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RZsumZ :

Dans les domaines mathZmatique ou applicatif, la multipkition de nombres possede un r™le clef
pour le Calcul. En Science et en IngZnierie, la nonlinZaritZre de grands dZbs de modZlisation mais
aussi de rZsolution. Notre approche vise, via la multiplitian, 10Ztude de certains phZnomenes non
linZaires que I0on retrouve frZquemment dans le domainead8dience et de 10Industrie.

Pour cela, nous Ztudions dans cette these la multiplicationednombres multidimensionnels, associZe
" des structures algZbriques en dimension bPnie appelZestaiegs hypercomplexes. Nous utilisons la
multiplication comme lien entre les divisions apparenteses di Zrents domaines thZorique et pratique
gue nous abordons par une approche transdisciplinaire.

Nous e ectuons une analyse comparative entre les algebres hyperguexes et les principaux ou-
tils de Calcul, approche qui nOest pas dZveloppZe dans IZf#ture existante. Nous prZsentons une
synthese des applications existantes (par ex. robotique, adZlisation3D, ZlectromagnZtisme) et des
principaux avantages des algsbres hypercomplexes, pourSaience et I0IngZnierie. A partir des consZ-
quences de |Outilisation des structures alternatives (eeg que rZelles ou complexes), nous proposons
une extension nouvelle de la thZorie spectrale prZsentZessie nom de couplage spectral. Gr¥%oce aux
algebres hypercomplexes et " la thZorie du couplage spedtraous prZsentons des applications inZdites
" la mZcanique et " la chimie ainsi que des perspectives poer domaine du calcul quantique.

Pour les domaines dOapplications prZsentZs, existants ddlits, nous Ztudions les aspects de modZ-
lisation thZorique et aussi dOanalyse numZrique. Nous mom$ que suivant les cas dOZtude, les aspects
numZriques avantageux dZcoulent dOun choix judicieux desdmes et des algebres hypercomplexes
associZes. Ces avantages sont principalement dus "~ la ma@ide dZpbnir la multiplication dans les
algebres concernZes.

Dans les domaines applicatifs abordZs, une grande partiesdaodeles thZoriques et numZriques
repose actuellement sur IQutilisations des nombres rZelsomplexes ainsi que sur IQalgebre linZaire.
Nous montrons dans cette these que les algebres hypercomy#s sont complZmentaires des outils
algZbriques actuellement utilisZs et possedent un vastetpntiel thZorique et pratique, grandement
sous-exploitZ pour le Calcul.

Mots-clefs :

Calcul, algebres hypercomplexes, nonlinearitZ, multiplation, couplage spectral, modZlisation, sta-
bilitZ numZrique
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Le Loup et le Chien

Un Loup nOavait que les os et la peau,
Tant les chiens faisaient bonne garde.

Ce Loup rencontre un Dogue aussi puissant que beau,
Gras, poli, qui sOZtait fourvoyZ par mZgarde.
LOattaquer, le mettre en quartiers,

Sire Loup 10eZt fait volontiers ;
Mais il fallait livrer bataille,
Et le M%otin Ztait de taille
E se dZfendre hardiment.
Le Loup donc |Oaborde humblement,
Entre en propos, et lui fait compliment
Sur son embonpoint, quOil admire.
C Il ne tiendra qud” vous beau sire,
DOQstre aussi gras que moi, lui repartit le Chien.
Quittez les bois, vous ferez bien :
Vos pareils y sont misZrables,
Cancres, heres, et pauvres diables,
Dont la condition est de mourir de faim.
Car quoi ? rien dOassurZ : point de franche lippZe
Tout " la pointe de 10ZpZe.
Suivez-moi : vous aurez un bien meilleur destin. E
Le Loup reprit : C Que me faudra-t-il faire ?
b Presque rien, dit le Chien, donner la chasse aux gens
Portants b%etons, et mendiants;
Flatter ceux du logis, ~ son Ma’tre complaire :
Moyennant quoi votre salaire
Sera force reliefs de toutes les faeons :
Os de poulets, os de pigeons,
Sans parler de mainte caresse. E
Le Loup dZj" se forge une fZlicitZ
Qui le fait pleurer de tendresse.
Chemin faisant, il vit le col du Chien peIZ.

C Qulest-ce I"? lui dit-il. B Rien. B Quoi? rien? B Peu de chose.
P Mais encore ? P Le collier dont je suis attachZ
De ce que vous voyez est peut-etre la cause.

P AttachZ ? dit le Loup : vous ne courez donc pas
O- vous voulez ? - Pas toujours ; mais quOimporte ?
b Il importe si bien, que de tous vos repas
Je ne veux en aucune sorte,

Et ne voudrais pas meme " ce prix un trZsor. E
Cela dit, ma"tre Loup sOenfuit, et court encor.

Jean de La Fontaine
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Introduction

Le Calcul est bien plus quOune action mZcanique et une rZatisgpratique des opZrations sur les
nombres. Le Calcul est aussi une action de pensZe, cOeste"di choix dOoutils conceptuels dont on
dispose ~ chaque Zpoque et que 10on sOautorise ~ utiliseurqemi calculer ? Pour tenter de reprZ-
senter et dOinterprZter de faeon relative IQinformationi quous entoure. Pour calculer, les nombres et
les opZrations nous servent ~ construire la perception mafmatique de notre environnement. Cette
perception Zvolue au bl de I0expZrience humaine intellgiise que IOon peut comprendre) et sensible
(ce que 1Oon peut percevoir et/ou mesurer). Les savoirs ddppZs et hZritZs depuis les communautZs
humaines des premiers temps ont ZtZ compilZs et enrichis peite utilisZs et transmis au cours des

siecles.

Depuis 10AntiquitZ jusqud”™ 10Zpoque mZdiZvale, le Calctf @&seignZ en Occident dans ce qui
sOappelle les arts libZraux, qui sont " la source de I0ensgignt universitaire en Europe. Les arts
libZraux (ou septivium) dZsignent sept piliers : trois pour le C pouvoir de la langieregroupZs sous
le nom detrivium (grammaire, dialectique et rhZtorique) , quatre pour le C peoir des nombres E
appelZs leuadrivium (arithmZtique, gZomZtrie, musique et astronomie). LOaisition du trivium Ztait
un prZrequis " la ma’trise duquadrivium pour le Calcul. LOenseignement des arts libZraux avait pour
objectif de dZvelopper une ouverture intellectuelle et migit en avant IQinteraction entre lerivium
et le quadrivium, cOest-"-dire la ma’trise de la pensZe et des nombres. L&s ldZraux Ztaient une

source dOinspiration importante pour les illustrations rdiZvales (voir Figure 1).

15



Figure 1B AllZgorie des arts libZrauxlortus deliciarium, H. de Landsberg (1180)
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Cependant, les arts libZraux Ztaient sZparZs des arts mZqeas @rtes mechanicag Les arts
mZcaniques regroupaient les mZtiers issus desZientes corporations dQartisans pour des applica-
tions techniques telles que la construction, les mZtiers dextile, IOagriculture ou de la logistique du
commerce (navigation, transport). Cette sZparation constie ce que nous interprZtons ici comme un
premier principe de division entre IQintellect et la pratiee.

La mise ~ IOZcart de la pensZe de IO0Zpoque mZdiZvale au esus@cles suivants ansi que le dZve-
loppement progressif des disciplines et des sciences modsmont lentement fait Zvoluer IOenseignement
vers une spZcialisation, une sZparation et un cloisonnerdas disciplines. Ce mouvement nOa eu de
cesse de sOampliber, chaque discipline Ztant elle-memewjZte en parties plus ou moins hermZtiques.
Nous observons donc un second principe de division entre disciplines et/ou au sein meme des dis-
ciplines. SOil faut reconna’tre que cette sZparation a pirmies avancZes notables dans chacune des
disciplines, force est de constater que la communicationtenchacune dOentre elles devient complexe
voire quasi impossible et nZcessite toujours plus de tempsi®eorts (principalement sur le vocabu-

laire, les outils, les mZthodes) pour arriver ~ faire frucker leur interaction et leur complZmentaritZ.

Ce constat de divisions etant posZ, nous pouvons revenir au Galet " la position du travail
prZsentZ dans cette these. Un objectif idZal aurait ZtZ deZsenter une approche unibZe du Calcul
permettant la synergie des diZrentes contributions, littZraire, scientipque et techque. NZanmoins,
les sujets interdisciplinaires demandent beaucoup de ca@igsances transverses pour rZdiger mais aussi
pour lire ce type de recherche. La dicultZ dOeectuer une synthese se rZpercute alors sur la com-
plexitZ de lecture dOune telle tentative. Il faut Zgalementesurer 10intZrst de vouloir consacrer un

temps consZquent " relier de force des sujets parfois tre®ighZs, ce qui ne rZsulte pas nZcessairement
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sur des apports signibcatifs ~ la connaissance du Calcul. @Pesirquoi nous restreignons notre champ
de recherches. Dans cette these, nous prZsentons une appeoplus raisonnable qui met en relation
et compare certaines branches des mathZmatiques et dOaulisciplines applicatives, avec un certain

aspect historique.

Le bl dOAriane de ce manuscrit est la multiplication de nonasr multidimensionnels, associZe °
une structure algZbrique en dimension Pnie. Nous utilise® la multiplication comme lien entre les
divisions apparentes des #Zrents domaines qui seront abordZs dans la these. Dans le éime mathZ-
matique ou applicatif, la multiplication de nombres possed un r™le clef, souvent implicite ; r'™le que
nous prZcisons dans la these. Nous nous pencherons pariiceiment sur les questions de modZlisa-
tion en physique et en ingZnierie. En particulier, notre appche vise, via la multiplication, I0Ztude de
certains phZnomenes non linZaires que 1Oon retrouve fragment dans le domaine de la Science et de
IOIndustrie. La nonlinZaritZ!are de grands dZbs de modZlisation mais aussi de rZsoluticous\verrons
que suivant les cas dOZtude, des aspects numZriques avemtagZcoulent dOun choix judicieux des
modeles et des structures algZbriques associZes. Ces agegasont principalement dus " la manisre
de dZbnir la multiplication dans les algsbres concernZesoé verrons que parmi toutes les structures
algZbriques que 10on peut dZbnir de manisre gZnZrale, wexsaont plus dOintZrst que dOautres pour

calculer.

Nous avertissons le lecteur que le manuscrit suit une trajeere quelque peu singulisre et non
linZaire, ~ I0image des themes mathZmatiques abordZs. Lembreux domaines mathZmatiques ex-

plorZs (algebre, gZomZtrie, modZlisation numZrique) etléens avec dOautres disciplines (mZcanique,
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chimie, physique) nZcessitent une tres large bibliographiqui est disparate dans le temps, les themes
et le style de rZdaction. La mise en commun et la comparaisoe dil Zrents formalismes nous a amenZ
" faire, ~ certains moments, des concessions sur la forme attdigueur, abn de favoriser une prise de
recul par rapport aux points purement techniques qui nZcessaient un dZveloppement plus large,
mais peu utile pour notre objectif qui est, rappelons-le, dtddier le r™le de la multiplication pour le

Calcul.

La these est constituZe de deux parties articulZes autour dmalcul et de la multiplication. Abn
de faciliter IOacces " la bibliographie, nous proposons ubébliographie par chapitre en plus de la

bibliographie complste.

-Partie | :

La premiere partie est une mise en perspective des nombressttuctures algZbriques utilisZs pour
calculer. Dans le premier chapitre, nous analysons certai des inventions mathZmatiques pour le
Calcul. Ces inventions sont des transgressions radicales aa peuvent stre prZsentZes de manisre
atemporelle mais qui sont liZes au cours de IOHistoire.

Les Chapitres 2 et 3 prZsentent respectivement les algebregpBrcomplexes et les algebres de
Dickson que nous allons utiliser et en expliciter IQusagenslda seconde partie.

Nous comparons ces structures algZbriques dans le quatisrohapitre avec dOautres approches
de Calcul (calcul vectoriel et algebres de Qliord). Nous mettons en avant la diZrence entre une
Zquivalence thZorique descriptive (les isomorphismes deistures) et les consZquences pour le Cal-

cul (modZlisation et comportement numZrique) abPn dOexpbq certains phZnomenes applicatifs que
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nous dZcrivons dans la seconde partie. Dans cette premis@e, nous adoptons volontairement une
prZsentation discursive, non structurZe par des thZoremes des propositions. En ket, les rZsultats
prZsentZs sont techniquement dZmontrZs dans la bibliogna nous mettons en avant IQinterprZtation
de ces diZrents travaux et le Pl qui les relie, aspects qua contrario, font dZfaut dans la littZra-
ture actuelle. La nouveautZ que nous apportons dans cetterfi@ est une approche comparative des
di! Zrentes structures utilisZes pour calculer. Nous verronsejcette comparaison fait appara’tre des
di! Zrences notables pour le Calcul et des aspects tres spZcilBoaeement soulevZs dans les rZfZrences
bibliographiques, qui se limitent pour la plupart ~ une prZentation isolZe dOune structure ou dOun

groupe particulier de structures algZbriques.

-Partie 11 :

La seconde partie prZsente des nouveaux rZsultats mathZimag¢s et applicatifs.

Le Chapitre 5 se concentre sur les consZquences de |Quidisales structures alternatives (au sens
ordinaire : autres queR ou C) pour les racines de polyn™mes.

Ceci permet dans le Chapitre 6 de proposer une extension nolele la thZorie spectrale prZsentZe
sous le nom de couplage spectral.

Le Chaptitre 7 prZsente des applications inZdites des Chagitr5 et 6 ~ la mZcanique et ~ la chimie.

Le Chapitre 8 est une synthese des applications existantesds principaux avantages des algebres
que nous Ztudions, pour la Science et I0IngZnierie. Lescstmes algZbriques ZtudiZes tent Zgalement

des perspectives pour le domaine du Calcul Quantique.

Au long de notre recherche, nous allons dZvelopper une caréavision du Calcul pour montrer des

aspects mZconnus, mais remarquables, que nouseola multiplication de nombres.
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Premiere partie

Approche comparative pour le Calcul :
un Ztat des lieux

21



22



Chapitre 1

Des chi! res et des nombres ~ travers les %o0ges

Dans ce chapitre, nous prZsentons quelques ZIZments dest@iki des nombres pour le Calcul.
Cette approche qui peut para’tre nOstre quOun dZtail, un pdims particulier de IOHistoire des mathZ-
matiques, est rZvZlatrice de la lente Zvolution de la notiate Calcul au cours des %oges. Il nOest pas ici
question de dZvelopper I0ensemble immense des conna&ssanathZmatiques, mais de se concentrer
sur le Calcul et ses deux aspects numZrique et algZbrique. RamZrique, nous entendons relatif au
concept de nombre reliZ ~ des phZnomenes de Calcul, ce qui«de ZnormZment du terme moderne
concernant les progres techniques associZs ~ IOinformagigLes avancZes majeures, liZes aux dZcou-
vertes survenues au cours des siscles, sont des exemplepgrefoires portant sur les nombres, qui vont
introduire notre dZmarche dQalgebres alternatives pour @alcul. Nous rZintroduisons IQaspect histo-
rique des mathZmatiques liZ au dZveloppement de certairdids ainsi quO” leur rZsistible acceptation.
Les exemples historiques que nous prZsentons constituees dupturesradicales par rapport ~ 10idZe
de ce qui Ztait considZrZ comme un nombre suivant IOZpoquetaBhque nouveautZ qui intrigue et
qui dZrange, ces ruptures ont fait face ~ une rZsistance ceptuelle et idZologique dont il ne faut pas
sous-estimer le r'™le dans le dZveloppement actuel des nmagttifues. Les rZsistances face ~ ces nou-

velles idZes perdurent jusqud” nos jours. Nous verrons katejue certaines inventions associZes aux
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structures algZbriques ZtudiZes dans cette these ne sonsmncores pleinement considZrZes, malgrZ

leur intZrst mathZmatique ainsi que leur apport dans les digplines applicatives.

1.1 Une succession de transgressions crZatives

Le concept de nombre Zvolue au cours du temps. Loin dOune agpe monolithique o« les ma-
thZmatiques peuvent appara’tre comme une sZquence logigeedZcouvertes menant aux mathZma-
tiques du XXI™ siecle, les nombres qui sont IQoutil de base du Calcul ont ZMblpar une succes-
sion de ruptures idZologiques ancrZes dans IOhistoire detlmps. On peut regretter que IOHistoire
des mathZmatiques ne soit pas enseignZe conjointement agpexts techniques, au moins pour les
personnes qui suivent des Ztudes scientibques. Nous ne pasvquOencourager la lecture des rZ-
fZrences sur IOHistoire des nombres ou des mathZmatiqueéspgmettent ~ chacun de construire
son opinion " partir de faits historiqgues. Nous verrons danfa suite que ces aspects sont indisso-
ciables de notre approche mathZmatique. Parmi les nombresspossibilitZs plus ou moins connues
telles que [Weil, 1984, van der Waerden, 1985, Conway and Gd@96], nous citons en particulier
[Ebbinghaus et al., 1998] qui prZsente dans leur contexte thisque certains rZsultats peu dZvelop-

pZs ailleurs.

Il nous semble trop rZducteur de ne voir dans les mathZmatigi quOune collection de thZories
et de thZoremes ~ dZmontrer de faeon purement logico-tectoie. Sans I0aide dOune interprZtation
dans un contexte historique et philosophique, il semble rode portZe de comprendre les enjeux et la
profondeur des concepts mis ~ jour au cours des siscles.

Plut™t que de suivre la prZsentation classique des mathZuagis selon une logique atemporelle,
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nous rappelons le r™le de IOHistoire dans les inventionsndgisZmaticiens. De grands savants reconnus
ont marquZ leur temps, mais les rZputations ou titres pregieux associZs ~ |0idZologie dOune Zpoque
ne s sent pas ~ garantir la valeur dOune dZcouverte. Nous verrapfdun certain nombre de rZsultats
dont la richesse dZpasse toute distinction honoribque, soelZguZs aux marges ou meme oubliZs par
IOhistoire # cielle. Ces rZsultats dus aussi bien ~ des amateurs qu®” deshZmaticiens accomplis

sont fondamentaux pour notre Ztude sur les nombres et le Callcu

|l est important de mesurer la dimension temporelle qui cac#Zrise IOHistoire des nombres. Le temps
ZcoulZ entre les dZcouvertes, qui sont par nature des tramsgions des regles communZment acceptZes,
et IOacceptation de leur validitZ peut durer des siecles. fable nombre de mathZmaticiens ou les
moyens de communication de I0Zpoque ne sont pas les seutemeade la lenteur de ces dZveloppement.
Il ne faut pas nZgliger la rZsistance idZologique ou conaegte que les thZories nouvelles peuvent
rencontrer initialement. Pourtant ces inventions ne sont @s le rZsultat dOerrances mathZmatiques mais
la rZponse crZative face " la nZcessitZ imposZe le plus suuyvar le Calcul. Ces di Zrentes inventions
ne sont pas non plus une simple reformulation ou une syntheskes connaissances existantes, mais

correspondent ~ la production dOun concept qui nOexistadispuparavant.

1.2 Elements de contexte numZrique

Nous rappelons en prZambule la confusion commune quOil fAviter entre les chires et les
nombres. Les cHires sont associZs " la question de I0Zcriture (sytemes sg&sgagal, dZcimal, binaire,
chil res romains...). Les nombres sont en lien avec la notion de @al Quelle que soit I0Zcriture des

nombres " I0aide de chies, cela ne change pas leur r'™™le calculatoire. Certainesomst de nombres
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nous sont parvenues sous une forme discursive sans aucupeZsentation chi rZe, en particulier pour
IOAntiquitZ. Confondre les chies et les nombres revient ~ confondre I0Zcriture et le cqrtce

Nous prZsentons ci-dessous trois concepts de nombres patifrement marquants apparus au cours
de IOHistoire (les nombres irrationnels, le zZro et les noesnZgatifs). Chacun ~ leur faeon, ils ont crZZ
une rupture dans la dZpnition communZment admise du concejgt nombre ~ leur Zpoque respective.
Ces trois exemples illustrent Bnergence dOun nouveau concept en rZponse ~ un besoin de calcul.
lls nous prZparent ~ [OarrivZe de ruptures algZbriques geiant IOobjet des prochains chapitres. Les
quelques ZIZments qui suivent respectent le sens chroniojog de IOHistoire. Depuis [0Zpoque sumZ-
rienne, IOANtiquitZ grecque et les civilisations dOOri@ndde, Chine, Bagdad) puis IO0ccident, les idZes
pour le Calcul se sont dZveloppZes et enrichies. Ces quelqiié&méhts ¢ rent une perpective sommaire

et succinte que I0Oon peut retrouver de maniere plus dZtadlldans les ouvrages citZs plus haut.

1.2.1 Sumer

Les SumZriens, il y a plus de 4000 ans avaient des connaissaravancZes de Calcul dans de nom-
breux domaines. Le travail toujours en cours des archZolagupermet de retracer quelques ZIZments de
leur vaste savoir, depuis les tables de multiplication, aalls de taux dOintZrets jusquOaux nombreuses
Ztudes gZomZtriques, en particulier concernant les mesuastronomiques. Les SumZriens calculaient
en base soixante, notre mesure actuelle du temps (secondesjutes et heures) et des angles en est
IOhZritage direct. s Ztaient capables de rZsoudre ceraiZquations du second degrZ revstues dOun ha-
billage pratique, par exemple pour certains problemes liZ$Oagriculture. Mais il ne faut pas rZduire les

connaissances sumZriennes ~ quelques calculs pratiquesma’trise mathZmatique sumZrienne, telle
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que nous la connaissons aujourdOhui, montre une comprZioeneemarquable de certains concepts
profonds. Parmi les traces Zcrites retouvZes, la tabletteifpton 322 contient une liste de triplets
pythagoriciens. La tablette YBC 7289 donne quant ~ elle unepproximation de " 2 en base60 "
environ 10 © pres! Encore aujourdOhui, il nOy a aucune explication argmiZe de |Oalgorithmitique

et des motivations liZes " ces connaissances, remarqualgesr I0Zpoque. MalgrZ les dZcouvertes des
historiens et des archZologues, les origines de la ma’trisathZmatique de I0Zpoque sumZrienne reste
encore au niveau des suppositions. A partir des ces premareaces Zcrites, les connaissances mathZ-

matiques se sont enrichies en traversant les civilisatioes les Zpoques dans les plus grands empires,

royaumes et citZs du monde connu.

1.2.2 Grece antique

La dZcouverte de IQirrationnalitZ de 2 a profondZment heurtZ la philosophie mathZmatique
grecque. Il nOy a pas de trace directe comme les tablettesybaiiennes, seulement des copies de
discours. Le concept philosophique de nombre dans |OQaritifjinellZnique est avant tout fondZ sur
les nombres rationnels. Les philosophes grecs tentent denpoendre le monde qui les entoure par le
concept decosmos Le cosmos reprZsente 10idZe dOordre et dOharmonie du dunideus les ZIZments
doivent obZir ~ des lois physiques et mathZmatiques par unpport de quantitZs commensurables.
COest la raison pour Iaquelllleﬁ, qui dZpPe ces lois rationnelles, nOest pas reconnu par les&Scomme

un nombre, bien quOil mesure la diagonale du carrZ unitZ i@ons pas queatio signibe aussi bien

raison que rapport.
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1.2.3 Inde

Quelques siscles plus tard, en Inde, le zZro qui nOZtait quéil re, a ZmergZ de manisre explicite
en tant que nombre. Il Ztait dZj" utilisZ pour é ectuer des calculs pratiques depuis I0Zpoque sumZrienne
mais cOest en tant que concept que le zZro interroge les nmatticiens. En @ et, naturellement |iZ
~ |Gaddition, le zZro est ~ la fois un dZb philosophique et rhd@matique [Chatelin, 2012]. Le nombre
zZro qui symbolise la non-existence peut-il lui meme exist2 COest Zgalement gr¥ece " la culture
mathZmatique indienne quQa ZtZ dZveloppZe la numZratiainte, reprZsentZe par ce qui est plus
connu en Occident sous le nom de dhies arabes. LOusage de ced o permet dOZcrire plus facilement
certaines opZrations usuelles (multiplications, fractits), par comparaison avec les dhies romains

utilisZs dans une grande partie de IOEurope mZdiZvale.

1.2.4 Orient (Inde, Chine, Bagdad)

Nous nous intZressons maintenant au cas des nombres nZggatjfii sont directement liZs au zZro.
Les nombres nZgatifs, en tant quOoutils de calcul, sont asminlepuis environ le premier siecle avant
notre ere en Chine. DansLes Neuf Chapitres sur I0art mathZmatiquere Zcrit comme compilation
anonyme des rZsultats de cette Zpoque, les nombres posjtiéent reprZsentZs par des baguettes rouges
et les nombres nZgatifs par des baguettes noires, dans le HatrZsoudre des problemes dOZchanges
commerciaux. Au VII'ME siecle, en Inde, Brahmagupta, apres avoir introduit le zZralonnait des regles
de calcul sur les nombres nZgatifs, sans aucune justipcatiur leur sens : C Une dette retranchZe
du nZant devient un bien, un bien retranchZ du nZant devientne dette E. Le cas dOapplication
et le vocabulaire sont | encore limitZs aux Zchanges commiaux, oe les quantitZs nZgatives sont

plus aisZment concevables. Les connaissances mathZmasqyrecque et indienne ont ZtZ par la suite
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rassemblZes et dZveloppZes par Al-Khwarizmi, nZ dans laodgiu Khwarezm (actuel OuzbZkistan)
dans une famille perse qui a travaillZ ensuite ~ Bagdad (fX'€ siecle). COest du nom de cet Zrudit

I ‘me

que dZcoule le moglgoriste apparu au XI| siecle en Italie pour qualiPer un calculateur. Puis au

XVIIl *ME€ sjecle, le terme algorithme dZsigna une ordonnance de cacarithmZtiques.

1.2.5 Europe et Occident

Le socle de savoirs algZbriques du monde arabophone a Ztbe@pen Europe et dZveloppZ princi-
palement par Gerbert dOAurillac, le futur Pape Sylvestre (§99-1003), mais aussi Fibonacci ~ Pise en
ltalie (v.1175-v.1250). Le manuscrit de Pamiers, rZdigZ 4430 dans la langue vernaculaire du comtZ
de Foix (Ariege), est un traitZ dOarithmZtique commercialgui est une compilation des connaissances
mathZmatiques indienne et grecque. Il contient ce qui serabitre la premiere solution nZgative ~ une
Zquation en Occidentexplicitement  Zcrite ¢ 10 %).

Cependant, IQinterprZtation des quantitZs nZgatives enttgne nombres est toujours un probleme.
En 1637, dand.a gZometrie Descartes Zcrit : C Mais souvent il arrive, que quelques-8rie ces racines
sont fausses, ou moindre que rien, comme si on suppose xuwZsigne aussi le dZfaut dOune quantitZ,
qui soit 5, on ax +5 = 0 E. Descartes poursuit, et ~ propos dOun certain polyn™mealiZcalcul
prZcZdent, Zcrit : C il y a quatre racines, " savoir trois vies qui sont2, 3, 4 et une fausse qui est
5E. La di# cultZ dOinterprZter les nombres nZgatifs se maintient pantplusieurs siscles. A titre
dOexemple, nous mentionnons la position peu amene de MasereghZmaticien anglais, ~ propos des
racines nZgatives : C Elles servent seulement pour autant gaesois capable dOen juger, ~ obscurcir
la doctrine tout entiere des Zquations et ~ rendre tZnZbrees des choses qui sont dans leur nature

excessivement Zvidentes et simples. Il eZt ZtZ souhaitalle consZquence que les racines nZgatives
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nOaient jamais ZtZ admises dans IQalgebre ou quOellesneZ & cartZes E [Maseres, 1758].

Il est intZressant de constater que la #icultZ dOinterprZtation des nombres nZgatifs est naturelle
ment liZe ~ celle de IOinterprZtation du zZro, en tant que aui#Z absolue ou relative. Lazare Carnot
(le pere de Sadi Carnot), mathZmaticien reconnu de |IOAcadéntdes Sciences Zcrit : C Pour obte-
nir rZellement une quantitZ nZgative isolZe, il faudrait tr@ncher une quantitZ ¢ ective de zZro, ™ter
quelque chose de rien : opZration impossible. Comment dona@@voir une quantitZ nZgative isolZe ? E
[Carnot, 1803].

Pour rZsumZr la situation, nous nous appuyons sur [OanalyseJéan-Robert Argand, souvent
considZrZ comme mathZmaticien amateur, qui a pourtant appid une interprZtation rigoureuse des
nombres nZgatifs. Nous verrons dans la Section 1.3 quOAdgane un r™le important pour ses contri-
butions sur les nombres complexes. Concernant les nombregatifs, il Zcrit que C Ces idZes sont tres
ZIZmentaires ; nZanmoins, il nOest pas si aisZ quOil polergara’tre dOabord de les Ztablir dOune
maniere bien lumineuse, et dOy donner cette gZnZralitZ gesndnde leur application aux calculs. On
ne peut dQailleurs douter de la#icultZ du sujet, si IOon rZRZchit que les sciences exactes Zi
cultivZes pendant un grand nombre de siscles, et quOellesient fait de grands progres avant quOon
eZt acquis les vZritables notions des quantitZs nZgatives,quOon eZt coneu la maniere gZnZrale de les
employer E [Argand, 1806].

Il faudra attendre le XIX™ siecle abPn que les nombres nZgatifs commencent " stre pleiment
acceptZs par les savants de cette Zpoque, sous IOinBuenoetd&maticiens faisant autoritZ qui ont

repris ~ leur compte, ou ~ qui ont ZtZ attribuZs les rZsultatsle mathZmaticiens moins renommZs.
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1.2.6 RZsumZ

Chacun de ces trois exemples, les nombres irrationnels, leoz&t les nombres nZgatifs prZsente un
dZveloppement similaire dans IOHistoire du Calcul que noasipons dZcouper en trois Ztapes. DOabord,
ce sont des inventions utilisZes comme un outil pratique de Ial sans interprZtation. Ensuite, la
formalisation de cette idZe en tant que concept mathZmatigumplique une remise en question des
savoirs Ztablis. Selon un temps plus ou moins long, gr¥e.cedrBid@nce de personnes reconnues ou °
leur intZrst applicatif, ces ruptures radicales sont progessivement acceptZes. Plus que les nombres
en eux-memes, introduits pour une nZcessitZ pratique de cal, cOest leur portZe philosophique qui
vient heurter les certitudes et qui, jusquO” nos jours, mehavant la C dZraisonnable#cacitZ des
mathZmatiques E [Wigner, 1960] pour reprZsenter le monde qous entoure. Le dZveloppement de
|Qalgebre au XIX*® siscle va contribuer ~ I0Ztape de formalisation des exenplprZsentZs dans ce
chapitre.

Nous verrons dans la partie suivante en quoi la dZcouvertesdeombres complexes constitue le
point de dZpart de notre Ztude sur les structures algZbricgiele nombres en dimension strictement

plus grande quel.

1.3 Autour des nombres complexes

LOnhistoire des nombres complexes est un cas dOZcole dedaptiom des nouvelles idZes et des
ses consZquences pour le Calcul. Les nombres complexes chtirftoduits par Cardan comme un
outil pour trouver les solutions rZelles de certaines Zqimis du troiseme degrZ [Cardano, 1545].

Cette nouveautZ sOest confrontZe " une rZsistance notablepemier chef de Cardan Iui-meme tres
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troublZ par ses propres inventions), en tant que transgréss du cadre bien connu donc sZcurisant
des nombres rZels o seuls les nombres positifs ont une racaarrZe. Presque trois siscles apres, ils
ont reeu une interprZtation gZomZtrique dans le plan numzgie gr%.ce ~ Wessel [Wessel, 1799] et aussi
Argand [Argand, 1806], IOauteur de la premiere dZmonstmati complete et rigoureuse du thZoreme de
dOAlembert ( C Fundamental Theorem of Algebra (FTA) E) [Argah 1814] qui paracheve les tentatives
incompletes de dOAlembert (1746) et de Gauss (1799).

LOinvention de I0OunitZ imaginai'r'e#_l, notZei par Euler, est une rZponse crZative ~ la nZcessitZ
de dZpasser le cadre limitZ de I0Zpoque (nombres rZels déscpositifs) car ils peuvent servir dOoutil
pour calculer des solutions rZelles de certaines Zquatigrudynomiales ~ coe cients rZels. Cette idZe
qui ne semble si Zvidente aujourdOhui que parce quQelle esufamilisre, a Pni par profondZment
changer la vision du Calcul au XIX'" siscle. Elle a ouvert des voies fZcondes qui ont menZ ~ des
thZories fondamentales telles que IOanaylse complexehZotie de Galois et bien dOautres. LOinvention
des nombres complexes est une rupture radicale qui a contribau dZveloppement de |Qalgebre. Une
autre consZquence est IQassociation entre une structugZlafique et une gZomZtrie donnZe du plan.
Les nombres complexes reprZsentent un saut conceptuel ptinterprZtation du plan rZel, passant

de IOespace vectoriBl$ R ~ I0algebreC. COest pourquoi il nOest pas exagZrZ de dire que les nombres

complexes sont une rZvolution pour IQalgebre, la gZomZ&idOanalyse.

1.4 Des rZsolutions numZriques aux structures algZbriques

Les nombres complexes, fondZs sur une transgression du Qalexistence de racines carrZs de
nombres nZgatifs), ont ZtZ progressivement acceptZs en Nfattatiques principalement apres quOils

eurent dZmontrZ leur intZret en Physique au XIX™® siscle. La nZcessitZ qui sOimpose par le Calcul de
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considZrer des racines carrZes de nombres nZgatifs ouvieokte ~ I0idZe de multiplier des nombres
en deux dimensions. LOidZe dest une transformation radicale dOune multiplicatiotD sur la droite
rZelle, le produitaa’ %R, en une multiplication 2D dans le plan,(a+ ib)(a'+ ib") = aa# bb+ i(ab+ ba),
qui mene ~ C.

DOun point de vue historique et ZpistZmologique, le r™Idliitp de la multiplication en 2D est le
bl dOAriane qui relie les travaux de Cardan ~ IQinteprZtatigdomZtrique dOArgand. Il est intZressant de
noter que dans le cadre de IQinterprZtation gZomZtrique dembres complexes, Argand a Zgalement
beaucoup travaillZ sur les nombres nZgatifs. Ceci met en Aride le lien Ztroit entre I0idZe des nombres
nZgatifs et celle des nombres complexes, idZes qui posaientes deux encore probleme ~ I0Zpoque
dOArgand, pour la gZomZtrie et le dZveloppement de |Oatgebr

Les nombres complexes sont donc un pont entre les dZcouvertathZmatiques liZes aux nombres,
sur la droite rZelle, et celles associZes " IQalgebre, amcttires de nombres qui sortent de la dimension
rZelle et proposent des perspectives nouvelles pour la riplitation. Les nombres complexes consti-
tuent un exemple fondateur pour notre travail car le recul lstorique dont nous disposons aujourdOhui,
nous permet de mesurer [Oenjeu et IOapport dans les digeplscientipques de ruptures radicales de
Calcul.

Le bl directeur avec la suite de notre dZveloppement est detlu Calcul et de la diversibcation
des outils algZbriques utiles " cette Pn. Pour cela, nous ams besoin de dZtailler plus amplement
les propriZtZs mathZmatiques associZes aux opZrationssitaies du Calcul et principalement de la
multiplication . Nous pourrons alors introduire plus prZcisZment les sttuces algZbriques et celles

de leurs applications que nous allons Ztudier dans la these.
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Chapter 2

Let us multiply vectors

In this chapter, we will focus on some general algebraic pripées that underlie the specibc algebraic
constructions and applications to Computation to be preseetl in the following chapters. First, we
will recall some basic elements of algebraic structures anden the properties of operations classically
used in Computing. A special attention will be given to multplcation, and especially multiplication of
vectors. This chapter contains basic concepts that are welhkwn in abstract algebra but more rarely
used in a numerical context, that is the use of numbers to Compa It is not written in a standard
algebraic way (several results or debnitions are quickly ggented on purpose), because the goal is to

use these properties for Computation and not only for a desptive comprehension.

2.1 General properties

2.1.1 Basic notations and debnitions

As a preliminary warning we mention that the following debnibns are not to be considered for their
axiomatic aspects but for their role in Computation. In partcular, the classical debnition for rings and

algebras assumes associativity of multiplication. When ghmultiplication is no longer associative (see
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below), these structures are often calledon associative rings or algebrafRa# n, 1951, Schafer, 1995]
and we will see some examples later. We will specify it for thelaéed structures, but we will keep
the usual terms algebra and ring, even though it is a slight alse of classical depnition.

We will follow the debnition in [Schafer, 1995], aing (R, +,$) is equipped with an addition+,
an internal multiplication $ such that multiplication $ is distributive over addition. We suppose by
dePnition that a ring contains the neutral element for mulplication, denoted1. Multiplication is not
supposed to be associative. As a convention, we suppose thiags are not reduced to zeroq & 1).

In what follows, A is a real algebra of bPnite dimension equipped with the standhioperation of
addition + (performed componentwise), an external multiplication by acalar¥ and an internal mul-

tiplication $. We recall that a real algebra relies on these three propess:

1. (A, +,¥) is a vector space oveR, of Pnite dimensionn %N#,
2. (A, +,%) is aring,

3. # %R, T (X,y) A2, #¥ (XS y) = (H¥X)$ y= x$ (#¥y).

A very important remark is that multiplication by an element a, distributive over addition, can
be considered as #near application x () a$ x as fora,x,y in A, $,%in R, a$ ($ ¥x + %¥y) =

$¥a$ x+ %¥as$y.

Remark 2.1.1. In what follows, we will leave aside the symbol of external ltrplication ¥. The
multiplication symbol$ between real or complex quantities will be omitted in genkrdhe notation
$ will only be used for multiplication of the ring. We will exglin later why we restrict this symbol
to multiplication and do not use it in linear algebra for the ss product. The cross product, as it is
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known in linear algebra, will be described as a consequentenaltiplication in composition algebras

(see Chapter3).

In this thesis, internal multiplication $ will be our main concern. We recall the following properties:

1. Commutativity: ' (X,y) %A%, x$y=y$ X,

2. Associativity: ' (x,y,z) %A3,(x$y)$z=x$ (v$ 2),

3. Alternativity : ' (X,y) %A2,x$ (x$y)=(xExX)$yandx$y)$y=x$(y$y),
4. Flexibility: ' (x,y) %A2, (x$y)$ x=x$ (y$ x),

5. Power associativity ' x %A, " (i,j) %N?,x%= x,x'*1 = x$ x',x' $ xI = x'*I,

From associativity to power associativity, each propertymplies the followings in a logical sequence
(2* 3* 4* 5). Notice that there exist commutative algebras that are noassociative (e.g. Jordan
algebras). In the most common frame for Computation, multiptation is often commutative (real
or complex analysis) or associative (matrices ovét or C). It seems that Hamilton was the brst to
introduce the name associativity [Ebbinghaus et al., 1998hd to discover the nonassociativity of the
octonions (see ChapteB).

In the algebraic structures that we will use later, we will be iterested in the consequences of the
existence or absence of these properties for Computation. particular, it is quite instructive to study
the absence of a given property to understand its added indese or, its necessity. We will develop
later why the properties 1, 2 and 3 (commutativity, associativity and alternativity) can be relaxed

without hindering computation. A suprising consequence isat this can be turned into an advantage
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in the computational possibilites and the modelling of Physs [Chatelin, 2012b]. This choice could
be considered as a tradeloprocess, to give up something to gain in return a more adeq@a€Compu-

tational tool for given applications.

In order to estimate the é ect of these properties on multliplication between vectoyse will use
three di! erent quantitites for elements inA. In relation to the properties 1, 2 and 3, we introduce
the commutator of two elementsx,y % A, [x,y] = x$ y# y $ X, and the associator of x,y, z,
X,y,zZ] = (x$y)$ z# x$ (y$ z). The commutator (resp. associator) is identically zerd i the
algebra is commutative (resp. associative). We will see théhe commutator plays a central role in
the debnition of the cross product in linear algebra. We cadliternator of two elementsx,y %A, the
associator[x,x,y] = (x$ x) $ y# x$ (x$ y) of x, x andy. These three concepts can be seen as a
measure of a distance to the relaxed property (commutatiwit associativity, alternativity).

We intend consider these dePnitions in relation with Comput&n. The purpose of Computation is
twofold. Given a phenomenon, Computation can be used as a tpeither to quantify the phenomenon,
or to model it. Whereas the brst goal can be greatly helped byavthine computers, the second one
only relies purely on mathematical skill. It is important to keep in mind this dual purpose because
the usefulness of an algebra may depend on the chosen goal. &dwer our comparative study will
conbrm that the loss of algebraic properties entails a los$ aniversality. As a sartorial metaphor,
considering algebras as a way to dress for Computatio® and C "pt all" like o! the rack items

whereas nonalternative algebras are bespoke, "tailor-made
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2.1.2 Specibc concepts related to multiplication: inverses a  nd zerodivisors
2.1.2.1 Invertible elements

Concerning multiplication, one of the Prst natural questios to ask is the existence of an inverse.
We recall that in the case of number algebras used for Computan, there will always exist the unit
1 as a neutral element. We say that an element %A is invertible i! there existsy, z %A, such that
x$ y=1 (right inverse) andz$ x =1 (left inverse). In the case wherg = z, this element is called
the inverse of x.

The existence of a unique inverse is strongly related to the ggerty of associativity. In an alter-
native ring, in case of existence the inverse is also uniquEhis is a consequence of a theorem due to
Artin saying that in an alternative ring, any subring generaed by two elements is associative. In the
most general case of non associative rings, there is no gaheesult [Ra# n, 1951] . When a structure
with an identity element is non associative but has unique rig and left inverses for every element, it

is called aloop.

A ring where all nonzero elements are invertible is division ring. Another English-speaking
denomination that can be found in the litterature isskew beld We will not use this last term which
contains the implicit assumption that belds are supposed toe commutative which is not a necessity.
In all the following, we follow the continental concept of deld whether multiplication is commutative
or not.

We will see that the Peld structure is a very specibc property ialgebraic structures that we can
use to compute. As we explained before for the properties ofiftiplication (absence or existence), we

will keep the same idea to compare the complementary cases tiloe existence of invertible elements
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and the notion of zerodivisors in the next section.

2.1.2.2 Zerodivisors

An elementx % A is a zerodivisor if x & 0 and +y & 0, x $ y = 0. It seems that the term
zerodivisor is due to Weierstrass in 1883 [Cartan, 1908, p&/hote 125]. As for inverses, there exists
the notion of left and right zerodivisors but this will not be recessary in our case. In associative
structures, an element cannot be at the same time invertibland a zerodivisor ¥ $ y = 0 and x
invertible * x''$ x$ y=0 and thusy = 0).

For an elementx %A, we introduce two notions that are important for the algebra that will be
of interest for Computation :

N idempotence x? = X,

N nilpotence +n! 2,x" =0 (we will use in particular the casen = 2).

For a nilpotent elementx, we call thedegree or indexof nilpotence the smallest integer such that
x' =0 and x'' ' & 0. Both idempotent and nilpotent elements are zerodivisorslf x is idempotent,
x$ (x# 1) = 0 and fory nilpotent of index n, y$ y™ 1 = 0. In associative algebras, all the multiples
of these elements are also zerodivisors. In [Lam, 1999, p20B322], a noncommutative ring in which
every element is either invertible or a zerodivisor is callea classicalring. It seems that the litterature
on this topic is quite rare. The fact that an element is eithernvertible or a zerodivisor will be widely
used in the associative algebras that we will consider. For m@associative algebras, this distinction is
not valid anymore [Ra&# n, 1951] .

Idempotents and nilpotents are two specibc categories ofadivisors that will be often encountered

in the following. Zerodivisors, in general, will play a pival role in the examples that we will study.
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2.1.2.3 Examples with matrix algebras of order 2

Matrices are widely used in Linear Algebra and, when they are sage, they d er a good example
of the results presented in this chapter. Even if square mates are primarily considered as linear
operators, we will see that considered as numbers, they ilttee some computational features that
remain more or less implicit in their traditional role in linear algebra.

Let us consider some examples of the properties presentedthins section with the ring of real
matrices of order2.

The multiplication between matrices is associative and nonommmutative. Every matrix M such

that detM &0 is invertible. If detM =0, then M 2# (trM )M =0, rewritten asM (M # (trM )I,) = 0.

M is thus a zerodivisor. Every matrix is either invertibfe or zeodivisor. | $
. . 1. 1 19 1. 1 #ly .
Let us now consider the matrice€, = > # ﬁ and E, = > # ﬁ which satisfy

11 #1 1
E2=E, andE? = E, . Thi%gives us two examples of idempotent elements as spectiecodivisors.

0 19
The matrix N = 4 é is the most basic example of nilpotent matrix asN? = 0. This kind
00
of structure is basic for the block decomposition of Jordamilinear algebra.

These simple examples have to be kept in mind as they will be uglein Chapter 4 when we will
compare the isomorphic formulations between algebraic stitures. After this sequence of prepara-
tory algebraic properties, we will present the constructios of algebraic strutures starting with the

fundamental example of the numerical plane.
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2.2 Quadratic algebras of the numerical plane

In the Prst chapter, we have presented some elements conaggncomplex numbers as a brst
example of2D-multiplication. However, complex multiplication is not the only way to debne a mul-
tiplication of vectors in R2. For example, there exist two other nonreal numbers = " 1& +1,
u? = 1, [Cockle, 1848] anch = " 0&0, n?=0, [Cli! ord, 1873]. The three numbers$,u,n are the
generators of the three canonical algebrasR, Rg., g. %/{i,u,n} that can equip R? [Capelli, 1941,
Kantor and Solodovnikov, 1973]. We denote’R = R, Ru the algebra ofbireal numbersand D =
R, Rn the algebra ofdual numbers Notice that the dual unit is nilpotent n? = 0 and that the bireal
numberse, = 3(1+u), & = Z(1# u) are idempotente? = e, and zerodivisore, & = e e, =0. The
general case presented by Capelli replacgsby an arbitrary nonreal quadratic number g called gen-
erator. In order to ensure the closure of the plane by multiplicatio, it is necessary thatg? = &+ 2%,
& %%R. The two real parameters&, %debne a2D algebra overR in the basis{1,g} so that every

number of this algebra can be writtere = x + yg, X,y %R. The quadratic equation for the generator

g can be rewritten(g# %° = &+ % = '. Depending on the sign of, g can be taken of the form:

¥0t+i #',' <D0,
¥%+ na, ' a%R,' =0,

¥%tu ',' >0,
We debne theconjugateof g asg? = 2%# g. With the conjugation z () z¥ = x+ygf = x+2%# yg,

every algebra of this kind isinvolutive. The quantity p(z) = zZz* is called the magnitude of z. It is
fundamental to remark that pi}ps a quadratic form: pu(z) = (x+ yg)(X + 2%y # yg) = X2>+2%xy # &y® =

::1%%

z'Sz, whereS = # The determinant detS = #' and the three above forms for the

% #&
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generatorg depending on the sign of (" < 0, =0, " > 0) are related respectively to the possible
types for the quadratic formp (elliptic, parabolic, hyperbolic); i is positive debnite ' < 0. Complex
numbers, bireal numbers and dual numbers respectively ceapond to the case%=0 and (&= #1,
&=1,&=0).

The algebraic interest is to equip a vector space with a multigation and a conjugation. The
structures R, Rg are basic examples of quadraticing extension The operation of 2D-addition is
performed componentwise usingD-addition only. The specibcity of an algebraic structure isontained
in the properties of its multiplication. The shift of focus fom addition to multiplication, from linear

to nonlinear is at the root of all algebras of higher dimensis [Cartan, 1908].

2.3 Algebraic diversibcation beyond the numerical plane

The Prst chapter has put in evidence the transition between pely numerical inventions and
algebraic inventions, from isolated numbers to algebraidractures. The case of complex numbers
has illustrated this transition with ) #1 considered brst as a number and then as a generator for the
complex pPeld. We will now stay on the track of agebraic invertns and we will have a decriptive look
at the fundamental work of Hamilton and its consequences. Thechnical description of the algebras
presented in this section will be done in the Chaptes.

The quaternionsH, a 4-D algebra invented by Hamilton in 1843 [Hamilton, 1844], ar the brst
cornerstone in the modelling of3D-space by a multiplicative structure (see Chapter8 and 4, | H,
the imaginary part of H). From this date, during several decades, an outburst of afraic concepts

occured. Three months after the discovery of quaternions, J. Graves, HamiltonOs friend and Irish

compatriot, mentionned in a letter his invention of8D- octonions. Hamilton quickly discovered that

43



the multiplication invented by Graves was not associativeThis started a sequence of inventions,that
came out during some decades after HamiltonOs idea, such aso@d algebras and Dickson algebras

that will be described in the next chapter as number structure for Computation.

Like complex numbers at their time, some of these new algelratructures faced strong resistance
coming from trendsetting scientists. Even though Maxwell sl quaternions to write a Prst version of
electromagnetism, this did not prevent them from being hahdy criticised. Maxwell was aware at the
same time of the algebraic potential and of the diculty for quaternions to be accepted as computa-
tional tools. He wrote in 1870 inApplication of Quaternions to Electromagnetism "The limited use
which has up to the present time been made of Quaternions muse lattributed partly to the repug-
nance of most mature minds to new methods involving the expeiture of thought" [Maxwell, 1870].
He adds later in his famous book [Maxwell, 1891]: "I am conviad, however, that the introduction
of the ideas, as distinguished from the operations and metti® of Quaternions, will be of great use to
us in the study of all parts of our subject, and especially inlectrodynamics, where we have to deal
with a number of physical quantities, the relations of which taeach other can be expressed far more

simply by a few words of HamiltonOs than by the ordinary equans".

Quaternions have been replaced in electromagnetism by VectCalculus [Crowe, 1994] under the
inRuence of Gibbs, a chemist, and Heaviside, a physicist,ahtransformed MaxwellOs equations. We
will illustrate in Chapters 3 and 4, the di! erences between a Vector Calculus approach and quaternions
with their consequences for Computation. We will see that VectaCalculus splits the quaternions

H = R, | H into the real part with scalars in R and the imaginary part | H isomorphic to R®.
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Beyond electromagnetism, Vector Calculus techniques quigkspread and linear algebra became a
main topic for researchers. The vector space structure lead great advances during thed" century
especially for Scientibc Computing. The resolution of lineaystems and spectral analysis represented
a large part of the results in applied research during the lagecades such as Krylov methods and the

QR algorithm. For more information, see [Chatelin, 2012a].

The short summary presented above illustrates two main ideahe brst one is that the pioneering
work of Hamilton had the € ect of a dam break. It gave birth to a real algebraic explosioof concepts.
The second point to keep in mind and meditate is the strong dejan time, from creation to acceptation.
Almost two centuries after their birth and in spite of all ther fruitful consequences, a large part of

these revolutionary ideas remains quite marginal.

2.4 Algebras in any dimension

After decades of intense algebraic inventions, a natural gstion that has been explored at the end of
the 19" and the beginning of the20" century was: how to relate all these algebraic strutures ? Be of
the great mathematicians of that time, amongst them Frobemis, Study, Cartan, Wedderburn, Dickson
and Noether, investigated this question. Each of them gavewtributions that are now gathered under

the name ofhypercomplex numbers

2.4.1 A landmark: CartanOs article (1908)

The fundamental paper of Elie Cartan [Cartan, 1908], developinidpe work of Study, presents the
most general way to debPne a multiplication over a vector spadn any Pnite dimensiom ! 2. It starts
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with complex numbers and then summarises the number structes known at that time. This includes
Cli! ord algebras and goes further with the doubling process for dkson algebras (non associativity
and beyond) and with a general framework for hypercomplex nlmars. The special case of dimension
2 described in section 2.2 is a basic brick for the algebras trexre of interest for Computation amongst
all possible ones. We will now describe how to equimadimensional vector space with a multiplication
following the work of Cartan.

Let K be equal toR or C, then the linear vector spaceK ", n! 3 with basis{e},i =1 to n can

be transformed into an algebra by debning the multiplicatio

e$eg-= &ke, 1- i,j,-n
k=1

which is distributive with respect to addition, we denote thisalgebra by A. The structural cubeis

formed by the n® scalars&yx %K and is represented in Figure 2.1.

Figure 2.1 B Structural cube& %K

The associativity property (& $ )% e = e $ (g $ )) is guaranteed | the scalars&y, %K
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satisfy the condition

&k &im = Ekm &k, 1- iLjlm-n, 1- k- n.
k=1 k=1

The commutativity condition & $ ¢ = g $ ¢ is satisped

&k = &k, 1- i),k - n.

The notion of structural cube is not contained in the work of Caan. This is an interpreta-
tion of the relations expressed with the caecients & . If the hypercomplex algebra is associative
and commutative, it consists of what we calanalytic numbersand is denoted byAN, because the
classical di erential and integral calculus may be performed [Schers, 1893]. For more information
about the history and the technique related to hypercomplexumbers see [van der Waerden, 1985]

and [Chatelin, 2018].

There is an interesting consequence to this presentation ofgercomplex numbers. In the littera-
ture, it can sometimes be found that Hamilton invented the gaternions because he could not multiply
triplets. With no more precision, this sentence is incomple. It appears that with the notion of hy-
percomplex number and CartanOs work, there is no restrictiomthe dimensionn! 2. In particular,
it is possible to debPne a multiplication in a3D-space. The implicit assumption of Hamilton at that
time was to maintain the property |[x $ y|| = |IX|| |lyl| and to avoid zerodivisors. The theorem of
Frobenius (1877) proved in fact that the only associative fds over the real numbers ard?, C and

the quaternionsH. The notion of zerodivisor came after the invention of quataions and the concept

47



was still hard to accept at that time, even by Hamilton himselt. Of course, this remark is not made
to criticise HamiltonOs exceptional invention, but to coect misleading opinions that can be encoun-
tered until today in some historical accounts. The next seain will give a debnition of hypercomplex
numbers which is more restrictive than the one given by Cartanut is taken as a basis in the current

international litterature.

2.4.2 Hypercomplex numbers

The litterature on the subject is highly scattered and we will rake a choice and take as debPnition
the one found in [Kantor and Solodovnikov, 1973], mainly udein current papers. A hypercomplex
algebra is a Pnite dimensional algebra over the real number&lements are expressed on a basis
(1,i4,...,in) with real coordinates wheren + 1 is the dimension of the algebral the real unit and for
practical reasons, it is conventional to choose the vecto(g,, ..,i,) such thatiZ %{# 1,0, 1}. Notice
that the multiplication is only required to be distributive with respect to addition and not necessarily
associative. Wedderbun showed in 1908 that associative l®ypomplex numbers could be represented
by matrices, or direct sums of systems of matrices [Weddento) 1908] . Two remarks can be made
on this point. First, we will see in Chapter4 that a descriptive equivalence is not a computational
equivalence so that hypercomplex numbers cannot be desedbonly by matrices. The second point is
that hypercomplex numbers also include non associative sttures such as the octonions that cannot

fully be described by associative structures.

1. In a letter to Graves on the 17th October 1843 (Math. Papers 3pp.106N110) he wrote:"Behold me therefore

tempted for a moment to fancy that ij = 0. But this seemed odd and uncomfortable, and | perceived thathe same
supression of the term which wasde trop might be attained by assuming what seemed to me less harsh, naaty that
ji = #ij"
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This general frame contains a lot of algebraic structures. Thegebras of the numerical plane that
we presented in section 2.2 are simple examples of hypercoexphumbers. In the next chapter, we
will give details about specibc constructions when the dimdosa of the algebra isn = 2K,

We will now make the link between hypercomplex numbers and sape matrices. This is another

example of how to see dlierently standard computational tools.

2.4.3 Square matrices as hypercomplex numbers

Matrices over R or C are intensively used in Scientibc Computing in the frameworkf Linear
Algebra. Contemporary to the algebraic explosion of th&9" century, the concept of matrices became
a full-blown topic that lead to great advances in Science antsiapplications. Nevertheless, the relation
between matrices and hypercomplex numbers is rarely mentived in Linear Algebra textbooks.

We have already put in evidence some examples for matricesavfler 2 in section 2.1.2.3, but
these are general properties shared by squares matrices.gda&e matrix of orderp is a hypercomplex
number of dimensiom = p?. The algebras of square matrices are associative and non camtive. As
was said for matrices of ordeR, square matrices are invertibledetA & 0) or zerodivisors ¢letA = 0).

The description of matrices as hypercomplex numbers is notuiaded on purely aesthetic algebraic
reasons. Indeed, we will see in Chaptdrand in the applications of Chapter7 how some properties,
usually presented in a matrix formulation, can be explainedith hypercomplex numbers. For practical
uses, we will also illustrate the dierence between these formulations and why matrices, comparte

hypercomplex numbers, may not ber the most & cient way to compute in Pnite precision.
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2.5 Bibliographical notes

The topic of nonassociative algebras is rarely addressed hetgeneral textbooks, safe for abstract
algebra matters. The book [Schafer, 1995] is a very preciowsarence for non associative algebras.

Concerning hypercomplex numbers, it is quite remarkable thahis very rich content is almost
never taught to students. The di erent algebraic possibilities for the numerical plane renraquite
unknown in most western countries (outside Russia) safe fasrae algebraists. It is always instructive
to note the cultural di! erences concerning education. The reference [Kantor and Stwenikov, 1973]
which is a good introduction to hypercomplex numbers is used Russia as a textbook for highschool
students.

Beyond its high mathematical value, CartanOs article is alsuteresting on several other aspects.
This article remains untranslated in English language up to me and this may explain why this article
is not a classical reference. In the last conference on!GQlrd algebras in 2017 (ICCA1l), a large
majority of researchers were unaware of the fact that Cartaniscovered the8-periodicity of Cli! ord
algebras, usually attributed to Bott [Baez, 2002]. We will se other examples with di erent languages
and we must not forget that a large part of Science and Mathemias before World War Il was not
written in English. Some results tend now to fall into oblivionbecause their original language is not
English. CartanOs article is also an example of the intensiviperation between european resarchers
and countries (France and Germany in this case). As mentioed earlier, the article is an augmented
translation of the work of Study. This cooperation was suspeled at the beginning of World War I. The
two world wars of the 20" century slayed, amongst all the victims, many world class nf@ematicians

and deeply & ected the evolution of mathematical ideas.
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Chapter 3

Dickson algebras

In Chapter 2, we presented the three types of algebras for théape and the extension to hyper-
complex numbers in any dimension. For computational purpes, we will now introduce a specibc
type of algebras called Dickson (or Cayley-Dickson) algelsaFirst, we will give some mathematical
and conceptual precisions on the quaternions and the octons. We will see that the real numbers,
the complex, the quaternions and octonions share some crlcproperties for measure. In addition
to common features, these four algebras of dimensi@n2, 4, 8 are the brst four instances of the du-
plication (or doubling) process that generates an inPniteeguence of algebras in dimensidf, k %N

through an iterative debPnition of multiplication and conjwation by Dickson [Dickson, 1919].

3.1 Atthe origin of Dickson algebras: quaternions and octon ions

3.1.1 Quaternions

As mentionned in Chapter 2, quaternions have been introducég Hamilton in 1843 as an answer to
his original quest to multiply triplets representing geomeical points in the real 3D-space. Quaternions

are a non commutative peld.
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The algebra of quaternions is debned in the orthonormal badisi, j, k as:
H={q= a+ bi+ ¢j + dk,(a,b,c,Jd %R"}.

wherei andj (the two non real generators) anck = i $ j are linked by the relation that Hamilton

cut on a stone of Brougham (Broom) bridge in Dublin:
i2=j2=k2=ijk = #1.

These relations came to his mind in 1843 in Dublin, when Hamiltowas on his way to the Royal
Irish Academy. As he walked along the towpath of the Royal Canatith his wife, he suddently had
the idea of the fundamental formulae of quaternions.

The multiplication table debnes the rules to multiply quatenions:

$ 1] i j k
11 i ] Kk
1 [ #1] k| #)
joli [ #k[#1] i
k | k| j | #i|#1

For a quaternionq = a+ bi+ c¢j + dk, a % R was called by Hamilton thescalar part and
bi + ¢j + dk the vector part (or pure or imaginary part). These concepts have later been used by
Gibbs and Heaviside to restrictH to vector calculus by splitting the 4D-space of quaterniondd into
R, R® with no multiplicative link between the scalar and the vectorparts. The version of Gibbs
and Heaviside ignores the connection which is explicit in gtexnions through the debPnition of their
4D-multiplication.
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Following the formulation of complex numbers from real numbhe C = R, Ri, we can write the
quaternionasH=C, C$j,q=a+ bi+ cj+ dk= a+ bi+(c+ di)$ j. The quaternionqis thus
represented by complex components and can be writtey= (a+ bi,c+ di). We will see in Section 3.3

that this form is obtained from C by the doubling process of Dickson.

Like CardanoOs complex numbers, quaternions were far too abed an idea at the time when
Hamilton invented them. After its invention, quaternionic calculus was soon eclipsed by vector cal-
culus, designed to be easier to grasp, it only enjoyed a reafiin the second half of the2d" century.
Quaternions are now the tool of choice used in practical apphtions in Science and Industry to rep-
resent rotations in a more # cient way than Euler angles or matrices for various Pelds ofsgarch,
from spatial engineering to3D-modelling for computers and also molecular simulation i€hemistry

(Chapters 4, 8).

3.1.2 Octonions

Octonions have been brstinvented by Graves in 1843 and indgylently rediscovered by Cayley two
years later [Graves, 1845, P.S. p.320] [Cayley, 1845]. Aseted by Hamilton [Ebbinghaus et al., 1998],
they are an8D non associative division algebra. Unlike quaternionsCbla, the multiplication table
for octonions is not unique. Non associativity implies thexestence of480tables essentially disctinct
up to a homeomorphism [Coxeter et al., 1946]. Only two are geadly considered, the one of Cartan
and Schouten for Physics [Cartan and Schouten, 1926] with the @ plane [Baez, 2002] and the other
one given by Graves who debPnes an octonion as a pair of quatensi. The table of Cartan is related

to geometric aspects whereas the table of Graves is based oa tacursive debnition of multiplication
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of octonions as pairs of quaternions, which is the starting pra of DicksonOs work. In what follows,
the algebra of octonions will be denote¢ to underlie GravesO pioneering invention.

Despite the fact that they are the brst historical example o& non associative algebra, octonions
have not been a main focus of attention for researchers. Duwenon associativity, there is no equivalent
matrix description. However nonassociativity in the form balternativity = can be turned into an asset:
alternative structures have remarkable aspects that are ed in particle and high energy physics to
describe fundamental interactions. Non associativity isften presented as an irretrievable loss, but it
can be of added value for geometry and computation such as withe seven dimensional cross product

to be presented in Section 3.5.

3.2 Composition algebras

In 1877, Frobenius discovered that the algebraR, C and H are the only associative pelds over
the real numbers. In relaxing associativity, this result ha been extended by Hurwitz to show that
the only Pnite dimensional division algebras oveR with multiplicative norm (||x $ y|| = [Ix]| llYI])
are R, C, H and the octonionsG [Hurwitz, 1898]. Zorn also found a similar result, replacinghe
hypothesis of multiplicative norm by that of alternativity of multiplication [Zorn, 1931]. The logical
link between norm multiplicativity and alternativity is gi ven at the end of Section3.5.1. More generally,
a composition algebraA is an alternative algebra over a pel& equipped with a quadratic formN

such that

"X, Y %A ,N(Xx$ y)= N(X)N(y)

56



The only possible dimensions for composition algebras overp@ld K are 1, 2, 4 and 8. For
example, overR, the algebrasR, C, H and G are composition algebras associated with = ||.||?, the

square of the euclidean norm.

3.3 Dickson algebras

3.3.1 Debnition

Dickson algebras(Ax)kgn are a sequence of embedded hypercomplex algebras dveobtained
by a duplication process fromAg = R, Axi1) Ax = Aw 1, Ax 19 o, where thegg are nonreal
orthonormal generators such thag; = #1, k! 1 [Dickson, 1919].

The elements ofAy, k! 1 are obtained as pairs of elements Ay 1:
Ac={z=x+Yy$ o, (X,y) %AZ .}.

By construction, Ay is a vector space oveR. The addition and external multiplication are debned
from the ones inA,, 1. Therefore,dim(Ay) = 2dim(A. 1) =2%andforz = x+y$ g, 2 = X' +y'$ o« %
Ax, and # %R we havez+ z = (x+ X)+(y+y)$ gcand#z = #x+ #y$ o. Forz= x+ y $ g,
we will also use the notationz = (x,y).

Conjugation and multiplication are debPned recursively i\, by:

el

(x,y) = (X #y),

XY)$ X,Y)=(x$X#Y Sy y$x+y$X).

e
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Conjugation is used to debPne two other real-valued applicatis forz %Ax) R:

N trace:z() "(2)= z+ Z%R,

el

magnitude z () u(z) = z$ Z %R*.

We debne for an element %A the real part Re(z) = 3(z + Z) = 3"(2) and the imaginary part
Im(z) = %(z# Z) so that z = Re(z) + Im(z). We denoteRe(Ax) = {z %A,z = Z %R} and
I (Ax) = {z WA, "(2) =0}, the imaginary part of Ay, i.e. the set ofimaginary or pure vectors For
z %l (Ax),z= #z.

In the case of Dickson algebras, the magnitude has a simplenfo For z = (X,y) %Ax, k! 1,
the magnitude can be written as the sum of the squares of the didean norms of the parts inAy, 1,
u(z) = |Ix|I? + |lyl|?>. Hence it equals the sum of the square of all its components. i§Hs a reason
why we use the term magnitude instead of norm to avoid an abusé language (in some papers the
word "norm" is incorrectly used for the square of a norm).

Magnitude p:z () u(z) = z$ z is a quadratic form already seen fo2D-algebras; for the trace of
an elementz we have" (z) = 2Re(z2).

"k ! 1 Dickson algebrasAy are quadratic :
"Z%AL ,Z2°=(z2+2)$ z# 2% Z2="(2)z# U(2).

This quadratic relation is essential as z? can be expressed as a linear combination dfand z
with real coe# cients that are the trace” (z) and the opposite of magnitude? ju(z) respectively . This
implies that the evolution of multiplicative powers for an éementz remains in the plane{ 1, z}, z %R,
with consequences for polynomials and exponential functien
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As a consequence, we have a general formula for the inverse @fith nonzero magnitude:

' ! — z
zZ,u(z) &0,2' 1 = o)

The brst four Dickson algebras are the real division algebrds = R, A; = C, A, = HandA; = G.
They are alternative composition algebras. The doubling press of Dickson is a constructive link
between the four division algebras. We will se below, from Sewmt 3.3.3 to 3.3.5, ways to generalise

Dickson algebras.

3.3.2 Generators, basis and dimension

In addition to the real unit 1, the algebraA, of dimension2%, k ! 1 hask non real generators
(g)1%iwk- They are the generators that give, by multiplication, a bas for the vector spaceA. Each
new generatorgy is orthogonal to the set of the other generators.

For example inA4, the Peld of complex number€ = R, Ri, 1andg= i are the generators ofC
and form the 2D-basis{e; =(1,0) =1, e =(0,1) = i}. Cis a special case because the basis vectors
are exactly the generators (the possible products betweerrgerators are limited tol$ i = i).

A, the algebra of quaternionsH = C, C$ j, has3 generatorsl, g; = i, g = j and form the
(22 = 4) D-basis{e = (1,0,0,0)=1,e =(0,1,0,0) = i,e =(0,0,1,0) = j, &3 =(0,0,0,1) = k}.

Notice that k = i$] is a basis vector but not a generatoi is the product of the two generators andj .
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For k! 3, as multiplication is no longer associative, the order of nfiiplication should be respected
to mark the di! erence between the two basis vectofgh $ &) $ 0: & 0: $ (0, $ gs) fo example. The
distinction between thek generators and the2* basis vectors, obtained as products of generators is
fundamental for Dickson algebras. We will see in Chaptérthat this is a key point for the comparison

with Cli! ord algebras.

The increase in dimension should be contrasted with the one acitng in numerical linear algebra.
For matrix problems, the dimension is often a consequence roksh rebPnement for Pnite elements or
from the number of nodes in graph theory, among other possii¢s. The notion of dimension impacts
the complexity of resolution for the resulting linear systes, but computation rules and physical
meaning remain unchanged whatever the size of the matrices.

As a consequence of multiplication, one of the main!d@rences between linear algebra formulations
and the duplication process for Dickson algebras is that thecrease of dimension implies a modibcation
of the associated algebraic properties and therefore of tpaysical interpretation that can be done.
Dimension in Dickson algebras is linked to modelling, not taliscretisation. Each new duplication
step creates a change in the computing rules: &s) k + 1 the loss of some properties i\ can be

balanced by the emergence of new onesAq.; .

3.3.3 Generalised Dickson algebras

From the classical debnition of multiplication and conjugigon in the Dickson process, a more
general form forAy can be obtained by replacing in the debnition of multiplicabn # 1 by the square

of the generatorsy? = & %R*, 0- i- kas(x,y)$ (X,y)=(xE X+ &Y'$Sy,y$x+y$ X).
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This generalisation is due to Albert [Albert, 1942], but we wilbe interested in this thesis, by the
particular case that we present in the next section. The origal Dickson algebras withg® = # 1 are

often called standard.

3.3.4 Split-Dickson algebras

The case& = #1, i<k and & =1 gives a sequence of algebras callsplit algebrasdenoted@y,
as a reference to the signature of the magnitude as a quadaform (equal numbers of+ and #)
[Schafer, 1995]. We have already seen that the term "norm" &usive in the standard Dickson process
as the magnitude is thesquare of the euclidean norm but it is even more confusing in split-ibkson
algebras where magnitude is a real quantity, with no bxed sigrfgr z = (x,y), u(z) = ||x||># ||y||? %
R).

The real numbersR, the complexesC, the quaternionsH, the octonionsG and their associated
split forms (split-complexesC = 2R, split-quaternionsH, split-octonions(G) are the seven composition

algebras that exist overR [Jacobson, 1958].

3.3.5 Extension of scalars

Another generalisation concerns the extension of scalaw Dickson algebras fromR to pelds or
rings. In [Albert, 1942], the Dickson process is presentedes a beld, not supposed to b&. An
interesting possiblity is to use the complex bel@ for scalars in Dickson algebras. Hamilton already
considered the case with hibiquaternionsdenotedH(C) , quaternions with complex co# cients that
are use in Quantum Mechanics and Quantum Computing under the neae of Pauli algebra (Chaptei8).

It is also possible to use one of the two others algebras in thine (dual or bireal numbers) , which are
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no longer belds but rings. In [Cliord, 1873], Cll ord used the term "biquaternions" to denoteH (°R),
guaternions with bireal components. The biquaternions of Haifton should not be confused with
those of Cli ord. HamiltonOs biquaternions have received more attemtithan Cli! ordOs biquaternions
due to their applications and we will restrict the term biquatrnions to the work of Hamilton. Using
dual numbers as scalars, is a very ective way to compute in rigid body mechanics. In particulgr
we can mention the use of dual quaterniond(D) (Chapter 8). Notice that the extension of scalars
deeply transforms the properties of the original real algeks. For example, quaternions are a beld
but complex quaternions form a ring with zerodivisors (nilptents and idempotents).

We made a detailed comparative classibcation of possiblggetbras based on Dickson algebras
that could be used for Computation [Latre, 2013]. Notice thathe required framework for a correct
mathematical description would be module theory. We will nogjo here at this level of generality as the
point of this thesis is not to present algebras for the sake déscriptive or algebraic purpose, but rather

to focus on some specibc structures for their remarkable sequences in practical computations.

3.3.6 Zerodivisors in non alternative Dickson algebras, k! 4

In the case of Dickson algebras, we have already seen tigtC, H and G are the only division
algebras ovelR. The bifurcation betweenAs and A, is quite remarkable and implies deep consequences
for the notion of measure as we will see below. For Dickson algeb that are not alternative (Ay, k!

4), there exist zerodivisors and foz %Ay, z & 0 , we consider its set of zerodivisorger(z) = {a %
A, a$z=0,a&0}.
In the case of Dickson algebras, there is no need to considee tdi! erence between left and right

zerodivisors, due to the properties of magnitudd|@$ x||?2 = [|x $ a]|?). It is quite remarkable that
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Zer(A,), the set of zerodivisors in thesedenionsA,, is isomorphic to the exceptional compact Lie
group G [Khalil and Yiu, 1997, Moreno, 1998]. For more information ontte matter of zerodivisors
in Dickson algebras, see [Chatelin, 2012].

It is also fundamental to notice the consequences of mutliphtion in Ay when we try to measure
the product x $ y. For x, y in Ag considered as the vector spadézk, the two vectorsx and y can
be described thanks to their real components = (x;), ¥y = (yi). A direct calculation shows that

the classical euclidean scalar product iflR¥, < x|y >= Xiyi % R, can be written < x|y >=
I(Re(x$ y) = (x$ y+ y$ X). From the geometric intuiltion in the 3D-space, the length, that is
the euclidean norm of a single vectox %A, is obtained from the scalar product:u(x) = [|x||? =<
X[X>=X$ x=x$ X.

For the product x $ y, we have||x $ y||?=<x $y|x$ y >=<y|x$ (x$ y) > and, for a given
vector x, we consider the linear magry :y () X$ (x$y). For0- k- 3, Fx = [[X||?l gk, wherel o« is
the identity map of RZ. This result corresponds to the case of composition algebratere the norm
is multiplicative ||x $ y|| = [|Ix|] lly]]. For k ! 4, this simple expression foiF, is no longer true,F,
becomes a nondiagonal positive semi debnite operator withntigvial spectral decomposition. ||x||?
is still an eigenvalue ofF,, with multiplicity 4p, p! 2 and there are up to2<' 2# 21 2 distinct
eigenvalues of multiplicity4p, p! 1 [Moreno, 2005] whose arithmetic mean i§x||> [Chatelin, 2012].
The norm of x $ y could be either equal tol|x $ y|| = ||x]| [|y]l if y is in the eigenspace associated to
[1X]|2, or ||x $ y|| = " # |lyl| if y is in the eigenspace fo#, where# is another eigenvalue of,, such
that 0- # < [|x||> or # > ||x||?. If # =0 is an eigenvalue of, |[x$ y|[?°=0* x$y=0 andx,y

are zerodivisors (but||x|| ||y|| &0).

These results must be considered seriously. First, we haveremmember that nonalternativity for
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Ay, k! 4 cannot be interpreted thanks to the usual computational angeometrical habits. This huge
di! erence is revealed when we try to measure a product and not agavector. For a single vector,
its magnitude (squared euclidean norm) is a ("static") is@ted measure. But the magnitude of a
product measures the ("dynamic”) interaction between two &ctors. Considering multiplication with
the linear map Fy, the information relative to a product is a local result thatref3ects the nonisotropy
of the spaceR2k equipped with Dickson multiplication, in the presence of thenultiplicative action of

X ony.

3.4 Automorphisms of Dickson algebras

The group of automorphismsAut (A), applications that are isomorphisms over an algebrA, pre-
serves the properties of the structurd, and in particular, multiplication. Given our specibc attetion
to multiplication, it is quite natural a question to study th e automorphisms in Dickson algebras, that

have a specibc structure.

3.4.1 Dickson algebras in dimensions 1,2,4,8

Over R, the only automorphism is the identity. Over C, the identity and the conjugation are
the two elements ofAut(C). We only consider continous maps and do not take into accouthe
wild automorphisms of C that require the axiom of choice to exist. For the quaternios, all the
automorphims areinner: Aut(H) = {x () q$ x$ g 1, g%H, q&0}. We will see in the next chapter
the computational role of Aut(H) for spatial rotations. Concerning octonions, it is remarkale that
Aut(G) is isomorphic toG,. This makes a tight connection between the automorphisms ottnions

and the zerodivisors of the sedenions (section 3.3.6) thgluthe compact form of the exceptional Lie
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group G, G . Aut(G) . Zer(A,) [Khalil and Yiu, 1997].

3.4.2 Composition algebras

From the Dickson algebras process, Jacobson described tiioanorphisms related to composition
algebras [Jacobson, 1958]. This includes the automorphismsesented in the previous sections for
R, C, H and G and also their split form (split-complexesC, split-quaternionsH, split-octonionsG).

It is interesting to notice the similarity between the Dick®n algebras and their related split-form.
The only automorphism of split-complex numbers is the conjagion. For split-quaternions, all the
automorphims areinner: Aut(H) = {x () q$ x$ d !, g%H, q&0}. As the automorphisms ofH

are related to euclidean rotations ir8D, Aut(H) is linked to the hyperbolic rotations of the PoincarZ

disk model [Karzel and Kist, 1985].Aut(G) is isomorphic to the non-compact form oG)°.

3.4.3 Nonalternative Dickson algebras Ay, k! 4

The general case of automorphisms of Dickson algebras hasrbeenjectured and proved for the
sedeniondA4 in [Brown, 1967]. The complete proof of this conjecture appesat in [Eakin and Sathaye, 1990].
What is remarkable in the formula given by Brown is that there $ a clear break point for Dickson
algebrasAg, k! 4. There is no way to relate the automorphisms dR, C, H and G. But, for k! 4,
there is an iterative formula to construct the automorphisms of A, from the automorphisms ofAy, ;.

It is very interesting that the loss of alternativity in the sedenionsA, implies a radical transformation
for the zerodivisors and the automorphisms fofy, k! 4. We have seen in Section 3.3.6 that zerodi-
visors are associated to the question of measure. Automorpims are often considered because they

preserve the structure and are associated to conservativep&cts. As a consequence, computational
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properties related to measure and conservative operationsist be addressed with caution, depending
whether they concern the algebrag for k - 3ork! 4.
The automorphisms of Dickson algebras are a very wide and demgpic of which we only presented

a very small part useful for our purpose.

3.5 About cross/vector and dot/scalar products

3.5.1 Scalar and Vector product in Dickson algebras

Let us considerx = xg+ X (resp. y = Yo+ Y) %A, wherexg = Re(x) (resp. yo = Re(y)) and
X = Im(x) (resp. Y = Im(y)). We debne in Dickson algebras thecalar product of x and y, by
<xly>= i(Re(X$ y)) = 3(x$ Y+ y$ X). This corresponds to the classical euclidean scalar product

<X|ly>= Xiyi %R. In the case of an imaginary vectoX %l (Ay), X = #X (Section 3.3), thus
i

we have< X |Y >= # %(X $Y+Y$ X) We also debne for two imaginary vectors df(Ay), the

vector productX &Y = (X $ Y # Y $ X) = 3[X,Y]%l (Ay).

With these debnitions inAg, the product of two imaginary vectorsX $ Y can be simply written

as :

XY =#<X|Y >+X&Y.

For Ao = Rand A; = C, the vector product is identically 0 because multiplication is commutative.
For the quaternionsA, = H and the octonionsA; = G the product & corresponds to a specibc vector
product known as cross product in linear algebra. We will use ¢hnotation wedge/ originally used

by Cli! ord for the cross product. As stated in Chapter2, Remark 1.1, the symbol $ is only used
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for multiplication in our presentation. The notation wedge $ now classically attached to the exterior
product. But is the exterior product meaningful for Comptutaion ? We will address this question
in Section 3.5.2 and also in the next chapter when we will compathe hypercomplex formulation of
Cli! ord algebras.

In an oriented euclidean space of dimensidh(historically R3), the cross product of two vectorsa
and b is debned as the vectoa/ b othogonal toa and b such that the basis(a,b,a/ b) respects
right-hand rule (direct basis) and that||a/ b|| = [|a|| ||b]| |sin(! (a,b))| (parallelogram rule). The
operation/ is distributive and anticommutative and was Prst debPned by @lord, then borrowed by
Gibbs for his vector calculus.

If we identify the canonical basis oR? with the three vectorsi,j, k in the imaginary part of the
guaternionsH = A,, we can link a vectora = (a;, ap, az) (resp. b = (b, b, k)) to the imaginary
quaternionq= a;i + ayj + agk (resp. g = byi + byj + bzk) in | (H) . R®. By direct calculations of the
components it appears that the multiplication of the quatenionsgand q givesRe(g$ q) = # < alb >
andg&qg = Im(g$ ) = a/ b, where< a|b > is the dot/scalar product. The cross/vector product

is the imaginary part of the product of two pure quaternions.

In standard linear algebra, the cross product is only debPndd 3D euclidean space. It is less
known that the classical cross product is also debned 7D, identifying R’ with the imaginary part
of the octonions. In7D, the choice of geometric direction for the orthogonal cresproduct is in
R°® instead of R in 3D but the parallelogram rule is still valid. In fact, it can be shown that the
only dimensions where a vector producalways respects this rule for its length are0,1,3 and 7

[Brown and Gray, 1967, Darps, 2009] and these dimensions @spond to the imaginary parts of the
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alternative composition algebras that we redebPned in Semti 3.2. In dimension0 and 1, the vector
product is identically zero but in the cases oBD and 7D four algebras can be equipped with the
classical notion of vector product (standard and split forra of quaternions and octonions).

The depnition of the vector product as% [X,Y] is still valid in all Dickson algebras but the
property that the length is the area of the parallelogram bdi on X, Y is no longer valid in gen-
eral. For X and Y in I (Ax), k ! 4, the vector product & satispPes the parallelogram rule when
IXSYI[ = IIXIIIYIIO < [X,X,Y],Y >=00 < [Y,Y,X],X>=01 [X,X,Y]=0o0r[Y,Y,X]=0
(see [Chatelin, 2012, Prop 2.3.2 and Prop 2.7.1]. Due to non ahativity for k ! 4, this is only a

local property which does not concern the whole set(Ay).

3.5.2 Alternative extensions for the vector product

Should the cross product be only a geometric property? Or clout be a notion related to Compu-
tation which has, in the particular case of composition algehs a very specibc geometric interpretation
? We should always be careful about geometric intuition begd dimension3 and we may ask the fol-
lowing question: does the debPnition of the cross product infited from 3D-geometric intuition should
obey the limitations of its geometric origin? Could it not, rdaher, betray its computational origin? The
3D-cross product is aconsequence of multiplication in quaternions, even if the link between loth
is often presented as a coincidence. The distinction in Physibetween the scalar part and vectors
is reunited in the framework of4D-quaternions. Dot product and cross product are linked tlough
multiplication. To ignore this connection may lead to additonal hypotheses such as the intoduction

of specibc gauges in Physics, especially in electromagmet{€hatelin, 2015].
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We will develop these remarks in the next chapter as we compéate geometrical generalisation of
the cross product in exterior algebra and its computationageneralisation in nonalternative Dickson
alebras. The idea of Gibbs and Heaviside to linearly spli into the real part and the vector part as
R, R®was a pragmatic way to avoid to have to deal with an abstractD-superstructure [Gibbs, 1893].
Nevertheless, the multiplicative link between both parts with is implicit in their formulation may

have tangible consequences, see [Chatelin, 2019].

All of this sheds light on interesting dl erences between a bottom-up and top-down view. They
are complementary hence bring complementary insights. Thexample of H considered in linear
algebra and Physics aRR , R® is quite instructive. The cross product can be viewed as (i) airéct
computational consequence of multiplication restricteda | (H), or (ii) as a constructed geometric
3D-object. The brst option (i) maintains a global multiplicaton $ in dimension2* and relaxes length
(in dimension 2¢' 1). The second option (i) maintains length (in dimensionn % N) and downplays
multiplication. The idea of bifurcation that we introduced for numbers and structures, applies equally
for the cross product. The dominant inBuence of Grassmann, Ctird and Cartan in geometry has
implicitly determined the future of the concept of cross prduct in more than 3D, in fostering the
second option (ii) which is geometric (length by parallelogim rule) rather than the prst (i) which is

computational (existence of multiplication in a superstrature).

3.5.3 Di! erences in vocabulary and notations

With few exceptions, the birth of the algebraic tools that ae now especially used in linear algebra

took place in Europe during the Prst70 years of the19" century. Multiplication was denoted $,
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scalar product< . |. > and vector product/ , where names were coined by Clord. A major disruption
occured in the 18800s in the english spaking world due to theeintion of vector calculus by Gibbs in
the USA and then transmitted to Heaviside in the UK. The break inpacted notations and vocabulary

in the following way:

Europe English speaking world
product x $ y Xy
scalar product< x |y > dot product x.y
vector productx/ y cross productx $ y

We observe that the right column is largely dominant in most focountries. Notations and writing
habits substantially vary between di erent countries around the World and correspond to several
ways to write Mathematics. The cultural dif erences impact the approach of a given topic (from the
notations to te mathematical properties) and as we have seearlier (Bibliographical notes in Chapter

2), this is really noticeable in textbooks and teaching methas.

3.6 Summary

Dickson algebras provide an instructive example of a familyf algebrasAy whose evolutive struc-
ture is recursively debned fromd\; = R by three operations (addition, multiplication and conjugaion).
The loss of associativity wherk evolves from2 to 3 entails no severe disruption becausé retains
alternativity as a weak form of associativity on two vectorsone of them repeated. By comparison, it
appears that the step fromk = 3 to k =4 marks a fundamental frontier on many accounts. First, on

the one hand, there is the loss of alternativity, of norm muiplicativity, of general invertibility and of
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isotropy. Second, on the other hand automorhpisms and degittons evolve iteratively. The pay-¢ for
the increased freedom in behaviour is a decrease in predhtdly. High dimensional Dickson algebras

remain largelyterra incognita.

3.7 Bibliographical notes

The main remark concerns the name that we choose for Dicksomelbras. In the litterature, the
usual name is Cayley-Dickson algebras. On the one hand, Cayldgcovered the octonion® years
later than Graves but octonions are still often called Cayleywmbers, a chronology can be found in
[Baez, 2002]. On the other hand, there is no sign in CayleyOskatbat indicates how to go from the
guaternions to the octonions (which is the way Graves found &octonions in December 1843), nor any
indication of the general duplication process found by Didon [Dickson, 1919]. The fact that Cayley
was considered as a professional mathematicican whereasv@sawas a lawyer learnt in Mathematics
may explain this unfortunate attribution. In a whole, it is not a lack of consideration to say that
Cayley did not play a central role in these algebras, and that Aves, often presented as an amateur,
succeded in Pnding the remarkable idea of octonions. The réather and central bgure of recursive
dePnition was Dickson who discovered the doubling processdsneralising GravesO construction from
H to G. He collaborated with Wedderburn who worked on hypercomplexumbers and Jacobson
was a student of Wedderburn. The duplication process obtaiddoy Dickson has been generalised by
his student Albert [Albert, 1942]. A detailed study of the sprising specibcities of standard Dickson

algebras can be found in [Chatelin, 2012].
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Chapter 4

Isomorphic formulations and Modelling

In this chapter, we will be interested in comparing some isomghic algebraic formulations, not
of resolution methods for a given equation but of equations adelling a given phenomenon. Just
as there exists a variety of resolution methods to choose fing there exists equally a large collection
of mathematical tools that can be considered to approach anouild a representation of physical
phenomena. Rather than adapting a physical problem to an a jori bxed algebraic frame, our
objective is to look for an algebra that matches as best as @iisle the physical properties. For
associative algebras, there exist several other formulatis than the ones we presented in the previous
chapters and we will put in evidence that the notion of descrtpve equivalence is di erent from that of
computational equivalence. We will mainly focus on the relans beween the three other formulations,

namely matrices, Cll ord algebras and tensors that are widely used in Science and Hregring.

4.1 Matrix representations of associative structures

As a preliminary remark, we Prst mention that because theirrpduct is associative, square matrices
cannot faithfully represent non associative algebras as wgplained in Chapter3 with the (alternative)

octonions, used for example in Particle Physics. This meansata matrix formulation is not su# cient
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to describe the algebras that we consider, in particular Dkson algebras in dimensioh 8.

4.1.1 2D-algebras

We recall that an isomorphism is a bijective application that preserves the algebraic sicture
(group, ring, algebra). Two algebraic structures aregsomorphic if there exists an isomorphism be-
tween them. For isomorphic structures there can be severalstinct applications that describe the
isomorphism between these structures. In Chapter 2, we debad the canonical algebras of the
plane, the complex number<C with i? = # 1, the bireal numbers °R, with u?> = #1 and the dual
numbersD, with n? = 0. There exists isomorphismg () M, between these three algebras and three
subrings of square matrices of orde?. This means that for z in one of the three algebras of the
plane and$, %in R, the isomorphism preserves addition, internal multiplicdon and multiplication
by scalars:M, .+, = $M, + %M, and M, = M,M,.. We present below in parallel for each of the
three algebras, the explicit form oM, the matrix representationl, of the real unit 1 and the matrix

version of each generataru, n in the corresponding algebra. In what followsx, y are real components.
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C,i2=#1 ’R, u?=1 D, n2=0

Z =X+1iy Z =X+uy zZ =X+ny
( + ( + ( +
ix #y) ix y! ix y’
z() M, = ’ z() M, = ] z() M, = :
y X y X 0 x
( + ( + ( +
1 0, 1 0, 1 0,
|2=i 1 |2=i L |2=i 1
01 01 01
( + ( + ( +
0 #1 01 01
1.'=i ’_:Mi U:i ’_:Mu ,,:i ’_:Mn
1 0 10 00
( +
) i Xy,
For complex numbers, the isomorphism can also be represehtey z () M, = = MJ.
#y X

M. represents the linear mapp () g $ a = (xb# yc(yb+ xc) considgring the complex number

. b x #y, . by I xb#ycg
a= b+ ic as a2D-real vectora = 4 ﬁ that is Mza:i L4 ﬁz# g

c y X C yb+ xc
The matrix M, = My represents, as a linear map, the multiplication by, a () za, that is equal

to M, only if z is real (y = 0). The two matrices M, and M, = M, debPnetwo isomorphisms be-
tween complex numbers and matrices of ord&; but they do not represent the same multiplication if
they are considered as linear maps. It is important to make #hdi!' erence between the isomorphism

between algebras and the matrix formulation of multiplicaibn as a linear application for vectors irR?.

In Section 1.2.3 of Chapter 2, we introduced examples of zenadors for matrices. For dual
numbers, the nilpotent matrix , , such that ,, -0isa representation of the nilptotent unit n.
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Notice that we can also use the matrix, T (there is no descriptive distinction in taking,, T instead

of , ). ( + ( +

111, ) 1 #1,
» and M = » that
11 #1 1

have been respectively introduced in Chapte? as E. and E, correspond to the bireal numbers

NI

For the bireal numbers, the two matricesM,, =

NI

e, = 2(1+u)ande = 3(1#u)suchthate? = e.,e.e = e e, =0 correspond toMZ = M, = E.
and E.E, = Mg, Me. =0 . Notice that ||e.|| = &1—§

Let Zz%°R,z=x+yu= Xe,+Ya, X =x+V,Y = x#Yy. The bireal numberse, ande form
an idemptotent basisof °R = Re, , Re . In this basis, addition and multiplication are performed
componentwise : becausee,e = e e =0, zz = XX ‘e, + YY'e . This natural parallelism in
2R has interesting consequences for multiplanar numbers (8ea 4.1.2) and for practical numerical
computations (see Chapter8). If we represent in Figure 4.1 the bireal plane with the axe§,u
as the original basis and the idempotent basi§e; , e }, the change of basis represents a geometric

(

transformation combining a rotation centred at the origin wih angle # 2 and a scale change of the

axes, as the basi§e., e } is no longer orthonormal in the sense of euclidean geometije( || = &%).

Figure 4.1 B The idempotent basige, , & } for 2R
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( + ( +
11

1 1
The above change of basis is represented by the matix= %i >, whereH = i
1 #1 1 #1
is known as aHadamard matrix We recall that Hadamard matrices are square matrices with 1

as entries and orthogonal column vectors [Hadamard, 1893Jhe link between idempotent basis and
Hadamard matrix will be developped in the next section and aisin Chapters 7 and 8 where we

address applications in Mechanics and Quantum Computing.

4.1.2 Muliplanar numbers
4.1.2.1 DebPnition and origin

An iterative construction based on the bireal structure abbws us to generate a sequence of algebras
in dimension2, k ! 2 in order to obtain the multiplanar numbers Let R; %{C, R, D} be a basis

ring of dimension2. Given Ry, ; and a nonreal generatouy %Ry, 1, uﬁ =1, then
Rk = Ry 1[uk] = Rk 1, Ry 1Uk

is a commutative ring whereu, is the k™ nonreal generator such thadimR, = 2k, k! 2.

Addition is performed componentwise and foz = x + yuy,z = X + yu, %Ry, z$ 2 = x$ x' +
ySy +(x$y +y$ x)u.

In setting R; = 2R, one can see that this is equivalent to start wittRy = R and u; = u the bireal
unit. This adds one step to the process and shows why in this caseetfamily of algebras{ Ry}« o is
called multireals.

The original idea of this sequence of algebras goes back to itladian algebraist C. Segre who debned
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in[Segre, 1892] thenulticomplex numbersusing imaginary unitsiy, i = # 1 for duplication instead of
the ux. Multicomplex numbers are debPned inductively such tha€y = Rand Cps; = {Z= X+ Yin
, X,y %C,}, n! 1, where(ix)1mun IS @ sequence of genererators such thigt= # 1. The properties
of mutliplication are similar at each levelk to complex multiplication using the fact that by depPnition
generators commute; k,I ! 1, iy $ i, = i; $ ix. C, is the set of complex numbers and elements of
C, = 2C are calledbicomplex numbers The algebraC, is of dimension2" over R. The algebraic
study has been fully performed by Segre and the propertiestbese structures as Banach algebras for
analysis have been investigated in [Price, 1991].

As generators commute, we notice thati, $ i;)2 = 1 plays a role equivalent to that ofuy, this
is why the debPnition of multicomplex numbers by Segre is conteed into the multiplanar one by
choosingR; = C. This can be checked for example with the bicomplex numbefs, between the
version of Segre (two imaginary units,, i,) and the one with the imaginary uniti and the bireal unit
u. The two basis(1,iq,is,i1$ i) and (1,i,u $ i,u) can be easily related, taking = i, u$ i = i,
andu = #i; $ i,. This last version of bicomplex numbers goes back to Cockle whalled them
tessarinessome44 years before Segre [Cockle, 1848]. Inspired by Hamilton, mwented the nonreal
numbersu; = u and u, which square tol in respective dimension® and 4. The two forms have
distinct properties especially concerning their matrix fanulations [Chatelin, 2018, Chap.5]: in SegreOs
formulation, the matrix reduction of multicomplex numbersdoes not present the same block structure
as we will see in the next section. This is why we will keep the fordation with the units uy.

Multiplanar algebras are very di erent from the Dickson algebras presented in Chapter 3. Even if
they share a common dimensio® resulting from a duplication process, the depPnition of mulication

in multiplanar algebras implies no novelty in the algebrai@roperties for multiplanar numbers. By
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contrast, only Dickson algebras display a creative power byduction. For multiplanar algebras, the
induction simply produces replication of the properties athe initial algebra. We will see in the next

section a consequence in this replication, with the specibatrix formulation of multireal numbers.

4.1.2.2 Recursive construction and reduction for hierarch ical parallelism

Let Z be a multireal number in Ry, we can expand the components of in the successively

embedded algebras:

Z = A + B uyg %Ry , A, B %Ry ¢
23 23
A+ BiUgr 1 Az + BaolUgr 1 %Rk 1, A1, A2, B1, By %Ry 2

which corresponds in matrix representation to:

| $
| $ AL | B1| A BZ% | $
" A | B ? EE By | A1 | B> Az% " Ma | Mg 9/
MZ = # 0 ) :: ﬁ: # 0
B|A . A2 | B2 | A Blg Mg | Ma
#

Bo | Az | B

>
o

The matrix that represents the multireal numberZ has a2$ 2 block circulant structure and each
block is itself circulant.

The matrix that represents the multireal numberZ can be reduced to a diagonal form, by using
the idempotent representation, recursively at each levek() k# 1) ..) 1), as was done for the

bireal numbers in Section 4.1.1 with the idempotent basis. &m

Z=A+Buc=(A+B)e. +(A# B)eg
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and then with A; + Biuy: 1 and B=A, + B,uy: 1, we have

Z

[(AL+ Biuk 1) + (Ax+ Bougr 1)] &+ +[(Ar+ Biugk 1) # (A + Bouy 1)] &

[(A1+ A)+(B1+ Bouki 1]e +[(Ar# A)+(B1# Bo)u 1]ea

(AL + Az)+ (Bi+ Bo)lew 1+ +[(Ar+ Ap) # (B1+ By)l e 1 /Q<+
+ [(Ar# Ap)+(Byi# By)lew 1+ +[(Ar# Ax)# (B1# By) e 1y, /ek!
= [(A1+ A)+(B1+ Bo)lew ny+ &+ +[(A1+ A) # (Br+ Bo)lewr 1y &
+[(ArL# A)+(B1# Bo)lew 1+ 8 +[(Ar# Ao)# (B1# Bo)l e 1y & -
We can thus recursively construct an idempoter?® basis whose vectors are products of idempotents

of each levelR,,, 1- m - k which corresponds in matrix representation to:

&

o ¥10
! $ " —

$
E{é) ;A+B 0 %) "0|¥

o

©

#

A|B
B A

PSS
msssssseee

(@]
x| o

This process reRects the arborescent structure to obtain aagjonal form thanks to idempotent2t
basis. This is a structural form due to the algebra and not to ¢oputation. The interesting part of

this reduction concerns the matrix for the change of basis:

k) k#1 k) 1

! $ ! $ ! $
no I ?/ v 1 1 ? " Hkrl Hkl]_ ?
" _ 1y, — 1" _ 1y o 1" ' '
2 # é Pi=3H1= 354 é’Pk_in_i# é
| | #1 1|#1 Hi 1 | #Hw 1

Up to a coet cient (the idempotent basis is not orthonormal), the sequee {2P, = Hy}y 1 iS

a particular case of Hadamard matrices [Hadamard, 1893]. T®hparticular sequence of Hadamard
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matrices was known to Sylverster (1867). It plays a key role ithe Walsh-Hadamard transform
in Discrete Fourier Transform (DFT) used for data compressio in signal and image processing
[Ahmed et al., 1974]. The relation between the structure of gnmultireals and the method of Walsh-
Hadamard transform is a remarkable connection which is not wadly appreciated [Alfsmann et al., 2007].
The reduction principle for multireals relies on dichotomy ad on the uniqueness of the idempotent
basis that gives a recursive construction of naturally embleled blocks. Notice that withR; = C or
R; = D, we cannot achieve a fully diagonal form but 2% 2 block diagonal one. The2$ 2 blocks are

the matricesM, of the form given in Section 4.1.1 for complex or dual compants.

We will now go back to Dickson algebras with quaternions and we hgee the specibc consequences
of an evolutive debnition of multplication for their matrix formulations, which contrast with the

replication of algebraic properties in multiplanar algelas.

4.1.3 Quaternions

Let g= a+ bi+ cj + dk %H. Quaternions have several representations ovBr, one of the common

form found in the litterature is given by

( +
a b ¢ d
H ( +
#b a #d c i zT 1T
Mr(q) = P = Ly
#c d a #b: #T Z
#d #c b a
( + ( +
i a #b, i c #d,
whereZ = Mg p = »and T = Mejg = !
b a d c
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We can represent the left (resp. right) multiplication of a qaternion p by a quaternionq as matrix
L4 (resp. Rq) acting as a linear map oveiR*, where the quaternionp = w+ xi + yj + zk is considered

as a vector ofR%, p=(w,X,Yy, 2):

( + ( + ( +
3( Z #V | _ i a #b, i c d,
La:p0Q q$ p, Lq= », with Z = v andV = ,
vV Z b a d #c
! $
Y .
:: X% i Z #TT
such thatq$ p= Ly §=LqpandRq:p() p$ q Rq= L = Mg(9T.
" y% T Z7
#

z

The matrices that represent left and right multiplications by the quaternion g as the linear maps
Lq ., Rq are unique, but the matrix representation of the quaterniorg itself is not. The standard
formulation Mr(q) generaly found in textbooks is the transposed matrix of theight multiplication
matrix Rq. As there exist several distinct representations of quaternions, "the matrix formi of a
guaternion is an ambiguous term. If we represent quaternierby matrices, we introduce a potential
misunderstanding that does not exist with HamiltonOs unique formulation of the quaternionsAs
for complex numbers, this shows the Herence between isomorphic structures and multiplicationsa
a linear map.

Notice also that asH is associative,’ q, q % H , [LqRq] = LqRq # RyqLq = 0 that is ' x %
H,q%$ (x$ q)=(q$ x)$ g. This result will be used for the representation of rotationsn Section

4.3.1.
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Quaternions also have a matrix representation oveZ, rewriting g = (a+ bi)+(c+di)$j = z+t$j,

Z,t %C, we get leack the form obtained by the Dickson doubling proces

z t
LetMc(q)=i », thatis Mc(q) = al, + bl + cJ + dK,
#t z
( + ( + ( + ( +
10 i 0 0 #1 0 #i
wherelzzi L,I:i ’_,J:i ’_andK:i !
01 0 #i 1 0 #i 0

Mc is an isomorphism between quaternions ar@i$ 2 complex matrices [Dickson, 1924]. Matrices
I,J and K are closely related to Pauli matrices in Quantum mechanicsée Chapter8).
Unlike for real matrices, there is some limitation to the maix representation overC. Only right

multiplication can be debn@d fop=x+yj,q=z+1t %H, x,y,z,t %C. If p=(x,y) is considered

as a vector ofC? and Ry = i 1 = Mc()T then :

! $

_ "X Y
Re:p( p$ g=(xz# ty, X + y2) = Rqy é: Rqp.
y
The left multiplication operator Ly : p () q$ p cannot be a linear map due to conjugation. The

product,q$ PE (Zx# Y, yg+ tX) expressed as a!matr'g-vector product would involve the twaajugate

X 0 X 0 X 0
vectors 4 é and 4 ﬁ but not the vector 4 g corresponding top.

y y y
The real matrix forms put in evidence an ambiguity due to nonuigueness in the formulation. The

presentation of a quaternion as a complex matrix is coherennly if we consider matrices as numbers,
thanks to the isomorphism between structures, and not as kar applications. The di erence is that
mutliplication is either an operation between two elements dhe same nature (two quaternions) or a

matrix-vector product between two distinct mathematical djects to represent a quaternion (a matrix
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and a vector).
The real formulation of quaternions is the only one that can mesent the two linear maps corre-
sponding to left and right multiplications. Once again, ths is due to the di erence between isomorphic

structures and the formulation of left and right multiplication as linear maps.

4.2 Cli! ord algebras

4.2.1 Preliminary warning

The topic of Cli! ord algebras requires an advanced technical knowledge ineliga. We will give
in this section a quick overview of the main features of Clord algebras. These algebras are not the
main concern of our work and we try to sum up in the next sentees, for the reader not acquainted
with this topic, the most important aspects related to our wok. A more technical introduction is
presented in the Section 4.2.2.

Cli! ord algebras areassociative structures and there exist descriptive isomorphisms beter
associative hypercomplex algebras and Cbrd algebras. By dePnition, given a vector spacé of
dimensionn, the product of vectors is not a vector inV but is an element of the Cli ord algebra of
dimension2", derived fromV. The geometric aspect fon = 3 is at the basis of the theory of Cli ord
algebras withdimV = n > 3 along with the notions of exterior algebra due to Grassmann. (Tlord
algebras represent the choice to favour a geometric perspex inherited from 3D-geometry instead
of a computational one centered on multiplication which is tb backbone this thesis.

With hypercomplex and Dickson algebras, we focus on an inn@wltiplication of vectors (a product

of vectors is a vector) and geometry is a consequence of Congiign. In Cli! ord algebras, the

86



choice is made to extend as much as possible tBB geometric behaviour into then-dimensional
casen ! 3. Both formulations are, of course, correct and we can chatadse Clil ord algebras
vs. our hypercomplex algebras as3D)geometry-driven vs computation-driven approaches. Weaa
also contrast the bottom-up @D to nD in Cli! ord algebras) geometric version and the top-down
computational perpsective, not limited to associativity,in analogy with the ideas developed at the

end of Chapter3 for the extension of vector/cross product.

4.2.2 Introduction to Cli ! ord algebras

Cli! ord algebras are a family of unital associative algebras geated by a vector spaceV of
dimensionn over a beldKk = R or C and a nondegeneratequadratic form Q : x %V () Q(x) %R.
In what follows we consider the cas& = R and we mention the di erences for the cas& = C.
We denote by B the symmetric (hermitian for K = C) bilinear form associated toQ such that
"X,y % V,B(x,y) = Q(x +y)# Q(x)# Q(y). Notice that even if K = C, as B is hermitian,
B(y,x) = B(x,y) and Q(x) = B(x,x) % R. Let Fo be the symmetric (hermitian forK = C)
invertible matrix associated with Q such that, ' x,y %V, Q(x) = x"Fgx, then B(x,y) = x'Fgy.
The ClIi! ord algebrad(V, Q) of dimension2" is the algebra generated by elements df with the only
condition for the associative multiplication ind(V, Q) to verify v2 = Q(v), ' v %V or equivalently
uv+vu=2B(u,v). If V = R" (resp. C"), with the euclidean inner product4|.5(in this caseFq = I,)
and the corresponding algebra are denotdd, (R) (resp. d,(C)).

The spectrum of the matrix Fo associated withQ can be split in two parts, p stricly positive and
g striclty negative eigenvalues p+ g = n with p,q%N, and their associated eigenvectors form an

orthogonal basis ofV (ey,.., &, €:1,..,6+q). The quadratic form hassignature (p,g. Notice that
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depending on English-speaking or continental notations, érole ofp and g may be exchanged in the

litterature. The Cli! ord algebrad(V, Q) is also denotedC 4(K).

Let us consider anorthonormal eigenbasige, &, €, .., &) for Q in V, such that, for1- i - p,
e€=Q(e)=1,andforqg=n#p- i- n,&=Q(e)= #1

The set{e.,e,..6,, 1- i1<ip<..<ig- n, 0- k- n} is a basis of the Cliord algebra with
the convention that the casek = 0 corresponds to the multiplicative unit1. This is related to the
concept of free algebra and corresponds to all the distinctgructs obtained by multiplying the vec-
tors (e, &, &, .., €) of V taking into account the relations implied by Q: since the basigey, .., &)
of V is orthonormal, 2B(e,g) = eg + ge = 0 such that fori & j, & and g anticommute:
eg = #ee. . The dimension of the Cli ord algebra is2". For example, letdimV = 3 with
an orthonormal basis(ey, &, €3) and Q a quadratic form of signature(3,0). A basis of the Cli ord
algebrad(V,Q) = Js3o(R) of dimension2® = 8 is (1, ey, &, €3, €16, 263, €163, €16,63). The other
products obtained from(ey, &, €3) can be reduced, up to a sign, to an element of the basis@{V, Q),
where€ = € = € = 1 and e, & and e; anticommute (e.g. e16,€1636, = €(# €,6:)(# &:63) = &).
If we compare this to the associative hypercomplex algebrake orthornomal basis ofV plays the
role of external generators for the Cliord algebra (Section3.3.2 in Chapter 3), the basis ofC(V, Q)
is obtained by multiplication of the basis inV associated to the constraints of the quadratic form
(anticommutativity and real square). Another important di! erence is that because multiplication in
Cli! ord algebras is associative, it cannot bring as much evolati when n increases, than what is

possible in the case of nonassociative Dickson algebfad 3).
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As expected in Cll ord algebras, the product of two vectors, bin V denotedabis not a vector
of V but a vector of the CIi! ord algebrad(V, Q). The antisymmetric part %(ab# ba = %[a, b is
called abivector and is denoteda/ b (exterior product of Grassmann). The subalgebra generated/ b
the scalars and the bivectors is called theven subalgebraienotedd (K ). The notion of bivector is
linked with geometry, generalised from the8D-case that we develop now. Fon = 3, the bivector is
interpreted as the "oriented area" debned by the two vectora and b. The geometric case irBD for
V is at the origin of the generalisation of bivectors in highedimensional Cli ord algebras.

Let us detail the casen = 3 whereK = R, V has the orthonormal basige;, &, €3) and Q a quadratic
form of signature(3,0) with S = 15. Let a= aje; + a6, + azes and b= b + e, + lzez in V, with
ab= (aie+ axer+ azes3) (e + e, + byes) %A (V, Q) = di(R). After computation the exterior product
ofaandbisal/ b= %(ab# ba) = (aib# axb)ee+( arks# azby)ees+( azby # a;bi)ese;. The exterior
product of two 3D-vectors has the same components in the even subalgebra A30(R) as
the classical 3D-cross product in  H. 03,(R) of dimension4 with the basis (1, e;e3, e3€;, €1€) is
isomorphic toH. For | & m, (gen)? = (gen)(8en) = a(#een)e, = #e€2. Asef= e = =1,
€63, €16, 636, Square to# 1, anticommute and verify the same multiplicative rules as th quaternions
(i2=j2=kK?>=#1i%j =k, jS k=i, k$Si=j)ifwetakei. e6;,j. e andk. ee
(e.g. (ex63)(e18) = e3€; is isomorphic toi $ j = k). Notice that as the basis ofV is orthonormal,
eg = e/ g,i & j. The subalgebrad;(R) is generated by products of generators iv. By
comparison inH, the generators are directly given.

It is not clear that Cli! ord algebras bring any additional computational informatn compared
to the formulation of associative hypercomplex numbers. tleed, as matrix representations, Qliord

algebras introduce ambiguity, because practical compuians rely on the coé cients of the basis but
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several Cll ord algebras can describe the same hypercomplex algebrangsdi! erent vector spaces
as generators, and dierent choices of basis. Isomorphic description could use !@lid algebras or
even subalgebras. For exampl&l,(R) has four dimensions and is spanned I, e, &, 1&;), where
e1, &, e6, square to#1 and anticommute, makingCy,(R) isomorphic to H. This brings a lot of
confusion because there is no standard form to describe thgebra. On the contrary, in associative
hypercomplex algebras, one can exhibit an explicit multiplation table with the generators and as-
sociated basis. The generalisation to dimensiam > 3 designed for geometry does not concern our
computational purposes and is unable to fully represent theonassociative structures, that are used in
Physics (particle and high energy Physics) [Baez, 2002, Cattba., 2016]. Like for matrix algebras,
one must distinguish between thelescriptive use of Cll ord algebras in Physics to classify elements
(symmetry groups,..) and the practical role focomputational purpose.

Under the inBuence of the physicist David Hestenes, Cbrd algebras overR considered primar-
ily for their geometric aspects (rotations, inversions im dimensions) are calledgeometric algebras
[Hestenes and Sobczyk, 2012] and enjoy great popularity. rlmore on this topic, one of the most

fundamental references amongst the existing litteraturesionce again [Lounesto, 2001].

We give below some of the most used equivalences betweenh @lil algebras and our formulation.
Co,o(R) is isomorphic toR. Cg;(R) is of dimension2 and generated bye; that squares to# 1, so
that Qo1 (R) is isomorphic toC. ?R is isomorphic toOy,0(R) but also to 7 ,(R) the even part of
d11(R). For the complex case(y(C) is isomorphic to the complex numbersc;(C) is isomorphic to
the bicomplex numbersC, = ?C (Section 4.1.2.1) andJ(C) is isomorphic to the complex quaternions

H(C) (Section3.5in Chapter 3). Let A %{R, C, H}, it is established that all Cli! ord algebras can be
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expressed as one of the three following form&;, the direct sumA, A or the square matrices oveA,
M (A). This result is related to the Artin-Wedderburn theorem for natrix formulation and to the
periodicity of Cli! ord algebras discovered by Cartan [Cartan, 1908] and usualltrébuted to Bott as

in [Baez, 2002] (See Bibliographical notes in Chapt&).

4.3 Rotations

Rotations are an interesting example to compare the 'derent formulations of a given problem.
We will put in evidence that some misunderstandings are due tithe conceptual approach that is
associated with each version. In order to possess all the nesary elements to study rotations in the

3D-space, we will brst study the4D case and the relation with quaternions.

4.3.1 4D-rotations

In 4D, a rotation can be expressed as a matrix of the special ortiponal group, S % SO4(R),
SST = 1,, detS = 1. Since Hamilton and Cayley, a4D-rotation can be also represented as a product
of quaternions. Letx, I, r %H, | and r with unit euclidean norm (||l|]| = ||r|| = 1), the rotation
of x is represented by the map< () 1$ x$ r. According to the real matrix form of left and right
multiplication as linear maps presented in Section 4.3.1,axcan represent the two quaternionsand r
by their respective matriced.; and R,. For simplicity we write L, = L andR, = R. As||l|| = ||r|| = 1,

L and R are orthogonal matrices. Ifx is considered as a vector dR*, we can write the rotation of
x asSx = LRx. As L and R commute (associativity ofH, see Section ), we hav& = LR = LR
and this decomposition is unique. There exist two ways to Pndoim S the components ofL and

R. This is done either by direct calculation in [van Elfrinkhof,1897] or with a constructive method
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in [Rosen, 1930]. It is interesting to notice that Rosehfound this decomposition in the case of the
relation between quaternions and Lorentz transforms. We tiroduce in the next section the notion of

isoclinic rotations which allows us to link the geometric aspes of rotations angles with quaternions.

4.3.2 Isoclinic rotations in 4D

We recall the standard reduction of orthogonal matrices it a block diagonal form. In the case of

a rotation in R*, a rotation matrix can be reduced as:

+ ( +
i C($1) 0 | C($)—i cos$ # sin$ |
0 C($) - sin$ cos$

with $; and $, the angles of the two orthogonal rotations corresponding tthe 4 complex eigen-
valuese®'' 1, e*'' 2 (2 pairs of conjugate eigenvalues), with unit modulus.

In the particular case of4D, a rotation of R* such that $; = +$, is said to beisoclinic. By
convention we distinguishleft isoclinic ($; = $,) and right isoclinic ($, = #$,) rotations. The
decomposition of a general rotation iMD as the product of2 rotations (left and right isoclinic) in
2 orthogonal planes inR* is due to [Goursat, 1889] for the pure geometric point of viewyith no
mention of quaternions.

The two references [Coxeter, 1946] and [Weiner and Wilkens,0&), put in evidence the link be-
tween isoclinic rotations and quaternions. Forg %H , ||g|| = 1, it can be shown thatLy, Rq %SO,
have a pair of double eigenvaluest" ($ = $; = +$,). L4 corresponds to a left isoclinic rotation

($1 = $,) and R, corresponds to a right isoclinic one(; = # $,).

1. He is the R of the EPR experiment in Quantum Mechanics.
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( + ( +

. R 1C($) 0 ic($) 0
The matrix L, and Ry are respectively similar to

0 C(% 0 C(#9%)

Going back to the matrix S = LR = L|R,, if we denote$, and $, the angles corresponding to the

reduced forms ofL, and R,, we have:
( + ( + +
i C$) 0 | i C(%$)) 0 i C$+89%) 0

0 C($) 0 CH#S$,) 0 CE#S)

In summary, we can say that a general rotation iD is the product of a left and a right isoclinic

rotation respectively represented by the left and right mdiplications of two unit quaternions.

4.3.3 An alternative view for  3D-rotations

We are now able to explicit the role of quaternions foBD spatial rotations compared to other
formulations. The quaternionic formulation of3D-rotations can be seen as a particular case of the
4D-rotations.

Let g = a+ bi+ ¢j + dk % H a unitary quaternion ||q||? = &>+ P+ &+ d® =1, andw =
0+ xi +y] +zk %I H, an imaginary (=pure) quaternion. The rotation of w in | H is given by
Hamilton: w (#® gq$w$ g = qg$ w$ g This is an automorphism of quaternions as presented in
(Section 4.2 Chapter 3). The result of the rotationrw ( gq$ w$ g ! is a pure quaternion.

If we now represent rotations with orthogonal matrices of ol 3 and matrix-vector product,
corresponding to the quaternionic multiplication, we havehe Euler-Rodrigues formula:

+ ! $

a2+ p?1 21 d? 2bd 2ad 2bd+2 ac "X

? E-“’f
O= 2bc+2 ad a2l P+ c?l d? 2cd! 2ab y W= y y %in R3

2bd 2ac 2cd+2 ab a2l 1 2+ d? Z
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O is a rotation matrix (OO" = I3, detO = 1) and the rotation of w considered as a vector ifR®

is the vector Ow.

We will now be more specibc about the angle of the rotation 8D which is a source of controversy
in the litterature. If we consider the rotation angle) with the rotation axis u = (r,s,t) a unit vector
of R3, then the rotation is expressed by the4D-quaternion ¢ = cosO§1+ sinogl(ri + sj + tk). In
[Altmann, 1989], Altmann gives all credit for rotations in3D to Olinde Rodrigues who actually gave
the matrix version and a coordinate free formula [Rodrigued4840]. He goes as far as to suggest that
Hamilton did not understand properly his own invention of quéernions! His two arguments are that
1) since the rotation of quaternions is not of the formw () g$ w, "it is no longer possible to say
that the quaternion operates on a vector transforming it inb another vector" and 2) the angle in
the quaternionic formula is not the vector angle but half of it. Both arguments display a profound
misunderstanding of quaternionic computation and its geoetric interpretation in 3 and 4D. This
misguided point of view is quite popular in the Geometric Algbra community (the real CIi ord alge-
bras presented in Section 4.2.2) and forms the basic reason the debnition of general rotations in
Cli! ord algebrasO formulation. These two claims of Altmann put &vidence that he only considers
imaginary quaternions to represen8D-rotations. There is no mention in his work of quaternions el
for 4D-rotations and that 3D-rotations with quaternions are a consequence of thbD-case, the full
dimension of quaternions. As we explained, quaternions aas 4D-rotations so that the left multi-
plication corresponds to a left isoclinic rotation in4D... and not in 3D. Once again, this shows the

reluctance to consider a quaternion as a number that can be ftiplied. The result of the multiplica-

tion is a quaternion not limited to be a pure quaternion (assnilated to a 3D-vector). The quaternionic
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multiplication that represents 3D-rotations is the composition of two rotations, the left i®clinic with
o1 021 e o1, .01

g=cos 2 +sin % (ri + sj + tk) and a right isoclinic with ¢ * = g=cos % # sin % (ri + sj + tk).
The resulting geometrical €ect of these two rotations in3D is an invariant axis which is the rotation
axis and a plane with a total rotation angle ofg + § = ) according to the decomposition into isoclinic
rotations. Another important remark is that there is no trace of a multiplication and an algebraic
structure in the papers of Rodrigues. His results are absodly correct but do not reveal the compu-
tational role of multiplication blindingly present in HamiltonOs work. All of these discussions present
two radically distinct points of view. Researchers ignoringhe real part of 4D-quaternions tend to

force them to behave likeBD-vectors. Following Hamilton, we present a dierent point of view, based

onw () q$ w$ d !, wherew %l (H), q%H.

The example of3D-rotations and quaternions is highly instructive. We haveseen that it is a bifur-
cation point between dl erent conceptions. In Physics, with a vectorial approach, the is no multipli-
cation of 4D-vectors: scalars inR and vectors inl (H) are independent components d®* = R, RS.
In Cli! ord algebras the result of multiplication isnot a vector. The idea that underlies our work with
hypercomplex algebras is based on computational reasonslarentred on multiplication. We will see
in Chapter 8, that the quaternionic version of3D-rotations is intensively used in applicative belds for

their algorithmic and numerical advantages.

After matrices and Ci ord algebras, we will now have a look at tensors formulationshis is an
isolated aspect of our work for comparison of structure butevwill use it for practical applications in

continuum mechanics and quantum computing.
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4.4 A few words about tensors

Tensors are used in a large range of applications in Sciencéle will not discuss their role as
multilinear operators in data analysis or in di erential geometry since it bears no connection with the
goal of this thesis.

In our work, the role of a tensor formulation is reduced to behiat of a descriptive tool to classify
algebras, encountered for example with complex quaterniom$ 6 g C but with no computational
use. Indeed, concerning practical computations for the twmain applications that we will develop
in Chapters 7 and 8, we will see that either a tensor formulation does not bring anadditional
information, or its properties are actually not used in comptation. In particular, notice that the
notion of eigenvalue or eigenvector of a general tensor has ¢clear meaning. In the case of continuum
mechanics, the properties of the symmetric stress tensoreés Chapter?) in mechanicist parlance is
all due to the spectral theory of matrices.

For Quantum Computing, we will see that the description of quatim gates presented as tensor
products can be reduced in practice to matrix block productéKronecker product) and we will provide

another formulation with hypercomplex algebras.

Summing up this chapter, we have seen that there exist!d@rent formulations of the same mathe-
matical objects that represent historical and conceptualhoices originating in Physics, Geometry and
Computation. One key point for Computation is whether the multplication of vectors is explicitly
considered.

We have indicated that isomorphisms with matrices and Qliord algebras can only be used for

associative structures, a fact which is a strong limitation@mpared to the hypercomplex formulation.
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Concerning matrices, the isomorphisms witl2D algebras and quaternions are not unique and thus
ambiguous if the isomorphism used is not clearly specibed. @aex matrices are only able to repre-
sent right quaternionic multiplications as linear operates. The real form of left and right quaternionic
multiplication is related to the description of general roations in 4D. The notion of isomorphism is
relative: it is valid for formal description where the di erent formulations reveal di erent aspects. We
will see in the applications (Chapters/ and 8) that there is not only a fundamental conceptual dier-
ence between isomorphic structures but that it also impligsnportant consequences about algorithmic

and numerical aspects.
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Deuxieme partie

Nouveaux rZsultats et applications
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READING KEYS FOR THE SECOND PART

OCOest meme des hypotheses simples dont il faut le plus seripaece que ce sont celles qui ont le
plus de chances de passer inapereues.O

Henri PoincarZ (1892)

"It is the simple hypotheses of which one must be much wary, b&ase these are the ones that have
the most chances of passing unnoticed".
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Chapter 5

Hypercomplex roots of real polynomials

In this chapter, we will focus on the alternative solutions opolynomials with real coe" cients. In
particular, we will question the implicit assumption that sdutions should be limited to real or complex
numbers for practical computations. The result for complex umbers in the Fundamental Theorem
of Algebra (FTA) is reconsidered when we relax some propersief classical multiplication, like the
nonexistence of zerodivisors. We will mainly focus on the @enice of roots in the three algebras of
the plane,C , 2R and D, but this alternative view for roots of a polynomial with realcoe# cients can

be extended to other hypercomplex and Dickson algebras.

5.1 Quadratic polynomials and algebras in the plane R?
Let us consider the following quadratic equation
X2# 2aX + b=0, a,b%R.

The classic resolution introduces the discriminant and thebove equation can be rewritten as

(X # a)?=a’# b=1 %R.If! < 0, there are two complex conjugate solutions= a+ i #! and

*= a#i #! .If! > 0, thetworeal solutionsr; = a+ ! andr,= a# ! are known since Sumerian
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times, four millennia ago. The introduction of the bireal uni u naturally adds two bireal conjugate
solutionsa+x u | whichsatisfy((atu ! )#a)2= u?l =1 .If! =0, the double real solutiorr = ais
complemented by an inPnity of dual roots to yieldi+ Rn such that' # %R, ((a+ #n)# a)? = #2n? = 0.

We summarise in parallel these three cases and representdach case th&D-roots in the respective

algebrasC , °R and D as presented in [Chatelin et al., 2014, Latre et al., 2015].

Basis(1,i) Basis (1, u) Basis(1, n)
I <0 I >0 I =0
2 complex nonreal roots 2 real rootsri & r, 1 double real rootr = a,

rh+1ro r#r,
> + 5 u rootsr + Rn

The fact that an equation of degre€ may have four bireal solutions 2 real and 2 nonreal) or even
an inpnity of dual roots goes beyond what is true(roots only) under theimplicit assumption that
limits the set of possible solutions to bd&R or C. As bireal roots (resp. dual roots) lie in the ring?R
(resp.D) and not in the PeldC, such a limitation is not to be considered. When this is genalised to
a polynomial of degreen with real coe# cients, there can exist up ton? bireal roots and an inbnity of
dual roots, depending on the multiplicity of the real solutbns [Latre, 2013]. In the next section, we

will focus on the specibc properties of bireal roots.
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5.2 Bireal roots of polynomials with real coe cients

The results concerning the existence of bireal roots is a petilar case of the theory in [Segre, 1892]
for bicomplex numbers (see Multicomplex numbers in Sectidh2 of Chapter 3). Even if it is written
in the outdated vocabulary of its time, the paper resonates Wi modern algebra. It presents the
ring structure, the existence of the two ideals of zerodiwss (called "nullibci della prima e seconda
schiera”, 829 p. 458) and the complete theorem for bicomplesots of polynomials with bicomplex
coef cients (a31, p.462-463). This seminal article remains todaytranslated in English. As a result,
the solution for bicomplex polynomials has been periodidglrediscovered.

The development concerning the structure of roots (Figuresband 5.2) and multiple factorisations
of a polynomial with its bireal roots is original. The more gemal case concerning facorisation of
polynomials with bicomplex coé cients is also presented in [Latre, 2013] but the bicomplexse will

not be used for practical purposes in this thesis.

5.2.1 Roots description
L} n )
We consider the polynomialP = a X' of degreen > 2 with real coe# cientsa;, 0- i - n and
i=0
we consider the zero set d® as the set of bireal roots of.
As we will only use the result concerning bireal numbers, we Wwassume that all of then roots,
counted wiht multiplicity, are real (see [Latre, 2013] for tle general case with complex roots and
bicomplex polynomials). It is useful to keep in mind that noreal bireal roots exist | at least 2

distinct real roots exist to start with. In what follows, we assume that there g at least two distinct

real roots and we denote by the number of distinct real rootsrq,..,rq of P, 2- d- n.

Proposition 5.2.1. There are d® roots g« of P in 2R given by the coupling of real roots; and ry
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such that

ri+r ri#r 1+u 1#u .
Gk = ‘2k+ ’Zku:r,- AL =rje. +re,1l- k- n

Whenj = k, we simply get back thed real roots so that there ared?# d = d(d# 1) distinct nonreal
bireal roots. If all the roots are simple so thad = n, P hasn? distinct bireal roots, with 2- n - n?,
wheren is the number given by the classic FTA. We can represent thereal roots of P with the table

in Figure 5.1 as a root coupling.

P
" r r r
P .t k d
i
r - Ok
g

rp+rg

Tk 4 Ulky, d? roots of P

Figure 5.1 Bgx = rje, + rye =

If we introduce for the distinct real rootsr; the multiplicites m;, 1 - i - d, the bireal root gy
resulting from the coupling ofr; and ry is repeated with the multiplicity m; my in the zero set ofP

(Figure 5.2).

In Chapter 2 we have introduced the conjugation of bireal numbers: far= x + uy, z* = x# yu.

Notice that for each bireal rootgy , the bireal conjugateq*f( is also a root ofP and we haveq#k = 0 -

Let us take a simple example withP = (X # 1)(X # 2)(X # 5). Figure 5.3 gives the9 bireal (3
real and 6 nonreal) solutions ofP in 2R. Figure 5.4 displays the network of thes additionnal roots in

the bireal plane$(3+ u), 2(7+ 3u), 3+ 2u arising from the 3 real roots of (X # 1)(X # 2)(X # 5) = 0.
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3 A5 6 325 6

P .. .
P r{ |..| rx aaa rg |..|rq aaa ry
ri Ch1 Chd Ada Gug
. :
I Ok - Gk
mj : R :
I Ok - Gk
7 - ——
lq Ch1 g aaa Qyg
Mq : : Pt :
lg Cu1 Qud aaa Ouq

Figure 5.2 B Then? bireal roots counted with their multiplicity in the zero set d P

. P

P . 1 2 5
1 1 I@#u) 3#2u
2 13+ u) 2 (7 # 3u)
5 3+2u  1(7+3u) 5

Figure 5.3 B The nine roots oP = (X # 1)(X # 2)(X # 5) in °R

As (3+2u)(3# 2u) = 9 # 4u? = 5, we remark by direct calculation that (X # (3 + 2u))(X #
(3# 2u)) = X2# 6X +5 = (X # 1)(X # 5), which means thatP = (X # 1)(X # 2)(X # 5) =
(X # 2)(X # (3+2u))(X # (3# 2u)) so that factorisation of P over 2R is not unique We recall that,
becauseC is an algebraically closed Peld, any complex polynomial egg aunique factorisation over
C (up to order) by means ofn factors of degreel, distinct or not. The most compact representation

usesd distinct roots + %C with multiplicity m, and d factors of the form(z# +)™.
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Figure 5.4 D 3 real roots and6 nonreal roots (circles) in the bireal plane

5.2.2 Multiple distinct factorisations with bireal roots

We debne asystem of rootsfor the polynomial P to be a set ofn roots gx chosen in the zeroset

for P such that

8
P=a  (X#qu). (5.1)

i=1
If we denote+, .., +,, the n real roots of P without distinction of multiplicity ( ' s,1- s- n,+s’,1-

s - d, such that +s = rg ), we have the new result

Proposition 5.2.2. A system of roots forP is obtained by choosings andr; so that' s,t1- s,t- n,

eachrg is associated with one and only ong to produce ¢;.

This corresponds to a set oh bireal roots with exactly one root choosen in each line and cwhn

in Figure 5.2. As stated in Section 5.2.1, this result is pr@n in a more general case in [Latre, 2013].
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We denote byF the number ofdistinct factorisations forP (up to order). We have a second new

result that shows a key di erence betweerC and °R:

Proposition 5.2.3.  When the roots ofP are simple there areF = n! systems of roots which are all
distinct. The presence of multiple roots allows for the exénce of identical systems and in that case

F<nl

Going back to the above example, the polynomidX # 1)(X # 2)(X # 5) admits 3 simple real roots
thus n? = 9 bireal roots which aresimple ThereforeP admits 3! = 6 distinct factorisations over?R.
In addition to the two already given(X # 1)(X # 2)(X # 5) and (X # 2)(X # (3+2u))(X # (3# 2u))
that correspond respectively to the system of rootgl, 2, 5} and {2, 3# 2u, 3+2u}, there are 4 others
debned by the 4 systems of roots:

{1, 3(7+3u), 3(7#3u)},{3(3+u), 3(3#u),5},{3# 2u, 3(3+u), 3(7+3u)},{3+2u, 3(3#u), 3(7# 3u)}.

One is led to distinguish between two types of Omultipliciy for each distinct rooty, of P. First,
the multiplicity of repetition pyx = mym, ! 1, 1 - jk - d such that gx occurspy times in the
zeroset forP. Second, thealgebraic multiplicities,, jx relative to a given factorisation in whichgy can
appear. The nonuniqueness of factorisations of polynomiadser R entails that a bireal root has an
algebraic multiplicity relative to the factorisation at hand equal to, jx - min(m;, my). The multiple
root g for P Plls a block of sizen; $ m, in Figure 5.2. Multiplicity , jc in a factorisation for P cannot
exceedmin(m;, my), but depends on the chosen factorisation. In particular, itan be0. We sum up

this new result with:

Lemma 5.2.1. 0- ,jx - min(m;, my).
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For example with the polynomial(X # 1)(X # 2)(X # 5), all the roots (real and bireal) are distinct
and have the muliplicity of repetition 1, but the algebraic multiplicity relative to a factorisation can
be 0 or 1 depending on which factorisation is considered: for the bakroot gg; = 3+ 2uU, PUs; = 1
but ,s; = 0 in the system of roots{3# 2u, 3(3+ u), 3(7 +3u)} and ,s; = 1 in the factorisation

(X # 2)(X # (3+2U))(X # (3# 2u)).

The general description of distinct factorisations over bamplex numbers involves combinatorics
on multisets which is out of the scope of this thesis. A more sgbc development about this question

and the potential applications will be investigated in [Late, 2019].

5.3 Summary

We have presented in this chapter some elements concernirapts in the algebras of the plane,
but this question is of importance for other hypercomplex gkbras. The older example of quater-
nions H [Hamilton, 1844] already questions FTA. Every pure unit quatrnion q = Xi + yj + zk,
X2+ y2+ 7% =1= #0@?, is a solution ofX 2+ 1 = 0. The whole imaginary unit sphere is solution of this
equation. FTA is relative to the beldsR and C. Computation in any other algebraic context exposes
the ambiguity of the denomination FTA. We recall that quatemions are a Peld, thus the relative
nature of FTA is not necessarily linked to the existence of pedivisors. We can put in evidence the
existence of other roots of real polynomials in hypercomplalgebras. In this thesis we will only use
the results concerning algebras in the plane, but this chagt is an introductive invitation to consider
other roots than the results coming from FTA or beld extensits. For more about polynomial roots

of hypercomplex numbers see [Chatelin, 2018].
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The consequences of the existence of alternative roots in leypomplex algebras do run beyond mere
semantics. For example, a natural application of the abovégly concerns the characteristic polynomial
of symmetric matrices (Chapter6). The classical approach for spectral theory and quadratiofms can
thus be expanded from the real lindR to the bireal plane?R. We will see in Chapter7 and Chapter

8 that these alternative polynomial roots have physical intgretation.

Keep in Mind for Chapter 5
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Chapter 6

Spectral coupling for symmetric matrices
in the light of °R

This chapter is a brief introduction to spectral coupling a theory intended to model the notion of
coupling in Physics and Life Sciences, intimately connectedth nonlinearity. The process of pairing
two distinct real roots of polynomials in the hyperbolic numler plane provides a natural extension of
classical spectral theory. One considers vectors which deise an invariant plane rather than being
invariant in direction (i.e. eigenvectors) under the action of a real symmetric mat. This chapter re-
calls some aspects of the interplay between geometry, argfyand algebra taking place in the theory
of spectral coupling. The maximal coupling owes much to the m® elementary one taking place in

the numerical planeR? and the algebra of bireal numbergR (Chapter 5).

We mention that spectral coupling in the framework of positie depbnite hermitian matrices is pre-
sented in [Chatelin, 2012]. At the origin of this theory liestie pioneering work of Gustafson started in
1968 [Gustafson, 2012] for operator trigonometry and pemoations for contraction semigroup theory
(with application to real positive debnite matrices). The thery of spectral coupling is an original

extension developed in the Qualitative Computing Group resech program which includes this the-
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sis. The chapter focuses on the aspects of spectral theory whiwetray an implicit connection with

’R. They are our personal contribution. The Prst original resudt that relate geometry and analy-
sis of spectral coupling with bireal numbers can be found in §itre, 2013]. They are incorporated in
[Chatelin et al., 2014]. The more recent reference [Chatelin @dmiincon-Camacho, 2017] treats in full

generality the case of indebnite hermititian matrices.

6.1 About spectral coupling

6.1.1 Pairing distinct real eigenvalues

We consider the coupling of distinct real eigenvalues of aalesymmetric matrix, a transformation
calledspectral couplingLet A be a symmetric matrix of ordem ! 2 and{#}14i%n be then eigenvalues
of A which form the spectrumSp(A). We suppose that there exist at least two distinct eigenvaés in

Sp(A), #,# %Sp(A), # < # that are the real roots of the quadratic polynomial

(X ##H)(X##)= X?#2aX +b=(X#a)?’#e€ =0, =a’#b>0 (6.1)

where the real numbersa, e and b are dePned bya = % e= T = $L3 > gandb= ## =
a’ # €. The role of the bireal roots of real polynomials, introduced in Chapter5, is illustrated in
this chapter by means of the characteristic polynomial andhe eigenvalues oA. We will develop the

connection between the bireal roota+ ue of Equation 6.1 (2 = 1,u & * 1) and the theory of spectral

coupling. Observe thatb= ## = p(az* eu) %[# €, &.

Let g and g % R" be orthonormal eigenvectors associated respectively withand #. Any x =
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X210+ X2, (X1, X2) %R? in the subspaceM spanned byg and g is such that Ax = #x,q+ # X>q %M .
The subspaceM remains invariant underA, thus it is called invariant plane. It has 2 real dimensions
and the orthonormal projection ofA onto M debnes 2% 2 symmetric matrix Ay whose eigenvalues

# and # lie on R called the spectral line Because(#,#} = {at €}, Ay is similar to the symmetric

"ae%

matrix # 0. The algebra of bireal numbers appears to be a natural algelaramework for
e a
spectral cogipling. Equation 6.1 says that the problem is quaatic in essence. The matrixAy , similar

a eo

to 4 é is the isomorphic formulation of the bireal numbea+ ue (denotedM ;. (e In Chapter 4)
e a

and we will see in Section 6.2 how bireal numbers describe gpecconbgurations in spectral coupling.

Let us draw in R? the circle" centered atC = (a,0) with radius e > 0O: it passes through the
real eigenvalues#,0) and (#,0); it also passes through the two bireal ones+ eu. Hence it realises
a geometric link between the two interfering eigenvalue# and # and between the bireala + ey,
a link drawn in the plane R? called the spectral plane which is isomorphic to2R. Assuming that
ae& 0 (# & +#), we considerM a point lying on " and the corresponding triangleOMC. Two of
the side lengths are bxedOC = |a] and MC = e, while the third length OM varies with M (Figure
6.1(a)). We denote the three angles dDMC as follows:$ = ! (OC,OM), %= ! (MC,MO) and
& =1 (CO,CM) (Figure 6.2(a)). For future considerations, we also introdce for0O - & - (, the
half angle' = 2= ! (##,#M),0- ' - & (# = (#,0), # = (#,0)). Unless otherwise stated, we
shall assume thata & 0 (C & O), so that the triangle OMC is not degenerate intoOM . Notice that

## = p(az eu), the magnitude of the bireal eigenvaluea + eu, is the power of the pointO with

respect to the circle" .
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(a) Spectral plane (b) Invariant plane,||x|] =1

Figure 6.1 B Spectral coupling

The circle" is well-known in Continuum Mechanics as MohrOs circle. This cedlas been proposed
by C.O. Mohr in 1882 as a graphical tool to analyse the dynamicd the Cauchy stress tensor ir2
and 3D. We will see in Chapter7 how bireal numbers and spectral coupling can! er a novel insight

into Continuum Mechanics.

In this chapter we only consider a symmetric real matrix but e use of' that is proposed in the
general case of spectral coupling is valid whethér is real symmetric or complex hermitian, debnite
or not. The theory is fully original when A is hermitian and x is a complex vector in C" (complex
angles and toric structure see [Chatelin and Rincon-Camach®)17]. Notice also that in the general
symmetric case, the position of the circle with respect to therigin depends on the signs of and #'
on the real line. In this chapter, the elements of theory coeecning spectral coupling in Section 6.2 do

not depend on the sign of eigenvalues, which is not true for tttomplete theory.
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6.1.2 Pairing the spectral and invariant planes

We considerx = (cos))qg+ (sin ))g %M, with unit norm 7x7 =1, ) %[0, 2([. When) varies in
[0, 2([, the vector x describes the unit circle(C) %M centered atO and passing through the eigen-
vectors + ¢, + ¢, see Figures 6.1(b) and 6.2(b). We also consider the actiohtbhe matrix A on the

vector X, Ax = (cos))#q+ (sin ))#(.

(a) Spectral plane (b) Invariant plane

Figure 6.2 D ## > 0: triangles are congruent &= 2)

& 3&
121

When x is not an eigenvector Y %{0 (}) and a &0, the three vectorsax, Ax and Ax # ax
are linearly independent and they form a non degenerate trigle OM 'C", see Figure 6.2 (b). Ifa=0,
the triangle OM 'C" is degenerate C" = O). We are interested in the relations between the triangle
OMC in the spectral plane and the triangleOM 'C" in the invariant plane. We introduce therefore a

result proved in [Chatelin and Rincon-Camacho, 2017, lemmal2-
Lemma 6.1.1. 'x%(C) C'M = 7Ax # ax7=e.

Proof: C'M "= || cos) (## a)q+sin)(# # a)q]|| = €|]| # gcos) + g'sin)||]=e= CM .
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If we compare the triangleOMC parameterised by and the triangle OM 'C" parameterised by)

we obtain the following result [Chatelin and Rincon-Camacho,@7, corollary 2.3]:
Lemma 6.1.2. The equality' =) in ]0, [ yields the congruenc®MC = OM'C".

Proof: The triangles have two bxed side length®C = OC" = |aj andCM = C'M " = e. Each pair
of sides envelops the same anggeif ' =) in ]0,4[: &=2) = 2" %0, ([.
Therefore we denote the angles of the triangl®@M 'C" by $ = ! (x,Ax), %= ! (Ax,Ax # ax),

& =1 (#ax, Ax # ax) (Figure 6.2(b)).

When the triangle OMC in the spectral plane and the triangleOM 'C" in the invariant plane are
congruent a remarkable property is that the spectral information praessing in the spectral plane is
mirrored in the invariant plane. This connection between gevetric information in planes of distinct

nature (spectral vs. invariant) is a cornerstone of specttaoupling valid under the assumption& = 2).

The theory of spectral coupling investigates the key propertfor symmetric matrices of congruence
between the triangleOMC in the spectral plane and the triangleO'M ‘C" in the invariant plane. The
dynamics of eigenvector coupling is reRected in the spedt@ane without any loss of information.

In [Chatelin and Rincon-Camacho, 2017], the theory of spectraoupling describes the maximisa-
tion of the angles$ (when## > 0) and %(when## < 0) associated with the above triangles and the
related set of vectors associated to these optimal cases. RemarkalB,.x < % = %and Yax < % =%
respectively: the optimal triangleOMC is right-angled at the vertexM when## > 0 or at O when
## < 0. The results concerningd and %are linked with variational principles coming from EulerOs
equations. As shown in this paper as well as in [Gustafson, Z20Chatelin and Rincon-Camacho, 2015],
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spectral coupling has fruitful consequences in Physics, Nencal Analysis, Statistics and Economet-

rics.

6.2 Maximal spectral coupling

6.2.1 Triangle surface optimality and bireal eigenvalues

In this section, we focus on another aspect related to the aptality of the surface of the triangle

OMC in the spectral plane and its relation to the algebra of birdanumbers.

(@) ## >0 (b) ## < 0

Figure 6.3 B Maximum surface of the triangl©®MC in the spectral plane

Lemma 6.2.1. When M describes' and a & 0, the surface of the triangleOMC is maximum and

equal to$ = ijalei! &= &.

Proof: The surface ofOMC is $(& = %|alesin&- $ = |ale= [#?# #|.
The maximum $ is achieved forM at (a,€) so that OM = a2+ €2, see Figure 6.3 (a) and (b).

Moreover, the real (resp. unreal ) part ofa+ eu)? is equal toOM? = a2 + € (resp. 4$). The surface
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$(& of the triangle is a measure of what we call théntensity of coupling when a & 0. It varies
betweenO (eigenvalues) andbs. The symmetric of M with respect to the horizontal axisN (a,# €) is
the second possible case to achie$e If a= 0, OMC is degenerate thus$ (& =0 for all M on": this

is not an appropriate measure of coupling whea=0 # = ## = e It can be replaced by the altitude
PM = ¢|sin& - e. Notice that Lemma 6.2.1 found in [Chatelin and Rincon-Camadi) 2017, lemma
3.5] is valid for ## %R. This is not the case in general for the properties of spectrabupling as we
stated briel3y in Section 6.1.2. More precisely, with the angadl (rather than surface) point of view,
the optimal triangles are such thatOM? = a?# € = ## > 0 ($max) Or OM?2 = € # a2 = ### > 0
(%nax ). One recognizes the hyperbolic magnitudes af: eu. They replace the euclidean ongOM ||? =

a’? + & present in the surface point of view given above. This reveads implicit role of 2R in the
angular viewpoint. It appears that the geometric analysis o$pectral coupling betrays an interplay
between euclidean and hyperbolic geometries. This resormteith PoincarZOs opinion: "Une gZomZtrie
ne peut «tre plus vraie quOune autre; elle peut seulementeplus commode" in [PoincarZ, 1902, p.50].
Moreover, if we release the assumptio# < # to considere=0 . # = # = a, the third algebra D
enters the game, whenever multiple real eigenvalues exist®p(A). In case of the self-interference of
# with itself, the circular link " is replaced by the opened straight lingt + Rn. Going back to the
surface point of view, we relate the lemma 6.2.1 with bireal numers to produce the original result in

[Latre, 2013]:

Proposition 6.2.1. In the spectral plane, equipped with a bireal structure, theaximal surface of the
triangle OMC is reached for the pointaVl and N, that are the geometric representation of the bireal
conjugate rootsa+ eu and a# eu of Equation 6.1. These roots are the two nonreal bireal eigeatues

of A.
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It is quite remarkable that the geometric locus of optimaliy in terms of the surface ofOMC in
the spectral plane exactly matches the position of bireal ots in the bireal plane (Chapter5). This
conbguration represents thenaximal coupling in terms of surface of the triangles. Under spectra
coupling, the spectral plane is thus naturally equipped withan implicit 2D bireal structure which
complements thelD real structure associated with classical spectral analgsi

As |ale = L(#2# #°) = Z(# + #)(# # #), it is also quite natural to relate the magnitude of the

bireal numbers# + #'u and # + #u in 2R with the measure of the maximal surfacé.
Corollary 6.2.1. 4lale= #u(#+ #u) = pu(# + #u) and thus,8% = #u(# + #u) = u# + #u).

It is noticeable that the magnitudesu(# + #u) = # u(# + #u) = #4|ale = #8% may receive the
geometric interpretation in terms of the extremal ared = %|a|e % R of the triangle OMC as M

describes'.

6.2.2 Structural optimality in the invariant plane: midvecto rs

We debne the set of foumidvectors

The optimal conbguration in the spectral plane is associatéd &= 2" = %. Due to the connection
between the trianglesOMC and OM "C" with the angles' and), in the case of the maximal surface we
have' =) = %. As a consequence of lemma 3.6 and theorem 3.7 in [Chatelin @itdicon-Camacho, 2017],

whena &0, the 4 trianglesOM 'C", v = OC" %V, have the maximal surfacel|ale.
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! $

c 11y "
Taking P = [v.,vi ] = & % with v. = &(q+ q) (see Figure 6.4),

1 #1
! $ ! $ ! $
" a eog 1" HAH HHHY " # 009 _
we haveMayye = 4 ﬁz S ﬁz PT# gP, with PTP = I,. The

e a HH#HH# #+# 0 #
orthonormal basis(v., Vv, ) of midvectors relates the matrixA to the matrix M,. 4 associated to the

bireal algebra.

Figure 6.4 B Midvectors/, andv, in M

The vectors associated to the optimal conbguration for the iangle surface are the midvectors.
The midvectors are the bissectors of the original eigenvecsay and g and they do not depend of the
values of# and # and of the parametersa and e. Midvectors are common to all matrices with a bxed

eigenbasis and a varying spectrum. To sum up, i the cqupling betweerv and # is maximum and

1, #+# #H#Yy

structural when Ay, is represented byé# é which displays the linear combinations
HHH H+H

# + # and # # #. And the eigenbasis is rotated by the anglé independently of the spectrum.

Remark 6.2.1. The generic concept of a midvector is absent from Gustafsornfsory which focuses
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on$ when## > 0. The notion only appears in a statistical setting under the gse of an OirecientO

vector, see [Chatelin and Rincon-Camacho, 2017, Section 5gdustafson, 2012, p. 190]

6.2.3 Spectral coupling and vector product, n=3and n=7

We can make a connection between the theory of spectral comgl and vector product that we
introduced in Chapter 3. We recall that the vector product in dimension3 and 7 is related respectively
to the imaginary part of the quaternions and the octonions.n dimension3 and 7, the vector product
maintains at the same time the geometric and computationalspects discussed in Chapte3, Sectionb.

Let us consider inR3 the vector product of x = (cos),sin),0)" and % = (# cos),sin),0)":
x | % =(0,0,2sin) cos) = sin2))'. The surface of the triangleOMC is $(x) = %|a|esin& The
quantity 2$(x) measures the vector producK = ax / (Ax# ax)= ax / Ax = Ax /| (Ax# ax) =
aex / % which lives inM (. The vectorK is the vector product of any two adjacent sides i©OM C"; it
represents the action of the couplingutside the invariant plane. Its direction is bxed inM ¢ ; if n = 3,
it is but the third eigendirection. This notion is also valid n dimensionn = 7, but the direction in
M ( is in a subspace of dimensiofi# 2 =5 instead of3# 2 = 1 in the 3D-case.

The norm 7K7 = |alesin& = 2$(x) is twice the intensity of coupling. It represents thenf3uence of
x outside its plane of evolution inR3 or R’. In other words, the vertices ofOM 'C" are submitted to an
equal torque as the triangle rotates abouO. The torque is nonzero wherOM 'C" is non degenerate
(x %{+ q,+q} and ae&0).

The midvectors have the largest inBuencia|e and bireal eigenvalues associated with the maximal

surface represent the maximum possible coupling betweeretheal eigenvalues oA.
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6.3 Conclusion

The spectral theory and the optimality of quadratic forms aremost often treated only in real or
complex analysis. The above presentation shows the contrilorh of a bireal analysis. This should be
considered as an invitation to enlarge the algebraic pos8ities o! ered by Computation. Real numbers
and complex numbers have become such a natural and impliclhaice of frameworks that they may
overshadow the potential of other algebras that could be eglly useful in Scientibc Computing. The
case of polynomials with real caecients is a good example which demonstrates the power of alggb
diversity. It is often forgotten that the context of interpretation is relative to the chosen space of
solutions (complex numbers, quaternions, bireal numbersrmng many others..). We will present in
the next chapter, a fully original application of this work. It concerns Continuum mechanics and

relates" to MohrQOs circle. It also illustrates the geometric aspect sfectral coupling.

Keep in Mind for Chapter 6
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Chapter 7

Applications of bireal numbers and spectral
coupling

In this chapter we connect throughmultiplication theories spread along centuries starting from
antiquity to present. The results presented in this chapter i@ fully original and have been presented
in major international academic [Latre et al., 2017, Latre2017b] and industrial [Latre et al., 2016,
Latre, 2017a] conferences. The novel applications of bireaimbers and spectral coupling that we
develop in what follows concern structural mechanics, cherrg and in a more general scope, the

physical models associated to the harmonic oscillator andgaiadratic potential energy.

7.1 Application to Continuum Mechanics

7.1.1 Cauchy stress tensor

In order to assess the stress of a mechanical element from therspective of linear elasticity,
a common tool used by engineers in continuum mechanics is tBe-called Cauchy stress tensor
[Truesdell, 1966], for3D and 2D stresses. We present th@D-Cauchy stress tensor in mechanicists

parlance. The3D-Cauchy tensor is a symmetric tensor of orde? often denoted; which therefore is iso-
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morphic, in a given orthonormal basis oR3, to the 3$ 3 real symmetric matrix F = "o Uy |y

Xz yz | -z
which we call thestress matrix

A quadratic form Q is associated to the Cauchy stress tensor, that is given theatesymmetric
matrix F and for a vectorX = (X,Y,z), we haveQ(X) = XTFX = 4X,FX 5which is an invariant

scalar for the tensor [Pernes, 2003, p.64]. For the foIIowinéyve suppose thatF has 3 distinct real

e

eigenvalues. For future reference to th2D-case, we seF; = i .
n '
Xy Yy

! $

RS

The tensor; relates a normal unit3D-vector n to a 2D-stress vectorT = # 0in the cutting

plane associated ton (Figure 7.1 (a)).

(a) (b)

Figure 7.1 B Cutting plane relative ton

The two real componentd and" of the stress vectorT are respectively callechormal stress and
shear stress. As shown in Figure 7.1 (b), we havjT||? = ||[Fn||? = ! 2+ "2, Given F and n, the

normal and shear components can be computed thanks to theléwing formulas:
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I = nTFn = Q(n) %R,

"= nTFTFn#!2%R.

These formulas are expressed in mechanics with= n8 ; , Wwhere8 denotes the tensor contraction,

such that

!:n8§ 8 nand" = ||§8n||2#!2.

Notice that the shear stress' is derived as a consequence of the normal strédssvith pythagorean
computation. We give both expressions coming either fromnsors or from matrices. Some confusion
may arise in the literature when authors do not make the distiction between the tensor; and its
matrix formulation F, the stress matrix that is used in the sequel.

For the 2D-case, the action of the tensor in thex # y plane is represented thanks to its matrix
formulation by the 2$ 2 matrix F;. The following section will present the graphical technique duto

Mohr that is used in continuum mechanics to determine the noral stress! and the shear stress.

7.1.2 MohrOs circle (2D) and the tricircle ( 3D)

C.O. Mohr proposed in 1882 a geometric technique as a graphitabl to analyse the stress ex-
trema [Timoshenko, 1983]. The so-calledlohrOs circldimits in the plane of constraints! (horizontal
axis) and" (vertical axis) the set of admissible stress states inducdyy the 2D-Cauchy stress tensor
[Brannon, 2003]. A derivation from the equilibrium of force gives the parametrical equations that
correspond for a2D-Cauchy stress to the MohrOs circle (see Figure 7.2). It irtects the! -axis at the
two eigenvalues# < # of F;1. Thus it plays the role of" in Chapter 6 for spectral coupling. Moreover

the associated eigenvectors and values fg are the principal axes and stresses of the tensor.
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Figure 7.2 ® MohrOs circle in the plahe# " of constraints

In 3D, F enjoys 3 eigenvalues (supposed to be distinct). Their pairings creaB circles, the form
which involves the corresponding circles is known in mechanics as #icircle. It is based on the
determination of the principal axes and the principal streses of the tensor, which are in matrix
language the eigenvectors and eigenvalues of the relatedess matrix F. The notion of eigenvector
and eigenvalue of a tensor, which is a multilinear operatoras no cristal clear meaning. As mentionned
in Chapter 4 about tensor formulations, the critical information of cotinuum mechanics that we use

is contained in spectral form into its matrix formulation F and is not related to any specibc praperty

7 10 O,
of the tensor; . A numerical example of the MohrOs tricircle for the matri€ = | 10 4 2 is
0O 2 1
! $
! $
n 157284 %
" f 156119 %
given in Figure 7.3. The eigenvalues &f are# =« 12716 % those ofF; are 4 é
# é #4.6119
#5.0000

Notice that the eigenvalues of the stress matrices need noé Ipositive. Negative eigenvalues are

interpreted by mechanicists as compression movement.
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The numerical simulation for the 3D-stressF represents, for a set of randomly generated normal
vectors n;, the associated normal and shear stresses relative to tharesponding cutting plane. De-
pending on the number of normal vectors, the whole theoreticarea debned by MohrOs tricircle can

be Plled by the simulation (see Figure 7.3).

(a) 1000normal vectors (b) 10000normal vectors

Figure 7.3 B Numerical example of MohrOs tricircle fer

Figure 7.3 conPrms the remarkable and well-known property tife MohrOs circle i2D and 3D that
the intersections of the circles with the horizontal axis ar¢he real eigenvalues of the stress matrices
F. (2D) and F (3D). The extrema of the normal stress are given by the spectral information of the
matrix. The extrema for the shear stres$ remain classicallyuninterpreted algebraically The results
in Chapter 5 and 6 suggest that they are the bireal eigenvalues &%, and F. They are represented for
F in Figure 7.3(b) with triangle tops for local extrema and the déwer point of the square for global

maximum (apex of the largest circle which connects the extreareigenvalues).
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7.1.3 A global bireal spectral interpretation of the stress ex trema ! and "

We have observed that the position of the shear stress extraniFigure 7.3) in the plane of con-
straints is the same as that of the bireal eigenvalues &f in the bireal plane (Chapter6). In other

words, we have the new result

Proposition 7.1.1. Maximal shear stresses are obtained from the coupling ofrertal normal stresses,

that are the two extreme eigenvalugh,, and #,,.x of the 3$ 3 stress matrix F.

Eigenvectors for real eigenvalues correspond to the diremtis for extremal normal stress. Using
the correspondence presented in Chapté between the spectral plane (the bireal eigenvalues) and

the invariant plane (associated eigenvectors), we have:
Proposition 7.1.2. The midvectors are the directions of shear stress extrema.

It is quite remarkable that bireal eigenvalues and their asgiated eigenvectors and midvectors
present a physical meaning in continuum mechanics. We camsmarise the aspect of spectral coupling

in continuum mechanics:

Theorem 7.1.1. The extrema of the stress matrid¥ (! min,! max, ‘min» max) are the4 bireal roots of
(X # #min )(X # #max) that correspond to the spectral coupling of the minimum andaximum real
roots of the characteristic polymomial of. Eigenvectors associated to these bireal eigvenvalues and

midvectors correspond respectively to the direction of eamal normal and shear stresses.

The added-value consists in expressing in a unibed way, in thieeal plane, the stress extrema (both
normal and shear stresses). They are the solutions (real anildal) of the characteristic polynomial for

the symmetric stress matrix coming from structural mechaws. The geometry of bireal roots (Figure
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7.4) is that associated with the extreme spectral coupling ¢eal to zero for real roots or maximal for
nonreal ones), that was treated in Chapteb, the bireal roots of the real quadratic form associated to
the symmetric matrix F . Quadratic forms as well as spectral theory have thus equipgd the constraints

plane ( # ") with the bireal algebraic structure.

Figure 7.4 B Characteristic geometric conbguration for bakroots and spectral coupling

7.1.4 MohrOs tricircle and ArchimedesO® arbelos

Figure 7.5 B Arbelos (picture by Thomas Schoch)

The geometric object described by MohrOs tricircle has beerowm in mathematics since the time

of Archimedes (ca. 287- 212 BC) as aarbelos[Boas, 2006, Section 7]. The name is that of the ancient
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tool used by cobblers (leather-cutters) since Antiquity (8e Figure 7.5). A detailed study of the arbelos

can be found in [Gorin, 2006] and in [Boas, 2006] wit historical references.

From 3 seemingly independent topics, bireal numbers in algebrgectral coupling in geometry and
analysis and stress extrema in continuum mechanics, we hasieown in this section a tight relation
between them in a synthetic way.

We will see in the next section that the role of bireal numbersispectral coupling is not limited
to application in continuum mechanics. We will take a specibexample on molecular simulation that

can be extended to a large class of problems depending on tterhonic oscillator.

Keep in Mind for Chapter 7
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7.2 Molecular simulation and harmonic oscillator model

7.2.1 Harmonic oscillator model

A harmonic oscillator is a system, when displaced from its etjbrium position, experiences a
restoring force proportional to the displacement (Hooke@®sv). In the case where there is no damping,
a harmonic oscillator has a simple harmonic motion. Simplearmonic motion is typibPed by the motion
of a mass on a spring when it is subject to the linear elastic tesing force given by HookeOs law. One
of the key features of the harmonic ocillator is that the potetial energy is aquadratic form

The harmonic oscillator model is very important in Physics, beause any mass subjected to a force
in stable equilibrium acts as a harmonic oscillator for smhavibrations. Harmonic oscillators occur
widely in Nature and are exploited in many applications suchsamasses connected to springs (see
Figure 7.6) and acoustical systems. In particular, we poirdut the Pelds of modal and seismic analysis

and the case of molecular vibration presented in Section 722

(a) Symmetric motion (b) Asymmetric motion

Figure 7.6 B Example of motions of a harmonic oscillator witB masses and® springs

When a system is composed of elements, the equation of motion that concerns our following

2

. d<X . . .
examples is of the formF = AX, whereX = (x;), 1- 1 - nis the real vector of displacement
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variables andA is a realsymmetric matrix of size n. The components ofA are real constants that
depend on the parameters of the system (mass,!stiess of springs).

A normal mode of an oscillating system is a pattern of motion in which all pas of the system
move sinusoidally with the same frequency and with a Pxed phassation. The motion described by
the normal modes takes place at the bxed frequencies. Thesedkequencies of the normal modes
of a system are known as itsesonant frequenciesA physical object, such as a building, bridge, or
molecule, has a set of normal modes and their resonant freques that depend on its structure,
materials and boundary conditions.

In mathematical terms, normal modes are obtained from the sgtral analysis of the matrixA, with
the di! erent eigenvalues relative to resonant frequencies and @gated eigenvectors that correspond
to normal modes (= eigenmodes). The general solution of the gm is a superposition (= linear
combination) of its normal modes (eigenvectors). In the genal case that we will not present here,

the solution is related to the generalised eigenvalue praoh [Chatelin, 2012].

7.2.2 Molecular vibration: coupled oscillations in the plane

The point of this thesis is not to focus on Chemistry but rather o the mathematical aspects that
undelie the behaviour of atoms and molecules. The brief elemte of chemical theory presented in this
section and in Section 7.2.3 are discussed in [Wilson et &@l980, Cotton, 2003] which are the main
references in this topic.

A molecular vibration occurs when atoms in a molecule are in pedic motion while the molecule
as a whole has constant translational and rotational motionThe frequency of the periodic motion is

known as a vibration frequency. As a simple but widely used apgximation, the motion in a normal
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vibration can be described as a harmonic oscillator. In gera¢, a molecule withn atoms has3n # 6
normal modes of vibration.

Internal coordinates (related to what is called in Chemistry he Eckart conditions) describe the dif-
ferent movements of the molecule (changes in position, aegnd length of bonds) [Wilson et al., 1980].
In order to illustrate the link between molecular vibrationand spectral coupling, we will take the ex-
ample of carbon dioxideCO,, with two double covalent bonds between the atoms of carbon dn
oxygenO = C = O. We are interested in thestretching that is, in molecular vibration, a change in

the length of a bond of the molecule.

Figure 7.7 B Carbon dioxide molecule with one carbon atom (blgcand two oxygen atoms (red)

The carbon dioxide molecule (Figure 7.7) is represented by gstem of coupled oscillators in the
plane that correspond to the system in Figure 7.6 witim the mass of an oxygen atom ani¥l the mass
of the carbon atom. The model for the two C-O bonds i8 identical springs whose stiness constant

k is set according to the chemical properties of the bond. ! $

W X1
As there are two coupled oscillations, the displacement wec X has two componentX = 4 ﬁ

X
(o
d2X i a b,
This system of coupled oscillations corresponds to the mom'od? = AX whereA = » anda
b a

and b are real constants depending of the masses of the atoms and 8iil nessk. Applying NewtonOs

law on the axis of the molecule, one Pnds after computationkat a = # (1 + %)% andb=# %
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The point is not to focus on the solution of this problem but on e structure of its solution. With
the classic assumption that the solutiorX is of the form X = X (t) = X,€'!, the equation of motion

is reduced to(A + . 21)X =0 and we have to bnd the e(igenvaluqs and eigenvectorsAof

1 1
The diagonalisation ofA is obtained thanks toH = i »,H?=21,H"! = 1H such that
1 #1
( +
.20
WYIEES RS
0 .32

The two resulting normal modes aregu(t) = Cicos( 1t + /1) p(t) = Cycos( ot + /) where
C1,Cy, /1 1,1 5 are real constants. The general solution in the original basis a superposition (=linear
combinaéion)pf the 2 Qgigen)modesxl(t) = qu(t) + g(t) and x,(t) = qu(t) # p(t) via H, X =

Y L Aty
H 4 éz# é

G Gh# G

The coupling of oscillators is represented by the charactstic form of the matrix H (Hadamard
matrix, see Chapter4) associated to the idempotent basis of bireal numbeld = 2[e;, e ] that we

used for spectral coupling in Chapte6. We focus here on the mode coupling and we have the following

result:

Proposition 7.2.1. The general solution for coupled oscillations in the plane given by the super-

position of modes that correspond to midvectors of the symime matrix A associated to the system.

For the CO, molecule, theC = O stretches are not independent. There is a® = C = O
symmetric stretch that corresponds tox;, the sum of the two carbon-oxygen stretching coordinates
(the two carbon-oxygen bond lengths change by the same valaed the carbon atom is stationary),
and anO = C = O asymmetric stretch that corresponds tx,, the di! erence of the two carbon-oxygen
stretching coordinates, one carbon-oxygen bond length me@ases while the other decreases.
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It is important to notice that the resolution is structural and that the matrix H does not depend
on the 2 parametersa, b of the system. The same eigenvectors are used for varying eigdues and
the diagonalisation is obtained as as consequence of thel anmetric structure of A of order 2 (see
Chapter 6, Section 6.2.2. This model is not limited toCO, but to all molecules represented by the
harmonic oscillator. In case of more complex molecules, ethdisplacements than streches have to be
considered (for example spatial rotations with quaternionssee chapter8) and this general analysis
relies on molecular symmetry that we will brie3y introduce irthe next section.

The model of coupled harmonic oscillators can be extended nocoupled oscillators in a linear or
closed chain. The matrixA, obtained through the equations of motion due to a quadratipotential
energy, is still real symmetric. We will not insist on this gearalisation and rather focus in the next

section on molecular symmetry and quantum mechanics.

7.2.3 Molecular symmetry and quantum mechanics

Molecular symmetry is used to study the symmetry in moleculeend the classibcation of molecules
according to their characteristics. Molecular symmetry is fundamental concept in Chemistry, because
it can be used to predict or explain many chemical propertiesf a molecule (e.g. dipole moment,
spectroscopic transitions). Depending on their symmetrynolecules will have di erent vibration states.
The general theory of molecular symmetry requires a lot of gup theory which can be found in
[Cotton, 2003].

A molecular vibration is excited when the molecule absorbs aigntum of energyE, corresponding
to the vibrationOs frequency, askE = h, ( his PlanckOs constant). A fundamental vibration is excited

when one such quantum of energy is absorbed by the molecule t® ground state (the less excited
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state). When two quanta are absorbed the Prst overtone is atexl, and so on to higher overtones.
The model of the harmonic oscillator is still valid and leadsd the resolution of the eigenvalues of the

Hamiltonian H in the stationnary (time-independent) Schridinger equatin

H%= E%,

where the eigenvalue& are energy levels associated to eigenstat#scalled Molecular Orbitals
(MO). MO describe the wave-like behaviour of an electron in a nhecule. A standard approximation
is that MO are linear combinations ofAtomic Orbital (AO) , the functions that describe the behaviour
of an electron in the dl erent atoms of the molecule. MO are a key model of wave-partieuduality of
a molecule.

One of the main objective in molecular symmetry is to determe the symmetry group of the
molecule in order to reduce to factored form the charactetis polynomial (called secular equation
in Chemistry) and be able to get the dierent energy levels of the molecule. The energy levels are
represented in alD-diagram classifying the energy levels in increasing ordghe real line of eigenvalues
of the Hamiltonian). The most stable state of the molecule, # ground state, corresponds to the lowest
energy level. The more excited states that correspond to highenergy levels are represented in the

increasing order of the eigenvalues.

7.2.3.1 Natural coupling examples with hydrocarbons

Hydrocarbons are molecules only composed of hydrogen andbcan atoms that are fundamental
in all the derivatives of obtained from pretroleum.

Ethylene , C,H4, is a such hydrocarbon which is widely used in chemical indugtrFor hydrocar-
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bons, a standard model is the HYckel method which supposestth@lecular orbital % are obtained as
linear combinations of the atomic orbitals& that constitute the molecule. This leads to a simplibcation

of the Hamiltonian H = (Hj;) in the following way

<
= $,ifi=|
>
Hij = _ o, if the atom i is adjacent toj -
? Oelse

where$ and %are constants and respectively correspond to the energy af electron in a specibc
atomic orbital and to the interaction energy between two atmic orbitals (the specibc AO is2p, see

[Cotton, 2003]). ( +

i$%

The Hamiltonian of the ethylene obtained from the HYckle methd isH = ., that we now

% $
use to relate to spectral coupling.

The two energy levels aree = $ + %and the associated MO aréo, = &%(&1 + &;) where&; and

&, are the AO of the ethylene. This corresponds to the spectral gpling of orbitals and we have

Proposition 7.2.2.  Under HYckel method, the energy levels of the ethylene cgpaad to the spectral

coupling of atomic orbitals.

As the Hamiltonian is symmetric under HYckel assumptions sptral coupling is not limited to
ethylene, but can be applied to other hydrocarbons such asrnmene that we describe in more details
introducing an important phenomenon in Chemistry.

Benzene,CgHg, has a very specibc structure composed of six carbon atomsé@al in a ring with
one hydrogen atom attached to each with alternating simple ahdouble bounds between the carbon
atoms. In the standard chemical representaion of hydrocashs, hydrogen atoms are omitted and
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carbon atoms are the edges of segments that represent bontifife for simple bonds and for double

bonds) see Figure 7.8.

Figure 7.8 B Benzene molecule

The structure of benzene has been given by KekulZ in 1865 aftetslof attempts by other chemists.
However, the structure of benzene proposed by KekulZ stillasented a problem: the observed energy
of the benzene does not correspond to the description givey ks structure. The phenomem of
resonanceor delocalisationhas been discovered in 1899 by Thiele as an attempt to explaimet stability
of benzene. Resonance corresponds to the interaction betwdwo energy states initially close that
are split in two equivalent equilibrium states3(% + %). The symmetric combination (%, + %)
gives the ground state while the antisymmetric combinatior%(%l # %) gives the brst excited state
as shown in Figure 7.9. The exceptional stability of benzene themical reactions is not explained
by its structure but by the phenomenon of resonance which is auapling of equivalent equilibrium
energy states. The mathematical formulation of resonance pars to behave according to the theory
of spectral coupling. More work has to be done to conbrm the krbetween spectral coupling and

resonance.
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Figure 7.9 B Resonance in the energy levels of benzene

Keep in Mind for Chapter 7

7.3 Conclusion and perspectives

We have seen in this chapter several novel applications ofegpral coupling and potential future
research directions. The extrema of the Cauchy stress tensardontinuum mechanics provide a phys-
ical meaning to bireal roots. The role of midvectors is alsowdied in the case of coupled harmonic
oscillators that have a great variety of applications.

Molecular vibration is closely linked to quantum mechanicsral is a synthesis of mechanical and
energetic coupling. We will see in the next chapter that spe coupling of energy levels may have
connections to superposition in quantum mechanics, hendemay not be a surprise to bnd a link
between bireal numbers and Quantum applications. Spectrabupling in the bireal plane is not a

method associated to a specibc beld of application but seambe a general computational mechanism
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and could implictly be present in several other domains of Bnce and Engineering.

7.4 Bibliographical notes

One more example of the diculty of transdisciplinarity. The remarkable connection baveen
MohrOs tricircle {9" century) and the arbelos 8¢ century B.C.) is largely ignored in Continuous Me-
chanics despite [Bisegna and Podio-guidugli, 1995]. And imains a piece of lore for the few mathe-
maticians who know about its historical existence (through pollonius of Perga, Pappus of Alexandria
and Pythagorean triangles). H. Boas in 2006 seems to have beke brst mathematician aware of the

role played by the arbelos in Continuous Mechanics [Boas, 20@gection 7, pp. 246-247].

Keep in Mind for Chapter 7
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Chapter 8

On current and potential uses of
hypercomplex numbers in Computational
Science, Engineering, Physics and Chemistry

In this chapter, we present the main areas in Science and Engering for which certain hypercom-
plex number structures are currently used or show strong pmase. Among all the algebras that we
debned in the prst part of the thesis, the aim is to pinpoint wieh ones (beyond linear algebra oveR
or C) are of interest to compute, for already existing or potendl applications, be it from a practical

or theoretical point of view.

8.1 Hypercomplex numbers and Numerical Analysis

In this section, we present some aspects of hypercomplex rens related to numerical analysis
and Pnite precision computations. Quaternions are a fundantal example and maybe the best known
algebra among the possible algebraic structures beyoRdor C. The two other examples concerning

dual numbers and bireal numbers are more unconventional.

147



8.1.1 Quaternions for 3D-rotations

Spatial rotations are a key notion for many mechanical systes. Spatial mechanics during the
second half of the20" century put in evidence the advantages of quaternions commeal to other
representations. Quaternions are a solution to a historit@&ssue related to rotations associated with
Euler angles called gimbal lock, that corresponds to singulaonbgurations and the loss of a degree
of freedom in the system. Gimbal lock is a dangerous conbgtima for aircrafts (that occured for
example during the Apollo 11 mission), or for robotic system(called "wrist 3ip") where it leads to

uncontrolled movements and velocities.

In Chapter 4, we have presented the theoretical equivalence between tlsemorphic formulations
of 3$ 3 unitary matrices and unit quaternions to represent rotatims. However, this does not imply
an equivalent numerical behaviour and computational cost.

1) First, only 4 parameters are necessary for quaternions instead ®for matrices which means
that less memory cost for computations is required.

2) In the di! erent cases of application, the point is not to perform a sihgrotation but a sequence
of successive rotations that represent the evolution of sj positions in a given time frame. Then,
if we compare the number of operations for composing two sessive rotations we observe that the
product of two rotation matrices requires27 multiplications and 18 additions whereas the product
of two quaternions requires 16 multiplications and 12 addins, outperforming matrix multiplication
[Howell and Lafon, 1975, Eberly, 2002].

3)The last point concerns numerical stability. In theory, a squence of rotations should be a rotation

due to the group structure but because of Pnite precision, vadserve a loss of orthogonality for ma-
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trices and of the unit norm of quaternions. The renormalisatin of a quaternion to adjust for 3oating
point errors (vector norm) is cheaper than the renorthogon@ation of a rotation matrix. Quaternions

have a better numerical stability than rotations matrices elative to successive multiplications.

Left dormant for almost a century after their invention by Hamilton because of the rise of vector
calculus, quaternions reappeared as main tools to computer fengineers in spatial mechanics and
they are now a cornerstone of numerical models for a wide rangeapplications in industrial and
commercial softwares. Beyond their role in Physics, quataoms are widely used in applicative pelds
such as Chemistry (molecular simulation), robotics and conoper graphics see Section 8.2. For a large
number of references (more thad000!) concerning the role of quaternions in mathematical physs

and applications , see [Gsponer and Hurni, 2005a, Gsponedafurni, 2005b].

8.1.2 Bireal numbers
8.1.2.1 Idempotent basis and numerical behaviour

Bireal numbers have several algorithmic and numerical atictive features that rely on the idem-
potent basis. We recall (see Chapter2 and 4) that in ?R, a numberz = x + uy has an idempotent
representation

z= Xe; +Yeq

whereX = x+vy,Y = x# yand{e,,e } is the orthonormal idempotent basis given by

1
= Z(1+ u).
e 2( u)
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Thus, we have the following properties which are interesting fparallel computing. Letz = X'+ y'u =

X'e;,Y'e ), then

2z (x+ yu)(x' + y'u)

(Xe; +Ye)X'e +Y'e)

XX e, + YY'q
that is a natural parallelism. The fact that thanks to the idenpotent basis, additions and multi-

plications are performed componentwise (see Chaptéyis for example used in signal processing, see

Section 8.2.2.

Moreover, there is another point that is not presented in thexasting litterature of hypercomplex
algebras to the best of our knowlegde. The idempotent represaton is found to be helpful for
avoiding numerical instability. As an example, we can compe the magnitude p(z) previously debned
in Chapter 2 as:

u(z) = x2# y? %R.

On the other hand, if we use the basi§e, , e }, the magnitude is equal to

u(z) = XY.

Catastrophic cancellationoccurs when operands are subject to rounding errors and thengouta-
tion of x2# y? is an archetypal example of this phenomenon [Goldberg, 1991t is more accurate to
evaluate it asXY = (x+ y)(x# y). This improved form still has a subtraction, but it is a more baign

cancellation of quantities, less catastrophic. Notice thahe use of the idempotent basis is not just a
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rewriting trick but a natural way to transform subtractive operations thanks to bireal multiplication,

in order to reduce castrophic cancellation issues.

8.1.2.2 Quadratic iterations in the bireal plane

A compelling example about the dierences between the behaviour of complex numbers and bireal
numbers is the quadratic iterationz () z?+ c and its dynamics in the plane. Wherz % C: complex
dynamics leads to the well-known Mandelbrot set, when% R: bireal dynamics leads to a square! This
surprising result is proven in [Metzler, 1994]. The two sets atbased orj# 2, %1] horizontally, see Figure
8.1. The case of bireal numbers is presented in [Paviov et #2009a] and the generalisation of quadratic

iterations to the quadratic algebras of the plane has beendependently done in [Chatelin et al., 2014].

(@) c,z%C (b) ¢, z% °R

Figure 8.1 B Quadratic iterationz () z2+ ¢

8.1.2.3 Numerical computation of magnitudes for quadratic iteration

We can make a link between the computation of bireal magnitweland quadratic iterations in the
plane. In [Pavlov et al., 2009b], the analytic solution for dlia set on bireal numbers is presented in

the case of the quadratic mayz,.; = z, + ¢, at c= 0. In the complex case, Julia set corresponds to
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points for which the sequence is bounded and in the case= O is a circle. In the bireal plane, the

analogous case corresponds to the region inside the hypdasaas presented in Figure 8.2:

Figure 8.2 B Analytic solution for the bireal Julia set withc = 0 [Pavlov et al., 2009b]

In [Pavlov et al., 2009b], the authors point out the problem @ compute the correct shape with
algorithms. We represent below, for each point of the bireallgne in [# 2, 2], the computation of the
bireal magnitude usingu(z) = x?# y? in the left column in Figure 8.3(a),(c),(e) andu(z) = XY in
the right column of Figure 8.3(b),(d),(f). For a given maxinum number of iterations (» = 100 for
(a),(b), 300for (c),(d) and 800for (e) and (f)), the colormap at each line of Figure 8.3 repsents the
number of iterations necessary to reach an absolute valuetbé magnitude greater than the threshold.
As the points oustside of the pblled Julia set have unboundetkrations, we make the arbitrary choice
of 500 for the threshold. Dil erent values of the threshold do not change the shape of themarical

simulations, only the number of iterations required to gethie same behaviour.

We observe a signibcant tlierence between the two computations of the bireal magnitud@he
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computed results in the left column that correspond tq(z) = x2# y? are already far from the theoret-
ical solution (Figure 8.2). The correct shape of the pblled Jial set is not clearly dePned even for a small
number of iterations (Figure 8.3(a)). This problem worsens wh an increased numbers of iterations
(Figure 8.3(c)) and in the last case (Figure 8.3(e)), the exa& Julia set is almost indistinguishable.
On the contrary, the results obtained usingu(z) = XY bt with the analytic solution for the di! erent
iteration numbers (Figure 8.3(b,d,f)). After 300iterations, numerical perturbations start to appear in
the region where the branches of hyperbolas are close to thgraptotes (Figure 8.3(d)). Unavoidable
numerical € ects due to Pnite precision can be seen on the last case (Feg8c3(f)) but the Julia set

is still easily identibPed.

As pointed out in Section 8.1.2.1, the results on the left aainn in Figure 8.3 illustrate the poor
numerical stability and behaviour related to catastrophiccancellation. Even if it cannot totally avoid
the intrinsic issues of computation in Pnite precision, theomputation of the magnitude using the

idempotent basis brings a clear improvement in the qualityfahe results.
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(a) (b)

(€) (d)

(e) ()
154
Figure 8.3 ® Numerical simulation of the blled Julia set irfR for ¢ = 0 after 100 iterations (a,b),

300 iterations (c,d), 800 iterations (e,f)



8.1.3 Error free derivatives with dual numbers

We recall that the computation of derivatives is a major topt for Scientibc Computing. Algorithmic
resolution of PDEOs in industry mainly relies on Pnite !dérences schemes although moré eient
techniques are available. The use of complex numbers for therivative computation has been already
studied in [Martins et al., 2003, Lantoine et al., 2012]. In ater to compute the derivative of a function
f :R) Ratapoint X, this function is extended over the complex numbers. Numeally this is done by
overloading operators and functions in a given programmingnguage. The Taylor expansion around

x is as follows forh %R

o " . £ i . f (k) .
f(x+hi)=f(x)+ f'(x)hi # ZX0nh2g TWOR% 4+ T ®pkikg 4 o(h¥)

I 1 e £ (x) f B)(x)
with imaginary part Im[f (x + hi)] = f'(x)h# —5=h3+ ==02h%+ ..+ o(h¥)

Then, the derivative off at x is:

f'(x) = M + O(h?), (8.1)

This process can be generalised for higher order derivatilsmeans of Multicomplex numbers (Chap-
ter 4), see [Lantoine et al., 2012]. Complex steps is a solution feubtractive cancellation error but
the truncation error relative to the Taylor expansion remans.

On the contrary, if the dual numbers (Chapter2) are used as proposed in [Dimentberg, 1965,
Dimentberg, 1968], then because? = 0, the Taylor expansion aroundx is simply f (x + hn) =

f (x) + f (x)hn, from where we get the nonreal part Ui (x + hn)] = f "(x)h and thus
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f "(X) — Un[f ()r(1+ hn)] ] (82)

Therefore, there areno truncation error and no subtractive cancellation error

In order to test these results, we consider the function

f (X) - " ex f (X) — €¥(3cosx+5cos3x+9sin x+sin3 x)

—_—, - 3
sin3 x+cos3 x 8(sin3 x+cos3 x) 2

which is extended toC and D asf (z) = v(X,y) + w(X,y)g, g%{i,n}.
Notice that this could also be done for bireal numbers but weidl not bnd practical applications
concerning derivatives. According to (8.1) and (8.2), themproximative derivative is given by%

and the approximation error isE(x,y) = 7f (x) # W?. In Figure 8.4, the approximation error

(@) z%C, E(x,y) - 4 (b) z%D, , E(x,y)- 10 ¥
Figure 8.4 B Derivative approximation error
is displayed for (x,y) % [0,0.75F. Readily we see that the best option is when the functiof is
extended to the dual numbers, where the erroE(x,y) is of the order of machine epsilorld *°,
Figure 8.4 (b). The reason of this surprising results is due tthe Cauchy Riemann (CR) conditions

in D described in [Chatelin et al., 2014]. Lez = x + yn %D be in a domainU 9 R? and suppose
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f(2) = v(x,y) + w(x,y)n to be C, i.e. v,w %C*(U), thus the (CR) conditions arevy = wy, v, =0
and f is of the formf(x + y n) = f(x) + f (xX)y n, for any y %R, not only small as it is usually
supposed in the derivative approximation by Taylor seriefNotice that the advantages of this method
are limited to functions satisfying these specibc conditis. For example, the real functiongexp(x),

sin(x), x¢ extended overD are as follows:

exp(x + yn) = exp(x) + exp(x)yn,
sin(x + yn) = sin(x) + cos(x)yn,

(x + yn)k = x¥ + kx*' Lyn.

Moreover, it is possible to recursively compute higher ordeterivatives by means of thepluridual
numbers already exploited in the movie industry, [Piponi, 204]. We denoteD@ the set of dual
numbers with dual componentsiz % D® = D(D), then, if we introduce two nilpotent units n;

and n,, we get

Z= Yo+ Ny, VYo,Y1,%D debned byn,

Z=(Xo+ X1N1) + Ny(Xz + X3Ny), n2=0, n3=0, (NN)>=0

and a functionf : D@ () D@ is given byf (z) = f (Yo + noy1) = f(yo) + nof (Yo)y1, wheref (yo)

f (Xo + X1n1) = f(Xo) + nif '(Xo)X1, f'(Yo) = f ' (Xo+ X1n1) = f'(Xo) + nif “(Xo)X1. Thus, for z

Xo + hiny + hony, % D@ it can be proved that:

f (Xo + hiny + hanz) = f(Xo) + haf "(Xo)n1 + hof (Xo)n2 + hihof “(Xo)niny.

157



from where we obtain the second order derivative with the compent of f (xo+ hyn; + hyny) onnin,
denoted Uny,n,f (Xo + hing + hany):

Unnlnzf (Xo + hlnl + hznz)

f(x0) = hihs

In [Fike, 2013], this technique is used in the framework of rti:objective optimisation in Computa-
tional Fluid Dynamics with computations of second order devatives for turbulent transonic 3ow over
an airfoil and supersonic 3ow over a wedge. Computations arera expensive but give better results
in terms of precision. This work has been continued in [Brake al., 2016] and used in uncertainty
guantibcation by developing parameterised reduced orderoatels for geometric perturbations of an
ideal model. These parameterisations are based upon Tayl@ries expansions of the system matrices
about the ideal geometry. The numerical derivatives requiteby the Taylor series expansions are ob-
tained as presented above. In addition to the accuracy of thaerivatives up to machine precision, the
key advantage is that this method only generates a single niefor all the di! erent perturbations and

associated geometric variations.

8.2 Computer Science and Engineering

8.2.1 Rigid body dynamics

Since their introduction by CIi! ord, dual numbers presented in ChapteR have been applied to
constrained movements in mechanics with a specibc attentiom kinematics of rigid body dynamics

through the works of Kotelnikov (Ukraine) and Study (Germarn) [Kotelnikov, 1895, Study, 1901].
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Dual numbers are used to represent Screw Theory (combined isdation and rotation) in a synthetic
way. By what roboticians call the transfer principle, the moél with real numbers can be written
with dual numbers. Dual numbers are used in screw movements tespresent translation along the
real part and the rotation angle on the dual part. The generadiation of operators to dual numbers
allows engineers to have a compact formulation, witB dual equations instead of6 real equations
[Brodsky and Shoham, 1999]. The resolution of kinematic edi@ns is highly improved in term of
speed compared to algorithms with real numbers. This is shown Withe example of thed4-bar system,
which is ubiquitous in rigid body dynamics [Pennestr® and Stefanelli, 2007]. Fahis 4-bar system,
dual numbers and dual complex numbers (complex numbers withudl components, see extension of
scalars in Chapter4) are used to represent singularities of the system with botrheoretical and nu-
merical examples [Cheng and Thompson, 1996]. In this papergtinbnity of dual roots of polynomials

presented in Chapters, represent singularities of the displacement equations.

More recently, several approaches have used dual quaterrso@D), quaternions with dual com-
ponents to combine the respective advantages of each algebiFor example, dual quaternions allow
researchers to control robotic arms [Pham et al., 2010] or i@l navigation systems [Wu et al., 2006].
Concerning robots using video cameras to control their movemt, dual quaternions are used for the
initialisation of relative position and the orientation bdween the robot and sensors called "hand-eye
calibration” . According to the roboticians, dual quaternons are an optimal solution for this kind of
problem because there is no redundant information and vab#es which is not true for matrices. The
main advantage of dual quaternions is that they can represehy the same multiplication a trans-

lation and a rotation, whereas matrix or vector formulationsrequire to perfom these two operations

159



separately [Daniilidis, 1999]. For a mathematical desctipn, see [Rincon-Camacho and Latre, 2013,
Chatelin et al., 2014].

In summary, the dit erent approaches of roboticians concern both analytical dmumerical exam-
ples and the main reasons in praise of dual quaternions areestbompactness of formulation (reduction
of the number of equations), a better singularity analysisral in general a more £ cient simulation

and control of the systems.

8.2.2 Signal and image processing
8.2.2.1 Signal processing

In signal processing, quaternions have been the brst altative algebraic structure to be used in
the 900s to debne transfer functions and classical transfer(Fourier, Hadamard). Even if ¢ ective
algorithms have been implemented [Pei et al., 2001], quatéons are not adapted to a large number
of signals. Quaternions are limited to3 distinct signals, one signal for each imaginary axis. On the
contrary, more recent works focus on some algebras presente Chapter 4 especially bireal numbers
[Alfsmann and GSckler, 2007], bicomplex numbers [Pei et aR004] and the general case in dimension

2" with multicomplex numbers and multireal numbers [Alfsmann2006].

The advantage of structures based on multiplanar numbers ifh¢ decomposition in orthogonal
components thanks to the idempotent basis (see Sectidn2.2 of Chapter 4). We recall that the
idempotent basis relies on the existence of zerodivisors éndy & 0 s.t. x $ y = 0) which is by
debnition unreacheable in belds. This specibc property duethe debnition of multiplication is used

to reduce complexity of algorithms with componentwise oper@amns.
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8.2.2.2 Image processing

In the case of image processing, bicomplex numbers are usaedpattern detection (size, shape,..)
[Pei et al., 2004]. Unlike signal processing, quaternionseaused in an & cient way for Fourier trans-
form. For a given image using RGB-model (Red, Green, Blue)aeh point (pixel) of the image can
be considered as a single quaternion with data relying on quahion multiplication and no longer the
superpositon of3 scalar images [Ell and Sangwine, 2007]. As there are oflgignals (R,G, B) quater-
nions match the requirements of image processing, which istribe case for general signal processing

as presented above.

8.2.2.3 3D-modelling (Mesh, textures, augmented reality)

For several years, quaternions have been widely used in 3Dets (rendering and game engines)
to represent rotations [Azuma et al., 1999, DelLoura, 2001Another intensive applications are codes
for numerical simulation in Chemistry [Karney, 2007]. These gications are directly inherited from
the examples in rigid body dynamics. Texture maps (geometriskinning) are both concerned with
kinematics of rigid bodies (animated objects) and rotatios in 3D-space. As these numerical models
are consequences of some aspects of robotics, it is quiteunaltto Pnd again dual quaternions. The
algebra of dual quaternions is an improvement which avoids merical singularities of meshes due to
linear algebra (Figure 8.5, left), keeping an equivalent meory cost and speed [Kavan et al., 2008].
This is not limited to animated characters but concerns, in a wre general way, the transformations
of 3D-meshes.

The objective of this method using dual quaternions is not toige the most realistic deformations

(that requires other techniques [Vaillant et al., 2013]), bt to produce a fast algorithm able to handle
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Figure 8.5 B Comparison between a linear model (left) and duwglaternions (right) [Kavan et al., 2008]
for textures (geometric skinning).

multiple objects in interaction with a low computational cos.

In 3D computer graphics, there exist specibc algorithms coerning lighting technology for the
gaming and entertainment industries. Notice that the compay Geomerics that produces a code using
quaternion compression (with the formalism of Cliord algebras) for this enlighting technique has
been bought by ARM, the multinational semiconductor and softare design company, in 2013 and is

one of the leaders of this segment.

8.3 Physics

The perspectives for the use of hypercomplex numbers in Physiare even more interesting than
the previous cases of applications. But we must warn that the is a huge d# culty gap between prac-
tical applications in Science or Engineering, and the compigy of hypercomplex models concerning
advanced topics of Physics. Hypercomplex algebras, used #sraative tools, are closely linked with

major topics of Physics (relativistic mechanics, particle lpysics, electromagnetism, quantum mechan-
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ics). Linear algebra and complex numbers have proven thei# eiency for a wide range of topics which
can be explicitly formulated, in particular euclidean geowtries but in the case of more general phe-
nomena with underlying nonlinear principles, these tools nyanot be su# cient, they are too restrictive
compared to hypercomplex algebras.

A general remark concerning geometry is that the three kindsf nonreal units in the plane that
square to#1, 0 or 1 (see Chapter2) are respectively related to elliptic, parabolic and hypédyolic
cases [Kisil, 2012]. A remarkable example concerning bireaimbers and hyperbolic geometry can be
found in hydrodynamics, in particular the transition state of the di! erential equation from subsonic

to hypersonic regimes [Lavrentiev and Chabat, 1980].

8.3.1 Electromagnetism

In electromagnetism, we mentionned in Chapte2 the position of Maxwell concerning quaternions
[Maxwell, 1891]. The operator nabla denoted debned by Hamilton in 1847, whose name was given
by P. Tait in a personal correspondence with Maxwell, is the oplremaining trace of HamiltonOs
inheritage. The operator: is often presented as a handy symbol to write the operators gliant,

divergence and curl of a functiorf respectivgly denotedgradf, divf and rotf . The original idea of
" L 0,

A ?
Hamilton to interpret the symbol : = (1_ ?gas an imaginary quaternion led to writegradt = : f,
n y
p 08
L
(z
divf =< : |f > androtf = :/ f. These identities have been reduced to a mere notation 8D-

vector analysis [Wilson and Gibbs, 1902, Heaviside, 189Powever, they are well debPned formulae in
the Peld of quaternions, thanks to the existence of additicend multiplication in 4D. The modern hy-

percomplex versions of electromagnetism are using comptgxaternions and can represent MaxwellOs
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relations, uniting scalar and vector equations which is immsible in linear algebra [Kravchenko, 2003].
The avantages of complex quaternions are presented in [Khmgskaya and Kravchenko, 2009], where
analytic and numerical solutions of electromagnetism areompared to those coming from linear alge-
bra. We insist on the fact that the main current version of Gilbs and Heaviside with vector analysis
is not the original one of Maxwell, based on quaternionic opaions.

It is interesting to notice that famous researchers have folved the original path of Maxwell work-
ing at the frontier of Electromagnetism and Special Relatity. In particular, we can mention the
work of Silberstein, for the representation of the electroagnetic pPeld with the Riemann-Silberstein
vector [Silberstein, 1912]. Another remarkable work comésom Lanczos which is well-known in nu-
merical analysis for his many contributions (Lanczos algthm, conjugate gradient). Indeed, it is less
known that Lanczos started and spent the main part of his careavorking on mathematical physics
and especially Electromagnetism and Relativity since his #sis in 1919 using complex quaternions

[Lanczos, 1919]. He also served as assistant to Einstein bedw 1928 and 1929.

8.3.2 Modern Physics

In relativistic Physics, it is interesting to notice that Lorentz transformations and the Lorentz
group have been written in the formalism of complex quaternits. We already pointed out in Chapter
4 the contribution of Rosen (third author of the Einstein-Poddsky-Rosen paradox), to the matrix
formulation of quaternions and4D-rotations in Special Relativity (SR) but the complete desription
of Lorentz transforms with complex quaternions was given éaf by Klein that uses NoetherOs work
[Klein and Sommerfeld, 1910] and Silberstein [Silbersteih912].

After the introduction of spinor theory, particularly in th e hands of E. Cartan and then Pauli, the
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biquaternion (=complex quaternion [Hamilton, 1853]) repesentation of the Lorentz group was super-
seded. Nevertheless, it is remarkable to notice that hypenmplex algebras are still implictly present
in current theory. For example in Special Relativty (SR), whaphysicists call the complex lightcone
is the set of zerodivisors oH(C). It is rarely mentionned that, when limited to one space varidle, it

corresponds to idempotent lines in the bireal plane [Sobdgzy1995].

Concerning Quantum Mechanics, we can (once again) mention thee of complex quaternions (see
Section 8.4) that is common to SR and quantum mechanics, antsa the role of octonions and alter-
nativity [Baez, 2002, Dray and Manogue, 2015]. Octonions aespecially used in the Pbeld of particle
physics: there exist, so far, no other way than octonionic ntiplication to represent quark transtition
states [Catto et al., 2016]. A factual observation is that thenore researchers investigate fundamental
phenomena and their interactions, the more algebras in high dimension associated with a specifc

multiplication are frequently found useful.

Sir Michael Atyiah (Fields medal 1966, Abel prize 2004) keptllaalong his career an inter-
est in Cli! ord and Dickson algebras since his work with Bott [Atiyah et a] 1964] and up to now
[Azcarraga, 2018]. His main points of interest concern geetry, spinors and gravitation. In his opin-

ion, non associativity, alternativity and octonions shou not be neglected, especially for gravitation.

8.4 Quantum Computing

Over the past years, quantum computing has evolved to appeas an emerging technology with

the potential to tackle some scientibc problems that canndte solved by classical computers even with
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a high level of paralelisation. The point is not to determinefia quantum computer could replace a
classical computer but how it could be of great interest formne Pelds of research such as combinatorics,
factorisation, chemistry, quantum sensors for metrolog@Quantum computing is a combination between
several areas but mainly quantum mechanics, thermodynarsiéor material sciences, mathematics and
algorithmics. We will only brie3y present some aspects rekd to the mathematical context of quantum

mechanics.

8.4.1 Elements of quantum principles and their historical ba ckground

There exist no fully satisfying theory to explain the phenomea related to quantum mechanics
(superposition, entanglement, decoherence,..) and thegkeas have been the source of unresolved
controveries since their discovery in the beginning of theG" century. It is interesting to notice that
the matrix mechanics formulated by Born, Heisenberg and P.oddan was for some time opposed to
the wave mechanics of Schrsdinger. The reconciliation beter the two approaches in the framework
of Hilbert spaces occured with Dirac. The bra-ket notation of Dac is just based on complex vectors
in Hilbert spaces, but in the early2d" century, matrices and linear algebra were not a common tool
for physicists.

P. Jordan, which played a central role in the mathematical aggrts of matrix mechanics, extended
the algebraic tools to tackle nonassociativity associatesith observables, in particular using octonions
[Jordan et al., 1934]. Due to the advanced mathematical theothat was required by the path opened
by Jordan (non linear algebra, nonassociativity) and alsoistorical reasons that separated Jordan from
the Copenhagen group (see Bibliographical notes), most pligists remained on the danish path of

linearity and associativity. JordanQOs interest for nonassiativity has been taken up by mathematicians
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(in particular Albert, the student of Dickson, see Chapter 3)and gave birth to what is now called
Jordan algebras which are based on a nonassociative multgaiiion [Schafer, 1995]. After the sixties,
octonions made their appearance in quantum mechanics agabut only few physicists kept on the
track of nonassociativity. For detailed explanations corerning this point, see [GYnaydin et al., 1978].

In quantum mechanics, Pauli described the spin of an electrdhanks to the matrices

( + ( + ( +

!1=1 ° l:_,!z=i ° #i:_and!3=i Lo

10 i 0 0 #1

that are currently called Pauli matrices. The matrices that Rwuli used for spin theory are coming
from Lorentz transformations and their complex quaternios formalism, see Section 8.3.2. They are
the matrix transcription of the basis vectors of complex guarnions (see Chapte#d, Section1.3) and
we have the isomorphism{|1,,i! 3,i!5,i! 1} . {1,i,j,k}, with i2=j2=k?=#1,i$j =k and |, the

identity matrix of order 2. Conside(ingp, q,r,s%C, acomplex quaternionp+ di + rj + sk %H(C) =

i p+iq r+is
C 6 H is isomorphic to the matrix 1.

#r+is p#iq
8.4.2 Quantum Computing and hypercomplex algebras

The model for the quantum analogues of bits for classical conmers, calledqubits "quantum bits
", is based on complex Hilbert spaces and the notation bra-kef Dirac. The spatial representation of
the di! erent states of qubits uses the Bloch sphere, which is a unitrere ofR3 that describes spatial
rotations (SO(3), SU(2)). In theory, a quantum computer with n qubits can have up to2" superposed
states. Computations are performed using quantum gates (negsented by unitary hermitian matrices),
the quantum equivalent of logic gates.

In the current direction followed by industrials and by the nost advanced research works on
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guantum computing [Bravyi et al., 2018], the main quantum g&es are called "Cll ord gate set" and
correspond to Pauli matrices with notationd = 1,,X =1,,Y = 1,,Z = 1 5. Implictly, these quantum

gates use complex quaternions computational mechanismsigkther fundamental quantU(n gate uged

1 1
to model superposition states is the Hadamard gate represed by the matrix H = 71

N F—‘

1 #1
The role of this matrix has been largely discussed in Chapteds 6 and 7 and correspond to the use of

idempotent elements within a bireal structure. A more genefaelation between quantum gates and
hypercomplex algebras can be found in [Vlasov, 1999, Vlas@001]. Fundamental aspects of Quantum

Computing are thus naturally related to hypercomplex algelas [Latre, 2018].

8.4.3 Issues for Quantum Computing

We have seen in Chapted that a theoretical isomorphism could lead to misunderstandgs and also
that two isomorphic formulations do not necessarily have # same numerical behaviour, see Section
8.1. The use ofSO(3) for rotations is not numerically €f cient . Concerning unitary matricesSU(2)
that are generally associated to the tensor product to obtaithe dimension2", the brst problem is
that the formulation is not unique and depends of the choicef @oordinates to build matrices. The
tensor product, as it is used in quantum computing, has a dagative role and in practice is reduced to
the product of block matrices (Kronecker product). Notice that the role of tensor product in Quantum
Computing, limited to linear algebra, should not be confuse@ith the one in di! erential geometry
and also in data analysis, where tensors are used for their rilihear properties.

In Chapter 7, we have presented relations between spectral coupling angdantum chemistry.
Chemistry is one of the main targets of quantum computing andie coupling of energy levels obtained

from the stationnary Schrsdinger equation use the same Hawhard matrix than the superposition of
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guantum states. Much work has to be done to deepen this conniexct.

Another key issue concerns the measure problem. Measure igatly a di# cult question for stan-
dard computers. The choice of a specibPc norm can change a nuo@rresult or the convergence of
an algorithm. When it comes to quantum computing, other spélec properties (superposition, en-
tanglement) are added which become confictual with the standhnotion of norm. We have seen
that complex quaternions or bireal numbers are implicitly pesent in quantum computations which
means that non euclidean metrics and zerodivisors have to beken into account. Indeed, wee recall
(see Chapter4) that H(C) cannot be naturally equipped with a norm: there exist idempant and
nilpotent elements that are zerodivisors and thus computainal singularities. The use of the algebraic
structures presented in this thesis could represent an inmtesting direction to clarify in an explicit
formulaion these crucial points. If we keep in mind the instrctive example of electromagnetism and
the di! erences between original quaternionic equations and the desn form in vector analysis we
may ask the following question: do complex Hilbert spaces amdatrices debne the most#cient way

to perform quantum computations that are highly nonlinear?

8.5 Summary

In Computational Science and Engineering, many of the algelwgresented in this thesis allow
researchers to compute with a reduced number of equations goarameters, or with a better numerical
stability and e# ciency. Bireal and dual numbers ber numerical possibilities that are unreachable with
complex numbers even if computations may be more expensiveedto the overloading of operators.
Concerning the practical implementations, there exist no ahdard and optimised codes, only custom

made examples often designed for a specibc Peld of applaratiThis may explain why these tools are
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not widespread, since their # ciency is not universal.

Without falling into name dropping, it is quite striking to notice that major mathematicians and
physicists of the19" and 20" centuries have worked with hypercomplex numbers on key partsf
Science such as electromagnetism, relativity and quantumethanics.

We sum up in Table 8.1 the belds of application that we have fad, where hypercomplex numbers
bring an added value, either theoretical or practical. Conering split algebras which are not detailed

in this thesis, a list of relevant references can be found ibdtre, 2013].

dimension algebras
. 2
2 C c R D
1,2,6,8 1,2,4,9
4 H H ’C = C(*R) C(D) D(D)
1,2,578 | 56 1,2,5,7,9 1,2, 4 9,11, 12
3 G G ’H = H(®R) H(D) H(C)
3,57 7 3 1,2, 4 5,6,78,10

Table 8.1 B Some of the current theoretical and practical apphtions for hypercomplex algebras in
dimensions2, 4, 8

1: Signal Processing 2: Image Processing
3: Kinematics 4: Robotics

5: Electromagnetism 6: Special Relativity

7: Quantum Mechanics 8: Quantum Computing
9: Automatic Di! erentiation 10: High Energy Physics
11: Optimisation 12: CFD

In conclusion of this chapter, we can see that hypercomplelgabras are not limited to specibc belds
of application, so they should be considered as number sttures to compute with great potential for

current and future parts of scientibc research.
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8.6 Bibliographic notes

The bibliographic material is largely scattered due to the may topics addressed, the dierent
communities involved and the long time periods. There is a mizetween, on one hand, mathematical
publications on the invention of hypercomplex numbers, thealgebraic properties and their applica-
tion to Physics mainly published between the 18400s and 1840(itten in diverse languages, and on
the other hand, applications in engineering mostly develeg after 1950 with the widespread avail-
ability of electronic computers. As pointed in Chapter2 with the example of CartanOs article, which
remains untranslated in English, the facts that hypercompbenumbers are not a common academicly
taught topic in Science and the lack of authoritative solid éferences are major issues which render
transdisciplinarity an elusive task.

The mere designation of structures is so diverse that it reqes semantic claribPcation. Depending
on the bibliographical references and on the mathematicat engineering communities, the structures
appear under multiple names and descriptions. The comparisbetween algebraic formulations as was
done in Chapter4 is a prerequisite and a brst step for a sound communicationtiseen researchers in
di! erent belds. For example, one can bnd in current use the fallag terms (partial list) to refer to

the algebra’R = R, Ru:

N bireal numbers [Bencivenga, 1946] , as a subset of bicomplex nungdBegre, 1892],

N doublenumbers in plane geometry [Yaglom, 1963],

N split-complex numbers, for generalised Dickson and composition algebfédbert, 1942],

N the even subalgebra ofl,1(R), for Cli! ord algebras [Lounesto, 2001],

N hyperbolicnumbers, for quadratic forms [Deheuvels, 1983], SR in 1Dage [Sobczyk, 1995].

This is just an example forone algebraic structure among all the algebras that are presesd
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in the thesis! In all the references since the 19500s that wenfl, we have to point out signiPcant
contributions, both theoretical and numerical, coming frm the Russian school. It is quite remarkable
to notice, that hypercomplex algebras have received much necattention in Russia than in any other

country. As pointed out in Chapter 1, this is partly due to educational di erences (hypercomplex
algebras are taught in high schools). A large number of ruasi publications remains unstranlated in

English.

Concerning quantum mechanics, we sum up in a few lines sometgamoncerning P. Jordan found
in [Schroer, 2003]. JordanOs case is one more illustratibrwby Science, as a human construction
(reRecting the prejudices of its time, that form theZeitgeist), cannot be separated from History.
Jordan joined the NSDAP (the national socialist german paxt) in 1933 and it appears that, due
to his education and personal beliefs, his project was to aonce the NSDAP leaders that modern
physics with Einstein and the Copenhagen school of quantum thgowvas the best antidote against the
"materialism of the Bolsheviks". His active pre-war collabration with his Jewish colleagues made him
appear less than trustworthy in the german side during the waThen after WW2, his link with the
national-socialist party delayed enormously the recogndn of his important scientibPc contributions.
An undeserved double scientibc punishment. By comparisodgisenbergOs active involvement in the

german war ¢ ort hardly tarnished after 1945 his well-established scighc reputation...
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Conclusion

Nous avons explorZ diZrents aspects de la multiplication de nombres ainsi que Issuctures al-
gZbriques associZes qui sont utilisZes pour la SciencelegXDierie. Le caractere particulier de ces
algebres, liZ au r™le de la multiplication, en fait un cadreectalcul potentiellement mieux adaptZ aux
problemes non linZaires. Cela fait Zmerger de nouvelles pb#iZs pour le Calcul, qui restent large-

ment inexplorZes " ce jour.

Contrairement " la plupart des rZfZrences trouvZes dans l&irature qui traitent chaque structure
ou type de structure comme des cas particuliers isolZs, n@®ns prZsentZ une approche comparative
des di Zrentes algebres hypercomplexes et du procZdZ de Dicksout tn regroupant les di Zrentes
applications que nous avons recensZes ~ ce jour. COest justérta comparaison de ces structures
qui met en Zvidence que le Calcul revst par exemple une formedrspZcibque dans le corgs, alors
quOil prend une forme HZrente pour les autres algebres du pla#R et D. Nous soulignons notamment
|Oexistence de diviseurs de zZro qui, loin dOstre un freirCaicul, sOavere «tre un vZritable avantage
pour les cas que nous avons prZsentZs. Nous avons Zgalemeqte, dans une perspective de Calcul,
la notion dOisomorphisme est " relativiser. Concernant lepports personnels, la thZorie du couplage
spectral associZe aux nombres birZels permet de prZsents aspects mathZmatiques novateurs par

rapport ~ I0existant et cela meme dans des domaines bien Aislzomme la thZorie spectrale.
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LOutilisation des algebres hypercomplexes semble bien iampZe dans certains domaines applicatifs
(robotique, informatique) et implicitement prZsente dansle nombreux exemples de la physique. Nous
avons mis en Zvidence de nouveaux domaines dOapplicatiomsme la mZcanique des milieux continus
ou la chimie, gr%.ce au couplage spectral. Nous mettons emawois raisons principales qui, selon
nous, IZgitiment la promotion des algebres que nous avonsudiZes.

1) Premierement, pour IQaspect scientibque. Eheg, il reste aujourdOhui beaucoup ~ dZcouvrir sur
les propriZtZs thZoriques de ces nombres et les aspects migu&s qui en dZcoulent. Deux axes de
recherche mZritent selon nous une attention particulierélout dOabord, I0Ztude du plan numZriqe2
demeure incomplete. Les nouveaux rZsultats que nous avornggentZs pour les birZels et le couplage
spectral ne sont quOun dZbut prometteur pour la dZcouverteruveaux principes de Calcul qui restent
encore implicites. Nous rappelons le travail dOAdrien Dalyaun demi-millZnaire (!) apres IQinvention
des nombres complexes, a approfondi des rZsultats rematgjea sur les itZrations quadratiques dans
le plan complexe. Cet exemple, tres court ~ [OZchelle de termghs Calcul, montre que des rZsultats
profonds peuvent encore surgir gréoce ~ des polyn™mes deZ@er au plan numZrique. Le r'™le des
nombres birZels et celui des duaux (que nous avons ~ peifeefirZ) pour le Calcul est loin dOstre
une question rZsolue, tout comme IQinteraction des troigeares et gZomZtries du plan. Selon nous,
la dimension2 demeure un dZp sous-estimZ. Ensuite, les algebres de Dickeson alternatives (de
dimension! 16) jouent un r™le crucial dans le traitement HiZrentiel de IQinformation de par IQaspect
local des calculs et de la notion de mesure [Chatelin, 2019} e8 IOessor de techniques de traitement
des donnZes (machine learning, intelligence artibcielle) de I0Zmergence du Calcul Quantique, les
algebres hypercomplexes pourraient permettre de complZtatilement les techniques actuelles qui

exploitent IOaspect combinatoire et statistique de donrsZeiscretes. Cependant, un constat Ragrant
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concernant les algebres hypercomplexes et les algebres diek3on est que leur visibilitZ est ralentie
par la connaissance encore trop limitZe de leur existencedet leurs propriZtZs algZbriques. Du point
de vue applicatif, le manque de formation thZorique associfes structures mais aussi de codes de
calculs accessibles ettecaces doit etre pris en compte.

2) Dans le prolongement du point 1), un second aspect concerta nZcessitZ dOun enseignement
mathZmatique associZ. Enl@t, "~ notre connaissance, la formation actuelle mathZmatig ou appli-
cative dZveloppe principalement le Calcul rZel, complexe matriciel. La connaissance des dZrentes
possibilitZs de multiplication, qui est une opZration foramentale, semble souvent limitZe aux corps
et aux structures associatives, ~ part pour certains domaés spZcibques de IQalgebre. LOutilisation
dOautres structures, au del” et plus encore de |Qalterrigfivo! re une perspectivecomplZmentaire
aux domaines existants.

3) Le dernier point dZpasse le simple domaine mathZmatiqu,nous permet de revenir sur une
rZRexion au del” de la segmentation des disciplines. Il neufgpas oublier que les mathZmatiques sont
une fuvre humaine, cOest-"-dire une action inscrite dans lemps, qui possede ses propres limites.
Nous avons mis en avant la rZsistance idZologique de la rai$mmaine face ~ la nouveautZ et aux
ruptures radicales. Ce phZnomene ne doit pas etre nZgligZ mius-estimZ. Meme si ces algebres ont
ZtZ dZcouvertes il y a plus dOun siscle par des inconnus oundathZmaticiens de grande renommZe,
elles sont sujettes dOune maniere continue ~ une forte rZamige provenant de la majeure partie de la

communautZ scientibque.

Au vu de IOintZrst mathZmatique, de IOemploi variZ dans denbeeux domaines de la Science, ainsi
que des domaines potentiels comme le Calcul Quantique, il mosemble dZterminant dOapprofondir

dans IOavenir I0Ztude des structures prZsentZes, aPnat@aple rZelles idZes nouvelles pour le Calcul.
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