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Abstract

We prove some existence (and sometimes also uniqueness) of solutions to some stationary
equations associated to the complex Schrodinger operator under the presence of a singular non-
linear term. Among other new facts, with respect some previous results in the literature for such
type of nonlinear potential terms, we include the case in which the spatial domain is possibly un-
bounded (something which is connected with some previous localization results by the authors),
the presence of possible non-local terms at the equation, the case of boundary conditions different
to the Dirichlet ones and, finally, the proof of the existence of solutions when the right-hand side
term of the equation is beyond the usual L?-space.
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1 Introduction

This paper is concerned by existence of solutions for two kinds of equations related to the complex

Schrédinger operator,

—Au+ alu|~ ™y + bu = F, in L*(Q), (1.1)

—Au+ alu| ™y 4 bu + ¢V = F, in L*(Q), (1.2)
with homogeneous Dirichlet boundary condition
U|[‘ = 0, (13)

or homogeneous Neumann boundary condition

Ju

—_ = 1.4
ov|r (14)
where  is a subset of RY with boundary I', 0 < m < 1, (a,b,c) € C*> and V € L¥(Q;R) is a real
potential. Here and in what follows, when I is of class C', v denotes the outward unit normal vector

N
to I'. Moreover, A = 3 86722. is the Laplacian in .
j=1 7%

In Bégout and Diaz [1], the authors study the spatial localization property compactness of the support
of solutions of equation (1.1) (see Theorems 3.1, 3.5, 3.6, 4.1, 4.4 and 5.2). Existence, uniqueness and
a priori bound are also established with the homogeneous Dirichlet boundary condition, F' € LP(2)
(2 < p < o) and (a,b) € C? satisfying assumptions (2.7) below. In this paper, we give such existence
and a priori bound results but for the weaker assumption F € L?(Q2) (Theorems 2.8 and 2.9) and
also for some different hypotheses on (a,b) € C? (Theorems 2.1 and 2.3). Additionally, we consider

homogeneous Neumann boundary condition (Theorems 2.8 and 2.9).

In Bégout and Diaz [2], spatial localization property for the partial differential equation (1.2) associ-

ated to self-similar solutions of the nonlinear Schrédinger equation
iy + Au = alu| "™y + f(t,x),

is studied.



In this paper, we prove existence of solutions with homogeneous Dirichlet or Neumann boundary
conditions (Theorems 2.4) and establish a priori bounds (Theorem 2.6), for both equations (1.1) and
(1.2) with any of both boundary conditions (1.3) or (1.4). We also show uniqueness (Theorem 2.10)
and regularity results (Theorem 2.12), under suitable additional conditions. We send the reader to
the long introduction of Bégout and Diaz [2] for many comments on the frameworks in which the
equation arises (Quantum Mechanics, Nonlinear Optics and Hydrodynamics) and their connections

with some other papers in the literature.

This paper is organized as follows. In the next section, we give results about existence, uniqueness,
regularity and a priori bounds for equations (1.1) and (1.2), with boundary conditions (1.3) or (1.4),
and notations are given in Section 3. Section 4, is devoted to the establishment of a priori bounds for
the different truncated nonlinearities of equations studied in this paper. In Section 5, we prove the
results given in Section 2. In Bégout and Diaz [1], localization property is studied for equation (1.1).
The results we give require, sometimes, the same assumptions on (a, b) € C? as in Bégout and Diaz [1]
but with a change of notation. See Comments 2.7 below for the motivation of this change. In Section 6
we will show the existence of solutions to equation (1.2) for data in a weighted subspace. Finally,
in the last section, we state the principal results obtained in this paper and give some applications.
Existence of solutions for equation (1.2) is used in Bégout and Diaz [2] while existence of solutions

for equation (1.1) is used in Bégout and Diaz [3].

2 Main results

Here, we state the main results of this paper.

Theorem 2.1 (Existence). Let Q2 an open subset of RY be such that || < oo and assume 0 < m < 1,

(a,b) € C? and F € L*(Q2). If Re(b) < 0 then assume further that ITm(b) # 0 or —% < Re(b), where
P

Cp is the Poincaré’s constant in (4.1) below. Then there exists at least a solution u € H}(Q) of (1.1).

In addition, Symmetry Property 2.2 below holds.

Symmetry Property 2.2. If furthermore, for any R € SOnx(R), RQ = Q and if F is spherically
symmetric then we may construct a solution which is additionally spherically symmetric. For N =1,
this means that if F is an even (respectively, an odd) function then u is also an even (respectively, an

odd) function.

Theorem 2.3 (A priori bound). Let Q an open subset of RN be such that || < oo and assume
0 <m <1, (a,b) € C? and F € L?(Q). If Re(b) < 0 then assume further that Im(b) # 0 or



—C%% < Re(b), where Cp is the constant in (4.1) below. Let u € H} () be any solution to (1.1). Then

we have the following estimate.
lull o) < C,
where C = C(HFHLQ(Q)a |Q|7 |CL|, |b|a Na m)

Theorem 2.4 (Existence). Let 2 C RY be an open subset and assume V € L®(;R), 0 < m < 1,
(a,b,c) € C? is such that Im(a) < 0, Im(b) < 0 and Im(c) < 0. If Re(a) < 0 then assume further that

Im(a) < 0. Then we have the following result.

1) For any F € L*(Q), there exists at least a solution u € HE () N L™TH(Q) to (1.2).

2) If we assume furthermore that Q is bounded with a C* boundary then the conclusion 1) still

holds true with u € H(Q) and the boundary condition (1.4) instead of u € H ().
If, in addition, V is spherically symmetric then Symmetry Property 2.2 holds.
Remark 2.5. Here are some comments about boundary condition.

1) If u € C(Q) and Q has not a C%! boundary, the condition ujr = 0 does not make sense (in

the sense of the trace) and, in this case, has to be understood as u € H{ ().

2) Assume that Q is bounded and has a C1'! boundary. Let u € H'(£) be any solution to
(1.2) with the boundary condition (1.4). Then u € H?(2) and boundary condition %“, =0
makes sense in the sense of the trace v(Vu.r) = 0. If, in addition, u € C* () then obviously
for any z € I', 2%(z) = 0. Indeed, since u € H'(Q), Au € L?(Q2) and (1.2) makes sense

almost everywhere in €2, we have ~ (%) cH = (T") and by Green’s formula,

ReQ/VU(fU)V”(‘E)dx - <7 (gz> ’V(v)>H%(r),H§(F)

—l—Re/f(u(x))v(x)dx :Re/F(x)@dx, (2.1)

Q Q

for any v € H*(Q), where fu) = alu|~ =™ u+bu+ cV?u. (see Lemma 4.1, Theorem 4.2 and
Corollary 4.1, p.155, in Lions and Magenes [17] and (1,5,3,10) in Grisvard [11], p.62). This

au)
(5 77(U>> =0, (2.2)
< (81/ H™3(T),H3(T)

implies that



for any v € H'(Q). Let w € H=(T'). Let v € H'(Q) be such that ~(v) = w (Theorem 1.5.1.3,
p.38, in Grisvard [11]). We then deduce from (2.2) that,

vw e H2(I), (~ 9u W =0,
ov H™3(I),H3(T)

and so 'y(g—ﬁ) = 0. But also u € L?(Q2) and Au € L*(Q). It follows that u € H?(Q)

(Proposition 2.5.2.3, p.131, in Grisvard [11]). Hence the result.

Theorem 2.6 (A priori bound). Let Q C RN be an open subset, let V € L= (4 R), let 0 < m < 1,
let (a,b,c) € C3 be such that Im(a) < 0, Im(b) < 0 and Im(c) < 0. If Re(a) < 0 then assume
further that Tm(a) < 0. Let F € L?(Q) and let u € HY(Q) be any solution to (1.2) with boundary

condition (1.3) or (1.4)'. Then we have the following estimate.
llls oy + el sy < MV Iy + D) IF .
where M = M(|al, 0], |¢])-

Comments 2.7. In the context of the paper of Bégout and Diaz [1], we can establish an existence

result with the homogeneous Neumann boundary condition (instead of the homogeneous Dirichlet

m

condition) and F € L?*(Q2) (instead of F € L Ca (2)). In Bégout and Diaz [1], we introduced the set,

A= C\ {z € C;Re(z) = 0 and Im(2) < 0},

and assumed that (@,b) € C? satisfies,

Re(a@)Re(b) > 0,

or

(@b) e AxA and

Re(@)Re(b) < 0 and Im(b) > Re(b)

with possibly b= 0, and we worked with
—iAu + aju|" ™y 4 bu = F.

Nevertheless, to maintain a closer notation to many applied works in the literature (see, e.g., the

introduction of Bégout and Diaz [2]), we do not work any more with this equation but with,

—Au+ alu| ™y + bu = F,

Ifor which we additionally assume that  has a C! boundary.



and b # 0. This means that we chose, a = ia, b =ib and F = iF. Then assumptions on (a,b) are

changed by the fact that for 2 = iz,
Re(z) = Re(—iz) = Im(2), (2.4)
Im(z) = Im(—i2) = —Re(2). (2.5)
It follows that the set A and (2.3) become,

A =C\ {z € C;Re(z) <0 and Im(z) = 0}, (2.6)

Im(a)Im(b) = 0,

(a,b) e Ax A and or (2.7)
Tm(b)

Im(a)Im(b) < 0 and Re(b) > Tm(a)

Re(a).
Obviously,
((5,~) € A x A satisfies (2.3)) = ((a, b) € A x A satisfies (2.7)).

Assumptions (2.7) are made to prove the existence and the localization property of solutions to

equation (1.1). Now, we give some results about equation (1.1) when (a,b) € A x A satisfies (2.7).

Theorem 2.8 (Existence). Let Q@ CRY be an open subset of RN, let 0 < m < 1 and let (a,b) € A2
satisfies (2.7).

1) For any F € L?(Q), there exists at least a solution u € H}(Q) N L™ (Q) to

m—+1

—Au+alu| ™y 4 bu=F, in L*(Q) + L™ (Q). (2.8)

2) If we assume furthermore that Q is bounded with a C* boundary then the conclusion 1) still
holds true with u € H(Q) and the boundary condition (1.4) instead of u € H(S2).

In addition, Symmetry Property 2.2 holds.

Theorem 2.9 (A priori bound). Let Q C RY be an open subset of RN, let 0 < m < 1 and let
(a,b) € A? satisfies (2.7). Let F € L*(Q) and let u € HY(Q) N L™T(Q) be any solution to (2.8) with

boundary condition (1.3) or (1.4)'. Then we have the following estimate.
lullZ @y + Ul Fotts ) < MIFIL2 (),

where M = M(|al, |b]).



Theorem 2.10 (Uniqueness). Let Q@ C RY be an open subset, let V € L (Q;R), let 0 < m < 1

loc

and let (a,b,c) € C? satisfies one of the three following conditions.
1) a # 0, Re(a) = 0, Re(ab) > 0 and Re(ac) > 0.
2) b#0, Re(b) 2 0, a = kb, for some k > 0 and Re(bc) > 0.
3) ¢#0, Re(c) 20, a = ke, for some k > 0 and Re(be) > 0.

Let F € L (Q). If there exist two solutions ui,uz € HY(Q) N L™T(Q) of (1.2) with the same

loc

boundary condition (1.3) or (1.4)' such that Vuy, Vuy € L2(2) then uy = us.
Remark 2.11. Here are some comments about Theorems 2.1, 2.4, 2.8 and 2.10.
1) Assume F is spherically symmetric. Since we do not know, in general, if we have uniqueness
of the solution, we are not able to show that any solution is radially symmetric.
2) In Theorem 5.2 in Bégout and Diaz [1], uniqueness for equation

—iAu+ alul~ ™y + bu = F,

holds if @ # 0, Im(a) > 0 and Re(ab) > 0. By (2.4)—(2.5), those assumptions are equivalent
to 1) of Theorem 2.10 above for equation (1.1) (of course, ¢ = 0). It follows that Theorem 2.10

above extends Theorem 5.2 of Bégout and Diaz [1].
3) In 2) of the above theorem, if we want to make an analogy with 1), assumption a = kb, for
some k > 0 has to be replaced with Re(ab) > 0 and Im(ab) = 0. But,
(Re(ag) > 0 and Im(ab) = 0) = (Elk >0/a= kb).
In the same way,
(Re(aé) > and Im(ac) = O) = (Elkz >0/a = k:c).

4) In the case of real solutions (with F' = 0 and (a,b,c¢) € R x R x {0}), it is well-known that
if b < 0 then it may appear multiplicity of solutions (once m € (0,1) and a > 0). For more

details, see Theorem 1 in Diaz and Hernandez [7].

Theorem 2.12 (Regularity). Let Q C RY be an open subset, let V € LT _(£;C), for any 1 < r < 0o,

loc

loc

let 0 <m <1, let (a,b) € C2, let F € L} (Q), let 1 < g < oo and let u € L () be any local solution

to
—Au+alu| "™y 4+ Vu=F, in 2'(Q). (2.9)

Let g < p < o0 and let a € (0, m].



1) If F e LP (Q) then u € W2P(Q). If (F,V) € CL¥(Q) x C¥(Q) then u € C2H(Q).

2) Assume further that Q is bounded with a C%' boundary, F € LP(Q2), V € L"(Q;C), for
any 1 < r < oo, u € LYQ) and y(u) = 0. Then u € WP(Q) N W, P(Q). If (F,V) €
C%(Q) x C%*(Q) then u € C%*(2) N Cy(9).

3) Assume further that  is bounded with a CY' boundary, F € LP(Q), V € L"(Q;C), for any
1<r<oo,u€ LIQ) and v (5%) = 0. Then u € W2P(Q). If (F,V) € C%*(Q) x C**(0Q)
then u € C%*%(Q) and for any x € T, g—g(a:) =0.

Remark 2.13. Assume ) is bounded and has a C1! boundary. Let V. € [ L"(Q;C), 0 <
m < 1, (a,b) € C}, 1 < g < p < oo, FeLP(Q) and let u € LI(2) be any sglzsi;on to (2.9). Let
T :u— {v(u),v(%%)} be the trace function defined on 2(Q). By density of 2(Q) in D,(A) =
{u € L1(Q); Au € LI(Q)}, T has a linear and continuous extension from Dg(A) into W*%’q(F) X
Wad (T") (Hoérmander [12], Theorem 2 p.503; Lions and Magenes [17], Lemma 2.2 and Theorem 2.1
p.147; Lions and Magenes [13], Propositions 9.1, Proposition 9.2 and Theorem 9.1 p.82; Grisvard [11],
p.54). Since u € L1(Q), it follows from equation (2.9) and Hoélder’s inequality that u € Dy (A), so

that “y(u) =07 and “y (%) = 0” make sense.

The main difficulty to apply Theorem 2.12 is to show that such a solution of (2.9) verifies some

boundary condition. In the following result, we give a sufficient condition.

Proposition 2.14 (Regularity). Let Q be a bounded open subset of RN with a C%! boundary, let
Ve LN(Q;C) (V € L*(Q;C), for somee >0, if N =2 and V € L2(;C) if N = 1), let 0 <m < 1,
let a € C and let F € L*(Q).

1) Let u € HE () be any solution to (2.9). Then u € H?(2) and y(u) = 0.
2) Let u € HY(Q) be any solution to (2.9) and (1.4). Then u € H*(Q) and ~y (g—g) =0.

Remark 2.15. Any solution given by Theorems 2.1, 2.4 or 2.8 belongs to HZ_(2) (Theorem 2.12).

3 Notations

We indicate here some of the notations used throughout this paper which have not been defined yet
in the introduction (Section 1). We write i2 = —1. We denote by z the conjugate of the complex
number z, Re(z) its real part and Im(z) its imaginary part. For 1 < p < oo, p’ is the conjugate of p
defined by % + ﬁ = 1. The symbol Q always indicates a nonempty open subset of RY (bounded or
not); its closure is denoted by Q and its boundary by I'. For A € {Q;Q}, the space C(A) = C°(A)



is the set of continuous functions from A to C and C*(A) (k € N) is the space of functions lying in

C(A) and having all derivatives of order lesser or equal than k belonging to C(A). For 0 < a < 1

and k € Ng € NU {0}, CIIZCD‘(Q) = {u € CkQ)VYw e Q, Y. HS(DPu) < +oo} , where HS(u) =
|Bl=k
sup % The notation w € €2 means that w is a bounded open subset of R and @ C Q. In
{(ﬂmy)Ew2
z#yY

the same way, C%<(Q) = {u € Ck(Q); Y. HE(DPu) < —l—oo} . The space C(2) consists of functions
|B|=Fk
belonging to C'(2) and vanishing at the boundary I', 2(Q) is the space of C* functions with compact

support and Z(Q) is the restriction to Q of functions lying in Z(RY). The trace function defined
on 2(9) is denoted by . For 1 < p < oo and m € N, the usual Lebesgue and Sobolev spaces are
respectively denoted by LP(2) and W™P(Q), W"?(Q) is the closure of 2(Q) under the W™P-norm,
H™(Q) = W™2(Q) and HJ* () = WJ*(Q). For a Banach space E, its topological dual is denoted by
E* and (., .)g+ g € Ris the E* — E duality product. In particular, for any T' € L*' (Q) and ¢ € L?(Q)
with 1 < p < 00, (T,9) 1 () Loy = Re [ T(z)p(x)dz. We write, W=7 (Q) = (W"?(Q))" (p < o0)
and H=™(Q) = (HZ*(2))" . Unless if Spegﬁed7 any function belonging in a functional space (W™P(Q),
C*(9), etc) is supposed to be a complex-valued function (W™ (€); C), C*(Q; C), etc). We denote by
SOnN(R) the special orthogonal group of RY. Finally, we denote by C auxiliary positive constants,
and sometimes, for positive parameters aq, ..., a,, write C(aq,...,a,) to indicate that the constant
C' continuously depends only on as,...,a, (this convention also holds for constants which are not

denoted by “C”).

4 A priori estimates

The proofs of the existence theorems relies on a priori bounds, in order to truncate the nonlinearity
and pass to the limit. These bounds are formally obtained by multiplying the equation by uw and iu,
integrate by parts and by making some linear combinations with the obtained results. Now, we recall

the well-known Poincaré’s inequality. If || < oo then,
vu € H(9), [ullz2@) < CrllVullzz). (41)

where Cp = Cp(|2], N). We will frequently use Holder’s inequality in the following form. If |Q| < oo
and 0 < m < 1 then L*(Q) — L™T1(Q) and

1—m

Tanﬁl(Q) <19z ||“H7Ln;zslz) (4.2)

Vu e LX), |lul




Finally, we recall the well-known Young’s inequality. For any real > 0, y > 0 and p > 0, one has

2
H 1 Y2
Yy 2x +2H (4.3)

Lemma 4.1. Let Q an open subset of RN be such that |Q| < oo, let w an open subset of R be such
that w C Q, let 0 < m < 1, let (a,b) € C?, let o, 3> 0 and let F € L*(Q). Let u € H}(Q) satisfies

1901320y + Re(a) (lullpith ) + allullia o)

+ Re(®) (J[ull32() + Blullzr o)) | < /Q |[Fuldz, (4.4)

ma) (o + ol + 1@ (el + Alullon))| < [ Pulde. @)

Here, w® = Q\ w. Assume that one of the three following assertions holds.

m—+1
L7n+1 (wc) .

1) Re(b) = 0. If Re(a) < 0 and |w| < |Q] then assume further that a|ulp1 ey < [yl

2) Re(b) < 0 and Im(b) # 0. If |w| < [Q| then assume further that afu| 1 (yey < Hu||TL”Wf+11(wC),
F e L*(Q) and —a|Im(a)| + ZIm(b)| > [|F| .~ (o)-

3) —Cp? < Re(b) < 0, where Cp is the constant in (4.1), allullpi(we) < Hu|2”,ﬂ1(wc) and

Bllullis ey < Nulaqe
Then we have the following estimate.
lull 7o) < C, (4.6)
where C = C(||F||12(), |9, |al, [b], N,m).
Remark 4.2. Obviously, if |w| = Q] then au| p1(we) < ||u||Zﬁﬁl<wc and w1 ey < Hu||L2 ()"
Proof of Lemma 4.1. By Poincaré’s inequality (4.1), it is sufficient to establish
IVullr2(0) < CIF |12, 12, lal, [b], N, m). (4.7)

Moreover, it follows from (4.3) and (4.1) that for any p > 0,

o2
1
| 1Pulde < EIPI ) + 5IVulE 0 (148)
Finally, it follows from (4.2) and (4.1) that if a/|ul[f1(we) < ||u||’£ﬁ;’f+ll(wc) then one has,

Hu”zlvi_il(w) +04||UHL1(0JC) < ||U||TTTJ}1(Q) <

Tatay- (4.9)

10



We divide the proof in 3 steps.

Step 1. Proof of (4.7) with Assumption 1).

Assume hypothesis 1) holds true. If Re(a) > 0 then (4.7) follows from (4.4) and (4.8), while if
Re(a) < 0 we then deduce from (4.4), (4.8) and (4.9) that,

1—m m
(IVulligs) - IRe(a) ) IVull 75, < CRIFI3:(a)-

Hence (4.7).
Step 2. Proof of (4.7) with Assumption 2).
As for Step 1, it follows from (4.5), (4.2), (4.3) and Holder’s inequality that

()] (s ) + Blullzs e ) < lm(a)][2]3 L) + altm(@)[u]l s e

1 > |1m( )|

- F 5

1l oy + IF N 2o ey l1ull e

Recalling that when |w| < ||, —a|Im(a)| + g\Im(b)| > ||F|| Lo~ (), the above estimate yields

—m m 1
(Ilm( Mull 20y — 2/tm(a)||€2] = )HuIILJi)+B|Im(b)IIIUHL1<wc> <m|lFllia<w> (4.10)
I [T (b)|[[ull 277, — 2/Im(a)[|Q] = < 1 then
not.
[ullz2w) < CUIF L2, €, lal, [b], m) "= Co, (4.11)

and it follows from (4.5), (4.2), (4.11) and Hoélder’s inequality that,

(Bl (8)] — afn(a) )l ey < CLCo) + 1 oo o
g
< C(Co) + 5 1m(®)] = altna)] ) s,
so that,
Bl ey < CCP ooy 192, el 1] m) "2 . (112)

1n

But if |Im(b)H|u||1L§ZZ) — 2|Im(a)||22] =" > 1 then (4.11) and (4.12) come from (4.10).
Finally, by (4.4), (4.8), (4.9), (4.11) and (4.12), one obtains

IVl () < Re(a)|Cp

m 02 1
oy +C(Co,C1) + =L FlI0) + 5l Vuli2g)-

It follows that (HVU||L2(Q )HVuH?;z(lz C+C3 ||F||L2 (q)» from which we easily deduce (4.7).

Step 3. Proof of (4.7) with Assumption 3).
By Assumption 3), (4.1), (4.3) and (4.9)

m 02 M2
IVl < CITulzh + (IR®ICE + 55 ) IVuley + 5 1F e

11



where C' = C(||, |a|, N,m). We then deduce,
1 b)|CE — Ci mtl F
~ Re(9)ICE — £ ) IVullzge, — ) IVl < AP0

Since |Re(b)| < Cp?, there exists ,uo > 0 such that Cy <" 1 — |Re(b)|C3 — 2%‘% > 0. For such a py,
(CQHWHL;(Q) - ) IVaul[fsth) < M1 F|122q. from which (4.7) follows. 0

Corollary 4.3. Let (Q,)nen a sequence of open subsets of RY be such that sup |Q,] < o0, let 0 <

m < 1, let (a,b) € C? and let (F,,)nen C L*®(Qy,) be such that sup | Full 2 (2.) < oo. If Re(b) < 0 then

assume further that Im(b) # 0 or —zz < Re(b), where Cp is the constant in (4.1). Let (u})(n,eyenz C
P

HY(Q,) be a sequence satisfying
Vn €N, VL eN, —Au} + fi(up) = Fy, in L*(,), (4.13)

where for any £ € N,

alu| =y 4 by, if [ul < 4,

Yu e L2(Q,), fo(u) = 4.14
(), fe(w) alm b if |ul > L. (4.14)
ul -~ Jul
Then there exists a diagonal extraction (ug(n)) N of (u})n,eyen2 such that the following estimate
ne
holds.
Vn €N, ||U’Lp(n)||H1(Qn) c,

where C = C (sup |Fullz2(en,y, 5D [2l, [al, B, N, m) |
neN neN

Proof. Choosing uj and iuy as test functions, we get

”vu?H%Z(Qn) + Re(a) (||u?||2"’,;”‘il({|u?|<e}) + gm”u?”Ll({lu;bé}))

4 Re®) (10 Baqqugicen + A lsczisn) = Re [ P,

n

m+1

Im(a) (H“?‘ L+t ({up|<£}) + Zm”“?”ﬂ({\u}}bé}))

+13000) (132 qupr<en + o s qupioan) =T | P,
for any (n, ) € N?. We first note that,

gl qup sy < NI Tt gue e
Y(n, £) € N2, eri=ehr (4.15)

gl qrup ey < Mg 72 gup o)

12



For each n € N, we choose p(n) € N large enough to have p(n)'=™ > QHF"HLOTI(I?I’(L;;[‘IIH(Q)I, when

Im(b) # 0 and ¢(n) = n, when Im(b) = 0. Thus for any n € N, as soon as Im(b) # 0, one has

IFull~ @) < el (@] + 22 )] (4.16)

With help of (4.15) and (4.16), we may apply Lemma 4.1 to UL for each n € N, with w =
{x € Qp; < go(n)} ,a=p(n)™ and = p(n). O

Ugp(n) ()

Lemma 4.4. Let Q@ C RY be an open subset, let w an open subset of RN be such that w C §, let
m >0 and let (a,b,c) € C3 be such that Im(b) # 0. If Re(a) < 0 then assume further that Im(a) # 0.
Let a, B, R >0, let F € L*(Q) and let

1+|b]+R>|c Re(a .
max {1, +‘\h|n+(b)|\ L Elmga;} } , if Re(a) <0,

A =
bl+R?|c .
max{l,%}, if Re(a) > 0.
If |w| < |Q| then assume further that F € L>(Q) and 8 > 2A||F|| =) + 1. Let u € H'(Q) satisfies

Tiil(w) + QHUHLl(wC))

= (0 Rlel) (Jull oy + Bllloon) < [ 1Pulda. (@17

IVull32 ) + Re(a) (|

[tm(@)] ([l oy + allull ooy ) + M) (fula) + Bllul 1w ) < /g Fulde.  (4.18)

Then there exists a positive constant M = M(|al, ||, |¢|) such that,

IVullZa ) + lullZe ) + el Fat ) + Il < MR+ DIIF|Z20)- (4.19)

Proof. Let A be as in the lemma. We multiply (4.18) by A and sum the result to (4.17). This yields,
IV ul3aqay + Ao (el o) + ey ) + el + Bllullz ) < 24 /Q |Fulda,
where Ay = A|Im(a)| + Re(a). Applying Hoélder’s inequality and (4.3), we get
IVl 22y + lull7eqy + Aollull ot ) + Bllull L we)
1
< 2AYF |z o ull o ey + 24711720y + S llullZe ),

from which we deduce the result if |w| = |Q]. Now, suppose |w| < |€2]. The above estimate leads to,

IVullZz o) + lullZa ) + Aollullfoits ) + (B = 24 F |l =(0)) ull 11 wey < 4A%FZ2(q),

from which we prove the lemma since 8 — 2A||F|| ) > 1. O

13



Lemma 4.5. Let (a,b) € A? satisfies (2.7). Then there exists 5, = §,(|al,|b]) € (0,1], L = L(|al, |b])
and M = M(|al,|b|) satisfying the following property. If § € [0,8,] and Cy, C1, Co, C3, Cy are siz

nonnegative real numbers satisfying

}Cl + 6C + Re(a)Cg + (Re(b) — 5)04’ < Cy, (420)
[Im(a)Cs + Im(b)Cy| < Co, (4.21)

then
0<Ci+LCs+ LCy < MCy. (422)

Proof. We split the proof in 4 cases. Let v > 0 be small enough to be chosen later. Note that when

Im(a)Im(b) > 0 then estimate (4.21) can be rewritten as
IIm(a)|C5 + [Im(b)|Ca < Co. (4.23)
Case 1. Re(a) > 0, Re(b) > 0 and Im(a)Im(b) > 0. We add (4.23) with (4.20) and obtain,
Cy + (Re(a) + [Tm(a)[) Cs + (Re(b) — 6, + |Im(b)])Cs < 2C.
Case 2. (Re(a) >0, Re(b) < 0 and Im(a)Im(b) > o) or <Im(a)1m(b) <0). Then,

Re(a)Im(b) — Re(b)Im(a) + vIm(a)

[Re(b)| + [Im(b)| + v
Im(b) Co.

Gt Tm(®)]

CB + ('7 - 5*)04 <

where we computed (4.20) — ng();)y (4.21).

Case 3. Re(a) < 0, Re(b) > 0 and Im(a)Im(b) > 0. By computing (4.20) — Ri(na()af)"’ (4.21), we get,

Re(b)Im(a) — Re(a)Im(b) + vIm(b)

[Re(a)| + [Tm(a)| 4+
Im(a) Co.

[Tm(a)l

Cl+703+< —6*>C4<

Case 4. Re(a) < 0, Re(b) < 0 and Im(a)Im(b) > 0. Note that since (a,b) € A? then necessarily

Im(a)Im(b) # 0. Thus, we can compute (4.20) + max { |P|{ﬁ§1a()a‘;l'7, ‘ﬂ‘fg&‘);p} (4.23) and obtain,

C14+~C5 4 (v —6,)Cq < (|Re(a)| + [Im(a)| +~y N [Re(b)| + [Tm(b)| + 7) ‘.

Im(a)] [Tm(b)]
In both cases, we may choose v > 0 small enough to have

Re(a)Im(b) — Re(b)Im(a) + vIm(a)
Im(b)

Re(b)Im(a) — Re(a)Im(d) + vIm(b)
Im(a)

>0, in Case 2,

>0, in Case 3.

14



Then we choose 0 < &, < min {1,,|Im(b)| + [Re(b)|} such that

- Re(b)Im(a) — Re(a)Im(b) + yIm(b)
Im(a)

This ends the proof. O

Oy , in Case 3.

Corollary 4.6. Let Q C RY be an open subset, let V€ L>=(Q;R), let 0 < m < 1 and let (a,b,c) € C3
be such that Im(a) < 0, Im(b) < 0 and Im(c) < 0. If Re(a) < 0 then assume further that Im(a) < 0.
Let§ > 0. Let (F,)nen C L(Q)NL*(Q) be bounded in L*() and let (u})(n 0enz € H'(Q)NL™H(Q)

be a sequence satisfying
Vn €N, VL eN, —Au} + ouj + fo(u}) = F,, in L*(Q), (4.24)

with boundary condition (1.3) or (1.4), where for any £ € N,

alu| "™y 4 (b — 8)u + cV3u, if ju| <,
Vu e L*(Q), fo(u) = u

alm (b — )+ V2 if u] > L.
|u |u |ul

For (1.4), Q is assumed to have a C* boundary. Then there exist M = M (||V|| (), |al, |b], |c|) and

(4.25)

a diagonal extraction (ug(n))neN of (u})(n,eyenz for which,

n

n 2 n 2 m
Hvus@(n)Hm(Q) + ||U<P(n)||L2({‘ug(n>‘§¢(n)}) + ||u<P(n)||L7jJ}1({

<o)

+ IIUZ(n)IILI({‘%)‘WW}) < Milelg 1FullZz )

for any n € N. The same is true if we replace the conditions on (a,b,c) by (a,b,c) € A x A x {0}
satisfies (2.7) and & < 6y, where d, is given by Lemma 4.5. In this case, M = M(|al,|b|).

Proof. Choosing v} and iuy as test functions, we obtain
1907 132 ) + Re(a) (g I e oy + 08 1 aisen

+ (Re(d) — [V[[7 0y IRe(0)]) (HU?H%Z({WKZ}) +£||U?||L1({\u;;|>é})> < Re/Q Foujdz, (4.26)

() (11 175 g <y + O 1 e g > ) + Tm08) (168 132 g <oy + Ald s a5 )
+ Im(c) <||VU||%2({|u;|<L’})) +€||V2U\|L1({|ug|>e}))) = Im/ﬂFn@d% (4.27)
for any (n,f) € N2, If (a,b,c) € A x A x {0} satisfies (2.7), then we obtain
Vg 122y + 8llug |72(q) + Re(a) (||U?||ZLI+11({|U;|@}) + £m||u?||L1({|ug|>e}))

+ (Re(b) —9) <\|U?||iz({|u7|<e}) +€||U?||L1({\ug|>e})> = Re/ﬂFn@d% (4.28)
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() (g 17 g <) + 1 e g 56
+ Im(b) (||u?||2L2({\u;'|§é}) +€HU7HL1({|ug\>z})) = Im/Q Foujde, (4.29)
for any (n,£) € N2. For this last case, it follows from Lemma 4.5, Holder’s inequality and (4.3) that

m—+1
Lm+1

n L n n
[Vug H%Z(Q) + 5”“4 ||i2({\u;'|§é}) + L[ug|

({lup]<e})
M2
+ (L6 = MIIF[| oo @) [ upi>en < S 1F 17200

Then the result follows by choosing for each n € N, p(n) € N large enough to have Lp(n) —
M||F| o) = 1. Now we turn out to the case (4.26)-(4.27). Let M and A be given by Lemma 4.4
with R = ||V e (q). For each n € N, let ¢o(n) € N be large enough to have p(n) > 2A|[F, || L) + 1,
if |w| < |92] and @(n) = n, if |w| = |Q|. For each n € N, with help of (4.26) and (4.27), we may apply
Lemma 4.4 to uf,,, with w = {x € Q; ‘ug(n) (x)' < @(n)} ya=@n)™, B=pn)and R= ||V ~@q)-

Hence the result. O

5 Proofs of the main results

Proof of Theorem 2.12. Property 1) follows from Proposition 4.5 in Bégout and Diaz [1] while
Property 2) comes from Remark 4.7 in Bégout and Diaz [1]. It remains to establish Property 3).
Assume first that ' € LP(Q) and V € [ L"(Q). It follows from the equation that for any e €
(0,g—1), Au € LI97¢(£2). We now recall a:rf;ﬁ(i);)tic regularity result. If for some 1 < s < 0o, u € L*(Q)
satisfies Au € L¥(Q) and v(Vu.r) = 0 then u € W25(Q) (Proposition 2.5.2.3, p.131, in Grisvard [11]).
Since for any ¢ € (0,q — 1), u, Au € L77¢(Q) and v(Vu.v) = 0 (by assumption), by following the
bootstrap method of the proof p.52 of Property 1) of Proposition 4.5 in Bégout and Diaz [1], we
obtain the result. Indeed, therein, it is sufficient to apply the global regularity result in Grisvard [11]
(Proposition 2.5.2.3, p.131) in place of the local regularity result in Cazenave [6] (Proposition 4.1.2,
p.101-102). Now, you turn out to the Hélder regularity. Assume F € C%%(Q) and V € C%%(Q). By
global smoothness property in W?2? proved above, we know that u € W2¥+1(Q) and v(Vu.r) = 0
in LV+1(T). Tt follows from the Sobolev’s embedding, W2N+1(Q) < C %1 (Q) — C°1(Q), that for

any x € I', 9%(z) = 0 and u € C%(Q). A straightforward calculation yields,

(a,y) € 0, Ju@) ") — fuly) " u(y)| < Slule) - uly)™ < 5le -yl
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Setting, g = F — (alu|~"~™u + (b — 1)u + cVu), we deduce that g € C%*(Q). Let v € C>*(Q) be
the unique solution to

—Av+v=g, in{,

% =0, onT,
(see, for instance, Theorem 3.2 p.137 in Ladyzhenskaya and Ural'tseva [16]). It follows that w and

v are two H'-solutions of the above equations and since uniqueness holds in H'(2) (Lax-Milgram’s

Theorem), we deduce that u = v. Hence v € C?*(Q). This concludes the proof?. O

Proof of Proposition 2.14. We first establish Property 1). Since © has C%! boundary and
u € H} (), it follows that v(u) = 0. Moreover, Sobolev’s embedding and equation (2.9) imply that
Au € L?*(2). We then obtain that u € H?(Q) (Grisvard [11], Corollary 2.5.2.2, p.131). Hence
Property 1). We turn out to Property 2). It follows from equation (2.9) that Au € L?(f2), so that

(2.9) makes sense a.e. in 2. Then Property 2) comes from the arguments of 2) of Remark 2.5. O

Lemma 5.1. Let O C RY be a bounded open subset, let V€ L>®(2;C), let0 < m < 1, let (a,b,c) € C3
and let F € L*(O). Let § € [0,1]. Then for any ¢ € N, there exist a solution u} € H(O) to

—Aug + Sug + folug) = F, in L*(0), (5.1)

with boundary condition (1.3) and a solution ui € H'(O) to (5.1) with boundary condition (1.4) (in
this case, O is assumed to have a C' boundary and § > 0), where
alu| =y 4 (b — Su+ V3, if |ul <4,
Vu € L*(Q), fo(u) = u u

alm — + (b— 6)¢

i F V20l il > .

[ul Jul

If, in addition, V is spherically symmetric then Symmetry Property 2.2 holds.

Proof. We proceed with the proof in two steps. Let H = H{(0), in the homogeneous Dirichlet case,
and H = H'(0), in the homogeneous Neumann case. Let d € [0, 1] (with additionally 6 > 0 and T of
class C! if H = H'(0)). Step 1 below being obvious, we omit the proof.

Step 1. VG € L*(0), 3w € H st. —Au+ du = G. Moreover, 3o > 0 s.t. VG € L?(0),

||(—A + 6[)’1GHH1 < af|G||L2(0y- Finally, Symmetry Property 2.2 holds.

(0)
Step 2. Conclusion.

For each £ € N, we define gy = —fo+ F € C(Lz((’)); Lz((’))). With help of the continuous and compact

2More directly, we could have said that since u € W2N+1(Q), v(Vu.v) = 0 and Au € C%%(Q) (by the estimate of
the nonlinearity) then by Theorem 6.3.2.1, p.287, in Grisvard [11], u € C%*(Q). But this theorem requires Q to have a
C?1 boundary.
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embedding i : H < L?(O) and Step 1, we may define a continuous and compact sequence of mappings

(Ty)een of H as follows. For any £ € N, set

TH S 120) 4 o) SAEDT g
u +— i(u)=u — ge(u) — (—A + 5u) " (ge) (u)

Set p = 2a(|al + |b] + |c| + 1) (<||V||2OO(Q) + 2) 00|z + ||FHL2(O)) . Let u € H. Tt follows that,

1 Te(w) || 1 (0) = H(—A+6I)‘1(g¢)(u)“H1(O) < allge(u)llL20) < p

Existence comes from the Schauder’s fixed point Theorem applied to T;. The Symmetry Property 2.2
is obtained by working in H;,q in place of H (and in Heyen and Hyqq for N = 1). O

Proof of Theorem 2.1. Let for any u € L*(Q), f(u) = alu|~*~™u + bu. Set Q,, = QN B(0,n).

Let (Gn)nen C 2(82) be such that G, ﬂ) F. Let ( )(n Hen:

of (5.1) be given by Lemma 5.1 with C’) = Qn,c =0 =0and F, = Gyq,. We define 11? €

C H(£,) a sequence of solutions

H}(Q) by extending u,, by 0 in QN Q. We also denote by fg the extension by 0 of f, in QN QF.

e)(n )enz which is bounded

in H}(Q). By reflexivity of H}(f2), Rellich-Kondrachov’s Theorem and converse of the dominated

By Corollary 4.3, there exists a diagonal extraction (%) of (Eﬁ
neN

convergence theorem, there exist v € Hg(Q2) and g € L (£ R) such that, up to a subsequence that

we still denote by (%)nEN, /Z\(;z/) % u, u/;(:) i—iﬁ) u and ‘%‘ < g, a.e. in 2, By these
two last estimates, ]% (%) % f(u) and |fom) (%)‘ < C(g™ +g) € L .(Q), ae. in Q.
From the dominated convergence Theorem, J% (%) L:iz) f(u). Let ¢ € 2(92). Let ny € N be
large enough to have supp ¢ C €2,,,. We have by (5.1),

Y > ny, <—1Aug(n) + fo(n) (“Z(n)) —F,, (pm">@'(9n),@(9n) =0

The above convergencies lead to,

(=Au+ f(u) = F,0) 9 @),2(Q)

= (~u, Ap) g (q),2() + (f(u) — F,0)9(0),2(0)

= Jm <_% A90>_@'(m o@ T ni <f*‘° ")( ">> G, S0>@'<ﬂ>,@<9>

= Tim (~Aul + foom (W) Fn"""ﬂn>@f(an),@(m>

=0.

By density, we then obtain that u € H}(Q) is a solution to —Au+ f(u) = F, in L*(Q). Finally, if F is
spherically symmetric then u (obtained as a limit of solutions given by Lemma 5.1) is also spherically

symmetric. For N = 1, this includes the case where F' is an even function. O
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Proof of Theorems 2.3 and 2.9. Choosing u and iu as test functions, we obtain
[l 0y + Re(@)llul7 g + Re(®) 30y = Re /Q Puda,
Im(a)HuHTL”IL(Q) + Im(b)HuH%Z(Q) = Im/QFHd:z:.

Theorem 2.3 follows immediately from Lemma 4.1 applied with w = €2, while Theorem 2.9 is a

consequence of Lemma 4.5 applied with § = 0 and (4.3). This ends the proof. O

Proof of Theorem 2.6. Choosing u and iu as test functions, we obtain

IVl oy + Rela@)al s oy + (Re(®) = IRV Iy Bl < [ Pl
Tm(a)|[[ull b (o) + Tad)|ullF2q) + ()| V|2 < /Q |Fu|dz.
The theorem follows Lemma 4.4 applied with w = Q, R = ||V||z> ) and a = 3 = 0. O

Proof of Theorems 2.4 and 2.8. We first assume that  is bounded. Let H = H{ (L), in the
homogeneous Dirichlet case, and H = H'(Q), in the homogeneous Neumann case. Let §, be given
by Lemma 4.5 and let for any u € L*(), f(u) = a|u\_(1_m)u + bu + eV?u (with ¢ = 0 in the case of

L*(Q)

Theorem 2.8). Let (Fp)nen C 2(£2) be such that F, — F. Let C H a sequence of

( )(n,Z)EN2
solutions of (5.1) be given by Lemma 5.1 with O = Q, 5 =1 for Theorem 2.4, § = 4, for Theorem 2.8
and such F,. By Corollary 4.6, there exists a diagonal extraction (ug(n)>nEN of (u?)(n,Z)ENZ which
is bounded in WH(Q) N H'(Q). Let 1 < p < 2 be such that WH(Q) < LP(Q). Then (ug(n))

ne

is bounded in W1?(Q) and there exist u € W'P(Q) N H*(Q) and g € LP(%;R) such that, up to

a subsequence that we still denote by ( ) , u EAALUN u, Vu?, — Vuin (L2 (Q))N, as
@(n) e(n) h oo p(n) w
n .e. in n n . .
T 00 Uy S5 U [ | S 9, e n B and (“w(m“{ [ < }> Ly B pomded i L)

where the last estimate comes from Corollary 4.6. By these three last estimates and Fatou’s Lemma,
n a.e. in Q n m .

u € L), fom) <u¢(n)) — f(u) — ou and ‘f@(n) (uw(n))‘ < C(gm +g) € LP(Q), ae. in Q. Tt

follows that u € H'(f2). From the dominated convergence Theorem, Jo(n) (ug(n)> L (Q flu) = du.

Consider the Dirichlet boundary condition. We recall a Gagliardo-Nirenberg’s inequality.
vw € Hy(Q), w725 < Cllwllf: o) Vwllzz g,
where C = C(N). In particular, C' does not depend on . Since (U’Z(n)> . C H}(Q) is bounded
ne

in Wh1(Q) N H(Q), it follow from the above Gagliardo-Nirenberg’s inequality that (ug(n)) . is
ne

bounded in Hg(£2), so that u € H}(Q). Now, we show that u € H is a solution. Let mg € N be large

19



enough to have H™°(Q) < L (Q). Let v € 2(Q), if H = H}(Q) and let v € H™(Q), if H = H'(Q).
By (5.1), we have for any n € N,

<vu@(n)7 V'U>L2(Q)’L2(Q) + <6u90(’n) + f(p(n) (uW(n)) ’U>Lp(Q),LP'(Q)
— (Fn,v)r2(),02(0) = 0. (5.3)

Above convergencies lead to allow us to pass in the limit in (5.3) and by density of 2(Q) in H(Q)
and density of H™ () in H'(Q) (see, for instance, Corollary 9.8, p.277, in Brezis [1]), it follows that

Vo € H, (Vu, Vo) r2(a) r2(0) + (f(u),v)12(0),22() = (F, V) 12(9),12(9)-

This finishes the proof of the existence for 2 bounded. Approximating by an exhaustive sequence

of bounded sets (2N B(0,n)) the case (2 unbounded can be treated in the same way as in the

neN?

proof of Theorem 2.1. The symmetry property also follows as in the proof of Theorem 2.1. O

Proof of Theorem 2.10. Let uj,us € H'(2) N L™T1(Q) be two solutions of (1.2) such that
Vg, Vuy € L2(Q). We set u = uy — up, f(v) = [v]"0=™v and g(v) = af(v) + bv + ¢V?v. From

Lemma 9.1 in Bégout and Diaz [1], there exists a positive constant C' such that,
|u1(z) — ua(z)[?
c dr < - Uy — Ug) m , 5.4
/ (Jua (@)] + [ua (@) )= (Flun) = fluz)y s =uz) s ) 1 g (5-4)

where w = {x € Q; Jug ()] + Jua (x)] > 0}. We have that u satisfies —Au+ g(u1) — g(ug) = 0. Choosing

v = au as a test function, we get

Re(a)[|Vullze + la®(f(u1) = f(uz), 1 — uz)  mes +Re(ab)||ul7> + Re (a2) [Vul7. = 0.

L m ’Lm‘Fl

It follows from the above estimate and (5.4) that,

2

Re(@) [Vl +Claf? [ LD gyt Re(ad)ful + Re o) [Vl <0,

2(7)]
(Jur ()] + |ug(z)[)1=m

which yields Property 1). Properties 2) and 3) follow in the same way. O

Remark 5.2. It is not hard to adapt the above proof to find other criteria of uniqueness.

6 On the existence of solutions of the Dirichlet problem for
data beyond L2(Q2)

In this section we shall indicate how some of the precedent results of this paper can be extended

to some data F which are not in L?(2) but in the more general Hilbert space L?(£2;%), where
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§(z) = dist(z,T") and o € (0,1).
In order to justify the associated notion of solution, we start by assuming that a function u solves

equation

—Au+ f(u) =F, in , (6.1)

with the Dirichlet boundary condition (1.3), ujp = 0, and we multiply (formally) by v(x)d(x), with
v € H{(;6) (the weighted Sobolev space associated to the weight §%(x)), we integrate by parts (by

Green’s formula) and we take the real part. Then we get,

Re/Vu.Wé“dx+Re/ﬁVu.V5”‘dx+Re/f(u)m5°‘dx:Re/Fﬁéo‘dx. (6.2)
o !

Q Q

To give a meaning to the condition (6.2), we must assume that
F € L*(9;6%), (6.3)

where HFH%Z(Q;M) = / |F(2)]?6“(z)dx, and to include in the definition of solution the conditions
Q

w € Hi(Q;6%) and f(u) € L*(Q;6%). (6.4)

The justification of the second term in (6.2) is far to be trivial and requires the use of a version of the

following Hardy type inequality,
/ ()26~ (2)dz < C / V()29 (2)da, (6.5)
Q Q

which holds for some constant C' independent of v, for any v € H}(€2; %) once we assume that
Q) is a bounded open subset of RY with Lipschitz boundary (6.6)

(see, e.g., Kufner [13] and also Drébek, Kufner and Nicolosi [10], Kufner and Opic [14], Kufner and
Sianding [15] and Neéas [19]). Notice that under (6.6), we know that § € W1°°(Q) and so

o 6
/ﬁVu.V(S“dx = /(5?Vu) : <5;V5a> dz| < af| Vil (o) [Vull2 @5 [[0]l L2 (05~ -y < 00,
Q Q

by Cauchy-Schwarz’s inequality and (6.5).

Definition 6.1. Assumed (6.3), (6.6) and a € (0, 1), we say that u € Hg (2;5%) is a solution of (6.1)
and (1.3) in HJ(2;8%) if (6.4) holds and the integral condition (6.2) holds for any v € HJ (£2;5%).
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Remark 6.2. Notice that H}(2;5%) < L%(Q) (by the Hardy’s inequality (6.5) and (6.6)). Moreover,

since
57 € LY(Q), for any s € (0,1), (6.7)

we know (Drébek, Kufner and Nicolosi [10], p.30) that

2s

H(Q;0%) < WP« (Q), with p, = S+l

Remark 6.3. Obviously, there are many functions F such that F' € L?(£2;6%)\ L?(Q) (for instance,
if F(z) ~ ﬁ, for some 8 > 0, then F € L*(Q;6%), if 8 < 5L but F € L*(Q), once 8 > 1. This
fact is crucial when the nonlinear term f(u) involves a singular term of the form as in (1.2) but with

m € (—1,0) (see Diaz, Herndndez and Rakotoson [8] for the real case).

Remark 6.4. We point out that in most of the papers dealing with weighted solutions of semilinear
equations, the notion of solution is not justified in this way but merely by replacing the Laplace opera-
tor by a bilinear form which becomes coercive on the space Hg (€;6%). The second integral term in (6.2)
is not mentioned (since, formally, the multiplication of the equation is merely by v € HJ (€; 6“)) but

then it is quite complicated to justify that such alternative solutions satisfy the pde equation (1.2)

2
loc

when they are assumed, additionally, that Au € Li _(©2). We also mention now (although it is a
completely different approach) the notion of L (€2;d)-very weak solution developed recently for many
scalars semilinear equations: see, e.g., Brezis, Cazenave, Martel and Ramiandrisoa [5], Diaz and

Rakotoson [9] and the references therein).

By using exactly the same a priori estimates, but now adapted to the space H}(Q;d%), we get the

following result.

Theorem 6.5. Let ) be a bounded open subset with Lipschitz boundary, V € L*(;R), 0 < a < 1,
0<m<1,(a,b,c)e€C? asin Theorem 2.4 and let F € L*(Q;6%). Then we have the following result.

1) There exists at least a solution u € H}(2;8%) to (1.2). Furthermore, any such solution

belongs to HZ, ().

2) If, in addition, we assume the conditions of Theorem 2.10, this solution is unique in the class

of Ha(§;6%)-solutions.

Remark 6.6. In the proof of the a prior: estimates, it is useful to replace the weighted function §

by a more smooth function having the same behavior near I'. This is the case, for instance of the first
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eigenfunction ¢y of the Laplace operator,

—Ap; = A1y, in Q,

pr =0, on I
It is well-known that ¢; € W (Q) N Wy (Q) and that C16(z) < ¢1(x) < C2d(z), for any = € Q,
for some positive constants C; and C5, independent of x. Now, with this new weighted function, it is
easy to see that the second term in (6.2) does not play any important role since, for instance, when

taking v = u as test function, we get that

1 1
Re/ﬂVu.ch‘fdx: §/V|u\2.V<pf‘d9:: —§/|u|2Ag0‘fdx
Q Q Q
A 1-— C(2-a
-5 / s+ 202 / [Py *~ Vi1 Pda > 0.
Q Q

7 Conclusions

In this section, we summarize the results obtained in Section 2 and give some applications.

The next result comes from Theorems 2.1, 2.3 and 2.10.

Theorem 7.1. Let Q2 an open subset of R be such that |Q| < oo and assume 0 < m < 1, (a,b) € C?
and F € L*(Q2). Assume that Re(b) > —%or Im(b) # 0, where Cp is the Poincaré’s constant in (4.1).
P

Then there exists at least a solution u € Hg () to
—Au+ alu|~ ™y 4 bu = F, in L*(Q). (7.1)

%
Furthermore, |[ullgiq) < C(|1FlL2(@), €, |al, b, N,m). Finally, if @.b > 0 then the solution is

UNLQUE.

%
In the above theorem, the complex numbers a and b are seen as vectors @ and b of R2, Consequently,

_>
@. b denotes the scalar product between these vectors of R2.

The novelty of Theorem 7.1 is about the range of (a,b) : we obtain existence of solution with, for
instance, (a,b) € R_ x (—¢,0), with € > 0 small enough, or (a,b) = (—1 41, —1 — i). Recall that, up
to today, existence was an open question when (a,b) € R_ x R_ or [a,b] "R_ x i{0} # } (Bégout
and Diaz [1]). Knowing that for such (a,b) equation (7.1) admits solutions, it would be interesting if,

whether or not, solutions with compact support exist, as in Bégout and Diaz [1].

By Theorems 2.4, 2.6 and 2.10, we get the following result.
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Theorem 7.2. Let Q C RY be a bounded open subset, let 0 < m < 1 and let (a,b,c) € C? be such that
Im(a) < 0, Im(b) < 0 and Im(c) < 0. For any F € L?(Q), there exists at least a solution u € H*(Q)

to
—Au+ a|u| "™y 4 bu + clz?u = F, in L*(), (7.2)
with boundary condition (1.3) or (1.4)'. Furthermore,
lull 1) < Clal, [ol, [eD(B* + DI Fll L2 ().
where B(0, R) D Q. Finally, if 77 >0 and d. @ > 0 then the solution is unique.

Since, now, we are able to show that equation (7.2) admits solutions, we can study the propagation
support phenomena. Indeed, we can show that, under some suitable conditions, there exists a self-

similar solution u to
iy + Au = alu| =™y + f(t,x), in RV,

such that for any ¢t > 0, supp u(t) is compact (see Bégout and Diaz [3]).

Now, we turn out to equation (7.1) by extending some results found in Bégout and Diaz [I]. These

results are due to Theorems 2.8, 2.9 and 2.10.

Theorem 7.3. Let  C RN be an open subset of RN, let 0 < m < 1 and let (a,b) € A? satisfies (2.7).
For any F € L?(Q), there exists at least a solution u € H*(Q) N L™1(Q) to

m+1

—Au+alu|~ ™y 4 bu = F, in L*(Q) 4+ L% (Q), (7.3)
with boundary condition (1.3) or (1.4)' (in this last case, ) is assumed bounded). Furthermore,
[ull3 () + el oty o) < Mlal, B)IIF(1Z2(q)-
Finally, if d. b >0 then the solution is Unique.

When |2 < oo, Theorem 7.3 is an improvement of Theorem 4.1 of Bégout and Diaz [1], since we may
choose F' € L?(1), instead of F € LLH(Q) and that LLH(Q) C L?(Q). In addition, this existence
result extends to the homogeneous Neumann boundary condition. In this context, we may show three
kinds of new results, under assumptions of Theorem 7.3.

o If O = RY and if F € L?(R") has compact support then equation (7.3) admits solutions and

any solution is compactly supported.
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o If ||[F|| 2 () is small enough and if F' has compact support then equation (7.3) admits solutions
with the homogeneous Dirichlet boundary condition and any solution is compactly supported in 2.
o If || F'|| £2(q) is small enough, if @7 > 0andif F has compact support then equation (7.3) admits
a unique solution with the homogeneous Neumann boundary condition and, in fact, this solution is
compactly supported in €.
For more details, see Bégout and Diaz [3]. Finally, in Section 6 we extended our techniques of proofs
to the case in which the datum F is very singular near the boundary of €2 but still is in some weighted

Lebesgue space (see Theorem 6.5).
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