the top, thus allowing us to separately identify the optimal top income and saving
taxes, even when consumption has a strictly thinner upper tail than savings.®®

In sum, FLT’s optimal tax formulas do not identify tax rates on top earners when sc = 0 and
consumption has a thinner tail than income (Case 3); outside this case, their representation co-
incides with ours, although the papers emphasize different sufficient statistics. Our model-implied
over-identifying restrictions allow us to shift between representations based on earnings, consump-

tion and savings data, depending on which data sources are informative of optimal top tax rates.

Relationship with Scheuer and Slemrod (2021). SS consider a two period economy with
type-dependent initial endowments E (r) and derive a version of our no-arbitrage condition. We

map the model of SS into our baseline model by defining U (Y,C, S;r) = u(Y,E (r) + C,S;r),

35The tax-arbitrage coefficient ¥ in our formulas also converges to a ratio of “0 over 0” if it is estimated using
income and savings data; see the first equality in equation (13). The over-identifying restrictions allow us to identify
the tax-arbitrage coefficient using consumption moments, thus leading to the well-identified expression (8).

36The savings tax perturbation in FLT is slightly more complicated (see their equation (89)) and amounts to
a linear combination of income and savings tax perturbations. This technical complication allows them to handle
situations where income and savings are not co-monotonic; see footnote 47 in their Online Appendix. Imposing a
co-monotonicity assumption allows us to focus on the simpler “Saezian” perturbation of the savings tax schedule.

3TFormally, this optimality condition writes 1 = 1173;5(*,535575 +35s5Ck) + :’;Y (*ﬁségm /3s — (1). In Case 3,

ps = Py, —E{}{TS = —EgTS =({,,,and 55C5 = 1 — (5, and this condition reduces to 1 — 70 = (1 —7y) /(1 + 7s).

38The colinearity problem in Case 8 arises with any linear combination of income and savings tax perturbations
unless the combined wedge (1 — 7y )/(1 + 7s) is kept constant in the limit.
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where F (r)+ C is total first-period consumption, C' represents the net expenditure on first-period
consumption, and u (Y, C1,Cs; 1) denote the agents’ preferences over earnings and consumption in
the two periods, for given rank r. The no-arbitrage condition (9)—expressed in terms of preference

elasticities—then becomes

_ _ _ s (A1 _ E1)\g
s _ v o Us/Us—Uci/Uc _ Ty 'pi (ﬁc 015E>5C

1+7 1—-7 1 Uqg /U — Uy, /U 1—-7 1 _E1)\¢ é
S y T cr/Uc — Uy /Uy Y (ﬁc C1,6E) o+ &

where the preference elasticities éc, Efs, and &y are defined as in the baseline model, and p¢, pg,
py and pp refer to the Pareto coefficients of first-period consumption, savings, earnings, and en-
dowments. In addition, the budget constraint yields the over-identifying restriction min{pg, py } =
min{pc, ps}. SS further assume that preferences u (Y, Cq,Co;7) are separable and homothetic.
These restrictions imply that £ = £g = 1/EIS = o, pc = ps = pg, and 1/ffy equals the Frisch
elasticity of labor supply. We thus obtain Corollary 1 of SS, which states that

- - o B

7S _ v pr C1
1+7¢ 1-7y & ( _£>L’
ﬁy+ 1 C1) pE

Using standard values of o = 1, 1/<‘fy = 0.3, pg = 14, py = 1.6, and approximating FE/C
by 1+ 8 ~ 1.4, SS provide an estimate of the tax-arbitrage coefficient of 0.56. By assuming
homotheticity and separability, the only rationale for taxing savings stems from the information
rents associated with type-dependent endowments.

This calibration matches the observation that wealth is more concentrated than income, but
it also implies—counterfactually—that first-period consumption is as concentrated as wealth and
that the ratio of endowments to earnings E/Y grows arbitrarily large as r — 1 (see footnote 43
for evidence on the latter). However, if first-period consumption is strictly less concentrated than
endowments and earnings (pg < py < pc), then lim,_,; E/C7; = co. But then we obtain that
lim, 1 (1 —r) (Us/Us — Ucy/Uc) = o0 and lim, 1 (1 — 1) (Uey,/Uc — Uy, /Uy) = —00 whenever
Ec > 0, so that the single-crossing condition for labor supply is no longer satisfied. Hence it becomes
optimal in the limit to have arbitrarily large savings taxes, along with large income subsidies. The
reason behind this surprising result is that the richest agents obtain most of their wealth from
endowments, hence savings taxes become the main instrument for taxation, and wealth effects on
labor supply become so strong that the richest agents also have the lowest inclination to work, even
though they are the most productive—implying that labor supply should be subsidized.

Moreover the optimal tax formula is written in terms of preference (rather than behavioral)
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elasticities. When E/Y and s¢ or sg (or both, if preferences are homothetic) grow arbitrarily large
asr — 1, C{i{w and ng or ng (or both) converge to zero. In other words, the compensated
elasticities w.r.t. income tax changes lose their power to identify the preference elasticities for
consumption and savings and determine whether preferences are indeed homothetic, as assumed by
SS. This is intuitive: If endowments are more concentrated than earnings, the richest agents receive
virtually all of their wealth through endowments, and their consumption or savings decisions no

longer respond to income tax changes.

4 Calibration

4.1 Parameter Choices

Pareto coefficients (py,pc). In Gaillard et al. (2023), we apply a statistical procedure to for-
mally estimate these Pareto coefficients and evaluate the estimated Pareto fit against alternatives.
We document that income and consumption both have Pareto tails and estimate their respective
coefficients in the U.S. using the 2005 to 2021 waves of the PSID. Evidence of stable Pareto coef-
ficients already appear around the top 10%, and is therefore not restricted to the very top of the
distribution. Our model features a unique labor income source and is not designed to fully account
for income and wealth concentration at the very top (such as business income, entrepreneurship,
capital gains, etc.). As such, it may thus be best interpreted as applying to the “rich”, i.e., high-
income working professionals in the top 10% of the population, but not the “super-rich” (the top
1% or 0.1%). Our characterization of optimal income and savings taxes remains valid within the
top 5-10% if the relevant sufficient statistics are stable within that range.

We find an estimate of the Pareto coefficient for total income equal to py = 1.8 on average across
years. The average estimate of the Pareto coefficient on consumption is much larger, po = 3.1.
Gaillard et al. (2023) show that this result is remarkably robust.>” We further document that the
consumption tail has a similar Pareto coefficient when we restrict the sample to working-age and
retired households separately, while the Pareto coefficient for bequests is much lower and close to

that of wealth. In light of these findings, there is little doubt that the relevant empirical scenario

39In particular, we corrected for under-reporting, performed multiple robustness checks, and considered alternative
data sources that provide more direct information on spending patterns of the richest households. Under-sampling
of the richest households would result in an upwards bias of the estimated Pareto coefficients, but to the extent that
this affects income and consumption equally within a given sample of households, it would not affect the conclusions
about relative magnitudes of consumption vs. income concentration, or the ratio py /pc. This is consistent with our
finding in Gaillard et al. (2023) that py /pc is fairly stable across a range of diverse data sources. Moreover, estimates
of Pareto coefficients from income and wealth in the PSID are similar to their analogues from US administrative data,
which suggests that under-sampling is not a major concern within the PSID.
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is Case 3, in which consumption has a substantially thinner tail than labor income, po > py, and
the consumption share of income sc converges to 0 as r — 140,41

Our baseline model imposes perfect co-monotonicity between earnings and consumption, but the
multidimensional generalization of Section 3.3 clarifies that the relevant Pareto coefficients are those
of average consumption and savings conditional on income. In Figure 1, we therefore compute the
mean consumption and net worth of workers within each income quantile. Such averaging removes
the variation of consumption and net worth conditional on income rank. The figure reports average
consumption and net worth within the 71%%; 73™; 75th. . 99th quantiles on income, and pools
together all the years of our data. If the distribution of total income has a Pareto tail, the log-
linear relationship between income, on the one hand, and average consumption or average net
worth, on the other hand, implies that the latter also admit Pareto tails. Moreover, the slope
of the relationship yields an estimate of the ratio of their Pareto coefficients. For consumption,
the estimated slope of py /pc = 0.626 corresponds to a Pareto coefficient for average consumption
equal to po = 2.88 when py = 1.8, only slightly below the unconditional Pareto coefficient for
consumption of 3.1.

For net worth, the slope estimate of py /pw = 1.316 implies, for py = 1.8, a Pareto coefficient
of average net worth of pyy = 1.37, which is close to the unconditional Pareto coefficient for wealth
of 1.4 reported in Gaillard et al. (2023), and well below the Pareto coefficient for total income (or
savings, by virtue of the model’s over-identifying restrictions) of 1.8. Expressing average wealth,
or second-period consumption, W (r) = S (r) R(r) as the product of average savings and gross
returns, the Pareto coefficients of wealth and savings can be reconciled by an elasticity of average
returns to income of dIn R (r) /0InY (r) = 0.316, or a Pareto coefficient on average gross returns
of 5.7. This elasticity implies that as household income is doubled, average compounded returns

must increase by 13% over a 25-year horizon, and average annual returns increase by roughly 50

“OThese results are consistent also with findings in Toda and Walsh (2015) and Buda et al. (2022).

4PSID consumption may not accurately measure the spending patterns of rich and super-rich households, given
that we have limited or no information on such items as collectibles or political contributions. The only spending
category we could find that is missing from PSID consumption and may be an important share of the richest
households’ budgets is bequests, which are as concentrated as wealth. Hence it may be reasonable to interpret
our non-homothetic preference structure over savings as capturing a warm-glow bequest motive, as in, e.g., De Nardi
(2004), Straub (2019), and Daminato and Pistaferri (2024). Alternatively, since “savings” enters as a residual category
in our budget constraint, one may also interpret our model as breaking household spending into two bundles, one that
is measured as “PSID consumption”, and a residual spending category that includes both savings and unmeasured
consumption. Our savings tax then represents a wedge between PSID consumption and the residual spending category.
This alternative interpretation is especially relevant if PSID consumption data are also used to estimate behavioral
responses. If, for instance, residual spending includes political contributions, a value of 7s > 0 suggests for example
that the latter should not be exempt from income taxes, but quite the contrary, taxed at a higher rate than regular
income. This observation follows directly from the principle that “luxury” goods that cater to the tastes of the richest
households should be taxed at a higher rate than regular consumption.
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Figure 1: Ratio of Pareto coefficients: consumption (left) and net worth (right) vs. total income
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Note: Average (respectively, median) consumption and net worth for a given income level are represented by the
white triangles (resp., black diamonds).

basis points. While we are not aware of studies estimating the elasticity of average returns to
income, the variation of average returns that is required to close the gap between concentration
of income and wealth appears to be well within the range of return variation by wealth that has
been documented in the empirical literature (Bach, Calvet, and Sodini 2020; Fagereng et al. 2020;
Gaillard et al. 2023).*> Moreover, defining capital income as (R (r) — 1) S (r), the model-implied
Pareto coefficient for capital income is equal to (R — 1) py /(R — 1+ Rpy/pr). For a 4% average
annual return compounded over 25 years, we obtain a Pareto coefficient for capital income of 1.2
which is almost exactly the same as the value estimated by Gaillard et al. (2023). This back-
of-the-envelope calculation suggests that we don’t require implausible return heterogeneity and
wealth-dependent returns to close the gap between income and wealth inequality when wealth is
interpreted as second-period consumption. In other words, a stylized model that abstracts from
initial wealth heterogeneity (such as bequests received by age 30, say) still captures the first-order
mechanisms leading to the observed levels of wealth inequality in the overall population.®?

We set py = ps = 1.8 and pc = 3 (py/pc = 0.6) in our baseline calibration, which falls

*?Daminato and Pistaferri (2024) document a strongly positive rank correlation between earnings and returns,
and their estimates also suggest significant variation in returns by income within the top 20%.

43This will be the case if the share of financial wealth in total wealth (i.e., the sum of financial and human wealth,
where the latter is defined as the net present value of future labor income) is small at age 30. Recent empirical
evidence evidence suggests that over a long horizon (i.e., 25 to 30 years) heterogeneous labor income, savings rates
and asset returns are indeed the main source of wealth accumulation, not initial financial wealth or inheritance. For
example, Black et al. (2024) estimate that inheritances and gifts constitute a small fraction of lifetime resources using
administrative data from Norway and remains less important than labor income even for households with parents in
the top 0.1% of the wealth distribution. Halvorsen et al. (2023) estimate that inheritances and transfers account for
34% of the excess wealth of the top 0.1% at age 50 and significantly less even within the top 1 — 10%. Feiveson and
Sabelhaus (2019) and Bauluz and Meyer (2024) reach similar conclusions using the Survey of Consumer Finances.
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between the unconditional estimate of po = 3.1, and the estimate of po = 2.88 of the Pareto
coefficient for average consumption. For robustness, we also consider py/pc = 0.7 (pc = 2.57),
a very conservative lower bound to account for potential under-reporting of consumption, and

py /pc = 0.5 (pc = 3.6) to provide a range of possible estimates for income and savings taxes.

Taxable income elasticities (C{E{Ty,{{/). In Case 3, the substitution and income effects on
labor supply (C{}{Ty,gl/) identify the combined wedge between income and savings, ?ﬁaez. A vast
literature estimates the elasticities of taxable income with respect to marginal tax rates and lump-
sum transfers. The meta-analysis of Chetty (2012) yields a preferred estimate of the Hicksian
elasticity of C{}{TY = 0.33, while Gruber and Saez (2002) estimate a value of C}I{TY = 0.5 for top
income earners. Empirical evidence about the size of the income effects C{/ is mixed (see, e.g.,
Keane 2011). Gruber and Saez (2002) find small income effects, while Golosov, Graber, et al.
(2021) estimate that $1 of additional unearned income reduces the pre-tax income by 67 cents in
the highest income quartile, which for a top marginal tax rate of 50% translates into an income effect
of 0.33. In a large-scale field experiment on universal basic income, Vivalt et al. (2024) estimate
an income elasticity of earnings of C{/ = 0.28 for low income households, which combines both
intensive and extensive margin responses.** For our baseline calibration, we choose C{;{TY =1/3 for
the Hicksian elasticity and C{/ = 1/4 for the income effect. With an income Pareto coefficient of
py = 1.8, these values yield ?@‘wz = 74.1%. We evaluate the robustness of our quantitative results
to the alternative parameter values C{/{TY = 1/2 (so that 759¢* = 60.6%) and ({- = 1/3 (so that
FSacz — 78.9%),

With completely separable preferences, these baseline values imply a scaling factor of A = C{/ =
0.25. If, moreover, preferences are homothetic, Corollary 2 then implies an optimal top income tax
rate of Ty = 66.7% and an optimal savings tax rate of 7g/(1 + 7g) = 22.2%, increasing the top
earners’ after-tax income by 29 percent but shifting the corresponding tax burden onto savings.
These estimates however abstract from the role of non-homothetic or non-separable preferences.
We need to turn to the consumption responses to tax changes to determine how these additional

channels modify the optimal tax rates prescribed by our model.

Challenges of identifying consumption elasticities. A large literature estimates the con-
sumption responses to permanent income, wage, or rate of return changes net of taxes, in order

to assess available risk-sharing or intertemporal substitution channels. Three challenges arise in

“Reporting on a similar field experiment run in Germany, Bohmann et al. (2025) report negligible effects of
unconditional transfers on participation and hours worked, and small effects on labor earnings.
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translating these estimates to our context. First, they typically focus on uncompensated consump-
tion responses, while our optimal tax formulas are based on compensated elasticities. If preferences
display a stronger complementarity of earnings with consumption than savings (Ecy > Esy), as

commonly assumed, then we can show that

oy oy 6 ¢t
W TG+, TG

Hence, the ratio of income effects Cé /(1 —C{/) or the uncompensated pass-through elasticity (Cg .
y/a-d —i—C{}{Ty) provide lower bounds on Cg v/ C{/{Ty. Moreover these bounds hold with equality
when preferences are weakly separable in earnings (Eoy = Esy).

Second, Cg - / Q{/{TY and FIS cannot be chosen independently if preferences admit complemen-
tarities (X > 0). Yet, while many studies estimate each of these statistics, few estimate them
jointly, and there is no guarantee that independent estimates of both statistics are consistent with
the additional restriction (23) implied by K > 0. In the sequel, we therefore propose two differ-
ent calibrations based on estimates of (g v / C{/{TY and ETS, respectively, while picking the other
statistic to be consistent with complete separability for our baseline quantification.

Third, and most importantly, we need to identify the role of non-homotheticity independently
of preference heterogeneity, as this is the key to identifying the departure of optimal taxes from
Uniform Commodity Taxation. For example, structural estimates that impose homotheticity of
preferences as part of the model (such as Heathcote, Storesletten, and Violante 2014) impose
that the pass-through elasticity from uninsurable after-tax income shocks to consumption equals 1
regardless of the underlying risk preferences, and their estimates of insurable vs. uninsurable income
risk are then mechanically driven by the cross-sectional variation in consumption and earnings that
is captured by our ratio of Pareto tail coefficients. In other words, their overall pass-through of
permanent income shocks to consumption leads to estimates close to the ratio of Pareto coefficients,
while their conditional pass-through of uninsurable permanent income shocks is biased towards
homotheticity. Similarly, unobserved preference heterogeneity and correlation between permanent
income and preferences for savings biases cross-sectional or panel estimates towards the ratio of

Pareto tail coefficients py /pc.*”

4SFor the same reason, we also do not introduce specific functional form assumptions on preferences, but prefer
to calibrate the relevant elasticities directly from behavioral responses to income and tax changes. For example, the
preference structure that underlies the widely used estimates of French (2005) is incompatible with s¢ converging to
zero and the ratio between consumption and income Pareto coefficients unless labor supply is completely inelastic at
the very top, contradicting empirical evidence, or this gap is mechanically attributed to preference heterogeneity. But
in that case the calibration would again hard-wire conclusions about optimal savings taxes into the model assumption
rather than identifying how much of this gap is attributable to preference heterogeneity rather than income elasticities.
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We therefore favor estimates that exploit time-series variation of consumption in response to
exogenous income changes at the household level, or estimates from structural models that explicitly

allow for non-homothetic preferences and household-level heterogeneity in savings behavior.

Consumption responses to earnings shocks ((g - / C{E{Ty). Unfortunately, direct evidence on
consumption responses of top earners is scarce and complicated by the fact that the top earners’
M PCs must converge to 0 if py /pc < 1.*° For low-to-medium income households, the estimates
of consumption responses to unconditional transfers in the universal basic income experiment of
Bartik et al. (2024) and Vivalt et al. (2024) suggest income effects on consumption ¢}, of at least
0.65. Coupled with their estimate of the income effect on earnings of ¢{- = 0.28, we obtain a lower
bound for (é{ ! CgTY of 0.90. Bohmann et al. (2025) report consumption and savings responses to
income transfers for the German UBI experiment that imply a pass-through elasticity of permanent
income changes to consumption of 0.75.*”7 These pass-through elasticities are consistent with panel
estimates that explicitly try to control for preference heterogeneity and correlation between time
preferences and permanent income. Straub (2019) estimates a pass-through elasticity of 0.7 in-
strumenting for permanent income with quasi-differenced future income realizations (if the income
process is persistent but stationary) or the first available income observation (with non-stationary
processes). Lins (2025) estimates a pass-through elasticity of 0.8 when including education and
other proxies to control for heterogeneity in time preferences.’® Blundell, Pistaferri, and Saporta-
Eksten (2016) estimate Marshallian consumption and labor supply elasticities to permanent wage
changes in a two-earner unitary household model exploiting the within-household co-movement of
spousal labor supply decisions. Since a change in marginal income taxes simultaneously raises the
net wage of both household members, we can aggregate their individual elasticity estimates (Table

5) to the household level and find a pass-through elasticity of 0.79.

46Pjeld experiments and panel studies that estimate MPCs do not focus specifically on the top of the distribution.
Applying these estimates requires a leap of faith that results can be extrapolated from average or below-average
income households to the top. Moreover, MPC estimates need to be translated into elasticities (of consumption to
permanent income changes). This is not a major concern for average households whose share of consumption spending
out of after-tax income is observed and likely to be close to 1, but our model implies that these shares, along with
the MPCs, must converge to 0 at the top. This in turn means that the corresponding parameters of interest for our
analysis may end up being very different from those implied by the average MPC or pass-through estimates found in
the literature.

4TIn comparison to Bartik et al. (2024) and Vivalt et al. (2024), Bohmann et al. (2025) find a much larger increase
in savings and correspondingly a smaller consumption response to income transfers.

48Tn both papers, the OLS estimates that do not control for unobserved preference heterogeneity are around
0.6, very close to our estimate of py/pc. Straub (2019) interprets the gap between OLS and IV estimates as a
“consumption-smoothing bias” that he explicitly attributes to correlation between permanent income and unobserved
preferences for savings. Blundell, Pistaferri, and Preston (2008) estimate a pass-through elasticity of 0.64, but they
do not control for the consumption-smoothing bias highlighted by Straub.
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All these estimates suggest that Cg Ty/ Q{/{TY is less than 1 but higher than the ratio of Pareto
tail coefficients of 0.6. We set Cg v / C{/{TY = 0.75 as our baseline value. With separable preferences

the EIS is then equal to 1.

Elasticity of intertemporal substitution (FI1S). The empirical literature providing estimates
of the elasticity of intertemporal substitution is too large to adequately review here, and estimates
of EIS cover a rather wide range, from values very close to 0 (Hall 1988) to well above 1. The
empirical studies that are closest to our model estimate F1.S from consumption responses to tax
changes. Jakobsen et al. (2020) focus specifically on the behavior of the wealthiest households.
Through the lens of a life-cycle model similar to ours, they show that an EIS as large as 2, and even
higher for the very wealthy, is necessary to replicate the quasi-experimental evidence on the effects
of a large wealth tax reform in Denmark on wealth accumulation. This value is consistent with
those of Gruber (2013) and Holm et al. (2024), who estimate EI1S ~ 2 and 1.6, respectively, by
evaluating the spending response to exogenous shifts in the capital income tax rate and a dividend
tax news shock, respectively.*”

High values of EIS in turn also require that Cg 7_Y/ C{;{TY becomes large: With our baseline
calibration of labor supply elasticities, an EI1S estimate of 2 requires Cg Ty/ C{ZTY to be at least
1.5, if preferences are separable or complementary. In this case, the utility function displays more
curvature in savings than in consumption and non-homotheticity reinforces the effects of preference
heterogeneity, rather than dampening them—that is, consumption is then the luxury good, i.e. an
individual saves a declining share of her income as she gets richer. The preference parameter
estimates of Jakobsen et al. (2020) are directly consistent with this observation. Their model
explicitly allows for non-homothetic end-of-life consumption or bequest motives and separately
identifies both from the short- and long-run responses of wealth accumulation to a wealth tax
reduction at different ages. For their baseline estimate of FIS between 1.8 and 2.2 for couples
within the top two wealth percentiles, the estimated bequest elasticity implies a non-homotheticity
estimate of (g v / ({,{TY ~ 1.4, consistent with slightly weaker income effects on labor supply than

our baseline value.?”

4OMulligan (2002) also argues for a high value of EIS when estimating intertemporal substitution using tax-adjusted
returns to capital in aggregate data.

%0 Jakobsen et al. (2020) find even larger estimates of EIS and non-homotheticity by exploiting another source of
variation at the very top of the wealth distribution. Their results are consistent with our observation that estimates of
EIS and non-homotheticity are not independent of each other. Moreover, they report an elasticity of wealth to after
tax returns of around 0.4. Due to the high exemption thresholds, this elasticity primarily captures the substitution
effect —CgTS. In Case 3, —gngS converges to ({/{TY at the top; a value of —CgTS = 0.4 is only slightly higher than
our baseline calibration of C{f ry = 1/3.
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These estimates are near the upper end of the existing range of estimates, possibly because of
confounding tax avoidance responses to the policy change. But values of E1S well above 1 are
common also in asset pricing, see e.g. Bansal and Yaron (2004) whose preferred calibration of
Epstein-Zin preferences uses an EIS of 1.5. These asset pricing estimates focus on preferences
of investors, who tend to be among the wealthiest households, just like the estimates based on
tax reforms. Moreover, they tend to require that risk aversion is higher than 1/FEIS to reconcile
low and stable risk-free rates with high and variable risk premia. But the latter implies that
Cg v / C{/{TY = RA-FEIS > 1, again providing support for non-homothetic investor preferences with
larger curvature over bequests or end-of-life wealth than over consumption.

In comparison, macroeconomic estimates used in the business cycle literature tend to be closer
to 1 and cross-sectional estimates focused on consumption responses to interest rates are often well
below 1 (see Best et al. 2020; Ring 2024 for recent examples). Cross-sectional estimates of the
average EIS well below 1 need not be inconsistent with far higher values at the top. Within our
model, the ETS of the richest agents is strictly higher than for the average of the population if and
only if (g v / {}”TY > 1. Empirical evidence that the FIS is increasing in wealth (see for example
Jakobsen et al. 2020) thus provides further support for a calibration in which non-homotheticity of
preferences reinforces rather than dampens the case for positive savings taxes.

Consistent with Jakobsen et al. (2020), we use EIS = 2 and Cg’Ty/CgTY = 1.5 as our baseline

calibration of F'IS and evaluate the robustness of our results to a wide range of other values.

Preference complementarity (K). Our baseline calibration focuses on completely separable
preferences to provide a lower bound on the magnitude of optimal savings taxes and the departure

gq/aez when K > 0. For positive IC, the optimal taxes are higher both because

of income taxes from 7
K increases the scaling factor A and because our calibration strategy no longer provides an exact
value for Cg v / C{/{TY but only a lower bound when Ecy > Egy. To explore the role of preference
complementarities, we consider the alternative extreme in which X = (1 — ¢{)/ Cﬁﬁ{w and A = 1.

This case provides a theoretical upper bound on the departure from uniform commodity taxation.

Summary of the calibration. Figure 2 summarizes our calibration of consumption moments.
It represents E1S on the horizontal and Cg v / ({/{TY on the vertical axis. The grey-shaded area
represents the combinations of moments that are consistent with the joint restriction (23); its bound
on the right corresponds to the completely separable model with K = 0 and A = C{/ The horizontal
line at Cg - / C{E{TY = 1 represents the case of homothetic preferences. The orange lines originating

from Cg v/ C{,{TY = py/pc and EIS = 0 represent “iso-tax lines”, i.e. preference parameters that
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Figure 2: Summary of the Calibration
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result in identical values of (Ty,7g). The horizontal line at Cg v/ C{/{TY = py/pc represents the set
of preferences under which the optimal taxes are characterized by ?@aez and uniform commodity
taxation; the increasing lines for higher values of Cg v / C{/{ , Summarize departures towards positive
savings and lower income taxes; and the decreasing lines for lower values of (g v / C{}fw summarize
departures towards savings subsidies and higher income taxes.

Focusing on the line with separable preferences, we present optimal taxes for three cases: (i)
the case with homothetic preferences indicated by point A in the figure; (i7) the case with a pass-
through elasticity of C({*{,Ty /C{E{TY = 0.75 and EIS = 1 that matches evidence on consumption
responses to permanent income changes, indicated by point B; and (iii) the case with E1S = 2
and Cg v / C{%TY = 1.5 which matches the evidence on behavioral responses to wealth tax changes,

indicated by point C. As we explained above, while point B may be more representative of the

overall population, the estimates for point C tend to focus more specifically on the top.

4.2 Results

Table 1 summarizes our quantitative results for the optimal top tax rates on income and savings.

While Ty represents a marginal labor income tax on gross income, the marginal tax on gross savings
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Table 1: Optimal top labor income and savings taxes

. ~H ~H — . ~H ~H — . —
B: & ry /CY,Tyj 0.75 A oy /CY,TZ =1 C: EIS =2
;ls/aez Ty 1125 Ty 1125 Ty 1125
Baseline values* 74.1% 70.4% 12.5% 66.7% 22.2% 63.0% 30.0%
f;—g =05 74.1% 67.9% 19.2% 64.8% 26.3% 61.7% 32.2%
% =0.7 74.1% 72.8% 4.5% 68.5% 17.6% 64.2% 27.6%
py = (g—g =2) 70.6% 68.6% 6.3% 64.7% 16.7% 60.8% 25.0%
7
Gy =3 (Fmgp =3  006% 57.6% 7.1% 54.5% 13.3% 54.5% 13.3%
TY
_ cH
1 =3 (F= C,f,* Y =1) 78.9% 73.7% 20.0% 68.4% 33.3% 60.5% 46.7%
Y, Ty
5H
A=1 (55 ;,”Y =3) 74.1% 59.3% 36.4% 44.4% 53.3% 29.6% 63.2%

*Baseline values: py = 1.8, py/pc = 0.6, &ZTY =1/3,¢L =1/4, K =0.

is equal to 7g/(1+7g); this is the variable we report in the table. We set baseline parameter values
py = 1.8, py/pc = 0.6 (hence pc = 3), {{- = 1/4, E{/{TY =1/3, and K = 0 (hence A = () for the
first row, and we vary these parameters one by one in the subsequent rows. The second column
reports the static optimum ?@“ez. The other six columns report top marginal tax rates for the
three points labeled B, A, and C in Figure 2, in ascending order of the corresponding FIS and
ng /5{/{7_Y values. For each case we fix ng/E{;’W or F1S as indicated in the top row, and we set
the remaining preference parameter so that Eg v/ QT{ETTY =(A/ ng) - FIS. In the first four rows,
these values correspond exactly to the ones indicated in Figure 2 where (Eg v/ ggw) JEIS =0.75
and E1S = 4/3 for calibration A, E1S = 1 for calibration B, and ng /Eg,,_y = 1.5 for calibration C.
In the fifth row, the line depicting separable preferences becomes flatter ((fg v/ QT{EI )/ EIS =0.5);
hence EIS increases to 2 and 1.5 for calibrations A and B, respectively, and Eg v/ C}gw =1 for
calibration C (as a result, calibrations B and C coincide). In the sixth row, the line depicting
separable preferences becomes steeper ((fg ! gt{}fw) /EIS = 1); hence, the FIS for calibrations A
and B decreases to 1 and 0.75, respectively, while 5g v / {"{{TY increases to 2 for calibration C. In the
last row, we set KIS and Eg v / E{}”TY along the upper limit of the range of admissible preferences
at which A = 1. This corresponds to a case of very strong preference complementarities.

Our baseline calibration yields a combined wedge ?gg/aez of 74%. How it is split into income
and savings taxes depends on our calibration of inter-temporal substitution and non-homotheticity.
With homothetic preferences (Calibration A), the optimal top savings tax is 22%, while the op-
timal income tax is reduced to 67%. When we calibrate the pass-through elasticity of income to
consumption to 0.75 and set E1S to 1 (Calibration B), the savings tax drops to 12.5% while the
income tax is at 70.4%. When instead we calibrate the EIS to 2 (Calibration C), the optimal
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savings tax increases to 30% and the income tax drops to 63%. In this last case, the top earners’
after-tax income rises by 43 percent, with a corresponding shift in tax burden towards savings.

To interpret the values of the savings wedge, we translate them into a tax on annualized returns.
Considering an annual return of 4% over a 25-year period from working life to retirement, a savings
tax of Tg/(1 + Tg) = 30% corresponds to a 1.4% annual tax on accumulated wealth, or a 37%
capital income tax. Alternatively, if we interpret our model as one of retirement savings, a wedge
of 30% means that top income earners will receive a present value of $0.77 of additional pension
payments for each additional dollar in social security contributions.

The next three rows vary the Pareto coefficients. If the Pareto coefficient on consumption
?ﬁaez

changes (second and third rows), remains the same, but the split between income and savings

taxes varies, corresponding to a vertical shift of the iso-tax lines in Figure 2. If the Pareto coefficient
on income changes (fourth row), ﬂé;“ez also changes, which affects the scaling of both income and
savings taxes. Comparing rows 2-4 with the baseline and Calibration A with Calibration B, we
observe the sensitivity of optimal taxes to the ratio of Pareto tail coefficients and pass-through
from income to consumption: As the former varies from 0.5 to 0.7 and the latter from 0.75 to 1,
the optimal savings tax goes from 4.5% to 26.3% — almost a six-fold increase. This observation
illustrates the critical importance of identifying the pass-through elasticity separately from the ratio
of Pareto tails, and of controlling for unobserved preference heterogeneity, since it is the latter that
determines the strength of the savings tax motive. On the other hand, non-homotheticity and
heterogeneity of preferences reinforce each other in Calibration C and therefore the variation in
optimal savings taxes across the four rows is much smaller in absolute or relative terms, from 25%
to 32.2%.

Rows 5 and 6 vary the earnings elasticities. Higher values of the compensated elasticity of
taxable income C{%TY reduce the combined wedge on labor income and savings ﬂs/“ez (fifth row). In
calibrations A and B where fg v / @{W and A are fixed, this simply scales down both the savings
and income tax distortion, while leaving the tradeoff between the two unchanged. In calibration
C, we adjust fg v / E{%TY downwards to maintain FIS constant at 2, which reduces the role of
heterogeneity in preferences in accounting for the observed gap between the Pareto coefficients of
income and consumption, and thus reduces the scope for savings taxes.

Conversely, higher values of the income effect on labor supply C{/ raise the combined wedge
?39,“”, but also shift distortions from income towards savings (sixth row): A higher C{/ increases

both ?@“ez and the scaling factor A that enters both taxes and determines the magnitude of the

shift from income to savings taxes. Both shifts contribute to raising the savings tax, which is
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unambiguously increasing in C{/, but they have opposing effects for income taxes. In calibrations
A and B, the increase in ﬂs/m dominates relative to the shift from income to savings taxes. In
Calibration C, C_g - / EXI/{W is increased relative to the baseline to keep E1S constant at 2. In this
case the shift towards savings taxes dominates, leading to a reduction of income taxes relative to
the baseline.

The last row sets the complementarity K to its theoretical upper bound so that A = 1. This
scenario corresponds to calibrating the model to the upper limit of the gray area in Figure 2.
In all three calibrations, the savings taxes are between two and three times as large as in the
baseline. Therefore, allowing for intertemporal preference complementarity or complementarity
between consumption and earnings further shifts the tax burden towards savings.

We draw three main conclusions from this calibration exercise. First, all our calibrations suggest
that it is optimal to shift a part of the overall tax burden from income to savings, for reasonable
estimates of the Pareto coefficients and behavioral elasticities of consumption and earnings. De-
pending on the preferred calibration strategy, it is optimal to tax savings of top earners anywhere
between 12.5% and 30%, and to reduce their income tax burden accordingly.

Second, the magnitude of this shift is sensitive to the calibration strategy. Calibrating our
formulas to match consumption responses to wealth taxes (Calibration C) leads to much larger
optimal savings taxes and lower income taxes than calibrating our formulas to match pass-through
of permanent income to consumption (Calibration B), with the homothetic case (Calibration A)
falling in between. The pass-through evidence, which is not specifically tailored to top earners,
suggests that the average household treats savings as a luxury relative to regular consumption,
with a correspondingly higher income elasticity. On the other hand, the estimates based on wealth
tax reforms suggest that the richest households treat their consumption as a luxury relative to
savings or bequests. In the former case, the non-homotheticity mutes the motive for savings taxes
suggested by the gap between consumption and income concentration, while in the latter case, the
non-homotheticity reinforces it. We leave it to future research to reconcile these stark differences
between the estimated pass-through for average households and the inferred pass-through for top
earners, to determine which of these approaches is more policy-relevant.

Third, optimal tax prescriptions are sensitive to precise estimates of the relevant sufficient
statistics, and in particular to being able to estimate the cross-sectional concentration of income
and consumption separately from the causal impact of income on consumption or savings. The
gap between these two measures captures the extent of preference heterogeneity that provides the

primitive rationale for savings taxation. As illustrated by the comparison between Calibration
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A and B, small errors or biases in the estimates of either the ratio of Pareto coefficients or the
pass-through from income to consumption can result in substantial errors in the resulting policy
conclusions. Moreover, estimates of the causal impact of income on consumption or savings that
do not control for preference heterogeneity are likely to be biased and under-estimate the scope of
preference heterogeneity. While unobserved preference heterogeneity has been recognized previously
as a source of estimation bias in pass-through elasticities, we believe the connection between this
bias and the economic rationale for commodity taxation has not been noted before. Exploiting this
connection for econometric tests of (departures from) Uniform Commodity Taxation would be a

promising avenue for future research.

Conclusion

This paper argues that income and savings taxes cannot be studied in isolation; they form instead
an optimal policy mix that must be characterized jointly. Doing so leads to a stark tradeoff
between raising one tax instrument versus the other. If the marginal rate of substitution between
consumption and saving is homogeneous across agents, it is optimal to leave savings undistorted,
as is well known since Atkinson and Stiglitz (1976), but also to set the level of the labor income tax
rate at the static optimum given by Saez (2001). Away from this joint benchmark, it is optimal
to raise (resp., lower) the savings tax rate above zero and simultaneously reduce (resp., increase)
the labor income tax rate below the static optimum, if and only if more productive agents have a
stronger (resp., weaker) taste for saving relative to current consumption. Our novel optimal tax
formulas, expressed in terms of the Pareto coefficients and elasticities of income and consumption,
suggest that it is optimal to shift a significant share of the burden of taxes from income to savings.
Empirical measures of consumption inequality and consumption responses to taxes play a key role
in identifying the direction and magnitude of this shift away from the Saez (2001) and Atkinson and
Stiglitz (1976) benchmark. Given such crucial importance of consumption measures for optimal
taxes, we believe empirical research should devote as much attention estimating them as has been

given to their income counterparts.
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Online Appendix for

“Using Consumption Data to Derive Optimal Income and Capital Tax Rates”

Christian Hellwig and Nicolas Werquin

A  Proofs of Section 2 and 3.1

Here, we analyze the optimal tax design problem. To streamline the exposition, we focus on the
general model that we analyzed in Section 3.1, and only later specialize to the baseline model with
consumption and savings.

Agents’ preferences are given by U (Y, C;r) over efficiency units of labor Y and an arbitrary
N-dimensional vector C = (C1,...,Cx) of consumption goods, at rank r € [0,1]. Let U, =
oU/oC,, > 0 andUy = 0U/9Y < 0. We further define U, = 90U, /0C,, and Uy, = 90U, /JY and
assume that Uy, /Uy < 0, so that marginal disutility of effort is decreasing in r. For convenience
we index leisure —Y as good 0, and write Uy = —Uy and Uy, /Uy = Uy, /Uy < 0. Each good n is

produced at a constant marginal cost of p,, efficiency units of labor.

Assumption 4 (Generalized Single-Crossing Condition). The marginal rates of substitution

(MRS) between any two goods m and n is non-decreasing in v, whenever m > n, i.e.

n — aln (Um/Un) — Umr . Unr
Oor Uy U,

m

AV

Z 0. (26)

The baseline model of Section 2 is a special case of this model with N =2, C = (C1,Cs) = (C,95)
if Usy /Us > Ucr/Uc, and C = (C1,C2) = (S,C), if Usy/Us < Ucr/Uc.

The social planner chooses a tax function 7' (Y, C') that maximizes fol T (Y (r),C (r))dr, subject
to the incentive compatibility constraint {Y (r),C (r)} € argmaxy.c U (Y, C;r) s.t. LN | p,Ch +
T(Y,C) <Y, and the promise-keeping constraint fol w(r)GU (Y (r),C(r);r))dr > vy for some
weighted utility promise vg, and where the social welfare objective allows for both rank-dependent
Pareto weights w (-) such that E [w] = 1 and an increasing and concave Bergson-Samuelson function
G (-) that captures the planner’s attitude towards inequality. The Rawlsian social welfare function
corresponds to a limiting case with Pareto weights w (r) = 0 for all » > 0, i.e. all the weight is given
to the lowest rank, and the promise-keeping constraint reduces to a lower bound constraint on the

lowest rank’s utility, G (U (Y (0),C (0);0)) > vo.
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A.1 Mechanism Design Problem

Statement of the planner’s problem. The mechanism design problem consists in choosing an

allocation {Y (r),C (r)} that maximizes the net present value of tax revenue

1 N
Kv—max/Yr— nCn (7) | dr 27
) = [ (¥ 0= L) o)
subject to the incentive compatibility constraint
U (r),C(r);r) =U (Y ('), C(r');r) (28)
for all types r and announcements 7/, and a lower bound on social welfare
1
/ w(r)G (W (r))dr > v (29)
0
where W (r) is given by the promise-keeping constraint
W(r)=UY(r),C(r);r). (30)

Relaxed problem and sufficient conditions. An allocation{Y (r),C (r)} is locally incentive

compatible if W (r) is continuous and satisfies the envelope condition
W' (r) =Up (Y (r),C (r);7) (31)

almost everywhere. We focus on allocations that are continuously differentiable w.r.t. . The
following lemma shows that local incentive compatibility, coupled with a monotonicity condition

on allocations, is sufficient for global incentive compatibility.

Lemma 2 (Sufficient conditions for incentive compatibility). An allocation {Y (r),C (r)}
satisfies incentive compatibility (6) whenever it satisfies (i) local incentive compatibility (31), and
(i) S, U (Y ("), C (") 57") CL (") dr" > 0 forn = 1,..., N. Conversely, suppose that there ex-
ists an open interval (r1,72) C (0,1) such that, for all " € (r1,72) and for alln =1, ..., N, we have
S Uk (Y ("), C (") 50") O () dr” < 0 with at least one strict inequality. Then {Y (r),C ()}

is not incentive compatible.

Proof of Lemma 2. For ease of notation, write X (r) = {Y (r),C (r)}. Consider an allocation
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X (r) that is locally incentive compatible and continuously differentiable at every r. We then have

(X (r);r) =U(X (1) 57)

U
_ /fjv () ) € (67 dr”

. " g: n ( //) ;7) U (X (7"”) "I"”) Vo (7‘”) dr”"
- , //) 7“”) n ’ n ’
™ n=0 n

This expression can be rewritten as

U (X (r) ;7“) - U(X (7’/) ;7“)

- [ B S e

[ Y (r")i7) Un—1 (X (1) ;7) - N AN AW,
+nz_:1/r/ [Un (X ()57 N Un1 (X (7‘”);7’”)} ZUkz (X ("" ),7’ )Ck (7’ )dr .

k=n

Local incentive compatibility implies 3N o U,, (X () ;7")C! (+") = 0, and therefore the first
line in this last expression equals 0. Moreover, due to single-crossing conditions the term in-
side the square brackets in the second line is positive (resp., negative), whenever r > r” (resp.,
r < r'"). Therefore, U (X (r);r) > U (X (+');7) whenever Yn_, Uy (X (") ;") CL (") > 0 for
all n = 1,..,N. Conversely, suppose that >0, Uy (X (") ;7") C} (") dr” < 0 for all n and
all v e (r 1,1"2) with at least one strict inequality. Then U (X (r1);71) < U (X (r2);71) and

U (X (re);re) <U (X (r1);re), hence incentive compatibility is violated. O

The monotonicity is satisfied if for each rank r, there exists a threshold n (1) so that X/, (r) > 0
for all goods with index n > n(r), and X/ (r) < 0 for all goods with index n < n(r), ie.,
if the allocation shifts the agents’ consumption bundle at higher ranks towards higher indexed
goods. However, the allocation doesn’t have to be perfectly co-monotonic, i.e., it may be the
case that higher-ranked agents start to consume less of the lower indexed goods. However, since
SV LU (Y ("), C (") ;7" Cf (") dr” = —Uy (Y ("), C (") ;7") Y’ ("), the sufficient condi-
tions for incentive compatibility hold only if Y is increasing in r.

In our baseline economy, these monotonicity conditions hold if: (i) Uy ()Y’ (r") < 0, i.e.,
Y is non-decreasing; and (i) if Us,/Us > Ucy/Uc, then Uy (r")Y' (r") + Uc (r") C' (v") < 0,
or equivalently Ug (r") S’ (r") > 0, i.e., S is non-increasing; or (ii’) if Ug,./Us < Ugy/Ue, then
—Uc (r")C" (r") < 0, i.e., C is non-decreasing. Conversely, if S’ (") < 0 and C’ (r") < 0 with

one strict inequality, we must also have Y’ (r”) < 0, which implies a violation of the incentive
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compatibility constraint. Therefore, local incentive compatibility combined with co-monotonicity
of income and either consumption or savings is sufficient for global incentive compatibility (6).
Moreover, if Ug, /Us = Ucy/Uc for all (Y, C, S, r), then the monotonicity of Y (-) and local incentive
compatibility are both necessary and sufficient for incentive compatibility—analogous to the well-
known necessary and sufficient conditions in mechanism design problems with a single decision
margin. If Ug,/Us # Uc,/Uc for some 7, monotonicity of Y and either C' or S together are
sufficient, but not necessary, for incentive compatibility. With two decision margins (labor supply
and consumption-savings), incentive compatibility (6) holds if, for any pair of types, the sum
of information rents across both margins is non-negative. Monotonicity of Y guarantees that
information rents along the labor supply margin are always non-negative, while monotonicity of
C or S guarantees that the same holds along the consumption-savings margin. However, (6) may
still hold if information rents are positive along only one of the two margins, i.e., if one of the two
conditions is violated. The partial converse then says that incentive compatibility must be violated
if both conditions are violated over some interval of types, that is, if information rents are negative
along both margins. Lemma 2 generalizes this logic to any number of goods, for one-dimensional

type spaces.

A.2 Solution to the Relaxed Planner’s Problem

Next, we analyze the relaxed planner’s problem of maximizing (27) subject to (29), (30), and (31)
and express its solution in terms of primitives—i.e., the agent’s preferences. Lemma 3 provides a
characterization of optimal income and consumption wedges akin to the well-known “ABC” formula

(Diamond 1998). We use good 1 as the numeraire and write 7y = 1+ Uy /Uy and t,, = U,,/U; — 1.}

Lemma 3 (Optimal tax system). The optimal income and consumption wedges satisfy

TY (7’) . . Uh« (T’) Uyr (7’) -
ot =-n ( ) (32)

1—Ty( Ul(r) B Uy(T’)
and
tn (r) Upr (1) Upp (1)
s =00 (P - 55 ) 7o) (33)
where

101=2 110 @ 0 ) 0 O e [ G0

r' > T] (34)

3'Throughout, we write X (r) = X (Y (r),C (r) ;) for any function X of both {Y (r),C (r)} and the type 7.

59



with

B [y o (- I3 Gt

A= E [w (") G' (W (1)) exp (7 rl’ UUllr((TT‘,',')) d?"”)} '

Thus, Assumption 1 implies that Ty (r) > 0, and t, (r) > 0 for all .5

Proof of Lemma 3. Problem (27) subject to (29)-(30)-(31) is an optimal control problem with
W (-) as the state variable, and C (-), Y (-), and S () as controls. Defining A, ¢ (1), and ¢ (r) as

the multipliers on these respective constraints, the Hamiltonian is given by:

N
o= Y paCn(r) =Y (1) +¢(r)U: (Y (r),C(r);7)
n=1

A (1) (Wo =G (W () + ¢ (n){W (r) U (Y (r),C (r);r)}-

The first-order conditions with respect to the allocations Y (-), and C (r) yield:

. 1 ” Uyr (T) _ DPn
AR ARG

P (r)

The first-order conditions for Y (), and C (r) define a shadow cost of utility of agents with rank
r, ¢ (r), which consists of a direct shadow cost 1/U, () or 1/(=Uy (r)) of increasing rank r utility
through higher consumption of good n or lower income, and a second term that measures how
such a consumption or income increase affects U, (r) and thereby tightens or relaxes the local
incentive compatibility constraint at r by Uy, (r) /Uy, (r) or Uy, (r) /Uy (r). The latter is weighted
by the multiplier ¢ (r) and added to the former. Combining the first two first-order conditions and

rearranging terms then yields the following static optimality conditions:

p Tv(r) 1 p1 <U1r (r)  Uyr (r))¢(r)

U(Ml-ry(r) —Uy(r) Ui(r) \Ui(r) Uy(r)

and

4! tn (7“) _ ph DPn Unr (T) o Urr (T) r
Ur(r)1+ty(r)  Up(r) Un(r)_<Un(r) Ul(r)>¢()’
Hence, we obtain equations (32) and (33), with v (r) = %Ul (r) /p1.

The multipliers ¢ () and A are derived by solving the linear ODE ¢ (r) = —03/OW, after

52We use Assumption 4 only to guarantee that local incentive compatibility and monotonicity are sufficient for
global incentive compatibility. The results that 7y (r) > 0 for each r and ¢, (r) > 0 inherits the sign of Uy, /U, —
Uir /U1 applies even without 4 provided that only local IC constraints are binding.
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substituting out v (r) using the first first-order condition:

0X

& (1) = — o = A (1) G (W (1)) =0 (1) = M (1) G (W (1)) = P4~ 0 (r)

along with the boundary conditions ¢ (0) = ¢ (1) = 0. Define

1 / 1 /
my (1) = exp (—/T %:((:/)) dr') and my (r) = exp (—/T UUX;T((:’)) dr’)
so that Uy, (r) /Uy (1) = m), (r) /my, (r) and Uy, () /Uy (r) = mj (1) /my (7). Substituting m; (r)
into the previous ODE and integrating out yields

bym )= [ 020 ()6 W () P () '

or

gb(?“) =K [(1 -T (7’/)) Ulp(lrl) Tfnnll((::))

where I'(r) = Aw (r)G' (W (r)) Uy (r) /p1. The boundary condition ¢ (0) = 0 then gives A\ =
p1E[m U Y /E[Dm U Y. Therefore,

, E[T () - my () JTL ()] > 7]
e {1 E [y () /Th ()| 7 > 1] 2

Substituting this expression into the static optimality condition then yields equation (34). Applying

analogous steps using m,, or my, we obtain the alternative representations I (r) = Aw (1) G' (W (1))

¢ (r) _ 1 my (r') >l — CaYes ! my (r') >
1—r E|:—Uy(7’/)’m,y(7’) = ] )\E[ () & (W (1)) my (1) = ]
and
o(r) _ P My (1) >l — w () & ! My (1) >
1—r E{Un(r’)mn(r) 2 ] )\E[ () & (W () my, (1) 2 ]
with
o Elem ] B[ ()
Elw ()G (W (') mn ()] Elw ()G (W (1)) my ()]
This concludes the proof. ]
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Atkinson and Stiglitz (1976) theorem. The theorem of Atkinson and Stiglitz (1976) and its

converse follow easily from the proof of Proposition 3.

Lemma 4 (Uniform commodity taxation). The optimal wedges satisfy t,, (r) z tn (1) if and
only if Upy (1) /Up, (1) E Uny (1) /Uy, (r), which holds if and only if m E n. In particular, in
our baseline economy, we obtain Ug (r) 2 Uc (1), or 15 (r) z 0, if and only if Ug, (r) /Us (1) z
Ucr (r) /Uc (7).

Proof of Lemma /. For any two goods m # n, the first-order conditions of the planner’s problem

read

Un (1) Uy (r) Un(r)  Up(r)
We immediately obtain that U, (1) /Un, (1) = pp/pm or ty, = ty, for all r if and only if Uy, (1) /Up, (1)

Pm Pr () (Unr (r)  Unr (7”))7

Upnr (1) /Uy, (r) for all r, or the MRS Uy, (r) /U, (r) is uniform across types. Conversely, we have
Up, (1) /Uy (1) z Pm/Pn and t, z ty iff Upy (1) /Uy, (1) z Upnr (1) /Uy, (r). By our ordering of goods
>

according to the generalized single-crossing conditions, this is equivalent to m = n. O

No Arbitrage conditions. By taking the ratios of equations (32) and (33) we immediately

obtain the no-arbitrage conditions

Unr (1) /Un (1) = Uy (1) /UL (1)
Uiy (r) /UL (1) = Uy (1) /Uy (1)’

tn (T) _ En (,r_) Y (’l“)

_m\n) here ¥,
1+, (1) 17y (r) e (r)

for any n = 2,..., N. In our baseline model this condition reduces to equation (9). It remains to

map ¥, into preference parameters and behavioral elasticities.

A.3 Identification, Step 1: Optimal taxes in terms of preference elasticities

We finally map the model primitives that appear on the right-hand sides of equations (32) and
(33) to our empirically observable sufficient statistics. First, we express the optimal tax formulas
in terms of preference elasticities and Pareto coefficients. The following result generalizes Lemma

1 in Saez (2001) to our economy.

Lemma 5 (Identification: preference elasticities). For any given system of tax distortions

{1y (7) ,tn (1)}, we have

U _Uye) _ & & dn(l=my)
(1 ’I”)<U1 Uy) = p1+,0y+ din (1 =) (35)
U Ut _ & & dln(l=tn)



where gn =&, — gann/pY - Zk;én 5nkpn/pk forn=1,...,N, and gY =&y — 25:1 SnganY/pn'

Proof of Lemma 5. Totally differentiating U, (r) and —Uy (r) yields

L7, (1) Upn (r) Cy (1) CJ, (1) Une () C (1) CL (1) Upy (M) Y (1) Y’ (r) Uy (1)
dr — k
U (1) N R R A R At I A (O R G A
and
4 (—Uy (1)) _ Uyy MY @Y (r) i Up (r)Cp (1) Upy (r)Y (r) C (1) n Uy, (1)
—Uy (r) Uy(r) Y(r) Z-Ur(Y(r) Un(r) Culr) Uy(r)

These equations can be rewritten as

dInU, (r)
Cdln(1-7)

C(1—r Unr (r)  En(r) | Eny (r) Enk (1) C(1—r Unr (1) &En (7)
0T T w wn CT

and

dIn (—Uy () Uyr (1) & (1) & Eav (1) Uy, (r) &y (r)
iy = D G o = s () TS = (1) ST

Combining these equations and using the first-order conditions 1—my = —Uy /U; and 1+t,, = U,, /U
yields equations (35) and (36). O

Next, combining equations (35) and (36) with equations (32) and (33), we can express the

optimal top tax rates in terms of the preference elasticities:

Lemma 6 (Optimal tax rates on top earners). Let I' = lim, 3  w (r) G' (W (r)) Uy (v) /p1
denote the marginal social welfare weight of top income earners. Optimal income and consumption

taxes on top income earners satisfy

1-T & 13
Ty = ——— where Ty = Ei/m +Ev/py i Y/pY. (37)
/7 —T 1+ & /py
and _ - ~
_ 1-T - & &
tn, = ————=  where t, = M (38)
1/tx +T 1—&u/pn
Moreover, the tax arbitrage coefficient satisfies
En/pn—E
5 n/pn— &1/ (39)

& p+ v oy
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Proof of Lemma 6. Ignoring the tax progressivity terms which converge to zero at the top,

equations (32) and (33) can be rewritten as

v ) (&0 E O p e O m )],

1—Ty(7“)_<p1(1")+ Y(T))E{(l T Ui (1) mq (r) = ]
and

) (&) B g GO mE)]

1+tn<r>‘<pn<r> p1<r>)E[(1 L) gy | 2]
where

Uy (1)
— ex " (U (r") _ dirUl (r") P = ex " r” ¢ (") r"
=e€ pl/r <U1(7"”) Uy (r") )d ] - p(/r 51( )Cl(r//)d >

Taking the limit as » — 1 and using the fact that C; follows a Pareto distribution with tail coefficient

U (r) mi(r') _ Ui(r) (/T Urr (") //>
exp dr

p1, we obtain

Y _qopaet ey gt g el &/
1—7y 1-&/pm 1+t, 1-&/p
Equations (37), (38) and (39) follow immediately. O

A.4 Revenue Spillover Condition and Proof of Proposition 2

In this section, we break the mechanism design problem into two stages: a first stage in which
the social planner designs the income tax schedule Ty (Y) and the agent trades off between labor
supply and after tax earnings M =Y — Ty (YY), and a second stage in which the social planner
sets the consumption tax schedule T (C) and the agent allocates after-tax earnings to different
consumption goods. Here we take the outcome of the second stage as given and focus on the design

of the optimal income tax function for given consumption taxes 7' (C (r)).

First-Stage Mechanism Design Problem. Define

N
UY,M;r) = mng(Y,C’;r) S.t.MZT(C)—i—ancn
n=1
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and
C(Y.M;r) = argmax U (Y,Cir) st M2 T(C)+ Y paca

as the indirect utility function and the optimal consumption vector that characterize the solution
to the second-stage problem, given earnings Y and after-tax income M =Y — Ty (Y). The optimal

first-stage allocation solves

1
g (T @)+ T (). (1)50))) ar

subject to promise-keeping W (r) = U (Y (r), M (r);r), local incentive compatibility W’ (r) =
U (Y (r),M (r);r), and the ex-ante promise-keeping condition fol w(r)G (W (r))dr > Wy. The

Hamiltonian to this program reads

Ho= M(r)=Y(r)=T(CY(r),Mr);r) +ér) U (Y (r), M (r);7)
+Aw (1) Wo =G (W (1)) + ¢ (N {W (r) =U (Y (r), M (r);r)}.

The first-order conditions for M and Y imply

lﬁ(r)zm

N
oCy,

MYT()_ 1 N oC,
+¢() _UM(’I“) [1_71§::2tnpnaM

which we solve to find

Ty 80 1 BCn qu UYT‘ ¢(>
nPn =(1- -
1—TY+Z”’ <8M+1—Ty8Y> ( 7”)<MM Uy)l—T’UM()

Defining s,, = (1 4+ t,,) pnCrn/ (1 — 7v) Y) and sy = M/ ((1 — 7y) Y), this condition can be rewrit-

ten as

N

Ty t.  (OC, 1 WG, Unir  Uyr 6(r)

) — —(1- - .
= :21+tn8n<8lnMsM+ 8lnY) ( T)( ) Une (r)

The multiplier ¢ () solves

¢ (r)=—70= = (1) G (W (r)—¢ (r) = A (r) G (W (r))——

oK 1 N 9C,
1314 U
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with the boundary conditions ¢ (0) = ¢ (1) = 0. Define m(r) = exp( fl LZ{"AZ’"(T dr’ ), so that

Unrr () JUps (1) =m/ (1) /m (). Substituting into the previous ODE and integrating out yields

1 N
o (rym(r) = / (1 —dw (MG (W (r")) Uns (') — Z t““?i}) LlMl(r’)m (r') dr’,
r n=2

or

o (r) B , N, OlnC, 1 \ Uy (r) m (1)
1—7“UM(T) =k l(l—f‘(r) _T;l—i—tnsn@lnMw) Upns (") m(r)

7“/27“]

with T' (r) = M (r) G' (W (7)) Ups (r) and A such that ¢ (0) = 0.° The marginal consumption taxes
t,, enter in two places: First, the efficiency cost of tax distortions on the left-hand side includes both

the direct efficiency cost of the income tax distortion, 7y / (1 — 7y), and the additional spill-over

b g (9Cy 1 | 9InCy
n=2 1+t, " \ 0In M s, Oy )*

Second, the shadow price of redistribution 7 (r) = ¢ (r)Ups (1) / (1 — 7) is reduced by the fact that

effect to consumption tax revenue at rank 7, which is given by Z

some redistribution takes place through consumption taxes.

First-Stage Identification. Define &, = —Unrvi M /Uny, & = UyyY Uy, Euy = UnyY U,
syy=M/(1—1y)Y and pa () = — (dIn M (r) /dIn (1 — r))~!. We obtain the following first-stage
analogue of Lemma 5, already linking the preference elasticities Enry Ey, and Eyry to behavioral

elasticities C{/ and C{?Tyz

Lemma 7 (Identification (first stage)). For any given income tax distortion {Ty (r)}, we have

danM (7") gM/SM—gMy Z/{Mr C{/ qu
- - F (-7 - Y (1-r 40
dln(1—r) Py ( ) Uns pYCXI/{rY ( ) Uns (40)
and . 5 ,
dln (=Uy (r))  Ev —Emy Uy, -G Uy,
— = +(1-r = +(1— 41
dln (]. — T‘) [5% ( ) Uy pYC{/_{TY ( ) Uy ( )
and
Uty Uy  Ey —2Emy +En/su  din(1—1y) 1 dln (1 —7y)
(L—r) - = — = —— - —2. (42)
Uy Uy 1% dln(1—r) Py,  dn(l—r)

Proof. Since M =Y — Ty (Y), it follows that (M’ (r) /M (r)) sy =Y’ (r) /Y (r) and spyr/pm =

3By the envelope condition Uns (1) = U (r) /p1, this definition of T'(r) is the same as in Lemma 6.
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1/py. Differentiating Uy; and —Uy w.r.t. 7 yields

dinUy  Unyy  x M'(r) s Y'(r) Uy . . Y’ (r)
Uy M TEMYY T Uy (Eut/s01 = Eury ) Y (r)
and
din(-Uy) Uy, 5 Y'(r) & M (r) Uy, v v Y’ (r)
o Uy TV MYSM Iy T T (& = &) Y ()
and
qu uYr 5 > > Y/ (T) dIn (1 B TY)
- = -2 — )
Uy sy~ (2t /o) Y (r) dr
Perturbing the first-order condition 1—7y = —Uy /Uy with respect to compensated changes income

tax changes dry yields

ory oM

M

5 5 oY < .
i (SY - gMY) v T (SM - SMgMY)
with syfOM/M = 90Y/Y, and therefore CQTY = (gy — 28uy + SM/SM)*l. Substituting this
expression into the one for Ups, /Upr — Uy /Uy then yields equation (42).

Similarly, perturbing the budget constraint along with the perturbation of the FOC by a lump

sum transfer 9T yields sy/¢l; = 1 — ¢{ and
0= (gy — gMy) C}I/ + (gM — SMgMY) C]{J
from which it follows that
-G Sy

« « 1 < «
gy—gMyz T andé’M/sM—SMy: "
Yy CY,Ty

Substituting these expressions into dInlys/dr and dln (—Uy) /dr yields equations (40) and (41).
O

The Revenue Spillover Condition on Top Income Earners. Therefore, taking limits as

r — 1, we obtain

N
hm<uM’”—uYT>uM¢:<1—r—Z th _ 0InCy, 1) 1

1\ Uy Uy 2 T4 t, "M sar Aoy -
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and the optimality condition for 7y can be re-stated as:

= —Saez N T
— t
Y Y (1-T-Y 5,3,
1—7y 1— 7= 1+,
where 73

= (1 Loy = )

o, =

8lnCnL <8lnCn1+8lnC >(C CI)
M spy  \OmM sy |~ omy ) \ Y PY 6y )

: : H _ 90lnC, H dlnCh olnCy 1 dlnCy
Finally, since ;7. = Gt Sy T Fmy CYTY and CYTY = sl ry+ We have G777 sr T oamy =

sy OlnChp OlnChp —
(ﬁ{w/{{}fw. In addition, ¢ = 811111MCM — S { and 1 — ¢§ = sy, so that

e )_ 81nCnCI _ 0lnC, 1 (G
Y oYy >~ 9InM sy

; 0InC, 1 ( Cy

= O sy &

and therefore, we obtain

OmCn 1 Curyz o on - Gl oH -
" Ol M % - C)}/ITY CY + CTL,Tpr - Cn + Cn,‘rpr'

The revenue spill-over condition nests the one for the baseline model with N = 2 and the spill-over

term SN 5p®, on the right-hand side equal to

n=2 1:; 1 SS(CS Py T CS) Hence, Proposition 2

follows as a special case.

A.5 Identification, Step 2: from Preference to Behavioral Elasticities

At this stage, it remains to express the preference elasticities (£y,&,) and the tax-arbitrage coeffi-

cient X, in terms of behavioral elasticities.

Completely separable preferences. If preferences are completely separable, i.e. £,y = Epp =
0 for all n and k # n, we obtain E, =&, and & = Ey. Perturbing the FOC 1 +t, = U, /Uy w.r.t.
a change in 7y or a lump sum transfer 0T yields SnC,f{TY =& CfTY and &£,¢. = &£1¢{, and perturbing
the FOC 1 —7y = —Uy /U; w.r.t. a change in t,, or lump sum transfer 9T yields —5y§§{tn = 51<{{tn
and EyC{/ = & ¢{. Tt then follows that

En/pn
b N B don-Cn | prdan- o
n - = _ s .
1+ 85}1%? Q{Zﬂ,pn C{J,{tnpl - Cgtan Pn C{{,tnpl _ Cll/{,tan
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Consumption and Savings (N = 2) with unrestricted preferences. When N = 2 and

preferences are defined over consumption and savings as in our baseline model, we have that

?S/Ps — éic/ﬂc
Ec/pc + Ev/py

with
Eclpc = Ec/pc —Ecs/ps —Ecv/py » Eslps = Es/ps — Esc/pc — Esy/py
and & /py = Ey/py — sc€cv/pc — $5Esy /ps-

Moreover the budget constraint implies that 1/py = s¢/pc + ss/ps, so that we obtain
Eo/pc = Ecfpo— A, Es/ps = Es/ps — A and Ey [py = Ey /py + A,

where éy, é(), és are defined in Lemma 1 and A = s¢/pc (Esy + Esc/sc)+ss/ps (Ecy + Ecs/ss)-

It follows that ¥ = £s/ps=&c/rc vy finally express &y, e, &g in terms of the behavioral elastici-
Ec/pctéy /py

ties.

Lemma 8 (Identification: behavioral elasticities). The preference elasticities Ev, &0, Es de-
fined in Lemma 1 are jointly identified by the substitution effects C{}ny, ng, ng, C{/{TS, CgTS, Qg{,rs

via any three of the four conditions

Ev Gy +Eclliny =1, E0Clsy = EsCElr, =0,
Ev (g + el =0, Ec¢ll, —EsCl =1

The preference complementarities Egy —Ecy, Esy +Ecs/ss and Ecy +Esc/sc are jointly identified

by the income effects (L, (é, Cé:
bt = EsCh+Esy —Eoy = Ev( + Esy + Ecs/ss,

and therefore A = sCCééc/pc + ssgéés/ps - C{/éy/py. Moreover, the preference elasticities
fy,gc, és and complementarities Esy — Ecy,Esy + Ecs/ss and Ecy + Esc/sc are invariant to

monotone transformations of U.

Proof of Lemma 8. Consider a labor income tax schedule 7y (Y') and a savings tax schedule
Ts (S). For ease of notation, assume that the tax schedules are locally linear in the top bracket,

Ty (Y) = T& (S) = 0. A perturbation of the total tax payment by 07 and the marginal tax rates

69



by 07y and Ots lead to behavioral responses (Y, 0C,dS) that satisfy the perturbed first-order

conditions

Uy [Y +0Y,C+0C, S+ 0S;7] y

_ =1-Ty(Y) —

Uc[Y +0Y,C +0C, S + 0S;7] v (Y) = ory
and

UslY +0Y,C+0C, S+ 0S;7] ,

=141

Uo[Y 10V,C+0C, 5+ o5 LT Is5)+0ms

with

OC+ (1+T§(9)0S=(1-Ty (Y))0Y — 9T.

Taking first-order Taylor expansions of the two perturbed FOCs around 0 yields:

oY oC oS 0
(Sy - 50)/) 7 + (50 — chcy) ? — (SSESY + gCS) ? — - _TB;Y
oY sC oC 0S  Ors
(Esy — Ecy) v + (Sc—i- SSSCS> o~ (Es+ Ecs) S " 1+re
o0 oS oy or
o TS TY T A—m) Y

Using the third equation to substitute respectively 95/S and dY/Y into the first two, and using
the definitions of éy, Efc, (st leads to:

. Y . oC oty or
By e =iy TGt lesls) Ty
. 9C 4 9S8  org or

oo T T Bty

The solution to this system can be expressed as

7 = _CY,Tyl — Ty +CY(1 —TY)Y = CY’Tsl—i-TS +<.-Y (1 —TY)Y
86 - H 8Ty T aT - H 87'5 T 8T
T T T, Ty T T CUom)Y
(95 . H 87—}/ T 6T o H 87—5 T 8T
R p s s R L P (e

Substituting these equations into the previous system easily leads to the expressions given in the

Lemma 8. OJ
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Derivation of Tax-Arbitrage Coefficient (Proof of Proposition 1). Using Lemmas 5 and

8, we obtain

é G 1 - FH
fc (Zg L 1) CST (pocl,, - psCl.,)
Y= lirr% - - o = * —
r— ng _ pc SCtg _ ( _ pPc )
oC (1 oy CQTg) C}I,{’TS CY,TS CC , TS
Using the Slutzky relationship Eﬁé{m = —ESEgTY and the over-identifying restrictions E{ZTS =

ECC_(IJ{,TS + ESC_gTS and 1/py = 8¢ /pc + 5s/ps, the denominator is equal to

1 SO S = =
~H (< + ,OS) IOC'gCTS - (SCCgTS + 55‘@%{@)) =

555, \\PC SCSTY

(PCCC g 555573)

and therefore -
PCCC,TY PSCSTY

Y= — =7
PCCC,TS PSCSTS

Similarly, using ESEgTY = E{}"TY - ECEg’W and sg/ps = 1/py — S¢/pc, the numerator is equal to

1 1 So e - = 1 Sl 5 C
b (- 22) ot~y + 50, ) = b (Gl — 0,

gSCgTY Y pC ﬁngﬂ—S

and therefore . oy
PCCCry — PY Sy oy
pcCH o — v,

2 pu—
This concludes the proof.

Proof of Theorem 2. Equations (17) follow easily from equations (8) and (14). O

Proof of Corollary 1. For Case 1 and Case 3, the expressions follow immediately from Theorem

2 and the fact that ®g = 1/75%¢* in Case 3. For Case 2, we write

SH B - _ B -
& Sy 1 (1 I ) Cf@ _ CS,ry _ Cf? L cH qu B CSiry
5= Foaez Y 1 — 5{/ ~H - 1— E}I/ ?)S/aez PYSY,ry 1 — E}I/ ~H ’

CY Ty 1Y CY, Ty CY7 Ty

and therefore C/ (1 (1) Z &g Z CH, /G, - 1/750 if and only if C/CH, 2 (1 &) /¢l
and the expressions and bounds for Case 2 are satisfied if (% /C gTY z (1 — @) / E{/{TY is equivalent

to Eoy E Esy. But the identifying restrictions in Lemma 8 imply that

Eoy — Esy = EsCh — EcCl = €c/5c (chg,w ¢&/¢ — gcCé)
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_ 2. s ((EH - FH \ AL j7H 1= — 50T\ = & /5. CH 6 1-¢
= &o/sc ((CY,TY - SSCS,Ty) Cs/C8my — ( — Gy — 33(5)) =&c/5c Gy o
S,y Y, v
from which the result follows immediately. O

A.6 Proofs for results in Section 2.7

Recall the identification from the first-stage problem where £ M= —Unn M /Uy, gy =UyyY /Uy, & My =
UnyY /Uy and spr = M/ (1 — 1v) Y) satisfy
— G &

- ¥ 1 < ¥
gy—gMy: T andEM/sM—EMy: o
Y,’Ty CY)TY

We first re-state these identifying relationships in terms of the preference elasticities c‘fy, gs, 5’0

and one additional preference parameter K that summarizes preference complementarities.

Lemma 9 (Identification: labor supply elasticities). The income and substitution effects on

labor supply C{}fTY and C{/ identify gy and RA = égéc/(sséc + Scés) via the relationships:

I . ~1
éy—l_ CY—IC and RA:_CY +K

- CH H
Y, v Y.y

where

ss€c€oy + sc€sE
’C:gSC+gCS+ SCC:Y C’AS SY'
ss€c + sc€s

Proof of Lemma 9. Recall that U (Y, M;r) =U (Y,C(Y,M,r),S(Y,M,r);r), where S (Y, M, r)
and C (Y, M, r) are the solution to

(14+75)Uc (Y,C,S;7) =Ug (Y,C,S;7r) and M =C+ S+ Ts(S).
In addition, by the envelope theorem, we have
Uy (Y, M;r) =Ue (Y,C(Y,M,r),S(Y,M,r);r) and Uy (Y, M;r) = Uy (Y,C(Y,M,r),S(Y,M,r);r).

Differentiating the envelope condition leads to

5 0lnC OlnS
&7 Brmsetevgy TS ey
5 dlnC OlnS
Emy = gCY_gC@lnY+gcsf)lnY

y | 1

&y = & dlnC olnS

omM  “amMm
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Differentiating the second-stage budget constraint and FOC w.r.t. Y yields sc0InC/0InY =
—550InS/0InY and £cdInC/OInY — oy = EsdInS/dInY — Egy, which we solve to find

dlnC __ S5 (ECY — 553/) and dlnS __Sc (gsy — gcy)
Y ss€c + scés Iy ss€o+ scls

Differentiating the second-stage budget constraint and FOC w.r.t. M yields s¢c0InC/0In M =
sy —8s0InS/0In M and (Ec + Esc)0InC/O0InM = (Es + Ecs) InS/01In M, which we solve to

find
olnC 1 _55—83(5())/—55}/) and dlnS 1 _gc—FSC(gcy—gsy)

oln M @ Ssgc + chs Oln M % B Sséc + Scés

Hence gy, & My, and & v satisfy

_ sssc (Ecy — Esy)”

& =&y - -
ss€c + scés
and
. sg(Ecy — &
Emy = Ecy — (Ec + Esc) s Y €Y)
ss€c + scés
and

A

Es — ss(Ecy —Esy)  Eos sséc + sssc (Eoy — Esy)

gM/SM = 50

SSgC + chs Ss SSgC + chs
B Es —ss(Eov — Esy)  Esc scs — soss (Eoy — Esy)  Ecs ss€c + sssc (Ecy — Esy)
= (éc+E&sc) X 5 - X 5 - 5 5
ss€c + sc€s SC ss€c + sc€s Ss ss€c + sc€s

Es — ss(Ecy — Esy)

> < —&sc —E&cs
ss€c + sc€s

= (gc + 550)

where we have used the fact that Ecg/ss = Esc/sc = Esc + Ecs. It then follows that

S £
& —Emy =& — Ecy + L (Ecy — Esy)
ss€c + sc€s

ss€cloy + scs€sy 4

=& + Esc + Ecs + =& +K

Sséc + Scés
and

. . E
Ext/sn — Enry = (Ec + Es) ————— — Eso — Ecs — Eoy
ss€c + sc€s

ss€c€oy + sc€sEsy _BA_K

= RA—Esc — Ecs — Ecy — 5 5
ss€c + sc€s
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This concludes the proof. O

Elasticity of intertemporal substitution. The EIS is defined by

~ 9l (S/C)

EIS = )
OIn (1 +75) ly.i7 constant

The expenditure minimization problem minc s (C' + (14 75) S) s.t. U (Y,C,S) > U yields the
optimality conditions 1475 = Us/Uc and U (Y, C, S) = U. Differentiating this optimality condition

keeping Y constant leads to

s 0C . 0S  Ors
C S _1+TS'

Differentiating U (Y, C,S) = U yields UcOC = —UsdS, and therefore 0C/C = — (sg/sc) 0S/S.

Substituting the latter equation into the former and using sg + s¢ = 1 yields

oc _ 9S 1
GIEED sséc 1 5cEs
1475 Y,U constant sec +sces

which is the expression given in the text.

Optimal Tax Formulas for N =2 and Corollary 2. From Corollary 1 , the expression for X

in Proposition 1, and §5C§TY = —C{fTS, we write Ty as

=Saez o CH
- Ty __8 pYCY,Ty
e rgas = ()

Yrs/ SY 1y PCSC 1y

where
A= _Cgﬂ'sﬁc(:gfry _ Cgﬂ'Y
= — - — = - _ = _ = ~H ~H +H J+H °
C{/{Ty (pCCgTS - pYC}I;{’Ts) - C{/{TS (pCCéI”Ty - pYC{;{’Ty) <C7TY o CC’TSCY’W /CY)TS
Although this expression focuses on Case 2, it also subsumes Case 1 (in which sg = —55{75 =0)
and Case 3 (in which ES@{W = _5151,75 = Egﬁ,)

Next we restate A in terms of the other sufficient statistics. Solving the identifying restrictions
Ey+RA = 1/6{5{7},, gcggw = éséngy, and fcégm = —SAyggI/{’TS for £, Eg, Ey yields £ = A/égw,
&g = A/Z};{Ty, RA = A/&;{W, and & = (1—A) /E{}’rw. Combining with RA = f{//fgw + I, we
also obtain A = (I —|—IC§{}TTy. Finally, 1/EIS = 55€c+50Es = A&;{Ty/ (ngfgw>, and therefore
A= I, - (BIS)T
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Finally, we need to solve for 7g. We use Lemma 6 and the subsequent identification results to

write Tg as
A < {1 ﬁsC_gTY >

pocl,,

_E&s/ps —Eclpe _ Es (1 3 Ps/gs> _
1-Es/ps+A  ps(1+A)—Es pc/éc)  psCl,, (1+A)—A
For Case 3 we have ps = py < pc and s¢ = 0, and therefore A = (Eoy + Ecs) /py = K/py.
Substituting this expression along with pgC gTY = ﬁyE{E{TY the yields

- FH - - FH
7 ! A <1 - pYCY’TY) G Gl (1 - pYCYW) .

TS = — = = — = - —
v, — ALK polly ) L= poct s,

Ty

Corollary 2 then follows immediately.
For Case 1 we have pc = py < ps and sg = 0, and therefore A = (Esy + Es¢) /py = K/py .

For Case 2 we have po = ps = py, and therefore

pyA = 5cCléc +55CLls — (L Ey = 3¢ (Esy + Esc/3c) + 85 (Ecy + Ecs/5s)

=E&sc +E&cs +5cEsy +5sEcy =K+ 55 (Ecy — Esy) (1 - thTY/C_{/{,TY) .

_ AT psCH
If preferences are completely separable, A = 0 and A = C{/, and we obtain Tg = — —HCY -t s ila
pSCS,‘rY 7CY pCCC,‘rY
This concludes the proof.

With N > 2 and completely separable preferences, Lemma 6 implies that

v _ E&lev+&/p B &lp =&/
1—-75 1-&/m 1+t 1-&/m

Consider first ¢}. Rearranging terms and using Lemma 8 we obtain

t _ _ 51/P1 <gn/pn . 1> _ _ E}If _ /31<:ny 1
1+ 1=&/p1 \&/p1 p1¢E /€ — ¢\ pnClL,

This expression can be further simplified by noting that E{, /&1 = EfTY, which follows from

8 EI B B _ _ N = _ _ N = _
ey, =G Sl = (@ + ) =

C_{/ ~1 ~H
= CYCI,TY =+
k=1 k=1

&

where we have used the identities 1 — f{/ = fo:l Ekflg and E}I}’TY = ny:l Ekf,fw. We therefore

75
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obtain

bho_ 0-DF (i

B ﬁnggq'y
If N =2, solving for 7¢ = t* then yields the expression for the separable case in Corollary 2.

Consider next 7y-, which we rewrite, using & =1/ E{JTY — SYE{}’TY / C_fITy, as

e -
1 Sy 1 . ngy,TY . . H . Png,TY
. Py ey, + (ﬁy PYC{/{TY) (1 pici,, ) 1 (1 EYCY,Ty) (1 picil,,
Ty = 7 & = —H ~H :
1+ 22 PYCyry T EVCyry

Now under complete separability, C (Y, M;r) and Uy, are independent of Y, and therefore

-« & UyyY UuyY UyyY
— =& —Euy = - =

—0=~¢y.
ng Z/{Y Z/[M Uy Y

Substituting EYE)I{TY =1- 5{/ then yields

- ~H
7—_}*/ — 7—_i§'aez 1— C_}I/ 1— ngyﬂ—y
ZISEN

and solving 7y /(1 — 7y) = (1 = I)7+/(1 — %) for 7y implies

_ _ ~,rH
(1 Dyrgees (1 (1 2o
plCl,TY

— — ) _H :
1 — [rgae: (1 — (1 - ’ZE{ZY»
\TY

TY =

These equations generalize the characterization of optimal income and savings taxes with completely

separable preferences to the case with N commodities and arbitrary planner preferences.

B Proofs of Section 3.2

The mechanism design problem consists in choosing an allocation {Y; (r) , C; (r)}?zo that maximizes

the net present value of tax revenue

& e T
K (vo) = max ST(T)/O {ZR (Yi(r)=Ci(r)) — R ST(T)}dT

)G s =
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subject to the incentive compatibility constraint

T T

Y BU(Yi(r), Co(r); )+ Uit (RST (r);7) 2 Y BU (Yi ('), Gy (') 57) +8"F Ura (RSt (1) 57)
= t=0

for all types r and announcements 7/, and a lower bound constraint

T
>_B'U (Y2 (0),Ce (0)50) + T Urs1 (RST (0)50) = Wo. (45)
t=0
Defining W (r) as
T
W(r) = BT (Y (r),Co(r);r) + BT Ursa (RST (r) ;1) (46)
t=0

an allocation{Y; (), Cy (r)}fzo ; S7 (1) is locally incentive compatible if W (r) is continuous and

satisfies the envelope condition

T
W' (r) = ZﬁtUm (Vi (r),Cy (r)sr) + BT U 141 (RST (r) 57) (47)

=0
The corresponding optimal control problem consists in maximizing (43) s.t. (45)-(46)-(47) is
an optimal control problem with W (-) as the state variable, and {Y; (r),C; (1)}, and St (-) as
controls. Defining ¢ (r) and ¢ (1) as the multipliers on (46)-(47), the Hamiltonian is given by:

H = S RUYUC ) -Y:(r)+ R TS (r)

M=

~
I
(=)

T
+1 (r) {W (r) — Z B'U (Y (r),Cy (r)s7) = BT Upyr (RSp (r) ;7”)}

T
{Zﬁ vt (Ve (1), Gy (r)sr) + BT Ui (RST(T);T)}

t=0

The first-order conditions with respect to the allocations Y; () and Cy (-) yield:

1 UYT,t (7’)

s r ]. UCT,t (7’)
O T i)

Uor ) T2 Ty

¢ (r)=(BR)™" = (BR)™
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Hence, the optimal labor and savings wedges in period t satisfy

) (3R) Ve (1) 6 () (UC’“’f vy (”)

1—1ye(r) Ucy (1) Uy, (r)
Tse(r) ¢ oy [ Uerar(r)  Ucre (r)
1+ 75 (r) (BR) Ucy () (r) ( Uct1(r)  Uce(r) )

Combining the two conditions yields the static no-arbitrage condition

UCr,t+l(7') _ UCr,t(T)

Uc,t41(r) Uc,+(r)
UCr,t(T) _ UYr,t(r) ’
Uc,i(r) Uy,(7)

i) g )
1+ 754 (r) Tl =Ty (r)

, where Yg; =

Combining the condition for the optimal labor wedge at t + 1 and ¢ yields

Ucrt+1(r)  Uyriya(r)
Uc,t+1(r) Uy,t+1(r)
Ucri(r)  Uyra(r)
Uc,t(r) UY,t(T)

TY,t-‘rl ('I”)
1 =Ty (r)

Tyt (1)

= EY,t . (1 —|— TS,t) 1 —vs (7‘)

, where Yy; =

It now remains to express Xg; and Xy, in terms of preference parameters and compensated
elasticities. But these steps are identical to the identification results for the static model with
completely separable preferences, implying that

Ucr,t UYr,t gC,t EY,t dhl(l - TY,t)

- ==Lyt
Uc, Uy  por Py dln(1—r)

Ucrpv1  Ucrp _ a1 Ecp  dIn(1+7gy)

UC,t+1 UC,t PO t+1 PCt dln (1 - 7“)
where the identifying relations 5C:th‘t,Ts,t = _SY,tC}I%,TSJv Sthgt’TY’t = 857tC§{7TY7t = gc7t+1<gt+lyTY,t =
75Y7t+1<g+1773’,t’ and 557t(§7t = 5qt§é¢ = SY,tC{/,t link these preference elasticities to income and
substitution effects within and across periods. If Assumption 2 and 3 are satisfied and all these
sufficient statistics and optimal taxes converge to finite limits as » — 1, we can then restate the

age-dependent tax-arbitrage coeflicients as

B 5 H - H (. H -1
> Ecit+1/poir1 — Eci/poy CCtﬂ'Y,t (pc’t+1CCt+1:TY,t) - (pc7t<otyTY,t)
St = c - 5 /- = oH —1 -1
Evi/pye+ Eci/pct Cct,rs,t (pc’tcé{’tﬂ'&t) — (pY’thﬂ'S,t)

)
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and

-1 —1
> _ > _ H = H _ (= H
5Y,t+1/pY,t+1 + 5C,t+1/pC,t+1 . CCtﬂ'Y,t (pc’t+1€0t+177'Y,t> (pY7t+1CYt+1yTY,t>

Yyr = c /- c - = CH -1 -1
gY,t/pY,t + gC,t/pCﬂf CC’mTS,t (ﬁcvtcgzﬂ's,t) — (ﬁy’tC{;{ﬂ'S,t)

)

These conditions fully characterize optimal top income and savings taxes at all ages for a given
value of Tyo. Proposition 4 then follows immediately from the comparative statics of Xg; and Xy

w.r.t. the respective sufficient statistics.

Revenue Spill-Over Conditions.  Consider a perturbation d1y;; > 0 of the marginal income
tax in period ¢ for ranks v’ € (r,7 + 9r). The mechanical effect of this perturbation on government

revenue is this tax perturbation mechanically raises the NPV of tax revenues by
R 01y, (Y (r+0r) = Y3 (r)) (1 —r) =~ R'0ry,;0r Yi/py+.

The behavioral response of earnings in period s to the income tax perturbation in period ¢ can

be decomposed into a substitution effect 9Ys (r') = — 187:;15){9(5’2 -y, for ranks v’ € [r,7 + Or), and
an income effect 9Y; (') = C{,s (r') %awtam (r) for ranks 7/ > r + Or. The combined

effect on the NPV of income tax revenues is

(@ ryupve =& (0}

R~ taTY,t87” Yt/PY,t

Zs OR f TYS 8Y( )d - _zT: Ty,s SY,s
=0 1-— Ty s Sy7t

where sy, = R (1 — 7y4) Y/ EST:o R™* (1 — 7y,s) Ys represent shares of period ¢ in total life-time

earnings, and f{,s (r) = E[¢L. ()| 7’ > r]. Taking the limit as r — 1, we obtain

R™ s (1) 0Y;
lim Zs 0 f Ty, ( _ Z
r—1 R~ tﬁTy,tar Yt/,oy¢

Y.
1 —Tys SYt o
where ®y, .., = E{Eﬁ v PYE— E{/ s denotes the spill-over coefficient from period-¢ income taxes to
period s labor supply and earnings.

Similarly, the behavioral response of savings in period s to the income tax perturbation in period

_ Y,
t can be decomposed into a substitution effect 955 (') = —(Ss . S, laT:Ytt = _CSsJYtssm ITESS f
for ranks r’ € [r,7 + Or), and an income effect S (') = —¢L (') %awtaryt (r) for ranks
S Y,

7" > 7+ Or. The latter can be re-stated as S (') = —CL (1') g5 (1) ((11 TY”;;CS((T,)) ﬁTYS’t orY/ (r).
s —Ty,t ) Yt(T TS,s
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The combined effect on the NPV of income tax revenues (as r — 1) is

lim OR f TSs aS ( _Z TSt SYsg P
r—1 taTyﬂga?“ }/t/,OY,t 1 + T TSt Syt St 8s Y
where ®g, -, = 5{.{ sy Pyt Eés denotes the spill-over coefficient from period-¢ income taxes to

period-s savings. Combining the terms, the optimal income taxes on top income earners, for a

given sequence of savings taxes, must satisfy

T - — —
SY,s TSt _ TYs
1= —= { ———55,Pg + —=—y,
Z 1 +?S,t s s5TY t — s5TY t )

= sy 1 -7y,
or
— —Saez — —_ _
TYt Ty 1 TSt 56,®g Z TS,s 56 . Pg + TY,s P
— = — - — it TYy: T —  SS5,s¥S8,T = PY,7
1-— Tyt 1-— ?/C;ez 1+ TSt s s£t 1+ TS,s - 1- TY,s . 7

where Ts‘fz =14 Pymn,) =0+ gthY’tﬁy,t — C_}?t)_l. The dynamic model admits revenue
spill-overs within and across periods to both income and savings taxes. In particular, if agents
substitute labor supply inter-temporally, i.e. E{Z v < 0 for s # t, then raising Ty, shifts labor
supply from age t towards other ages, thus raising earnings and income tax revenue in all other
periods. This effect is reinforced by income effects of the tax increase.

At the same time, if preferences are separable, then @gs,wyt/g‘s = féﬁ,w’t/fésﬁy,t +1 =
—Eg,w’t/E{/,SEY,t +1 = _(I)Ys,ry,t/gxl/,s» i.e. we generically have that ®g -, > 0 > ®y, -, for
all s, so that raising Ty; unambiguously lowers savings in all periods. Hence, inter-temporal substi-
tution of labor supply generates negative spillovers towards savings but positive spillovers towards

income in all other periods, with an ambiguous net effect on optimal income taxes.

Proof of Proposition 5. We re-state the no-arbitrage and revenue spillover conditions in matrix
form as

Tg = $-Ty and Ty = T9%° [1 — $eTs — éyTY] ,
where T'y, T's and 1 are T-dimensional vectors with Ty;/(1 — Ty,), Ts/(1 +Ts+), and 1 as their
t-th entry, TSaez g diagonal T x T' matrix with TS“Z (1— 7'55/‘?2 ) as its t-th diagonal element, Sga
diagonal T' x T' matrix with Xg; as its ¢-th diagonal element, and (i)g and (i)y are T' x T matrices

?;: Py, ry, in their ¢, s-entry, and the diagonal elements of by equal to 0.

: gY,s 5
with vt 55,5Ps, 7y, and

Generalizing Theorem 2, we represent T'y and T'g in terms of the static optimum T9%% = TSaez.q,
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the revenue spillovers @S and <i>y and the tax-arbitrage coefficients isz
R N A —1 . R N A A —1
Ty = [[4+ 7% (by + bsSs)| T and Ty = S+ [[4+ 75 (by + bgSy)] T,

where I denotes the T-dimensional identity matrix.

The static optimum 7% no longer characterizes optimal income taxes even if savings are
untaxed. Define T4 = [[471%9*®y]~1T5% as the optimal income tax sequence when 7g; = 0 for
all t; these are the income taxes that internalize inter-temporal revenue spillovers for income taxes.
Straight-forward matrix algebra implies that T{}S —seer — _Saez$ A5 and therefore T;A/S >
T9%¢% if Py, 7y, <0 for all s,¢, i.e. the inter-temporal substitution of labor supply unambiguously
raises optimal income taxes above the static optimum. In addition, Ty — T = —Tsaez(ti)y +

@SZA]S)Ty. Hence Ty may be larger or smaller than T

, depending on the comparison of
spill-over effects to income and savings taxes, given by by + dgSg.

The difference between Ty and T{}S directly depends on T'g or equivalently, on g
T —Ty = T90sTs = T5dg3g - Ty.

All entries of 75%* and Ty are positive, and all entries of dg are non-positive. it follows that
entries of @3¢ (and hence T4 — Ty and T'g) are all non-negative (non-positive), whenever all

entries of 3g are non-positive (non-negative). Proposition 5 follows immediately.

C Proofs of Section 3.3

Notation and Preliminary Results. Suppose that r € [0, 1] is uniform and denotes income
rank, with Y (r) denoting earnings at rank r, and a € [0, 1] is uniform and denotes the rank of
savings, conditional on income. Let S (r,«) and C (r,«) denote the savings and consumption at

rank «, conditional on income rank r. The budget constraint implies
Y(T) - T(Y (T) ,S(’I“,Oé)) =pcC (T,Oé) + S(T,Oé)

where we introduce po (set equal to 1) to derive certain relationships between price elasticities.
We consider tax functions that are asymptotically separable and linear in savings at the top, i.e.

T(Y,S) =Ty (Y)+7sS for income ranks r sufficiently close to 1. The triplet (Y (r),C (r,«), S (r,a))

of earnings, consumption and savings satisfies the first-order conditions 1 — 7y = %, 1+79 = 5—2,

where the marginal rates of substitution may depend on individual types that map into income
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and savings ranks r and «, and 7y = T3, (Y), along with the budget constraint. Differentiating the
budget constraint w.r.t. « implies that pcCy + (1 4 75) So = 0.

Now, define s¢ (r,a) = % and sg (r,a) = %, income effects

)% oC (1-m)Y OS(1—1v)Y

I _ — I _

= T 1 - = d = - Y
A=m)o=gr —5 @G =g3

where 0T represents an increment in unearned income, or a lump-sum reduction in the income tax,

as well as uncompensated and compensated elasticities:

0lnZ dlnZz dInZ
U = U = U o _
Gy Oln (1 —1y)’ Zpe onpo s oln(1+75) €05
dln Z¢ d1n 7€ aln ZC
H = H _ H _
= = dei = 927 ey
G = (i —7y)’ “re = Blupe T = G (i g gy O 2 S

where Z € {Y,C,S} and Z¢ ¢ {YC,CC,SC} stand for the uncompensated and compensated
earnings, income and savings functions, respectively. All these income and substitution effects can
in principle be functions of both r and «. For further reference, income and substitution effects

satisfy the following well-known relationships:
U H I U H I U H I
Yoy =&y =S CCmy =C0my G0 and (5p = (5r + G5

Cigmo = g{’{pc + SCC{/’ Cgmc = Cgpc o SCCé’ and CSQADC = Cgpc - SCC§
(Vrs = Glrg + 850, Crg = Clrg —s5C0, and (5,5 = (g — 85
4{/{7'5 = _Sscgﬂ’w C31/{7100 - _SCCgTY’ and Sscg{pc = Sccgﬁs
1—(f = scCl + ssCh
C{gﬁ/ = SCCgTY + SSCgTy’ Cgpc = SC(g,pc + SSCé{pc’ and Cgfs = ché{ﬂ's + SSCgTS'

The first three lines are the Slutzky equations for income and savings tax changes, the fourth
line holds because of symmetry of substitution effects, the fifth and sixth line follow from marginal

perturbations to lump sum taxes, marginal tax rates or po. In addition, we show:

ﬁ = LC{ZTY =0 and

84{/{,75 8@5{100 S I
da O o da (1—Cy)

(0%
S
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LAN

da %(1_@“%/) g P S (-d+ds)

Oa

S
oGt ssch = s (b~ cf)

0 0 Sa
(1

H H H H
SC%CC,TS +ss 870[(5,75 SS—o& S CY CS,TS + CC,Ts)

Proof. Consider the approximate budget constraint (ABC) Y (1 —7y) — Tp = pcC + (1 +75) S,
where 7v = 7y (r) and Tp is chosen so that To + 7y (r)Y (r) = Ty (Y (r)), i.e., we use a linear
approximation of the tax function around rank r.

Differentiating the ABC w.r.t. Ty yields (1 — 7v) $5- — 1 = pc e 6T0 + (1+79) aa—fo, orl1— ¢l =
soCt + ssCh = _% [pcC + (1+75) S]. Diﬂ'erentlatmg both sides w.r.t. « implies that %C{, =
—aiTO [pcCa + (1 + 75) S| = 0.

Differentiating the ABC w.r.t. 1 —7y yields Y’ (1 + C}l/{w) = ﬁ [pcC + (14 75) S]. Differ-
entiating both sides w.r.t. « implies that %C{{Ty = 0, and therefore %C{i{w = % (C}[{TY + C{/) =0.

Differentiating the ABC w.r.t. 1475 yields C{ZTS =sg+ (ff%)yﬁ [pcC + (1 + 75) S], and
therefore ¢/ = sg5% and 2l = ss (1-¢l).

Differentiating the ABC w.r.t. pc yields CY,pc = sc + (1—1377?/)1/81)0 [p CC’+ (1+7g)S]. Dif-

ferentiating both sides w.r.t. « yields %Clg,pc = sc% and %C{ch = s50% ol (1 — CY> and from

v

differentiating the budget constraint w.r.t. «, sc% = —55%‘.
Differentiating SSCgTY = —C{i{TS w.r.t. « yields sg (%‘ng + %ng) = —sg5 3 (1 — CY>
or BaCSTy = S—‘* (1 — C{/ +C§{_ry). Differentiating SCCgTY = —C{/{pc w.r.t. « yields %CCJY =

—scGe (1-¢l + gcw)
Differentiating 1 — (% = sc ¢} + ss¢l w.r.t. a yields s (C“ ¢t + aaCC) —Sg (S"“ ¢t + aaCS)
and differentiating CY,TS = SCCC,TS+SSCS,TS yields s¢ (?CC,TS + %CC,TS>+55 (?CS,TS + %CS,m) =

sgSe 3 (1 — CY> which we rearrange to find the expressions above. O

As an immediate corollary of these expressions, we obtain that in Case 3 (s¢ = 0),

R T D R
lim = ~Cs = m =~C5.r, = im 5-Cg 7 = 0,
F : : I +H H _ I sH H
which is consistent with the fact that (g, (g,,., and (g converge to 1—(y-, (3., and (i, respec-
tively. Likewise, in Case 1 (55 = 0), we have lim, 1 2% (} = lim, 1 224, =lim,; 24 =0.

Finally, differentiating the budget constraint w.r.t. r for given « yields

Yiir) _ _Gr(na) (1 +75) Sy (1, @)
Y(r)  (1-mY(@) Q7)Y (r)
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or, after integrating over a:

1 (1—=r)C"(r) (I—r)S"(r) 1 1
=so(r)———-T 4 55 (r) ———L =50 (r + 55 (7 ;
GRS ST o T
where s¢ (r) = [ s¢ (r,a)da and sg (1) = [ sg (r, a) da are the average consumption and savings
shares at income rank r, C'(r) = [C(r,a)da and S(r) = f S (r,a) do average consumption
and savings at income rank r, C” (r) = [Cy(r,a)da and S’ (r) = [ S, (r,a)da, and 1/pc (r) =

(1—r)C'(r)/C(r) and 1/pg (r) = (1 —r) S’ (r) /S (r) represent the Pareto coefficient of average

consumption and average savings conditional on earnings.

Revenue Spillover Condition. Consider now a tax perturbation that changes the marginal

income tax by d7y («) > 0 for all 7’ € [r,r 4+ 9r). The mechanical effect of this tax perturbation is

/ Ory (a)da- (1 —7) (Y (r+8r) — Y (r) ~ a;:(g) / o1y (a) da.

For any (', ), the behavioral effect of the tax perturbation on earnings is

L, (o7 (@)

oY (1. ~ -Y (r) e if ' € [r,r+ 0r)
orY’ (r) 7@(71{2{ @ f g >r+0r

Integrating over r’ > r yields

TyflE 8Y(r’ a)' ydr' 1y

R T _ TSaez r
(o D)oy () =G (1)) = == 1 _— (T§ )

where 7297 (r) = {1 + C{%TY (r) py (r) — &L (r)} - and (L (r) = E (({/ (r')

used the fact that C{}’TY and C{/ do not vary across «.

r’ > T); here we have

For any (', ), the behavioral effect of the tax perturbation on savings is

Qgﬂ_ (r,a)0ty ()
9 (', a) ~ —Y (1) ss (r0) =g ——

—orY’ (r)ss (', @) 7@(#73?;‘/((1) if ' >r+0r

if v’ € [r,r +0r)

Integrating over r’ > r yields

TsflE aS (r',a)lr )dr’N_ TS

6/)73/(:) [ o1y (o) da 1+ 75

(’l“, Oé) (I)S (73 a) aTY (a)
ss(r)®s(r) [ Ory (a)da

ss (r) ®g (r) (1 + Cov (SS

)
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where ®g (r, o) = CgTY (r, ) py (r)—i—fé (r,a), fé (r,a)=E (Cé (r', a) Zi((i’f))
f ss5(ra) g o (r,a) da.

ss(r)

Combining terms yields the following necessary condition for optimality of the asymptotically

)

This condition generalizes the revenue spill-over condition to the model with multi-dimensional

r’ > r), and &g (r) =

affine tax function:

v(r) T (r) TS . oo [ 55 (r,a)®g (r,a) Oty ()
L—71y (r)  1—m7dee(r) (1 1+ 75 s (r) s (r) <1+C ( ss(r)®s(r) [ Ory (a)da

heterogeneity, with the additional co-variance term accounting for income tax perturbations that
vary across savings ranks. Within the class of income tax perturbations that 0y that are uniform
across «, i.e. within the restricted class of tax policies that are asymptotically separable and linear

in savings at the top, the optimal top marginal income tax must satisfy

Ty (1) _ 7'}5;“62 (r) ( _Ts
L—71y(r) 1—7%(r) 1479

55 (1) @5 (1))

which is exactly the same as the revenue spillover condition in our baseline model, with the defini-
tions of the various income and substitution effects suitably adjusted to allow for heterogeneity in
savings at each income level.

The term Cov (ss (rya) ®g (r, ), %‘ r) adjusts this condition for perturbations that
vary across «. A necessary condition for the separable affine tax system to be optimal at the top is
that this covariance term is zero for any such perturbation, or equivalently that sg (r, a) ®g (r, ) is
constant across «. This must hold for » — 1 in Case 1 (where lim,_,1 sg (r) = lim,_1 sg (r,a) =0
for all «, i.e. the top earners consume almost all their income), as well as in the empirically
relevant Case 3 where lim,_,1 sg (r) = lim, 1 sg (r,a) = 1, lim, 1 sg (r, ) CgTY (rya) = @{TY and
lim, 1 sg (r,a) ¢k (r,a) = 1 — ., for all o>

In Case 2, where sg and s¢ both converge to positive, finite limits, sg (7, a) ®g (7, a) represents
the spill-over from income to savings at a given savings rank «, i.e. by how much a marginal increase
in the income tax at earnings rank r lowers savings for a given savings rank «. The condition that
this term is constant amounts to requiring that this fiscal spill-over of income taxes to savings is
uniform across different savings ranks; otherwise the fiscal authority could gain additional revenue
with a targeted perturbation that raises the income tax by more for savings ranks with lower fiscal

spill-overs, so that the above covariance is negative.

54Qubstituting SSCgTY = {{{TY - sccg’w and ssfé =1- f{/ - scCAé and noting that (f{/ and C{/{TY are invariant

in o, we obtain that Cov (SSCDS, %V) =—Cov (sc [ngpy + CAé"C] ,%lr)
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The restriction to an affine tax system amounts to assuming that the fiscal authority is unable
to fine-tune how it internalizes spill-overs from one source of tax revenues to another, and it just
internalizes the average spill-overs across top income earners, and the uniform spill-over condition
which implies that sg (r,a) ®g (r, )is invariant in « (at least at the top as r — 1) implies that

such fine-tuning does not generate additional tax revenue.

No-arbitrage condition. Consider a joint perturbation of income and savings taxes (07y («) , 975 ()
with 97g (o) > 0 > 1y () for v’ € [r,r + 9r), such that Y’ (r) [ 07y (o) da+ [ S, (r, ) O7s (o) dov =
0, or equivalently,

Y (r) _
v (1) /8Ty () da =

Importantly, ps () does not represent the Pareto tail on savings, but rather, since S (r) = [ S (r, @) da

Sy (r, a) 07 ()
e} (1 + Cov ( f@TSS da

represents the average savings at income rank r, pg measures the Pareto coefficient of average sav-
ings conditional on income. Equivalently, the ratio py () /pg (r) represents the elasticity of average

savings w.r.t. income Y':

py (1) _ [ Sy (r,a)da/ [S(r,a)da _ 0logE (S|Y (1))
ps (1) Y’ (r) /Y (r) dlogY (r)

Since aggregate tax revenue at the top is To + 7vY (r) + 75 f S (r, ) dev, the mechanical effect
is given by
~or [ IV () 9ry (@) + 8, (r, ) 975 ()] da = 0.

For ' > r + Or, the behavioral effect of the tax perturbation on earnings is 9Y (r',a) =~
/

ordi (r') { (r) Iry(a) 4 g, (7, )817_577(_3)} and therefore [9Y (r',a)da = 0 for ' > r 4+ 9r. For

1—7y

r’ € [r,r + Or) we obtain

o1y () 07s (@)
P o) T v ()

oY (,a) ~ — [g{/{W (r)

() Jov (¢ oy () ey (r0) 55 Tt
r)

:_w/aﬁ/ do‘{CYTY( )Py (1) f@Tda_pS(T)1+C'ov( ssfa)'fgw( ))d ‘
r) >’ Ts(a)do

+ H _ _/H : Y(r)
where we have substituted (37, = —(g,, ss and used the above expression for v ()

J oty (a) da
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Integrating w.r.t. « and r’ > r then yields

Tyf OY (r',a)ir)dr’ 1y
8TY(T [ oty (o) da -1y

(A ) oy (1) = &y (1) ps (r) Ko (1)}

where ggw (r) = f ss(r {STY (r,a) da and

Cé{T (ra) S(ra) ., Org(a)
1+ Cov ( ) S0 Jors(a)da

1 —i—Cov( 5”“) fg:;(a)da’r>

)

For r' > r + Or, the behavioral effect of the tax perturbation on earnings is

K1 (T‘) =

S, a)Y' (r) 0ty (a)
Y (') 1—7y

dS (1, o) = —arck (v, a) {

1 sg (r’,a) Sy (T’ a) Ots (a):|

14+ 7g

_ 1 o1y (o) Sy (r,a) 07s (o) ]

s (r)/ Oy (@) dacs (1", ) 55 (', ) [ [ory (@) da [ 8, (r,a)drs (a) da

Integrating over ' > r + Or and « yields

Tg T+a E (0S (', a) )dr’N_ g
aTY(T‘) f aTY ~ 1+ Tg

Oy (@) Sy (r, @) 975 (a)
f@Ty ayda [ 8, (r,a)drs (a)da

Cov <§§ (r,a) ss (r,a)

)

where L (r,a) = E (Cé (r', a) %;2‘))}7" > T). For 1’ € [r,r 4+ Or) we obtain

o1y (o)

oS (r',a) ~ {CgTS (r, ) 015 (@) —cH (r, ) S (r,«a)

14+ 7g Sy

Y (1) /py (r) am ) Srsorg (a) ]

— . H
- 1 + TS /8TY (a) da [pY( )CYTS T, O[ f 87— dO[ (T) CS,TS (7"7 Oé) Sgs?’?) 67’5 (a) da

where we have substituted the expression for [ dmy (o) do and C{}fTS (r,a) = —(gTY (r,a) sg (r, ).

Integrating over a and ' € [r,r + Or)then yields

TS fr+a (0S (r, a)' )dr’N Tg

8;;/(r [ ory (o) da L+7s

[ov (1) Ly (1) Koo () = ps () g () K ()]
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where C{/{TS =/ Q{/{TS (r, @) day, CgTS (r =/ CgTS (rya) S (r,a) /S (r)da, and

20 S(ra) . ors(a)
1 —I—COU( Cgfs(r) S(r) 7 [Ors(a)da T

1+ Cov (Sgﬁf;f)’); f§f§<(3>)da‘ T>

_ g (1) D7y ()
Ky (r) = 14Cov ( CQTS ) [ory () da

r) and K3 (r) =

It follows that

T frl E (S (', ) |r) dr’! 7§
orY (r) [ o1y () da 1479

{ov s )= ps (N ¢l ) + T (1)},

py (7)
where
STra Ors(a
B o1y () C’ov(CgTS (r,a) ( ) = CSTS (r); faTSSa ‘7“)
Y (r) = py (r) Cov | (. (r, Q) ; m ps (r o m Brala
T oo Ty farsm)da‘r)

Sy (r,a) 0t (@) 01y (o)
"S5 (ra)0ts (@) dae [ Oy (@) dev

+Cov (Cs (r,a)ss (r,a);

75 (1) _ Ty (r) G (1) py (1) = CEL, (r) ps (r) K1 (r)
Lt+7s(r) 1—7v (), (M) py (r) =¥ (r) ps (r) + 7T (r)

and the asymptotically affine taxes are optimal only if

for any perturbation (O1y (a),07s («)). If the perturbation is uniform over «, we have K (r) =

Ky(r)=Ks(r) =1and Y (r) = Cov (C} (r,a)ss (r,a); Sg%f)y) ‘ 7‘), and therefore the no-arbitrage

condition reduces to

() () )y ()=l ()ps(r)
Trs () 1= n () Gy (M) py (1) — (o (7 ps (1) + X (1)

which implies that 7g 2 0 if and only if gt{}fw %% z ¢ gTY ps, as in the model with uni-dimensional
heterogeneity. The only difference is that, as discussed above, pg (1) doesn’t represent the Pareto

coefficient on savings, but py () /ps (1) = 810g[(g(l§g(7;7/08n:)Y(r)) represents the elasticity of average

savings to income.

The asymptotically affine tax system can then only be optimal if Ky (r) = Ko (r) = K3 (r) =1

and T (r) = Cov (CS (r,a)ss (r,a); SSEZTO)‘) ’ r) for any non-uniform perturbation (07y (o), 975 (@),
otherwise fine-tuning the tax perturbation by savings rank will generate additional revenue.But that
in turn holds only if CQTS (r,a), Cé{TS (r,), and (L (r,a) sg (r,a) are all invariant in «, in which

case we also have T (r) = 0. Given the above limiting results, this will hold as 7 — 1 whenever
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ss =0 (Case 1) or s¢ =0 (Case 3).
Finally, using 1/py (r) = sc (r) /pc (r) + ss (r) /ps (r), we rewrite the condition for optimal

savings taxes in terms of consumption and income or savings:

Ts Ty oy (1) po (r) = ¢&, (r) ps (r)

FE7s L= gl () pe () = Gy () ps (n) + iy 224 Cov (K (r.0) s () 5550 | )

Here, pc represents a Pareto coefficient for average consumption at each income rank, hence 2 v(r)

pc(r) —
%W’ Using ég (rya)ss (r,a) =1— é{/ (r) — fé (r,a)sc (r,a) and S, (r,«) = constant —

(14 7g) Cy (r, ), the covariance term in this last expression can also be written as

Sy (r, a)
S (r)

= L S(T) ov < r,a)s r,o
)= o (@ee

Cy (r,a)
C’(r)

s

L po(r) o1
ooy (<" (CS (r,@) 55 (r, ),

)

and therefore it follows that this covariance term converges to zero, both when sc¢ (r) — 0 and
when sg (r) — 0 as 7 — 0, i.e. in Cases 1 and 3 of our analysis. To conclude in Cases 1 and 3, the
optimal top income and savings taxes satisfy exactly the same revenue spillover and no-arbitrage
conditions as the uni-dimensional baseline model, with elasticities and Pareto coefficients defined

on average savings and consumption conditional on income rank.
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