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❆❝❦♥♦✇❧❡❞❣♠❡♥t

■ ❛♠ ✐♥❞❡❜t❡❞ t♦ ✈❛r✐♦✉s ♣❡♦♣❧❡ ✇❤♦ ❤❡❧♣❡❞ ❛♥❞ s✉♣♣♦rt❡❞ ♠❡ t❤r♦✉❣❤♦✉t t❤♦s❡ ❧♦♥❣ ❛♥❞ ❡①✲

❝✐t✐♥❣ ②❡❛rs ♦❢ P❤❉✳ ❋✐rst ❛♥❞ ❢♦r❡♠♦st✱ ■ ✇❛♥t t♦ t❤❛♥❦ ♠② ❛❞✈✐s♦rs ✐♥ ❚♦✉❧♦✉s❡✱ ❚❤♦♠❛s

❈❤❛♥❡② ❛♥❞ ❈❤r✐st✐❛♥ ❍❡❧❧✇✐❣✱ ✇❤♦ ❣✉✐❞❡❞ ♠❡ ❛❧♦♥❣ t❤❡ t♦rt✉♦✉s ♣❛t❤ ❢r♦♠ ❜❡✐♥❣ ❛ st✉❞❡♥t t♦

❜❡✐♥❣ ❛ r❡s❡❛r❝❤❡r✳ ■t ✐s ✐♠♣r❡ss✐✈❡ ✭❜✉t s♦♠❡✇❤❛t ❞✐s❝♦✉r❛❣✐♥❣ ❛t t✐♠❡s✮ t♦ ❤❛✈❡ s♣❡♥t ✇❡❡❦s

t♦ ✉♥❞❡rst❛♥❞ ②♦✉r ♦✇♥ ♠♦❞❡❧ ❥✉st t♦ r❡❛❧✐③❡ ✐t t❛❦❡s ♦♥❧② ✜✈❡ ♠✐♥✉t❡s t♦ ②♦✉r ❛❞✈✐s♦rs t♦ ❣❡t

t❤❡ s✉❜t❧❡t✐❡s ♦❢ ②♦✉r ✇♦r❦ ❜❡tt❡r t❤❛♥ ②♦✉rs❡❧❢✳ ❚❤♦♠❛s ❛♥❞ ❈❤r✐st✐❛♥ t❛✉❣❤t ♠❡ t♦ s❡t ❤✐❣❤

❡①♣❡❝t❛t✐♦♥s✱ t♦ ❜❡ r✐❣♦r♦✉s ❛♥❞ ♥♦t t♦ ❝✉t ❝♦r♥❡rs ✇❤❡♥ ✐t ❝♦♠❡s t♦ ❡❝♦♥♦♠✐❝ r❡s❡❛r❝❤✳ ❍❛✈✐♥❣

❛❞✈✐s♦rs ✇✐t❤ s✉❝❤ ❛♥ ❛♠❜✐t✐♦♥ ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ❞❡❡♣ ❦♥♦✇❧❡❞❣❡ ♦❢ s❡✈❡r❛❧ ❡❝♦♥♦♠✐❝ ✜❡❧❞s ✇❛s ❛

✈❡r② ✐♠♣♦rt❛♥t ♣❛rt ♦❢ ♠② ❡①♣❡r✐❡♥❝❡✳

■ ♠✉st ❛❧s♦ t❤❛♥❦ s❡✈❡r❛❧ ♦t❤❡r ♣❛st ❛♥❞ ♣r❡s❡♥t ❚❙❊ ♣r♦❢❡ss♦rs ❢♦r t❤❡✐r ❛❞✈✐❝❡ ❛♥❞ ✐♥s✐❣❤ts✱

✐♥❝❧✉❞✐♥❣ P❛tr✐❝❦ ❋❡✈❡✱ ▼❛rt✐ ▼❡st✐❡r✐✱ ❋r❛♥❝❦ P♦rt✐❡r✱ ●✐❧❧❡s ❙❛✐♥t P❛✉❧ ❛♥❞ ❘♦❜❡rt ❯❧❜r✐❝❤t✳

P❛tr✐❝❦✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❛s ❤❡❛❞ ♦❢ t❤❡ ❞♦❝t♦r❛❧ ♣r♦❣r❛♠✱ ❞✐❞ ♥♦t ♦♥❧② ❤❡❧♣ ♠❡ ✇✐t❤ ❡❝♦♥♦♠✐❝

❞✐s❝✉ss✐♦♥s ❜✉t ❛❧s♦ ❛❧❧♦✇❡❞ ♠❡ t♦ ♥❛✈✐❣❛t❡ s❡✈❡r❛❧ ❛s♣❡❝ts ♦❢ ❜❡✐♥❣ ❛ P❤❉✳

❖♥ t♦♣ ♦❢ ♠② ②❡❛rs ✐♥ ❚♦✉❧♦✉s❡✱ ■ ❤❛✈❡ ❜❡♥❡✜t❡❞ ❢r♦♠ t❤❡ ❡①tr❛♦r❞✐♥❛r② ❡♥✈✐r♦♥♠❡♥t ♦✛❡r❡❞

❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ▼✐♥♥❡s♦t❛ ❛♥❞ ❛t t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ▼✐♥♥❡❛♣♦❧✐s✳ ■♥ ▼✐♥♥❡❛♣♦✲

❧✐s ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞ ✐♥ t❤❡ ❚r❛❞❡ ❲♦r❦s❤♦♣ ✐♥ ♣❛rt✐❝✉❧❛r✱ ■ ✇✐t♥❡ss❡❞ ❛ ♣❛ss✐♦♥ ❢♦r ✐♥t❡❧❧❡❝t✉❛❧

❝❤❛❧❧❡♥❣❡s t❤❛t ✇❛s ❝♦♥t❛❣✐♦✉s✳ ❊♥❝♦✉r❛❣❡❞ ❜② ❡①tr❡♠❡❧② ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤ ❚✐♠ ❑❡❤♦❡

❛♥❞ ❑❡✐✲▼✉ ❨✐✱ ■ ❢❡❧t ✇❡❧❝♦♠❡❞ t♦ ♣❧❛② ♠② ♣❛rt ❛♥❞ ❝♦♥tr✐❜✉t❡✱ ❛s ❛♥ ❡❝♦♥♦♠✐❝ r❡s❡❛r❝❤❡r✱ t♦ ❛

❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❢♦r❝❡s ❞r✐✈✐♥❣ ♦✉r ❡❝♦♥♦♠✐❝ s②st❡♠✳ ❚❤✐s ❡①♣❡r✐❡♥❝❡ ❤❛❞ ❛ ♣r♦❢♦✉♥❞

✐♠♣❛❝t ♦♥ ♠② ✇♦r❦ ❛♥❞ ❧❡❞ ♠❡ t♦ ✜r♠❧② ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❛❝❛❞❡♠✐❝ s②st❡♠ ❛s ❛ ✇❤♦❧❡ ❝❛♥ ♣❧❛②

❛ ❞❡❝✐s✐✈❡ ♣❛rt ✐♥ ✐♠♣r♦✈✐♥❣ ♦✉r s♦❝✐❡t②✳

❚❤✐s ✇♦r❦ ❜❡♥❡✜t❡❞ ❢r♦♠ ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤ ♠② ❢❡❧❧♦✇ P❤❉ ❝❛♥❞✐❞❛t❡s ❛♥❞ ■ ✇✐s❤ t♦

t❤❛♥❦ ♠② ❢♦r♠❡r ✢❛t ♠❛t❡s ❛t ❈❤❛t❡❛✉ ❖③❡♥♥❡ ❏❛❦♦❜ ❍❡♥♥✐❣ ❛♥❞ ❙❤❡❦❤❛r ❚♦♠❛r ❛s ✇❡❧❧ ❛s

❑♦♥r❛❞ ❆❞❧❡r✱ ❙✐♠♦♥ ❋✉❝❤s✱ ▼❛①✐♠❡ ▲✐❡❣❡②✱ ❆❧❜❛♥ ▼♦✉r❛ ❛♥❞ ♠❛♥② ♦t❤❡rs ✐♥ ❚♦✉❧♦✉s❡✱ ❜✉t

❛❧s♦ ❏♦❛♦ ❆②r❡s✱ ●❡♦r❣✐♦s ❙t❡❢❛♥✐❞✐s✱ ●✉✐❧❧❛✉♠❡ ❙✉❜❧❡t ❛♥❞ ❉❛♥✐❡❧❛ ❱✐❛♥❛ ❈♦st❛ ✐♥ ▼✐♥♥❡❛♣♦❧✐s✳

■ ❛♠ ❣r❛t❡❢✉❧ t♦ ♠② ♣❛r❡♥ts ✇❤♦ s✉♣♣♦rt❡❞ ♠❡ ✐♥ t❤❡ ❞✐✣❝✉❧t ❝❤♦✐❝❡ ♦❢ ❡♥t❡r✐♥❣ ❛ P❤❉

✷



♣r♦❣r❛♠ ❛♥❞ t♦ ♠② ✇❤♦❧❡ ❢❛♠✐❧② ❛♥❞ ❢❛♠✐❧②✲✐♥✲❧❛✇ ❢♦r t❤❡✐r s✉♣♣♦rt ✐♥ t❤❡ ♣r♦❝❡ss✳ ▼② ❢r✐❡♥❞s✱

♠♦st ♦❢ ✇❤♦ ❛r❡ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ❛❝❛❞❡♠✐❝ ✇♦r❧❞✱ ❤❡❧♣❡❞ ♠❡ ❦❡❡♣ ❝♦♥t❛❝t ✇✐t❤ r❡❛❧✐t② ❛♥❞ ♥♦t

❞r❛✇♥ ✐♥ t❤❡ ✐♥t❡❧❧❡❝t✉❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❛❝❛❞❡♠✐❝ r❡s❡❛r❝❤✳ ❍❛✈✐♥❣ ❢❛♠✐❧② ❛♥❞ ❢r✐❡♥❞s ♠❛❦✐♥❣ ❢✉♥

♦❢ ♠❡ ❢♦r st✐❧❧ ❜❡✐♥❣ ❛ st✉❞❡♥t ❛t ✸✵ ✇❛s ❛❧s♦ ❛ ❣♦♦❞ r❡♠✐♥❞❡r t❤❛t t❤✐s ♣❛t❤ ✐s ❛ ✈❡r② ♣❡❝✉❧✐❛r ♦♥❡✳

❋✐♥❛❧❧②✱ t❤❡ s✐♥❣❧❡ ♠♦st ✐♠♣♦rt❛♥t s♦✉r❝❡ ♦❢ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ♣❛st ✻ ②❡❛rs ❝❛♠❡ ❢r♦♠ ♠②

✇✐❢❡ ❈♦♥st❛♥❝❡✱ ✇❤♦ ♣❛t✐❡♥t❧② ❧✐st❡♥❡❞ t♦ ♠② ♣r❡s❡♥t❛t✐♦♥s s❡✈❡r❛❧ ❞♦③❡♥ t✐♠❡s ❛♥❞ st✐❧❧ ❢♦✉♥❞

t❤❡ ❡♥❡r❣② t♦ ❣✐✈❡ ❝♦♥str✉❝t✐✈❡ ❢❡❡❞❜❛❝❦ ❛♥❞ ❝♦♠♠❡♥ts✳ ❙❤❡ ❣❛✈❡ ♠❡ s✉♣♣♦rt ✇❤❡♥ ■ ♥❡❡❞❡❞ ✐t

❛♥❞ ♣✉s❤❡❞ ♠❡ t♦ ✇♦r❦ ❤❛r❞❡r ✇❤❡♥❡✈❡r ■ ✇❛s ✐♥ ♠② ❝♦♠❢♦rt ③♦♥❡✳ ■ ❝♦✉❧❞ ♥♦t ❤❛✈❡ ✜♥✐s❤❡❞

t❤✐s t❤❡s✐s ✇✐t❤♦✉t ❤❡r✳

✸



❆❜str❛❝t ✕ ❊♥❣❧✐s❤

❚❤✐s t❤❡s✐s ❝♦♥t❛✐♥s t❤r❡❡ ❡ss❛②s ♦♥ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❛♥❞ ♠❛❝r♦❡❝♦♥♦♠✐❝s✱ ✇✐t❤ ❛ s♣❡❝✐❛❧ ❢♦❝✉s

♦♥ t❤❡ r♦❧❡ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✳

■♥ t❤❡ ✜rst ❝❤❛♣t❡r✱ ■ st✉❞② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❛♥❞ ❜✉s✐♥❡ss ❝②❝❧❡

s②♥❝❤r♦♥✐③❛t✐♦♥✳ ❯s✐♥❣ ❞❛t❛ ❢r♦♠ ✹✵ ❖❊❈❉ ❝♦✉♥tr✐❡s ❛♥❞ ♠❛❥♦r ❡♠❡r❣✐♥❣ ♠❛r❦❡ts✱ ■ ✜♥❞

t❤❛t tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ♣❧❛②s ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ s②♥❝❤r♦♥✐③✐♥❣ ●❉P ✢✉❝t✉❛t✐♦♥s

❛❝r♦ss ❝♦✉♥tr✐❡s ✇❤✐❧❡ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s ✐s ♥♦t s✐❣♥✐✜❝❛♥t✳ ▼♦t✐✈❛t❡❞ ❜② t❤✐s ♥❡✇ ❢❛❝t✱ ■

❜✉✐❧❞ ❛ ♠♦❞❡❧ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s t❤❛t ✐s ❛❜❧❡ t♦ r❡♣❧✐❝❛t❡ ♠♦r❡ t❤❛♥ ✽✺✪

♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡✱ ♦✛❡r✐♥❣ t❤❡ ✜rst q✉❛♥t✐t❛t✐✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✏❚r❛❞❡

❈♦♠♦✈❡♠❡♥t P✉③③❧❡✑✳ ❚❤❡ ♠♦❞❡❧ r❡❧✐❡s ♦♥ t✇♦ ❦❡② ❛ss✉♠♣t✐♦♥s✿ ✭✐✮ ♣r✐❝❡ ❞✐st♦rt✐♦♥s ❞✉❡ t♦

♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ✭✐✐✮ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s s❡r✈✐♥❣ ❡❛❝❤ ❝♦✉♥tr②✳ ❚❤❡

❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤♦s❡ ✐♥❣r❡❞✐❡♥ts ❝r❡❛t❡s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ❞♦♠❡st✐❝ ♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐✈✐t② ❛♥❞

❢♦r❡✐❣♥ s❤♦❝❦s t❤r♦✉❣❤ tr❛❞❡ ❧✐♥❦❛❣❡s✳ ❋✐♥❛❧❧②✱ ■ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤♦s❡

❡❧❡♠❡♥ts ✐♥ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❢♦r❡✐❣♥ s❤♦❝❦s ❛♥❞ ❞♦♠❡st✐❝ ●❉P ❛♥❞ t❡st ♦t❤❡r ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡

♠♦❞❡❧✳

■♥ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r✱ ●✉✐❧❧❛✉♠❡ ❙✉❜❧❡t ❛♥❞ ■ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✇✐t❤

❤❡t❡r♦❣❡♥❡♦✉s ✜r♠s ❛♥❞ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s✳ ❋✐r♠s ❛❝❝❡ss ♥❡✇ ✈❛r✐❡t✐❡s ✇❤❡♥ ❜r❡❛❦✐♥❣ ✐♥t♦ ❛♥②

❢♦r❡✐❣♥ ♠❛r❦❡t ❛♥❞ ❥♦✐♥t❧② ❝❤♦♦s❡ ✇❤❡r❡ t♦ ✐♠♣♦rt ❢r♦♠ ❛♥❞ t♦ ❡①♣♦rt t♦✳ ❚❤❡ ✉♥✐t ♣r♦❞✉❝t✐♦♥

❝♦st ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♠♣♦rt✐♥❣✴❡①♣♦rt✐♥❣ str❛t❡❣② ♦❢ ❡❛❝❤ ✜r♠ ❛s ✇❡❧❧ t❤❡ str❛t❡❣② ♦❢ ❛ ✜r♠✬s

❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t s✉♣♣❧✐❡rs✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s ❛❝r♦ss ✜r♠s ❞❡❝✐s✐♦♥s✳ ■♥ ❣❡♥❡r❛❧✱

t❤❡ ♠♦❞❡❧ ❛❞♠✐ts ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ st✉❞② t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ tr❛❞❡ ❞✐s✲

r✉♣t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦✉♥tr✐❡s ♦♥ ❣❧♦❜❛❧ tr❛❞❡ ✢♦✇s ❛♥❞ s❤♦✇ t❤❛t ❛❣❣r❡❣❛t❡ tr❛❞❡ ✢♦✇s ❝❛♥

❜❡ ❝♦♠♣❧❡♠❡♥ts r❛t❤❡r t❤❛♥ s✉❜st✐t✉t❡s✳ ❆s ❛ r❡s✉❧t✱ ❛♥② tr❛❞❡ ❞✐sr✉♣t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s♣❡❝✐✜❝

❝♦✉♥tr✐❡s ♣r♦♣❛❣❛t❡s t♦ ❛❧❧ ♦t❤❡r tr❛❞✐♥❣ ♣❛rt♥❡rs t❤r♦✉❣❤ t❤❡ ♥❡t✇♦r❦ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦✲

❛❣❡s✳ ❍❡♥❝❡✱ ✐♠♣♦s✐♥❣ s❛♥❝t✐♦♥s t♦ ♦♥❡ ❝♦✉♥tr② ❧❡❛❞s t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ tr❛❞❡ ❜❡t✇❡❡♥ ❛❧❧ ♦t❤❡r

❝♦✉♥tr✐❡s✳ ❲❡ ❢✉rt❤❡r t❡st t❤❡ ❡♠♣✐r✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦✳

■♥ t❤❡ t❤✐r❞ ❝❤❛♣t❡r✱ ❙❤❡❦❤❛r ❚♦♠❛r ❛♥❞ ■ st✉❞② t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ t❡❝❤♥♦❧♦❣✐❝❛❧ ✐♠✲

♣r♦✈❡♠❡♥t ✐♥ ♦♥❡ s❡❝t♦r ♦♥ ❡♠♣❧♦②♠❡♥t ✐♥ s❡❝t♦rs ❧♦❝❛t❡❞ ❞♦✇♥str❡❛♠ ✐♥ t❤❡ s✉♣♣❧②✲❝❤❛✐♥✳ ❖♥

t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢ ♠❛t❡r✐❛❧ ❛♥❞ ❧❛❜♦r ❛r❡ ❣r♦ss s✉❜st✐t✉t❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❡ ♣r✐❝❡

❞❡❝r❡❛s❡ ❢♦r t❤❡ ❢♦r♠❡r t❡♥❞s t♦ r❡❞✉❝❡ ❧❛❜♦r ❞❡♠❛♥❞ ❢♦r t❤❡ ❧❛tt❡r ♣❡r ✉♥✐t ♣r♦❞✉❝❡❞✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤❡ ✉♣str❡❛♠ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐t ♣r♦❞✉❝❡❞

t❤r♦✉❣❤ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st✳ ❚❤❡ ♥❡t ❡✛❡❝t ♦♥ ❡♠♣❧♦②♠❡♥t s✐♠♣❧② ❞❡♣❡♥❞s ♦♥ t❤❡

r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢

❞❡♠❛♥❞✳ ❲❡ ❡st✐♠❛t❡ t❤♦s❡ ♣❛r❛♠❡t❡rs ❛t t❤❡ s❡❝t♦r ❧❡✈❡❧ ✉s✐♥❣ ❞❡t❛✐❧❡❞ ❋r❡♥❝❤ ❞❛t❛ ❛♥❞ s❤♦✇

t❤❛t ❡♠♣❧♦②♠❡♥t s❡♥s✐t✐✈✐t② ♦❢ s❡❝t♦rs ❢♦❧❧♦✇✐♥❣ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡✐r ♠❛t❡r✐❛❧ ✐♥♣✉t ♣r✐❝❡ ❛r❡ ✈❡r②

❤❡t❡r♦❣❡♥❡♦✉s✳ ❈♦♥s❡q✉❡♥❝❡s ❢♦r ❢♦r❡❝❛st✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♠❛❝❤✐♥❡ ❡✣❝✐❡♥❝② ❛r❡

❞✐s❝✉ss❡❞✳

✹



❆❜str❛❝t ✕ ❋r❡♥❝❤

❈❡tt❡ t❤ès❡ ❡st ❝♦♠♣♦sé❡ ❞❡ tr♦✐s ❝❤❛♣✐tr❡s tr❛✐t❛♥t ❞✉ ❝♦♠♠❡r❝❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❡t ❞❡ ♠❛❝r♦é✲

❝♦♥♦♠✐❡ ❛✈❡❝ ✉♥❡ ❛tt❡♥t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞♦♥♥é❡ ❛✉ rô❧❡ ❞❡s ❝❤❛✐♥❡s ❞❡ ♣r♦❞✉❝t✐♦♥s✳

▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ét✉❞✐❡ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❝♦♠♠❡r❝❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❡t ❧❛ s②♥❝❤r♦♥✐s❛t✐♦♥

❞❡s ❝②❝❧❡s é❝♦♥♦♠✐q✉❡s✳ ❆ ❧✬❛✐❞❡ ❞❡ ❞♦♥♥é❡s ❝♦✉✈r❛♥t ✹✵ ♣❛②s ❞❡ ❧✬❖❈❉❊ ❡t ❞❡s ♣r✐♥❝✐♣❛✉① ♣❛②s

é♠❡r❣❡❛♥ts✱ ❥❡ ♠♦♥tr❡ q✉❡ ❧❡ ❝♦♠♠❡r❝❡ ❡♥ ❜✐❡♥ ✐♥t❡r♠é❞✐❛✐r❡ ❥♦✉❡ ✉♥ rô❧❡ s✐❣♥✐✜❝❛t✐❢ ♣♦✉r ❧❛

s②♥❝❤r♦♥✐s❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ P■❇ t❛♥❞✐s q✉❡ ❧❡ ❝♦♠♠❡r❝❡ ❡♥ ❜✐❡♥ ✜♥❛❧ ♥✬❡st ♣❛s s✐❣♥✐✜❝❛t✐❢✳

▼♦t✐✈❡ ♣❛r ❝❡ ❢❛✐t ♥♦✉✈❡❛✉✱ ❥❡ ❝♦♥str✉✐s ❡♥s✉✐t❡ ✉♥ ♠♦❞è❧❡ ❞❡ ❜✐❡♥s ✐♥t❡r♠é❞✐❛✐r❡s ❝❛♣❛❜❧❡ ❞❡

r❡♣r♦❞✉✐r❡ ♣❧✉s ❞❡ ✽✺✪ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❡♠♣✐r✐q✉❡ ❡♥tr❡ ❝♦♠♠❡r❝❡ ❡t ❝♦✲♠♦✉✈❡♠❡♥t ❞❡ P■❇✱ ♦✛r❛♥t

❛✐♥s✐ ❧❛ ♣r❡♠✐èr❡ s♦❧✉t✐♦♥ q✉❛♥t✐t❛t✐✈❡ ❛✉ ✓ ❧✬❆♥♦♠❛❧✐❡ ❈♦♠♠❡r❝❡ ❈♦✲♠♦✉✈❡♠❡♥t ✔✳ ▲❡ ♠♦❞è❧❡

s✬❛♣♣✉✐❡ s✉r ❞❡✉① ❤②♣♦t❤ès❡s ✿ ✭✐✮ ❞❡s ❞✐st♦rs✐♦♥s ❞❡ ♣r✐① ❧✐é❡s ❛ ✉♥❡ ❝♦♠♣ét✐t✐♦♥ ♠♦♥♦♣♦❧✐st✐q✉❡

❡t ✭✐✐✮ ✉♥❡ ✢✉❝t✉❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✜r♠❡s ❛❝t✐✈❡ ❞❛♥s ❝❤❛q✉❡ ♣❛②s✳ ▲❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s ❞❡✉①

é❧é♠❡♥ts ♣r♦❞✉✐t ✉♥ ❧✐❡♥ ❡♥❞♦❣è♥❡ ❡♥tr❡ ❧❛ ♣r♦❞✉❝t✐✈✐té ♠❡s✉ré❡ ❞❛♥s ❞✐✛ér❡♥ts ♣❛②s✳ ❊♥✜♥✱ ❥❡

♣rés❡♥t❡ ❞❡s é❧é♠❡♥ts ❡♠♣✐r✐q✉❡s s✉♣♣♦rt❛♥t ❧❡s ❤②♣♦t❤ès❡s t❤é♦r✐q✉❡s ❡t ❥❡ t❡st❡ ❞❡ ♣ré❞✐❝t✐♦♥s

❞✉ ♠♦❞è❧❡✳

❉❛♥s ❧❡ s❡❝♦♥❞ ❝❤❛♣✐tr❡✱ ●✉✐❧❧❛✉♠❡ ❙✉❜❧❡t ❡t ♠♦✐ ♣r♦♣♦s♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ ❝♦♠♠❡r❝❡ ✐♥✲

t❡r♥❛t✐♦♥❛❧ ❛✈❡❝ ❞❡s ❡♥tr❡♣r✐s❡s ❤étér♦❣è♥❡s ❡t ❞❡s ❝❤❛✐♥❡s ❞❡ ♣r♦❞✉❝t✐♦♥ ❣❧♦❜❛❧❡s✳ ▲❡s ✜r♠❡s

❣❛❣♥❡♥t ❛❝❝ès à ❞❡ ♥♦✉✈❡❧❧❡s ✈❛r✐étés ❞❡ ❢♦✉r♥✐ss❡✉rs ❧♦rsq✉✬❡❧❧❡s ❡♥tr❡♥t ❞❛♥s ✉♥ ♠❛r❝❤é étr❛♥❣❡r

❡t ❞é❝✐❞❡♥t ❥♦✐♥t❡♠❡♥t ❞✬✐♠♣♦rt❡r ❡t ❞✬❡①♣♦rt❡r✳ ▲❡ ❝♦ût ✉♥✐t❛✐r❡ ❞❡ ♣r♦❞✉❝t✐♦♥ ❡st ❢♦♥❝t✐♦♥ ❞❡

❧❛ str❛té❣✐❡ ❞✬✐♠♣♦rt ❡t ❞✬❡①♣♦rt ❞❡ ❝❤❛q✉❡ ✜r♠❡ ♠❛✐s ❛✉ss✐ ❞❡ s❡s ❢♦✉r♥✐ss❡✉rs ❞✐r❡❝ts ❡t ✐♥❞✐✲

r❡❝ts✱ ❝❡ q✉✐ ❞♦♥♥❡ ❧✐❡✉ à ❞❡s ❝♦♠♣❧é♠❡♥t❛r✐tés ❞❛♥s ❧❡s ❞é❝✐s✐♦♥s✳ ❊♥ ❣é♥ér❛❧✱ ❧❡ ♠♦❞è❧❡ ❛❞♠❡t

♣❧✉s✐❡✉rs éq✉✐❧✐❜r❡s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s ❝♦♥séq✉❡♥❝❡s ❞✬✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ❞✉

❝♦♠♠❡r❝❡ ❡♥tr❡ ❞❡✉① ♣❛②s s✉r ❧❛ ré♦r❣❛♥✐s❛t✐♦♥ ❞✉ ❝♦♠♠❡r❝❡ ♠♦♥❞✐❛❧ ❡t ♠♦♥tr♦♥s q✉❡ ❧❡s ✢✉①

❝♦♠♠❡r❝✐❛✉① s♦♥t ❝♦♠♣❧é♠❡♥t❛✐r❡s ❡t ♥♦♥ s✉❜st✐t✉ts✳ ❆✐♥s✐✱ ✐♠♣♦s❡r ❞❡s s❛♥❝t✐♦♥s ❡♥tr❡ ❞❡✉①

♣❛②s ❞♦♥♥❡s ♣❡✉t ❝♦♥❞✉✐r❡ à ré❞✉✐r❡ ❧❡s ✢✉① ❡♥tr❡ t♦✉s ❧❡s ♣❛②s ❞✉ ♠♦♥❞❡✳ ◆♦✉s t❡st♦♥s ❡♥✜♥

❞❡ ♠❛♥✐èr❡ ❡♠♣✐r✐q✉❡ ❧❡s ♣ré❞✐❝t✐♦♥s t❤é♦r✐q✉❡s ❞❡ ♥♦tr❡ str✉❝t✉r❡✳

▲❡ tr♦✐s✐è♠❡ ❝❤❛♣✐tr❡✱ é❝r✐t ❛✈❡❝ ❙❤❡❦❤❛r ❚♦♠❛r✱ s✬✐♥tér❡ss❡ ❛✉① ❝♦♥séq✉❡♥❝❡s ❞✬✉♥❡ ✐♥♥♦✈❛✲

t✐♦♥ t❡❝❤♥♦❧♦❣✐q✉❡ ❞❛♥s ✉♥ s❡❝t❡✉r s✉r ❧❡ ♥✐✈❡❛✉ ❞✬❡♠♣❧♦✐ ❞❡s ❛✉tr❡s s❡❝t❡✉rs s✐t✉és ♣❧✉s ❧♦✐♥ ❞❛♥s

❧❛ ❝❤❛✐♥❡ ❞❡ ♣r♦❞✉❝t✐♦♥✳ ❉✬✉♥ ❝♦t❡✱ s✐ ❧❡ tr❛✈❛✐❧ ❡t ❧❡s ❢❛❝t❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s ❞❡ ♣r♦❞✉❝t✐♦♥ s♦♥t

s✉❜st✐t✉ts✱ ✉♥❡ ré❞✉❝t✐♦♥ ❞❡ ♣r✐① ❞❡ ❝❡s ❞❡r♥✐❡rs t❡♥❞ à ré❞✉✐r❡ ❧❛ ❞❡♠❛♥❞❡ ♣♦✉r ❧❡ tr❛✈❛✐❧ ♣♦✉r

❝❤❛q✉❡ ✉♥✐té ♣r♦❞✉✐t❡✳ ❉✬✉♥ ❛✉tr❡ ❝ôté✱ ✉♥❡ ✐♥♥♦✈❛t✐♦♥ t❡❝❤♥♦❧♦❣✐q✉❡ ♣❧✉s ❤❛✉t ❞❛♥s ❧❛ ❝❤❛✐♥❡ ❞❡

♣r♦❞✉❝t✐♦♥ ❝♦♥❞✉✐t à ♣r♦❞✉✐r❡ ✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞✬✉♥✐tés ❝❛r ❧❡ ❝♦✉t ♠❛r❣✐♥❛❧ ❞❡ ♣r♦❞✉❝t✐♦♥

❞é❝r♦ît✳ ▲✬❡✛❡t ♥❡t s✉r ❧✬❡♠♣❧♦✐ ❞é♣❡♥❞ s✐♠♣❧❡♠❡♥t ❞✉ r❛♣♣♦rt ❡♥tr❡ ❧✬é❧❛st✐❝✐té ❞❡ s✉❜st✐t✉t✐♦♥

❞❡ ❧❛ ❢♦♥❝t✐♦♥ ♣r♦❞✉❝t✐♦♥ ❡t ❞❡ ❧✬é❧❛st✐❝✐té ❞❡ ♣r✐① ❞❡ ❧❛ ❞❡♠❛♥❞❡ ❛❣ré❣é❡✳ ◆♦✉s ❡st✐♠♦♥s ❝❡s ❞❡✉①

♣❛r❛♠ètr❡s ♣♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ s❡❝t❡✉rs ❛✈❡❝ ❞❡s ❞♦♥♥é❡s ♠✐❝r♦✲é❝♦♥♦♠✐q✉❡s ❢r❛♥ç❛✐s❡s✳

▲❡s rés✉❧t❛ts ♠♦♥tr❡♥t ❞❡s s❡♥s✐❜✐❧✐tés très ❞✐✛ér❡♥t❡s ❡♥tr❡ ❧❡s s❡❝t❡✉rs✳
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✶✳✻ ▼❛r❦✉♣s ❛♥❞ ●❉P✲❚♦❚ ❝♦rr❡❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✶✳✼ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❚r❛❞❡ ❛♥❞ ❍P ✜❧t❡r❡❞ ❚❋P ❝♦rr❡❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✶✳✽ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❚r❛❞❡ ❛♥❞ ❇❑ ✜❧t❡r❡❞ ❚❋P ❝♦rr❡❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✶✳✾ ❚r❛❞❡ ❛♥❞ ❍P✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦ ✷✵✶✹✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✶✳✶✵ ❚r❛❞❡ ❛♥❞ ❇❑✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦ ✷✵✶✹✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✶✳✶✶ ❚r❛❞❡ ❛♥❞ ❍P✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦ ✷✵✶✹✮✱ ❢✉rt❤❡r ❞✐s❛❣❣r❡❣❛t✐♦♥ ✺✾

✶✳✶✷ ❚r❛❞❡ ❛♥❞ ❇❑✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦ ✷✵✶✹✮✱ ❢✉rt❤❡r ❞✐s❛❣❣r❡❣❛t✐♦♥ ✻✵

✷✳✶ ❉❡t❡r♠✐♥❛♥ts ♦❢ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s kk′ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✷✳✷ ❉✐✛❡r❡♥❝❡✲✐♥✲❉✐✛❡r❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✸✳✶ ❚♦t❛❧ ❖❜s❡r✈❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✸✳✷ ❈❛♣✐t❛❧ s❤❛r❡ αj ❢♦r ❞✐✛❡r❡♥t s❡❝t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✸✳✸ P♦✐♥t ❡st✐♠❛t❡s ❢r♦♠ r❡❣r❡ss✐♦♥s ✐♥ ❡q✉❛t✐♦♥s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✸✳✹ ◆✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❛❜♦✈❡ r❡❣r❡ss✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✸✳✺ ❉❡♠❛♥❞ ❊❧❛st✐❝✐t② ǫD ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✸✳✻ ❙❡❝t♦r ❝♦❞❡s ✉♥❞❡r ◆❆❋ ✶✲❞✐❣✐t ✧❈✧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
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✶✹



❈❤❛♣t❡r ✶

❱❛❧✉❡ ❆❞❞❡❞ ❛♥❞ Pr♦❞✉❝t✐✈✐t② ▲✐♥❦❛❣❡s

❆❝r♦ss ❈♦✉♥tr✐❡s

❇② ❋r❛♥ç♦✐s ❞❡ ❙♦②r❡s✶

❆❜str❛❝t

❲❤❛t ✐s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❛♥❞ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥❄ ❯s✐♥❣

❞❛t❛ ❢r♦♠ ✹✵ ❖❊❈❉ ❝♦✉♥tr✐❡s ❛♥❞ ♠❛❥♦r ❡♠❡r❣✐♥❣ ♠❛r❦❡ts✱ ■ ✜♥❞ t❤❛t tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡

✐♥♣✉ts ♣❧❛②s ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ s②♥❝❤r♦♥✐③✐♥❣ ●❉P ✢✉❝t✉❛t✐♦♥s ❛❝r♦ss ❝♦✉♥tr✐❡s ✇❤✐❧❡ tr❛❞❡ ✐♥

✜♥❛❧ ❣♦♦❞s ✐s ♥♦t s✐❣♥✐✜❝❛♥t✳ ▼♦t✐✈❛t❡❞ ❜② t❤✐s ♥❡✇ ❢❛❝t✱ ■ ❜✉✐❧❞ ❛ ♠♦❞❡❧ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐♥

✐♥t❡r♠❡❞✐❛t❡s t❤❛t ✐s ❛❜❧❡ t♦ r❡♣❧✐❝❛t❡ ♠♦r❡ t❤❛♥ ✽✺✪ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡✱

♦✛❡r✐♥❣ t❤❡ ✜rst q✉❛♥t✐t❛t✐✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✏❚r❛❞❡ ❈♦♠♦✈❡♠❡♥t P✉③③❧❡✑✳ ❚❤❡ ♠♦❞❡❧ r❡❧✐❡s ♦♥

t✇♦ ❦❡② ❛ss✉♠♣t✐♦♥s✿ ✭✐✮ ♣r✐❝❡ ❞✐st♦rt✐♦♥s ❞✉❡ t♦ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ✭✐✐✮ ✢✉❝t✉❛t✐♦♥s

✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s s❡r✈✐♥❣ ❡❛❝❤ ❝♦✉♥tr②✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤♦s❡ ✐♥❣r❡❞✐❡♥ts ❝r❡❛t❡s ❛ ❧✐♥❦

❜❡t✇❡❡♥ ❞♦♠❡st✐❝ ♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐✈✐t② ❛♥❞ ❢♦r❡✐❣♥ s❤♦❝❦s t❤r♦✉❣❤ tr❛❞❡ ❧✐♥❦❛❣❡s✳ ❋✐♥❛❧❧②✱ ■

♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤♦s❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❢♦r❡✐❣♥ s❤♦❝❦s ❛♥❞

❞♦♠❡st✐❝ ●❉P ❛♥❞ t❡st ♦t❤❡r ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✳

✶❊♠❛✐❧✿ ❢r❛♥❝♦✐s✳❞❡✳s♦②r❡s❅❣♠❛✐❧✳❝♦♠ ❛♥❞ ❙❤❡❦❤❛r✳❚♦♠❛r❅✉t✲❝❛♣✐t♦❧❡✳❢r✳

■ ❛♠ ✐♥❞❡❜t❡❞ t♦ ❚❤♦♠❛s ❈❤❛♥❡② ❢♦r ❤✐s ✐♥✈❛❧✉❛❜❧❡ ❣✉✐❞❛♥❝❡✳ ❋♦r t❤❡✐r ❝♦♠♠❡♥ts✱ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ ▼❛♥✉❡❧
❆♠❛❞♦r✱ ❆r✐❡❧ ❇✉rst❡✐♥✱ P❛tr✐❝❦ ❋è✈❡✱ ❙✐♠♦♥ ❋✉❝❤s✱ ❏✉❧✐❛♥ ❞✐ ●✐♦✈❛♥♥✐✱ ❈❤r✐st✐❛♥ ❍❡❧❧✇✐❣✱ ❚✐♠ ❑❡❤♦❡✱ ▼❛rt✐
▼❡st✐❡r✐✱ ❆❧❜❛♥ ▼♦✉r❛✱ ❋❛❜r✐③✐♦ P❡rr✐✱ ❆♥❛✲▼❛r✐❛ ❙❛♥t❛❝r❡✉✱ ❈♦♥st❛♥❝❡ ❞❡ ❙♦②r❡s✱ ❙❤❡❦❤❛r ❚♦♠❛r✱ ❘♦❜❡rt
❯❧❜r✐❝❤t✱ ❑❡✐✲▼✉ ❨✐ ❛♥❞ s❡♠✐♥❛r ♦r ✇♦r❦s❤♦♣ ♣❛rt✐❝✐♣❛♥ts ✐♥ ♠❛♥② ♣❧❛❝❡s✳ ■ ❛❧s♦ t❤❛♥❦ t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡
❇❛♥❦ ♦❢ ▼✐♥♥❡❛♣♦❧✐s✱ ✇❤❡r❡ ♣❛rt ♦❢ t❤✐s r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞✱ ❢♦r t❤❡✐r ❤♦s♣✐t❛❧✐t② ❛♥❞ ❊❘❈ ❣r❛♥t
◆➦✸✸✼✷✼✷✕❋✐◆❡t ❢♦r ✜♥❛♥❝✐❛❧ s✉♣♣♦rt✳ ❆❧❧ ❡rr♦rs ❛r❡ ♠✐♥❡✳

✶✺



✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✏❚r❛❞❡ ❈♦♠♦✈❡♠❡♥t P✉③③❧❡✑✱ ✉♥❝♦✈❡r❡❞ ❜② ❑♦s❡ ❛♥❞ ❨✐ ✭✷✵✵✶ ❛♥❞ ✷✵✵✻✮✱ r❡❢❡rs t♦ t❤❡

✐♥❛❜✐❧✐t② ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ ❜✉s✐♥❡ss ❝②❝❧❡ ♠♦❞❡❧s t♦ q✉❛♥t✐t❛t✐✈❡❧② ❛❝❝♦✉♥t ❢♦r t❤❡ ❤✐❣❤ ❛♥❞ r♦✲

❜✉st ❡♠♣✐r✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t✳✷ ❯s✐♥❣ ❞✐✛❡r❡♥t

✈❡rs✐♦♥s ♦❢ t❤❡ ✇♦r❦❤♦rs❡ ✐♥t❡r♥❛t✐♦♥❛❧ r❡❛❧ ❜✉s✐♥❡ss ❝②❝❧❡ ✭■❘❇❈✮ ♠♦❞❡❧✱ s❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡

s✉❝❝❡❡❞❡❞ t♦ q✉❛❧✐t❛t✐✈❡❧② r❡♣❧✐❝❛t❡ t❤❡ ♣♦s✐t✐✈❡ ❧✐♥❦ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t ❜✉t

❢❛❧❧ s❤♦rt ♦❢ t❤❡ q✉❛♥t✐t❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜② ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✳✸

■♥ t❤✐s ♣❛♣❡r✱ ■ r❡✜♥❡ ♣r❡✈✐♦✉s ❡♠♣✐r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ ❜✐❧❛t❡r❛❧

tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t ❛♥❞ ■ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ t❤❛t q✉❛♥t✐t❛t✐✈❡❧② ❛❝❝♦✉♥ts ❢♦r t❤✐s r❡❧❛✲

t✐♦♥s❤✐♣✳ ❋✐rst✱ ✉s✐♥❣ ❞❛t❛ ❢r♦♠ ❖❊❈❉ ❝♦✉♥tr✐❡s✱ ■ s❤♦✇ t❤❛t tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ♣❧❛②s

❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ s②♥❝❤r♦♥✐③✐♥❣ ●❉P ✢✉❝t✉❛t✐♦♥s ❛❝r♦ss ❝♦✉♥tr✐❡s ✇❤✐❧❡ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s ✐s

❢♦✉♥❞ ✐♥s✐❣♥✐✜❝❛♥t✱ ✉♥❝♦✈❡r✐♥❣ t❤❡ str♦♥❣ r♦❧❡ ♦❢ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s✳ ▼♦t✐✈❛t❡❞ ❜② t❤✐s ♥❡✇ ❢❛❝t✱

■ t❤❡♥ ♣r♦♣♦s❡ ❛ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ❞②♥❛♠✐❝ ♠♦❞❡❧ ♦❢ tr❛❞❡ ✐♥ ✐♥♣✉ts ✇✐t❤ ♠♦♥♦♣♦❧✐st✐❝ ♣r✐❝✐♥❣

❛♥❞ ✜r♠s ❡♥tr②✴❡①✐t✳ ■♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛❧✐❜r❛t✐♦♥✱ t❤❡ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ r❡♣❧✐❝❛t❡ ♠♦r❡ t❤❛♥

✽✺✪ ♦❢ t❤❡ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡✱ ❤❡♥❝❡ ♦✛❡r✐♥❣ t❤❡ ✜rst q✉❛♥t✐t❛t✐✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✏❚r❛❞❡

❈♦♠♦✈❡♠❡♥t P✉③③❧❡✑✳ ❚❤❡ ♠♦❞❡❧ ❢❡❛t✉r❡s ❛ q✉❛♥t✐t❛t✐✈❡❧② ✐♠♣♦rt❛♥t ❧✐♥❦ ❜❡t✇❡❡♥ ❢♦r❡✐❣♥ s❤♦❝❦s

❛♥❞ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t② t❤r♦✉❣❤ tr❛❞❡ ❧✐♥❦❛❣❡s s✉❣❣❡st✐♥❣ t❤❛t ❝♦✉♥tr✐❡s ✇✐t❤ ✐♥♣✉t✲♦✉t♣✉t

❧✐♥❦❛❣❡s s❤♦✉❧❞ ❤❛✈❡ ❝♦rr❡❧❛t❡❞ ❙♦❧♦✇ r❡s✐❞✉❛❧✱ ❛ ♣r❡❞✐❝t✐♦♥ t❤❛t ■ ✈❛❧✐❞❛t❡ ✐♥ t❤❡ ❞❛t❛✳ ❋✐♥❛❧❧②✱

■ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ r♦❧❡ ♦❢ t❤❡ t✇♦ ❦❡② ✐♥❣r❡❞✐❡♥ts ❣❡♥❡r❛t✐♥❣ t❤❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts✱

♥❛♠❡❧② t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♣r✐❝❡ ❞✐st♦rt✐♦♥s ❛♥❞ ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ♠❛ss ♦❢ ✜r♠s s❡r✈✐♥❣

❡✈❡r② ♠❛r❦❡t✳

❊♠♣✐r✐❝s ❙✐♥❝❡ t❤❡ s❡♠✐♥❛❧ ♣❛♣❡r ❜② ❋r❛♥❦❡❧ ❛♥❞ ❘♦s❡ ✭✶✾✾✽✮✱ ❛ ❧❛r❣❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ❤❛s

st✉❞✐❡❞ ❝r♦ss ❝♦✉♥tr✐❡s✬ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥✱ s❤♦✇✐♥❣ t❤❛t ❜✐❧❛t❡r❛❧ tr❛❞❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ❛♥❞

r♦❜✉st ❞❡t❡r♠✐♥❛♥t ♦❢ ●❉P ❝♦rr❡❧❛t✐♦♥ ✐♥ t❤❡ ❝r♦ss s❡❝t✐♦♥✳ ■ ✉♣❞❛t❡ t❤♦s❡ ✜♥❞✐♥❣s ✉s✐♥❣ ❛ ♣❛♥❡❧

♦❢ ✹✵ ❝♦✉♥tr✐❡s ❛♥❞ ✉♥❝♦✈❡r ❛ ♥❡✇ ❢❛❝t✱ ♥❛♠❡❧② t❤❛t ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞

✇✐t❤ tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ✇❤✐❧❡ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞ ✐s ❢♦✉♥❞ ✐♥s✐❣♥✐✜❝❛♥t✳

✷❋♦r ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ♦♥ t❤✐s t♦♣✐❝✱ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✱ s❡❡ ❋r❛♥❦❡❧ ❛♥❞ ❘♦s❡ ✭✶✾✾✽✮✱ ❈❧❛r❦ ❛♥❞ ✈❛♥ ❲✐♥❝♦♦♣
✭✷✵✵✶✮✱ ■♠❜s ✭✷✵✵✹✮✱ ❇❛①t❡r ❛♥❞ ❑♦✉♣❛r✐ts❛s ✭✷✵✵✺✮✱ ❑♦s❡ ❛♥❞ ❨✐ ✭✷✵✵✻✮✱ ❈❛❧❞❡r♦♥✱ ❈❤♦♥❣✱ ❛♥❞ ❙t❡✐♥ ✭✷✵✵✼✮✱
■♥❦❧❛❛r✱ ❏♦♥❣✲❆✲P✐♥✱ ❛♥❞ ❍❛❛♥ ✭✷✵✵✽✮✱ ❞✐ ●✐♦✈❛♥♥✐ ❛♥❞ ▲❡✈❝❤❡♥❦♦ ✭✷✵✶✵✮✱ ◆❣ ✭✷✵✶✵✮✱ ▲✐❛♦ ❛♥❞ ❙❛♥t❛❝r❡✉ ✭✷✵✶✺✮✱
❞✐ ●✐♦✈❛♥♥✐✱ ▲❡✈❝❤❡♥❦♦ ❛♥❞ ▼❡❥❡❛♥ ✭✷✵✶✻✮ ❛♥❞ ❉✉✈❛❧ ❡t ❛❧ ✭✷✵✶✻✮

✸❋♦r q✉❛♥t✐t❛t✐✈❡ st✉❞✐❡s✱ s❡❡ ❑♦s❡ ❛♥❞ ❨✐ ✭✷✵✵✶✱ ✷✵✵✻✮✱ ❇✉rst❡✐♥✱ ❑✉r③ ❛♥❞ ❚❡s❛r ✭✷✵✵✽✮✱ ❏♦❤♥s♦♥ ✭✷✵✶✹✮ ♦r
▲✐❛♦ ❛♥❞ ❙❛♥t❛❝r❡✉ ✭✷✵✶✺✮

✶✻



❋✐rst✱ ■ r❡✜♥❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s ❜② ❝♦♥str✉❝t✐♥❣ ❛ ♣❛♥❡❧ ❞❛t❛s❡t ❝♦♥s✐st✐♥❣ ♦❢ ❢♦✉r ✶✵✲②❡❛rs

✇✐♥❞♦✇s r❛♥❣✐♥❣ ❢r♦♠ ✶✾✼✵ t♦ ✷✵✵✾✳ ❈♦♥tr♦❧❧✐♥❣ ❢♦r ❝♦✉♥tr② ♣❛✐r ✜①❡❞ ❡✛❡❝ts t❤❛t ❝❛♥ ❜❡

❝♦rr❡❧❛t❡❞ ✇✐t❤ ❜✐❧❛t❡r❛❧ tr❛❞❡✱ ■ s❤♦✇ t❤❛t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ❝♦♠♦✈❡♠❡♥t

st❛②s ❤✐❣❤ ❛♥❞ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✱ ❦❡❡♣✐♥❣ t❤❡ ✏❚r❛❞❡ ❈♦♠♦✈❡♠❡♥t P✉③③❧❡✑ ❛❧✐✈❡✳

❋✉rt❤❡r♠♦r❡✱ ■ ♠❛❦❡ ✉s❡ ♦❢ ❞✐s❛❣❣r❡❣❛t❡❞ tr❛❞❡ ❞❛t❛ t♦ ❞✐s❡♥t❛♥❣❧❡ t❤❡ r♦❧❡ ♦❢ ✜♥❛❧ ❣♦♦❞

❢r♦♠ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts tr❛❞❡✳ ❘❡❣r❡ss✐♥❣ ●❉P ❝♦♠♦✈❡♠❡♥t ♦♥ ✐♥❞❡①❡s ♦❢ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥

✜♥❛❧ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s✱ ■ s❤♦✇ t❤❛t tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s ❝❛♣t✉r❡s ❛❧❧ ♦❢ t❤❡ ❡①♣❧❛♥❛t♦r②

♣♦✇❡r✳ ❚❤✐s ♥❡✇ ✜♥❞✐♥❣ s✉❣❣❡sts t❤❛t t❤❡ r✐s❡ ✐♥ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s ♣❧❛②s ❛ ♣❛rt✐❝✉❧❛r r♦❧❡ ✐♥

t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ♦❢ ●❉P ❛❝r♦ss ❝♦✉♥tr✐❡s✳

❚❤❡♦r② ❆s ❞✐s❝✉ss❡❞ ✐♥ ❑❡❤♦❡ ❛♥❞ ❘✉❤❧ ✭✷✵✵✽✮ ♦r ❇✉rst❡✐♥ ❛♥❞ ❈r❛✈✐♥♦ ✭✷✵✶✺✮✱ ✐♥t❡r♥❛t✐♦♥❛❧

♣r♦❞✉❝t✐♦♥ ❧✐♥❦❛❣❡s ❛❧♦♥❡ ❛r❡ ♥♦t s✉✣❝✐❡♥t t♦ ❣❡♥❡r❛t❡ ❛ str♦♥❣ ❧✐♥❦ ❜❡t✇❡❡♥ ❞♦♠❡st✐❝ ●❉P ❛♥❞

❢♦r❡✐❣♥ s❤♦❝❦s✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿ ●❉P ✐s t❤❡ s✉♠ ♦❢ ✈❛❧✉❡ ❛❞❞❡❞ ♣r♦❞✉❝❡❞ ✇✐t❤✐♥

❛ ❝♦✉♥tr② ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❜② st❛t✐st✐❝❛❧ ❛❣❡♥❝✐❡s ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✜♥❛❧ ♣r♦❞✉❝t✐♦♥

❛♥❞ ✐♠♣♦rts✱ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❜❛s❡ ♣r✐❝❡s✳ ❲❤❡♥ ✐♠♣♦rts ❛r❡ ✉s❡❞ ✐♥ ♣r♦❞✉❝t✐♦♥✱ ♣r✐❝❡ t❛❦✐♥❣

✜r♠s ❝❤♦♦s❡ ❛ q✉❛♥t✐t② ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉t t❤❛t ❡q✉❛❧✐③❡s t❤❡✐r ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ t❤❡✐r ♠❛r❣✐♥❛❧

r❡✈❡♥✉❡✳ ❯♣ t♦ ❛ ✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ q✉❛♥t✐t② ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉t ②✐❡❧❞s

❡①❛❝t❧② ❛s ♠✉❝❤ ❜❡♥❡✜t ❛s ✐t ❜r✐♥❣s ❝♦sts✳ ❍❡♥❝❡✱ ❢♦r❡✐❣♥ s❤♦❝❦s ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ ❞♦♠❡st✐❝

✈❛❧✉❡ ❛❞❞❡❞ ♦♥❧② t♦ t❤❡ ❡①t❡♥t t❤❛t t❤❡② ✐♠♣❛❝t t❤❡ s✉♣♣❧② ♦❢ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦rs✳ ■♥

♦t❤❡r ✇♦r❞s✱ ❢♦r❡✐❣♥ s❤♦❝❦s ❤❛✈❡ ♥♦ ✐♠♣❛❝t ♦♥ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t②✳ ❚❤✐s ✏♥❡❣❛t✐✈❡ r❡s✉❧t✑

✐s ❛t t❤❡ ❤❡❛rt ♦❢ t❤❡ ❚r❛❞❡✲❈♦♠♦✈❡♠❡♥t P✉③③❧❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ ✐♥❝♦r♣♦r❛t❡ t✇♦ ✐♥❣r❡❞✐❡♥ts

t❤❛t ❝r❡❛t❡ ❛♥ ❡♥❞♦❣❡♥♦✉s ❧✐♥❦ ❜❡t✇❡❡♥ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t② ❛♥❞ ❢♦r❡✐❣♥ s❤♦❝❦ t❤r♦✉❣❤ tr❛❞❡

❧✐♥❦❛❣❡s✳

❋✐rst✱ ✇❤❡♥ ✜r♠s ❝❤♦s❡ t❤❡✐r ♣r✐❝❡ ✭✐✳❡✳ ❛r❡ ♥♦t ♣r✐❝❡ t❛❦❡rs✮✱ t❤❡② ❞♦ ♥♦t ❡q✉❛❧✐③❡ t❤❡ ♠❛r❣✐♥❛❧

❝♦st ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ♣r♦❞✉❝t ♦❢ t❤❡✐r ✐♥♣✉ts✳ ❆s ♥♦t❡❞ ♣r❡✈✐♦✉s❧② ❜② ❍❛❧❧ ✭✶✾✽✽✮ ❛♥❞

❞✐s❝✉ss❡❞ ✐♥ ❇❛s✉ ❛♥❞ ❋❡r♥❛❧❞ ✭✷✵✵✷✮✱ ●♦♣✐♥❛t❤ ❛♥❞ ◆❡✐♠❛♥ ✭✷✵✶✹✮ ♦r ▲❧♦s❛ ✭✷✵✶✹✮✱ t❤✐s ✇❡❞❣❡

❜❡t✇❡❡♥ ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t ♦❢ ✐♥♣✉ts ✐♠♣❧✐❡s t❤❛t ❛♥② ❝❤❛♥❣❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡

✐♥♣✉t ✉s❛❣❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✜rst ♦r❞❡r ❝❤❛♥❣❡ ✐♥ ✈❛❧✉❡ ❛❞❞❡❞✱ ♦✈❡r ❛♥❞ ❜❡②♦♥❞ ❛❞❥✉st♠❡♥ts

❞✉❡ t♦ ❜❛s✐❝ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦rs✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ✈❛❧✉❡ ❛❞❞❡❞ ♣r♦❞✉❝❡❞ ❜② ❛ ♠♦♥♦♣♦❧✐st✐❝ ✜r♠

✐♥❝❧✉❞❡s ♥♦t ♦♥❧② t❤❡ ♣❛②♠❡♥t t♦ ❞♦♠❡st✐❝ ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥✱ ❜✉t ❛❧s♦ t❤❡ ✜r♠✬s ♣r♦✜t✳ ❚❤✐s

❧❛st ♣❛rt ✐s str♦♥❣❧② s✐③❡ ❞❡♣❡♥❞❡♥t✿ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ s❝❛❧❡ ♦❢ ❛ ✜r♠ tr❛♥s❧❛t❡s ✐♥t♦

✶✼



❛ ✈❛r✐❛t✐♦♥ ♦❢ ♣r♦✜t ✇❤✐❝❤ ✐s ❛❧s♦ ❛ ❝❤❛♥❣❡ ✐♥ ✈❛❧✉❡ ❛❞❞❡❞✱ ❡✈❡♥ ❢♦r ✜①❡❞ ❞♦♠❡st✐❝ ❢❛❝t♦rs ♦❢

♣r♦❞✉❝t✐♦♥✳ ❆t t❤❡ ❛❣❣r❡❣❛t❡ ❧❡✈❡❧✱ ❛❢t❡r ❛ ❢♦r❡✐❣♥ s❤♦❝❦✱ t❤❡ ✜rst ♦r❞❡r ✈❛r✐❛t✐♦♥ ♦❢ ●❉P ❢♦r ❛

❝♦✉♥tr② ♣♦♣✉❧❛t❡❞ ❜② ♣r✐❝❡ s❡tt✐♥❣ ✜r♠s ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ❝❤❛♥❣❡s ✐♥ ❞♦♠❡st✐❝ ❢❛❝t♦r s✉♣♣❧②✳✹

❙❡❝♦♥❞✱ ✢✉❝t✉❛t✐♦♥s ❛❧♦♥❣ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❤❛✈❡ t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❝r❡❛t❡ ❛♥ ❛❞❞✐t✐♦♥❛❧

❧✐♥❦ ❜❡t✇❡❡♥ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t② ❛♥❞ ❢♦r❡✐❣♥ t❡❝❤♥♦❧♦❣②✳ ❲✐t❤ ❧♦✈❡ ♦❢ ✈❛r✐❡t②✱ ❛ ✜r♠ ✇✐t❤

♠♦r❡ s✉♣♣❧✐❡rs ♣r♦❞✉❝❡s ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ❢♦r t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ✐♥♣✉ts✳ ❍❡♥❝❡✱ ❛♥② ❝❤❛♥❣❡

✐♥ t❤❡ q✉❛♥t✐t② ♦❢ ✐♠♣♦rts t❤❛t ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♠❛ss ♦❢ s✉♣♣❧✐❡rs ❧❡❛❞s t♦

❛ ✜rst ♦r❞❡r ♣r♦❞✉❝t✐✈✐t② ❝❤❛♥❣❡✳ ▲♦✈❡ ❢♦r ✈❛r✐❡t② ✐s ❛ ❢♦r♠ ♦❢ ✐♥❝r❡❛s✐♥❣ r❡t✉r♥✿ ❛ ✜r♠ ✇✐t❤

♠♦r❡ s✉♣♣❧✐❡rs ✐s ♠♦r❡ ❡✣❝✐❡♥t ❛t tr❛♥s❢♦r♠✐♥❣ ✐♥♣✉ts ✐♥t♦ ♦✉t♣✉t✱ ✇❤✐❝❤ ❛❧❧♦✇s ♠❡❛s✉r❡❞ ✈❛❧✉❡

❛❞❞❡❞ t♦ r❡❛❝t ♦✈❡r ❛♥❞ ❜❡②♦♥❞ ✈❛r✐❛t✐♦♥s ✐♥ ❞♦♠❡st✐❝ ❢❛❝t♦r s✉♣♣❧②✳

◗✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s ▼♦t✐✈❛t❡❞ ❜② t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✱ ■ ♣r♦♣♦s❡ ❛ ♠✉❧t✐✲❝♦✉♥tr② ❞②♥❛♠✐❝

❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ❛ ♠♦❞❡❧ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐♥ ✐♥♣✉ts t❤❛t r❡❧✐❡s ♦♥ t✇♦ ❦❡② ❛ss✉♠♣t✐♦♥s✿

✭✐✮ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ✭✐✐✮ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s s❡r✈✐♥❣ ❡❛❝❤ ❝♦✉♥tr②✳

Pr♦❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❜② ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ✜r♠s ❝♦♠❜✐♥✐♥❣ ✐♥ ❛ ❈♦❜❜✲❉♦✉❣❧❛s

❢❛s❤✐♦♥ ❧❛❜♦r✱ ❝❛♣✐t❛❧ ❛♥❞ ❛ ♥❡st❡❞ ❈❊❙ ❛❣❣r❡❣❛t❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ❜♦✉❣❤t ❢r♦♠ ❞♦♠❡st✐❝

❛♥❞ ❢♦r❡✐❣♥ ✜r♠s✳ ❇❛s❡❞ ♦♥ t❤❡✐r ❡①♣❡❝t❡❞ ♣r♦✜t✱ ✜r♠s ❝❤♦♦s❡ t❤❡ s❡t ♦❢ ❝♦✉♥tr✐❡s t❤❡② s❡r✈❡ ✭✐❢

❛♥②✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✜r♠s✬ ♠❛r❣✐♥❛❧ ❝♦st ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ❛♥❞ ♦♥ t❤❡ ♣r♦❞✉❝t✐✈✐t② ♦❢

t❤❡✐r s✉♣♣❧✐❡rs✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛ str♦♥❣ ✐♥t❡r❞❡♣❡♥❞❡♥❝② ✐♥ ♣r✐❝✐♥❣ ❛♥❞ r❡✈❡♥✉❡s ❛s ✇❡❧❧ ❛s ✐♥ t❤❡

❡①♣♦rt ❞❡❝✐s✐♦♥s✳ ❈r✉❝✐❛❧❧②✱ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ♠❛ss ♦❢ ♣r♦❞✉❝✐♥❣

✜r♠s ❛r❡ ❦❡② ❡❧❡♠❡♥ts t❤❛t ❛❧❧♦✇ ❞♦♠❡st✐❝ ●❉P t♦ ❜❡ ❛✛❡❝t❡❞ ❜② ❢♦r❡✐❣♥ s❤♦❝❦s t❤r♦✉❣❤ tr❛❞❡

❧✐♥❦❛❣❡s✳

■ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ ✶✹ ❝♦✉♥tr✐❡s ❛♥❞ ❛ ❝♦♠♣♦s✐t❡ ✏r❡st✲♦❢✲t❤❡✲✇♦r❧❞✑ ❛♥❞ ❛ss❡ss ✐ts ❛❜✐❧✐t②

t♦ r❡♣❧✐❝❛t❡ t❤❡ str♦♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ✐♥ ✐♥♣✉ts ❛♥❞ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥✳ ❚❤❡

♠♦❞❡❧ ✐s ✜rst ❝❛❧✐❜r❛t❡❞ t♦ ♠❛t❝❤ ●❉P✱ tr❛❞❡ ✢♦✇s ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ●❉P ❝♦♠♦✈❡♠❡♥t ❛❝r♦ss ❛❧❧

❝♦✉♥tr② ♣❛✐rs ❜❡t✇❡❡♥ ✶✾✽✾ ❛♥❞ ✷✵✵✽✳ ❙✐♥❝❡ ♠② ❣♦❛❧ ✐s t♦ ✉s❡ ✇✐t❤✐♥ ❝♦✉♥tr②✲♣❛✐r ✈❛r✐❛t✐♦♥s ✐♥

♦r❞❡r t♦ ♣❡r❢♦r♠ ❛ ✜①❡❞✲❡✛❡❝t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t ♦❢ tr❛❞❡ ♦♥ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥✱ ■ t❤❡♥

r❡❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❞✐✛❡r❡♥t t❛r❣❡ts ❢♦r tr❛❞❡ ♣r♦①✐♠✐t② ❛❝r♦ss ❝♦✉♥tr✐❡s✱ ❞❡❝r❡❛s✐♥❣ ❛♥❞

✹❘❡❧❛t❡❞ t♦ t❤✐s ♣♦✐♥t✱ ❇✉rst❡✐♥ ❛♥❞ ❈r❛✈✐♥♦ ✭✷✵✶✺✮ s❤♦✇ t❤❛t ✐❢ ❛❧❧ ✜r♠s t❛❦❡ ♣r✐❝❡s ❛s ❣✐✈❡♥✱ ❛ ❝❤❛♥❣❡ ✐♥
tr❛❞❡ ❝♦sts ❝❛♥ ❛✛❡❝t ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t② ♦♥❧② t♦ t❤❡ ❡①t❡♥t t❤❛t ✐t ❝❤❛♥❣❡s t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦ss✐❜✐❧✐t② ❢r♦♥t✐❡r
❛t ❝♦♥st❛♥t ♣r✐❝❡s✳ ❚❤✐s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s s❛②✐♥❣ t❤❛t s❤♦❝❦s t♦ t❤❡ ❢♦r❡✐❣♥ tr❛❞✐♥❣ t❡❝❤♥♦❧♦❣② ❤❛✈❡ ♥♦ ✐♠♣❛❝t
♦♥ ❛❣❣r❡❣❛t❡ ❞♦♠❡st✐❝ ❚❋P ✐❢ ❛❧❧ ✜r♠s ❤❛✈❡ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ❛♥❞ t❛❦❡ ♣r✐❝❡s ❛s ❣✐✈❡♥✳ ❍❡♥❝❡✱ ❛♥② ❝❤❛♥❣❡
✐♥ ●❉P ✐s ❞✉❡ t♦ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ s✉♣♣❧② ♦❢ ❞♦♠❡st✐❝ ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥✳
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✐♥❝r❡❛s✐♥❣ t❤❡ t❛r❣❡t ❜② ✶✵✪✳ ■♥ ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s✱ ■ ❢❡❡❞ t❤❡ ♠♦❞❡❧ ✇✐t❤ t❤❡ s❛♠❡ s❡q✉❡♥❝❡ ♦❢

t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s✱ ❝r❡❛t✐♥❣ ❛ ♣❛♥❡❧ ❞❛t❛s❡t ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❝♦✉♥tr②✲♣❛✐r ❛♣♣❡❛rs t❤r❡❡ t✐♠❡s ✇✐t❤

t❤r❡❡ ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ tr❛❞❡✱ t❤✉s ❛❧❧♦✇✐♥❣ ♠❡ t♦ ❡st✐♠❛t❡ t❤❡ tr❛❞❡ ❝♦♠♦✈❡♠❡♥t s❧♦♣❡✳ ❋✐①❡❞

❡✛❡❝t r❡❣r❡ss✐♦♥s ♦♥ t❤✐s s✐♠✉❧❛t❡❞ ❞❛t❛s❡t s❤♦✇s t❤❛t t❤❡ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ r❡♣❧✐❝❛t❡ ♠♦r❡ t❤❛♥

✽✺✪ ♦❢ t❤❡ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✱ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞

t♦ ♣r❡✈✐♦✉s st✉❞✐❡s✳✺

❉❡❝♦♠♣♦s✐♥❣ t❤❡ r♦❧❡ ♦❢ ❡❛❝❤ ✐♥❣r❡❞✐❡♥t✱ ■ s❤♦✇ q✉❛♥t✐t❛t✐✈❡❧② t❤❛t tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s

❛❧♦♥❡ ✐s ♥♦t s✉✣❝✐❡♥t t♦ r❡♣❧✐❝❛t❡ t❤❡ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t r❡❧❛t✐♦♥s❤✐♣✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ♠♦♥♦♣♦✲

❧✐st✐❝ ♣r✐❝✐♥❣ ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts ✐♥❝r❡❛s❡ t❤❡ s✐♠✉❧❛t❡❞ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡

❜② ❛ ❢❛❝t♦r s❡✈❡♥ ❛♥❞ ❛❧❧♦✇ t❤❡ ♠♦❞❡❧ t♦ ❜❡tt❡r ✜t t❤❡ ❞❛t❛✳

❋✉rt❤❡r ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ■♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ♣❛♣❡r✱ ■ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ s✉♣♣♦rt✐♥❣ t❤❡

♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥s✳ ❋✐rst✱ ✉s✐♥❣ t❤❡ Pr✐❝❡ ❈♦st ▼❛r❣✐♥ ❛s ❛ ♣r♦①② ❢♦r ♠♦♥♦♣♦❧② ♣♦✇❡r ❛♥❞

❖❊❈❉ ❞❛t❛ ❛t t❤❡ ✐♥❞✉str② ❧❡✈❡❧✱ ■ ✜♥❞ t❤❛t ❝♦✉♥tr✐❡s ✇✐t❤ ❤✐❣❤❡r ♠❛r❦✉♣s ❤❛✈❡ ❛ ●❉P t❤❛t

✐s ♠♦r❡ s②st❡♠❛t✐❝❛❧❧② ♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❡r♠s✲♦❢✲tr❛❞❡ ♠♦✈❡♠❡♥ts✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡②

❡①♣❡r✐❡♥❝❡ ❛ ❧❛r❣❡r ●❉P ❞❡❝r❡❛s❡ ✇❤❡♥ t❤❡ ♣r✐❝❡ ♦❢ t❤❡✐r ✐♠♣♦rts r✐s❡s✳

❙❡❝♦♥❞✱ ■ ❝♦♥str✉❝t t❤❡ ❡①t❡♥s✐✈❡ ❛♥❞ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥s ♦❢ tr❛❞❡ ❛♥❞ r❡❣r❡ss ❝♦✉♥tr②✲♣❛✐r ●❉P

❝♦rr❡❧❛t✐♦♥s ♦♥ t❤♦s❡ ✐♥❞❡①❡s✳ ❆ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✐s ❛ss♦❝✐❛t❡❞

✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ❣♦♦❞s tr❛❞❡❞ ❛♥❞ ✐s ♥♦t ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡

q✉❛♥t✐t② tr❛❞❡❞ ❢♦r ❛ ❣✐✈❡♥ s❡t ♦❢ ❣♦♦❞s✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② str✐❦✐♥❣ s✐♥❝❡ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥

❛❝❝♦✉♥ts ❢♦r ♦♥❧② ❛ ❢♦✉rt❤ ♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t② ✐♥ t♦t❛❧ tr❛❞❡✳✻

❋✐♥❛❧❧②✱ ■ t❡st t❤❡ ♣r❡❞✐❝t✐♦♥ t❤❛t ❤✐❣❤❡r tr❛❞❡ ♣r♦①✐♠✐t② ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❛r❣❡r ♠❡❛s✉r❡❞

❚❋P ❝♦♠♦✈❡♠❡♥t✳ ■ ❝♦♠♣✉t❡ ❛♥❞ ❞❡tr❡♥❞ t❤❡ ❙♦❧♦✇ ❘❡s✐❞✉❛❧ ❢♦r ✶✽ ❖❊❈❉ ❝♦✉♥tr✐❡s ❛♥❞

❝♦♠♣✉t❡ ❛❧❧ ♣❛✐r✇✐s❡ ❝♦rr❡❧❛t✐♦♥s✳ ❘❡❣r❡ss✐♥❣ ♠❡❛s✉r❡❞ ❚❋P ❝♦rr❡❧❛t✐♦♥s ♦♥ ✐♥❞❡①❡s ♦❢ tr❛❞❡

♣r♦①✐♠✐t② s❤♦✇s t❤❛t✱ ❝♦♥tr♦❧❧✐♥❣ ❢♦r ❝♦✉♥tr②✲♣❛✐r ✜①❡❞ ❡✛❡❝ts✱ ❛ ❤✐❣❤❡r tr❛❞❡ ♣r♦①✐♠✐t② ✐s ❛ss♦✲

❝✐❛t❡❞ ✇✐t❤ ❧❛r❣❡r ♠❡❛s✉r❡❞ ❚❋P ❝♦♠♦✈❡♠❡♥t✱ ❛s ♣r❡❞✐❝t❡❞ ❜② t❤❡ ♠♦❞❡❧✳

❘❡❧❛t✐♦♥s❤✐♣ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ❙t❛rt✐♥❣ ✇✐t❤ ❋r❛♥❦❡❧ ❛♥❞ ❘♦s❡ ✭✶✾✾✽✮✱ ❛ ♥✉♠❜❡r ♦❢ ♣❛♣❡rs

❤❛✈❡ st✉❞✐❡❞ ❛♥❞ ❝♦♥✜r♠❡❞ t❤❡ ♣♦s✐t✐✈❡ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ❝♦♠♦✈❡♠❡♥t ✐♥ t❤❡ ❝r♦ss✲

✺❙❡❡ ♣❛♣❡rs ❝✐t❡❞ ✐♥ t❤❡ ❢♦♦t♥♦t❡ ✷
✻❚❤✐s r❡s✉❧t ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ✐♥ ▲✐❛♦ ❛♥❞ ❙❛♥t❛❝r❡✉ ✭✷✵✶✺✮ ✇❤✐❝❤ ❡♠♣❤❛s✐③❡s t❤❡ r♦❧❡ ♦❢ t❤❡ ❡①t❡♥s✐✈❡

♠❛r❣✐♥✳ ❈♦♠♣❛r❡❞ t♦ t❤❡♠✱ ■ ❛♠ ❛❞❞✐♥❣ t❤❡ ♣❛♥❡❧ ❞✐♠❡♥s✐♦♥ ❜② ♣❡r❢♦r♠✐♥❣ ✜①❡❞ ❡✛❡❝t r❡❣r❡ss✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s
♠❡ t♦ ❝♦♥tr♦❧ ❢♦r ❝♦✉♥tr②✲♣❛✐r ✜①❡❞ ❡✛❡❝ts t❤❛t ❝❛♥ ❜❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ tr❛❞❡ ✐♥t❡♥s✐t②✳

✶✾



s❡❝t✐♦♥✳✼ ❚❤❡ ❡♠♣✐r✐❝❛❧ ♣❛rt ♦❢ t❤✐s ♣❛♣❡r ✐s ♠♦st❧② r❡❧❛t❡❞ t♦ t✇♦ r❡❝❡♥t ❝♦♥tr✐❜✉t✐♦♥s✳ ❋✐rst✱

▲✐❛♦ ❛♥❞ ❙❛♥t❛❝r❡✉ ✭✷✵✶✺✮ ✐s t❤❡ ✜rst t♦ st✉❞② t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❢♦r ●❉P

❛♥❞ ❚❋P s②♥❝❤r♦♥✐③❛t✐♦♥✳ ❙❡❝♦♥❞✱ ❞✐ ●✐♦✈❛♥♥✐ ❡t ❛❧ ✭✷✵✶✻✮ ✉s❡s ❛ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ ❋r❡♥❝❤ ✜r♠s

❛♥❞ ♣r❡s❡♥ts ❡✈✐❞❡♥❝❡ t❤❛t ✐♥t❡r♥❛t✐♦♥❛❧ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ❛t t❤❡ ♠✐❝r♦ ❧❡✈❡❧ ❛r❡ ❛ ✐♠♣♦rt❛♥t

❞r✐✈❡rs ♦❢ t❤❡ ✈❛❧✉❡ ❛❞❞❡❞ ❝♦♠♦✈❡♠❡♥t ♦❜s❡r✈❡❞ ❛t t❤❡ ♠❛❝r♦ ❧❡✈❡❧✳ ❚❤❡✐r ❡✈✐❞❡♥❝❡ ✐s ✐♥ ❧✐♥❡

✇✐t❤ t❤❡ ✜♥❞✐♥❣s ♦❢ t❤✐s ♣❛♣❡r ❛♥❞ s✉♣♣♦rt t❤❡ ♠❡❝❤❛♥✐s♠ ■ ❞❡✈❡❧♦♣ ✐♥ t❤❡ q✉❛♥t✐t❛t✐✈❡ ♣❛rt

❜✉t ❛❧s♦ ❛❞❞ ❡❧❡♠❡♥ts r❡❧❛t✐✈❡ t♦ ♠✉❧t✐♥❛t✐♦♥❛❧ ✜r♠s t❤❛t ■ ❞♦ ♥♦t ♠♦❞❡❧ ❡①♣❧✐❝✐t❧②✳

■❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ ❜✐❧❛t❡r❛❧ tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t ❤❛s ❧♦♥❣ ❜❡❡♥

❦♥♦✇♥✱ t❤❡ ✉♥❞❡r❧②✐♥❣ ❡❝♦♥♦♠✐❝ ♠❡❝❤❛♥✐s♠ ❧❡❛❞✐♥❣ t♦ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐s st✐❧❧ ✉♥❝❧❡❛r✳ ❯s✐♥❣

t❤❡ ✇♦r❦❤♦rs❡ ■❘❇❈ ✇✐t❤ t❤r❡❡ ❝♦✉♥tr✐❡s✱ ❑♦s❡ ❛♥❞ ❨✐ ✭✷✵✵✻✮ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♠♦❞❡❧ ❝❛♥

❡①♣❧❛✐♥ ❛t ♠♦st ✶✵✪ ♦❢ t❤❡ s❧♦♣❡ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥✱ ❧❡❛❞✐♥❣ t♦

✇❤❛t t❤❡② ❝❛❧❧❡❞ t❤❡ ✏❚r❛❞❡ ❈♦♠♦✈❡♠❡♥t P✉③③❧❡✑✳ ❙✐♥❝❡ t❤❡♥✱ ♠❛♥② ♣❛♣❡rs ❤❛✈❡ r❡✜♥❡❞ t❤❡

♣✉③③❧❡✱ ❤✐❣❤❧✐❣❤t✐♥❣ ❞✐✛❡r❡♥t ✐♥❣r❡❞✐❡♥ts t❤❛t ❝♦✉❧❞ ❜r✐❞❣❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❞❛t❛ ❛♥❞ t❤❡

♣r❡❞✐❝t✐♦♥s ♦❢ ❝❧❛ss✐❝ ♠♦❞❡❧s✳

❇✉rst❡✐♥✱ ❑✉r③ ❛♥❞ ❚❡s❛r ✭✷✵✵✽✮ s❤♦✇ t❤❛t ❛❧❧♦✇✐♥❣ ❢♦r ♣r♦❞✉❝t✐♦♥ s❤❛r✐♥❣ ❛♠♦♥❣ ❝♦✉♥✲

tr✐❡s ❝❛♥ ❞❡❧✐✈❡r t✐❣❤t❡r ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✐❢ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥

❤♦♠❡ ❛♥❞ ❢♦r❡✐❣♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ✐s ❡①tr❡♠❡❧② ❧♦✇✳✽ ❆r❦♦❧❛❦✐s ✫ ❘❛♠❛♥❛r❛②❛♥❛♥ ✭✷✵✵✾✮

❛♥❛❧②s❡ t❤❡ ✐♠♣❛❝t ♦❢ ✈❡rt✐❝❛❧ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ❜✉s✐♥❡ss ❝②✲

❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥✳ ■♥ t❤❡✐r ❘✐❝❛r❞✐❛♥ ♠♦❞❡❧ ✇✐t❤ ♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥✱ t❤❡② ❞♦ ♥♦t ❣❡♥❡r❛t❡

s✐❣♥✐✜❝❛♥t ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ♦♥ tr❛❞❡ ✐♥t❡♥s✐t②✱ ❜✉t s❤♦✇ t❤❛t t❤❡

✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♣r✐❝❡ ❞✐st♦rt✐♦♥s t❤❛t r❡❛❝t t♦ ❢♦r❡✐❣♥ ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥s ❛❧❧♦✇s t❤❡✐r ♠♦❞❡❧

t♦ ❜❡tt❡r ✜t t❤❡ ❞❛t❛✳ ■♥❝♦r♣♦r❛t✐♥❣ tr❛❞❡ ✐♥ ✐♥♣✉ts ✐♥ ❛♥ ♦t❤❡r✇✐s❡ st❛♥❞❛r❞ ■❘❇❈✱ ❏♦❤♥s♦♥

✭✷✵✶✹✮ s❤♦✇s t❤❛t t❤❡ ♣✉③③❧❡ ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ❞✐r❡❝t ♣r♦♣❛❣❛t✐♦♥ ❞✉❡ t♦ t❤❡ ✐♥✲

t❡r♥❛t✐♦♥❛❧ s❡❣♠❡♥t❛t✐♦♥ ♦❢ s✉♣♣❧② ❝❤❛✐♥s✳ ❈♦♠♣❛r❡ t♦ t❤♦s❡ ♣❛♣❡rs✱ ■ ❛❞❞ ✜r♠ ❡♥tr② ❛♥❞ ❡①✐t

❛s ✇❡❧❧ ❛s ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ❛r❣✉❡ t❤❛t t❤♦s❡ ❛r❡ ❦❡② ✐♥❣r❡❞✐❡♥ts ❢♦r t❤❡ ♠♦❞❡❧ t♦

❞❡❧✐✈❡r q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❞❛t❛✳ ▲✐❛♦ ❛♥❞ ❙❛♥t❛❝r❡✉ ✭✷✵✶✺✮ ❜✉✐❧❞ ♦♥ ●❤✐r♦♥✐

✫ ▼❡❧✐t③ ✭✷✵✵✺✮ ❛♥❞ ❆❧❡ss❛♥❞r✐❛ ✫ ❈❤♦✐ ✭✷✵✵✼✮ t♦ ❞❡✈❡❧♦♣ ❛ t✇♦✲❝♦✉♥tr② ■❘❇❈ ♠♦❞❡❧ ✇✐t❤

tr❛❞❡ ✐♥ ❞✐✛❡r❡♥t✐❛t❡❞ ✐♥t❡r♠❡❞✐❛t❡s✳ ❚❤❡② s❤♦✇ t❤❛t tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❡t✐❡s ❧❡❛❞s t♦

❛♥ ❡♥❞♦❣❡♥♦✉s ❝♦rr❡❧❛t✐♦♥ ♦❢ ♠❡❛s✉r❡❞ ❚❋P✾ ❛❝r♦ss tr❛❞✐♥❣ ♣❛rt♥❡rs✳ ❈♦♠♣❛r❡ t♦ t❤✐s ♣❛♣❡r✱

✼s❡❡ ♣❛♣❡rs ❝✐t❡❞ ✐♥ ❢♦♦t♥♦t❡ ✷✳
✽■♥ t❤❡✐r ❜❡♥❝❤♠❛r❦ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❛✉t❤♦rs t❛❦❡ t❤❡ ✈❛❧✉❡ ♦❢ ✵✳✵✺ ❢♦r t❤✐s ❡❧❛st✐❝✐t②✳
✾❉❡✜♥❡❞ ❛s t❤❡ ❙♦❧♦✇ r❡s✐❞✉❛❧ ❛t t❤❡ ❝♦✉♥tr②✬s ❧❡✈❡❧

✷✵



■ ❛❞❞ ♠✉❧t✐♥❛t✐♦♥❛❧ ♣r♦❞✉❝t✐♦♥ ✇✐t❤ ❧♦♥❣ s✉♣♣❧② ❝❤❛✐♥s ✇❤✐❝❤ ❝r❡❛t❡s ❛ str♦♥❣ ✐♥t❡r❞❡♣❡♥❞❡♥❝②

✐♥ ✜r♠s✬ ♣r✐❝✐♥❣ ❡♥❞ ❡①♣♦rt ❞❡❝✐s✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ■ ❡①t❡♥❞ t❤❡ q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s t♦ ♠❛♥②

❝♦✉♥tr✐❡s ❛♥❞ s❤♦✇ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ♣r♦♣❛❣❛t✐♦♥ ♦❢ s❤♦❝❦s ✐s ❛✛❡❝t❡❞ ❜② t❤❡ ✇❤♦❧❡ ♥❡t✇♦r❦ ♦❢

✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✳✶✵ ❋✐♥❛❧❧②✱ ❛ ❝♦♠♣❧❡♠❡♥t❛r② ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ❉r♦③❞✱ ❑♦❧✲

❜✐♥ ❛♥❞ ◆♦s❛❧ ✭✷✵✶✹✮ ✇❤✐❝❤ ♠♦❞❡❧ t❤❡ ❞②♥❛♠✐❝s ♦❢ tr❛❞❡ ❡❧❛st✐❝✐t②✳ ❇✉✐❧❞✐♥❣ ♦♥ ❉r♦③❞ ❛♥❞ ◆♦s❛❧

✭✷✵✶✷✮✱ t❤❡✐r ♠♦❞❡❧ ❢❡❛t✉r❡s ❝✉st♦♠❡rs ❛❝❝✉♠✉❧❛t✐♦♥ ✇✐t❤ ♠❛t❝❤✐♥❣ ❢r✐❝t✐♦♥s ❜❡t✇❡❡♥ ♣r♦❞✉❝❡rs

❛♥❞ r❡t❛✐❧❡rs✳ ❈❤❛♥❣❡s ✐♥ r❡❧❛t✐✈❡ ♠❛r❦❡t✐♥❣ ❝❛♣✐t❛❧ ❛❝r♦ss ❝♦✉♥tr②✲s♣❡❝✐✜❝ ❣♦♦❞s ❝r❡❛t❡ t✐♠❡

✈❛r✐❛t✐♦♥s ✐♥ t❤❡ tr❛❞❡ ❡❧❛st✐❝✐t② ✇❤✐❝❤ ❛❧❧♦✇s t❤❡ ♠♦❞❡❧ t♦ ❜❡tt❡r ♠❛t❝❤ t❤❡ ❞❛t❛✳ ❙✐♠✐❧❛r t♦ ♠②

♣❛♣❡r✱ t❤❡ s❡t✉♣ ❣✐✈❡s r✐s❡ t♦ ❛ ✇❡❞❣❡ ❜❡t✇❡❡♥ t❤❡ ♣r✐❝❡ ♦❢ ✐♠♣♦rts ❛♥❞ t❤❡✐r ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t

✐♥ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥✱ ❜✉t ✐♥ t❤❡✐r ❝❛s❡ ✐t ✐s ❞r✐✈❡♥ ❜② t❤❡ ◆❛s❤ ❜❛r❣❛✐♥✐♥❣ ♣r♦❝❡ss ♦✈❡r t❤❡

s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜② ♠❛t❝❤❡s ❜❡t✇❡❡♥ ♣r♦❞✉❝❡rs ❛♥❞ r❡t❛✐❧❡rs✳

❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✐♥♣✉t tr❛❞❡ ♦♥ ✜r♠s ❡✣❝✐❡♥❝② ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ●♦♣✐♥❛t❤ ❛♥❞ ◆❡✐♠❛♥

✭✷✵✶✹✮✳ ❋♦❝✉s✐♥❣ ♦♥ t❤❡ ✷✵✵✶✲✷✵✵✷ ❆r❣❡♥t✐♥✐❛♥ ❝r✐s✐s✱ t❤❡② s❤♦✇ t❤❛t tr❛❞❡ ❞✐sr✉♣t✐♦♥ ❝❛♥ ❝❛✉s❡

❛ s✐❣♥✐✜❝❛♥t ❞r♦♣ ✐♥ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t②✳ ❇✉✐❧❞✐♥❣ ❛ ♠♦❞❡❧ ✇✐t❤ ♠♦♥♦♣♦❧✐st✐❝ ♣r✐❝✐♥❣ ❛♥❞

❛♥ ❡①♦❣❡♥♦✉s ❝♦st ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s✉♣♣❧✐❡rs✱ t❤❡② r❡♣❧✐❝❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣

❜❡t✇❡❡♥ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ❛♥❞ ♣r♦❞✉❝t✐✈✐t②✱ s❤♦✇✐♥❣ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✇✐t❤✐♥ ✜r♠s✬ ❞②♥❛♠✐❝s

t♦ ✉♥❞❡rst❛♥❞ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t②✳ ❚❤❡ r♦❧❡ ♦❢ ✜r♠s ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❜✉s✐♥❡ss

❝②❝❧❡s ❤❛s ❜❡❡♥ ♣✐♦♥❡❡r❡❞ ❜② ●❤✐r♦♥✐ ✫ ▼❡❧✐t③ ✭✷✵✵✺✮ ❛♥❞ t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ✜r♠s✬

❤❡t❡r♦❣❡♥❡✐t② ✐s st✉❞✐❡❞ ✐♥ ❋❛tt❛❧✲❏❛❡❢ ✫ ▲♦♣❡③ ✭✷✵✶✹✮✳

❋✐♥❛❧❧②✱ ✐♥ ❛♥♦t❤❡r ❛r❡❛✱ ❇❛q❛❡❡ ❞❡✈❡❧♦♣s ❛ ♠♦❞❡❧ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ✇❤❡r❡ ✐❞✐♦s②♥❝r❛t✐❝

s❤♦❝❦s ❝❛♥ ❧❡❛❞ t♦ ❛❣❣r❡❣❛t❡ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❞✐st♦rt✐♦♥s ❛s ✇❡❧❧ ❛s ❡①t❡♥s✐✈❡ ♠❛r✲

❣✐♥ ❛❞❥✉st♠❡♥ts ✐♥ ❛ ♥❡t✇♦r❦ ❡❝♦♥♦♠② ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♠❡❝❤❛♥✐s♠ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ st✉❞✐❡s ❡♠♣✐r✐❝❛❧❧② t❤❡

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥ ❛♥❞ ❤✐❣❤❧✐❣❤ts t❤❡ ✐♠♣♦rt❛♥t r♦❧❡ ♦❢ tr❛❞❡

✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✳ ❙❡❝t✐♦♥ t❤r❡❡ ♣r❡s❡♥ts ❛ s✐♠♣❧❡ st❛t✐❝ ♠♦❞❡❧ ♦❢ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠② t❤❛t

♣r♦✈✐❞❡s ❝❧❡❛r ✐♥t✉✐t✐♦♥s ❢♦r t❤❡ r♦❧❡ ♦❢ ♠❛r❦✉♣s ❛♥❞ ❡♥tr②✴❡①✐t ✐♥ ❣❡♥❡r❛t✐♥❣ ❛ ❧✐♥❦ ❜❡t✇❡❡♥

tr❛❞❡ ❛♥❞ ●❉P ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ❢♦✉rt❤ s❡❝t✐♦♥ ♣r♦♣♦s❡s ❛ q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧

tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ✜r♠s ❛♥❞ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥✳ ■♥ t❤❡ ✜❢t❤

s❡❝t✐♦♥✱ ■ ♣r❡s❡♥t t❤❡ ❝❛❧✐❜r❛t✐♦♥ str❛t❡❣② ❛♥❞ t❤❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥

✶✵■♥ t❤❡✐r ♠♦❞❡❧✱ ♥♦ ✜r♠ ✐s ❜♦t❤ ❛♥ ✐♠♣♦rt❡r ❛♥❞ ❛♥ ❡①♣♦rt❡r✳ ❲❤✐❧❡ t❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s t❤❡ r❡s♦❧✉t✐♦♥✱
✐t ♣r❡✈❡♥ts ❛♥② ♥❡t✇♦r❦ ❡✛❡❝t✳

✷✶



s✐①✳ ❙❡❝t✐♦♥ s❡✈❡♥ ♣r♦✈✐❞❡s ❢✉rt❤❡r ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ s✉♣♣♦rt✐♥❣ t❤❡ ♠♦❞❡❧ ✇❤✐❧❡ s❡❝t✐♦♥ ❡✐❣❤t

❝♦♥❝❧✉❞❡s✳

✶✳✷ ❊♠♣✐r✐❝❛❧ ❊✈✐❞❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ✉s❡ ❛ s❛♠♣❧❡ ♦❢ ✹✵ ❝♦✉♥tr✐❡s✶✶ ❞✉r✐♥❣ ♣❡r✐♦❞ str❡t❝❤✐♥❣ ❢r♦♠ ✶✾✼✵ t♦ ✷✵✵✾

❛♥❞ ✉♣❞❛t❡ t❤❡ ✐♥✐t✐❛❧ ❋r❛♥❦❡❧ ❛♥❞ ❘♦s❡ ✭✶✾✾✽✮ ❛♥❛❧②s✐s ♦♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❜✐❧❛t❡r❛❧

tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t ❛s ✇❡❧❧ ❛s ♣r♦✈✐❞❡ ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt ❢♦r t❤❡ s♣❡❝✐✜❝ r♦❧❡ ♦❢ tr❛❞❡ ✐♥

✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✳

❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥ ✜♥❞✐♥❣s✳ ❋✐rst✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥✲

❝❤r♦♥✐③❛t✐♦♥ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐s r♦❜✉st t♦ ❝♦✉♥tr②✲♣❛✐r ✜①❡❞ ❡✛❡❝ts✳ ❙❡❝♦♥❞✱ tr❛❞❡ ✐♥

✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ ❡①♣❧❛✐♥✐♥❣ ●❉P ❝♦♠♦✈❡♠❡♥t✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r②

♣♦✇❡r ♦❢ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞ ✐s ❢♦✉♥❞ ♥♦t s✐❣♥✐✜❝❛♥t✳ ■ ✜rst ❞❡s❝r✐❜❡ t❤❡ ❞❛t❛✱ t❤❡♥ ■ ❡①♣❧❛✐♥ t❤❡

❡❝♦♥♦♠❡tr✐❝ str❛t❡❣② ❛♥❞ ✜♥❛❧❧② ■ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ✐♥ ❞❡t❛✐❧s✳

■ ✉s❡ ❛♥♥✉❛❧ ❞❛t❛ ♦♥ r❡❛❧ ●❉P ❢r♦♠ t❤❡ P❡♥♥ ❲♦r❧❞ ❚❛❜❧❡ ✇❤✐❝❤ ✐s tr❛♥s❢♦r♠❡❞ ✐♥ t✇♦ ✇❛②s✿

✭✐✮ ❍P ✜❧t❡r ✇✐t❤ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r ✻✳✷✺ t♦ ❝❛♣t✉r❡ t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ✭✐✐✮

❧♦❣ ✜rst ❞✐✛❡r❡♥❝❡✳ ❚r❛❞❡ ❞❛t❛ ❝♦♠❡ ❢r♦♠ ❏♦❤♥s♦♥ ❛♥❞ ◆♦❣✉❡r❛ ✭✷✵✶✻✮ ✇❤♦ ❝♦♠❜✐♥❡ ❞❛t❛ ♦♥

tr❛❞❡✱ ♣r♦❞✉❝t✐♦♥✱ ❛♥❞ ✐♥♣✉t ✉s❡ t♦ ❝♦♥str✉❝t tr❛❞❡ ✢♦✇s ❢r♦♠ ✶✾✼✵ t♦ ✷✵✵✾ s❡♣❛r❛t✐♥❣ ❜❡t✇❡❡♥

tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞ ❢r♦♠ t❤❡ tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✳

■♥ ❛ ✜rst s❡t ♦❢ r❡❣r❡ss✐♦♥s✱ ■ ❝♦♥str✉❝t ❛ s②♠♠❡tr✐❝ ♠❡❛s✉r❡ ♦❢ ❜✐❧❛t❡r❛❧ tr❛❞❡ ✐♥t❡♥s✐t②

❜❡t✇❡❡♥ ❝♦✉♥tr✐❡s i ❛♥❞ j ✉s✐♥❣ t♦t❛❧ tr❛❞❡ ✢♦✇s ❛s✿ ❚♦t❛❧ij❂
Total Tradeij
GDPi+GDPj

✱ ✇❤✐❝❤ ♠❡❛s✉r❡ t❤❡

✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ tr❛❞❡ r❡❧❛t✐♦♥s❤✐♣ r❡❧❛t✐✈❡ t♦ t♦t❛❧ ●❉P✳✶✷

■♥ ♦r❞❡r t♦ ❞✐s❡♥t❛♥❣❧❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ tr❛❞❡ ✢♦✇s ✐♥ ✐♥♣✉ts ❢r♦♠ t❤❡ ✜♥❛❧ ❣♦♦❞s✱ ■ ❢✉rt❤❡r

❝♦♥str✉❝t t❤❡ ✐♥❞❡①❡s ❋✐♥❛❧ij ❛♥❞ ■♥t❡r♠❡❞✐❛t❡ij ✇✐t❤ t❤❡ s❛♠❡ ❢♦r♠✉❧❛t✐♦♥ ❜✉t t❛❦✐♥❣ ✐♥t♦

❛❝❝♦✉♥t ♦♥❧② t❤❡ tr❛❞❡ ✢♦✇s ✐♥ ✜♥❛❧ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s r❡s♣❡❝t✐✈❡❧②✳✶✸

✶✶❚❤❡ ❧✐st ♦❢ ❝♦✉♥tr✐❡s ✐s✿ ❆r❣❡♥t✐♥❛✱ ❆✉str❛❧✐❛✱ ❆✉str✐❛✱ ❇❡❧❣✐✉♠✱ ❇r❛③✐❧✱ ❈❛♥❛❞❛✱ ❈❤✐❧❡✱ ❈❤✐♥❛✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝✱
❉❡♥♠❛r❦✱ ❊st♦♥✐❛✱ ❋✐♥❧❛♥❞✱ ❋r❛♥❝❡✱ ●❡r♠❛♥②✱ ●r❡❡❝❡✱ ❍✉♥❣❛r②✱ ■♥❞✐❛✱ ■♥❞♦♥❡s✐❛✱ ■r❡❧❛♥❞✱ ■sr❛❡❧✱ ■t❛❧②✱ ❏❛♣❛♥✱
❑♦r❡❛✱ ▼❡①✐❝♦✱ ◆❡t❤❡r❧❛♥❞s✱ ◆❡✇ ❩❡❛❧❛♥❞✱ ◆♦r✇❛②✱ P♦❧❛♥❞✱ P♦rt✉❣❛❧✱ ❘✉ss✐❛✱ ❙❧♦✈❛❦ ❘❡♣✉❜❧✐❝✱ ❙❧♦✈❡♥✐❛✱ ❙♣❛✐♥✱
❙✇❡❞❡♥✱ ❙✇✐t③❡r❧❛♥❞✱ ❚❤❛✐❧❛♥❞✱ ❚✉r❦❡②✱ ❯♥✐t❡❞ ❑✐♥❣❞♦♠✱ ❯♥✐t❡❞ ❙t❛t❡s ❛♥❞ ❱✐❡t♥❛♠

✶✷■♥ ❛ s✉♣♣❧❡♠❡♥t❛❧ ❛♣♣❡♥❞✐①✱ ■ ❛❧s♦ ✉s❡❞ ❛♥ ✐♥❞❡① ❞❡✜♥❡❞❛s ❚♦t❛❧ij❂♠❛①
(

Total Tradeij
GDPi

,
Total Tradeij

GDPj

)

✳ ❚❤✐s

♠❡❛s✉r❡ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t♦ t❛❦❡ ❛ ❤✐❣❤ ✈❛❧✉❡ ✇❤❡♥❡✈❡r ♦♥❡ ♦❢ t❤❡ t✇♦ ❝♦✉♥tr✐❡s ❞❡♣❡♥❞s ❤❡❛✈✐❧② ♦♥ t❤❡ ♦t❤❡r
❢♦r ✐ts ✐♠♣♦rts ♦r ❡①♣♦rts✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❞ s✐♠✉❧❛t❡❞ r❡s✉❧ts ❤♦❧❞ ✇❤❡♥ ■ ✉s❡ t❤✐s ✐♥❞❡①✳

✶✸■♥ ❛♣♣❡♥❞✐①✱ ■ ✈❡r✐❢② t❤❡ r♦❜✉st♥❡ss ♦❢ ♠② ✜♥❞✐♥❣s ✉s✐♥❣ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❛t❛s❡t ❛♥❞ ♠❡t❤♦❞ ♦❢ s❡♣❛r❛t✐♥❣
✐♥t❡r♠❡❞✐❛t❡ ❢r♦♠ ✜♥❛❧ ❣♦♦❞s✳ ■♥ t❤❡ ❙❚❆◆ ❞❛t❛❜❛s❡ ♦❢ t❤❡ ❖❊❈❉✱ ✐♥♣✉t✲♦✉t♣✉t t❛❜❧❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❛t t❤❡

✷✷



❚❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ ❝♦✉♥tr✐❡s ❤❛✈❡ ❝♦rr❡❧❛t❡❞ ●❉P ❝❛♥ ❜❡ ✐♥✢✉❡♥❝❡❞ ❜② ♠❛♥② ❢❛❝t♦rs ❜❡✲

②♦♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡✱ ✐♥❝❧✉❞✐♥❣ ❝♦rr❡❧❛t❡❞ s❤♦❝❦s✱ ✜♥❛♥❝✐❛❧ ❧✐♥❦❛❣❡s✱ ♠♦♥❡t❛r② ♣♦❧✐❝✐❡s✱ ❡t❝✳✳✳

❇❡❝❛✉s❡ t❤♦s❡ ♦t❤❡r ❢❛❝t♦rs ❝❛♥ t❤❡♠s❡❧✈❡s ❜❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ✐♥❞❡① ♦❢ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥ t❤❡

❝r♦ss s❡❝t✐♦♥✱ ✉s✐♥❣ ❝r♦ss✲s❡❝t✐♦♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ❝♦✉❧❞ ②✐❡❧❞ ❜✐❛s❡❞ r❡s✉❧ts✳ ■♥ ♦r❞❡r t♦ s❡♣❛r❛t❡ t❤❡

❡✛❡❝t ♦❢ tr❛❞❡ ❧✐♥❦❛❣❡s ❢r♦♠ ♦t❤❡r ❡❧❡♠❡♥ts✱ ■ ❝♦♥str✉❝t ❛ ♣❛♥❡❧ ❞❛t❛s❡t ❜② ❝r❡❛t✐♥❣ ❢♦✉r ♣❡r✐♦❞s

♦❢ t❡♥ ②❡❛rs ❡❛❝❤✳ ■♥ ❡✈❡r② t✐♠❡ ✇✐♥❞♦✇✱ ■ ❝♦♠♣✉t❡ ●❉P ❝♦rr❡❧❛t✐♦♥ ❢♦r ❛❧❧ ❝♦✉♥tr② ♣❛✐rs ❛s

✇❡❧❧ ❛s tr❛❞❡ ✐♥❞❡①❡s ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤❡ tr❛❞❡ ✐♥❞❡① r❡❧❛t✐✈❡ t♦ ❛ ❣✐✈❡♥ t✐♠❡ ✇✐♥❞♦✇ ✐s t❤❡♥

❝♦♥str✉❝t❡❞ ❜② t❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛❧❧ ②❡❛r❧② ✐♥❞❡①❡s✳ ❯s✐♥❣ ♣❛♥❡❧ ❞❛t❛ ❛❧❧♦✇s ♠❡ t♦ ❝♦♥tr♦❧

❢♦r t✐♠❡ ✐♥✈❛r✐❛♥t ❝♦✉♥tr②✲♣❛✐r s♣❡❝✐✜❝ ❢❛❝t♦rs t❤❛t ❛r❡ ♥♦t ♦❜s❡r✈❛❜❧❡s✳

■ ❡st✐♠❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿

(1) ❝♦rr(GDP filtered
it , GDP filtered

jt ) = α1 + βT log(❚♦t❛❧ijt) + controls+ ǫ1,ijt

(2) ❝♦rr(GDP filtered
it , GDP filtered

jt ) = α2 + βI log(■♥t❡r♠❡❞✐❛t❡ijt) + βF log(❋✐♥❛❧ijt) + controls+ ǫ2,ijt

■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ■ ♣r❡s❡♥t t✇♦ ❢❛❝ts t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ●❉P

s②♥❝❤r♦♥✐③❛t✐♦♥ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡✳ ❘❡s✉❧ts ❛r❡ ❣❛t❤❡r❡❞ ✐♥ t❛❜❧❡s 1.1 ❛♥❞ 1.1

❋✐♥❞✐♥❣ ✶✿ ❚❤❡ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡ ✐s r♦❜✉st t♦ ❝♦✉♥tr②✲♣❛✐r ✜①❡❞ ❡✛❡❝t

❚❤❡ ✐♥✐t✐❛❧ ❋r❛♥❦❡❧ ❛♥❞ ❘♦s❡ ✭✶✾✾✽✮ ✜♥❞✐♥❣ t❤❛t ❜✐❧❛t❡r❛❧ tr❛❞❡ ❝♦rr❡❧❛t❡s ✇✐t❤ ❜✉s✐♥❡ss ❝②❝❧❡

s②♥❝❤r♦♥✐③❛t✐♦♥ ❞♦❡s ♥♦t ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ♦❢ tr❛❞❡✬s r♦❧❡ ✐♥ tr❛♥s♠✐tt✐♥❣ s❤♦❝❦s✳ ❯s✐♥❣ ❝r♦ss✲

s❡❝t✐♦♥❛❧ ✈❛r✐❛t✐♦♥ s❤♦✇s t❤❛t ❝♦✉♥tr②✲♣❛✐rs ✇✐t❤ ❤✐❣❤❡r tr❛❞❡ ❧✐♥❦❛❣❡s ❡①♣❡r✐❡♥❝❡ ♠♦r❡ ❝♦rr❡❧❛t❡❞

●❉P ✢✉❝t✉❛t✐♦♥s ❜✉t ❞♦❡s ♥♦t r✉❧❡ ♦✉t ♦♠✐tt❡❞ ✈❛r✐❛❜❧❡ ❜✐❛s s✉❝❤ ❛s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❢❛❝t t❤❛t

♥❡✐❣❤❜♦r✐♥❣ ❝♦✉♥tr✐❡s ❤❛✈❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ♠♦r❡ ❝♦rr❡❧❛t❡❞ s❤♦❝❦s ❛♥❞ ❧❛r❣❡r tr❛❞❡ ✢♦✇s✳ ❇②

❝♦♥str✉❝t✐♥❣ ❛ ♣❛♥❡❧ ❞❛t❛s❡t ❛♥❞ ❝♦♥tr♦❧❧✐♥❣ ❢♦r ❝♦✉♥tr②✲♣❛✐r ✜①❡❞ ❡✛❡❝ts✱ t❤✐s ♣❛♣❡r r❡❧❛t❡s t♦

r❡❝❡♥t st✉❞✐❡s t❤❛t tr② t♦ ❝♦♥tr♦❧ ❢♦r ✉♥♦❜s❡r✈❡❞ ❝❤❛r❛❝t❡r✐st✐❝s✳✶✹

❯s✐♥❣ ♦♥❧② ✇✐t❤✐♥ ❝♦✉♥tr②✲♣❛✐r ✈❛r✐❛t✐♦♥s ❛♥❞ ❝♦♥tr♦❧❧✐♥❣ ❢♦r ❛❣❣r❡❣❛t❡ t✐♠❡ ✇✐♥❞♦✇s ✜①❡❞

❡✛❡❝ts✱ t❤❡ str♦♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ✐♥ ●❉P ❝♦rr❡❧❛t✐♦♥ st✐❧❧ ❤♦❧❞s ❢♦r ❍P ✜❧t❡r ❛♥❞ ✜rst

❞✐✛❡r❡♥❝❡s ❛s s❤♦✇♥ ✐♥ ❝♦❧✉♠♥s (1) ❛♥❞ (3) t❛❜❧❡ 1.1✳ ❚❤♦s❡ ♥✉♠❜❡rs ✐♠♣❧② t❤❛t ♠♦✈✐♥❣ ❢r♦♠

❝♦✉♥tr② ❧❡✈❡❧ t♦ ❞✐s❡♥t❛♥❣❧❡ tr❛❞❡ ✢♦✇s ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ❛♥❞ ✜♥❛❧ ❣♦♦❞s ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✹✳ ❆❧❧ r❡s✉❧ts ❛r❡ r♦❜✉st
✉s✐♥❣ t❤✐s ❝❛t❡❣♦r✐③❛t✐♦♥✳

✶✹❉✐ ●✐♦✈❛♥♥✐ ❛♥❞ ▲❡✈❝❤❡♥❦♦ ✭✷✵✶✵✮ ✐♥❝❧✉❞❡s ❝♦✉♥tr② ♣❛✐r ✜①❡❞ ❡✛❡❝ts ✐♥ ❛ ❧❛r❣❡ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ ✐♥❞✉str②✲❧❡✈❡❧
❞❛t❛ ✇✐t❤ ✺✺ ❝♦✉♥tr✐❡s ❢r♦♠ ✶✾✼✵ t♦ ✶✾✾✾ ✐♥ ♦r❞❡r t♦ t❡st ❢♦r t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ s❡❝t♦r❛❧ tr❛❞❡ ❛♥❞ ♦✉t♣✉t

✭♥♦t ✈❛❧✉❡✲❛❞❞❡❞✮ ❝♦♠♦✈❡♠❡♥t ❛t t❤❡ ✐♥❞✉str② ❧❡✈❡❧✳ ❉✉✈❛❧ ❡t ❛❧ ✭✷✵✶✻✮ ✐♥❝❧✉❞❡s ❝♦✉♥tr② ♣❛✐r ✜①❡❞ ❡✛❡❝ts ✐♥ ❛
♣❛♥❡❧ ♦❢ ✻✸ ❝♦✉♥tr✐❡s ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✸ ❛♥❞ t❡st t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✈❛❧✉❡ ❛❞❞❡❞ tr❛❞❡ ✐♥ ●❉P ❝♦♠♦✈❡♠❡♥t✳

✷✸



t❤❡ ✷✺t❤ t♦ t❤❡ ✼✺t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥ ♠② s❛♠♣❧❡✶✺ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡

♦❢ ●❉P ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ✵✳✵✺ ❛♥❞ ✵✳✵✻✷✳ ❚❤❡s❡ ✜♥❞✐♥❣s ❛r❡ ❛❧s♦ r♦❜✉st ✇❤❡♥ ✉s✐♥❣ t✇♦ t✐♠❡

✇✐♥❞♦✇s ♦❢ ✷✵ ②❡❛rs ❡❛❝❤✱ ❛s s❤♦✇♥ ✐♥ t❛❜❧❡ 1.2✳

❋✐♥❞✐♥❣ ✷✿ ❚r❛❞❡ ✐♥ ■♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ♣❧❛②s ❛ str♦♥❣ r♦❧❡ ✐♥ ●❉P ❝♦♠♦✈❡♠❡♥t

❚♦ ✐♥✈❡st✐❣❛t❡ ❢✉rt❤❡r t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t ❛t ❜✉s✐♥❡ss ❝②❝❧❡

❢r❡q✉❡♥❝②✱ ❝♦❧✉♠♥s (2) ❛♥❞ (4) ♦❢ 1.1 ❞✐s❡♥t❛♥❣❧❡ t❤❡ ❡✛❡❝t ♦❢ tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ❢r♦♠

tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s✳ ❚❤❡ r❡s✉❧ts ❤✐❣❤❧✐❣❤t ❛ s♣❡❝✐✜❝ r♦❧❡ ❢♦r tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✱ ❜♦t❤

✐♥ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ♣❛♥❡❧ ❞✐♠❡♥s✐♦♥s✳✶✻ ❲✐t❤ ❍P ✜❧t❡r ❛s ✇❡❧❧ ❛s ❧♦❣ ❞✐✛❡r❡♥❝❡✱ t❤❡

✐♥❞❡① ♦❢ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ✐s ❤✐❣❤ ❛♥❞ s✐❣♥✐✜❝❛♥t✳ ❆❝❝♦r❞✐♥❣ t♦ t❤ ♣♦✐♥t

❡st✐♠❛t❡s ✐♥ 1.1✱ ♠♦✈✐♥❣ ❢r♦♠ t❤❡ ✷✺t❤ t♦ t❤❡ ✼✺t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥ ✐♥t❡r♠❡❞✐❛t❡

✐♥♣✉ts ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ●❉P ❝♦♠♦✈❡♠❡♥t ✐♥❝r❡❛s❡ ❜❡t✇❡❡♥ ✵✳✶ ✭❝♦❧✉♠♥ (6)✮ ❛♥❞ ✵✳✶✷ ✭❝♦❧✉♠♥

(2)✮✳ ❆❣❛✐♥✱ t❤❡s❡ ✜♥❞✐♥❣s ❛r❡ r♦❜✉st ✇❤❡♥ ✉s✐♥❣ t✇♦ t✐♠❡ ✇✐♥❞♦✇s ♦❢ ✷✵ ②❡❛rs ❡❛❝❤✱ ❛s s❤♦✇♥

✐♥ t❛❜❧❡ 1.2✳ ❚❤❡s❡ r❡s✉❧ts str♦♥❣❧② s✉❣❣❡st t❤❛t ✐♥t❡r♥❛t✐♦♥❛❧ s✉♣♣❧② ❝❤❛✐♥s ❛r❡ ❛♥ ✐♠♣♦rt❛♥t

❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ❛❝r♦ss ❝♦✉♥tr✐❡s✳✶✼

✶✺■♥ ♠② s❛♠♣❧❡✱ ♠♦✈✐♥❣ ❢r♦♠ t❤❡ ✷✺t❤ t♦ t❤❡ ✼✺t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ tr❛❞❡ ♣r♦①✐♠✐t② ♠❡❛♥s ♠✉❧t✐♣❧②✐♥❣ ❜② ✶✵ t♦t❛❧
tr❛❞❡ ♦✈❡r t♦t❛❧ ●❉P✳

✶✻❉✐ ●✐♦✈❛♥♥✐ ❛♥❞ ▲❡✈❝❤❡♥❦♦ ✭✷✵✶✵✮ ✐♥✈❡st✐❣❛t❡ t❤❡ r♦❧❡ ♦❢ ✈❡rt✐❝❛❧ ❧✐♥❦❛❣❡s ✐♥ ♦✉t♣✉t s②♥❝❤r♦♥✐③❛t✐♦♥ ✭♥♦t
✈❛❧✉❡ ❛❞❞❡❞✮ ✉s✐♥❣ ✐♥♣✉t✲♦✉t♣✉t ♠❛tr✐❝❡s ❢r♦♠ t❤❡ ❇❊❆✳ ❚❤❡✐r ❡st✐♠❛t❡s ✐♠♣❧② t❤❛t ✈❡rt✐❝❛❧ ♣r♦❞✉❝t✐♦♥ ❧✐♥❦❛❣❡s
❛❝❝♦✉♥t ❢♦r s♦♠❡ ✸✵ ♣❡r❝❡♥t ♦❢ t❤❡ t♦t❛❧ ✐♠♣❛❝t ♦❢ ❜✐❧❛t❡r❛❧ tr❛❞❡ ♦♥ t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡ ❝♦rr❡❧❛t✐♦♥

✶✼❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ✉s❡❞ ❛ ✜①❡❞ ❡✛❡❝t s♣❡❝✐✜❝❛t✐♦♥✳ ❖♥❡ ♠✐❣❤t ❛❧s♦ ❝♦♥s✐❞❡r t❤❛t t❤❡ ✈❛r✐❛t✐♦♥
❛❝r♦ss ❝♦✉♥tr②✲♣❛✐rs ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ r❛♥❞♦♠ ❛♥❞ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥❞❡①❡s✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❛
r❛♥❞♦♠ ❡✛❡❝t tr❡❛t♠❡♥t ✇♦✉❧❞ ❜❡ ❛ ❜❡tt❡r ✜t✳ ❚♦ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ ✜①❡❞ ♦r r❛♥❞♦♠ ❡✛❡❝ts✱ ■ r✉♥ ❛ ❍❛✉s♠❛♥
s♣❡❝✐✜❝❛t✐♦♥ t❡st ✇❤❡r❡ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐s t❤❛t t❤❡ ♣r❡❢❡rr❡❞ ♠♦❞❡❧ ✐s r❛♥❞♦♠ ❡✛❡❝ts ❛❣❛✐♥st t❤❡ ✜①❡❞ ❡✛❡❝ts✳
❚❤✐s t❡sts ✇❤❡t❤❡r t❤❡ ❡rr♦r t❡r♠s ǫijt ❛r❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ r❡❣r❡ss♦rs✱ ✇✐t❤ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ❜❡✐♥❣ t❤❡② ❛r❡
♥♦t✳ ❘❡s✉❧ts ❞✐s♣❧❛② ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ (p < 0.001)✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ t✇♦ ♠♦❞❡❧s ❛r❡ ❞✐✛❡r❡♥t ❡♥♦✉❣❤ t♦
r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✱ ❛♥❞ ❤❡♥❝❡ t♦ r❡❥❡❝t t❤❡ r❛♥❞♦♠ ❡✛❡❝ts ✐♥ ❢❛✈♦r ♦❢ t❤❡ ✜①❡❞ ❡✛❡❝t ♠♦❞❡❧✳

✷✹



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDP filtered
i ✱GDP filtered

j ✮

❍P ✜❧t❡r ❋✐rst ❉✐✛❡r❡♥❝❡

✭✶✮ ✭✷✮ ✭✸✮ ✭✹✮

❧♦❣✭❚♦t❛❧✮ ✵✳✵✷✷✯✯ ✵✳✵✷✼✯✯

✭✷✳✵✼✮ ✭✷✳✺✺✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✵✺✸✯✯ ✵✳✵✹✷✯

✭✷✳✶✽✮ ✭✶✳✽✼✮

❧♦❣✭❋✐♥❛❧✮ ✲✵✳✵✸✵ ✲✵✳✵✶✻

✭✲✶✳✷✺✮ ✭✲✵✳✼✵✮

❈♦✉♥tr②✲P❛✐r ❋❊ ②❡s ②❡s ②❡s ②❡s

❚✐♠❡ ❲✐♥❞♦✇ ❋❊ ②❡s ②❡s ②❡s ②❡s

❘✲sq✉❛r❡❞ ✭✇✐t❤✐♥✮ ✵✳✶✺✸ ✵✳✶✺✺ ✵✳✶✹✶ ✵✳✶✹✷

❘✲sq✉❛r❡❞ ✭♦✈❡r❛❧❧✮ ✵✳✶✸✼ ✵✳✶✸✺ ✵✳✶✸✷ ✵✳✶✷✾

N ✖✖✖✖✖✖✖✖✲ ✷✾✵✵ ✖✖✖✖✖✖✖✖✲

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✶✿ ❚r❛❞❡ ❛♥❞ ●❉P ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ ✶✵ ②❡❛rs t✐♠❡ ✇✐♥❞♦✇s

✷✺



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDP filtered
i ✱GDP filtered

j ✮

❍P ✜❧t❡r ❋✐rst ❉✐✛❡r❡♥❝❡

✭✶✮ ✭✷✮ ✭✸✮ ✭✹✮

❧♦❣✭❚♦t❛❧✮ ✵✳✵✶✾✯ ✵✳✵✶✼

✭✶✳✻✼✮ ✭✶✳✸✾✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✵✼✸✯✯ ✵✳✵✼✹✯✯

✭✷✳✷✵✮ ✭✷✳✹✵✮

❧♦❣✭❋✐♥❛❧✮ ✲✵✳✵✺✸ ✲✵✳✵✺✼✯

✭✲✶✳✺✺✮ ✭✲✶✳✽✺✮

❈♦✉♥tr②✲P❛✐r ❋❊ ②❡s ②❡s ②❡s ②❡s

❚✐♠❡ ❲✐♥❞♦✇ ❋❊ ②❡s ②❡s ②❡s ②❡s

❘✲sq✉❛r❡❞ ✭✇✐t❤✐♥✮ ✵✳✵✻✽ ✵✳✵✼✺ ✵✳✵✵✾ ✵✳✵✶✽

❘✲sq✉❛r❡❞ ✭♦✈❡r❛❧❧✮ ✵✳✶✶✺ ✵✳✵✾✶ ✵✳✶✶✼ ✵✳✵✺✵

N ✖✖✖✖✖✖✖✖✲ ✶✹✺✵ ✖✖✖✖✖✖✖✖✲

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✷✿ ❚r❛❞❡ ❛♥❞ ●❉P ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ ✷✵ ②❡❛rs t✐♠❡ ✇✐♥❞♦✇s

✶✳✸ ❆ s✐♠♣❧❡ ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ■ s❤♦✇ ✐♥ ❛ s✐♠♣❧❡ ❢r❛♠❡✇♦r❦ ✇❤② t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ❛❝r♦ss

❝♦✉♥tr✐❡s ✐s ♥♦t s✉✣❝✐❡♥t ❢♦r ❛ ♠♦❞❡❧ t♦ ❣❡♥❡r❛t❡ ❛ str♦♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P ❝♦✲

♠♦✈❡♠❡♥t✱ ❛♥❞ ❤♦✇ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t✇♦ ♥❡✇ ❡❧❡♠❡♥ts ✭♠♦♥♦♣♦❧✐st✐❝ ♣r✐❝✐♥❣ ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥

❛❞❥✉st♠❡♥ts✮ ❣♦❡s ❛ ❧♦♥❣ ✇❛② t♦✇❛r❞ ❣❡♥❡r❛t✐♥❣ ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ❛ s❤♦❝❦ ✐♥ ❛ tr❛❞✐♥❣ ♣❛rt♥❡r✬s

❡❝♦♥♦♠② ❛♥❞ ❞♦♠❡st✐❝ ●❉P✳ ❙❡❝t✐♦♥ 1.4 ✇✐❧❧ t❤❡♥ ♣r❡s❡♥t ❛ q✉❛♥t✐t❛t✐✈❡ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠

♠♦❞❡❧ ✇✐t❤ ♠❛♥② ❝♦✉♥tr✐❡s t❤❛t ✐s ❛❜❧❡ t♦ r❡♣❧✐❝❛t❡ ✽✺✪ ♦❢ t❤❡ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t r❡❧❛t✐♦♥s❤✐♣

♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✱ ❤❡♥❝❡ ♣r♦♣♦s✐♥❣ t❤❡ ✜rst q✉❛♥t✐t❛t✐✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ tr❛❞❡ ❝♦♠♦✈❡♠❡♥t

♣✉③③❧❡✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❡①♣♦s✐t✐♦♥✱ ■ ❝♦♥s✐❞❡r ❤❡r❡ ❛ st❛t✐❝ s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠②✳ ■♥ s✉❝❤ ❛ ✇♦r❧❞✱ ❑❘

s❤♦✇❡❞ t❤❛t ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r✐❝❡ ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉ts ❤❛s ♥♦ ✐♠♣❛❝t✱ ✉♣ t♦ ❛ ✜rst ♦r❞❡r ❛♣♣r♦①✲

✷✻



✐♠❛t✐♦♥✱ ♦♥ ♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐✈✐t②✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛♥② ❝❤❛♥❣❡ ✐♥ ●❉P ✐s ❞✉❡ t♦ ✈❛r✐❛t✐♦♥s ✐♥

❞♦♠❡st✐❝ ❢❛❝t♦rs s✉♣♣❧②✳ ■ st❛rt ❜② ❜r✐❡✢② r❡✈✐❡✇✐♥❣ t❤✐s ✐♠♣♦rt❛♥t r❡s✉❧t✳

✶✳✸✳✶ ❚❤❡ ❑❡❤♦❡ ❛♥❞ ❘✉❤❧ ✭✷✵✵✽✮ ♥❡❣❛t✐✈❡ r❡s✉❧t

❚❤❡ ❡❝♦♥♦♠② ♣r♦❞✉❝❡s ❛ ✜♥❛❧ ❣♦♦❞ y✱ ✉s❡❞ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❡①♣♦rts✱ ✇❤✐❝❤ ✐s ♣r♦❞✉❝❡❞ ❜②

❝♦♠❜✐♥✐♥❣ ✐♠♣♦rt❡❞ ✐♥♣✉ts x ❛♥❞ ❞♦♠❡st✐❝ ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥ ℓ ✭♣♦ss✐❜❧② ❛ ✈❡❝t♦r✮ ❛❝❝♦r❞✐♥❣

t♦✿

y = F (ℓ, x) ✭✶✳✶✮

✇❤❡r❡ F (., .) ❤❛s ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ❛♥❞ ✐s ❝♦♥❝❛✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♦❢ ✐ts ❛r❣✉♠❡♥t✳

❚❤❡ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝❡r ❝❤♦♦s❡s ✐♥t❡r♠❡❞✐❛t❡ ❛♥❞ ✐♠♣♦rt❡❞ ✐♥♣✉ts t♦ ♠❛①✐♠✐③❡ ✐ts ♣r♦✜t t❛❦✐♥❣

❛s ❣✐✈❡♥ ❛❧❧ ♣r✐❝❡s✳ ❖♣t✐♠❛❧✐t② r❡q✉✐r❡s t❤❛t ❢❛❝t♦rs ❛r❡ ♣❛✐❞ t❤❡✐r ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✿

pyFℓ(ℓ, x) = w ❛♥❞ pyFx(ℓ, x) = px ✭✶✳✷✮

✇✐t❤ py t❤❡ ✜♥❛❧ ❣♦♦❞ ♣r✐❝❡✱ px t❤❡ ♣r✐❝❡ ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉ts x ❛♥❞ w t❤❡ ♣r✐❝❡ ♦❢ ❞♦♠❡st✐❝ ❢❛❝t♦rs✳

●r♦ss ❉♦♠❡st✐❝ Pr♦❞✉❝t ✐s t❤❡ s✉♠ ♦❢ ✈❛❧✉❡ ❛❞❞❡❞ ✐♥ t❤❡ ❝♦✉♥tr②✱ ✇❤✐❝❤ ✐s s✐♠♣❧② t❤❡ ✈❛❧✉❡ ♦❢

✜♥❛❧ ❣♦♦❞s ♠✐♥✉s t❤❡ ✈❛❧✉❡ ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉ts✳ ■♠♣♦rt❛♥t❧②✱ ♠❛♥② st❛t✐st✐❝❛❧ ❛❣❡♥❝✐❡s ✭❛♥❞ ✐♥

♣❛rt✐❝✉❧❛r t❤❡ ❖❊❈❉ ❞❛t❛❜❛s❡ ✉s❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ❛❜♦✈❡✮ ✉s❡ ❜❛s❡ ♣❡r✐♦❞ ♣r✐❝❡s ✇❤❡♥

✈❛❧✉✐♥❣ ❡st✐♠❛t❡❞ q✉❛♥t✐t✐❡s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ●❉P✳✶✽ ❙✐♥❝❡ ♣r✐❝❡s ❛r❡ ❦❡♣t ❝♦♥st❛♥t ❛t t❤❡✐r

❜❛s❡ ✈❛❧✉❡✱ ✇❡ ❞❡♥♦t❡ t❤❡♠ ✇✐t❤ t❤❡ s✉♣❡rs❝r✐♣t b t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡ tr❡❛t❡❞

❛s ♣❛r❛♠❡t❡r ❛♥❞ ♥♦t ❛s ❡♥❞♦❣❡♥♦✉s ♦❜❥❡❝ts✿

GDP = pbyF (ℓ, x)− pbx.x ✭✶✳✸✮

✶✽■♥ t❤❡ ❯❙✱ t❤❡ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❆♥❛❧②s✐s ✉s❡s ❛ ❋✐s❤❡r ❝❤❛✐♥✲✇❡✐❣❤t❡❞ ♣r✐❝❡ ✐♥❞❡① t♦ ❝♦♥str✉❝t ●❉P ❛t
t✐♠❡ t r❡❧❛t✐✈❡ t♦ ●❉P ❛t t✐♠❡ t− 1 ❛❝❝♦r❞✐♥❣ t♦✿

GDPt

GDPt−1
=

(

∑

k p
k
t−1q

k
t

∑

k p
k
t−1q

k
t−1

)0.5( ∑

k p
k
t q

k
t

∑

k p
k
t q

k
t−1

)0.5

✇❤❡r❡ k ✐♥❞❡①❡s ❛❧❧ ❝♦♠♣♦♥❡♥ts ♦❢ ●❉P✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❋✐s❤❡r ✐♥❞❡① ✐s ❛ ♠✐① ❜❡t✇❡❡♥ t✇♦ ❜❛s❡ ♣❡r✐♦❞ ♣r✐❝✐♥❣
♠❡t❤♦❞s ✇❤❡r❡ t❤❡ ❜❛s❡ ♣r✐❝❡ ✐s ❛❧t❡r♥❛t✐✈❡❧② t❤❡ ♣r✐❝❡ ❛t t− 1 ❛♥❞ ❛t t✳

✷✼



▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ✜rst ♦r❞❡r ❝❤❛♥❣❡ ✐♥ ●❉P ✇❤❡♥ t❤❡ ❚❡r♠s✲♦❢✲❚r❛❞❡ ✭≡ px✮ ❝❤❛♥❣❡✿

dGDP

dpx
= pbyFℓ(ℓ, x)

∂ℓ

∂px︸ ︷︷ ︸
❋❛❝t♦r ❙✉♣♣❧② ❊✛❡❝t

+
∂x

∂px
(pbyFx(ℓ, x)− pbx)

︸ ︷︷ ︸
■♥♣✉t✲❖✉t♣✉t ❊✛❡❝t

✭✶✳✹✮

❚❤❡ ✜rst t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✹✮ ❝❛♣t✉r❡s t❤❡ ✈❛❧✉❡ ❛❞❞❡❞ ❝❤❛♥❣❡ ❞✉❡ t♦ ✈❛r✐❛t✐♦♥s ✐♥ ❢❛❝t♦r

s✉♣♣❧② ❛♥❞ ❞❡♣❡♥❞s ❤❡❛✈✐❧② ♦♥ t❤❡ ❞❡❣r❡❡ ♦❢ s✉❜st✐t✉t❛❜✐❧✐t② ♦r ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❢♦r❡✐❣♥

❛♥❞ ❞♦♠❡st✐❝ ✐♥♣✉ts✶✾ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❢❛❝t♦r s✉♣♣❧②✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♣t✉r❡s

t❤❡ ❞✐r❡❝t ✐♠♣❛❝t t❤❛t ❝❤❛♥❣❡s ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉t ✉s❛❣❡ ❤❛✈❡ ♦♥ ●❉P✳ ❲✐t❤ ♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥✱

♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ✐♥s✉r❡s t❤❛t pyFx(ℓ, x) = px ✇❤❡♥ ✉s✐♥❣ ❝✉rr❡♥t ♣r✐❝❡s✳ ❲❤❡♥ ❜❛s❡ ♣❡r✐♦❞

♣r✐❝❡s pby ❛♥❞ p
b
x ❛r❡ ❝❧♦s❡ t♦ t❤❡✐r ❝✉rr❡♥t ✈❛❧✉❡✱

✷✵ t❤✐s t❡r♠ ❞✐s❛♣♣❡❛rs✳ ■♥ s✉❝❤ ❛ ♠♦❞❡❧✱ ❛♥② ✜rst

♦r❞❡r ❝❤❛♥❣❡ ✐♥ ●❉P ❢♦❧❧♦✇✐♥❣ ❛ t❡r♠s ♦❢ tr❛❞❡ s❤♦❝❦ ✐s s♦❧❡❧② ❞r✐✈❡♥ ❜② ✈❛r✐❛t✐♦♥s ✐♥ ❞♦♠❡st✐❝

❢❛❝t♦r s✉♣♣❧②✳ ❚❤✐s ✐s t❤❡ ♥❡❣❛t✐✈❡ r❡s✉❧t ♣r❡s❡♥t❡❞ ✐♥ ❑❘✿ ✇❤❡♥ ✜r♠s t❛❦❡ ♣r✐❝❡s ❛s ❣✐✈❡♥✱ ♣r♦✜t

♠❛①✐♠✐③❛t✐♦♥ ✐♥s✉r❡s t❤❛t t❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜t ♦❢ ✉s✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✉♥✐t ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉t x

✭pyFx(ℓ, x)✮ ✐s ❡q✉❛❧ t♦ ✐ts ♠❛r❣✐♥❛❧ ❝♦st ✭px✮✳ ❍❡♥❝❡✱ ✉♣ t♦ ❛ ✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✱ ❞♦♠❡st✐❝

✈❛❧✉❡ ❛❞❞❡❞ ✐s ❛✛❡❝t❡❞ ❜② ❛ ❢♦r❡✐❣♥ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ♦♥❧② t❤r♦✉❣❤ ❛ ❝❤❛♥❣❡ ✐♥ ❢❛❝t♦r s✉♣♣❧②✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐✈✐t② ✐s ♥♦t ❛✛❡❝t❡❞ t♦ ❢♦r❡✐❣♥ s❤♦❝❦s✳✷✶

❊q✉❛t✐♦♥ ✭✶✳✹✮ ❡♥❝❛♣s✉❧❛t❡s ✐♥ ❛ s✐♠♣❧❡ ✇❛② t❤❡ r❡❛s♦♥s ✇❤② ❡✈❡♥ s♦♣❤✐st✐❝❛t❡❞ ❘❇❈ ♠♦❞❡❧s

❝❛♥♥♦t ❣❡♥❡r❛t❡ ❛ q✉❛♥t✐t❛t✐✈❡❧② ✐♠♣♦rt❛♥t ❧✐♥❦ ❜❡t✇❡❡♥ tr❛❞❡ ❧✐♥❦❛❣❡s ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t✳

■♥ ♠♦❞❡❧s ✇✐t❤ ♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ●❉P ❛❢t❡r ❛

❢♦r❡✐❣♥ s❤♦❝❦ ✐s s♦❧❡❧② ❞r✐✈❡♥ ❜② ✈❛r✐❛t✐♦♥s ✐♥ ❞♦♠❡st✐❝ ❢❛❝t♦rs s✉♣♣❧②✳ ❙✉❝❤ ❛ ❝❤❛♥❣❡✱ ✐♥ t✉r♥✱ ✐s

❞✐s❝✐♣❧✐♥❡❞ ❜② ✭✐✮ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② ❛♥❞ ✭✐✐✮ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❞♦♠❡st✐❝

❛♥❞ ❢♦r❡✐❣♥ ✐♥♣✉ts✳✷✷

✶✳✸✳✷ ▼❛r❦✉♣s ❛♥❞ ▲♦✈❡ ❢♦r ✈❛r✐❡t②

❈♦♥s✐❞❡r ♥♦✇ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❡❝♦♥♦♠② ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣r♦❞✉❝t✐♦♥ st❡♣✿

✐♥♣✉ts ❛r❡ ✐♠♣♦rt❡❞ ❜② ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❞✉❝❡rs ✇✐t❤ ❛ ❧✐♥❡❛r ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥

✶✾❚❤❡ r♦❧❡ ♦❢ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐s ❞✐s❝✉ss❡❞ ❛t ❧❡♥❣t❤ ✐♥ ❇✉rst❡✐♥ ❡t ❛❧ ✭✷✵✵✽✮ ♦r ✐♥ ❇♦❡❤♠ ❡t ❛❧ ✭✷✵✶✺✮✳
✷✵❲✐t❤ ❛ ❋✐s❤❡r ❝❤❛✐♥✲✇❡✐❣❤t❡❞ ♣r✐❝❡ ✐♥❞❡① ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ●❉P✱ ❜❛s❡ ♣❡r✐♦❞ ♣r✐❝❡s ❛r❡ ❛❧✇❛②s ❝❧♦s❡ t♦

❝✉rr❡♥t ♣r✐❝❡s✳
✷✶◆♦t❡ t❤❛t ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ r❡❛s♦♥✐♥❣ r❡sts ✉♣♦♥ t❤❡ ❢❛❝t t❤❛t ●❉P ✐s ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❝♦♥st❛♥t

❜❛s❡ ♣r✐❝❡s✳ ■❢ t❤❡ ♣r✐❝❡s ✉s❡❞ t♦ ✈❛❧✉❡ ✜♥❛❧ ❣♦♦❞s ❛♥❞ ✐♠♣♦rt❡❞ ✐♥♣✉ts ✇❡r❡ t♦ ❝❤❛♥❣❡ ❞✉❡ t♦ t❤❡ s❤♦❝❦✱ ♦♥❡
✇♦✉❧❞ ❤❛✈❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✹✮✳

✷✷■❢ ❞♦♠❡st✐❝ ❛♥❞ ❢♦r❡✐❣♥ ✐♥♣✉ts ❛r❡ str♦♥❣❧② ❝♦♠♣❧❡♠❡♥ts✱ ❛♥② s❤♦❝❦ t❤❛t ✐♥❝r❡❛s❡s ❢♦r❡✐❣♥ ✐♥♣✉t ✉s❛❣❡ ❛❧s♦
r✐s❡s ❞❡♠❛♥❞ ❢♦r ❞♦♠❡st✐❝ ✐♥♣✉ts✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ●❉P✳

✷✽



m = x✳ ❈r✐t✐❝❛❧❧②✱ ■ ♥♦✇ ❛❞❞ t✇♦ ♥❡✇ ❡❧❡♠❡♥ts✿ ✭✶✮ ❛ ♣r✐❝❡ ✇❡❞❣❡ ❢♦r ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❞✉❝❡rs

µ 6= 1 s♦ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡s m ✐s ❣✐✈❡♥ ❜② pm = µ×px✱ ❛♥❞ ✭✷✮ ❧♦✈❡ ❢♦r ✈❛r✐❡t② ✐♥ t❤❡

✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❉✐①✐t✲❙t✐❣❧✐t③ ❛❣❣r❡❣❛t✐♦♥ ♦❢ ✐♥t❡r♠❡❞✐❛t❡s✳✷✸

❚❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✜♥❛❧ ❣♦♦❞ s❡❝t♦r ✐s✿

y = F (ℓ, I) ✇✐t❤ I =




M∫

0

m
σ−1
σ

i di




σ
σ−1

✭✶✳✺✮

❚❤✐s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❞✐s♣❧❛②s ❧♦✈❡ ❢♦r ✈❛r✐❡t② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ❢♦r ❛ ❣✐✈❡♥ ❛♠♦✉♥t ♦❢

t♦t❛❧ ✐♠♣♦rts✱ t❤❡ ❧❛r❣❡r t❤❡ ♠❛ss ♦❢ ✐♥♣✉t s✉♣♣❧✐❡rsM✱ t❤❡ ❤✐❣❤❡r t❤❡ ❛♠♦✉♥t ♦❢ ✜♥❛❧ ♣r♦❞✉❝t✐♦♥

♦❜t❛✐♥❛❜❧❡✳

❋♦r ❡❛❝❤ ✈❛r✐❡t② mi✱ t❤❡r❡ ✐s ❛ ♣r♦❞✉❝❡r ✇✐t❤ ❛ ❧✐♥❡❛r t❡❝❤♥♦❧♦❣② ✉s✐♥❣ ✐♠♣♦rts ♦♥❧②✿

∀ i ∈ [0,M], mi = xi ✭✶✳✻✮

❆❧❧ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❞✉❝❡rs ❛r❡ ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ❛♥❞ ■ ❞❡♥♦t❡ ❜② m t❤❡✐r ✭❝♦♠♠♦♥✮ ♣r♦✲

❞✉❝t✐♦♥ ❛♥❞ ❜② x t❤❡✐r ✭❝♦♠♠♦♥✮ ✐♠♣♦rt ❧❡✈❡❧s✳ ❚❤❡ ❜✉♥❞❧❡ I ❝❛♥ t❤❡♥ ❜❡ s✐♠♣❧② ❡①♣r❡ss❡❞ ❛s

I = Mσ/(σ−1)m ❛♥❞ t❤❡ ♣r✐❝❡ ✐♥❞❡① ❞✉❛❧ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜✉♥❞❧❡ ✐s P = M1/(1−σ)pm✱

✇❤✐❝❤ ✐s ❛❧s♦ ❡q✉❛❧ t♦ FI(ℓ, I)✱ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ ✐♥♣✉t ❜✉♥❞❧❡ ✐♥ ✜♥❛❧ ❣♦♦❞ ♣r♦✲

❞✉❝t✐♦♥✳ ❋✐♥❛❧❧②✱ t❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ GDP ✇✐t❤ r❡s♣❡❝t t♦ px ✇❤✐❧❡ ❦❡❡♣✐♥❣ ♣r✐❝❡s ❝♦♥st❛♥t

❛t t❤❡✐r ❜❛s❡ ♣❡r✐♦❞ ✈❛❧✉❡✱ ✇❡ ♦❜t❛✐♥✿

dGDP

dpx
= pbyFℓ(ℓ, I)

∂ℓ

∂px︸ ︷︷ ︸
❋❛❝t♦r ❙✉♣♣❧② ❊✛❡❝t

+

(
M

∂m

∂pbx
+
∂M

∂px
m

)
. (µ− 1) px

︸ ︷︷ ︸
▼❛r❦✉♣ ❊✛❡❝t

+
1

σ − 1
pmm

∂M

∂px︸ ︷︷ ︸
❊♥tr②✴❊①✐t ❊✛❡❝t

✭✶✳✼✮

❊q✉❛t✐♦♥ ✭✶✳✼✮ ✐s t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ ✭✶✳✹✮ ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts ❛♥❞

✇❤❡r❡ ✐♠♣♦rt✐♥❣ ✜r♠s ❛r❡ ♥♦t ♣r✐❝❡ t❛❦❡rs✳ ❈r✉❝✐❛❧❧②✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤♦s❡ t✇♦ ❡❧❡♠❡♥ts

❝r❡❛t❡ ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ❛ ❢♦r❡✐❣♥ s❤♦❝❦ ❛♥❞ ❞♦♠❡st✐❝ ✈❛❧✉❡ ❛❞❞❡❞ ✈❛r✐❛t✐♦♥s✱ ♦✈❡r ❛♥❞ ❜❡②♦♥❞ ❛♥②

❝❤❛♥❣❡ ✐♥ ❞♦♠❡st✐❝ ❢❛❝t♦r s✉♣♣❧②✳

❋✐rst✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣r✐❝❡ ✇❡❞❣❡ µ 6= 1 ♠❡❛♥s t❤❛t t❤❡ ✜rst t❡r♠ ❞♦❡s ♥♦t ✈❛♥✐s❤✳ ❲✐t❤

✷✸■♥ ♠❛♥② ♠♦❞❡❧s✱ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥ t❤❡ ❈❊❙ ❛❣❣r❡❣❛t✐♦♥ ❣♦✈❡r♥s ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ♠❛r❦✉♣
❝❤❛r❣❡❞ ❜② ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t♦rs ❛♥❞ t❤❡ ❧♦✈❡ ❞❡❣r❡❡ ♦❢ ❧♦✈❡ ❢♦r ✈❛r✐❡t②✳ ■♥ ♦r❞❡r t♦ ❝❧❡❛r❧② ❞✐✛❡r❡♥t✐❛t❡ t❤❡
s❤❡❡r ❡✛❡❝t ♦❢ ♠❛r❦✉♣ ❢r♦♠ t❤❡ ❧♦✈❡ ❢♦r ✈❛r✐❡t②✱ ■ ❛ss✉♠❡ ❤❡r❡ t❤❛t t❤❡ ♠❛r❦✉♣ µ ❝❛♥ t❛❦❡ ❛♥② ✈❛❧✉❡✱ ✐♥❝❧✉❞✐♥❣
t❤❡ ❝❛s❡ ✇❤❡r❡ µ = σ/(σ − 1)✳

✷✾



m′(px) < 0✱✷✹ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♣r✐❝❡ ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉ts ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ●❉P✳ ❲❤❡♥ ✜r♠s

❛r❡ ♣r✐❝❡ s❡tt❡rs ❛♥❞ ❡❛r♥ ❛ ♣♦s✐t✐✈❡ ♣r♦✜t✱ t❤❡ ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ❛❞❞✐t✐♦♥❛❧ ✉♥✐t

♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉t x ✐s ❧❛r❣❡r t❤❛♥ ✐ts ♠❛r❣✐♥❛❧ ❝♦st px✳ ❍❡♥❝❡✱ ❝❤❡❛♣❡r ✐♥♣✉ts ♠❡❛♥s ♠♦r❡ s❛❧❡s✱

♠♦r❡ ♣r♦✜t ❛♥❞ ♠♦r❡ ✈❛❧✉❡ ❛❞❞❡❞✳

▼♦r❡♦✈❡r✱ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s M ❛❧s♦ ✐♠♣❛❝ts ❞♦♠❡st✐❝ ✈❛❧✉❡ ❛❞❞❡❞✳ ❖♥❡ ❝❛♥

♠♦❞❡❧ ♠❛♥② r❡❛s♦♥s ✇❤② t❤❡ ♠❛ss ♦❢ ♣r♦❞✉❝✐♥❣ ✜r♠s ✇♦✉❧❞ ❝❤❛♥❣❡✱ ✐♥❝❧✉❞✐♥❣ ❛ ❢r❡❡ ❡♥tr② ❝♦♥✲

❞✐t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ s✉♥❦ ❝♦st ♦r ❛♥② r❡❛s♦♥ t❤❛t ❝❤❛♥❣❡s t❤❡ s✉♣♣❧② ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❡♣r❡♥❡✉rs✳✷✺

❆ ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐❝❡ s❡tt✐♥❣ ✜r♠s ❣✐✈❡s ❛ t✐♠❡ ✈❛r②✐♥❣ ❡❧❡♠❡♥t t♦ t❤❡ ❡✛❡❝t ❞❡s❝r✐❜❡❞

❛❜♦✈❡✱ tr✐❣❣❡r✐♥❣ ❛ ❣r❡❛t❡r r❡❛❝t✐♦♥ ♦❢ ●❉P ❛❢t❡r ❛ ❢♦r❡✐❣♥ s❤♦❝❦✳ ◆♦t❡ t❤❛t t❤✐s ❡✛❡❝t ✐s ♥♦t

❣♦✈❡r♥❡❞ ❜② t❤❡ ❧♦✈❡ ❢♦r ✈❛r✐❡t② ✇❤✐❝❤ ✐s ❝❛♣t✉r❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r σ✳ ❖✈❡r❛❧❧✱ t❤❡ ❦❡② ✐❞❡❛

❣♦✈❡r♥✐♥❣ t❤✐s ✜rst t❡r♠ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s✿ ✜r♠s t❤❛t ❝❤❛r❣❡ ❛ ♠❛r❦✉♣ ❤❛✈❡ ❛ ❞✐s❝♦♥✲

♥❡❝t ❜❡t✇❡❡♥ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ♣r♦❞✉❝t ♦❢ t❤❡✐r ✐♥♣✉ts✳ ❚❤❡ ❞✐✛❡r❡♥❝❡

❜❡t✇❡❡♥ t❤♦s❡ t✇♦ ✐s ❛❝❝♦✉♥t❡❞ ❛s ✈❛❧✉❡ ❛❞❞❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♣r♦✜ts✳ ❆♥② ❝❤❛♥❣❡ ✐♥ ✐♥♣✉t ✉s❛❣❡

❧❡❛❞✐♥❣ t♦ ❛ ❝❤❛♥❣❡ ✐♥ ♣r♦✜ts tr✐❣❣❡rs ❛ ❝❤❛♥❣❡ ✐♥ ✈❛❧✉❡ ❛❞❞❡❞ ♣r♦❞✉❝❡❞✳

❙❡❝♦♥❞✱ ✇❤❡♥ σ < +∞✱ ❛♥♦t❤❡r ❡✛❡❝t ❛r✐s❡s✳ ❲❤❡♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❡①❤✐❜✐ts ❧♦✈❡ ❢♦r

✈❛r✐❡t②✱ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s ✐♠♣❧✐❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡❛❝t✐♦♥ ❢♦r t❤❡ ✐♥♣✉t ❜✉♥❞❧❡ I✳

■❢ t❤❡ ❞❡❝r❡❛s❡ ♦❢ px ✐s ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣r♦❞✉❝✐♥❣ ✜r♠✱✷✻ t❤❡ ❜✉♥❞❧❡

I ✐♥❝r❡❛s❡s ♥♦t ♦♥❧② ❜❡❝❛✉s❡ ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❞✉❝❡r ✇✐❧❧ t❡♥❞ t♦ ♣r♦❞✉❝❡ ♠♦r❡✱ ❜✉t ❛❧s♦

❜❡❝❛✉s❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s ♠❡❝❤❛♥✐❝❛❧❧② ✐♥❝r❡❛s❡s I ❡✈❡♥ ❢♦r ❛ ✜①❡❞ ❛♠♦✉♥t ♦❢

✐♥t❡r♠❡❞✐❛t❡s✳

❲✐t❤ ❧♦✈❡ ❢♦r ✈❛r✐❡t②✱ ❛ ♣r♦❞✉❝❡r t❤❛t ❤❛s ❛❝❝❡ss t♦ ♠♦r❡ s✉♣♣❧✐❡rs ❝❛♥ ♣r♦❞✉❝❡ ♠♦r❡ ♦✉t♣✉t

❢♦r t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ✐♥♣✉t✱ ❛♥❞ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s ✐♠♣❛❝ts t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢

♣r♦❞✉❝✐♥❣ ✜♥❛❧ ❣♦♦❞s ♦✈❡r ❛♥❞ ❜❡②♦♥❞ t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♥♣✉t ♣r✐❝❡s✳ ❆♥♦t❤❡r ✇❛② ♦❢ s❛②✐♥❣ t❤✐s

✐s t❤❛t t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♦✉t♣✉t I✱ ❛♥❞ ✐♥♣✉ts
M∫
0

midi = X ✐s ♥♦t ✐♥❞❡♣❡♥❞❡♥t

♦❢ t❤❡ ♠❛ss ♦❢ ♣r♦❞✉❝❡rs M✿ ❛ ❝❤❛♥❣❡ ♦❢ M ❤❛s ❛♥ ❡✛❡❝t ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦ss✐❜✐❧✐t② ❢r♦♥t✐❡r✳

■♥t❡r❡st✐♥❣❧②✱ t❤✐s ❝❤❛♥♥❡❧ ✐s ❛t ✇♦r❦ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♣r✐❝❡ ❞✐st♦rt✐♦♥ ❝❤❛♥♥❡❧ ❞✐s❝✉ss❡❞ ♣r❡✲

✷✹❚❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② ♣r♦✈❡❞ ✐❢ ❛ss✉♠✐♥❣ t❤❛t F (.) ✐s ❛ ❈♦❜❜ ❉♦✉❣❧❛s ❛❣❣r❡❣❛t✐♦♥ ♦❢ ❞♦♠❡st✐❝ ❢❛❝t♦rs ❛♥❞
✐♥t❡r♠❡❞✐❛t❡s✳

✷✺■♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛♣♣❡♥❞✐① ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✱ ■ ♠♦❞❡❧ t❤❡ ❢r❡❡ ❝♦♥❞✐t✐♦♥ ❛♥❞ s❤♦✇ t❤❛t ✐♥❞❡❡❞ ❛♥ ✐♥❝r❡❛s❡
♦❢ ✐♠♣♦rt ♣r✐❝❡ ❧❡❛❞s t♦ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s✳

✷✻■❢ t❤❡ ♠❛ss ♦❢ ✜r♠s ✐s ♣✐♥♥❡❞ ❞♦✇♥ ❜② ❛ ❢r❡❡ ❡♥tr② ❝♦♥❞✐t✐♦♥✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ♣r♦✜ts ♦❢ ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡
♣r♦❞✉❝❡r ✇❤❡♥ t❤❡ ♣r✐❝❡ ♦❢ ✐♠♣♦rt❡❞ ✐♥♣✉t ❣♦❡s ✉♣ ❧❡❛❞s t♦ ❛ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s✳

✸✵



✈✐♦✉s❧②✳ ❊✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♠♦♥♦♣♦❧② ♣r✐❝✐♥❣✱ t❤❡ s❤❡❡r ✢✉❝t✉❛t✐♦♥ ✐♥ t❤❡ ♠❛ss ♦❢ ♣r♦❞✉❝✐♥❣

✜r♠s ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ❧♦✈❡ ❢♦r ✈❛r✐❡t② ✐♥ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥ ❝r❡❛t❡s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ ✐♠♣♦rt ♣r✐❝❡

❛♥❞ ●❉P ✢✉❝t✉❛t✐♦♥ ❡✈❡♥ ✇✐t❤ ✜①❡❞ ❢❛❝t♦r s✉♣♣❧②✳

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♠❛r❦✉♣s ❛♥❞ ❧♦✈❡ ❢♦r ✈❛r✐❡t② ❛❧❧♦✇s ●❉P t♦ ❝❤❛♥❣❡

♦✈❡r ❛♥❞ ❜❡②♦♥❞ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞♦♠❡st✐❝ ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥✳ ❯s✐♥❣ ❛ ✏❣r♦✇t❤ ❛❝❝♦✉♥t✐♥❣✑

♣❡rs♣❡❝t✐✈❡✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤♦s❡ t✇♦ ❡❧❡♠❡♥ts ♠❛❦❡s ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t②

❝❤❛♥❣❡ ❛❢t❡r ❛ ❢♦r❡✐❣♥ s❤♦❝❦✱ ❡✈❡♥ ✇✐t❤ ❛ ✜①❡❞ t❡❝❤♥♦❧♦❣②✳ ❚✇♦ ❝♦✉♥tr✐❡s t❤❛t ❤❛✈❡ ✐♠♣♦rt❛♥t

tr❛❞❡ ✢♦✇s ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts s❤♦✉❧❞ t❤❡♥ ❤❛✈❡ ❝♦rr❡❧❛t❡❞ ♠❡❛s✉r❡❞ ❚❋P✱ ❛ ♣r❡❞✐❝t✐♦♥ ■ t❡st

✐♥ t❤❡ ❞❛t❛ ✐♥ s❡❝t✐♦♥ 1.7✳

✶✳✹ ❆ ♠♦❞❡❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❚r❛❞❡ ✐♥ ■♥♣✉ts

✶✳✹✳✶ ❙❡t✉♣

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ❜✉✐❧❞ ❛ q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐♥ ✐♥♣✉ts ✇✐t❤ ♠♦♥♦♣♦❧✐st✐❝

❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ✜r♠ ❡♥tr②✴❡①✐t ❛♥❞ ❛ss❡ss ✐ts ❛❜✐❧✐t② t♦ r❡♣❧✐❝❛t❡ t❤❡ str♦♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥

tr❛❞❡ ❛♥❞ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛t✐♦♥✳✷✼ ❚❤❡ ♠♦❞❡❧ ✐s r❡❧❛t❡❞ t♦ ●❤✐r♦♥✐ ❛♥❞ ▼❡❧✐t③ ✭✷✵✵✺✮

❛♥❞ ❆❧❡ss❛♥❞r✐❛ ❛♥❞ ❈❤♦✐ ✭✷✵✵✼✮✱ ❡①t❡♥❞❡❞ ✇✐t❤ ♠✉❧t✐♣❧❡ ❛s②♠♠❡tr✐❝ ❝♦✉♥tr✐❡s ❛♥❞ ❣❧♦❜❛❧ ✈❛❧✉❡

❝❤❛✐♥s ✇✐t❤ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ❝r♦ss✐♥❣ ❜♦r❞❡rs ♠✉❧t✐♣❧❡ t✐♠❡s✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧

✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✱ ♣r✐❝❡ ❞✐st♦rt✐♦♥s ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts ❛❧❧♦✇s t❤❡ ♠♦❞❡❧ t♦

❣✐✈❡ ❛ q✉❛♥t✐t❛t✐✈❡ ❛❝❝♦✉♥t ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P ♠♦✈❡♠❡♥ts✳✷✽

■ ❝♦♥s✐❞❡r ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ N ❝♦✉♥tr✐❡s ✐♥❞❡①❡❞ ❜② k✳ ■♥ ❡❛❝❤ ❝♦✉♥tr②✱ t❤❡r❡ ✐s ❛ r❡♣r❡✲

s❡♥t❛t✐✈❡ ❛❣❡♥t ✇✐t❤ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ❧❡✐s✉r❡ ❛♥❞ t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ❣♦♦❞s Ωk ❞❡s❝r✐❜❡❞ ❜②

Uk,0 = E0

[
+∞∑

t=0

βt

(
log (Ck,t)− ψk

L1+ν
k,t

1 + ν

)]

✇✐t❤ Ct =

(
∫
Ωk

q
σ−1
σ

i,t

) σ
σ−1

✇❤❡r❡ ψk ✐s ❛ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r✱ ν ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② ❛♥❞

✷✼■♥ s❡❝t✐♦♥ ✶✳✻✱ ■ ♣r❡s❡♥t ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r♦❧❡ t❤❛t ❡❛❝❤ ♦❢ t❤❡ ♥♦✈❡❧ ✐♥❣r❡❞✐❡♥ts ❤❛s ♦♥ t❤❡ q✉❛♥t✐t❛t✐✈❡
r❡s✉❧ts✳

✷✽❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❤❡r❡ ❝❛♥ ❜❡ t❤♦✉❣❤ ♦❢ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ■❘❇❈ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥
❏♦❤♥s♦♥ ✭✷✵✶✹✮ ✇✐t❤ t✇♦ ♥❡✇ ❡❧❡♠❡♥ts✿ ♠❛r❦✉♣s ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts✳ ❆❣❛✐♥✱ s❡❝t✐♦♥ ✶✳✻ s❤♦✇s
t❤❛t t❤♦s❡ t✇♦ ✐♥❣r❡❞✐❡♥ts ❛r❡ q✉❛♥t✐t❛t✐✈❡❧② ❡ss❡♥t✐❛❧s ✐♥ ❣❡♥❡r❛t✐♥❣ ❛ ❧✐♥❦ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t✳

✸✶



σ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✈❛r✐❡t✐❡s ♦❢ ✜♥❛❧ ❣♦♦❞s✳ ❚❤❡ ❛❣❡♥t ❝❤♦♦s❡s

❝♦♥s✉♠♣t✐♦♥✱ ✐♥✈❡st♠❡♥t ❛♥❞ ❧❛❜♦r ✐♥ ❡❛❝❤ ♣❡r✐♦❞ s✉❜❥❡❝t t♦ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t✿

Pk,t (Ck,t +Kk,t+1 − (1− δ)Kk,t) = wk,tLk,t + rk,tKk,t

Pr♦❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❜② ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ✜r♠s ❝♦♠❜✐♥✐♥❣ ✐♥ ❛ ❈♦❜❜✲❉♦✉❣❧❛s

❢❛s❤✐♦♥ ❧❛❜♦r ℓk✱ ❝❛♣✐t❛❧ kk ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts Ik,t ❜♦✉❣❤t ❢r♦♠ ♦t❤❡r ✜r♠s ❢r♦♠ t❤❡✐r ❤♦♠❡

❝♦✉♥tr② ❛s ✇❡❧❧ ❛s ❢r♦♠ ❛❜r♦❛❞✳ ❋✐r♠s✬ ♣r♦❞✉❝t✐✈✐t② ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛♥ ✐❞✐♦s②♥❝r❛t✐❝ ♣❛rt ϕ ❛♥❞

❛ ❝♦✉♥tr② s♣❡❝✐✜❝ ♣❛rt Zk,t✳ ❋✐r♠s ♠❛①✐♠✐③❡ t❤❡✐r st❛t✐❝ ♣r♦✜t t❛❦✐♥❣ ❛s ❣✐✈❡♥ ❛❧❧ ✐♥♣✉t ♣r✐❝❡s✳

❖♠✐tt✐♥❣ t✐♠❡ ✐♥❞❡①❡s ❢♦r ♥♦✇✱ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ✐♥❞❡① ✐♥ ❝♦✉♥tr② k✱ Ik ✐s ❛♥ ❆r♠✐♥❣t♦♥

❛❣❣r❡❣❛t✐♦♥ ♦❢ ❝♦✉♥tr② s♣❡❝✐✜❝ ❜✉♥❞❧❡s Mk′,k ❢♦r ❛❧❧ k′✱ ✇✐t❤ t❤❡ ❆r♠✐♥❣t♦♥ ❡❧❛st✐❝✐t② ❞❡♥♦t❡❞ ρ✳

■♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ ❛ r❛t✐♦♥❛❧❡ ❢♦r ♠❛r❦✉♣s ❛♥❞ ❢♦r ❧♦✈❡ ❢♦r ✈❛r✐❡t②✱ ❡❛❝❤ ❝♦✉♥tr② s♣❡❝✐✜❝ ❜✉♥❞❧❡

✐s ✐ts❡❧❢ ❛ ❈❊❙ ❛❣❣r❡❣❛t✐♦♥ ♦❢ ♠❛♥② ✈❛r✐❡t✐❡s✱ ✇✐t❤ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ σ ✭✇❤✐❝❤ ❣♦✈❡r♥s

❜♦t❤ t❤❡ ♠❛r❦✉♣ ✜r♠s ❝❤❛r❣❡ ❛♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ ❧♦✈❡ ❢♦r ✈❛r✐❡t②✮✳ ❚❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s✿

Qk(ϕ) = Zk.ϕ . Ik(ϕ)
1−ηk−χk . ℓk(ϕ)

χk . kk(ϕ)
ηk

✇✐t❤ Ik(ϕ) =

(∑

k′

ωk(k
′)

1
ρM

ρ−1
ρ

k′,k

) ρ
ρ−1

❛♥❞ Mk′,k =



∫

Ωk′,k

m
σ−1
σ

i




σ
σ−1

✇❤❡r❡ ωk(k
′) ✐s t❤❡ s❤❛r❡ ♦❢ ❝♦✉♥tr② k′ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss ♦❢ ❝♦✉♥tr② k ✇✐t❤

∑
k′
ωk(k

′) = 1

❛♥❞ Ωk′,k ✐s t❤❡ ❡♥❞♦❣❡♥♦✉s s❡t ♦❢ ✜r♠s ❜❛s❡❞ ✐♥ k′ ❛♥❞ ❡①♣♦rt✐♥❣ t♦ k✳ ❋♦r ❧❛t❡r ✉s❡✱ ■ ❞❡✜♥❡

♥♦t❛t✐♦♥s ❢♦r t❤❡ ✐❞❡❛❧ ♣r✐❝❡ ✐♥❞❡①❡s ❞✉❛❧ t♦ t❤❡ t✇♦ ❧❛②❡rs ♦❢ t❤❡ ♥❡st❡❞ ❈❊❙ ❛❣❣r❡❣❛t✐♦♥✳

Pk,k′ ❞❡♥♦t❡s t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❝♦✉♥tr②✲♣❛✐r s♣❡❝✐✜❝ ❜✉♥❞❧❡ Mk′,k ❛♥❞ IPk t❤❡ ✉♥✐t ♣r✐❝❡ ♦❢ t❤❡

✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ❜✉♥❞❧❡ Ik✳ ❚❤❡ ✉♥✐t ❝♦st ♦❢ t❤❡ ❈♦❜❜ ❉♦✉❣❧❛s ❜✉♥❞❧❡ ❛❣❣r❡❣❛t✐♥❣ Ik✱ kk ❛♥❞

ℓk ✭❝❛❧❧❡❞ t❤❡ ✏✐♥♣✉t ❜✉♥❞❧❡✑✮ ✐s PBk ❛♥❞ r❡♣r❡s❡♥ts t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❜❛s✐❝ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦r ✐♥

❝♦✉♥tr② k✳ ❚❤❡ ❡①❛❝t ❡①♣r❡ss✐♦♥s ♦❢ t❤♦s❡ ♦❜❥❡❝ts ❛r❡ st❛♥❞❛r❞ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

❚❤❡ ♦♥❧② st♦❝❤❛st✐❝ ❡❧❡♠❡♥ts ♦❢ t❤✐s ♠♦❞❡❧ ❛r❡ t❤❡ ❝♦✉♥tr② s♣❡❝✐✜❝ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s ✭Zk✮

✇❤✐❝❤ ❢♦❧❧♦✇ ❛♥ ❆❘✭✶✮ ♣r♦❝❡ss✳ ■♥ ❛❧❧ ❝♦✉♥tr✐❡s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈✐t② ϕ ✐s P❛r❡t♦ ✇✐t❤

s❤❛♣❡ ♣❛r❛♠❡t❡r γ ❛♥❞ ❞❡♥s✐t② g(ϕ) = γϕ−γ−1✳ ❋♦r s✐♠♣❧✐❝✐t② ❛♥❞ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧

r❡s✉❧ts ✐♥ s❡❝t✐♦♥ ✷✱ ■ r❡str✐❝t tr❛❞❡ t♦ ❜❡ ♦♥❧② ❜❡t✇❡❡♥ ✜r♠s ✇❤✐❝❤ ♠❡❛♥s t❤❛t ■ ❝♦♥s✐❞❡r ♦♥❧②

✸✷



tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✳

■♥ ♦r❞❡r t♦ ❜❡ ❛❧❧♦✇❡❞ t♦ s❡❧❧ ✐ts ✈❛r✐❡t② t♦ ❛ ❝♦✉♥tr② j✱ ❛ ✜r♠ ❢r♦♠ ❝♦✉♥tr② i ♠✉st ♣❛②

❛ ✜①❡❞ ❝♦st fij ✭❧❛❜❡❧❡❞ ✐♥ ✉♥✐t ♦❢ t❤❡ ✏✐♥♣✉t ❜✉♥❞❧❡✑✮ ❛s ✇❡❧❧ ❛s ❛ ✈❛r✐❛❜❧❡ ✭✐❝❡❜❡r❣✮ ❝♦st τij ✳

❋✐r♠s ❝❤♦♦s❡ ✇❤✐❝❤ ❝♦✉♥tr✐❡s t❤❡② ❡♥t❡r ✭✐❢ ❛♥②✮✱ ❛✛❡❝t✐♥❣ ❜♦t❤ t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ t❤❡

♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❛❧❧ ✜r♠s ✐♥ t❤❡ ❝♦✉♥tr②✳ ❆s ✇✐❧❧ ❜❡ ❝❧❡❛r ❜❡❧♦✇✱ ♣r♦✜ts ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣

✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ s♦ t❤❛t ❡q✉✐❧✐❜r✐✉♠ ❡①♣♦rt ❞❡❝✐s✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❜② ❝♦✉♥tr②✲♣❛✐r s♣❡❝✐✜❝

t❤r❡s❤♦❧❞s ϕk,k′ ❛❜♦✈❡ ✇❤✐❝❤ ✜r♠s ❢r♦♠ k ✜♥❞ ✐t ♣r♦✜t❛❜❧❡ t♦ ♣❛② t❤❡ ✜①❡❞ ❝♦st fkk′ ❛♥❞ s❡r✈❡

❝♦✉♥tr② k′✳ ❋✐♥❛❧❧② t❤❡r❡ ✐s ❛♥ ♦✈❡r❤❡❛❞ ❡♥tr② ❝♦st fE,k✱ s✉♥❦ ❛t t❤❡ ♣r♦❞✉❝t✐♦♥ st❛❣❡✱ t♦ ❜❡

♣❛✐❞ ❜❡❢♦r❡ ✜r♠s ❦♥♦✇ t❤❡✐r ❛❝t✉❛❧ ♣r♦❞✉❝t✐✈✐t②✳ ❇❛s❡❞ ♦♥ t❤❡✐r ❡①♣❡❝t❡❞ ♣r♦✜t ✐♥ ❛❧❧ ♠❛r❦❡ts✱

✜r♠s ❡♥t❡r t❤❡ ❡❝♦♥♦♠② ✉♥t✐❧ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❞♦✐♥❣ s♦ ❡q✉❛❧s t❤❡ ♦✈❡r❤❡❛❞ ❡♥tr② ❝♦st✳

❚❤✐s ♣r♦❝❡ss ❞❡t❡r♠✐♥❡s t❤❡ ♠❛ss ♦❢ ✜r♠s Mk ❛❝t✉❛❧❧② ❞r❛✇✐♥❣ ❛ ♣r♦❞✉❝t✐✈✐t②✱ s♦♠❡ ♦❢ ✇❤✐❝❤

♦♣t✐♠❛❧❧② ❞❡❝✐❞❡ t♦ ❡①✐t t❤❡ ♠❛r❦❡t ❜❡❢♦r❡ ♣r♦❞✉❝t✐♦♥ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✜①❡❞ ❝♦sts✳

✶✳✹✳✷ ❊q✉✐❧✐❜r✐✉♠

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ♣r❡s❡♥t t❤❡ ❦❡② ❝♦♥❞✐t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♠♦❞❡❧✳ ■♥✲

tr♦❞✉❝✐♥❣ Xk t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠❡rs✬ r❡✈❡♥✉❡ ✐♥ k ❛♥❞ Sk t❤❡ t♦t❛❧ ✜r♠s✬ s♣❡♥❞✐♥❣s ✭✐♥❝❧✉❞✐♥❣

✜①❡❞ ❝♦sts ♣❛②♠❡♥ts✮ ✐♥ ❝♦✉♥tr② k r❡s♣❡❝t✐✈❡❧②✱ t♦t❛❧ ❞❡♠❛♥❞ ❢❛❝❡❞ ❜② ✜r♠ ϕ ✐s ❣✐✈❡♥ ❜②

q(ϕ) =

(
pk,k(ϕ)

Pk

)−σ Xk

Pk
+
∑

k′

(
pk,k′(ϕ)

Pk,k′

)−σ (Pk,k′

IPk′

)−ρ ωk′(k)(1− ηk′ − χk′)Sk′

IPk′
✭✶✳✽✮

✇❤❡r❡ pk,k′(ϕ) ✐s t❤❡ ♣r✐❝❡ ❝❤❛r❣❡❞ ❜② ❛ ✜r♠ ❢r♦♠ ❝♦✉♥tr② k✱ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ✱ ✇❤❡♥ s❡❧❧✐♥❣ ✐♥

❝♦✉♥tr② k′ ❛♥❞ t❤❡ s✉♠♠❛t✐♦♥ ✐s ❞♦♥❡ ♦✈❡r ❛❧❧ ♠❛r❦❡ts t❤❛t ❛r❡ s❡r✈❡❞ ❜② ❛ ✜r♠ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t②

ϕ✳ ❋✐r♠s ❛r❡ ♠♦♥♦♣♦❧✐sts ✇✐t❤✐♥ t❤❡✐r ✈❛r✐❡t② ❛♥❞ ❝❤♦♦s❡ t❤❡✐r ♣r✐❝❡ ❛t ❛ ❝♦♥st❛♥t ♠❛r❦✉♣ ♦✈❡r

♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ t❤❡ ♠❛r❦✉♣ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦♥❧②

❡❧❛st✐❝✐t② t❤❛t ✐s r❡❧❡✈❛♥t t♦ ✜r♠s✬ ♣r✐❝✐♥❣ ✐s σ✱ ❝❛♣t✉r✐♥❣ t❤❡ ❢❛❝t t❤❛t ✜r♠s ❝♦♠♣❡t❡ ♣r✐♠❛r✐❧②

✇✐t❤ ♦t❤❡r ✜r♠s ❝♦♠✐♥❣ ❢r♦♠ t❤❡✐r ❤♦♠❡ ❝♦✉♥tr② s✐♥❝❡ t❤❡✐r ✐♥❞✐✈✐❞✉❛❧ ♣r✐❝✐♥❣ ❞❡❝✐s✐♦♥ ❤❛s ♥♦

✐♠♣❛❝t ♦♥ t❤❡ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ♣r✐❝❡ ✐♥❞❡① ✐♥ ❡✈❡r② ♠❛r❦❡t✳✷✾ ❚❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❛ ✜r♠ ✇✐t❤

✷✾❲✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✜r♠s✱ ❜♦t❤ ❡❧❛st✐❝✐t✐❡s σ ❛♥❞ ρ ✇♦✉❧❞ ❛♣♣❡❛r ✐♥ t❤❡ ♣r✐❝✐♥❣ str❛t❡❣②✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱
❡✈❡r② ✜r♠ ✇♦✉❧❞ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t ✐ts ♦✇♥ ♣r✐❝❡ ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ✉♥✐t ❝♦st ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦✉♥tr②✲s♣❡❝✐✜❝ ❜✉♥❞❧❡✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ ❞❡❝r❡❛s✐♥❣ ✐ts ♣r✐❝❡ ❛ ✜r♠ ✇♦✉❧❞ ❛ttr❛❝t ♠♦r❡ ❞❡♠❛♥❞ ❝♦♠♣❛r❡ t♦ ✜r♠s
❢r♦♠ ✐ts ♦✇♥ ❝♦✉♥tr② ❜✉t ❛❧s♦ ✐♥❝r❡❛s❡ t❤❡ s❤❛r❡ ♦❢ t♦t❛❧ ❞❡♠❛♥❞ t❤❛t ❣♦❡s t♦ ❡✈❡r② ♦t❤❡r ✜r♠s ❢r♦♠ t❤❡ ✐ts
❝♦✉♥tr②✳

✸✸



♣r♦❞✉❝t✐✈✐t② ϕ ✐♥ ❝♦✉♥tr② k ✐s PBk/(Zkϕ) ❛♥❞ ✐ts ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s ❣✐✈❡♥ ❜②✿

pk,k′ = τk,k′
σ

σ − 1

PBk

Zkϕ
✭✶✳✾✮

❯♥❧✐❦❡ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❑r✉❣♠❛♥ ✭✶✾✽✵✮✱ ▼❡❧✐t③ ✭✷✵✵✸✮ ♦r ●❤✐r♦♥✐ ❛♥❞ ▼❡❧✐t③ ✭✷✵✵✺✮ ♠♦❞❡❧s✱ ♦♥❡

❝❛♥♥♦t s♦❧✈❡ ❢♦r ♣r✐❝❡s ❢♦r ❡❛❝❤ ✜r♠ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚❤r♦✉❣❤ PBk✱ t❤❡ ♣r✐❝❡ ❝❤❛r❣❡❞ ❜② ✜r♠ ϕ

✐♥ ❝♦✉♥tr② k ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡s ❝❤❛r❣❡❞ ❜② ❛❧❧ ✜r♠s s✉♣♣❧②✐♥❣ ❝♦✉♥tr② k ✭❜♦t❤ ❞♦♠❡st✐❝ ❛♥❞

❢♦r❡✐❣♥✮ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r✐❝❡s ❝❤❛r❣❡❞ ❜② t❤❡✐r s✉♣♣❧✐❡rs ❛♥❞ s♦ ♦♥ ❛♥❞ s♦ ❢♦rt❤✳

❚❤❡ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ❛❝r♦ss ✜r♠s ❝r❡❛t❡ ❛ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ♣r✐❝✐♥❣ str❛t❡❣✐❡s ♦❢ ❛❧❧ ✜r♠s

❛♥❞ ♦♥❡ ♥❡❡❞s t♦ s♦❧✈❡ ❢♦r ❛❧❧ t❤♦s❡ ♣r✐❝❡s ❛t ♦♥❝❡✳ ❉♦✐♥❣ s♦ r❡q✉✐r❡s s♦❧✈✐♥❣ ❢♦r ❛❧❧ ❝♦✉♥tr②✲♣❛✐r

s♣❡❝✐✜❝ ♣r✐❝❡ ✐♥❞❡①❡s Pk,k′ ✳

❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ♣r✐❝❡ ✐♥❞❡①❡s ❣✐✈❡ r✐s❡ t♦ ❛ s✐♠♣❧❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♣r✐❝❡ ♦❢ t❤❡

❝♦✉♥tr② k s♣❡❝✐✜❝ ❜✉♥❞❧❡ ❛t ❤♦♠❡✱ Pk,k✱ ❛♥❞ ✐ts ❝♦✉♥t❡r♣❛rt ✐♥ ❝♦✉♥tr② k′✱ Pk′,k✿

Pk,k′ = τkk′

(
ϕk,k′

ϕk,k

)σ−γ−1
1−σ

× Pk ✭✶✳✶✵✮

■♥t✉✐t✐✈❡❧②✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♣r✐❝❡ ♦❢ ❛ ❝♦✉♥tr② s♣❡❝✐✜❝ ❜✉♥❞❧❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ♠❛r❦❡ts

❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ✐❝❡❜❡r❣ ❝♦sts ❛s ✇❡❧❧ ❛s t❤❡ r❡❧❛t✐✈❡ ❡♥tr② t❤r❡s❤♦❧❞s✳ ❯s✐♥❣ t❤✐s r❡❧❛t✐♦♥

✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r✐❝❡ ✐♥❞❡①❡s ✐♥ ❡✈❡r② ❝♦✉♥tr② ②✐❡❧❞s ❛ s②st❡♠ ♦❢ N ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❥♦✐♥t❧②

❞❡✜♥❡s ❛❧❧ ♣r✐❝❡ ✐♥❞❡①❡s✿

P1−ρ
k = µk


∑

k′

ωk(k
′)

(
τk′k

(
ϕk′,k

ϕk′,k′

)σ−γ−1
1−σ

Pk′

)1−ρ



1−ηk−χk

, k = 1, ..., N ✭✶✳✶✶✮

✇✐t❤ µk ❞❡♣❡♥❞✐♥❣ ♦♥ ❡♥tr② t❤r❡s❤♦❧❞s✱ t❤❡ ♠❛ss ♦❢ ✜r♠s ❛♥❞ ♣❛r❛♠❡t❡rs✳✸✵ ❋♦r ❣✐✈❡♥ t❤r❡s❤♦❧❞s

❛♥❞ ♠❛ss ♦❢ ✜r♠s✱ t❤✐s s②st❡♠ ❛❞♠✐ts ❛ ✉♥✐q✉❡ ♥♦♥ ♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥✳✸✶

❚✉r♥✐♥❣ ♥♦✇ t♦ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❡①♣♦rt str❛t❡❣✐❡s✱ t❤❡ ♣r♦❞✉❝t✐✈✐t② t❤r❡s❤♦❧❞s ❛❜♦✈❡

✇❤✐❝❤ ✜r♠s ❢r♦♠ ❝♦✉♥tr② k ♦♣t✐♠❛❧❧② ❞❡❝✐❞❡ t♦ ♣❛② t❤❡ ✜①❡❞ ❝♦st ❛♥❞ s❡r✈❡ ♠❛r❦❡t k′ ❛r❡ s✐♠♣❧②

✸✵µ
1−σ
1−ρ

k =
γϕ

σ−γ−1
k,k

γ−(σ−1)
Mk

(

σ
σ−1

w
χk
k

×r
ηk
k

χ
χk
k

×η
ηk
k

×(1−ηk−χk)
1−ηk−χk

1
Zk

)1−σ

✸✶❋♦❧❧♦✇✐♥❣ ❑❡♥♥❛♥ ✭✷✵✵✶✮ ❛♥❞ ❞❡♥♦t✐♥❣ Gk = P
1−ρ
k ❛♥❞ G t❤❡ ❛ss♦❝✐❛t❡❞ N × 1 ✈❡❝t♦r✱ ✐t s✉✣❝❡s t♦ s❤♦✇

t❤❛t t❤❡ s②st❡♠ ✐s ♦❢ t❤❡ ❢♦r♠ G = f(G) ✇✐t❤ f : R
N

→ R
N ❛ ✈❡❝t♦r ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✇✐t❤

r❡s♣❡❝t t♦ ❡❛❝❤ ❛r❣✉♠❡♥t✱ ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s ❛s ❧♦♥❣ ❛s 0 < ηk +χk < 1✳ ❚❤✐s ❛r❣✉♠❡♥t str❡ss❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢
❞❡❝r❡❛s✐♥❣ r❡t✉r♥ t♦ s❝❛❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ ✉♥✐❝✐t② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

✸✹



❣✐✈❡♥ ❜②✿

πk,k′(ϕk,k′) =
PBk

Zk
.fk,k′ ❢♦r ❛❧❧ k ❛♥❞ k′ ✭✶✳✶✷✮

✇❤❡r❡ πk,k′(ϕ) ✐s t❤❡ ✈❛r✐❛❜❧❡ ♣r♦✜t ❡❛r♥❡❞ ❜② ❛ ✜r♠ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ ✐♥ ♠❛r❦❡t k′✳ ■ ❛ss✉♠❡

t❤❛t t❤❡ ✜①❡❞ ❝♦st fk,k′ ✐s ♣❛✐❞ ✐♥ ✉♥✐ts ♦❢ t❤❡ ❜❛s✐❝ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦r ✐♥ ❝♦✉♥tr② k ❞❡✢❛t❡❞ ❜②

t❤❡ ❛❣❣r❡❣❛t❡ ❧❡✈❡❧ ♦❢ ♣r♦❞✉❝t✐✈✐t②✱ ❛s ✐s t❤❡ ❝❛s❡ ✐♥ ●❤✐r♦♥✐ ❛♥❞ ▼❡❧✐t③ ✭✷✵✵✺✮ ❢♦r ❡①❛♠♣❧❡✳

❚❤❡ ♠❛ss ♦❢ ✜r♠s ❞❡❝✐❞✐♥❣ t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ✐s ✜♥❛❧❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡

❢r❡❡ ❡♥tr② ❝♦♥❞✐t✐♦♥✳ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t fE,k ✐s ❧❛❜❡❧❡❞ ✐♥ ✉♥✐ts ♦❢ ❧❛❜♦r✱ t❤❡ ❝♦♥❞✐t✐♦♥

✇r✐t❡s✿

Πk =Mk
wk

Zk
.fE,k ❢♦r ❛❧❧ k ✭✶✳✶✸✮

✇❤❡r❡ Πk ❞❡♥♦t❡s ❛❣❣r❡❣❛t❡ ♣r♦✜ts ♦❢ ❛❧❧ ✜r♠s ✐♥ ❝♦✉♥tr② k✳ ❆♥ ❡①♣r❡ss✐♦♥ ♦❢ Πk ❝❛♥ ❜❡ ❢♦✉♥❞

✉s✐♥❣ ❛ ♣r♦♣❡rt② ✜rst ♥♦t❡❞ ❜② ❊❛t♦♥ ❛♥❞ ❑♦rt✉♠ ✭✷✵✵✺✮ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t♦t❛❧ ♣r♦✜t ✐♥

❝♦✉♥tr② k ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t♦t❛❧ r❡✈❡♥✉❡s✳ ❉❡✜♥✐♥❣ Rk t❤❡ t♦t❛❧ s❛❧❡s ♦❢ ✜r♠s ❢r♦♠ ❝♦✉♥tr②

k ♠❛❞❡ ♦♥ ❛❧❧ ♠❛r❦❡ts✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✶ ✿ ❚♦t❛❧ ♣r♦✜t ✐♥ ❝♦✉♥tr② k ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t♦t❛❧ r❡✈❡♥✉❡s✿

Πk =
σ − 1

γσ
Rk ✭✶✳✶✹✮

Pr♦♦❢✿ s❡❡ ❆♣♣❡♥❞✐①✳

❈❧♦s✐♥❣ t❤❡ ♠♦❞❡❧ ✐♥✈♦❧✈❡s ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r ❝❛♣✐t❛❧✱ ❧❛❜♦r ❛♥❞ ❣♦♦❞s✳ ▲❛❜♦r

❝❛♥ ❜❡ ✉s❡❞ ❡✐t❤❡r ❢♦r ♣r♦❞✉❝t✐♦♥ ✭Lp
k✮ ♦r ❢♦r t❤❡ ❡♥tr② ❝♦st ✭Le

k✮ s♦ t❤❛t Lk = Lp
k + Le

k✳ ❈❧❛ss✐❝

♣r♦♣❡rt✐❡s ♦❢ ❈♦❜❜✲❉♦✉❣❧❛s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ✐♠♣❧② t❤❛t t♦t❛❧ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ ♣❛②♠❡♥ts ❢♦r

♣r♦❞✉❝t✐♦♥ ❛r❡ ❡q✉❛❧ t♦ ❛ ❢r❛❝t✐♦♥ ηk+χk ♦❢ ✜r♠s✬ ✈❛r✐❛❜❧❡ s♣❡♥❞✐♥❣s✳ ❙✐♥❝❡ t♦t❛❧ ♣r♦✜t ❛r❡ ✉s❡❞

✐♥ t❤❡ ❡♥tr② ✜①❡❞ ❝♦st ♣❛②♠❡♥t✱ t♦t❛❧ ❝♦♥s✉♠❡r✬s s♣❡♥❞✐♥❣ ✐s ❞❡✜♥❡❞ ❛s Xk = wkLk + rkKk =

(ηk + χk)Sk +Πk✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥✈❡st♠❡♥t ❊✉❧❡r ❊q✉❛t✐♦♥ ✭❝❛♣✐t❛❧ s✉♣♣❧②✮ ✐s ❣✐✈❡♥ ❜②

1

Ck,t
= βEt

[
1

Ck,t+1
×

(
rk,t+1

Pk,t+1
+ (1− δ)

)]
✭✶✳✶✺✮

✇❤✐❧❡ ❧❛❜♦r s✉♣♣❧② ✐s✿

ψkL
ν
k,t =

wk,t

Pk,t

1

Ck,t
✭✶✳✶✻✮

✸✺



❋✐♥❛❧❧②✱ tr❛❞❡ ❜❡✐♥❣ ❛❧❧♦✇❡❞ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ♦♥❧②✱ r❡✈❡♥✉❡s ✐♥ ❢♦r❡✐❣♥ ❝♦✉♥tr✐❡s ❝♦♠❡

❢r♦♠ ♦t❤❡r ✜r♠s✬ s♣❡♥❞✐♥❣ ✇❤✐❧❡ ❞♦♠❡st✐❝ r❡✈❡♥✉❡s ❛❧s♦ ✐♥❝❧✉❞❡ ❝♦♥s✉♠❡rs✬ s♣❡♥❞✐♥❣s✳ ❚♦t❛❧

r❡✈❡♥✉❡s ♦❢ ❛❧❧ ✜r♠s ❢r♦♠ ❝♦✉♥tr② k ❛r❡✿

Rk = Xk +

[∑

k′

(
Pk,k′

IPk′

)1−ρ

ωk′(k)(1− ηk′ − χk′)Sk′

]
✭✶✳✶✼✮

❚❤✐s ❢♦r♠✉❧❛ ❤❛s ❛ s✐♠♣❧❡ ✐♥t❡r♣r❡t❛t✐♦♥✿ ✜r♠s ✐♥ ❝♦✉♥tr② k r❡❝❡✐✈❡ r❡✈❡♥✉❡s ❢r♦♠ t❤❡✐r ✜♥❛❧ ❣♦♦❞

s❛❧❡s t♦ t❤❡✐r ❤♦♠❡ ❝♦♥s✉♠❡rs ✭❢♦r ❛ t♦t❛❧ ❛♠♦✉♥t ♦❢ Xk✮ ❛s ✇❡❧❧ ❛s ❢r♦♠ s❛❧❡s ❛s ✐♥t❡r♠❡❞✐❛t❡

❣♦♦❞s ♦♥ ❛❧❧ ♠❛r❦❡ts✳ ■♥ ❡✈❡r② ❝♦✉♥tr② k′✱ ✜r♠s ❛❧❧♦❝❛t❡ ❛ ❝♦♥st❛♥t ❢r❛❝t✐♦♥ 1− ηk − χk ♦❢ t❤❡✐r

t♦t❛❧ s♣❡♥❞✐♥❣s t♦ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✱ ✇❤✐❝❤ ✐s t❤❡♥ s❝❛❧❡❞ ❜② t❤❡ ✇❡✐❣❤t ωk′(k) r❡♣r❡s❡♥t✐♥❣

t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝♦✉♥tr② k ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss ♦❢ ❝♦✉♥tr② k′✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ ❝♦✉♥tr② k

s♣❡❝✐✜❝ ❜✉♥❞❧❡ ✐♥ k′ ✐s ✐♥ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ ♦t❤❡r ❝♦✉♥tr② s♣❡❝✐✜❝ ❜✉♥❞❧❡s ✐♥ t❤❡ ✐♥♣✉t ♠❛r❦❡t✱

t♦t❛❧ r❡✈❡♥✉❡s ♦❢ k✲✜r♠s ✇❤❡♥ s❡❧❧✐♥❣ ✐♥ k′ ❛❧s♦ ❞❡♣❡♥❞ ♦♥ t❤❡ r❛t✐♦ ♦❢ Pk,k′ t♦ IPk′ t♦ ❛ ♣♦✇❡r

r❡✢❡❝t✐♥❣ t❤❡ r❡❧❡✈❛♥t t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t②✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♠❛❝r♦ ✭❆r♠✐♥❣t♦♥✮ ♦♥❡ ρ✳ ❋♦r ❧❛t❡r

✉s❡✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❞❡✜♥❡ t♦t❛❧ tr❛❞❡ ❜❡t✇❡❡♥ k ❛♥❞ k′ ❛s

Tk→k′ =

(
Pk,k′

IPk′

)1−ρ

ωk′(k)(1− ηk − χk)Sk′

❯s✐♥❣ Xk = (ηk +χk)Sk +Πk✱ t❤❡ ❣♦♦❞ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❝♦♠♣❛❝t

❢♦r♠ ❛s 



(
IN −

(
W T ◦ P

))
︸ ︷︷ ︸

=M




(1− η1 − χ1).S1
✳✳✳

(1− ηN − χN ).SN


 = 0RN ✭✶✳✶✽✮

✇❤❡r❡W t❤❡ ✇❡✐❣❤t✐♥❣ ♠❛tr✐① ❞❡✜♥❡❞ ❛sWij = ωi(j)✱ P ❛ ♠❛tr✐① ❞❡✜♥❡❞ ❜② Pij =
(
Pi,j

IPi

)1−ρ
❛♥❞

◦ ✐s t❤❡ ❡❧❡♠❡♥t✲✇✐s❡ ✭❍❛❞❛♠❛r❞✮ ♣r♦❞✉❝t✳ ❚♦ ❣❛✐♥ ✐♥t✉✐t✐♦♥s✱ ♦♥❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ ♠❛tr✐① P

s❝❛❧❡s t❤❡ ✇❡✐❣❤ts ωk′(k) ✐♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❛❝r♦ss ❝♦✉♥tr②✲s♣❡❝✐✜❝ ❜✉♥❞❧❡s✳

■❢ t❤❡ ❆r♠✐♥❣t♦♥ ❡❧❛st✐❝✐t② ρ ✐s ❛❜♦✈❡ ✉♥✐t② ✭❝♦✉♥tr② s♣❡❝✐✜❝ ❜✉♥❞❧❡s ❛r❡ s✉❜st✐t✉t❡s✮ t❤❡♥ ❛

❝♦✉♥tr② i ✇❤✐❝❤ ✐s ❛❜❧❡ t♦ ❝❤❛r❣❡ ❧♦✇ ♣r✐❝❡s ✐♥ s♦♠❡ ♠❛r❦❡t j ✭❛ ❧♦✇ Pi,j✮ ✇✐❧❧ ❛ttr❛❝t ❛ ❤✐❣❤❡r

s❤❛r❡ ♦❢ t♦t❛❧ ❡①♣❡♥❞✐t✉r❡s ❢r♦♠ ❛❧❧ ✜r♠s ✐♥ t❤✐s ❝♦✉♥tr②✳ ❈❧❛ss✐❝❛❧❧②✱ t❤✐s ❡✛❡❝t ❝♦♠♣❧❡t❡❧②

❞✐s❛♣♣❡❛rs ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❈♦❜❜✲❉♦✉❣❧❛s ❛❣❣r❡❣❛t✐♦♥ ♦❢ ❝♦✉♥tr② s♣❡❝✐✜❝ ❜✉♥❞❧❡s✱ ❜❡❝❛✉s❡ ✐♥

s✉❝❤ ❛ ❝❛s❡ t❤❡ s♣❡♥❞✐♥❣ s❤❛r❡s ❛r❡ ✜①❡❞✳

✸✻



❚❤❡ s♦❧✉t✐♦♥s ♦❢ t❤✐s s②st❡♠ ❢♦r♠ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡✳✸✷ ❙❡tt✐♥❣ w1 = 1✱ ✐♠♣❧②✐♥❣

S1 = Lp
1/χk✱ ♣r♦✈✐❞❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡s ❜② s♦❧✈✐♥❣ t♦❣❡t❤❡r t❤❡ ♣r✐❝❡ s②st❡♠

✭✶✳✶✶✮✱ t❤❡ t❤r❡s❤♦❧❞ s②st❡♠ ✭✶✳✶✷✮✱ t❤❡ ❙♣❡♥❞✐♥❣ s②st❡♠ ✭✶✳✶✽✮✱ t❤❡ ❋r❡❡ ❊♥tr② s②st❡♠ ✭✶✳✶✸✮ ❛s

✇❡❧❧ ❛s t❤❡ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s✳

●❉P ❞❡✜♥✐t✐♦♥ ❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ ●❉P ❝♦♥str✉❝t✐♦♥ ✐♥ ❖❊❈❉ ❞❛t❛ ✐s t❤❡ ✉s❡ ♦❢ ❜❛s❡

♣r✐❝❡s ❛♥❞ q✉❛♥t✐t② ❡st✐♠❛t❡s✳ ■♥ ♦r❞❡r t♦ ❜❡ ❛s ❝❧♦s❡ ❛s ♣♦ss✐❜❧❡ t♦ t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡

❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✉s❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✱ ■ ❞❡✜♥❡ ●❉P ✉s✐♥❣ st❡❛❞② st❛t❡ ♣r✐❝❡s

❛s ❜❛s❡ ♣r✐❝❡s✳✸✸ ❚❤❡ ●❉P ❞❡✜♥✐t✐♦♥ t❤❛t ✐s ♠♦❞❡❧✲❝♦♥s✐st❡♥t ✐s ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ✇❡❧❢❛r❡✲❜❛s❡❞

♣r✐❝❡ ✐♥❞❡①❡s t♦ ❞❡✢❛t❡ ♥♦♠✐♥❛❧ s♣❡♥❞✐♥❣✱ s✉❝❤ t❤❛t✿

GDPk,t = Pss
k

Xk,t

Pk,t︸ ︷︷ ︸
❈♦♥s✉♠♣t✐♦♥ ✰ ■♥✈❡st♠❡♥t

+
∑

k′

Pss
k,k′

Tk→k′,t

Pk,k′,t
︸ ︷︷ ︸

❊①♣♦rts

−
∑

k′

Pss
k′,k

Tk′→k,t

Pk′,k,t
︸ ︷︷ ︸

■♠♣♦rts

✭✶✳✶✾✮

◆♦t❡ t❤❛t t❤❡ ✜rst t❡r♠ ✐s ❛❧s♦ ❡q✉❛❧ t♦ t❤❡ ●r♦ss ◆❛t✐♦♥❛❧ ■♥❝♦♠❡ ✭GNIk✮ s✐♥❝❡ t❤❡r❡ ✐s ♥♦

tr❛❞❡ ✐♥ ❛ss❡ts ❛❝r♦ss ❝♦✉♥tr✐❡s✳

❍♦✇❡✈❡r✱ s✐♥❝❡ ❜♦t❤ ❝♦♥s✉♠❡rs✬ ✉t✐❧✐t② ❛♥❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❛ ❈❊❙ ❝♦♠♣♦♥❡♥t✱ ✐t

✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐❝❡ ✐♥❞❡①❡s ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❝♦♠♣♦♥❡♥ts r❡✢❡❝t✐♥❣

❛✈❡r❛❣❡ ♣r✐❝❡s ✭❝❛♣t✉r❡❞ ❜② st❛t✐st✐❝❛❧ ❛❣❡♥❝✐❡s✮ ❛♥❞ ♣r♦❞✉❝t ✈❛r✐❡t② ✭✇❤✐❝❤ ✐s ♥♦t t❛❦❡♥ ✐♥t♦

❛❝❝♦✉♥t ✐♥ ♥❛t✐♦♥❛❧ st❛t✐st✐❝s✮✳✸✹ ■♥ ♦r❞❡r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✇❛② ❛❝t✉❛❧ ❞❛t❛ ❛r❡ ❝♦❧❧❡❝t❡❞✱

■ t❤❡♥ ❞❡✜♥❡ ●❉P ✉s✐♥❣ ♠♦❞✐✜❡❞ ♣r✐❝❡ ✐♥❞❡①❡s s✉❝❤ t❤❛t P̂k,k′ =
(
Mk.ϕ

−γ
k,k′

)1/(σ−1)
Pk,k′ ✳ ❯s✐♥❣

t❤♦s❡ st❛t✐st✐❝❛❧✲❝♦♥s✐st❡♥t ♣r✐❝❡ ✐♥❞❡①❡s ✐♥ t❤❡ ●❉P ❞❡✜♥✐t✐♦♥ ②✐❡❧❞s ĜDPk✱ ❛ ♠❡❛s✉r❡ ♦❢ ●❉P

t❤❛t ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❝t✉❛❧ ❞❛t❛✿

ĜDPk = P̂ss
k

Xk

P̂k︸ ︷︷ ︸
❈♦♥s✉♠♣t✐♦♥ ✰ ■♥✈❡st♠❡♥t

+
∑

k′

P̂ss
k,k′

Tk→k′,t

P̂k,k′,t︸ ︷︷ ︸
❊①♣♦rts

−
∑

k′

P̂ss
k′,k

Tk′→k,t

P̂k′,k,t︸ ︷︷ ︸
■♠♣♦rts

✭✶✳✷✵✮

✸✷❖♥❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t t❤❡ ♠❛tr✐① M ✐s ♥♦♥ ✐♥✈❡rt✐❜❧❡✿ s✉♠♠✐♥❣ ❛❧❧ r♦✇s r❡s✉❧ts ✐♥ ❛ ❝♦❧✉♠♥ ♦❢ ③❡r♦✳
✸✸■♥ t❤❡ ❞❛t❛✱ ●❉P ✐s ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ ❋✐s❤❡r ✐❞❡❛❧ q✉❛♥t✐t② ✐♥❞❡① ✇❤✐❝❤ ✐s ❛ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢ t❤❡ ▲❛s♣❡②r❡s

❛♥❞ P❛❛s❝❤❡ ✐♥❞❡①❡s✳ ❍❡♥❝❡✱ ❢♦r ❛❧❧ ♣❡r✐♦❞s t✱ t❤❡ ❜❛s❡ ♣❡r✐♦❞ ♣r✐❝❡ ✐s ❛ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ❜❡t✇❡❡♥ ♣❡r✐♦❞ t ❛♥❞
♣❡r✐♦❞ t+ 1✳

✸✹❙❡❡ ❋❡❡♥str❛ ✭✶✾✾✹✮ ♦r ●❤✐r♦♥✐ ❛♥❞ ▼❡❧✐t③ ✭✷✵✵✺✮ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦❢ t❤✐s

✸✼



✶✳✹✳✸ ●◆■ ❡❧❛st✐❝✐t② ✐♥ ❛ s✐♠♣❧✐✜❡❞ ❝❛s❡

■♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♠❡❝❤❛♥✐❝s ❞r✐✈✐♥❣ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ s❤♦❝❦s ❛❝r♦ss ❝♦✉♥tr✐❡s ✐♥ t❤❡

♠♦❞❡❧✱ ❧❡t ✉s st✉❞② ❛ s♣❡❝✐❛❧ ❝❛s❡ ✇✐t❤ ρ = 1 ❛♥❞ ✜①❡❞ ❧❛❜♦r✱ ❝❛♣✐t❛❧ ❛♥❞ ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧

❡♥tr❛♥ts✳✸✺ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ●◆■ ✐♥ ❛♥② ❝♦✉♥tr② i ✇✐t❤

r❡s♣❡❝t t♦ ❛ t❡❝❤♥♦❧♦❣② s❤♦❝❦ ✐♥ ❝♦✉♥tr② 1✿

ηGNIi,Z1 =
∂ log(GNIi)

∂ log(Z1)

▼♦r❡♦✈❡r✱ ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ✉s✐♥❣ ♠♦❞❡❧✲❜❛s❡❞ ❛♥❞ st❛t✐st✐❝✲❜❛s❡❞

♣r✐❝❡ ✐♥❞❡①❡s✱ ■ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ●r♦ss ◆❛t✐♦♥❛❧ ■♥❝♦♠❡ ❛s ❝♦♠♣✉t❡❞ ✐♥ ♥❛t✐♦♥❛❧

st❛t✐st✐❝s ✭ĜNIk = (wkLk + rkKk)/P̂k✮✿

η
ĜNIi,Z1

=
∂ log(ĜNIi)

∂ log(Z1)

❈♦♠♣✉t✐♥❣ t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❛❧❧ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s ❧❡❛❞s t♦

t❤❡ ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛ ✐♥ ❧❡♠♠❛ ✷✳

▲❡♠♠❛ ✷ ✿ ■♥ t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ✭ρ = 1✮ ❝❛s❡ ❛♥❞ ✜①✐♥❣ ❜♦t❤ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ s✉♣♣❧②✱ t❤❡

❡❧❛st✐❝✐t② ♦❢ ♠♦❞❡❧✲❜❛s❡❞ ●◆■ ❛♥❞ st❛t✐st✐❝❛❧ ●◆■ ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ t❡❝❤♥♦❧♦❣②

s❤♦❝❦ ✐♥ ❝♦✉♥tr② ✶ ❛r❡ ❣✐✈❡♥ ❜②✿




ηGNI1,Z1

✳✳✳

ηGNIN ,Z1


 = (IN − Ŵ − T )−1




1

0
✳✳✳


 ✭✶✳✷✶✮

❛♥❞ 


η
ĜNI1,Z1

✳✳✳

η
ĜNIN ,Z1


 =

(
γ − (σ − 1)

σγ − (σ − 1)

)
.




ηGNI1,Z1

✳✳✳

ηGNIN ,Z1


 ✭✶✳✷✷✮

✸✺❲✐t❤♦✉t ❝❛♣✐t❛❧ s✉♣♣❧②✱ t❤❡ ♠♦❞❡❧ ✐s ❝♦♠♣❧❡t❡❧② st❛t✐❝✳ ❆ ✜①❡❞ ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ❞♦❡s ♥♦t ♠❡❛♥ ❛
✜①❡❞ ♠❛ss ♦❢ ❛❝t✉❛❧ ♣r♦❞✉❝❡rs ❜❡❝❛✉s❡ ❡♥tr② t❤r❡s❤♦❧❞s ϕk,k ❛r❡ ♥♦t ✜①❡❞✳

✸✽



✇✐t❤ W̃i,j = (1− ηi − χi)ωi,j t❤❡ ♠❛tr✐① ♦❢ s❝❛❧❡❞ ✇❡✐❣❤ts ωi,j r❡♣r❡s❡♥t✐♥❣ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥

❛❞❥✉st♠❡♥ts ❛♥❞ T ❛ ✏❚r❛♥s♠✐ss✐♦♥✑ ♠❛tr✐①✸✻✱ ❢✉♥❝t✐♦♥ ♦❢ γ ❛♥❞ σ✱ ❛❝❝♦✉♥t✐♥❣ ❢♦r ❡①t❡♥s✐✈❡

♠❛r❣✐♥ ♠♦✈❡♠❡♥ts✳

Pr♦♦❢✿ s❡❡ ❆♣♣❡♥❞✐①✳

❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ ✇❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ st❛t✐❝ ❈♦❜❜✲❉♦✉❣❧❛s ♥❡t✇♦r❦

♠♦❞❡❧s s✉❝❤ ❛s ❆❝❡♠♦❣❧✉ ❡t ❛❧ ✭✷✵✶✷✮ ❢♦r ❡①❛♠♣❧❡✱ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝t ❝♦♠✐♥❣ ❢r♦♠ ✜r♠

❤❡t❡r♦❣❡♥❡✐t② ❛♥❞ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts ❝❛♣t✉r❡❞ ❜② t❤❡ ♠❛tr✐① T ✳ ■♥ t❤✐s ❝♦♥t❡①t✱

t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ♣r♦♣❛❣❛t✐♦♥ ♣❛tt❡r♥ ♦❢ ❝♦✉♥tr② s♣❡❝✐✜❝ s❤♦❝❦s r✉♥s t❤r♦✉❣❤ t✇♦ ❝❤❛♥♥❡❧s✳ ❋✐rst✱

❢♦r ✜①❡❞ s♣❡♥❞✐♥❣ s❤❛r❡✱ t❤❡ ♠❛tr✐① W̃ r❡❝♦r❞s t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ✐❢ t❤❡ ❡①♣♦rt ❞❡❝✐s✐♦♥

♦❢ ✜r♠s ❛r❡ ❦❡♣t ❝♦♥st❛♥t✳ ❙❡❝♦♥❞✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ♣r✐❝❡s ❛♥❞ r❡✈❡♥✉❡s ✐♥ ❛❧❧ ♠❛r❦❡ts tr✐❣❣❡rs

❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐✈✐t② t❤r❡s❤♦❧❞s ϕk,k′ ✳ ❚❤✐s ❝❤❛♥♥❡❧ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♠❛tr✐① T

✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ σ ❛♥❞ γ ✇❤✐❝❤ ❣♦✈❡r♥ t❤❡ ❛❞❥✉st♠❡♥ts ❛❧♦♥❣ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✳ ◆♦t❡

t❤❛t t❤❡ ❡❧❛st✐❝✐t✐❡s ♦❢ ♠♦❞❡❧✲ ❛♥❞ st❛t✐st✐❝❛❧ ❛❣❡♥❝②✲❜❛s❡❞ ●◆■s ❛r❡ ❡①❛❝t❧② ♣r♦♣♦rt✐♦♥❛❧✱ ✇✐t❤

η
ĜNIk,Z1

< ηGNIk,Z1 ❢♦r ❛❧❧ k✳ ◆♦t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧♦✈❡ ❢♦r ✈❛r✐❡t② ❡✛❡❝t ✐♥ t❤❡ ❝♦♠♣✉✲

t❛t✐♦♥ ♦❢ ♣r✐❝❡ ✐♥❞❡①❡s ❧❡❛❞s t♦ ❛ ❞♦✇♥✇❛r❞ ❜✐❛s ✐♥ t❤❡ r❡s♣♦♥s❡ ♦❢ ♣r✐❝❡ ✐♥❞❡①❡s t♦ t❡❝❤♥♦❧♦❣✐❝❛❧

s❤♦❝❦s✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞✐♥❣ t♦ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ●◆■ ❡❧❛st✐❝✐t✐❡s ✐♥ t❤✐s ❧❡♠♠❛ ❛r❡ ❣r❡❛t❧②

s✐♠♣❧✐✜❡❞ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥ ✭❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧✮ ❛r❡ ✜①❡❞✳ ■♥ t❤❡

❣❡♥❡r❛❧ ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱ t❤✐s ❝♦♥st✐t✉t❡ ❛♥ ✐♠♣♦rt❛♥t ❛♠♣❧✐✜❝❛t✐♦♥ ❝❤❛♥♥❡❧ t❤r♦✉❣❤ t✇♦ ❡✛❡❝ts✳

❋✐rst✱ ❛s ✐♥ ♠❛♥② ♠❛❝r♦ ♠♦❞❡❧s✱ ❛ ♣♦s✐t✐✈❡ ♣r♦❞✉❝t✐✈✐t② s❤♦❝❦ ✐♥ ❛♥② ❝♦✉♥tr② ❝♦♥tr✐❜✉t❡s t♦ t❤❡

❞❡❝r❡❛s❡ ♦❢ ♣r✐❝❡s ❛❧❧ ♦✈❡r t❤❡ ✇♦r❧❞ ❛♥❞ ❤❡♥❝❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ r❡❛❧ ✇❛❣❡✳ ❚❤✐s tr✐❣❣❡rs ❛♥ ✐♥❝r❡❛s❡

✐♥ ❧❛❜♦r s✉♣♣❧② t❤❛t ❛♠♣❧✐✜❡s t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ s❤♦❝❦ ✐♥ t❡r♠s ♦❢ ♦✉t♣✉t✳✸✼ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ✐s

❛ s❡❝♦♥❞ ❝❤❛♥♥❡❧ ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ❛❝t✐✈❡ ✜r♠s ✐♥ ❡✈❡r② ❝♦✉♥tr②✳ ❲✐t❤ t❤❡

❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❡♣r❡♥❡✉rs ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧❛❜♦r s✐③❡✱ ❛♥ ✐♥❝r❡❛s❡

✐♥ ❧❛❜♦r s✉♣♣❧② r❡s✉❧ts ✐♥ ❛ ♣r♦♣♦rt✐♦♥❛❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts✳ ❲❤❡t❤❡r

t❤❡ ♠❛ss ♦❢ ❛❝t✉❛❧ ♣r♦❞✉❝✐♥❣ ✜r♠s ❣♦❡s ✉♣ ♦r ❞♦✇♥ ✐♥ ❛♥② ❝♦✉♥tr② k ✇✐❧❧ ❛❧s♦ ❜❡ ❞❡t❡r♠✐♥❡❞

✸✻T = ΛIN ✱ ✇✐t❤ Λ = 1

σ+
(σ−1)2

γ−(σ−1)
✸✼❚❤✐s ✐♥❝r❡❛s❡ ✐♥ ❧❛❜♦r s✉♣♣❧② ✐s t❡♠♣❡r❡❞ ❜② t❤❡ ✇❡❛❧t❤ ❡✛❡❝t✳

✸✾



❜② t❤❡ ❝❤❛♥❣❡s ✐♥ t❤❡ t❤r❡s❤♦❧❞s ϕik ❢♦r ❛❧❧ i ✇❤✐❝❤ ✐♥ t✉r♥s ❝r✉❝✐❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡ ♦❢

t❤❡ ❆r♠✐♥❣t♦♥ ❡❧❛st✐❝✐t② ρ✳ ■♥ t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ❝❛s❡ ✇❤❡r❡ t❤❡ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡s ❛r❡ ✜①❡❞✱

❛ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ✇✐❧❧ r❡s✉❧t ✐♥ ❛ ❞❡❝r❡❛s❡ ♦❢ ❛❧❧ ❡♥tr② t❤r❡s❤♦❧❞s ✐♥ ❡✈❡r② ♠❛r❦❡t✳

P✉tt✐♥❣ ♣✐❡❝❡s t♦❣❡t❤❡r✱ ❛ ♣♦s✐t✐✈❡ s❤♦❝❦ tr✐❣❣❡rs ❛t t❤❡ s❛♠❡ t✐♠❡ ♠♦r❡ ♣♦t❡♥t✐❛❧ ❡♥tr❡♣r❡♥❡✉rs

❛♥❞ ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❡♥tr② t❤r❡s❤♦❧❞ ✐♥ ❡✈❡r② ♠❛r❦❡t✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♥❡✇ str✉❝t✉r❡ ♦❢ ✐♥♣✉t✲

♦✉t♣✉t ❧✐♥❦❛❣❡s ❛♠♣❧✐✜❡s t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ s❤♦❝❦✳

✶✳✺ ❈❛❧✐❜r❛t✐♦♥

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ q✉❛♥t✐t❛t✐✈❡❧② ❛ss❡ss t❤❡ ♠♦❞❡❧✬s ❛❜✐❧✐t② t♦ ♠❛t❝❤ t❤❡ str♦♥❣ ❡♠♣✐r✲

✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ❛♥❞ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥✳ ❚❤❡

♠♦❞❡❧ ✐s ❝❛❧✐❜r❛t❡❞ t♦ ✶✹ ❝♦✉♥tr✐❡s ❛♥❞ ❛ ❝♦♠♣♦s✐t❡ r❡st✲♦❢✲t❤❡✲✇♦r❧❞ ❢♦r t❤❡ t✐♠❡ ♣❡r✐♦❞ ✶✾✽✾

t♦ ✷✵✵✽✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ■ ❡①♣❧❛✐♥ ✐♥ ❞❡t❛✐❧ t❤❡ ❝❛❧✐❜r❛t✐♦♥ str❛t❡❣② ✇❤✐❧❡ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

❛r❡ ❣❛t❤❡r❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

❋♦r ❛ ❝❛❧✐❜r❛t✐♦♥ ✇✐t❤ N ❝♦✉♥tr✐❡s✱ t❤❡r❡ ❛r❡ ✸×N2+N +6 ♣❛r❛♠❡t❡rs t♦ ❞❡t❡r♠✐♥❡✱ ♦♥ t♦♣

♦❢ ✇❤✐❝❤ ♦♥❡ ♥❡❡❞s t♦ s❡t ♣❛r❛♠❡t❡rs r❡❧❛t✐✈❡ t♦ t❤❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s✳ ❋♦r ❡❛❝❤ ❝♦✉♥tr②✲♣❛✐r

(i, j)✱ ♦♥❡ ♥❡❡❞s ✈❛❧✉❡s ❢♦r t❤❡ ✇❡✐❣❤ts ωi(j)✱ t❤❡ ✐❝❡❜❡r❣ tr❛❞❡ ❝♦sts τij ❛♥❞ t❤❡ ✜①❡❞ ❝♦sts fi,j ✱

t❤❡♥ ❢♦r ❡✈❡r② ❝♦✉♥tr② i ♦♥❡ ♥❡❡❞s ✈❛❧✉❡s ❢♦r ✏✈❛❧✉❡ ❛❞❞❡❞✑ s❤❛r❡ ✐♥ ♣r♦❞✉❝t✐♦♥ ✭ηk + χk✮ ❛♥❞

s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r ψi✳ ❚❤❡ s❡t ♦❢ ❝♦♠♠♦♥ ♣❛r❛♠❡t❡rs ✐s ❣✐✈❡♥ ❜② χk/(/chik+ηk) t❤❡ ❧❛❜♦r s❤❛r❡

✐♥ ✈❛❧✉❡ ❛❞❞❡❞✱ ν ❢♦r t❤❡ ✭✐♥✈❡rs❡✮ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧②✱ γ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈✐t②

❞r❛✇s✱ σ ❢♦r t❤❡ ✇✐t❤✐♥ ❝♦✉♥tr② ✭♠✐❝r♦✮ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❛❝r♦ss ✈❛r✐❡t✐❡s ❛♥❞ ρ ❢♦r t❤❡

✭♠❛❝r♦✮ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ♦❢ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ❜✉♥❞❧❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t♦ s❡t

t❤❡ ✈♦❧❛t✐❧✐t②✱ ❝♦✈❛r✐❛♥❝❡ ❛♥❞ ❛✉t♦✲❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ❚❋P s❤♦❝❦s ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s✱ ❛s ❞✐s❝✉ss❡❞ ✐♥

❞❡t❛✐❧ ❜❡❧♦✇✳

▼② ❝❛❧✐❜r❛t✐♦♥ ✐s ❛ ♠✐①t✉r❡ ♦❢ ❡st✐♠❛t✐♦♥s ❢r♦♠ ♠✐❝r♦ ❞❛t❛ ✭t❛❦❡♥ ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❛s ✇❡❧❧

❛s r❡✲❡st✐♠❛t❡❞✮ ❛♥❞ ❛ ♠❛t❝❤✐♥❣ ♦❢ ♠❛❝r♦ ♠♦♠❡♥ts✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♠❛t❝❤ ❡①❛❝t❧② t❤❡ r❡❧❛t✐✈❡

●❉P ❛❝r♦ss ❛❧❧ ❝♦✉♥tr② ♣❛✐rs✱ t❤❡ ✈♦❧❛t✐❧✐t②✱ ♣❡rs✐st❡♥❝❡ ❛♥❞ ❧❡✈❡❧ ♦❢ ●❉P ❝♦✲♠♦✈❡♠❡♥t ❛s ✇❡❧❧ ❛s

t❤❡ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ r❡❛s♦♥❛❜❧❡ ❛❝❝♦✉♥t ♦❢ t❤❡ ❛❜✐❧✐t② ♦❢

t❤❡ ♠♦❞❡❧ t♦ ❣❡♥❡r❛t❡ ❛ str♦♥❣ ❧✐♥❦ ❜❡t✇❡❡♥ ❜✐❧❛t❡r❛❧ tr❛❞❡ ❛♥❞ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥ ❞❡s♣✐t❡ t❤❡

❢❛❝t t❤❛t t②♣✐❝❛❧ tr❛❞❡ ✢♦✇s ❜❡t✇❡❡♥ t✇♦ ❣✐✈❡♥ ❝♦✉♥tr✐❡s ❛r❡ ✈❡r② ❧♦✇ ❝♦♠♣❛r❡ t♦ t❤❡✐r ●❉Ps✳

✹✵



❋r♦♠ ♠✐❝r♦ ❞❛t❛

❚❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r β ✐s 0.99✳ ❚❤❡ ✭✐♥✈❡rs❡✮ ❡❧❛st✐❝✐t② ♦❢ ❧❛❜♦r s✉♣♣❧② ν ✐s 2/3 ❧❡❛❞✐♥❣ t♦ ❛ ❋r✐s❝❤

❡❧❛st✐❝✐t② ♦❢ 1.5✳ ❚❤❡ s✉♥❦ ❡♥tr② ❝♦st fE,k ✐♥ ❡❛❝❤ ❝♦✉♥tr② ✐s s❡t ✐♥ ♦r❞❡r t♦ ❣❡t ❛ r❛t✐♦ ♦❢ t♦t❛❧

♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ ✭♥♦t ❛❝t✉❛❧✮ ✜r♠s ❞✐✈✐❞❡❞ ❜② t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✶✵✪✱ ✐♥ ❧✐♥❡ ✇✐t❤ ❯❙ ❡st✐✲

♠❛t❡s t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ♥♦t ❛❧❧ ♣♦t❡♥t✐❛❧ ❡♥tr❡♣r❡♥❡✉rs ❡♥t❡r t❤❡ ❡❝♦♥♦♠② ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ✈❛r✐❛❜❧❡ ✭✐❝❡❜❡r❣✮ tr❛❞❡ ❝♦sts ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ❊❙❈❆P ❲♦r❧❞ ❇❛♥❦✿ ✏■♥t❡r♥❛t✐♦♥❛❧ ❚r❛❞❡

❈♦sts ❉❛t❛❜❛s❡✑✸✽✳ ❚❤✐s ❞❛t❛❜❛s❡ ❢❡❛t✉r❡s s②♠♠❡tr✐❝ ❜✐❧❛t❡r❛❧ tr❛❞❡ ❝♦sts ✐♥ ✐ts ✇✐❞❡r s❡♥s❡✱

✐♥❝❧✉❞✐♥❣ ♥♦t ♦♥❧② ✐♥t❡r♥❛t✐♦♥❛❧ tr❛♥s♣♦rt ❝♦sts ❛♥❞ t❛r✐✛s ❜✉t ❛❧s♦ ♦t❤❡r tr❛❞❡ ❝♦st ❝♦♠♣♦♥❡♥ts

❞✐s❝✉ss❡❞ ✐♥ ❆♥❞❡rs♦♥ ❛♥❞ ✈❛♥ ❲✐♥❝♦♦♣ ✭✷✵✵✹✮✳

❆s ✐♥ ❞✐ ●✐♦✈❛♥♥✐ ❛♥❞ ▲❡✈❝❤❡♥❦♦ ✭✷✵✶✸✮✱ ✜①❡❞ ❛❝❝❡ss ❝♦sts ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✏❉♦✐♥❣

❇✉s✐♥❡ss ■♥❞✐❝❛t♦rs✑✳✸✾ ■♥ ♣❛rt✐❝✉❧❛r✱ ■ ♠❡❛s✉r❡ t❤❡ r❡❧❛t✐✈❡ ❡♥tr② ✜①❡❞ ❝♦sts ✐♥ ❞♦♠❡st✐❝ ♠❛r❦❡ts

❜② ✉s✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ t✐♠❡ r❡q✉✐r❡❞ t♦ s❡t ✉♣ ❛ ❜✉s✐♥❡ss ✐♥ t❤❡ ❝♦✉♥tr②

r❡❧❛t✐✈❡ t♦ t❤❡ ❯❙✳✹✵ ■❢ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❉♦✐♥❣ ❇✉s✐♥❡ss ■♥❞✐❝❛t♦rs ❞❛t❛❜❛s❡✱ ✐♥ ❝♦✉♥tr② i ✐t t❛❦❡s

✶✵ t✐♠❡s ❧♦♥❣❡r t♦ r❡❣✐st❡r ❛ ❜✉s✐♥❡ss t❤❛♥ ✐♥ t❤❡ ❯✳❙✳✱ t❤❡♥ fi,i = 10× fUS,US ✳ ■ ♥♦r♠❛❧✐③❡ t❤❡

❧♦✇❡st ❡♥tr② ✜①❡❞ ❝♦st s♦ t❤❛t ♥♦ ❡♥tr② t❤r❡s❤♦❧❞ ❧✐❡s ❜❡❧♦✇ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦ t❤❡ ♣r♦❞✉❝t✐✈✐t②

❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✐s t❛❦❡♥ t♦ ❜❡ ♦♥❡ ✐♥ ❡✈❡r② ❝♦✉♥tr②✳ ❚♦ ♠❡❛s✉r❡ t❤❡ ✜①❡❞ ❝♦sts ❛ss♦❝✐❛t❡❞

✇✐t❤ ❡♥tr② ✐♥ ❛ ❢♦r❡✐❣♥ ♠❛r❦❡t✱ ■ ✉s❡ t❤❡ ❚r❛❞✐♥❣ ❆❝r♦ss ❇♦r❞❡rs ♠♦❞✉❧❡ ♦❢ t❤❡ ❉♦✐♥❣ ❇✉s✐♥❡ss

■♥❞✐❝❛t♦rs✳ ■ ❝❤♦♦s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❛②s ✐t t❛❦❡s t♦ ✐♠♣♦rt t♦ ❛ s♣❡❝✐✜❝ ❝♦✉♥tr②✱ ✉s✐♥❣ t❤❡ s❛♠❡

♥♦r♠❛❧✐③❛t✐♦♥ ❛s ❢♦r t❤❡ ❞♦♠❡st✐❝ ❡♥tr② ❝♦st✳✹✶

■♥ t❤❡ ❜❡♥❝❤♠❛r❦ s✐♠✉❧❛t✐♦♥s✱ ■ ❝❤♦♦s❡ t❤❡ ♠❛❝r♦ ✭❆r♠✐♥❣t♦♥✮ ❡❧❛st✐❝✐t② ρ t♦ ❜❡ ❡q✉❛❧ t♦

✉♥✐t② ✇❤✐❧❡ t❤❡ ♠✐❝r♦ ❡❧❛st✐❝✐t② σ ✐s ❡q✉❛❧ t♦ ✺✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ♣❛♣❡rs ❡st✐♠❛t✐♥❣ t❤♦s❡ ❡❧❛st✐❝✲

✐t✐❡s ❢♦r ✐♥t❡r♠❡❞✐❛t❡ ♦r ✜♥❛❧ ❣♦♦❞s✳ ❙❛✐t♦ ✭✷✵✵✹✮ ♣r♦✈✐❞❡s ❡st✐♠❛t✐♦♥s ❢r♦♠ ✵✳✷✹ t♦ ✸✳✺ ❢♦r t❤❡

❆r♠✐♥❣t♦♥ ❡❧❛st✐❝✐t②✹✷ ❛♥❞ ❆♥❞❡rs♦♥ ❛♥❞ ✈❛♥ ❲✐♥❝♦♦♣ ✭✷✵✵✹✮ r❡♣♦rt ❛✈❛✐❧❛❜❧❡ ❡st✐♠❛t❡s ❢♦r t❤❡

✸✽❙❡❡ ❛t ❤tt♣✿✴✴❛rt♥❡t✳✉♥❡s❝❛♣✳♦r❣✴
✸✾❚❤❡ ❲♦r❧❞ ❇❛♥❦✬s ❉♦✐♥❣ ❇✉s✐♥❡ss ■♥✐t✐❛t✐✈❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ♦♥ r❡❣✉❧❛t✐♦♥s r❡❣❛r❞✐♥❣ ♦❜t❛✐♥✐♥❣ ❧✐❝❡♥s❡s✱ r❡❣✲

✐st❡r✐♥❣ ♣r♦♣❡rt②✱ ❤✐r✐♥❣ ✇♦r❦❡rs✱ ❣❡tt✐♥❣ ❝r❡❞✐t✱ ❛♥❞ ♠♦r❡✳ ❙❡❡ ❤tt♣✿✴✴❢r❛♥❝❛✐s✳❞♦✐♥❣❜✉s✐♥❡ss✳♦r❣✴❞❛t❛✴

❡①♣❧♦r❡t♦♣✐❝s✴tr❛❞✐♥❣✲❛❝r♦ss✲❜♦r❞❡rs ❛♥❞ ❤tt♣✿✴✴❢r❛♥❝❛✐s✳❞♦✐♥❣❜✉s✐♥❡ss✳♦r❣✴❞❛t❛✴❡①♣❧♦r❡t♦♣✐❝s✴

st❛rt✐♥❣✲❛✲❜✉s✐♥❡ss
✹✵❆s ❛r❣✉❡❞ ✐♥ ❞✐ ●✐♦✈❛♥♥✐ ❛♥❞ ▲❡✈❝❤❡♥❦♦ ✭✷✵✶✸✮✱ ✉s✐♥❣ t❤❡ t✐♠❡ t❛❦❡♥ t♦ ♦♣❡♥ ❛ ❜✉s✐♥❡ss ✐s ❛ ❣♦♦❞ ✐♥❞✐❝❛t♦r

❜❡❝❛✉s❡ ✐t ♠❡❛s✉r❡s ❡♥tr② ❝♦sts ❡✐t❤❡r ✐♥ ❞♦❧❧❛rs ♦r ✐♥ ✉♥✐ts ♦❢ ♣❡r ❝❛♣✐t❛ ✐♥❝♦♠❡✱ ❜❡❝❛✉s❡ ✐♥ t❤❡ ♠♦❞❡❧ fi,i ✐s ❛
q✉❛♥t✐t② ♦❢ ✐♥♣✉ts r❛t❤❡r t❤❛♥ ✈❛❧✉❡✳

✹✶❚❤✐s ❛♣♣r♦❛❝❤ ♠❡❛♥s t❤❛t t❤❡ ✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ tr❛❞❡ ❢r♦♠ ❋r❛♥❝❡ t♦ t❤❡ ❯❙ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡
❢r♦♠ ●❡r♠❛♥② t♦ t❤❡ ❯❙✳ ❖♥❡ ♠✉st ❦❡❡♣ ✐♥ ♠✐♥❞✱ ❤♦✇❡✈❡r✱ t❤❛t t❤❡ ✐❝❡❜❡r❣ ✈❛r✐❛❜❧❡ ❝♦st ✇✐❧❧ ❞✐✛❡r✳

✹✷❋❡❡♥str❛ ❡t ❛❧ ✭✷✵✶✹✮ st✉❞✐❡s t❤❡ ♠❛❝r♦ ❛♥❞ ♠✐❝r♦ ❡❧❛st✐❝✐t✐❡s ❢♦r ✜♥❛❧ ❣♦♦❞s ❛♥❞ r❡♣♦rts ❡st✐♠❛t❡s ❜❡t✇❡❡♥

✹✶



♠✐❝r♦ ❡❧❛st✐❝✐t② ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✸ t♦ ✶✵✳ ❋♦❧❧♦✇✐♥❣ ❇❡r♥❛r❞✱ ❊❛t♦♥✱ ❏❡♥s❡♥✱ ❛♥❞ ❑♦rt✉♠ ✭✷✵✵✸✮✱

●❤✐r♦♥✐ ❛♥❞ ▼❡❧✐t③ ✭✷✵✵✺✮ ❝❤♦♦s❡ ❛ ♠✐❝r♦ ❡❧❛st✐❝✐t② ♦❢ ✸✳✽✳ ❘❡❝❡♥t❧②✱ ♣❛♣❡rs s✉❝❤ ❛s ❇❛rr♦t ❛♥❞

❙❛✉✈❛❣♥❛t ✭✷✵✶✺✮ ♦r ❇♦❡❤♠✱ ❋❧❛❛❡♥ ❛♥❞ P❛♥❞❛❧❛✐✲◆❛②❛r ✭✷✵✶✺✮ ❛r❣✉❡ t❤❛t ✜r♠s✬ ❛❜✐❧✐t② t♦ s✉❜✲

st✐t✉t❡ ❜❡t✇❡❡♥ t❤❡✐r s✉♣♣❧✐❡rs ❝❛♥ ❜❡ ✈❡r② ❧♦✇✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ✈❛❧✉❡ ♦❢ σ = 5 ❧❡❛❞s t♦ ♠❛r❦✉♣s

♦❢ 25%✳ ❚❤❡ ❛❣❣r❡❣❛t❡ ♣r♦✜t r❛t❡✱ ❤♦✇❡✈❡r✱ ✐s ♦♥❧② ♦❢ 17.4% s✐♥❝❡ ✜r♠s ❤❛✈❡ t♦ ♣❛② ✜①❡❞ ❝♦st

✐♥ ♦r❞❡r t♦ ❛❝❝❡ss ❛♥② ♠❛r❦❡t✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ t❤❡♦r❡t✐❝❛❧ ❝♦♥✈❡♥✐❡♥❝❡ t♦ ✉s❡ ρ = 1✱ ❛s ✐t ❛❧❧♦✇s

t❤❡ ♠♦❞❡❧ t♦ t❛❦❡ t❤❡ s❛♠❡ ❢♦r♠ ❛s ♦t❤❡r ♥❡t✇♦r❦ ♠♦❞❡❧s s✉❝❤ ❛s ❆❝❡♠♦❣❧✉ ✭✷✵✶✷✮✱ ❇✐❣✐♦ ❛♥❞

▲❛✬❖ ✭✷✵✶✺✮ ❛♥❞ ♠❛♥② ♦t❤❡rs✳ ❋✐♥❛❧❧②✱ t❤❡ ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r s❤❛r❡s ✐♥ ✈❛❧✉❡ ❛❞❞❡❞ ❛r❡ ✜①❡❞ ❛t

2/3 ❛♥❞ 1/3 r❡s♣❡❝t✐✈❡❧② ❛♥❞ ■ s❡t γ = σ − 0.4 ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❋❛tt❛❧✲❏❛❡❢ ❛♥❞ ▲♦♣❡③ ✭✷✵✶✵✮✳

P❛r❛♠❡t❡r ❱❛❧✉❡ ❈♦✉♥t❡r♣❛rt

β ✵✳✾✾ ❉✐s❝♦✉♥t ❢❛❝t♦r ✕ ❆♥♥✉❛❧ ❞✐s❝♦✉♥t r❛t❡ ♦❢ ✹✪

ρ ✶ ▼❛❝r♦ ✭❆r♠✐♥❣t♦♥✮ ❊❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✭❢r♦♠ ▲✐t❡r❛t✉r❡✮

σ ✺ ▼✐❝r♦ ❊❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✕ ✷✺✪ ♠❛r❦✉♣✱ ❛✈❡r❛❣❡ ♣r♦✜t ♦❢ ✶✼✳✹✪

ν ✷✴✸ ▲❛❜♦r ❈✉r✈❛t✉r❡ ✕ ❋r✐s❝❤ ❡❧❛st✐❝✐t② ♦❢ ✶✳✺

fE,i ❬✶ ✲ ✶✵❪ M/L = 0.1 ✕ ▼❛ss ♦❢ ♣❧❛♥ts ♦✈❡r ✇♦r❦✐♥❣ ♣♦♣✉❧❛t✐♦♥

τij ❬✶ ✲ ✸❪ ■❝❡❜❡r❣ tr❛❞❡ ❝♦st ✕ ❋r♦♠ ❊❙❈❆P ✲ ❲♦r❧❞ ❇❛♥❦

fij ❬✶ ✲ ✶✵❪ ❋✐①❡❞ tr❛❞❡ ❝♦st ✕ ✏❉♦✐♥❣ ❇✉s✐♥❡ss ■♥❞✐❝❛t♦rs✑

γ ✹✳✻ P❛r❡t♦ s❤❛♣❡ ✕ ✭❋❛tt❛❧✲❏❛❡❢ ✫ ▲♦♣❡③ ✭✷✵✶✹✮✮

χk/(χk + ηk) ✵✳✼ ▲❛❜♦r s❤❛r❡ ✕ ✼✵✪ ♦❢ ✈❛❧✉❡ ❛❞❞❡❞✳

❚❛❜❧❡ ✶✳✸✿ P❛r❛♠❡t❡rs ✜①❡❞ ✉s✐♥❣ ♠✐❝r♦ ❞❛t❛

▼❛t❝❤✐♥❣ ♦❢ ♠❛❝r♦ ♠♦♠❡♥ts

❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs✱ ■ ✉s❡ ❞❛t❛ ♦♥ ✶✹ ❝♦✉♥tr✐❡s ❢r♦♠ ✶✾✽✾ t♦ ✷✵✵✽ ❛♥❞ ❝❤♦s❡ ♣❛r❛♠❡t❡r

✈❛❧✉❡s ✐♥ ♦r❞❡r t♦ ♠❛t❝❤ s♣❡❝✐✜❝ t❛r❣❡ts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ■ ❥♦✐♥t❧② s❡t t❤❡ ❝♦✉♥tr② s✐③❡ ♣❛r❛♠❡t❡rs

(ψi)i=1,...,N ✱ t❤❡ ✈❛❧✉❡ ❛❞❞❡❞ s❤❛r❡ χk + ηk ❛s ✇❡❧❧ ❛s t❤❡ s♣❡♥❞✐♥❣ ✇❡✐❣❤ts ωi(j) ✭t❤❡ ♠❛tr✐① W ✮

✐♥ ♦r❞❡r t♦ ♠❛t❝❤ ❛❧❧ ❝♦✉♥tr✐❡s r❡❧❛t✐✈❡ ●❉P ❛♥❞ ❛❧❧ r❡❧❛t✐✈❡ tr❛❞❡ ✢♦✇s ✐♥ r❡❛❧ t❡r♠s✳ ■ ♥♦r♠❛❧✐③❡

t❤❡ r❡❛❧ ●❉P ♦❢ t❤❡ ❝♦♠♣♦s✐t❡ r❡st✲♦❢✲t❤❡✲✇♦r❧❞ t♦ ✶✵✵ ❛♥❞ s❡t ❛❧❧ ♦t❤❡r r❡❛❧ ●❉Ps s♦ t❤❛t t❤❡

r❛t✐♦ ♦❢ t❤❡✐r r❡❛❧ ●❉P t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ r❡st✲♦❢✲t❤❡✲✇♦r❧❞ ✐♥ t❤❡ s✐♠✉❧❛t❡❞ ❡❝♦♥♦♠② ♠❛t❝❤❡s

❡①❛❝t❧② ✐ts ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ ❞❛t❛ ❢♦r t❤❡ t✐♠❡ ✇✐♥❞♦✇ ✶✾✽✾ t♦ ✷✵✵✽✳ ▼② t❛r❣❡ts ❛r❡ t❤❡♥ N r❡❛❧

●❉P t❛r❣❡ts ❛s ✇❡❧❧ ❛s N2 ❞✐r❡❝t❡❞ tr❛❞❡ ✢♦✇s ✭♦✈❡r ●❉P✮✱ t♦ ✇❤✐❝❤ ♦♥❡ ♠✉st ❛❞❞ t❤❡ ❝♦♥str❛✐♥t

t❤❛t s♣❡♥❞✐♥❣ s❤❛r❡s ωi(j) s✉♠ t♦ ♦♥❡ ❢♦r ❡❛❝❤ ❝♦✉♥tr②✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ✭N2 + 2N✮ ❡q✉❛t✐♦♥s

✲✵✳✷✾ ❛♥❞ ✹✳✵✽ ❢♦r t❤❡ ❆r♠✐♥❣t♦♥ ❡❧❛st✐❝✐t②✳ ❚❤❡② ✜♥❞ t❤❛t ❢♦r ❤❛❧❢ ♦❢ ❣♦♦❞s t❤❡ ♠❛❝r♦ ❡❧❛st✐❝✐t② ✐s s✐❣♥✐✜❝❛♥t❧②
❧♦✇❡r t❤❛♥ t❤❡ ♠✐❝r♦ ❡❧❛st✐❝✐t②✱ ❡✈❡♥ ✇❤❡♥ t❤❡② ❛r❡ ❡st✐♠❛t❡❞ ❛t t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ❞✐s❛❣❣r❡❣❛t✐♦♥✳

✹✷



❢♦r ❛♥ ❡q✉❛❧ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs t♦ ♠❛t❝❤✳ ❙✐♥❝❡ ❝♦♠♣❧❡t❡ ✜♥❛♥❝✐❛❧ ❛✉t❛r❦② ✐s ✐♥❝♦♥s✐st❡♥t

✇✐t❤ t❤❡ tr❛❞❡ ❜❛❧❛♥❝❡s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✱ ■ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ ♠❛t❝❤ st❡❛❞②✲st❛t❡ tr❛❞❡

✐♠❜❛❧❛♥❝❡s✱ ❛♥❞ t❤❡♥ ❤♦❧❞ t❤♦s❡ ♥♦♠✐♥❛❧ ✐♠❜❛❧❛♥❝❡s ❝♦♥st❛♥t✳ ◆♦t❡ t❤❛t ✐♥ ♦r❞❡r t♦ ❜❡ ❛s ❝❧♦s❡

❛s ♣♦ss✐❜❧❡ t♦ t❤❡ ❞❛t❛ ✉s❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✱ ■ ❝♦♥str✉❝t t❤❡ q✉❛♥t✐t② ❡st✐♠❛t❡s ❜②

❞❡✢❛t✐♥❣ t❤❡ ♥♦♠✐♥❛❧ s♣❡♥❞✐♥❣s ❜② t❤❡ ♣r✐❝❡ ✐♥❞❡① t❤❛t ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❧♦✈❡ ❢♦r ✈❛r✐❡t②✱

❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ 1.4.2✳

❋✐♥❛❧❧②✱ ■ ♥❡❡❞ t♦ ❝❛❧✐❜r❛t❡ t❤❡ ♣❡rs✐st❡♥❝❡ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r t❤❡ ❝♦✉♥tr②✲

❧❡✈❡❧ ❚❋P s❤♦❝❦s (Zi)i=1,...,N ✳ ■♥ ♦r❞❡r ♥♦t t♦ ♦✈❡r❡st✐♠❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s✱

■ ❝❤♦s❡ t♦ s❡t t❤❡✐r ✈♦❧❛t✐❧✐t② ✭t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✮ s♦ t❤❛t

t❤❡ ♠♦❞❡❧ ❝❛♥ r❡♣❧✐❝❛t❡ ●❉P ✈♦❧❛t✐❧✐t② ✭❞❡✲tr❡♥❞❡❞ ✉s✐♥❣ ❍P ✜❧t❡r✐♥❣✮ ✐♥ ❡✈❡r② ❝♦✉♥tr②✳ ❚❤✐s

❛❧❧♦✇s ♠❡ t♦ ❣❡♥❡r❛t❡ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ s✐♠✉❧❛t❡❞ ❡❝♦♥♦♠② t❤❛t ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❜s❡r✈❡❞

✐♥ t❤❡ ❞❛t❛✳ ❙✐♠✐❧❛r❧②✱ ■ s❡t t❤❡ ♦✛ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ✭t❤❡ ❝♦✈❛r✐❛♥❝❡ t❡r♠s✮ s♦ t❤❛t t❤❡ ❛✈❡r❛❣❡

❝♦rr❡❧❛t✐♦♥ ♦❢ ●❉P ✐♥ t❤❡ ♠♦❞❡❧ ♠❛t❝❤ t❤❡ ♦♥❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✱ ✇❤✐❝❤ ✐s 0.475 ❢♦r t❤❡ ✶✾✽✾✲

✷✵✵✽ t✐♠❡ ✇✐♥❞♦✇✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❣♦❛❧ ♦❢ t❤✐s ❡①❡r❝✐s❡ ✐s ♥♦t t♦ ❡①♣❧❛✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♠♦✈❡♠❡♥t

❛❝r♦ss ❝♦✉♥tr✐❡s✱ ❜✉t ✐ts s❧♦♣❡ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❝❤❛♥❣❡ ✐♥ tr❛❞❡✳ ❍❡♥❝❡✱ ■ s❡t t❤❡ ❧❡✈❡❧ ❛t t❤❡

♦❜s❡r✈❡❞ ✈❛❧✉❡ ❛♥❞ ✇✐❧❧ ✈❛r② ♣❛r❛♠❡t❡rs ❣♦✈❡r♥✐♥❣ tr❛❞❡ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ s❧♦♣❡✳ ❋✐♥❛❧❧②✱

■ s❡t ❛ ❝♦♠♠♦♥ ✈❛❧✉❡ ❢♦r ❛✉t♦✲❝♦rr❡❧❛t✐♦♥ ♦❢ s❤♦❝❦s s♦ t❤❛t t❤❡ ●❉P s❡r✐❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡

♠♦❞❡❧ ✐s ❡①❛❝t❧② 0.84 ✇❤✐❝❤ ✐s t❤❡ ✈❛❧✉❡ ♦❢ ●❉P ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✳

✶✳✻ ◗✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts

❚r❛❞❡ ❈♦♠♦✈❡♠❡♥t ❙❧♦♣❡

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❛ss❡ss t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡❧ t♦ r❡♣❧✐❝❛t❡ t❤❡ str♦♥❣ ❡♠♣✐r✐❝❛❧

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ tr❛❞❡ ♣r♦①✐♠✐t② ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ❛♥❞ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥✳ ❚❤❡

❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ②✐❡❧❞s ✈❛❧✉❡s ❢♦r ❛❧❧ ♣❛r❛♠❡t❡rs s♦ t❤❛t

t❤❡ ♠♦❞❡❧ ❡❝♦♥♦♠② ♠❛t❝❤❡s t❤❡ ❞❛t❛ ❢♦r t❤❡ ♣❡r✐♦❞ ✶✾✽✾ t♦ ✷✵✵✽✳ ❲✐t❤ t❤♦s❡ ✈❛❧✉❡s✱ ■ s✐♠✉❧❛t❡

❛ s❡q✉❡♥❝❡ ♦❢ ✺✱✵✵✵ s❤♦❝❦s ❛♥❞ r❡❝♦r❞ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ❍P✲✜❧t❡r❡❞ ●❉P ❛s ✇❡❧❧ ❛s t❤❡ ❛✈❡r❛❣❡

✐♥❞❡① ♦❢ tr❛❞❡ ♣r♦①✐♠✐t②✳ ❙✐♥❝❡ ♠② ❣♦❛❧ ✐s t♦ ✉s❡ ✇✐t❤✐♥ ❝♦✉♥tr②✲♣❛✐r ✈❛r✐❛t✐♦♥s ✐♥ ♦r❞❡r t♦

♣❡r❢♦r♠ ❛ ✜①❡❞✲❡✛❡❝t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t ♦❢ tr❛❞❡ ♦♥ ●❉P ❝♦♠♦✈❡♠❡♥t✱ ■ t❤❡♥ r❡❝❛❧✐❜r❛t❡

t❤❡ ♠♦❞❡❧ ✇✐t❤ ❞✐✛❡r❡♥t t❛r❣❡ts ❢♦r tr❛❞❡ ♣r♦①✐♠✐t② ❛❝r♦ss ❝♦✉♥tr✐❡s✱ ❞❡❝r❡❛s✐♥❣ ❛♥❞ ✐♥❝r❡❛s✐♥❣

t❤❡ t❛r❣❡t ❜② ✶✵✪✳ ❋♦r ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥✱ ■ ❢❡❡❞ t❤❡ ❡❝♦♥♦♠② ✇✐t❤ t❤❡ ❡①❛❝t s❛♠❡ s❡q✉❡♥❝❡
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♦❢ ✺✱✵✵✵ s❤♦❝❦s ❛♥❞ r❡❝♦r❞ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ❍P✲✜❧t❡r❡❞ ●❉P ❛s ✇❡❧❧ ❛s t❤❡ ❛✈❡r❛❣❡ ✐♥❞❡① ♦❢

tr❛❞❡ ♣r♦①✐♠✐t②✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ ❛ ♣❛♥❡❧ ❞❛t❛s❡t ✐♥ ✇❤✐❝❤ ■ ❤❛✈❡ 14× 13/2 = 91 ♦❜s❡r✈❛t✐♦♥s

❢♦r ❡❛❝❤ ♦❢ t❤❡ ✸ ❝♦♥✜❣✉r❛t✐♦♥s✱ ❤❡♥❝❡ ❛ t♦t❛❧ ♦❢ ✷✼✸ ♦❜s❡r✈❛t✐♦♥s✳ ■ t❤❡♥ ♣❡r❢♦r♠ ✜①❡❞ ❡✛❡❝t

r❡❣r❡ss✐♦♥s ♦♥ t❤❡ s✐♠✉❧❛t❡❞ ❞❛t❛s❡t ❛♥❞ ✜♥❞ t❤❛t t❤❡ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ ❡①♣❧❛✐♥ ♠♦r❡ t❤❛♥ ✽✺✪

♦❢ t❤❡ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡✳

❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDPHP
i ✱GDPHP

j ✮

❉❛t❛ ▼♦❞❡❧

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✵✺✸✯✯✯ ✵✳✵✹✼✯✯✯

❉❡❝♦♠♣♦s✐t✐♦♥ ✲ ❘♦❧❡ ♦❢ t❤❡ ✐♥❣r❡❞✐❡♥ts

■♥ ♦r❞❡r t♦ ❛ss❡ss t❤❡ r♦❧❡ ♦❢ ❡❛❝❤ ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts✱ ■ t❤❡♥ t✉r♥ ♦✛ ♦♥❡ ❜② ♦♥❡

t❤❡ ❦❡② ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠♦❞❡❧✳ ❘❡s✉❧ts ②✐❡❧❞ ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤ts✳ ❋✐rst✱ t❤❡ s♦❧❡ ❛❞❞✐t✐♦♥ ♦❢ ♣r✐❝❡

❞✐st♦rt✐♦♥s t♦ ❛♥ ♦t❤❡r✇✐s❡ ❝❧❛ss✐❝ ■❘❇❈ ♠♦❞❡❧ ✇✐t❤ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ✐♥❝r❡❛s❡s t❤❡ tr❛❞❡

❝♦♠♦✈❡♠❡♥t s❧♦♣❡ ❢r♦♠ ✵✳✵✵✼ t♦ ✵✳✵✸✷✳ ❋✐♥❛❧❧②✱ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❝♦♠✐♥❣ t❤r♦✉❣❤ t❤❡ ✢✉❝t✉❛t✐♦♥

✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s s❡r✈✐♥❣ ❛❧❧ ♠❛r❦❡ts ✐♥❝r❡❛s❡s t❤❡ s❧♦♣❡ ❢r♦♠ ✵✳✵✸✷ t♦ ✵✳✵✹✼✱ s❤♦✇✐♥❣ t❤❛t

❛❞❥✉st♠❡♥ts ❛❧♦♥❣ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ✐s ❛ ♣♦✇❡r❢✉❧ ✇❛② t♦ ❣❡♥❡r❛t❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts ✐♥ ❧✐♥❡

✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐♥❦ ❜❡t✇❡❡♥ tr❛❞❡ ✐♥ ✐♥♣✉ts ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t✳

❚r❛❞❡✲❈♦♠♦✈❡♠❡♥t ❙❧♦♣❡

■✴❖ ❧✐♥❦❛❣❡s ✰ ▼❛r❦✉♣s ✰ ❊①t❡♥s✐✈❡ ▼❛r❣✐♥ ✵✳✵✹✼✯✯✯

■✴❖ ❧✐♥❦❛❣❡s ✰ ▼❛r❦✉♣s ✵✳✵✸✶✯✯✯

■✴❖ ❧✐♥❦❛❣❡s ✵✳✵✵✼✯✯✯

❚❛❜❧❡ ✶✳✹✿ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s✉❧t

◗✉❛♥t✐❢②✐♥❣ t❤❡ ❊♥tr②✴❊①✐t ▼❛r❣✐♥

❆♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❝♦♠❡ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥

t❤❡ ♠❛ss ♦❢ ✜r♠s s❡r✈✐♥❣ ❡✈❡r② ♠❛r❦❡t✳ ■t ✐s t❤❡♥ ♥❡❝❡ss❛r② t♦ ✉♥❞❡rst❛♥❞ ✐❢ t❤❡ ❡♥tr②✴❡①✐t

♣❛tt❡r♥ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ♠♦❞❡❧ ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ✇❤❛t ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✳ ❯s✐♥❣ ❋r❡♥❝❤ ❞❛t❛

✹✹



❢r♦♠ ✶✾✾✸ t♦ ✷✵✵✽✱ ■ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❞✉❝ts ❡①♣♦rt❡❞ t♦ ♠❛♥② ❝♦✉♥tr②✳✹✸ ❆❢t❡r t❛❦✐♥❣

t❤❡ ❧♦❣❛r✐t❤♠ t♦ r❡♠♦✈❡ ❛♥② ❧❡✈❡❧ ❡✛❡❝t✱ ■ t❤❡♥ ❛♣♣❧② t❤❡ ❍P ✜❧t❡r ✇✐t❤ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r

✻✳✷✺ t♦ ✐s♦❧❛t❡ t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡ ❢r❡q✉❡♥❝② ✢✉❝t✉❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❡ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

❛❝r♦ss ❛❧❧ ②❡❛rs✳ ❚❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❛❝r♦ss ❛❧❧ ❝♦✉♥tr✐❡s ②✐❡❧❞s ❛ ✈❛❧✉❡ ♦❢ ✵✳✵✵✽✻✱ ♠❡❛♥✐♥❣ t❤❛t ♦♥

❛✈❡r❛❣❡ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❡①♣♦rt❡❞ ♣r♦❞✉❝t r❡♣r❡s❡♥ts ✵✳✽✻ ♣❡r❝❡♥t ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r

♦❢ ♣r♦❞✉❝t✳

❈♦♠♣✉t✐♥❣ t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ t❤✐s ♠♦♠❡♥t ✐♥ t❤❡ s✐♠✉❧❛t❡❞ ❞❛t❛s❡t✱ ■ ✜♥❞ ❛ ✈❛❧✉❡ ♦❢ ✵✳✵✶✶✶

♠❡❛♥✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧ ✐s r♦✉❣❤❧② ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❞❛t❛ ♦♥ t❤✐s r❡s♣❡❝t✱ ❛❧t❤♦✉❣❤ ✐t ✐s s❧✐❣❤t❧②

♦✈❡r✲♣r❡❞✐❝t✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡♥tr②✲❡①✐t ♣❛tt❡r♥ ♦♥ ❢♦r❡✐❣♥ ♠❛r❦❡ts✳ ❈♦♠♣✉t✐♥❣ ♥♦✇ t❤❡

✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ♥✉♠❜❡r ✜r♠s s❡r✈✐♥❣ t❤❡ ❞♦♠❡st✐❝ ♠❛r❦❡t ✭❛♥❞ ♥♦t ♦♥❧② ❡①♣♦rt ♠❛r❦❡ts✮✱ ✉s✐♥❣

t❤❡ ✉♥✐✈❡rs❡ ♦❢ ❛❧❧ ❋r❡♥❝❤ ✜r♠s ✇✐t❤ ❛t ❧❡❛st ♦♥❡ ❡♠♣❧♦②❡❡✱ t❤❡ ❛ss♦❝✐❛t❡❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

✐s ❡q✉❛❧ t♦ ✵✳✵✽✼✱ t❡♥ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ✈❛❧✉❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② ❡①♣♦rt ♠❛r❦❡ts✳ ■♥

t❤❡ ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱ t❤❡ ✈❛❧✉❡ ✐s ✵✳✵✶✶✹✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ♠♦❞❡❧ ✉♥❞❡r ✲♣r❡❞✐❝ts t❤❡ ❡♥tr②✴❡①✐t

♣❛tt❡r♥ ✐♥ t❤❡ ❞♦♠❡st✐❝ ♠❛r❦❡t✳

■♠♣✉❧s❡ ❘❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s

■♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ ❜❡tt❡r s❡♥s❡ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝s ❜❡❤✐♥❞ t❤❡ ♠♦❞❡❧✱ ■ ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐✜❡❞

✈❡rs✐♦♥ ✇✐t❤ t✇♦ ❝♦✉♥tr✐❡s ✭❍♦♠❡ ❛♥❞ ❋♦r❡✐❣♥✮ t❤❛t ❛r❡ s②♠♠❡tr✐❝ ✐♥ t❤❡ st❡❛❞② st❛t❡✳ ❑❡❡♣✐♥❣

t❤❡ ✈❛❧✉❡ ♦❢ ❛❧❧ t❡❝❤♥♦❧♦❣✐❝❛❧ ♣❛r❛♠❡t❡r ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✹✹✱ ■ ❣❡♥❡r❛t❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❢✉♥❝✲

t✐♦♥s ♦❢ ❍♦♠❡ ●❉P ❛❢t❡r ❛ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ✐♥ ❋♦r❡✐❣♥✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ s❡♥s❡ ♦❢ t❤❡ tr❛❞❡

❝♦♠♦✈❡♠❡♥t s❧♦♣❡✱ ■ ❝♦♥s✐❞❡r t✇♦ ❝❛❧✐❜r❛t✐♦♥s ♦❢ t❤❡ W ♠❛tr✐①✿ ♦♥❡ t❤❛t ✐♥❞✉❝❡s ❛ ❧♦✇ ❧❡✈❡❧ ♦❢

tr❛❞❡ ❛♥❞ t❤❡ ♦t❤❡r ✇✐t❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ tr❛❞❡✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ ●❉P r❡s♣♦♥s❡s ✐♥ t❤♦s❡ t✇♦

❝❛s❡s✱ ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ t❤❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ tr❛❞❡ ♦♥ ●❉P s②♥❝❤r♦♥✐③❛t✐♦♥✳ ❋✐❣✉r❡ ✶✳✶

♣r❡s❡♥ts t❤❡ r❡s✉❧t ♦❢ t❤✐s ❡①❡r❝✐s❡ ❢♦r t❤r❡❡ ✈❡rs✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✳ ■♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✇✐t❤

♥♦ ♠❛r❦✉♣s ✭♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤✐♥ ❡❛❝❤ ✈❛r✐❡t②✮ ❛♥❞ ♥♦ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ✭♥♦ ✜①❡❞ ❝♦st t♦

❡♥t❡r ❛♥② ♠❛r❦❡t ❛♥❞ ❛ ✜①❡❞ ♠❛ss ♦❢ ✜r♠s✮✱ t❤❡ ●❉P ❤❛r❞❧② ♠♦✈❡s✳ ❲❤❡♥ ✐♥tr♦❞✉❝✐♥❣ ♠♦♥♦♣✲

♦❧✐st✐❝ ♣r✐❝✐♥❣ ❢♦r ❛❧❧ ✈❛r✐❡t✐❡s✱ ✐♥❝r❡❛s✐♥❣ tr❛❞❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦✉♥tr✐❡s ❧❡❛❞s t♦ ❛ s✐❣♥✐✜❝❛♥t

✐♥❝r❡❛s❡ ✐♥ t❤❡ ❍♦♠❡ ●❉P r❡❛❝t✐♦♥ ❛❢t❡r ❛ ❢♦r❡✐❣♥ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦✳ ❋✐♥❛❧❧②✱ ❧❡tt✐♥❣ t❤❡ ♠❛ss

✹✸❉✉❡ t♦ ❞❛t❛ ❛✈❛✐❧❛❜✐❧✐t②✱ ❞❡st✐♥❛t✐♦♥ ❝♦✉♥tr✐❡s ❝♦♥s✐❞❡r❡❞ ❛r❡ ❆✉str❛❧✐❛✱ ❆✉str✐❛✱ ❈❛♥❛❞❛✱ ❉❡♥♠❛r❦✱ ●❡r♠❛♥②✱
■r❡❧❛♥❞✱ ■t❛❧②✱ ▼❡①✐❝♦✱ ❚❤❡ ◆❡t❤❡r❧❛♥❞s✱ ❙♣❛✐♥✱ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ❛♥❞ ❯♥✐t❡❞ ❙t❛t❡s

✹✹❊①❝❡♣t ❢♦r t❤❡ W ♠❛tr✐① ✇❤✐❝❤ ✐s ♥♦✇ s②♠♠❡tr✐❝ ❛♥❞ ✷①✷✳

✹✺



♦❢ ✜r♠s ❛♥❞ ❡♥tr② ❞❡❝✐s✐♦♥s ❜❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ q✉❛♥t✐t❛t✐✈❡ ♠♦❞❡❧s ❢✉rt❤❡r ❛♠♣❧✐❢② t❤❡ tr❛❞❡

❝♦♠♦✈❡♠❡♥t s❧♦♣❡✱ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ tr❛❞❡ ✐♥❞✉❝✐♥❣ ❛ ✈❡r② ❤✐❣❤ ✐♥❝r❡❛s❡ ✐♥ ●❉P r❡❛❝t✐♦♥✳

❋✐❣✉r❡ ✶✳✶✿ ■❘❋ ♦❢ ❞♦♠❡st✐❝ ●❉P ❛❢t❡r ❛ ❢♦r❡✐❣♥ s❤♦❝❦

❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ t❤❡ r♦❧❡ ♦❢ ❡❛❝❤ ♦❢ t❤♦s❡ ✐♥❣r❡❞✐❡♥ts ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧

✐♥ s❡❝t✐♦♥ ✶✳✸✱ ■ ❢✉rt❤❡r ❞❡❝♦♠♣♦s❡ t❤❡ ●❉P r❡❛❝t✐♦♥s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❜② ♣❡r❢♦r♠✐♥❣ ❛ ✏❣r♦✇t❤

❛❝❝♦✉♥t✐♥❣✑ ❡①❡r❝✐s❡ ✐♥ ✇❤✐❝❤ ■ ❞❡❝♦♠♣♦s❡ ●❉P ✢✉❝t✉❛t✐♦♥s ✐♥t♦ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ ♠♦✈❡♠❡♥ts

❛s ✇❡❧❧ ❛s t❤❡ ❙♦❧♦✇ r❡s✐❞✉❛❧ t❤❛t ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❛❣❣r❡❣❛t❡ ❚❋P✳✹✺ ■♥ t❤❡ ❜❡♥❝❤✲

♠❛r❦ ❝❛s❡ ✇✐t❤ ♥♦ ♠❛r❦✉♣s ❛♥❞ ♥♦ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ●❉P ✢✉❝t✉❛t✐♦♥ ✐s ❞✉❡

❛❧♠♦st ♦♥❧② t♦ ✢✉❝t✉❛t✐♦♥s ✐♥ ❢❛❝t♦r s✉♣♣❧② ✇✐t❤ ❚❋P ♣❧❛②✐♥❣ ❛ ✐♥s✐❣♥✐✜❝❛♥t r♦❧❡✳ ❚❤✐s r❡s✉❧t ✐s

❝♦♥s✐st❡♥t ✇✐t❤ ❑❡❤♦❡ ❛♥❞ ❘✉❤❧ ✭✷✵✵✽✮ ♦r ❈r❛✈✐♥♦ ❛♥❞ ❇✉rst❡✐♥ ✭✷✵✶✺✮ ✇❤✐❝❤ ❛r❣✉❡ t❤❛t ❢♦r❡✐❣♥

t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s ❤❛✈❡ ♥♦ ❡✛❡❝t ♦♥ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t② ✉♣ t♦ ❛ ✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✳

■♥t❡r❡st✐♥❣❧②✱ t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ❤♦❧❞ ❛♥②♠♦r❡ ✇❤❡♥ ♠❛r❦✉♣s ❛r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ♠❡❛s✉r❡❞

❚❋P ✐s ❛✛❡❝t❡❞ ❜② ❛ ❢♦r❡✐❣♥ s❤♦❝❦✳ ❆s ❞❡s❝r✐❜❡❞ ♠♦r❡ ♣r❡❝✐s❡❧② ✐♥ s❡❝t✐♦♥ ✶✳✸✱ t❤❡ r❡❛s♦♥ st❡♠s

❢r♦♠ ❢❛❝t t❤❛t ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛r❦✉♣s✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♠♣♦rt ❞✉❡ t♦ t❤❡ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧

s❤♦❝❦ ✐♥ t❤❡ ❢♦r❡✐❣♥ ❝♦✉♥tr② ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥✳ ❆s ♥♦t❡❞

✐♥ ❍❛❧❧ ✭✶✾✽✽✮ ♦r ❇❛s✉ ❛♥❞ ❋❡r♥❛❧❞ ✭✷✵✵✷✮✱ ✇❤❡♥ ✜r♠s ❛r❡ ♣r✐❝❡ s❡tt❡rs✱ t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦st

♦❢ ✉s✐♥❣ ✐♥♣✉ts ✐s ❧♦✇❡r t❤❛♥ t❤❡✐r ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ♣r♦❞✉❝t✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ❚❋P ❝❤❛♥❣❡

✹✺❈♦♥s✐st❡♥t❧② ✇✐t❤ t❤❡ t❤❡♦r②✱ ■ ✉s❡❞ ηk/(ηk + χk) ❢♦r t❤❡ ❧❛❜♦r s❤❛r❡ ❛♥❞ χk/(ηk + χk) ❢♦r t❤❡ ❝❛♣✐t❛❧ s❤❛r❡
t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧♦✇ r❡s✐❞✉❛❧
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✐♥❞✉❝❡s ❛ ❧❛r❣❡r r❡❛❝t✐♦♥ ♦❢ ❞♦♠❡st✐❝ ❢❛❝t♦rs ✭❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧✮ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ●❉P r❡❛❝t✐♦♥

❛❢t❡r t❤❡ ❢♦r❡✐❣♥ s❤♦❝❦✳

❋✐♥❛❧❧②✱ ✐♥tr♦❞✉❝✐♥❣ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s s❡r✈✐♥❣ ❛❧❧ ❝♦✉♥tr✐❡s ✐♥❝r❡❛s❡s ❢✉rt❤❡r

t❤❡ ❚❋P r❡❛❝t✐♦♥✳ ❚❤✐s ❡✛❡❝t ✐s ❞✉❡ t♦ t❤❡ ❧♦✈❡ ❢♦r ✈❛r✐❡t② ❡♥❝♦♠♣❛ss❡❞ ✐♥ t❤❡ ❉✐①✐t✲❙t✐❣❧✐t③

❛❣❣r❡❣❛t✐♦♥ ♦❢ ✐♥♣✉ts✳ ❲✐t❤ ❧♦✈❡ ❢♦r ✈❛r✐❡t②✱ ♦♥❡ ❝❛♥ t❤✐♥❦ ♦❢ t❤❡ ♠❛ss ♦❢ ✜r♠s ❛s ❜❡✐♥❣ ❛♥

✐♥♣✉t ❢♦r ♣r♦❞✉❝t✐♦♥ s✐♥❝❡ ❛♥ ❡❝♦♥♦♠② ✇✐t❤ ❛ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢ ✜r♠s ❤❛s t❤❡ ❛❜✐❧✐t② t♦ ♣r♦❞✉❝❡

♠♦r❡ ✜♥❛❧ ♦✉t♣✉t ✇✐t❤ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ✐♥♣✉ts✳ ❆s s✉❣❣❡st❡❞ ❜② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❛❜❧❡

✶✳✹✱ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤✐s ♠❡❝❤❛♥✐s♠ ✐s ♥♦t ❞✉❡ t♦ t❤❡ ✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ t♦ t❤❡

❛❝❝❡ss ♦❢ ❛♥② ♠❛r❦❡t ❜✉t r❛t❤❡r t♦ t❤❡ ✢✉❝t✉❛t✐♦♥ ✐♥ t❤❡ ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts✱ t❤❛t ✐s

❛ss✉♠❡❞ t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧❛❜♦r ❢♦r❝❡✳ ■♥❞❡❡❞✱ ❛♥② ✢✉❝t✉❛t✐♦♥s ❛❧♦♥❣ t❤❡ ❧❛❜♦r s✉♣♣❧②

♠❛r❣✐♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts✳ ❲✐t❤ ❧♦✈❡ ❢♦r ✈❛r✐❡t✐❡s✱

t❤❡ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ❢r♦♥t✐❡r ✐s ❛✛❡❝t❡❞ ❜② s✉❝❤ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❞✉❝❡r✱ s♦

t❤❛t t❤❡ ✜♥❛❧ ♦✉t♣✉t r❡❛❝ts ♠♦r❡ t❤❛♥ ✐♠♣♦rt❡❞ ✐♥♣✉ts✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ❙♦❧♦✇ r❡s✐❞✉❛❧ ✐s

❝♦♠♣✉t❡❞ ✉s✐♥❣ ♦♥❧② ▲❛❜♦r ❛♥❞ ❈❛♣✐t❛❧ ❛s ❞♦♠❡st✐❝ ✐♥♣✉ts ❛♥❞ ♥♦t ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤❡ ❝❤❛♥❣❡

✐♥ t❤❡ ♠❛ss ♦❢ ❞♦♠❡st✐❝ ✜r♠s✱ t❤✐s ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② ❢r♦♥t✐❡r ✐s r❡✢❡❝t❡❞ ✐♥

t❤❡ ❚❋P✳

✶✳✼ ❋✉rt❤❡r ❊♠♣✐r✐❝❛❧ ❊✈✐❞❡♥❝❡

■♥ s❡❝t✐♦♥ ✶✳✻✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s ✇✐t❤ ♣r✐❝❡ s❡tt✐♥❣

✜r♠s ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts ✇❡♥t ❛ ❧♦♥❣ ✇❛② t♦✇❛r❞ ♣r♦✈✐❞✐♥❣ ❛ q✉❛♥t✐t❛t✐✈❡ s♦❧✉t✐♦♥

❢♦r t❤❡ tr❛❞❡ ❝♦♠♦✈❡♠❡♥t ♣✉③③❧❡✳ ❲❤✐❧❡ t❤❡ ❡♠♣✐r✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ ✐♥♣✉t✲♦✉t♣✉t

❧✐♥❦❛❣❡s ❛s ❜❡❡♥ ✉♥❝♦✈❡r❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷✱ ✐t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ t❡st ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ r❡❧❡✈❛♥❝❡

♦❢ ♠❛r❦✉♣s ❛♥❞ ✜r♠s✬ ❡♥tr②✴❡①✐t✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ■ ❣♦ ❜❛❝❦ t♦ t❤❡ ❞❛t❛ ❛♥❞ ♣r♦✈✐❞❡ ❡♠♣✐r✐✲

❝❛❧ s✉♣♣♦rt ❢♦r t❤❡ r♦❧❡ ♦❢ ♠❛r❦✉♣s ❛♥❞ ❡♥tr②✴❡①✐t ✐♥ ❝r❡❛t✐♥❣ ❛ ❧✐♥❦ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P

✢✉❝t✉❛t✐♦♥s✳

❋✐rst✱ ❢♦❧❧♦✇✐♥❣ ▲✐❛♦ ❛♥❞ ❙❛♥t❛❝r❡✉ ✭✷✵✶✺✮✱ ■ ❞✐s❡♥t❛♥❣❧❡ tr❛❞❡ ✢♦✇s ✐♥t♦ t❤❡✐r ✐♥t❡♥s✐✈❡ ❛♥❞

❡①t❡♥s✐✈❡ ♠❛r❣✐♥s ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❡♠♣✐r✐❝❛❧ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ❜✉s✐♥❡ss ❝②❝❧❡

s②♥❝❤r♦♥✐③❛t✐♦♥ ✐s ❛❧♠♦st ♦♥❧② ❞r✐✈❡♥ ❜② t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✳ ◆❡①t✱ t✉r♥✐♥❣ t♦ t❤❡ ✐♠♣♦rt❛♥❝❡

♦❢ ♣r✐❝❡ s❡tt✐♥❣✱ ■ st❛rt ❜② ✉s✐♥❣ s❡❝t♦r ❧❡✈❡❧ ❞❛t❛ t♦ ❝♦♥str✉❝t ♠❡❛s✉r❡s ♦❢ ♠❛r❦✉♣s t❤❛t ❛r❡ t❤❡♥
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❋✐❣✉r❡ ✶✳✷✿ ●r♦✇t❤ ❆❝❝♦✉♥t✐♥❣ ❉❡❝♦♠♣♦s✐t✐♦♥

❛❣❣r❡❣❛t❡❞ ❛t t❤❡ ❝♦✉♥tr② ❧❡✈❡❧✳ ■ t❤❡♥ s❤♦✇ t❤❛t ❝♦✉♥tr✐❡s ✇✐t❤ ❧❛r❣❡r ♠❛r❦✉♣s ❛r❡ ❛❧s♦ ♠♦r❡

s❡♥s✐t✐✈❡ t♦ t❡r♠s ♦❢ tr❛❞❡ s❤♦❝❦s✳

✶✳✼✳✶ ❚❤❡ ❘♦❧❡ ♦❢ ❊①t❡♥s✐✈❡ ▼❛r❣✐♥ ♦❢ ❚r❛❞❡

❋♦❧❧♦✇✐♥❣ ❍✉♠♠❡❧s ✫ ❑❧❡♥♦✇ ✭✷✵✵✺✮ ❛s ✇❡❧❧ ❛s ❋❡❡♥str❛ ✫ ▼❛r❦✉s❡♥ ✭✶✾✾✹✮✱ ■ ❝♦♥str✉❝t t❤❡

❊①t❡♥s✐✈❡ ❛♥❞ ■♥t❡♥s✐✈❡ ♠❛r❣✐♥s ♦❢ tr❛❞❡ ❜❡t✇❡❡♥ ❝♦✉♥tr✐❡s j ❛♥❞ m ✉s✐♥❣ t❤❡ ❘❡st✲♦❢✲t❤❡✲❲♦r❧❞

❛s ❛ r❡❢❡r❡♥❝❡ ❝♦✉♥tr② k✳ ❚❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ✭❊▼✮ ✐s ❞❡✜♥❡❞ ❛s ❛ ✇❡✐❣❤t❡❞ ❝♦✉♥t ♦❢ ✈❛r✐❡t✐❡s

❡①♣♦rt❡❞ ❢r♦♠ j t♦ m r❡❧❛t✐✈❡ t♦ t❤♦s❡ ❡①♣♦rt❡❞ ❢r♦♠ k t♦ m✳ ■❢ ❛❧❧ ❝❛t❡❣♦r✐❡s ❛r❡ ♦❢ ❡q✉❛❧

✐♠♣♦rt❛♥❝❡ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ❝♦✉♥tr② k ❡①♣♦rts ❛❧❧ ❝❛t❡❣♦r✐❡s t♦ m✱ t❤❡♥ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ✐s

s✐♠♣❧② t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝❛t❡❣♦r✐❡s ✐♥ ✇❤✐❝❤ j ❡①♣♦rts t♦m✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❝❛t❡❣♦r✐❡s ❛r❡ ✇❡✐❣❤t❡❞

❜② t❤❡✐r ✐♠♣♦rt❛♥❝❡ ✐♥ k✬s ❡①♣♦rts t♦ m✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥ ✭■▼✮ ✐s ❞❡✜♥❡❞ ❛s

t❤❡ r❛t✐♦ ♦❢ ♥♦♠✐♥❛❧ s❤✐♣♠❡♥ts ❢r♦♠ j t♦ m ❛♥❞ ❢r♦♠ k t♦ m ✐♥ ❛ ❝♦♠♠♦♥ s❡t ♦❢ ❣♦♦❞s✳ ❲✐t❤

t❤✐s ❝♦♥str✉❝t✐♦♥✱ t❤❡ ♣r♦❞✉❝t ♦❢ ❜♦t❤ ♠❛r❣✐♥s ♦❢ tr❛❞❡ ❜❡t✇❡❡♥ j ❛♥❞ m ✐s ❡q✉❛❧ t♦ t❤❡ r❛t✐♦ ♦❢

✹✽



t♦t❛❧ tr❛❞❡ ✢♦✇s ❜❡t✇❡❡♥ j ❛♥❞ m t♦ t♦t❛❧ tr❛❞❡ ✢♦✇s ❢r♦♠ t❤❡ r❡❢❡r❡♥❝❡ ❝♦✉♥tr② k t♦ m✱ ✇❤✐❝❤

✐s ✉s✉❛❧❧② ❞❡♥♦t❡❞ ❛s ❖❚✳ ❋♦r♠❛❧❧②✱ t❤❡ ♠❛r❣✐♥s ❛r❡ ❞❡✜♥❡❞ ❛s✿

❊①t❡♥s✐✈❡ ▼❛r❣✐♥ EMjm =

∑
i∈Ijm

pkmiqkmi

∑
i∈I

pkmiqkmi

■♥t❡♥s✐✈❡ ▼❛r❣✐♥ IMjm =

∑
i∈Ijm

pjmiqjmi

∑
i∈Ijm

pkmiqkmi

❚r❛❞❡ ❘❛t✐♦ OTjm =
Xj→m

Xk→m
= EMjm × IMjm

❲❤❡r❡ Ijm ✐s t❤❡ s❡t ♦❢ ♦❜s❡r✈❛❜❧❡ ❝❛t❡❣♦r✐❡s ✐♥ ✇❤✐❝❤ j ❤❛s ❛ ♣♦s✐t✐✈❡ s❤✐♣♠❡♥t t♦ m✱ I ✐s

t❤❡ s❡t ♦❢ ❛❧❧ ❝❛t❡❣♦r✐❡s ❡①♣♦rt❡❞ ❜② t❤❡ r❡❢❡r❡♥❝❡ ❝♦✉♥tr② ✇❤✐❝❤ ✐s s✉♣♣♦s❡❞ t♦ ❜❡ t❤❡ ✉♥✐✲

✈❡rs❡ ♦❢ ❛❧❧ ❝❛t❡❣♦r✐❡s ❛♥❞ Xj→m ✐s t♦t❛❧ tr❛❞❡ ✢♦✇s ❢r♦♠ ❝♦✉♥tr② j t♦ ❝♦✉♥tr② m✳ ❙✐♥❝❡ t❤♦s❡

♠❡❛s✉r❡s ❛r❡ ♥♦t s②♠♠❡tr✐❝ ✇✐t❤✐♥ ❡✈❡r② ❝♦✉♥tr②✲♣❛✐r✱ ■ ❞❡✜♥❡ ❢♦r ❛ ❣✐✈❡♥ ❝♦✉♥tr② ♣❛✐r (i, j) ❛s

t❤❡ s✉♠ ♦❢ t❤❡ ♠❛r❣✐♥s ❢r♦♠ i t♦ j ❛♥❞ ❢r♦♠ j t♦ i✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ❛✈❡r❛❣❡❞ ♦✈❡r t❤❡ t✐♠❡ ✇✐♥❞♦✇✳

❈♦♥str✉❝t✐♥❣ ❢♦✉r ✶✵✲②❡❛rs t✐♠❡ ✇✐♥❞♦✇ r❛♥❣✐♥❣ ❢r♦♠ ✶✾✻✾◗✶ t♦ ✷✵✵✽◗✹✱ ■ ❡st✐♠❛t❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

❝♦rr(Y HP
it , Y HP

jt ) = α+ βEM log(❊▼ijt) + βIM log(■▼ijt) + controls+ ǫijt ✭✶✳✷✸✮

❘❡s✉❧ts ❛r❡ ❣❛t❤❡r❡❞ ✐♥ 1.5 ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ♦❢ tr❛❞❡ ✐s ❛♥ ✐♠♣♦rt❛♥t

❞❡t❡r♠✐♥❛♥t ♦❢ ●❉P ❝♦♠♦✈❡♠❡♥t✳ ❚❤✐s r❡s✉❧t ✐s ♣❛rt✐❝✉❧❛r❧② str✐❦✐♥❣ ❣✐✈❡♥ t❤❛t ♠♦st ♦❢ t❤❡

✈❛r✐❛t✐♦♥ ✐♥ tr❛❞❡ ✐s ❡①♣❧❛✐♥❡❞ ❜② ✈❛r✐❛t✐♦♥s ❛❧♦♥❣ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✳ ■♥❞❡❡❞✱ ♣❡r❢♦r♠✐♥❣ ❛

❙❤❛♣❧❡② ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❖❚ ♦♥ t❤❡ ✐♥t❡♥s✐✈❡ ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s✱ ♦♥❡ ✜♥❞s t❤❛t ♦♥❧②

♦♥❡ ❢♦✉rt❤ ♦❢ t❤❡ t♦t❛❧ ✈❛r✐❛♥❝❡ ✐♥ ❖❚ ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥✳ P✉t

s✐♠♣❧②✿ ❡✈❡♥ t❤♦✉❣❤ ❊▼ ❞♦❡s ♥♦t ✈❛r② t♦♦ ♠✉❝❤ ✭❝♦♠♣❛r❡ t♦ ■▼✮✱ ✐ts ✈❛r✐❛t✐♦♥s ❛r❡ str♦♥❣❧②

❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ ●❉P ❝♦♠♦✈❡♠❡♥t✳✹✻

✹✻❚❤♦s❡ r❡s✉❧ts ❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ s✐♠✐❧❛r ❛♥❛❧②s✐s ✐♥ ▲✐❛♦ ❛♥❞ ❙❛♥t❛❝r❡✉ ✭✷✵✶✺✮✳

✹✾



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDPHP
i ✱GDPHP

j ✮

✭✶✮ ✭✷✮ ✭✸✮

❧♦❣✭❊▼✮ ✵✳✷✹✾✯✯✯ ✵✳✷✹✻✯✯✯ ✵✳✶✵✹

✭✽✳✾✶✮ ✭✻✳✷✼✮ ✭✶✳✾✶✮

❧♦❣✭■▼✮ ✵✳✵✶✶✶ ✵✳✶✷✵ ✵✳✵✷✸

✭✶✳✵✽✮ ✭✵✳✹✺✮ ✭✶✳✵✽✮

❈♦✉♥tr②✲P❛✐r ❋❊ ♥♦ ②❡s ②❡s

❚✐♠❡ ❋❊ ♥♦ ♥♦ ②❡s

N ✼✻✵ ✼✻✵ ✼✻✵

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯

♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✺✿ ❙tr♦♥❣ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ ❊①t❡♥s✐✈❡ ▼❛r❣✐♥ ♦❢ tr❛❞❡

✶✳✼✳✷ ❚❡r♠s ♦❢ ❚r❛❞❡ ❛♥❞ ●❉P✿ t❤❡ r♦❧❡ ♦❢ ▼❛r❦✉♣s

❯s✐♥❣ ❞❛t❛ ❢r♦♠ ✷✷ ❝♦✉♥tr✐❡s ❢r♦♠ ✶✾✼✶ t♦ ✷✵✶✵✱✹✼ ■ ❛ss❡ss t❤❡ r♦❧❡ ♦❢ ♠❛r❦✉♣s ✐♥ ❣❡♥❡r❛t✐♥❣ ❛

❧✐♥❦ ❜❡t✇❡❡♥ t❡r♠s ♦❢ tr❛❞❡ ❛♥❞ ●❉P ✢✉❝t✉❛t✐♦♥s✳

■ t❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s✐s✿ ❝♦✉♥tr✐❡s ✇❤❡r❡ ♠❛r❦✉♣s ❛r❡ ❤✐❣❤ ❡①♣❡r✐❡♥❝❡ ❛ ❧❛r❣❡r ❞❡❝r❡❛s❡

✐♥ ●❉P ✇❤❡♥ ❡①♣❡r✐❡♥❝✐♥❣ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡✐r t❡r♠s✲♦❢✲tr❛❞❡✳ ■♥ ♦r❞❡r t♦ t❡st t❤✐s ❤②♣♦t❤❡s✐s✱

■ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ✜❧t❡r❡❞ ●❉P ✇✐t❤ t❤❡ t❡r♠s ♦❢ tr❛❞❡ ❛♥❞ r❡❣r❡ss t❤✐s ❝♦rr❡❧❛t✐♦♥

♦♥ ♠❛r❦✉♣s ❡st✐♠❛t❡s✳ ❘❡s✉❧ts s❤♦✇ t❤❛t ♠❛r❦✉♣s ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ ●❉P✲❚❡r♠s ♦❢

❚r❛❞❡ ❝♦rr❡❧❛t✐♦♥✱ ✇✐t❤ ❤✐❣❤❡r ♠❛r❦✉♣s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧♦✇❡r ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ●❉P ❛♥❞ t❤❡

t❡r♠s ♦❢ tr❛❞❡✳

❉❛t❛ ♦♥ r❡❛❧ ●❉P ❛♥❞ t❡r♠s ♦❢ tr❛❞❡ ❛t t❤❡ ❛♥♥✉❛❧ ❢r❡q✉❡♥❝② ❛r❡ ❜♦t❤ t❛❦❡♥ ❢r♦♠ t❤❡ ❖❊❈❉

❞❛t❛❜❛s❡ ❛♥❞ ✜❧t❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t✇♦ ❞✐✛❡r❡♥t ♣r♦❝❡❞✉r❡✳ ■ ✜rst ❛♣♣❧② t❤❡ ❍♦❞r✐❝❦ ❛♥❞ Pr❡s❝♦tt

✜❧t❡r ✇✐t❤ ❛ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r ♦❢ ✻✳✷✺ ✇❤✐❝❤ ❝❛♣t✉r❡s t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡ ❢r❡q✉❡♥❝✐❡s✳ ■ ❛❧s♦

❛♣♣❧② t❤❡ ❇❛①t❡r ❛♥❞ ❑✐♥❣ ❜❛♥❞ ♣❛ss ✜❧t❡r ❛♥❞ ❦❡❡♣ ✢✉❝t✉❛t✐♦♥s ❜❡t✇❡❡♥ ✽ ❛♥❞ ✷✺ ②❡❛rs ✐♥ ♦r❞❡r

t♦ ❝❛♣t✉r❡ ♠❡❞✐✉♠✲t❡r♠ ❜✉s✐♥❡ss ❝②❝❧❡s ✭❈♦♠✐♥ ❛♥❞ ●❡rt❧❡r ✭✷✵✵✻✮✮✳ ❯s✐♥❣ t❤❡ ❞❡tr❡♥❞❡❞ s❡r✐❡s✱

■ ❝♦♠♣✉t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ✜❧t❡r❡❞ ●❉P ❛♥❞ ✜❧t❡r❡❞ t❡r♠s✲♦❢✲tr❛❞❡ ❢♦r t✇♦ ✷✵✲②❡❛rs t✐♠❡

✹✼❚❤❡ ❧✐st ♦❢ ❝♦✉♥tr✐❡s ✐s✿ ❆✉str✐❛✱ ❇❡❧❣✐✉♠✱ ❈❛♥❛❞❛✱ ❉❡♥♠❛r❦✱ ❋✐♥❧❛♥❞✱ ❋r❛♥❝❡✱ ●❡r♠❛♥②✱ ●r❡❡❝❡✱ ■r❡❧❛♥❞✱
■❝❡❧❛♥❞✱ ■sr❛❡❧✱ ■t❛❧②✱ ❏❛♣❛♥✱ ❑♦r❡❛✱ ▲✉①❡♠❜♦✉r❣✱ ▼❡①✐❝♦✱ t❤❡ ◆❡t❤❡r❧❛♥❞s✱ P♦rt✉❣❛❧✱ ❙♣❛✐♥✱ ❙✇❡❞❡♥✱ t❤❡ ❯♥✐t❡❞✲
❑✐♥❣❞♦♠ ❛♥❞ t❤❡ ❯♥✐t❡❞✲❙t❛t❡s

✺✵



✇✐♥❞♦✇s ❢r♦♠ ✶✾✼✶ t♦ ✷✵✶✵✱ ❤❡♥❝❡ ❝r❡❛t✐♥❣ ❛ ♣❛♥❡❧ ❞❛t❛s❡t ✇❤❡r❡ ❡❛❝❤ ❝♦✉♥tr② ❛♣♣❡❛rs t✇♦

t✐♠❡s✳

■ ✉s❡ Pr✐❝❡ ❈♦st ▼❛r❣✐♥ ✭P❈▼✮ ❛s ❛♥ ❡st✐♠❛t❡ ♦❢ ♠❛r❦✉♣s ✇✐t❤✐♥ ❡❛❝❤ ✐♥❞✉str②✳ ■♥tr♦❞✉❝❡❞

❜② ❈♦❧❧✐♥s ❛♥❞ Pr❡st♦♥ ✭✶✾✻✾✮ ❛♥❞ ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ P❈▼ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

r❡✈❡♥✉❡ ❛♥❞ ✈❛r✐❛❜❧❡ ❝♦st✱ ✐✳❡✳ t❤❡ s✉♠ ♦❢ ❧❛❜♦r ❛♥❞ ♠❛t❡r✐❛❧ ❡①♣❡♥❞✐t✉r❡s✱ ♦✈❡r r❡✈❡♥✉❡✿

PCM =
❙❛❧❡s− ▲❛❜♦r ❡①♣❡♥❞✐t✉r❡−▼❛t❡r✐❛❧ ❡①♣❡♥❞✐t✉r❡

❙❛❧❡s
✭✶✳✷✹✮

❉❛t❛ ❛t t❤❡ ✐♥❞✉str② ❧❡✈❡❧ ❝♦♠❡ ❢r♦♠ t❤❡ ❖❊❈❉ ❙❚❆◆ ❞❛t❛❜❛s❡✱ ❛♥ ✉♥❜❛❧❛♥❝❡❞ ♣❛♥❡❧ ❝♦✈❡r✐♥❣

✶✵✼ s❡❝t♦rs ❢♦r ✸✹ ❝♦✉♥tr✐❡s ❜❡t✇❡❡♥ ✶✾✼✵ ❛♥❞ ✷✵✶✵✳ ❉✉❡ t♦ ♠✐ss✐♥❣ ❞❛t❛ ❢♦r ♠❛♥② ❝♦✉♥tr✐❡s ✐♥

t❤❡ ❡❛r❧✐❡st ②❡❛rs✱ ■ r❡str✐❝t t❤❡ ❛♥❛❧②s✐s ❢♦r ✷✷ ❝♦✉♥tr✐❡s✳✹✽ ■ ❝♦♠♣✉t❡ P❈▼ ❢♦r ❡❛❝❤ ✐♥❞✉str②✲

❝♦✉♥tr②✲②❡❛r ❛♥❞ t❤❡♥ ❝♦♥str✉❝t ❛♥ ❛✈❡r❛❣❡ ♦❢ P❈▼ ✇✐t❤✐♥ ❡❛❝❤ ❝♦✉♥tr②✲②❡❛r ❜② t❛❦✐♥❣ t❤❡

s❛❧❡s✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ P❈▼ ♦✈❡r ❡❛❝❤ ✐♥❞✉str②✳ ❋✐♥❛❧❧②✱ t❤❡ ❛✈❡r❛❣❡ P❈▼ ❢♦r ❛ ❣✐✈❡♥ t✐♠❡

✇✐♥❞♦✇ ✐s s✐♠♣❧② t❤❡ ♠❡❛♥ ♦❢ ❝♦✉♥tr②✲②❡❛r P❈▼ ♦✈❡r ❛❧❧ t✐♠❡ ♣❡r✐♦❞s✳ ❘❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥

t❛❜❧❡ 1.6✳

❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDP filtered
i ✱ToT filtered

i ✮

❍P✲✜❧t❡r ❇❑✲✜❧t❡r ❍P✲✜❧t❡r ❇❑✲✜❧t❡r

❆✈❡r❛❣❡ P❈▼ ✲✶✳✺✵✼✯✯✯ ✲✷✳✵✹✾✯✯✯ ✲✷✳✻✺✵✯✯✯ ✲✸✳✼✵✺✯✯✯

✭✲✷✳✼✵✮ ✭✲✸✳✶✶✮ ✭✲✷✳✽✼✮ ✭✲✹✳✶✵✮

❈♦✉♥tr② ❋❊ ♥♦ ♥♦ ②❡s ②❡s

❚✐♠❡ ❋❊ ♥♦ ♥♦ ②❡s ②❡s

N ✖✖✖✖✖✖✖✖✖✖✖✖✕ ✹✸ ✖✖✖✖✖✖✖✖✖✖✖✖✕

◆♦t❡✿ ❚❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ✜❧t❡r❡❞ ●❉P ✇✐t❤ ❚♦❚✳ t st❛t✳ ✐♥

♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01

❚❛❜❧❡ ✶✳✻✿ ▼❛r❦✉♣s ❛♥❞ ●❉P✲❚♦❚ ❝♦rr❡❧❛t✐♦♥

❚❤❡ ✜rst t✇♦ ❝♦❧✉♠♥s ♦❢ t❛❜❧❡ 1.6 s❤♦✇ t❤❡ r❡s✉❧ts ♦❢ ♣♦♦❧❡❞ ❝r♦ss✲s❡❝t✐♦♥ ❛♥❛❧②s✐s ✇❤❡r❡

■ ❞♦ ♥♦t ✉s❡ t❤❡ ♣❛♥❡❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❞❛t❛s❡t✳ ■♥ t❤❡ ❧❛st t✇♦ ❝♦❧✉♠♥s✱ ■ ♣❡r❢♦r♠ ✜①❡❞

❡✛❡❝t r❡❣r❡ss✐♦♥ ❛♥❞ ❛❞❞ t✐♠❡ ❞✉♠♠✐❡s t♦ ❝♦♥tr♦❧ ❢♦r t✐♠❡ s♣❡❝✐✜❝ ❢❛❝t♦rs t❤❛t ♠✐❣❤t ❛✛❡❝t t❤❡

✹✽❋♦r ●❡r♠❛♥②✱ ❞❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥❧② ❢r♦♠ ✶✾✾✶ ♦♥✇❛r❞ ✭❛❢t❡r t❤❡ r❡✉♥✐✜❝❛t✐♦♥✮✱ ✇❤✐❝❤ ✐s ✇❤② t❤❡ t♦t❛❧
♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤❡ r❡❣r❡ss✐♦♥s ✐s ✹✸✳

✺✶



❝♦rr❡❧❛t✐♦♥ ♦❢ ●❉P ❛♥❞ t❡r♠s✲♦❢✲tr❛❞❡✳ ■♥ ❡❛❝❤ ♦❢ t❤♦s❡ ❝❛s❡s✱ r❡❣r❡ss✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣

t❤❡ t✇♦ ✜❧t❡r✐♥❣ ♠❡t❤♦❞s ❛♥❞ ❛r❡ ❢♦✉♥❞ t♦ ❜❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✱ ✐♠♣❧②✐♥❣ t❤❛t ❝♦✉♥tr✐❡s

✇✐t❤ ❤✐❣❤❡r ♠❛r❦✉♣s ❛❧s♦ ❡①♣❡r✐❡♥❝❡ ❛ ❧❛r❣❡r ❞❡❝r❡❛s❡ ✐♥ t❤❡✐r ●❉P ✇❤❡♥ t❤❡ r❡❧❛t✐✈❡ ♣r✐❝❡ ♦❢

t❤❡✐r ✐♠♣♦rt r✐s❡s✳

✶✳✼✳✸ ❚r❛❞❡ ❛♥❞ ❚❋P ❝♦♠♦✈❡♠❡♥t

❚❤❡ ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛r❦✉♣s ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥t✱ ❛ ❝♦✉♥tr②✬s

❚❋P ✐s ✐♠♣❛❝t❡❞ ❜② ❢♦r❡✐❣♥ s❤♦❝❦s ❡✈❡♥ ✇❤❡♥ t❡❝❤♥♦❧♦❣② ✐s ✜①❡❞✳ ❆s ❛ r❡s✉❧t✱ tr❛❞❡ ♣r♦①✐♠✐t②

❛❝r♦ss ❝♦✉♥tr✐❡s s❤♦✉❧❞ ❜❡ ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞ t♦ ❚❋P ❝♦rr❡❧❛t✐♦♥✳ ■ t❡st t❤✐s ♣r❡❞✐❝t✐♦♥ ✉s✐♥❣ ✶✽

❖❊❈❉ ❝♦✉♥tr✐❡s✳ ❈♦♠♣✉t✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ❛❧❧ ♣❛✐r✇✐s❡ ✜❧t❡r❡❞ ❚❋P ✇✐❤t✐♥ ❢♦✉r ✶✵✲②❡❛rs

t✐♠❡ ✇✐♥❞♦✇ r❛♥❣✐♥❣ ❢r♦♠ ✶✾✻✾◗✶ t♦ ✷✵✵✽◗✹✱ ■ ❡st✐♠❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿

(1) ❝♦rr(TFP filtered
it , TFP filtered

jt ) = α1 + βT log(❚♦t❛❧ijt) + controls+ ǫ1,ijt

(2) ❝♦rr(TFP filtered
it , TFP filtered

jt ) = α2 + βI log(■♥t❡r♠❡❞✐❛t❡ijt) + βF log(❋✐♥❛❧ijt) + controls+ ǫ2,ijt

❘❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ 1.7 ❢♦r t❤❡ ❍P✲✜❧t❡r❡❞ ❚❋P✱ ❝❛♣t✉r✐♥❣ t❤❡ ❜✉s✐♥❡ss ❝②❝❧❡

✢✉❝t✉❛t✐♦♥s ❛♥❞ ✐♥ t❛❜❧❡ 1.8 ❢♦r t❤❡ ❇❑✲✜❧t❡r❡❞ ❚❋P ❝❛♣t✉r✐♥❣ ♠❡❞✐✉♠ r✉♥ ❝②❝❧❡s✳ ❲❤❡♥ ✉s✐♥❣

❍P ✜❧t❡r✱ t♦t❛❧ tr❛❞❡ ✐s ♣♦s✐t✐✈❡❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❚❋P ❝♦rr❡❧❛t✐♦♥✱ ✇✐t❤ tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡

✐♥♣✉t ❝❛♣t✉r✐♥❣ ❛❧❧ t❤❡ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ✐♥ ❝♦❧✉♠♥s (2) ❛♥❞ (4) ✇❤✐❧❡ ♥❡✐t❤❡r tr❛❞❡ ✐♥

✐♥t❡r♠❡❞✐❛t❡ ♥♦r ✜♥❛❧ ❣♦♦❞ ✐s ❢♦✉♥❞ s✐❣♥✐✜❝❛♥t ✐♥ ❝♦❧✉♠♥ (6)✳ ❚❤❡ ♣✐❝t✉r❡ ✐s ❝❧❡❛r❡r ✇❤❡♥

st✉❞②✐♥❣ t❤❡ ♠❡❞✐✉♠ t❡r♠ ✢✉❝t✉❛t✐♦♥✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❛❜❧❡ 1.8✿ tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t

❝❛♣t✉r❡s ❛❧❧ t❤❡ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ✐♥ ❝♦❧✉♠♥s (2)✱ (4) ❛♥❞ (6)✱ ❧❡❛✈✐♥❣ ✜♥❛❧ ❣♦♦❞ tr❛❞❡ ✇✐t❤

♥♦ ❡①♣❧❛♥❛t♦r② ♣♦✇❡r✳ ❖✈❡r❛❧❧✱ t❤✐s ❛♥❛❧②s✐s ✐s ♠♦r❡ ♥✉❛♥❝❡❞ t❤❛t ✇❤❡♥ st✉❞②✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣

❜❡t✇❡❡♥ tr❛❞❡ ❛♥❞ ●❉P ❝♦♠♦✈❡♠❡♥t✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t s✉❣❣❡sts t❤❛t ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐s ❧✐♥❦❡❞

t♦ ❚❋P s②♥❝❤r♦♥✐③❛t✐♦♥ ❛❝r♦ss ❝♦✉♥tr✐❡s ❛s ♣r❡❞✐❝t❡❞ ❜② t❤❡ t❤❡♦r②✳

✺✷



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭TFPHP
i ✱TFPHP

j ✮

✭✶✮ ✭✷✮ ✭✸✮ ✭✹✮ ✭✺✮ ✭✻✮

❧♦❣✭❚♦t❛❧✮ ✵✳✵✾✷✯✯✯ ✵✳✷✼✷✯✯✯ ✵✳✵✾✾✯✯

✭✾✳✶✷✮ ✭✶✶✳✵✺✮ ✭✷✳✼✽✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✾✾✯✯✯ ✵✳✷✵✺✯✯✯ ✵✳✵✹✾

✭✹✳✹✼✮ ✭✼✳✺✸✮ ✭✶✳✹✺✮

❧♦❣✭❋✐♥❛❧✮ ✲✵✳✶✹ ✵✳✵✶✽ ✵✳✵✹✹

✭✲✵✳✺✻✮ ✭✵✳✹✹✮ ✭✶✳✶✶✮

❈♦✉♥tr②✲P❛✐r ❋❊ ♥♦ ♥♦ ②❡s ②❡s ②❡s ②❡s

❚✐♠❡ ❚r❡♥❞ ♥♦ ♥♦ ♥♦ ♥♦ ②❡s ②❡s

❘✲sq✉❛r❡❞ ✭✇✐t❤✐♥✮ ✵✳✶✽✺ ✵✳✶✾✹ ✵✳✷✹✺ ✵✳✷✹✹

❘✲sq✉❛r❡❞ ✭♦✈❡r❛❧❧✮ ✵✳✶✶✽ ✵✳✶✷✽ ✵✳✶✷✵ ✵✳✶✸✵ ✵✳✷✶✸ ✵✳✷✶✼

N ✖✖✖✖✖✖✖✖✖✖✖✖✕ ✻✶✷ ✖✖✖✖✖✖✖✖✖✖✖✖✕

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✼✿ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❚r❛❞❡ ❛♥❞ ❍P ✜❧t❡r❡❞ ❚❋P ❝♦rr❡❧❛t✐♦♥

✺✸



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭TFPBK
i ✱TFPBK

j ✮

✭✶✮ ✭✷✮ ✭✸✮ ✭✹✮ ✭✺✮ ✭✻✮

❧♦❣✭❚♦t❛❧✮ ✵✳✵✾✶✯✯✯ ✵✳✷✾✻✯✯✯ ✵✳✵✼✾

✭✻✳✾✼✮ ✭✾✳✺✽✮ ✭✶✳✻✸✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✶✸✸✯✯✯ ✵✳✷✾✵✯✯✯ ✵✳✶✷✻✯✯

✭✹✳✻✽✮ ✭✽✳✺✺✮ ✭✷✳✺✻✮

❧♦❣✭❋✐♥❛❧✮ ✲✵✳✺✸✯ ✲✵✳✵✽✶ ✲✵✳✵✺✹

✭✲✶✳✻✻✮ ✭✲✶✳✹✽✮ ✭✲✶✳✵✵✮

❈♦✉♥tr②✲P❛✐r ❋❊ ♥♦ ♥♦ ②❡s ②❡s ②❡s ②❡s

❚✐♠❡ ❚r❡♥❞ ♥♦ ♥♦ ♥♦ ♥♦ ②❡s ②❡s

❘✲sq✉❛r❡❞ ✭✇✐t❤✐♥✮ ✵✳✶✹✵ ✵✳✶✼✷ ✵✳✷✵✶ ✵✳✷✵✼

❘✲sq✉❛r❡❞ ✭♦✈❡r❛❧❧✮ ✵✳✵✼✷ ✵✳✵✽✾ ✵✳✵✼✹ ✵✳✵✾✶ ✵✳✶✻✶ ✵✳✶✺✺

N ✖✖✖✖✖✖✖✖✖✖✖✖✕ ✻✶✷ ✖✖✖✖✖✖✖✖✖✖✖✖✕

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✽✿ ❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❚r❛❞❡ ❛♥❞ ❇❑ ✜❧t❡r❡❞ ❚❋P ❝♦rr❡❧❛t✐♦♥

✶✳✽ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❛♥❛❧②③❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❛♥❞ ❜✉s✐♥❡ss ❝②❝❧❡ s②♥❝❤r♦♥✐③❛✲

t✐♦♥ ❛❝r♦ss ❝♦✉♥tr✐❡s✳ ■ st❛rt ❜② r❡✜♥✐♥❣ ♣r❡✈✐♦✉s ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ❛♥❞ s❤♦✇ t❤❛t ❤✐❣❤❡r tr❛❞❡

✐♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ●❉P ❝♦♠♦✈❡♠❡♥t✱ ✇❤✐❧❡ tr❛❞❡ ✐♥ ✜♥❛❧

❣♦♦❞ ✐s ❢♦✉♥❞ ✐♥s✐❣♥✐✜❝❛♥t✳

▼♦t✐✈❛t❡❞ ❜② t❤✐s ♥❡✇ ❢❛❝t✱ ■ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s ✇✐t❤ t✇♦ ❦❡② ✐♥❣r❡✲

❞✐❡♥ts✿ ✭✶✮ ♠♦♥♦♣♦❧✐st✐❝ ♣r✐❝✐♥❣ ❛♥❞ ✭✷✮ ✜r♠ ❡♥tr②✴❡①✐t✳ ❇♦t❤ ❡❧❡♠❡♥ts ❛r❡ ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r

❢♦r ❢♦r❡✐❣♥ s❤♦❝❦s t♦ ❤❛✈❡ ❛ ✜rst ♦r❞❡r ✐♠♣❛❝t ♦♥ ❞♦♠❡st✐❝ ♣r♦❞✉❝t✐✈✐t② t❤r♦✉❣❤ tr❛❞❡ ❧✐♥❦❛❣❡s✳

❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s ❛❝r♦ss ❝♦✉♥tr✐❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ✇♦r❧❞✇✐❞❡ ♥❡t✇♦r❦ ♦❢

✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✱ ✇❤✐❝❤ ❡♠♣❤❛s✐③❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❣♦✐♥❣ ❜❡②♦♥❞ t✇♦✲❝♦✉♥tr② ♠♦❞❡❧s t♦

✉♥❞❡rst❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ●❉P ❝♦♠♦✈❡♠❡♥t✳

■ ❝❛❧✐❜r❛t❡ t❤✐s ♠♦❞❡❧ t♦ ✶✹ ❝♦✉♥tr✐❡s ❛♥❞ ❛ss❡ss ✐ts ❛❜✐❧✐t② t♦ r❡♣❧✐❝❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s✳

❖✈❡r❛❧❧✱ t❤❡ q✉❛♥t✐t❛t✐✈❡ ❡①❡r❝✐s❡ s✉❣❣❡sts t❤❛t t❤❡ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ r❡♣❧✐❝❛t❡ ♠♦r❡ t❤❛♥ ✽✺✪ ♦❢

✺✹



t❤❡ tr❛❞❡ ❝♦♠♦✈❡♠❡♥t s❧♦♣❡✱ ♦✛❡r✐♥❣ t❤❡ ✜rst q✉❛♥t✐t❛t✐✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✏❚r❛❞❡ ❈♦♠♦✈❡♠❡♥t

P✉③③❧❡✑✳ ❉❡❝♦♠♣♦s✐♥❣ t❤❡ r♦❧❡ ♦❢ ❡❛❝❤ ✐♥❣r❡❞✐❡♥t✱ ■ s❤♦✇ t❤❛t tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s ❛❧♦♥❡ ✐s ♥♦t

s✉✣❝✐❡♥t t♦ r❡♣❧✐❝❛t❡ t❤❡ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t r❡❧❛t✐♦♥s❤✐♣✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ♠♦♥♦♣♦❧✐st✐❝ ♣r✐❝✐♥❣

❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts ✐♥❝r❡❛s❡ t❤❡ s✐♠✉❧❛t❡❞ tr❛❞❡✲❝♦♠♦✈❡♠❡♥t s❧♦♣❡ ❜② ❛ ❢❛❝t♦r

s❡✈❡♥✳

✺✺



✶✳✾ ❊♠♣✐r✐❝❛❧ ❆♣♣❡♥❞✐①

✶✳✾✳✶ ❉❛t❛ ❞❡s❝r✐♣t✐♦♥

■ ❢♦❝✉s t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ♦♥ ✹✵ ❖❊❈❉ ❝♦✉♥tr✐❡s ❛♥❞ ♠❛❥♦r ❡♠❡r❣✐♥❣ ♠❛r❦❡ts✱ ✇❤✐❝❤ ❛❝✲

❝♦✉♥t ❢♦r ❛r♦✉♥❞ ✾✵✪ ♦❢ ✇♦r❧❞ ●❉P✳ ❚r❛❞❡ ❞❛t❛ ❝♦♠❡s ❢r♦♠ ❏♦❤♥s♦♥ ❛♥❞ ◆♦❣✉❡r❛ ✭✷✵✶✻✮ ✇❤♦

❝♦♥str✉❝t❡❞ ❜✐❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s s❡♣❛r❛t❡❞ ❜❡t✇❡❡♥ ✜♥❛❧ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ❢♦r ✹✷ ❝♦✉♥tr✐❡s

❜❡t✇❡❡♥ ✶✾✼✵ ❛♥❞ ✷✵✵✾✹✾✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❞❛t❛ ❛♣♣❡♥❞✐① ❆✳✷✱ ❤❡r❡ ✐s t❤❡ ♠❡t❤♦❞ ✉s❡❞ ❢♦r ❞❛t❛

❝♦♥str✉❝t✐♦♥✿ ❢♦r ❜✐❧❛t❡r❛❧ ❣♦♦❞s tr❛❞❡✱ t❤❡② ✉s❡ t❤❡ ◆❇❊❘✲❯◆ ❉❛t❛❜❛s❡ ❬❤tt♣✿✴✴❝✐❞✳❡❝♦♥✳✉❝❞❛✈✐s✳❡❞✉❪

❢♦r ✶✾✼✵✲✷✵✵✵ ❛♥❞ t❤❡ ❈❊P■■ ❇❆❈■ ❉❛t❛❜❛s❡ ❬❤tt♣✿✴✴✇✇✇✳❝❡♣✐✐✳❢r❪ ❢♦r ✶✾✾✺✲✷✵✵✾✳ ❚❤✐s ❞❛t❛ ✐s r❡✲

♣♦rt❡❞ ♦♥ ❛ ❝♦♠♠♦❞✐t②✲❜❛s✐s✳ ❚❤❡② ❛ss✐❣♥ ❝♦♠♠♦❞✐t✐❡s t♦ ❡♥❞ ✉s❡s ❛♥❞ ✐♥❞✉str✐❡s ✉s✐♥❣ ❡①✐st✐♥❣

❝♦rr❡s♣♦♥❞❡♥❝❡s ❢r♦♠ t❤❡❲♦r❧❞ ❇❛♥❦ ❬❤tt♣✿✴✴✇✐ts✳✇♦r❧❞❜❛♥❦✳♦r❣❪✳ ❚♦ ❛ss✐❣♥ ❝♦♠♠♦❞✐t✐❡s t♦ ❡♥❞

✉s❡s✱ t❤❡② ✉s❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s ❜❡t✇❡❡♥ ❙■❚❈ ✭❘❡✈✐s✐♦♥ ✷✮ ✹✲❞✐❣✐t ♦r ❍❙ ✭✶✾✾✻ ❘❡✈✐s✐♦♥✮ ✻✲❞✐❣✐t

❝♦♠♠♦❞✐t✐❡s ❛♥❞ t❤❡ ❇❊❈ ❡♥❞ ✉s❡ ❝❧❛ss✐✜❝❛t✐♦♥s✳ ❚♦ ❛ss✐❣♥ ❝♦♠♠♦❞✐t✐❡s t♦ ✐♥❞✉str✐❡s✱ t❤❡② ✉s❡

❝♦rr❡s♣♦♥❞❡♥❝❡s ❜❡t✇❡❡♥ ❙■❚❈ ❛♥❞ ❍❙ ❝❛t❡❣♦r✐❡s ❛♥❞ ■❙■❈ ✭❘❡✈✐s✐♦♥ ✷✮ ✐♥❞✉str✐❡s✳ ●❉P ❞❛t❛

❝♦♠❡s ❢r♦♠ t❤❡ P❡♥♥ ❲♦r❧❞ ❚❛❜❧❡s ✈❡rs✐♦♥ ✾✳✵ ✭❤tt♣✿✴✴✇✇✇✳r✉❣✳♥❧✴❣❣❞❝✴♣r♦❞✉❝t✐✈✐t②✴♣✇t✴✮✳

■♥ ❏♦❤♥s♦♥ ❛♥❞ ◆♦❣✉❡r❛ ✭✷✵✶✻✮✬s ❞❛t❛ ❢♦r ❘✉ss✐❛ st❛rts ♦♥❧② ✐♥ ✶✾✾✵ ✇❤✐❧❡ ❞❛t❛ ❢♦r ❊st♦♥✐❛✱

❙❧♦✈❛❦ ❘❡♣✉❜❧✐❝✱ ❙❧♦✈❡♥✐❛ ❛♥❞ ❈③❡❝❤ ❘❡♣✉❜❧✐❝ st❛rt ♦♥❧② ✐♥ ✶✾✾✸✳ ❆❧❧ ❝♦✉♥tr②✲♣❛✐rs ✐♥✈♦❧✈✐♥❣ ♦♥❡

♦❢ t❤♦s❡ ✜✈❡ ❝♦✉♥tr✐❡s ❛♣♣❡❛rs ♦♥❧② ❢♦r t✐♠❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✶✵ ②❡❛rs t✐♠❡✲✇✐♥❞♦✇s ❛♥❞ ❝❛♥♥♦t

❜❡ ✉s❡❞ ❛t ❛❧❧ ✐♥ t❤❡ ❝❛s❡♦❢ ✷✵ ②❡❛rs t✐♠❡✲✇✐♥❞♦✇s✳ ■♥ t♦t❛❧✱ ■ ❤❛✈❡ ✻✸✵ ❝♦✉♥tr②✲♣❛✐rs ❛♣♣❡❛r✐♥❣

✹ t✐♠❡s ❛♥❞ ✶✾✵ ♣❛✐rs ❛♣♣❡❛r✐♥❣ ✷ t✐♠❡s ✭❜♦t❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✶✵ ②❡❛rs t✐♠❡ ✇✐♥❞♦✇s✮✱ ❧❡❛❞✐♥❣ t♦

❛ ❞❛t❛s❡t ✇✐t❤ ❛ t♦t❛❧ ♦❢ ✷✾✵✵ ♦❜s❡r✈❛t✐♦♥s✳

✶✳✾✳✷ ❘♦❜✉st♥❡ss ❈❤❡❝❦s ❛♥❞ ♦t❤❡r r❡s✉❧ts

❈❤❛♥❣✐♥❣ t❤❡ ❉❛t❛s❡t

❆s ❛ r♦❜✉st♥❡ss ❝❤❡❝❦✱ ■ ❛❧s♦ ✉s❡ t❤❡ ❙❚❆◆ ❇✐❧❛t❡r❛❧ ❚r❛❞❡ ❉❛t❛❜❛s❡ ❜② ■♥❞✉str② ❛♥❞ ❊♥❞✲❯s❡

❞❛t❛ ✭❇❚❉■①❊✮✳✺✵ ❇❚❉■①❊ ❝♦♥s✐sts ♦❢ ✈❛❧✉❡s ♦❢ ✐♠♣♦rts ❛♥❞ ❡①♣♦rts ♦❢ ❣♦♦❞s✱ ❜r♦❦❡♥ ❞♦✇♥

❜② ❡♥❞✲✉s❡ ❝❛t❡❣♦r✐❡s✳ ❊st✐♠❛t❡s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ ♥♦♠✐♥❛❧ t❡r♠s✱ ✐♥ ❝✉rr❡♥t ❯❙ ❞♦❧❧❛rs ❢♦r ❛❧❧

❖❊❈❉ ♠❡♠❜❡r ❝♦✉♥tr✐❡s✳ ❚❤❡ tr❛❞❡ ✢♦✇s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❝❛♣✐t❛❧ ❣♦♦❞s✱ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts

❛♥❞ ❝♦♥s✉♠♣t✐♦♥✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ r❡s✉❧ts ✐♥ t❤❡ ♠❛✐♥ t❡①t✱ ■ ✜rst ❣r♦✉♣ t❤❡

✹✾■ ❞r♦♣ ❘♦♠❛♥✐❛ ❛♥❞ ❙♦✉t❤ ❆❢r✐❝❛ ❢r♦♠ t❤❡✐r s❛♠♣❧❡ ❜❡❝❛✉s❡ ♦❢ ❧❛❝❦ ♦❢ ●❉P s❡r✐❡s ✐♥ t❤❡ P❡♥♥ ❲♦r❧❞ ❚❛❜❧❡s
✺✵❙❡❡ ❛t ❤tt♣✿✴✴✇✇✇✳♦❡❝❞✳♦r❣✴tr❛❞❡✴❜✐❧❛t❡r❛❧tr❛❞❡✐♥❣♦♦❞s❜②✐♥❞✉str②❛♥❞❡♥❞✲✉s❡❝❛t❡❣♦r②✳❤t♠✳

✺✻



❝❛♣✐t❛❧ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s t♦❣❡t❤❡r ❛♥❞ ❝r❡❛t❡ t❤❡ ✐♥❞❡① ♦❢ tr❛❞❡ ♣r♦①✐♠✐t② ❛s ❡①♣❧❛✐♥❡❞ ✐♥

t❤❡ ♠❛✐♥ t❡①t✳ ❉✉❡ t♦ ❞❛t❛ ❛✈❛✐❧❛❜✐❧✐t②✱ ■ ✉s❡ t❤❡ ❞❛t❛ ❢r♦♠ ✶✾✾✺ t♦ ✷✵✶✹ ✇❤✐❝❤ ❛❧❧♦✇s ♠❡ t♦

❝r❡❛t❡ ❢♦✉r t✐♠❡ ✇✐♥❞♦✇s ♦❢ ✺ ②❡❛rs ❡❛❝❤ ✭t❛❜❧❡s 1.9 ❛♥❞ 1.10✮✳ ❲✐t❤ ✷✵ ❝♦✉♥tr✐❡s✱ t❤❡ ❞❛t❛s❡t

❝♦♥t❛✐♥s ✶✾✵ ♣❛✐rs✱ ❢♦r ❛ t♦t❛❧ ♦❢ ✼✻✵ ♦❜s❡r✈❛t✐♦♥s ✇✐t❤ ❢♦✉r t✐♠❡ ✇✐♥❞♦✇s✳ ❚❤❡ t❛❜❧❡s ❜❡❧♦✇

♣r❡s❡♥t t❤❡ r♦❜✉st♥❡ss r❡s✉❧ts ✉s✐♥❣ ❜♦t❤ t❤❡ ❍P ✜❧t❡r ✭❢♦r ❜✉s✐♥❡ss ❝②❝❧❡ ❢r❡q✉❡♥❝✐❡s✮ ❛♥❞ t❤❡♥

t❤❡ ❇❛①t❡r ❛♥❞ ❑✐♥❣ ✜❧t❡r ✭❢♦r ♠❡❞✐✉♠ t❡r♠ ❢r❡q✉❡♥❝✐❡s✮✳

❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDPHP
i ✱GDPHP

j ✮

✭✶✮ ✭✷✮ ✭✸✮ ✭✹✮ ✭✺✮ ✭✻✮

❧♦❣✭❚♦t❛❧✮ ✵✳✵✻✹✯✯✯ ✲✵✳✵✵✾ ✵✳✶✵✸

✭✺✳✾✹✮ ✭✲✵✳✶✹✮ ✭✶✳✺✸✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✵✹✹✯ ✵✳✶✹✻✯ ✵✳✷✵✾✯✯✯

✭✶✳✽✽✮ ✭✶✳✼✼✮ ✭✷✳✺✾✮

❧♦❣✭❋✐♥❛❧✮ ✵✳✵✷✶ ✲✵✳✶✺✷✯ ✲✵✳✶✵✼

✭✶✳✵✻✮ ✭✲✷✳✵✹✮ ✭✲✶✳✸✾✮

❈♦✉♥tr②✲P❛✐r ❋❊ ♥♦ ♥♦ ②❡s ②❡s ②❡s ②❡s

❚✐♠❡ ❚r❡♥❞ ♥♦ ♥♦ ♥♦ ♥♦ ②❡s ②❡s

N ✖✖✖✖✖✖✖✖✖✖✖✖✕ ✼✻✵ ✖✖✖✖✖✖✖✖✖✖✖✖✕

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✾✿ ❚r❛❞❡ ❛♥❞ ❍P✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦ ✷✵✶✹✮

✺✼



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDPBK
i ✱GDPBK

j ✮

✭✶✮ ✭✷✮ ✭✸✮ ✭✹✮ ✭✺✮ ✭✻✮

❧♦❣✭❚♦t❛❧✮ ✵✳✵✼✺✯✯✯ ✵✳✹✸✸✯✯✯ ✵✳✸✾✼✯✯✯

✭✺✳✷✸✮ ✭✸✳✽✻✮ ✭✸✳✶✻✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✶✶✺✯✯✯ ✵✳✺✻✷✯✯✯ ✵✳✺✸✽✯✯✯

✭✸✳✼✶✮ ✭✸✳✼✶✮ ✭✸✳✻✵✮

❧♦❣✭❋✐♥❛❧✮ ✲✵✳✵✸✻ ✲✵✳✶✵✻ ✲✵✳✶✷✷

✭✲✶✳✸✷✮ ✭✲✵✳✼✻✮ ✭✲✵✳✽✸✮

❈♦✉♥tr②✲P❛✐r ❋❊ ♥♦ ♥♦ ②❡s ②❡s ②❡s ②❡s

❚✐♠❡ ❚r❡♥❞ ♥♦ ♥♦ ♥♦ ♥♦ ②❡s ②❡s

N ✖✖✖✖✖✖✖✖✖✖✖✖✕ ✼✻✵ ✖✖✖✖✖✖✖✖✖✖✖✖✕

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✶✵✿ ❚r❛❞❡ ❛♥❞ ❇❑✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦ ✷✵✶✹✮

❙❡♣❛r❛t✐♥❣ ■♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ❢r♦♠ ❈❛♣✐t❛❧ ❣♦♦❞s

■♥ t❤❡ ❖❊❈❉ ❙❚❆◆ ❞❛t❛❜❛s❡✱ ♦♥❡ ❝❛♥ s❡♣❛r❛t❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ❢r♦♠ ❝❛♣✐t❛❧ ❣♦♦❞s✳ ■♥ t❛❜❧❡

1.11 ■ ✉s❡ t❤✐s ❝❛t❡❣♦r✐③❛t✐♦♥ ❛♥❞ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❡♠♣✐r✐❝❛❧ ❡①❡r❝✐s❡ ❛s ❛❜♦✈❡✳

✺✽



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDPHP
i ✱GDPHP

j ✮

✭✶✮ ✭✷✮ ✭✸✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✵✹✹ ✵✳✵✼✸ ✵✳✶✹✸✯

✭✶✳✹✼✮ ✭✵✳✽✾✮ ✭✶✳✼✹✮

❧♦❣✭❈❛♣✐t❛❧✮ ✵✳✵✵✹ ✵✳✶✶✹✯ ✵✳✵✾✹

✭✵✳✶✺✮ ✭✶✳✼✵✮ ✭✶✳✹✼✮

❧♦❣✭❋✐♥❛❧✮ ✵✳✵✶✽ ✲✵✳✶✽✯✯ ✲✵✳✶✷✾

✭✵✳✽✹✮ ✭✲✷✳✸✻✮ ✭✲✶✳✻✷✮

❈♦✉♥tr②✲P❛✐r ❋❊ ♥♦ ②❡s ②❡s

❚✐♠❡ ❚r❡♥❞ ♥♦ ♥♦ ②❡s

❘✲sq✉❛r❡❞ ✭✇✐t❤✐♥✮ ✵✳✵✶✶ ✵✳✸✵✹

❘✲sq✉❛r❡❞ ✭♦✈❡r❛❧❧✮ ✵✳✵✹✹ ✵✳✵✵✵ ✵✳✸✾✶

N ✖✖✖✖✖✖ ✼✻✵ ✖✖✖✖✖✲

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✶✶✿ ❚r❛❞❡ ❛♥❞ ❍P✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦
✷✵✶✹✮✱ ❢✉rt❤❡r ❞✐s❛❣❣r❡❣❛t✐♦♥

✺✾



❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✿ ❝♦rr✭GDPBK
i ✱GDPBK

j ✮

✭✶✮ ✭✷✮ ✭✸✮

❧♦❣✭■♥t❡r♠❡❞✐❛t❡✮ ✵✳✵✷✹ ✵✳✹✹✾✯✯✯ ✵✳✹✷✵✯✯✯

✭✵✳✻✷✮ ✭✸✳✵✺✮ ✭✷✳✾✺✮

❧♦❣✭❈❛♣✐t❛❧✮ ✵✳✶✶✷✯✯✯ ✵✳✶✺✵ ✵✳✶✺✽

✭✷✳✾✺ ✮ ✭✶✳✸✼✮ ✭✶✳✹✷✮

❧♦❣✭❋✐♥❛❧✮ ✲✵✳✵✺✸✯ ✲✵✳✶✸✷ ✲✵✳✶✺✸

✭✲✶✳✽✽ ✮ ✭✲✵✳✾✻✮ ✭✲✶✳✵✹✮

❈♦✉♥tr②✲P❛✐r ❋❊ ♥♦ ②❡s ②❡s

❚✐♠❡ ❚r❡♥❞ ♥♦ ♥♦ ②❡s

❘✲sq✉❛r❡❞ ✭✇✐t❤✐♥✮ ✵✳✵✺✼ ✵✳✵✺✾

❘✲sq✉❛r❡❞ ✭♦✈❡r❛❧❧✮ ✵✳✵✹✺ ✵✳✵✹✷ ✵✳✵✹✹

N ✖✖✖✖✖✕ ✼✻✵ ✖✖✖✖✖✲

t st❛t✳ ✐♥ ♣❛r❡♥t❤❡s❡s✱ ✯✯✯ ♠❡❛♥s p < 0.01✱ ✯✯ ♠❡❛♥s p < 0.05 ❛♥❞ ✯ ♠❡❛♥s p < 0.10

❚❛❜❧❡ ✶✳✶✷✿ ❚r❛❞❡ ❛♥❞ ❇❑✲❋✐❧t❡r❡❞ ●❉P ✲ ❙❚❆◆ ❞❛t❛❜❛s❡ ✭✶✾✾✺ t♦
✷✵✶✹✮✱ ❢✉rt❤❡r ❞✐s❛❣❣r❡❣❛t✐♦♥

✶✳✶✵ ❚❤❡♦r❡t✐❝❛❧ ❆♣♣❡♥❞✐①

✶✳✶✵✳✶ ❊q✉✐❧✐❜r✐✉♠ ❈♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❣❡♥❡r❛❧ ❈❊❙ ❝❛s❡

Pr✐❝❡ ■♥❞❡①❡s ❛♥❞ Pr✐❝✐♥❣ ❙②st❡♠

Pk,k′ =



∫

Ωk,k′

pk,k′(ϕ)
1−σg(ϕ)dϕ




1
1−σ

❛♥❞ IPk =


 ∑

k′=1,...,N

ωk(k
′)P1−ρ

k′,k




1
1−ρ

PBk = χ−χk

k × η−ηk
k × (1− ηk − χk)

(ηk+χk−1) × IP 1−ηk−χk

k × wχk

k × rηkk

✻✵



❯s✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝✐♥❣ str❛t❡❣② pk,k′ = τk,k′
σ

σ−1
PBk

Zkϕ
✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r✐❝❡ ✐♥❞❡①

r❡❧❛t✐✈❡ t♦ ❡❛❝❤ ❝♦✉♥tr② s♣❡❝✐✜❝ ❜✉♥❞❧❡✱ ✇❡ ❤❛✈❡ t❤❡ ♣r✐❝✐♥❣ s②st❡♠✿

P1−ρ
k = µk


∑

k′

ωk(k
′)

(
τk′k

(
ϕk′,k

ϕk′,k′

)σ−γ−1
1−σ

Pk′

)1−ρ



1−ηk−χk

, k = 1, ..., N

✇✐t❤ µ
1−σ
1−ρ

k =
γϕσ−γ−1

k,k

γ−(σ−1)Mk

(
σ

σ−1

w
χk
k

×r
ηk
k

χ
χk
k

×η
ηk
k

×(1−ηk−χk)
1−ηk−χk

1
Zk

)1−σ

✳

❊♥tr② ❚❤r❡s❤♦❧❞s

■♥ ✈❡r② ♠❛r❦❡t✱ ❡♥tr② ♦❝❝✉rs ✉♥t✐❧ t❤❡ ♣r♦✜t ♦❢ t❤❡ ❧❡❛st ♣r♦❞✉❝t✐✈❡ ✜r♠s ✐s ❡q✉❛❧ t♦ t❤❡ ✜①❡❞

❝♦st ♦❢ ❛❝❝❡ss✐♥❣ t❤❡ ♠❛r❦❡t✳ ❉❡♥♦t✐♥❣ ❜② Xk t♦t❛❧ ✜♥❛❧ ❣♦♦❞ s♣❡♥❞✐♥❣ ❜② ❝♦♥s✉♠❡rs ✭Xk =

Pk(Ck + Ik) = wkLk + rkKk +Πk✮✱ ✇❡ ❣❡t

❼ ❆t ❍♦♠❡

πk,k(ϕk,k) = fk,k
PBk

Zk

⇔ ϕk,k =

(
σ

σ − 1

PBk

Zk

1

Pk

)
×




σfk,k
PBk

Zk

Xk +
(

Pk

IPk

)1−ρ
ωk(k)(1− ηk − χk)Sk




1
σ−1

❼ ❆❜r♦❛❞

πk,k′(ϕk,k′) = fk,k′
PBk

Zk

⇔ ϕk,k′ =

(
τkk′

σ

σ − 1

PBk

Zk

1

Pk,k′

)
×




σfk,k
PBk

Zk(
Pk,k′

IPk′

)1−ρ
ωk′(k)(1− ηk − χk)Sk′




1
σ−1

❘❡♣❧❛❝✐♥❣ Pk,k′ ❜② ✐ts ❡①♣r❡ss✐♦♥ ✉s✐♥❣ Pk✱ ✇❡ ❛❧s♦ ❣❡t

ϕ
1+

(γ−(σ−1)).(σ−ρ)

(σ−1)2

k,k′ =

(
τ

ρ−1
σ−1

kk′
σ

σ − 1

PBk

Zk
IP

1−ρ
σ−1

k′

(
ϕ

σ−γ−1
σ−1

k,k .Pk

) ρ−σ
σ−1

)
×

(
σfk,k′

PBk

Zk

ωk′(k)(1− ηk − χk)Sk′

) 1
σ−1

✻✶



❙♣❡♥❞✐♥❣ ❙②st❡♠

❚♦t❛❧ r❡✈❡♥✉❡ ♦❢ ❛❧❧ ✜r♠s ❢r♦♠ ❝♦✉♥tr② k ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Rk = Xk +

[∑

k′

(
Pk,k′

IPk′

)1−ρ

ωk′(k)(1− ηk − χk)Sk′

]

❋r❡❡ ❡♥tr② ✐♥s✉r❡s t❤❛t ✈❛r✐❛❜❧❡ ♣r♦✜ts ❛r❡ ❡①❛❝t❧② ❡q✉❛❧✱ ♦♥ ❛❣❣r❡❣❛t❡✱ t♦ ✜①❡❞ ❝♦sts ❛♥❞ ❡♥tr②

❝♦sts ♣❛②♠❡♥t✱ ✐♠♣❧②✐♥❣ t❤❛t Rk = Sk✳ ❈❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r ❞❡♠❛♥❞ ✐♠♣♦s❡ rkKk + wkLk =

(ηk + χk)Sk +Πk✳ ❋✐♥❛❧❧②✱ t❤❡ s♣❡♥❞✐♥❣ s②st❡♠ ❝❛♥ ❜❡ s✐♠♣❧② ✇r✐tt❡♥ ❛s





(
IN −

(
W T ◦ P

))
︸ ︷︷ ︸

=M




S1
✳✳✳

SN


 = 0RN

✇❤❡r❡ W t❤❡ ✇❡✐❣❤t✐♥❣ ♠❛tr✐① ❞❡✜♥❡❞ ❛s Wij = ωi(j)✱ P ❛ ♠❛tr✐① ❞❡✜♥❡❞ ❜② Pij =
(
Pi,j

IPi

)1−ρ

❛♥❞ ◦ ✐s t❤❡ ❡❧❡♠❡♥t✲✇✐s❡ ✭❍❛❞❛♠❛r❞✮ ♣r♦❞✉❝t✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t t❤❡ ♠❛tr✐① M ✐s ♥♦♥

✐♥✈❡rt✐❜❧❡✺✶ ❛♥❞ ✐s ♦❢ r❛♥❦ ❡①❛❝t❧② N − 1✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✐s ❛ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❚❤✐s ✐s r❡❛ss✉r✐♥❣ ❜❡❝❛✉s❡ ✐t ♠❡❛♥s ✇❡ ❝❛♥ ♥♦r♠❛❧✐③❡ ♦♥❡ ♣r✐❝❡ t♦ ♦♥❡✳ ■

t❤❡♥ ♥♦r♠❛❧✐③❡ w1 = 1 ❛♥❞ ✇✐t❤ t❤❡ ❧❛❜♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥ t❤✐s r❡s✉❧ts ✐s

S1 =
L1

χ1

▲❛❜♦r ❛♥❞ ❈❛♣✐t❛❧ ▼❛r❦❡t ❊q✉✐❧✐❜r✐✉♠

❯s✐♥❣ t❤❡ ❧❛❜♦r s✉♣♣❧② ❡q✉❛t✐♦♥✱ Lk ✐s s✐♠♣❧②

Lν
k =

1

ψk

wk

Pk

❊q✉✐♣♣❡❞ ✇✐t❤ Sk t❤❡ t♦t❛❧ s♣❡♥❞✐♥❣ ♦❢ ❛❧❧ ✜r♠s ✐♥ k✱ ✇❛❣❡s wk ❛♥❞ r❡♥t❛❧ r❛t❡ rk ❛r❡ ❞❡✜♥❡❞

s✐♠♣❧② ❜②

wk = χk
Sk
Lk

❛♥❞ rk = ηk
Sk
Kk

✺✶❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t s✉♠♠✐♥❣ ❛❧❧ r♦✇s r❡s✉❧ts ✐♥ ❛ ❝♦❧✉♠♥ ♦❢ ③❡r♦✳

✻✷



❋r❡❡ ❊♥tr②

❆t ❡❛❝❤ ❞❛t❡✱ ✜r♠s ❡♥t❡r t❤❡ ♠♦❞❡❧ ✉♥t✐❧ t♦t❛❧ ♣r♦✜ts ❛r❡ ❡q✉❛❧ t♦ t♦t❛❧ s✉♥❦ ❝♦st ♣❛②♠❡♥t✿

Πk =Mk
PBk

Zk
.fE,k ❢♦r ❛❧❧ k

✶✳✶✵✳✷ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶

❘❡♠✐♥❞❡r ♦❢ ▲❡♠♠❛ ✶ ✿ ❚♦t❛❧ ♣r♦✜t ✐♥ ❝♦✉♥tr② k ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t♦t❛❧ r❡✈❡♥✉❡s✿

Πk =
σ − 1

γσ
Rk

Pr♦♦❢

❋✐rst✱ s✐♥❝❡ ✜r♠s ❝❤❛r❣❡ ❛ ❝♦♥st❛♥t ♠❛r❦✉♣ σ/(σ− 1) ♦✈❡r ♠❛r❣✐♥❛❧ ❝♦st✱ ✇❡ ❦♥♦✇ t❤❛t ✈❛r✐❛❜❧❡

♣r♦✜ts ❛r❡ ❛ ❢r❛❝t✐♦♥ 1/σ ♦❢ t♦t❛❧ r❡✈❡♥✉❡s✳ ❍❡♥❝❡✱ t♦t❛❧ ♣r♦✜ts ♥❡t ♦❢ ✜①❡❞ ❝♦sts ❢♦r ❛❧❧ ✜r♠s ✐♥

k ❛r❡ s✐♠♣❧②

Πk =
Rk

σ
−
∑

k′

FCk→k′

✇❤❡r❡ FCk→k′ ✐s t❤❡ s✉♠ ♦❢ ✜①❡❞ ❝♦st ♣❛②♠❡♥t ❢r♦♠ ❛❧❧ ✜r♠s ❢r♦♠ ❝♦✉♥tr② k s❡r✈✐♥❣ ♠❛r❦❡t k′✳

❚❤❡♥✱ ♥♦t❡ t❤❛t t♦t❛❧ ✜①❡❞ ❝♦st ♣❛②♠❡♥t ❢♦r ❛❧❧ ✜r♠s ✐♥ ❝♦✉♥tr② k ✐s

FCk→k′ =Mk

+∞∫

ϕk,k′

fkk′ ×
PBk

Zk
× γϕ−γ−1 × dϕ

=Mkfkk′
PBk

Zk
× ϕ−γ

k,k′

❼ ■❢ k 6= k′✱ ✇❡ ❝❛♥ ❛❧s♦ ❡①♣r❡ss t♦t❛❧ r❡✈❡♥✉❡s ✭s❛❧❡s✮ ❢r♦♠ k t♦ k′ ❛s

Rk,k′ =Mk

+∞∫

ϕk,k′

(
τkk′

σ

σ − 1

PBk

Zk

1

Pk,k′

)1−σ

× ωk′(k)Sk′ϕ
σ−1g(ϕ)dϕ

=
γMk

γ − (σ − 1)
×

(
τkk′

σ

σ − 1

PBk

Zk

1

Pk,k′

)1−σ

× ωk′(k)Sk′ϕ
σ−γ−1
k,k′

◆❡①t✱ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ t❤r❡s❤♦❧❞ ϕσ−1
k,k′ ❞❡r✐✈❡❞ ❛❜♦✈❡ ✭❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ Pk,k′✮✱

✇❡ ❣❡t

Rk,k′ =
γMk

γ − (σ − 1)
× σfk,k′

PBk

Zk
ϕ−γ
k,k′

✻✸



❆♥❞ ✇❡ r❡❝♦❣♥✐③❡ ✜♥❛❧❧② t❤❛t

Rk,k′ =
γ

γ − (σ − 1)
× σFCk→k′

❼ ❋♦r ❞♦♠❡st✐❝ r❡✈❡♥✉❡s✱ ✇❡ ❝❛♥ s❤♦✇ ✉s✐♥❣ t❤❡ s❛♠❡ st❡♣s t❤❛t

Xk +Rk,k =
γ

γ − (σ − 1)
× σFCk→k

❈♦♠❜✐♥✐♥❣ t❤♦s❡ ❡①♣r❡ss✐♦♥s✱ ✇❡ ❣❡t

∑

k′

FCk→k′ =
γ − (σ − 1)

γσ
×

(
Xk +

∑

k′

Rk,k′

)

=
γ − (σ − 1)

γσ
×Rk

❯s✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ♦❢
∑
k′
FCk→k′ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦✜ts ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✶✳✶✵✳✸ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷

❘❡♠✐♥❞❡r ♦❢ ▲❡♠♠❛ ✷ ✿ ■♥ t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ✭ρ = 1✮ ❛♥❞ ✜①❡❞ ❧❛❜♦r s✉♣♣❧② ❝❛s❡✱ t❤❡

❡❧❛st✐❝✐t② ♦❢ ❡✈❡r② ●◆■ ✇✐t❤ r❡s♣❡❝t t♦ ❛ t❡❝❤♥♦❧♦❣② s❤♦❝❦ ✐♥ ❝♦✉♥tr② ✶ ✐s ❣✐✈❡♥ ❜②✿




ηGNI1,Z1

✳✳✳

ηGNIN ,Z1


 = (IN − (1− ηk − χk)W − T )−1




1

0
✳✳✳




✇✐t❤ W t❤❡ ✇❡✐❣❤t✐♥❣ ♠❛tr✐① ❞❡✜♥❡❞ ❛❜♦✈❡ ❛♥❞ T ❛ ✏❚r❛♥s♠✐ss✐♦♥✑ ♠❛tr✐① ❢✉♥❝t✐♦♥ ♦❢ γ ❛♥❞ σ✳

Pr♦♦❢✿

■♥ t❤✐s s✐♠♣❧✐✜❡❞ ❝❛s❡ ✭ρ = 1 ❛♥❞ ✜①❡❞ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ s✉♣♣❧②✮✱ t❤❡ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ ❞❡♠❛♥❞

s❝❤❡❞✉❧❡s wkLk = χkSk ❛♥❞ rkKk = ηkSk ♣r♦✈✐❞❡ ❛ ♦♥❡ t♦ ♦♥❡ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ t♦t❛❧ s♣❡♥❞✐♥❣s

Sk ❛♥❞ t❤❡ ✇❛❣❡s wk ❛♥❞ t❤❡ ✐♥t❡r❡st r❛t❡ rk✳ ▼♦r❡♦✈❡r✱ ✐♥s♣❡❝t✐♥❣ t❤❡ s♣❡♥❞✐♥❣ s②st❡♠ ✭✶✳✶✽✮

✇❤❡♥ ρ = 1 r❡✈❡❛❧s t❤❛t ♦♥❝❡ ❛ ❝❤♦✐❝❡ ♦❢ ♥✉♠❡r❛✐r❡ ✐s ❞♦♥❡ ✭t❤❛t ✐s✱ t❛❦✐♥❣ w1 = 1 ❛♥❞ ❤❡♥❝❡

✜①✐♥❣ S1 = L1/χ1✮✱ t❤❡ ✈❡❝t♦r ♦❢ s♣❡♥❞✐♥❣s (Si)i=1,...,N ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ t❡❝❤♥♦❧♦❣② ❧❡✈❡❧✳

❯s✐♥❣ ❧❡♠♠❛ ✶ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ s✉♣♣❧② ❛r❡ ✜①❡❞✱ ✇❡ ❝❛♥ t❤❡♥ s❤♦✇ t❤❛t t♦t❛❧

✻✹



❝♦♥s✉♠❡rs✬ s♣❡♥❞✐♥❣ Xi ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❡❝❤♥♦❧♦❣② ❧❡✈❡❧✳ ❚❤✉s✱ s✐♥❝❡ GNIk = Xk/Pk t❤❡

●◆■ ❡❧❛st✐❝✐t② ✐s s✐♠♣❧② t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ❝♦✉♥tr②✬s ❝♦♥s✉♠❡rs ♣r✐❝❡ ✐♥❞❡①✳

▼♦r❡♦✈❡r✱ ✇✐t❤ ✜①❡❞ ❧❛❜♦r s✉♣♣❧② ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❡♣r❡♥❡✉rs

✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❧❛❜♦r s✐③❡✱ t❤❡ ♠❛ss ♦❢ ✜r♠s Mi ✐s ✜①❡❞ ❢♦r ❡✈❡r② ❝♦✉♥tr② i✳ ■♥ t❤❡ ♥❡①t

s❡❝t✐♦♥s✱ ■ ❝♦♠♣✉t❡ ❡❧❛st✐❝✐t✐❡s ♦❢ ❛❧❧ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s st❡♣ ❜② st❡♣ ✉♥t✐❧ ■ ❝❛♥ s♦❧✈❡ ❢♦r t❤❡

♣r✐❝❡ ✐♥❞❡① ❡❧❛st✐❝✐t✐❡s✳

▼♦❞❡❧✲❜❛s❡❞ Pr✐❝❡ ■♥❞❡①❡s

❍♦♠❡ Pr✐❝❡ ■♥❞❡① ❛t ❤♦♠❡ Pk

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ♣r✐❝❡ ✐♥❞❡①❡s✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t

∂ log(Pk)

∂ log(Zk)
= −1 +

∂ log(PBk)

∂ log(Zk)
+

(
γ − (σ − 1)

σ − 1

)
∂ log(ϕk,k)

∂ log(Zk)

❲❡ ❝❛♥ s❡❡ ✐♥ t❤✐s ❢♦r♠✉❧❛ t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦❢ ❧♦✇❡r✐♥❣ ❛❧❧ ♣r✐❝❡s ✐♥ ❝♦✉♥tr② k ♣❧✉s t✇♦ ♦t❤❡r

✐♥❞✐r❡❝t ❡✛❡❝ts ✿ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ✐♥ t❤❡ PBk t❡r♠ ❛s

✇❡❧❧ ❛s t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ♦❢ ❡♥tr② ♦❢ ♥❡✇ ✜r♠s t❤r♦✉❣❤ t❤❡ ϕk,k t❡r♠✳

❋♦r❡✐❣♥ Pr✐❝❡ ■♥❞❡① ✏❛t t❤❡✐r ❤♦♠❡✑ Pk′

∂ log(Pk′)

∂ log(Zk)
=
∂ log(PBk′)

∂ log(Zk)
+

(
γ − (σ − 1)

σ − 1

)
∂ log(ϕk′,k′)

∂ log(Zk)

❚❤❡ ❢♦r❡✐❣♥ ♣r✐❝❡ ✐♥❞❡① ✏❛t t❤❡✐r ❤♦♠❡✑ ✐s ♥♦t ❛✛❡❝t❡❞ ❞✐r❡❝t❧② ❜✉t ♦♥❧② t❤r♦✉❣❤ t❤❡ ❡✛❡❝ts ❣♦✐♥❣

t❤r♦✉❣❤ t❤❡ ✐♥♣✉t ♦✉t♣✉t ❧✐♥❦❛❣❡s ❛s ✇❡❧❧ ❛s t❤❡ ❡♥tr② ♦❢ ♥❡✇ ✜r♠s✳

❊①♣♦rt Pr✐❝❡ ✐♥❞❡①❡s Pi,j

❚❤❡ ♣r✐❝❡ ✐♥❞❡① r❡❧❛t✐✈❡ t♦ ✈❛r✐❡t✐❡s ❢r♦♠ i s♦❧❞ ♦♥ j✬s ♠❛r❦❡t ✐s ❛✛❡❝t❡❞ ❜② t❤❡ s❤♦❝❦ ❛❝❝♦r❞✐♥❣

t♦✿
∂ log(Pi,j)

∂ log(Zk)
=
∂ log(Pi)

∂ log(Zk)
+

(
γ − (σ − 1)

σ − 1

)(
∂ log(ϕi,j)

∂ log(Zk)
−
∂ log(ϕi,i)

∂ log(Zk)

)

❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❡✛❡❝t ♦❢ ❛ t❡❝❤♥♦❧♦❣② s❤♦❝❦ ♦♥ ❡①♣♦rt✐♥❣ ♣r✐❝❡ ✐♥❞❡①❡s ❞❡♣❡♥❞s ♦♥ t❤❡

✇✐❞❡♥✐♥❣ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ❡①♣♦rt❡❞ ❣♦♦❞s✱ ❛s ♠❡❛s✉r❡❞ ❜② t❤❡ s❡❝♦♥❞ t❡r♠✱ ✐♥ t❤❡ ❜r❛❝❦❡ts✳

✻✺



■♥♣✉t ❇✉♥❞❧❡ Pr✐❝❡ PBk′ ❆❜r♦❛❞

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ✇❛❣❡s ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜② t❡❝❤♥♦❧♦❣② s❤♦❝❦s✱ ■ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢

t❤❡ ✐♥♣✉t ❜✉♥❞❧❡ ♣r✐❝❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ t❡❝❤♥♦❧♦❣② s❤♦❝❦ ❛t ❤♦♠❡ ❛s ❢♦❧❧♦✇✿

∂ log(PBk′)

∂ log(Zk)
= (1−ηk−χk)

∑

j

ωk′(j)

[
∂ log(Pj)

∂ log(Zk)
+

(
γ − (σ − 1)

σ − 1

)(
∂ log(ϕj,k′)

∂ log(Zk)
−
∂ log(ϕj,j)

∂ log(Zk)

)]

❚❤r❡s❤♦❧❞s

❍♦♠❡ ❊♥tr② ❚❤r❡s❤♦❧❞ ϕk,k ❛t ❍♦♠❡

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❤r❡s❤♦❧❞s ❢r♦♠ ❛❜♦✈❡ ❛♥❞ r❡♣❧❛❝✐♥❣ ∂ log(PBk)
∂ log(Zk)

− 1 ❜② ✐ts ❡①♣r❡ss✐♦♥

✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ❍♦♠❡ ♣r✐❝❡ ✐♥❞❡① ❛t ❤♦♠❡✱ ✇❡ ❣❡t

∂ log(ϕk,k)

∂ log(Zk)
=

1

σ − 1 + κσ
×
∂ log(Pk)

∂ log(Zk)

❚❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r ( 1
σ−1+κσ ) ✐s ♣♦s✐t✐✈❡ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ♥❡❣❛t✐✈❡✱ ♠❡❛♥✐♥❣ t❤❛t ❛ ♣♦s✐t✐✈❡

t❡❝❤♥♦❧♦❣② s❤♦❝❦ tr✐❣❡rs t❤❡ ❡♥tr② ♦❢ ♠♦r❡ ✜r♠s ✐♥ t❤❡ ❝♦✉♥tr②✱ ✇❤✐❝❤ ❛♠♣❧✐✜❡s t❤❡ ❡✛❡❝t ♦❢ t❤❡

s❤♦❝❦✳

❊①♣♦rt ❊♥tr② ❚❤r❡s❤♦❧❞ ϕk,k′ ❢♦r ❍♦♠❡ ✜r♠s ❡①♣♦rt✐♥❣ t♦ k′

❯s✐♥❣ t❤❡ s❡❝♦♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡①♣♦rt t❤r❡s❤♦❧❞s ❢r♦♠ ❛❜♦✈❡✱ ✇❡ ❣❡t

(
γ

σ − 1
)
∂ log(ϕk,k′)

∂ log(Zk)
= (1 +

1

σ − 1
)×

(
∂ log(PBk)

∂ log(Zk)
− 1

)
+ κ

∂ log(ϕk,k)

∂ log(Zk)
−
∂ log(Pk)

∂ log(Zk)

▼♦r❡♦✈❡r✱ r❡♣❧❛❝✐♥❣ ∂ log(PBk)
∂ log(Zk)

− 1 ❜② ✐ts ❡①♣r❡ss✐♦♥ ✇❡ ❣❡t ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t 1 + κ = γ
σ−1 ✱

✇❡ ❣❡t
∂ log(ϕk,k′)

∂ log(Zk)
=

1

σ − 1 + κσ
×
∂ log(Pk)

∂ log(Zk)

❍♦♠❡ ❊♥tr② ❚❤r❡s❤♦❧❞ ϕk′,k′ ❆❜r♦❛❞

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❤r❡s❤♦❧❞s ❢r♦♠ ❛❜♦✈❡ ❛♥❞ r❡♣❧❛❝✐♥❣
∂ log(PBk′ )
∂ log(Zk)

❜② ✐ts ❡①♣r❡ss✐♦♥✱ ✇❡

❣❡t
∂ log(ϕk′,k′)

∂ log(Zk)
=

1

σ − 1 + κσ
×
∂ log(Pk′)

∂ log(Zk)

✻✻



❊①♣♦rt ❊♥tr② ❚❤r❡s❤♦❧❞ ϕk′,j ❢♦r ❋♦r❡✐❣♥ ✜r♠s ❡①♣♦rt✐♥❣ t♦ j

❲✐t❤ t❤❡ ✏s❡❝♦♥❞✑ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❤r❡s❤♦❧❞ ❛♥❞ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ηϕk′,k′ ,Zk
✱ ♦♥❡ ❝❛♥ s❤♦✇

t❤❛t t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ❡①♣♦rt✐♥❣ t❤r❡s❤♦❧❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ❞♦♠❡st✐❝

❡♥tr② t❤r❡s❤♦❧❞ ❛♥❞ t❤❛t t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❡①♣♦rt ♠❛r❦❡t ❝♦♥s✐❞❡r❡❞✿

∂ log(ϕk′,j)

∂ log(Zk)
=

1 + κ
γ

σ−1

×
∂ log(ϕk′,k′)

∂ log(Zk)

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r 1 + κ✱ ✇❡ ❣❡t

∂ log(ϕk′,j)

∂ log(Zk)
=
∂ log(ϕk′,k′)

∂ log(Zk)
=

1

σ − 1 + κσ
×
∂ log(Pk′)

∂ log(Zk)

Pr✐❝❡ ✐♥❞❡①❡s ❛s ❝♦♥str✉❝t❡❞ ❜② st❛t✐st✐❝❛❧ ❛❣❡♥❝✐❡s

❯s✐♥❣ r❡s✉❧ts ❛❜♦✈❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P̂k✱ ✇❡ ❣❡t✿

∂ log(P̂k′)

∂ log(Zk)
=

γ − (σ − 1)

σγ − (σ − 1)

∂ log(Pk′)

∂ log(Zk)

❋✐♥❛❧ ❊①♣r❡ss✐♦♥

◆♦✇ t❤❛t ■ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❛❧❧ t❤r❡s❤♦❧❞s ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❡❧❛st✐❝✐t✐❡s

♦❢ ♣r✐❝❡ ✐♥❞❡①❡s✱ ■ ❝❛♥ ❣❛t❤❡r t❤❡ r❡s✉❧ts✳ ■♥tr♦❞✉❝✐♥❣ Λ = 1

σ+
(σ−1)2

γ−(σ−1)

✱ ■ ❞❡✜♥❡ ❛ ♠❛tr✐① T

✭❢♦r ❚r❛♥s♠✐ss✐♦♥✮ ❛s T = ❞✐❛❣(Λ, ...,Λ)✳ ❚❤✐s ♠❛tr✐① ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❛❣❛t✐♦♥

♠❡❝❤❛♥✐s♠ ❞✉❡ t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❛ss ♦❢ ✜r♠s ✐♥ ❛❧❧ ♠❛r❦❡ts✳ ❚❤❡♥✱ t❤❡ ♣r✐❝❡ ✐♥❞❡① ❡❧❛st✐❝✐t✐❡s

❛r❡ ❞❡✜♥❡❞ ❜②




ηP1,Z1

✳✳✳

ηPN ,Z1


 = (IN − (1− η − χ)W − T )−1




−1

0

0




❋✐♥❛❧❧②✱ ♥♦t✐♥❣ t❤❛t ❢♦r ❛❧❧ i✱ ηPi,Z1 = −ηGNIi,Z1 ❝♦♥❝❧✉❞❡s t❤❡ ❞❡♠♦♥str❛t✐♦♥✳

■♥ ♦r❞❡r t♦ ❣❛✐♥ ✐♥t✉✐t✐♦♥ ♦♥ t❤✐s ❢♦r♠✉❧❛✱ ❛ ❢❡✇ ❝♦♠♠❡♥ts ❛r❡ ✐♥ ♦r❞❡r✳ ❋✐rst✱ ♥♦t❡ t❤❛t ✐♥ t❤❡

❝❛s❡ ♦❢ ❝♦♠♣❧❡t❡ ❛✉t❛r❦② ♦❢ ❛❧❧ ❝♦✉♥tr✐❡s ✇❡ ❤❛✈❡ W = IN t♦ t❤❛t t❤❡ ❡❧❛st✐❝✐t② ❢♦r ❝♦✉♥tr②

1 ✐s s✐♠♣❧② ηGNI1,Z1 = 1/(η1 + χ1 − Λ) ✇❤❡r❡❛s ❛❧❧ ♦t❤❡r ❡❧❛st✐❝✐t✐❡s ❛r❡ ③❡r♦✳ ❚❤✐s r❡s✉❧t ✐s

r❡♠✐♥✐s❝❡♥t ♦❢ ✇❤❛t ✐s ❢♦✉♥❞ ✐♥ ❏♦♥❡s ✭✷✵✶✶✮ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❛❣❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❞✉❡

t♦ t❤❡ ❛❞❥✉st♠❡♥t ❛❧♦♥❣ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❝❛♣t✉r❡❞ ❜② Λ✳ ■♥t❡r❡st✐♥❣❧②✱ t❤✐s s♣❡❝✐❛❧ ❝❛s❡

✻✼



❤✐❣❤❧✐❣❤ts t❤❡ ❢❛❝t t❤❛t ✇❡ ♥❡❡❞ (1 − η − χ) + Λ < 1 ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ♣♦s✐t✐✈❡ ♦✇♥✲❝♦✉♥tr②

❡❧❛st✐❝✐t②✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥❡❝❡ss❛r② ❢♦r t❤❡ ✈❛❧✐❞✐t② ♦❢ ✭✶✳✷✶✮✱ s✐♥❝❡ ✐t ❝♦rr❡s♣♦♥❞s t♦ ✐♠♣♦s✐♥❣

t❤❛t t❤❡ r❡❛s♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ s❡q✉❡♥❝❡ ✐s ❜❡❧♦✇ ♦♥❡✳✺✷ ❙❡❝♦♥❞❧②✱ ♥♦t✐♥❣ t❤❛t Λ = 1

σ+
(σ−1)2

γ−(σ−1)

✱

♦♥❡ ❝❛♥ s❡❡ t❤❛t ❢♦r ❛ ✜①❡❞ σ✱ Λ(γ) ✐s ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❲❤❡♥ γ → σ − 1✱ Λ → 0

❛♥❞ ✇❤❡♥ γ → +∞✱ Λ → 1/σ✳ ❋♦r ❛ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ s❤❛r❡ s♦ t❤❛t η+χ = 0.7 ✇❡ ❝❛♥ s❡❡ t❤❛t

❛♥② ✈❛❧✉❡ σ > 1.5 ✐s s✉✣❝✐❡♥t t♦ ✐♥s✉r❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ (1− η − χ) + Λ < 1 ❢♦r ❛♥②

✈❛❧✉❡ ♦❢ γ ✇✐t❤✐♥ t❤❡ r❛♥❣❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ✈❛❧✉❡s ✭γ > σ − 1✮✳

✺✷❚❤❡ ❢♦r♠✉❧❛ ✭✶✳✷✶✮ ✐s t❤❡ ♠❛tr✐① ❛♥❛❧♦❣✉❡ ♦❢ s✉♠♠✐♥❣ ❛♥ ✐♥✜♥✐t❡ ❣❡♦♠❡tr✐❝ s❡q✉❡♥❝❡✳ (1 − η − χ)W + T
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst ♦r❞❡r ❡✛❡❝t ♦❢ t❤❡ s❤♦❝❦✱ ((1− η − χ)W + T )2 ✐s t❤❡ s❡❝♦♥❞ ♦r❞❡r ❡✛❡❝t✱ ❡t❝✳✳✳ ❚❤❡ t♦t❛❧
❡✛❡❝t ❝❛♥ t❤❡♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♠❛tr✐① (IN − (1− η−χ)W −T )−1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐①
(1−η−χ)W +T ❛❧❧ ❧✐❡ ✇✐t❤✐♥ t❤❡ ✉♥✐t ❝✐r❝❧❡✳ ■♥ t❤❡ ❛✉t❛r❝② ❝❛s❡✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✐♥s✉r❡❞ ❜② (1−η−χ)+Λ < 1✳

✻✽



❈❤❛♣t❡r ✷

Pr♦♣❛❣❛t✐♦♥ ♦❢ ❚r❛❞❡ ❉✐sr✉♣t✐♦♥

❇② ❋r❛♥ç♦✐s ❞❡ ❙♦②r❡s ❛♥❞ ●✉✐❧❧❛✉♠❡ ❙✉❜❧❡t✶

❆❜str❛❝t

❲❡ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ✜r♠s ❛♥❞ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s✳

❋✐r♠s ❛❝❝❡ss ♥❡✇ ✈❛r✐❡t✐❡s ✇❤❡♥ ❜r❡❛❦✐♥❣ ✐♥t♦ ❛♥② ❢♦r❡✐❣♥ ♠❛r❦❡t ❛♥❞ ❥♦✐♥t❧② ❝❤♦♦s❡ ✇❤❡r❡ t♦

✐♠♣♦rt ❢r♦♠ ❛♥❞ t♦ ❡①♣♦rt t♦✳ ❚❤❡ ✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦st ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♠♣♦rt✐♥❣✴❡①♣♦rt✐♥❣

str❛t❡❣② ♦❢ ❡❛❝❤ ✜r♠ ❛s ✇❡❧❧ t❤❡ str❛t❡❣② ♦❢ ❛ ✜r♠✬s ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t s✉♣♣❧✐❡rs✱ ❣✐✈✐♥❣ r✐s❡

t♦ ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s ❛❝r♦ss ✜r♠s ❞❡❝✐s✐♦♥s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠♦❞❡❧ ❛❞♠✐ts ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳

■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ st✉❞② t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦✉♥tr✐❡s ♦♥ ❣❧♦❜❛❧

tr❛❞❡ ✢♦✇s ❛♥❞ s❤♦✇ t❤❛t ❛❣❣r❡❣❛t❡ tr❛❞❡ ✢♦✇s ❝❛♥ ❜❡ ❝♦♠♣❧❡♠❡♥ts r❛t❤❡r t❤❛♥ s✉❜st✐t✉t❡s✳

❆s ❛ r❡s✉❧t✱ ❛♥② tr❛❞❡ ❞✐sr✉♣t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s♣❡❝✐✜❝ ❝♦✉♥tr✐❡s ♣r♦♣❛❣❛t❡s t♦ ❛❧❧ ♦t❤❡r tr❛❞✐♥❣

♣❛rt♥❡rs t❤r♦✉❣❤ t❤❡ ♥❡t✇♦r❦ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✳ ❍❡♥❝❡✱ ✐♠♣♦s✐♥❣ s❛♥❝t✐♦♥s t♦ ♦♥❡ ❝♦✉♥tr②

❧❡❛❞s t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ tr❛❞❡ ❜❡t✇❡❡♥ ❛❧❧ ♦t❤❡r ❝♦✉♥tr✐❡s✳

✶❊♠❛✐❧✿ ❢r❛♥❝♦✐s✳❞❡✳s♦②r❡s❅❣♠❛✐❧✳❝♦♠ ❛♥❞ s✉❜❧❡✵✵✻❅✉♠♥✳❡❞✉✳

❲❡ ❛r❡ ❣r❛t❡❢✉❧ t♦ ❚❤♦♠❛s ❈❤❛♥❡②✱ P❛tr✐❝❦ ❋è✈❡✱ ❙✐♠♦♥ ❋✉❝❤s✱ ❈❤r✐st✐❛♥ ❍❡❧❧✇✐❣✱ ❚✐♠ ❑❡❤♦❡✱ ❆❧❜❛♥ ▼♦✉r❛✱
❋r❛♥❝❦ P♦rt✐❡r✱ ❈♦♥st❛♥❝❡ ❞❡ ❙♦②r❡s✱ ❙❤❡❦❤❛r ❚♦♠❛r ❛♥❞ ❘♦❜❡rt ❯❧❜r✐❝❤t ❢♦r ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s✳ ❆❧❧ ❡rr♦rs ❛r❡
♦✉rs✳

✻✾



✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ r✐s❡ ♦❢ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s ✐s ❛ ❞♦♠✐♥❛t✐♥❣ ❢❡❛t✉r❡ ♦❢ r❡❝❡♥t ❡✈♦❧✉t✐♦♥s ✐♥ t❤❡ str✉❝t✉r❡ ♦❢

✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡✳ ■♥ t❤❡ ❖❊❈❉✱ t❤❡ ✐♠♣♦rt ❝♦♥t❡♥t ♦❢ ❡①♣♦rts ✐♥❝r❡❛s❡❞ ❜② ✻✸✪ ❜❡t✇❡❡♥ ✶✾✾✺

❛♥❞ ✷✵✶✶✱ r❡❛❝❤✐♥❣ ❛ ✈❛❧✉❡ ♦❢ ✷✹✳✸✪ ♦♥ ❛✈❡r❛❣❡✳✷ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❣✉❡ t❤❛t s✉❝❤ ❛♥ ✐♥t❡r♥❛t✐♦♥✲

❛❧✐③❛t✐♦♥ ♦❢ ♣r♦❞✉❝t✐♦♥ ❝r❡❛t❡s ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛❝r♦ss ✜r♠s ❛♥❞ ❝♦✉♥tr✐❡s ❛♥❞ ②✐❡❧❞s ✐♠♣♦rt❛♥t

❝♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ✇❛② ♣♦❧✐❝② ♠❛❦❡rs t❤✐♥❦ ❛❜♦✉t tr❛❞❡ ❛❣r❡❡♠❡♥ts ❛♥❞ tr❛❞❡ s❛♥❝t✐♦♥s✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s ❤❛✈❡ t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❝r❡❛t❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡✲

t✇❡❡♥ tr❛❞❡ ✢♦✇s ✐♥ t❤❡ s❡♥s❡ s♦ t❤❛t ✐♠♣♦s✐♥❣ s❛♥❝t✐♦♥s t♦ ♦♥❡ ♣❛rt✐❝✉❧❛r ❝♦✉♥tr② ❝❛♥ r❡❞✉❝❡

tr❛❞❡ ❜❡t✇❡❡♥ ❛❧❧ ❡①✐st✐♥❣ ❝♦✉♥tr② ♣❛✐rs ✐♥ t❤❡ ✇♦r❧❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t✇♦ ❝♦✉♥tr✐❡s

s✐❣♥ ❛ ❢r❡❡ tr❛❞❡ ❛❣r❡❡♠❡♥t✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❡✣❝✐❡♥❝② ✐♥ t❤❡ ✇♦r❧❞✇✐❞❡ ♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss ❤❛s

t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❜❡♥❡✜t ❛❧❧ ❝♦✉♥tr✐❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♠♣♦rt❛♥t ❞❡❜❛t❡s s✉❝❤ ❛s t❤❡ ❡①t❡♥❞ ♦❢

tr❛❞❡ ❞✐✈❡rs✐♦♥ ✉♣♦♥ s✐❣♥✐♥❣ ❢r❡❡ tr❛❞❡ ❛❣r❡❡♠❡♥ts ♠✐❣❤t ✇❡❧❧ ❜❡ ♦✈❡r❞✉❡✳ ❋✐♥❛❧❧②✱ ♦✉r ❛♥❛❧②s✐s

②✐❡❧❞s ♣♦t❡♥t✐❛❧❧② ✐♠♣♦rt❛♥t ✐♥s✐❣❤ts ❢♦r ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❢✉t✉r❡ tr❛❞❡ ❞✐sr✉♣t✐♦♥s s✉❝❤ ❛s t❤❡ ❡①✐t

♦❢ t❤❡ ❯♥✐t❡❞✲❑✐♥❣❞♦♠ ❢r♦♠ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ✭❇r❡①✐t✮ ♦r t❤❡ r❡♥❡❣♦t✐❛t✐♦♥ ♦❢ ◆❆❋❚❆✳

❲❡ st❛rt ❜② st✉❞②✐♥❣ t❤❡♦r❡t✐❝❛❧❧② t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦✉♥✲

tr✐❡s ♦♥ t❤❡ r❡♦r❣❛♥✐③❛t✐♦♥ ♦❢ tr❛❞❡ ✢♦✇s ❛❧❧ ❛r♦✉♥❞ t❤❡ ✇♦r❧❞✳ ■♥ ♦✉r s❡t✉♣✱ ✜r♠s ✉s❡ ❧❛❜♦r ❛♥❞

✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts t♦ ♣r♦❞✉❝❡ t❤❡✐r ❣♦♦❞s✱ ✇❤✐❝❤ ✐s t❤❡♥ ✉s❡❞ ❛s ❜♦t❤ ✜♥❛❧ ❣♦♦❞ ❜② ❝♦♥s✉♠❡rs

❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ❜② ♦t❤❡r ✜r♠s✳ ❯♣♦♥ ♣❛②✐♥❣ ❛ ✜①❡❞ ❝♦st✱ ✜r♠s ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ✐♠♣♦rt

♣❛rt ♦❢ t❤❡✐r ✐♥♣✉ts ❛♥❞ ❡①♣♦rt t❤❡✐r ❣♦♦❞ t♦ ♦t❤❡r ❝♦✉♥tr✐❡s ✇❤✐❝❤ ❣✐✈❡s r✐s❡ t♦ ❡♥❞♦❣❡♥♦✉s

❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥s✳ ❲✐t❤ ❧♦✈❡ ♦❢ ✈❛r✐❡t② ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛s ❛ ✇❛② t♦ ♠♦❞❡❧ t❤❡ ❜❡♥✲

❡✜ts ♦❢ ❛❝❝❡ss✐♥❣ ❢♦r❡✐❣♥ ✐♥♣✉ts✱ t❤❡ ✐♥❝❡♥t✐✈❡s t♦ ♣❛② t❤❡ ✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♠♣♦rt✐♥❣

❢r♦♠ ❛ s♣❡❝✐✜❝ ♠❛r❦❡t ❞❡♣❡♥❞ ♦♥ ✭✐✮ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✭✈❛r✐❡t✐❡s✮ t❤❛t t❤✐s ❝♦✉♥tr② ✐s ❛❝t✉❛❧❧②

❡①♣♦rt✐♥❣ ❛♥❞ ✭✐✐✮ t❤❡ ♣r♦❞✉❝t✐✈✐t② ♦❢ t❤♦s❡ ❡①♣♦rt✐♥❣ ✜r♠s✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ t❤❡✐r ♦✇♥

❞❡❝✐s✐♦♥ t♦ ♦✉ts♦✉r❝❡ ♣❛rt ♦❢ t❤❡✐r ♣r♦❞✉❝t✐♦♥✳ ❚❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ✜r♠s✬ ♣❛②♦✛ ✐♥

❞✐✛❡r❡♥t ❝♦✉♥tr✐❡s ❝r❡❛t❡ ❛ ♥♦♥ s❡♣❛r❛❜✐❧✐t② ✐♥ t❤❡ ❞❡❝✐s✐♦♥ ♦❢ ✐♠♣♦rt✐♥❣ ❛♥❞ ❡①♣♦rt✐♥❣ ❢♦r ❡❛❝❤

♠❛r❦❡t✳ ❉✐✛❡r❡♥t ❢r♦♠ ♠♦❞❡❧s ♦❢ ❡①♣♦rt✐♥❣✱ ✜r♠s ✐♥ ♦✉r s❡t✉♣ ❝❛♥♥♦t ❝♦♥s✐❞❡r ❡❛❝❤ ❢♦r❡✐❣♥ ♠❛r✲

❦❡t s❡♣❛r❛t❡❧② ❜✉t ♠✉st ❤❡✉r✐st✐❝❛❧❧② r❛♥❦ ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♠♣♦rt✐♥❣ ❛♥❞ ❡①♣♦rt✐♥❣ str❛t❡❣✐❡s

✐♥ ♦r❞❡r t♦ ♠❛❦❡ ❛♥ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥✳ ❙✉❝❤ ❛ s✐t✉❛t✐♦♥✱ ✇✐t❤ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❛♥❞ ♥♦♥ ❝♦♥✈❡①

✷❋♦r s♦♠❡ ❝♦✉♥tr✐❡s s✉❝❤ ❛s ▲✉①❡♠❜♦✉r❣ ♦r ❇❡❧❣✐✉♠✱ ✐♠♣♦rts ♠❛❦❡ ✉♣ ♠♦r❡ t❤❛♥ ❛ t❤✐r❞ ♦❢ t❤❡✐r ❡①♣♦rts✳ ❙❡❡
❞❛t❛ ❤tt♣s✿✴✴❞❛t❛✳♦❡❝❞✳♦r❣✴tr❛❞❡✴✐♠♣♦rt✲❝♦♥t❡♥t✲♦❢✲❡①♣♦rts✳❤t♠

✼✵



❞❡❝✐s✐♦♥s✱ ❝r❡❛t❡ ❛ ❝♦♦r❞✐♥❛t✐♦♥ ♣r♦❜❧❡♠ ✇❤✐❝❤ ♥❛t✉r❛❧❧② ❣✐✈❡s r✐s❡ t♦ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳

■♥ ♠♦❞❡❧s ♦❢ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞✱ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♦♥❡ ❝♦✉♥tr② ❧❡❛✈✐♥❣ ❛ ♠✉❧t✐✲❝♦✉♥tr②

❢r❡❡ tr❛❞❡ ❛r❡❛ ✐s ❛ r❡❞✉❝t✐♦♥ ♦❢ ✇❡❧❢❛r❡ ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s ❜✉t ❛♥ ✐♥❝r❡❛s❡ ✐♥ tr❛❞❡ ✢♦✇s ❜❡t✇❡❡♥

t❤♦s❡ ❝♦✉♥tr✐❡s st❛②✐♥❣ ✐♥ t❤❡ ❢r❡❡ tr❛❞❡ ❛r❡❛✳ ❍♦✇❡✈❡r✱ ✇✐t❤ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ❜❡t✇❡❡♥

❝♦✉♥tr✐❡s✱ ♥❡✇ ❢♦r❝❡s ❣✐✈❡s r✐s❡ t♦ t✇♦ t②♣❡s ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝✐❡s ✇❤✐❝❤ ❤❛✈❡ t❤❡ ♣♦t❡♥t✐❛❧ t♦

❝r❡❛t❡ ❛❣❣r❡❣❛t❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ tr❛❞❡ ✢♦✇s✳ ❋✐rst✱ ❢r♦♠ t❤❡ r❡✈❡♥✉❡ s✐❞❡✱ ✜r♠s ❧♦s✐♥❣

❛❝❝❡ss t♦ ❛♥ ❡①♣♦rt ♠❛r❦❡t ✇✐❧❧ ♣❛ss ♦♥ t❤✐s ♥❡❣❛t✐✈❡ ❞❡♠❛♥❞ s❤♦❝❦ t♦ t❤❡✐r ♦✇♥ s✉♣♣❧✐❡rs✱

r❡❞✉❝✐♥❣ t❤❡ ✐♥❝❡♥t✐✈❡ ❢♦r ❢✉rt❤❡r ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ s✉♣♣❧② s✐❞❡✱ s♦♠❡

✜r♠s ❧♦s✐♥❣ ❛❝❝❡ss t♦ t❤❡✐r s✉♣♣❧✐❡r ❤❛✈❡ t♦ ✉s❡ ✐♠♣❡r❢❡❝t s✉❜st✐t✉t❡s ❛♥❞ ♠✐❣❤t ❡①♣❡r✐❡♥❝❡ ❛♥

✐♥❝r❡❛s❡ ✐♥ t❤❡✐r ♠❛r❣✐♥❛❧ ❝♦st✳ ❙✉❝❤ ❛ ♥❡❣❛t✐✈❡ s❤♦❝❦ ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♣r♦❞✉❝t✐♦♥ ❢♦r s♦♠❡

✜r♠s ✐s tr❛♥s♠✐tt❡❞ t♦ ♦t❤❡r ✜r♠s t❤r♦✉❣❤ ✐♥♣✉t ❧✐♥❦❛❣❡s ❛♥❞ r❡❞✉❝❡s t❤❡ ♦✈❡r❛❧❧ ❡✣❝✐❡♥❝②

♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❯❧t✐♠❛t❡❧②✱ t❤♦s❡ t✇♦ ❢♦r❝❡s✱ t❤r♦✉❣❤ r❡✈❡♥✉❡ ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st✱ ❤❛✈❡ t♦ ❜❡

❝♦♠♣❛r❡❞ t♦ st❛♥❞❛r❞ ❡❝♦♥♦♠✐❝ ♠❡❝❤❛♥✐s♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ tr❛❞❡ ✢♦✇ s✉❜st✐t✉t✐♦♥s s✉❝❤ ❤❛s

❞❡♠❛♥❞ ❞✐✈❡rs✐♦♥ ❛♥❞ t❤❡ ❡✛❡❝t t❤r♦✉❣❤ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❧❡✈❡❧ ✐♥ ❡❛❝❤ ♠❛r❦❡t✳ ◗✉❛♥t✐t❛t✐✈❡❧②✱

✇❡ s❤♦✇ t❤❛t ❛ r❡❛s♦♥❛❜❧❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧ ❧❡❛❞s t♦ ❛❣❣r❡❣❛t❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ♦❢ tr❛❞❡

✢♦✇s ❛♥❞ ❤✐❣❤❧✐❣❤ts t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ✇♦r❧❞✇✐❞❡ ♥❡t✇♦r❦ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ✇❤❡♥

❢♦r❡❝❛st✐♥❣ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ❛♥❞ tr❛❞❡ ❛❣r❡❡♠❡♥ts✳

■♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦✈✐❞❡ s✉❣❣❡st✐✈❡ ❡✈✐❞❡♥❝❡ ❢♦r ♠✐❝r♦❢♦✉♥❞❛t✐♦♥ ♦❢ ♦✉r

t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❛s ✇❡❧❧ ❛s s✉♣♣♦rt ❢♦r t❤❡ ♠♦❞❡❧✬s ♣r❡❞✐❝t✐♦♥✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ t❤❡♦r❡t✐❝❛❧

❢r❛♠❡✇♦r❦ ❛♥❞ ❞✐s❝✉ss❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ str✉❝t✉r❡❀ t❤❡ t❤✐r❞ s❡❝t✐♦♥ ♣r❡s❡♥ts ❛ ♥✉♠❡r✐❝❛❧ ❡①✲

❡r❝✐s❡✱ ❡♠♣❤❛s✐③✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ♦❢ tr❛❞❡ ✢♦✇s ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡

♣r♦♣❛❣❛t✐♦♥ ♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ♦r tr❛❞❡ ❛❣r❡❡♠❡♥t✳ ❙❡❝t✐♦♥ ❢♦✉r ♣r❡s❡♥ts ♣r❡❧✐♠✐♥❛r② ❡♠♣✐r✐❝❛❧

r❡s✉❧ts ✇❤✐❧❡ s❡❝t✐♦♥ ✜✈❡ ❝♦♥❝❧✉❞❡s✳

✷✳✷ ▼♦❞❡❧

❲❡ ❝♦♥s✐❞❡r ❛♥ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ t❤r❡❡ ❝♦✉♥tr✐❡s ✐♥❞❡①❡❞ ❜② k ✇✐t❤ r❡s♣❡❝t✐✈❡ s✐③❡ Lk✱ ❛♥❞

❆❣❣r❡❣❛t❡ Pr♦❞✉❝t✐✈✐t② ❧❡✈❡❧ Zk✱ k ∈ {A,B,C}✳

✼✶



✷✳✷✳✶ ❇❛s✐❝s ♦❢ t❤❡ ♠♦❞❡❧

Pr♦❞✉❝t✐♦♥

■♥ ❛♥② ❝♦✉♥tr② k✱ ♣r♦❞✉❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❜② ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ✜r♠s ❝♦♠❜✐♥✐♥❣ ✐♥

❛ ❈♦❜❜✲❉♦✉❣❧❛s ❢❛s❤✐♦♥ ❧❛❜♦r ℓk ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts Mk ❜♦✉❣❤t ❢r♦♠ ♦t❤❡r ✜r♠s✳ ❋✐r♠s✬

♣r♦❞✉❝t✐✈✐t② ✐s t❤❡ ♣r♦❞✉❝t ♦❢ ❛♥ ✐❞✐♦s②♥❝r❛t✐❝ ♣❛rt ϕ ❛♥❞ ❛ ❝♦✉♥tr② s♣❡❝✐✜❝ ♣❛rt Zk✳ ❚❤❡

♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❛ ✜r♠ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ ✐♥ ❝♦✉♥tr② k ✇r✐t❡s✿

Yk(ϕ) = Zk × ϕ× ℓαk (ϕ)×M1−α
k (ϕ)

✇❤❡r❡ Mk(ϕ) ✐s ❛ ❈❊❙ ❛❣❣r❡❣❛t❡ ♦❢ ❛❧❧ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞s ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s

Mk(ϕ) =




∫

j∈Uk,ϕ

m
σ−1
σ

k,ϕjdj




σ
σ−1

■♥ t❤❡ ❡①♣r❡ss✐♦♥ ❛❜♦✈❡✱ mk,ϕj ✐s t❤❡ q✉❛♥t✐t② ♦❢ ✐♥♣✉t s♦❧❞ ❜② ✜r♠ j t♦ ❛ ✜r♠ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t②

ϕ ❧♦❝❛t❡❞ ✐♥ ❝♦✉♥tr② k ❛♥❞ Uk,ϕ ✐s t❤❡ ❡♥❞♦❣❡♥♦✉s s❡t ♦❢ ❛❧❧ ✜r♠s t❤❛t ❛r❡ ✉♣str❡❛♠ t♦ ✜r♠

ϕ✳ ❲❡ ❞❡s❝r✐❜❡ t❤✐s s❡t ♠♦r❡ ♣r❡❝✐s❡❧② ❜❡❧♦✇ ✇❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ tr❛❞❡ str✉❝t✉r❡✳ ❋✐♥❛❧❧②✱

✜r♠s ❞r❛✇ t❤❡✐r ♣r♦❞✉❝t✐✈✐t② ϕ ❢r♦♠ ❛ P❛r❡t♦ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ s❤❛♣❡ ♣❛r❛♠❡t❡r γk ❛♥❞ ♣❞❢

g(ϕ) = γkϕ
−γk−1✳

❈♦♥s✉♠❡rs

■♥ ❡✈❡r② ❝♦✉♥tr②✱ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❝♦♥s✉♠❡r r❛♥❦s ❞✐✛❡r❡♥t ❝♦♥s✉♠♣t✐♦♥ ❜✉♥❞❧❡s ❛❝❝♦r❞✐♥❣ t♦

t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✿

Uk = q1−β
0 ×



∫

Ωk

q
σ−1
σ

i




σ
σ−1

×β

✇❤❡r❡ Ωk ❞❡♥♦t❡s t❤❡ ❡♥❞♦❣❡♥♦✉s s❡t ♦❢ ❛❧❧ ✈❛r✐❡t✐❡s ❛✈❛✐❧❛❜❧❡ ❢♦r ❝♦♥s✉♠♣t✐♦♥ ✐♥ ❝♦✉♥tr② k✳ ❆s

✐♥ ❍❡❧♣♠❛♥✱ ▼❡❧✐t③ ❛♥❞ ❨❡❛♣❧❡ ✭✷✵✵✹✮✱ ✉t✐❧✐t② ✐s ❞❡✜♥❡❞ ♦✈❡r ❛❧❧ ✈❛r✐❡t✐❡s ❝r❡❛t❡❞ ❜② ♠♦♥♦♣♦❧✐st✐❝

✜r♠s ❛s ✇❡❧❧ ❛s ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞ q0 ✇❤✐❝❤ ✐s ❢r❡❡❧② tr❛❞❡❞ ❛♥❞ ♣r♦❞✉❝❡❞ ❝♦♠♣❡t✐t✐✈❡❧② ✇✐t❤

♦♥❡ ✉♥✐t ♦❢ ❧❛❜♦r ♣r♦❞✉❝✐♥❣ ❡①❛❝t❧② Zk ✉♥✐ts ♦❢ t❤❡ ❣♦♦❞✳ β ✐s t❤❡ s❤❛r❡ ♦❢ s♣❡♥❞✐♥❣ ❛ttr✐❜✉t❡❞

t♦ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s ✭❛♥❞ 1 − β t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞✮✳ ❆s ✐s ✉s✉❛❧ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱

✇❡ ❛ss✉♠❡ t❤❛t q0 ✐s ❢r❡❡❧② tr❛❞❡❞ ❛♥❞ ❝♦♥s✐❞❡r ♦♥❧② ❡q✉✐❧✐❜r✐❛ ✐♥ ✇❤✐❝❤ t❤✐s ❣♦♦❞ ✐s ♣r♦❞✉❝❡❞
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✐♥ ❛❧❧ ❝♦✉♥tr✐❡s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✇❛❣❡s ❛r❡ ✜①❡❞ ❛t ❛❧❧ t✐♠❡ ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s ❛♥❞ ❛r❡ ❣✐✈❡♥ ❜②

wk = Zk✳

❚r❛❞❡ ❙tr✉❝t✉r❡

❆s ✐♥ ❈❤❛♥❡② ✭✷✵✵✽✮✱ ❆r❦♦❧❛❦✐s✱ ❉❡♠✐❞♦✈❛✱ ❑❧❡♥♦✇ ❛♥❞ ❘♦❞r✐❣✉❡③✲❈❧❛r❡ ✭✷✵✵✽✮ ♦r ❖ss❛ ✭✷✵✶✶✮

✇❡ ❛ss✉♠❡ ❛ ✜①❡❞ ♠❛ss ♦❢ ✜r♠s ✐♥ ❡❛❝❤ ❝♦✉♥tr②✱ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs✳ ■♥

♦r❞❡r t♦ ❜❡ ❛❧❧♦✇❡❞ t♦ s❡❧❧ ✐ts ✈❛r✐❡t② t♦ ❛♥② ❝♦✉♥tr② j ✭✐♥❝❧✉❞✐♥❣ t❤❡✐r ♦✇♥ ❝♦✉♥tr②✮✱ ❛ ✜r♠ ❢r♦♠

❝♦✉♥tr② i ♠✉st ♣❛② ❛ ✜①❡❞ ❝♦st fij ✐♥ ✉♥✐t ♦❢ t❤❡ ✜r♠✬s ✏♣r♦❞✉❝t✐♦♥ ❜✉♥❞❧❡✑✸ ❛s ✇❡❧❧ ❛s ❛ ✈❛r✐❛❜❧❡

✭✐❝❡❜❡r❣✮ ❝♦st τij ♣❡r ✉♥✐t s♦❧❞✳ ■♠♣♦rt❛♥t❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t ♦♥❝❡ t❤❡ ✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤

j ✐s ♣❛✐❞✱ ❛ ✜r♠ ❜❡❝♦♠❡s ❜♦t❤ ❛♥ ❡①♣♦rt❡r t♦ ❛♥❞ ❛♥ ✐♠♣♦rt❡r ❢r♦♠ ❝♦✉♥tr② j✳ ❍❡♥❝❡✱ ♣❛②✐♥❣

t❤❡ ✜①❡❞ ❡♥tr② ❝♦st t♦ ❛ ❣✐✈❡♥ ♠❛r❦❡t ❡♥t❛✐❧s ♥♦t ♦♥❧② t❤❡ ❜❡♥❡✜t ♦❢ ❛❝❝❡ss✐♥❣ ♥❡✇ ❝♦♥s✉♠❡rs✱

❜✉t ❛❧s♦ ♥❡✇ s✉♣♣❧✐❡rs✱ ❤❡♥❝❡ r❡❞✉❝✐♥❣ t❤❡ ✜r♠✬s ✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦st✳✹

❇❛s❡❞ ♦♥ t❤❡✐r ❡①♣❡❝t❡❞ ♣r♦✜t✱ ✜r♠s ❝❤♦♦s❡ ✇❤✐❝❤ ❝♦✉♥tr✐❡s t❤❡② ❡♥t❡r ✭✐❢ ❛♥②✮✱ ❛✛❡❝t✐♥❣

❜♦t❤ t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❛❧❧ ✜r♠s ✐♥ t❤❡ ❝♦✉♥tr②✳ ■t ✐s ❡❛s② t♦ s❤♦✇

t❤❛t ♣r♦✜ts ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ s♦ t❤❛t ❡①♣♦rt ❞❡❝✐s✐♦♥ ✐♥ ❡q✉✐❧✐❜r✐✉♠

✐s ❞❡✜♥❡❞ ❜② ❛ s✐♠♣❧❡ ❝♦✉♥tr②✲♣❛✐r s♣❡❝✐✜❝ t❤r❡s❤♦❧❞ ϕk,k′ ❛❜♦✈❡ ✇❤✐❝❤ ✜r♠s ❢r♦♠ k ✜♥❞ ✐t

♣r♦✜t❛❜❧❡ t♦ ♣❛② t❤❡ ✜① ❝♦st fkk′ ❛♥❞ s❡r✈❡ ❝♦✉♥tr② k′✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤❡ ❞❡❝✐s✐♦♥ t♦ ❜❡❝♦♠❡

❡①♣♦rt❡r✴✐♠♣♦rt❡r ❛❧s♦ ❛✛❡❝ts ❛ ✜r♠✬s ✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦st✱ ✐t ❛❧s♦ ❜❡♥❡✜ts ♦♥ ♦t❤❡r ✜r♠s ❛❧♦♥❣

t❤❡ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥✱ ✇❤✐❝❤ ♦♣❡♥s t❤❡ r♦♦♠ ❢♦r ❛ ❝♦♦r❞✐♥❛t✐♦♥ ✐ss✉❡ ❛♥❞ ❤❡♥❝❡ t♦ ♠✉❧t✐♣❧❡

❡q✉✐❧✐❜r✐❛✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ ❞❡t❛✐❧ t❤❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ✐♥ ✐♥❞✐✈✐❞✉❛❧ ✜r♠s✬ ❞❡❝✐s✐♦♥ ❛♥❞ t❤❡

❛♣♣❡❛r❛♥❝❡ ♦❢ ♣❛②♦✛ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✇❤❡♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

❋✐♥❛❧❧②✱ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ s❛♠❡ ✜①❡❞ ❝♦st fk,k′ ❛❧❧♦✇s ✜r♠s t♦ ❜❡❝♦♠❡ ❜♦t❤ ❡①♣♦rt❡rs

❛♥❞ ✐♠♣♦rt❡rs ❧❡❛❞s t♦ ❛ s✐♠♣❧❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡ts ♦❢ ✉♣str❡❛♠ s✉♣♣❧✐❡rs Uk,ϕ ❛♥❞ ❞♦✇♥str❡❛♠

❝✉st♦♠❡rs Dk,ϕ✳ ❆❧❧ ♣r♦❞✉❝✐♥❣ ✜r♠s✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣②✱ ✉s❡ ❡✈❡r② ♦t❤❡r

✜r♠ ✐♥ t❤❡✐r ❤♦♠❡ ❝♦✉♥tr② ❛s ❛ s✉♣♣❧✐❡r✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② Ωk,k′ t❤❡ s❡t ♦❢ ✜r♠s ❢r♦♠

k t❤❛t ❡①♣♦rt t♦ ❛♥❞ ✐♠♣♦rt ❢r♦♠ k′✱ ✇❡ ❝❛♥ s✐♠♣❧② ❡①♣r❡ss t❤❡ s❡t Uk,ϕ ❛♥❞ Dk,ϕ ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ t❤❡ ❡①♣♦rt✐♥❣ str❛t❡❣② s(ϕ)✿

Uk,ϕ = Dk,ϕ = ×k′∈s(ϕ)Ωk,k′ ✭✷✳✶✮

✸❚❤❡ ♣r♦❞✉❝t✐♦♥ ❜✉♥❞❧❡ ♦❢ ❛♥② ✜r♠ ✐s t❤❡ ❜✉♥❞❧❡ ♦❢ ❛❧❧ ✐ts s✉♣♣❧✐❡rs ❛♥❞ ❤❡♥❝❡ ❞❡♣❡♥❞s ♦♥ ✐ts ✐♠♣♦rt✐♥❣
str❛t❡❣②✳

✹❙❡❝t✐♦♥ ❢♦✉r ♣r♦✈✐❞❡s ❡♠♣✐r✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤✐s s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥✳
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❋✐♥❛❧❧②✱ t❤❡ t❤r❡s❤♦❧❞ str✉❝t✉r❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡❛❞s t♦ s✐♠♣❧❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤♦s❡ s❡ts ❛♥❞

✇❡ ❤❛✈❡ Ωk,k′ =
[
ϕk,k′ ,+∞

)
✳

✷✳✷✳✷ ❊q✉✐❧✐❜r✐✉♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ❦❡② ❝♦♥❞✐t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ t❤❡ ♠♦❞❡❧✳

●❡♥❡r✐❝❛❧❧②✱ t❤❡ ♠♦❞❡❧ ❛❞♠✐ts ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ♣♦s✐t✐✈❡ ♣r✐❝❡ ❛♥❞ r❡✈❡♥✉❡

✐♥t❡r❞❡♣❡♥❞❡♥❝❡ t❤❛t ✜r♠s ❡①❡rt ♦♥ t❤❡✐r tr❛❞✐♥❣ ♣❛rt♥❡r ✇❤❡♥ t❤❡② ❞❡❝✐❞❡ t♦ ❡♥t❡r ❛ ❢♦r❡✐❣♥

♠❛r❦❡t✳ ❲❡ ❞✐s❝✉ss t❤✐s ♣♦✐♥t ✐♥ ❞❡t❛✐❧ ❜❡❧♦✇✱ ❜✉t t❤❡ ❦❡② ✐♥t✉✐t✐♦♥ ❣♦❡s ❛s ❢♦❧❧♦✇✿ ✇❤❡♥ ❛

✜r♠ i ❞❡❝✐❞❡s t♦ ♣❛② t❤❡ ✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛❝❝❡ss t♦ ❛ ❢♦r❡✐❣♥ ♠❛r❦❡t✱ t❤❡✐r ❛r❡

t✇♦ ✇❛②s ✐♥ ✇❤✐❝❤ t❤✐s ❞❡❝✐s✐♦♥ ❛❝t✉❛❧❧② ❜❡♥❡✜ts ♦t❤❡r ✜r♠s ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❋✐rst✱ ❜② ❛❝❝❡ss✐♥❣

♥❡✇ ✈❛r✐❡t✐❡s✱ ✜r♠ i r❡❞✉❝❡s ✐ts ✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦st✳ ❚❤✐s✱ ✐♥ t✉r♥✱ r❡❞✉❝❡s t❤❡ ✉♥✐t ♣r♦❞✉❝t✐♦♥

❝♦st ♦❢ ❛❧❧ ✜r♠s t❤❛t ❛r❡ ❜✉②✐♥❣ ✜r♠ i✬s ✈❛r✐❡t② ❛s ❛♥ ✐♥♣✉t✱ ❞✐r❡❝t❧② ♦r t❤r♦✉❣❤ ♦t❤❡r s✉♣♣❧✐❡rs✳

❙❡❝♦♥❞❧②✱ ✇❤❡♥ ❛❝❝❡ss✐♥❣ ❛ ♥❡✇ ♠❛r❦❡t✱ ✜r♠ i r❡❛❝❤❡s ♦✉t t♦ ♥❡✇ ❝✉st♦♠❡rs✳ ❚❤✐s ❧❡❛❞s t♦ ❛♥

✐♥❝r❡❛s❡ ✐♥ ✜r♠ i✬s ❞❡♠❛♥❞ ❢♦r ❛❧❧ ✐ts s✉♣♣❧✐❡rs✱ ✇❤✐❝❤ tr✐❣❣❡rs ❡♥tr② ♦❢ ♥❡✇ ✜r♠s ✐♥ t❤❡ ❡❝♦♥♦♠②

✇❤✐❝❤ tr❛♥s❧❛t❡s ✐♥t♦ ♥❡✇ ✐♥♣✉ts✳ ❇♦t❤ ❡✛❡❝ts ✲ t❤r♦✉❣❤ ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ ❞❡♠❛♥❞ ✲ r❡✢❡❝t

t❤❡ str♦♥❣ ✐♥t❡r❞❡♣❡♥❞❡♥❝② ❛❝r♦ss ✜r♠s t❤❛t ❛r✐s❡ ✐♥ ❛ ✇♦r❧❞ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✳ ❖♥❡ ❝❛♥

❡❛s✐❧② s❡❡ t❤❛t s❡✈❡r❛❧ ❡q✉✐❧✐❜r✐❛ ❝❛♥ ❝♦❡①✐st ✐♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✿ ❡✐t❤❡r ♦♥❧② ❢❡✇ ✜r♠s ❛❝❝❡ss

❢♦r❡✐❣♥ ♠❛r❦❡ts ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦st ✐s ❤✐❣❤ ✇❤✐❧❡ ❛✈❡r❛❣❡ ❞❡♠❛♥❞ ✐s ❧♦✇✱ ♦r

♠❛♥② ✜r♠s ❛❝❝❡ss ❢♦r❡✐❣♥ ♠❛r❦❡ts ❛♥❞ ✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦sts ❛r❡ ❧♦✇ ✇❤✐❧❡ ♦✈❡r❛❧❧ ❞❡♠❛♥❞ ✐s

❤✐❣❤✳ ❇♦t❤ s✐t✉❛t✐♦♥s ❝♦✉❧❞ ❜❡ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ s❡♥s❡ t❤❛t ♥♦ ✜r♠ ❤❛s ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✐♥❝❡♥t✐✈❡ t♦

❞❡✈✐❛t❡ ❢r♦♠ t❤❡ ❛❧❧♦❝❛t✐♦♥✳

▲❡t ✉s ❞❡♥♦t❡ Xk t♦t❛❧ ❝♦♥s✉♠❡rs✬ r❡✈❡♥✉❡ ✐♥ ❝♦✉♥tr② k✱ ✇❤✐❝❤ ✐s t❤❡ s✉♠ ♦❢ ❧❛❜♦r ♣❛②♠❡♥t

❛♥❞ ♣r♦✜ts r❡❜❛t❡ ✭Xk = wkLk + Πk✮✳ ❈♦♥s✉♠❡rs s♣❡♥❞ ❛ ❢r❛❝t✐♦♥ β ♦❢ t❤✐s s♣❡♥❞✐♥❣ ♦♥

❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞ s♦ t❤❛t ❝♦♥s✉♠❡r✬s ❞❡♠❛♥❞ ❢♦r ✈❛r✐❡t② i ✐s✿

qi =

(
pi,k
Pk

)−σ βXk

Pk
✇✐t❤ Pk =

(∫

s∈Ωk

p1−σ
s,k ds

) 1
1−σ

▼♦r❡♦✈❡r✱ ✜r♠ i✬s ❞❡♠❛♥❞ ❢♦r ✐♥t❡r♠❡❞✐❛t❡s j ✐s ❣✐✈❡♥ ❜② mij ✿

mij =

(
pj,i
PMi

)−σ

Mi ✇✐t❤ PMi
=

(∫

j∈Ui

p1−σ
j,i ds

) 1
1−σ
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❋✐♥❛❧❧②✱ t♦t❛❧ ❞❡♠❛♥❞ ❢❛❝❡❞ ❜② ❛ ✜r♠ ❢r♦♠ ❝♦✉♥tr② k ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ ✐s s✐♠♣❧②

Yk(ϕ) =
∑

k′

(
pk,k′(ϕ)

Pk

)−σ βXk

Pk
+

∫

j∈Dk,ϕ

(
pk,k′(j)(ϕ)

PMj

)−σ

Mjdj ✭✷✳✷✮

✇❤❡r❡ pk,k′(ϕ) ✐s t❤❡ ♣r✐❝❡ ❝❤❛r❣❡❞ ❜② ❛ ✜r♠ ❢r♦♠ k ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ ✇❤❡♥ s❡❧❧✐♥❣ ✐♥ ❝♦✉♥tr② k′

❛♥❞ t❤❡ ✐♥t❡❣r❛❧ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ✜r♠s j t❤❛t ❛r❡ ❞♦✇♥str❡❛♠ t♦ ❛ ✜r♠ ❢r♦♠ k ✇✐t❤ ♣r♦❞✉❝t✐✈✐t②

ϕ✳

Pr✐❝✐♥❣ str❛t❡❣②

❋✐r♠s ❛r❡ ♠♦♥♦♣♦❧✐sts ✇✐t❤✐♥ t❤❡✐r ✈❛r✐❡t②✳ ❈❧❛ss✐❝❛❧❧②✱ t❤❡② ❝❤♦♦s❡ t❤❡✐r ♣r✐❝❡ ❛t ❛ ❝♦♥st❛♥t

♠❛r❦✉♣ ♦✈❡r ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ t❤❡ ♠❛r❦✉♣ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞✳ ❚❤❡

♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❛♥② ✜r♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ✐ts ✐♥♣✉t ❜✉♥❞❧❡ Mk(Φ)✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♣r✐❝❡ ✐♥❞❡① ✐s ♥♦t❡❞ PMk
(ϕ) ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s PMk

(ϕ) =

(
∫

j∈Uk,ϕ

pj,k(ϕ(j))
1−σdj

)1/(1−σ)

✳ ❚❤❡

♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❛ ✜r♠ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕ ✐♥ ❝♦✉♥tr② k ✐s t❤❡♥

MCk(ϕ) =
1

Zkϕ
×

wα
k

αα(1− α)1−α
× PMk

(ϕ)1−α ✭✷✳✸✮

❚❤❡ ♦♣t✐♠❛❧ ♣r✐❝✐♥❣ str❛t❡❣② ✐s ✜♥❛❧❧② ❣✐✈❡♥ ❜②✿

pk,k′(ϕ) =
µk
Zkϕ

PMk
(ϕ)1−α ✭✷✳✹✮

✇✐t❤ µk ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ σ✱ t❤❡ ✇❛❣❡ wk ❛♥❞ t❤❡ ❧❛❜♦r s❤❛r❡

α✳✺ ❯♥❧✐❦❡ ✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❑r✉❣♠❛♥ ✭✶✾✽✵✮ ♦r ▼❡❧✐t③ ✭✷✵✵✸✮ ♠♦❞❡❧s ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡✱ ♦♥❡

❝❛♥♥♦t s♦❧✈❡ ❢♦r ♣r✐❝❡s ✐♥❞❡♣❡♥❞❡♥t❧② ❢♦r ❡❛❝❤ ✜r♠✳ ❚❤r♦✉❣❤ PMk
✱ t❤❡ ♣r✐❝❡ ❝❤❛r❣❡❞ ❜② ✜r♠

ϕ ✐♥ ❝♦✉♥tr② k ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡ ❝❤❛r❣❡❞ ❜② ❛❧❧ ✐ts s✉♣♣❧✐❡rs✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞ ♦♥ t❤❡

♣r✐❝❡s ❝❤❛r❣❡❞ ❜② t❤❡✐r s✉♣♣❧✐❡rs ❛♥❞ s♦ ♦♥ ❛♥❞ s♦ ❢♦rt❤✳ ❚❤❡ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ❛❝r♦ss ✜r♠s

❝r❡❛t❡s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ♣r✐❝✐♥❣ str❛t❡❣✐❡s ♦❢ ❛❧❧ ✜r♠s ❛♥❞ ♦♥❡ ♥❡❡❞s t♦ s♦❧✈❡ ❢♦r ❛❧❧ t❤♦s❡ ♣r✐❝❡s

❛t t❤❡ s❛♠❡ t✐♠❡✳

▲❡t ✉s ❞❡♥♦t❡ ❜② s ❛♥ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣②✱ ✇✐t❤ s ∈ P ({A,B,C}) ✇❤❡r❡ P ({S}) ✐s t❤❡

✺

µk =
σ

σ − 1

wα
k

αα(1− α)1−α
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s❡t ♦❢ ❛❧❧ s✉❜s❡t ♦❢ S ✐♥❝❧✉❞✐♥❣ S ✐ts❡❧❢✳ ❊❛❝❤ str❛t❡❣② s ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ s♣❡❝✐✜❝ s❡t ♦❢

s✉♣♣❧✐❡rs ❛♥❞ ❤❡♥❝❡ ✇✐t❤ ❛ s♣❡❝✐✜❝ ♣r✐❝❡ ✐♥❞❡① ❞✉❛❧ t♦ t❤❡ ❜✉♥❞❧❡ ❛❣❣r❡❣❛t❡ Mk,s✳ ❙♦❧✈✐♥❣ ❢♦r

✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦st ❛♥❞ ♣r✐❝❡s r❡q✉✐r❡s s♦❧✈✐♥❣ ❥♦✐♥t❧② ❢♦r ❛❧❧ t❤♦s❡ str❛t❡❣②✲❞❡♣❡♥❞❡♥t ♣r✐❝❡

✐♥❞❡①❡s ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s✳ ■♥ t✉r♥✱ t❤✐s r❡q✉✐r❡s t❤❡ ✐♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ str✉❝t✉r❡ ❜❡❝❛✉s❡

t❤❡ ♣r✐❝✐♥❣ s②st❡♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❡❝❦✐♥❣ ♦r❞❡r t❤❛t ✜r♠s ❝♦♥s✐❞❡r ✇❤❡♥ ❞❡✜♥✐♥❣ t❤❡✐r str❛t❡❣②✳

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❡ ❝♦♥s✐❞❡r ♦❜❡②s t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡✳ ■♥ A✱ ✜r♠s ❝♦♥s✐❞❡r ✜rst ❡①♣♦rt✐♥❣

t♦ B ❛♥❞ t❤❡♥ C s♦ t❤❛t t❤❡② ✇✐❧❧ ❝♦♠♣❛r❡ ❛♥❞ r❛♥❦ str❛t❡❣✐❡s s ∈ {A,AB,ABC}✳ ■♥ B✱ ✜r♠s

❝♦♥s✐❞❡r ✜rst ❡①♣♦rt✐♥❣ t♦ A ❛♥❞ t❤❡♥ C ❛♥❞ ✇✐❧❧ r❛♥❦ str❛t❡❣✐❡s s ∈ {B,AB,ABC}✳ ❋✐♥❛❧❧②✱

✐♥ C✱ ✜r♠s ❝♦♥s✐❞❡r ✜rst ❡①♣♦rt✐♥❣ t♦ B ❛♥❞ t❤❡♥ A s♦ t❤❛t t❤❡ s❡t ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣✐❡s

t❤❡② ❝♦♥s✐❞❡r ✇✐❧❧ ❜❡ s ∈ {C,BC,ABC}✳ ❙✉❝❤ ❛ str✉❝t✉r❡ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞

♦♥❧② ✐❢ ♥♦ ✜r♠s ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ❤❛✈❡ t♦ ✐♥s✉r❡ t❤❛t ❣✐✈❡♥

t❤❡ ❡q✉✐❧✐❜r✐✉♠ str✉❝t✉r❡✱ ♥♦ ✜r♠ ✐♥ A ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ str❛t❡❣②

s = {AC}✱ ❛♥❞ ❡q✉✐✈❛❧❡♥t❧② ❢♦r ❞❡✈✐❛t✐♦♥s ✐♥ B ❛♥❞ C✳

◆♦t❡ t❤❛t t❤❡ ✐♥❝❡♥t✐✈❡ ❢♦r ❛ ✜r♠ ✐♥ k t♦ ❞❡✈✐❛t❡ ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str✉❝t✉r❡ ❞❡♣❡♥❞s

♦♥ t❤❡ ♥✉♠❜❡r ❛♥❞ ♦♥ t❤❡ ♣r♦❞✉❝t✐✈✐t② ♦❢ ♣♦t❡♥t✐❛❧ ✐♥♣✉t s✉♣♣❧✐❡rs t❤❡ ✜r♠ ❝❛♥ ❛❝❝❡ss ✐♥ ♦t❤❡r

❝♦✉♥tr✐❡s ❛♥❞ ❤❡♥❝❡ ♦♥ t❤❡ ❞❡❝✐s✐♦♥ ♦❢ ♦t❤❡r ✜r♠s✳ ❆❣❛✐♥✱ t❤✐s ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ ♣❛②♦✛ ❝♦✉♣❧❡❞

✇✐t❤ ❞✐s❝r❡t❡ ♥❛t✉r❡ ♦❢ ✜r♠s✬ ❝❤♦✐❝❡ ❧❡❛❞s ♥❛t✉r❛❧❧② t♦ ♠✉❧t✐♣❧✐❝✐t②✳ ■♥❞❡❡❞✱ ✇❡ s❤♦✇ ✐♥ t❤❡ ♥❡①t

s❡❝t✐♦♥ t❤❛t ❢♦r s♦♠❡ r❡❣✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✱ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❝♦❡①✐st ❛♥❞ ✇❡ s❤♦✇

❤♦✇ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t s❡✈❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ❜② ✐♠♣♦s✐♥❣ t❤❡ str✉❝t✉r❡ ❛♥❞ ♣❡❝❦✐♥❣ ♦r❞❡r ♦❢ ✜r♠s

✇✐t❤✐♥ ❡❛❝❤ ❝♦✉♥tr②✳

❧❡t (P ) ❜❡ t❤❡ s②st❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐①✳ ■♥ ♦r❞❡r

t♦ ❣❛✐♥ ✐♥t✉✐t✐♦♥✱ ❧❡t ✉s s✐♠♣❧② ✇r✐t❡ t❤❡ s✉❜✲s②st❡♠ (PA) ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t❤r❡❡

♣r✐❝❡ ✐♥❞❡①❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡①♣♦rt str❛t❡❣✐❡s ✐♥ A✱ ♥❛♠❡❧② (A)✱ (AB) ❛♥❞ (ABC)✿

✼✻







PMA,A

1−σ = MAZ
σ−1
A ×

[
ϕA,AB∫
ϕA,A

(
µA

ϕ
PMA,A

1−α
)1−σ

+
ϕA,ABC∫
ϕA,AB

(
µA

ϕ
PMA,AB

1−α
)1−σ

+
+∞∫

ϕA,ABC

(
µA

ϕ
PMA,ABC

1−α
)1−σ

]

PMA,AB

1−σ = PMA,A

1−σ

+MBZ
σ−1
B ×

[
ϕB,ABC∫
ϕB,AB

(
τBA

µB

ϕ
PMB,AB

1−α
)1−σ

+
+∞∫

ϕB,ABC

(
τBA

µB

ϕ
PMB,ABC

1−α
)1−σ

]

PMA,ABC

1−σ = PMA,AB

1−σ

+MCZ
σ−1
C ×

[
+∞∫

ϕC,ABC

(
τCA

µC

ϕ
PMC,ABC

1−α
)1−σ

]

✭P❆✮

▲❡♠♠❛ ❚❤❡ s②st❡♠ (P ) ✭❣r♦✉♣✐♥❣ t❤❡ t❤r❡❡ s✉❜✲s②st❡♠s (PA)✱ (PB) ❛♥❞ (PC)✮ ❛❞♠✐ts ❛

✉♥✐q✉❡ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥✱ ❛♥❞ t❤❡ ♣r✐❝❡ ✐♥❞❡① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✉♥✐t ❝♦st ♦❢ t❤❡ ✐♥♣✉t ❜✉♥❞❧❡

❞❡❝r❡❛s❡s ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛r❦❡t s❡r✈❡❞ ✐♥❝r❡❛s❡s✳

Pr♦♦❢ ✐♥s♣✐r❡❞ ❜② ❑❡♥♥❛♥ ✭✷✵✵✶✮ ❢♦r ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t②✳ ❚❤❡ ♦r❞❡r✐♥❣ ♦❢ ♣r✐❝❡ ✐♥❞❡①❡s ✐s

s✐♠♣❧② ♦❜t❛✐♥❡❞ ❜② ❢♦r♠✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❛❝r♦ss ❡q✉❛t✐♦♥s✳

■♥t❡r❞❡♣❡♥❞❡♥❝❡ t❤r♦✉❣❤ ♣r✐❝❡s

❚❤❡ s②st❡♠ ✭P❆✮ s❤♦✇s t❤❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝② t❤❛t ❛r✐s❡s ❢r♦♠ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ❛❝r♦ss ✜r♠s✳

❋♦r ✜①❡❞ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣✐❡s ✭✐✳❡✳ ❣✐✈❡♥ t❤r❡s❤♦❧❞s ϕk,s✮✱ t❤❡ ♣r✐❝❡ ✐♥❞❡① ❣♦✈❡r♥✐♥❣ t❤❡ ✉♥✐t

❝♦st ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❜✉♥❞❧❡ ❢♦r ❛ ✜r♠ ✇✐t❤ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣② s ❞❡♣❡♥❞s ❞✐r❡❝t❧② ♦♥

t❤❡ ♣r✐❝❡ ❝❤♦s❡♥ ❜② ✐ts s✉♣♣❧✐❡rs ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝❡ ♦❢ t❤❡✐r s✉♣♣❧✐❡rs ❛♥❞ s♦ ♦♥

❛♥❞ s♦ ❢♦rt❤✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧♦✈❡ ❢♦r ✈❛r✐❡t② ✐♥ t❤❡ ❈❊❙ ❛❣❣r❡❣❛t✐♦♥✱ t❤❡ ❛❧❧♦❝❛t✐♦♥

♦❢ ✜r♠s ✐♥t♦ ❞✐✛❡r❡♥t ❡①♣♦rt str❛t❡❣✐❡s ❛❧s♦ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡

♣r✐❝❡ ✐♥❞❡①❡s✳ ❚❤✐s ❝r❡❛t❡s ❛ ❢♦r♠ ♦❢ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣✐❡s✿ ✐❢

♠❛♥② ✜r♠s ✐♥ A ❞❡❝✐❞❡ t♦ ❡①♣♦rt ❛❜r♦❛❞✱ t❤❡② ✇✐❧❧ ❛❝❝❡ss ♥❡✇ ✐♥♣✉ts ❛♥❞ ✐♥❝r❡❛s❡ t❤❡✐r ♠❡❛s✉r❡❞

♣r♦❞✉❝t✐✈✐t② ✭❞❡❝r❡❛s❡ t❤❡✐r ✉♥✐t ❝♦st✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛❧❧ t❤❡✐r s✉♣♣❧✐❡rs ❜❡♥❡✜t ❢r♦♠ t❤❡✐r

❝❤♦✐❝❡✱ ❢✉rt❤❡r ❡♥❤❛♥❝✐♥❣ t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st ❞✉❡ t♦ t❤❡ r♦✉♥❞✲❛❜♦✉t

♣r♦❞✉❝t✐♦♥ str✉❝t✉r❡ ✐♥ t❤❡ ❡❝♦♥♦♠②✳

❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✸✮✱ ♦♥❡ ❝❛♥ ♣❧♦t t❤❡ ♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐✈✐t② ❞❡✜♥❡❞ ❛s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡

✉♥✐t ♣r♦❞✉❝t✐♦♥ ❝♦st ♦❢ ❡✈❡r② ✜r♠ ✐♥ t❤❡ ❡❝♦♥♦♠② ❢♦r ❣✐✈❡♥ t❤r❡s❤♦❧❞s✳ ■♥ ✜❣✉r❡ ✷✳✶✱ ✇❡ ♣❧♦t t❤❡

♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐✈✐t② ❛s ❢✉♥❝t✐♦♥ ♦❢ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ ♣r♦❞✉❝t✐✈✐t② ❞r❛✇s

❢♦r ❛❧❧ ✜r♠s ✐♥ A✳ ❈❛❧❧✐♥❣ s = i t❤❡ ❡①♣♦rt str❛t❡❣② ❝♦♥s✐st✐♥❣ ✐♥ s❡r✈✐♥❣ i ❞✐✛❡r❡♥t ♠❛r❦❡ts

❛♥❞ C = Zk/µk✱ t❤❡ ❣r❛♣❤s s❤♦✇s t❤❛t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ✐s ❧✐♥❡❛r ✐♥ ϕσ−1 ✇✐t❤ ❞✐s❝r❡t❡ ❥✉♠♣s ❛t

✼✼



❡❛❝❤ t❤r❡s❤♦❧❞s✳ ■t ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤♦s❡ ❥✉♠♣s ❛t ❡♥❞♦❣❡♥♦✉s ❧♦❝❛t✐♦♥s ϕk,s t❤❛t ❞r✐✈❡s t❤❡

❝♦❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✳

❋✐❣✉r❡ ✷✳✶✿ ❯♥✐t ❈♦st ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ϕ

❚♦t❛❧ ❘❡✈❡♥✉❡s ❛♥❞ Pr♦✜ts

▲❡t ✉s ❝❛❧❧ rk,s(ϕ) t❤❡ ✈❛r✐❛❜❧❡ r❡✈❡♥✉❡s ❣r♦ss ♦❢ ✜①❡❞ ❝♦sts ♦❢ ❛ ✜r♠ ❜❛s❡❞ ✐♥ ❝♦✉♥tr② k ✇✐t❤

♣r♦❞✉❝t✐✈✐t② ϕ ✐❢ ✐t ❛❞♦♣ts t❤❡ ✐♠♣♦rt✴❡①♣♦rt str❛t❡❣② s ∈ P ({A,B,C})✳ ❚❤♦s❡ r❡✈❡♥✉❡s ❛r❡ t❤❡

s✉♠ ♦❢ s❛❧❡s t♦ ❝♦♥s✉♠❡rs ❛♥❞ ✜r♠s ✐♥ ❛❧❧ ♠❛r❦❡ts ✇✐t❤✐♥ t❤❡ ✐♠♣♦rt✴❡①♣♦rt str❛t❡❣② s✳ ❇❡❝❛✉s❡

r❡✈❡♥✉❡s ❡❛r♥❡❞ ❜② ♦♥❡ ✜r♠ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡♥❞✐♥❣ ♦❢ ✐ts ❝✉st♦♠❡rs✱ ❛❧❧ r❡✈❡♥✉❡s ♠✉st ❜❡

s♦❧✈❡❞ ❥♦✐♥t❧② ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s✳ ❚❤❡ ❝♦♠♣❧❡t❡ s②st❡♠ ❞❡s❝r✐❜✐♥❣ r❡✈❡♥✉❡s ✐s ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐①✱

❛♥❞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ❞❡s❝r✐❜❡ t❤❡ st❡♣s ❧❡❛❞✐♥❣ t♦ ✐ts ❞❡t❡r♠✐♥❛t✐♦♥✳

❘❡❝❛❧❧ t❤❛t Xk r❡♣r❡s❡♥ts t♦t❛❧ ❝♦♥s✉♠❡rs✬ r❡✈❡♥✉❡ ✐♥ ❝♦✉♥tr② k✳ ❈♦♥s✉♠❡rs s♣❡♥❞ ❛ ❢r❛❝t✐♦♥

β ♦❢ t❤✐s s♣❡♥❞✐♥❣ ♦♥ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞ ❛♥❞ t❤❡ ♣r✐❝❡ ✐♥❞❡① ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡

✜♥❛❧ ❣♦♦❞ ♠❛r❦❡t ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✉s❡❞ ❜② ✜r♠s s❡r✈✐♥❣ ❛❧❧ t❤r❡❡ ♠❛r❦❡ts✳✻ ❍❡♥❝❡✱ t❤❡

r❡✈❡♥✉❡s ❡❛r♥❡❞ ❜② ❛ ✜r♠ ❢r♦♠ k ✇✐t❤ ❡①♣♦rt str❛t❡❣② s ✇❤❡♥ s❡❧❧✐♥❣ t♦ ❝♦♥s✉♠❡rs ✐♥ ❝♦✉♥tr②

k′ ✐s

(
τk,k′pk,s(ϕ)

PM
k′,ABC

)1−σ

βXk′ ✳

✻❙✐♥❝❡ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐s ❞♦♥❡ ✐♥ ❜♦t❤ ✐♥t❡r♠❡❞✐❛t❡ ❛♥❞ ✜♥❛❧ ❣♦♦❞s✱ ❝♦♥s✉♠❡rs ❤❛✈❡ ❛❝❝❡ss t♦ ❛❧❧ ✈❛r✐❡t✐❡s
t❤❛t ❛r❡ ❡①♣♦rt❡❞ t♦ t❤❡✐r ❝♦✉♥tr②✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r ✜r♠s✱ ✇❤♦ ❝❛♥ ❜✉② t❤❡✐r ✐♥♣✉ts ♦♥❧② ❢r♦♠ ❝♦✉♥tr✐❡s
t❤❡② ❛r❡ ❡①♣♦rt✐♥❣ t♦ ❛♥❞ ❢♦r ✇❤✐❝❤ t❤❡② ♣❛✐❞ t❤❡ ❛ss♦❝✐❛t❡❞ ✜①❡❞ ❝♦st✳
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❆❣❣r❡❣❛t❡ ♣r♦✜ts

❲✐t❤ ❛ ✜①❡❞ ♠❛ss ♦❢ ✜r♠s✱ ✜r♠s ♠❛❦❡ ♣♦s✐t✐✈❡ ♣r♦✜ts ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ❛ss✉♠❡ t❤♦s❡

♣r♦✜ts ❛r❡ r❡❞✐str✐❜✉t❡❞ t♦ ❝♦♥s✉♠❡r ❢r♦♠ t❤❡ s❛♠❡ ❝♦✉♥tr②✳ ❈❛❧❧✐♥❣ Rk t♦t❛❧ r❡✈❡♥✉❡s ❢r♦♠ ❛❧❧

✜r♠s ✐♥ ❝♦✉♥tr② k ❛♥❞ Πk t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❣❣r❡❣❛t❡ ♣r♦✜ts✱ ♦♥❡ ❝❛♥ t❤❡♥ ♣r♦✈❡ t❤❛t

Πk =
σ − 1

γσ
Rk ✭✷✳✺✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❛♥❞ ❢♦❧❧♦✇ ❊❛t♦♥ ❛♥❞ ❑♦rt✉♠ ✭✷✵✵✺✮ ❛s

✇❡❧❧ ❛s ❞✐ ●✐♦✈❛♥♥✐ ❛♥❞ ▲❡✈❝❤❡♥❦♦ ✭✷✵✶✷✮✳

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ r❡✈❡♥✉❡s ♠❛❞❡ ♦♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♠❛r❦❡t✳ ❈✉♠✉❧❛t❡❞

❞❡♠❛♥❞ ❢r♦♠ ❛❧❧ ✜r♠s ✐♥ k′ ✇✐t❤ str❛t❡❣② s′ ❛❞❞r❡ss❡❞ t♦ ❛ ✜r♠ ❢r♦♠ k ✇✐t❤ str❛t❡❣② s ❛♥❞

♣r♦❞✉❝t✐✈✐t② ϕ ❝❛♥ ❜❡ ✇r✐tt❡♥✿

Mk ×

ϕk′,s′+1∫

ϕk′,s′

(
pk,s(ϕ)

PMk′,s′

)1−σ

PMk′,s′
Mk′,s′(u)g(u)du

✇❤❡r❡ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ϕk′,s′ ❛♥❞ ϕk′,s′+1 ❛r❡ ♥❛t✉r❛❧✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ ✜r♠ ❝❤❛r❣❡s ❛

❝♦♥st❛♥t ♠❛r❦✉♣ σ
σ−1 ♦✈❡r ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ s♣❡♥❞s ❛ ❝♦♥st❛♥t ❢r❛❝t✐♦♥ 1− α ♦♥ ✐♥t❡r♠❡❞✐❛t❡s

✐♥♣✉ts✱ ✐t ❢♦❧❧♦✇s t❤❛t t♦t❛❧ s♣❡♥❞✐♥❣ ♦♥ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts PMk,s
Mk,s(ϕ) ✐s ❛ ❝♦♥st❛♥t ❢r❛❝t✐♦♥

♦❢ t♦t❛❧ s❛❧❡s✳ ❋♦r ❡✈❡r② ❝♦✉♥tr② k ❛♥❞ ❡①♣♦rt str❛t❡❣② s✱ ✇❡ ❤❛✈❡

PMk,s
Mk,s(ϕ) = (1− α)

σ − 1

σ
rk,s(ϕ)

■♥t❡❣r❛t✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ♦✈❡r ❛❧❧ ✜r♠s ✇✐t❤ str❛t❡❣② s ✐♥ ❝♦✉♥tr② k✱ ✇❡ ❞❡✜♥❡ t❤❡ ❡♥❞♦❣❡♥♦✉s

✈❛r✐❛❜❧❡ Λk,s ❛s

Λk,s =

ϕk,s+1∫

ϕk,s

PMk,s
Mk,s(ϕ)g(ϕ)dϕ = Pσ−1

Mk,s
(1− α)

σ − 1

σ

ϕk,s+1∫

ϕk,s

rk,s(ϕ)g(ϕ)dϕ

Λk,s ♠❡❛s✉r❡s t❤❡ ❞❡♠❛♥❞ ❛❞❞r❡ss❡❞ ❜② ❛ ✜r♠ ✐♥ k ✇✐t❤ ❡①♣♦rt str❛t❡❣② s t♦ ❛❧❧ ✐ts s✉♣♣❧✐❡rs✳ ■t

♥❛t✉r❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r✐❝✐♥❣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣②✳ ❲❡ ❝❛♥ ♥♦✇ ✇r✐t❡

t❤❡ r❡✈❡♥✉❡s ♦❢ ❛ ✜r♠ ❢r♦♠ ❝♦✉♥tr② k ✇✐t❤ str❛t❡❣② s✿ ✐t ❝♦♥s✐sts ♦❢ t❤❡ s✉♠ ♦❢ r❡✈❡♥✉❡s ♠❛❞❡

✼✾



♦♥ ❛❧❧ ♠❛r❦❡ts✱ ✇✐t❤ t❤❡ r❡✈❡♥✉❡s ♦♥ ❛♥② ♠❛r❦❡t k′ ❜❡✐♥❣ t❤❡ s✉♠ ♦❢ s❛❧❡s t♦ ✜♥❛❧ ❝♦♥s✉♠❡rs

❛♥❞ s❛❧❡s t♦ ✜r♠s t❤❛t ❢♦r ✇❤✐❝❤ ❝♦✉♥tr② k ❜❡❧♦♥❣ t♦ t❤❡✐r ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣② ✭♠❡❛♥✐♥❣ ✜r♠s

✇✐t❤ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣✐❡s s′ | k ∈ s′✮✳ ❚❤❡ s②st❡♠ Rk ❞❡s❝r✐❜❡s t❤❡ r❡✈❡♥✉❡s ❢♦r ❛♥② ✜r♠ ✐♥ k

❛s✿



 rk,s(ϕ) =

∑

k′∈s



(
τk,k′

pk,s
Pk′

)1−σ

βXk′ +Mk′ ×
∑

s′|k∈s′

(
τk,k′pk,s
PMk′,s′

)1−σ

Λk′,s′


 , ∀s ✭❘✭❦✮✮

✇❤❡r❡ t❤❡ ♣r✐❝❡s pk,s(ϕ) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ ✭✷✳✹✮✳ ■♥ ♦r❞❡r t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ ❢♦r r❡✈❡♥✉❡s✱

♦♥❡ ♠✉st ✜rst s♦❧✈❡ ❢♦r t❤❡ ❡♥❞♦❣❡♥♦✉s ✈❡❝t♦r ♦❢ {Λk,s}k∈{A,B,C},s∈P({A,B,C})✳ ❚❤✐s ❝❛♥ s✐♠♣❧② ❜❡

❞♦♥❡ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ r❡✈❡♥✉❡s ❛❜♦✈❡ ❢♦r ❛❧❧ ♣r♦❞✉❝t✐✈✐t✐❡s ϕ ✇✐t❤✐♥ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣②

s✳ ❚♦ ❝❧❛r✐❢② ♥♦t❛t✐♦♥s✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ Ck,s✱ ❢♦r ❡✈❡r② ❝♦✉♥tr② k ❛♥❞ str❛t❡❣② s✱ ❛s ❢♦❧❧♦✇✿

Ck,s = (1− α)
σ − 1

σ

(
µkP

−α
Mk,s

Zk

)1−σ

×
γk

γk − (σ − 1)

(
ϕσ−γk−1
k,s − ϕσ−γk−1

k,s+1

)

❚❤❡♥✱ t❤❡ s②st❡♠s (Λk)✱ ❢♦r k ∈ {A,B,C} ❞❡✜♥✐♥❣ t❤❡ ♦❜❥❡❝ts Λk,s ❝❛♥ ❜❡ ✇r✐tt❡♥



 Λk,s = Ck,s ×

∑

k′∈s

τ1−σ
k,k′


βXk′P

σ−1
Mk′,ABC

+Mk′ ×
∑

s′|k∈s′

Λk′,s′


 , ∀s ✭Λ✭❦✮✮

❚❤❡ s②st❡♠ Λ✱ ❣r♦✉♣✐♥❣ ✭Λ✭❦✮✮ ❢♦r k ∈ {A,B,C} ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐①✳ ■t ✐s ❛ s✐♠♣❧❡ ❧✐♥❡❛r

s②st❡♠ t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ❢♦r✳ ❲✐t❤ t❤❡ ✈❛❧✉❡s ❢♦r ❛❧❧ Λs✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ✭❘✭❦✮✮ s②st❡♠s t♦

❝♦♠♣✉t❡ t❤❡ r❡✈❡♥✉❡s ♦❢ ❛❧❧ ✜r♠s ✐♥ t❤❡ ❡❝♦♥♦♠②✱ ❢♦r ❣✐✈❡♥ t❤r❡s❤♦❧❞s ϕk,s✳

■♥t❡r❞❡♣❡♥❞❡♥❝❡ t❤r♦✉❣❤ r❡✈❡♥✉❡s

❲❤❡♥ ❛ ✜r♠ ❞❡❝✐❞❡s t♦ ❜❡ ❛❝t✐✈❡ ✐♥ ❛ ❢♦r❡✐❣♥ ❝♦✉♥tr②✱ ✐t ✐♥❝r❡❛s❡s ✐ts ♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐✈✐t②

❜② ❣❛✐♥✐♥❣ ❛❝❝❡ss t♦ ♥❡✇ ✐♥♣✉ts✳ ❚❤✐s tr❛♥s❧❛t❡s ✐♥t♦ ❤✐❣❤❡r s❛❧❡s ✐♥ ❛❧❧ ♠❛r❦❡ts ✭✐♥❝❧✉❞✐♥❣

t❤❡ ❞♦♠❡st✐❝ ♦♥❡✮✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♥❝r❡❛s❡ t❤❡ ❞❡♠❛♥❞ t❤❛t t❤❡ ✜r♠ ❛❞❞r❡ss❡s t♦ ✐ts s✉♣♣❧✐❡rs✳

❲❤❡♥ s♦❧✈✐♥❣ ❢♦r ♣r✐❝❡s✱ ✇❡ s❛✇ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛ ✜r♠ ✐♠♣❛❝ts t❤❡ ♣r✐❝❡ ♦❢ ✐ts ❝✉st♦♠❡rs✱

✇❤✐❝❤ ✐♥ t✉r♥s ❛✛❡❝t ✐ts ❝✉st♦♠❡r✬s ❝✉st♦♠❡rs ❡t❝✳ ❚❤❡ ♠❡❝❤❛♥✐s♠ ❛t ♣❧❛② ❢♦r t❤❡ r❡✈❡♥✉❡s

✇♦r❦s ✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❜✉t ❞✉❡ t♦ t❤❡ r♦✉♥❞✲❛❜♦✉t ♣r♦❞✉❝t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ ❡❝♦♥♦♠②✱

t❤✐s ♣r♦♣❛❣❛t❡ ✐♥ t❤❡ ❡♥t✐r❡ ❡❝♦♥♦♠②✳ ❇♦t❤ ♠❡❝❤❛♥✐s♠s ✭t❤r♦✉❣❤ ♣r✐❝❡ ❛♥❞ r❡✈❡♥✉❡✮ ❧❡❛❞ t♦

❛ ❢♦r♠ ♦❢ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ ✜r♠s✬ ♣❛②♦✛s✱ ✇❤✐❝❤ st❡♠s ❢r♦♠ t❤❡✐r ✈❡rt✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳ ❚❤✐s

✽✵



❝♦♠♣❧❡♠❡♥t❛r✐t②✱ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ♥♦♥ ❝♦♥✈❡① ❞❡❝✐s✐♦♥s t♦ ✐♠♣♦rt ❛♥❞ ❡①♣♦rt ♦♣❡♥s t❤❡ ❞♦♦r

❢♦r ❝♦♦r❞✐♥❛t✐♦♥ ✐ss✉❡s ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❡q✉✐❧✐❜r✐❛✳ ■♥t✉✐t✐✈❡❧②✱ ✐❢ ♠❛♥② ✜r♠s ❢r♦♠ A ❞❡❝✐❞❡ t♦

❡①♣♦rt✴✐♠♣♦rt t♦ B✱ t❤❡♥ ✜r♠s ✐♥ B ❤❛✈❡ ❛❝❝❡ss t♦ ♠❛♥② ✐♥♣✉ts✳ ❚❤✐s ♣✉s❤❡s ✉♣ t❤❡✐r ♠❡❛s✉r❡❞

♣r♦❞✉❝t✐✈✐t②✱ ✐♥❝r❡❛s❡s t❤❡✐r s❛❧❡s ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s ❛♥❞ r✐s❡s t❤❡ ❞❡♠❛♥❞ t❤❡② ❛❞❞r❡ss t♦ t❤❡✐r

s✉♣♣❧✐❡rs✱ ❤❡♥❝❡ ✈❛❧✐❞❛t✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜② ♠❛❦✐♥❣ ✐t ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡

❢♦r ♠❛♥② ✜r♠s ✐♥ A t♦ ♣❛② t❤❡ ✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❝❝❡ss t♦ ❝♦✉♥tr② B✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✐❢ ♠❛♥② ✜r♠s ❞❡❝✐❞❡ t♦ ❡①♣♦rt t♦ C✱ t❤❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ✇✐❧❧ ❜❡ ❛t ♣❧❛② ❜❡t✇❡❡♥ A ❛♥❞

C ❛♥❞ ♥♦t ❜❡t✇❡❡♥ A ❛♥❞ B✳ ❍❡♥❝❡✱ t✇♦ ❡q✉✐❧✐❜r✐❛ ❝❛♥ ❝♦❡①✐st ❛t t❤❡ s❛♠❡ t✐♠❡✿ ✜r♠s ✐♥ A

❝❛♥ ❝♦♥s✐❞❡r ✐♠♣♦rt✐♥❣✴❡①♣♦rt✐♥❣ ✜rst t♦ B ❛♥❞ t❤❡♥✱ ❢♦r t❤❡ ❤✐❣❤❡st ϕ✱ ❛❧s♦ C✳ ❖r t❤❡② ❝❛♥

❝♦♥s✐❞❡r t❤❡ r❡✈❡rs❡ ♦r❞❡r✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ♥✉♠❡r✐❝❛❧❧② s❤♦✇ t❤❛t s❡✈❡r❛❧ ❡q✉✐❧✐❜r✐❛ ❝❛♥

❝♦✲❡①✐st ✐♥ s♦♠❡ ♣❛rt ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✳

❚❤r❡s❤♦❧❞s ❉❡✜♥✐t✐♦♥

■♥ st❛♥❞❛r❞ tr❛❞❡ ♠♦❞❡❧s ✇✐t❤ ♠❛♥② ❝♦✉♥tr✐❡s✱ ✜r♠s ❝♦♥s✐❞❡r ♠❛r❦❡ts ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ♦♥❡

❛♥♦t❤❡r ❛♥❞ ❞❡❝✐❞❡ t♦ ❜r❡❛❦ ✐♥t♦ ♠❛r❦❡t ❜② s✐♠♣❧② ❝♦♠♣❛r✐♥❣ t❤❡ ♣r♦✜t ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡♥t❡r✐♥❣

t❤❡ ❝♦✉♥tr② ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜①❡❞ ❝♦st✳ ■♥ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❤♦✇❡✈❡r✱

♦♥❡ ❝❛♥♥♦t ✉s❡ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥ ❜❡❝❛✉s❡ ❛❝❝❡ss✐♥❣ ❛ ♥❡✇ ♠❛r❦❡t ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ♣r✐❝✐♥❣

str❛t❡❣② ❛♥❞ t❤❡ r❡✈❡♥✉❡s ❡❛r♥❡❞ ✐♥ ❛❧❧ ♦t❤❡r ♠❛r❦❡ts✳ ❍❡♥❝❡✱ ❛s ✐♥ ♠❛♥② ❞✐s❝r❡t❡ ❝❤♦✐❝❡ ♣r♦❜✲

❧❡♠s✱ ♦♥❡ ❤❛s t♦ s✉❝❝❡ss✐✈❡❧② ❝♦♠♣❛r❡ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣✐❡s ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡

❛ ✜r♠✬s ♦♣t✐♠❛❧ ❝❤♦✐❝❡✳ ■♥ ❛ ❝❛s❡ ✇✐t❤ N ♣♦ss✐❜❧❡ ✐♠♣♦rt✴❡①♣♦rt str❛t❡❣✐❡s✱ t❤✐s ♠❡❛♥s t❤❛t

t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❛ ✜r♠✬s ♦♣t✐♠❛❧ ❝❤♦✐❝❡ r❡q✉✐r❡s t❤❡ ❜✐❧❛t❡r❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡

❡①♣♦rt str❛t❡❣✐❡s✱ ❛ s❡t ♦❢ ❝❛r❞✐♥❛❧ 2N ✳ ❚❤✐s ✐s ❛ ♣♦t❡♥t✐❛❧❧② str♦♥❣ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ t❤✐s ♠♦❞❡❧

✐❢ ♦♥❡ ✇❛♥ts t♦ ❛♣♣❧② ✐t t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦✉♥tr✐❡s✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s

t♦ ❛ ✇♦r❧❞ ✇✐t❤ t❤r❡❡ ❝♦✉♥tr✐❡s ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ♦❢ tr❛❞❡ ✢♦✇s ❛♥❞ t❤❡

♣r♦♣❛❣❛t✐♦♥ ♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ✐♥ ✐♥t❡r♥❛t✐♦♥❛❧ ♥❡t✇♦r❦s✳

❲✐t❤ ❝♦♥st❛♥t ♠❛r❦✉♣ ♦✈❡r ♠❛r❣✐♥❛❧ ❝♦st✱ ✈❛r✐❛❜❧❡ ♣r♦✜ts ❛r❡ s✐♠♣❧② ❛ ❢r❛❝t✐♦♥ 1/σ ♦❢ ✈❛r✐❛❜❧❡

r❡✈❡♥✉❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❝❝❡ss t♦ t❤❡ ♠❛r❦❡t ♣❧❛❝❡ k′ ❢r♦♠ ❝♦✉♥tr② k

✐s ♣❛✐❞ ✐♥ ✉♥✐t ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ❜✉♥❞❧❡ ❛✈❛✐❧❛❜❧❡ t♦ ❡❛❝❤ ✜r♠✱ ✇❤✐❝❤ ✐s ✐♥t❡r♥❛t✐♦♥❛❧✲str❛t❡❣②✲

❞❡♣❡♥❞❡♥t✱ s♦ t❤❛t ✜①❡❞ ❝♦st ♣❛②♠❡♥t ❢♦r ❛ ✜r♠ ❢r♦♠ k ❛❝❝❡ss✐♥❣ k′ ❛♥❞ ✉s✐♥❣ str❛t❡❣② s ✐s ❡q✉❛❧

t♦ fk,k′ ×
PBk,s

Zk
✇❤❡r❡ PBk,s =

wα
k .P

1−α
Mk,s

αα(1−α)1−α ✳ ❍❡♥❝❡✱ t❤❡ ♣❛②✲♦✛ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧

✽✶



str❛t❡❣② s ✐s s✐♠♣❧②✿

πk,s(ϕ) =
1

σ
rk,s(ϕ)−

PBk,s

Zk

∑

k′∈s

fk,k′ ✭✷✳✻✮

▲♦♦❦✐♥❣ ❛t t❤❡ s②st❡♠ ✭❘✭❦✮✮✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ✈❛r✐❛❜❧❡ r❡✈❡♥✉❡s ❛r❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ♦❢ ϕσ−1

✇✐t❤ t❤❡ s❧♦♣❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①♣♦rt str❛t❡❣② ✉s❡❞✳ ❍❡♥❝❡✱ t♦t❛❧ ♣r♦✜ts ❛r❡ s✐♠♣❧② ❛✣♥❡

❢✉♥❝t✐♦♥s ♦❢ ϕσ−1 t❤❛t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❛ ❣r❛♣❤ ❛s ✐♥ ✜❣✉r❡ ✷✳✷✳ ❚❤r❡s❤♦❧❞s ❛r❡ t❤❡♥ s✐♠♣❧②

❞❡✜♥❡❞ ❛s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐♥❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣❛②♦✛ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✐✛❡r❡♥t

str❛t❡❣✐❡s ❛♥❞ t❤❡ ❛❝t✉❛❧ ❡q✉✐❧✐❜r✐✉♠ ♣❛②♦✛ ❛r❡ s✐♠♣❧② t❤❡ ✉♣♣❡r ❡♥✈❡❧♦♣❡ ♦❢ ❛❧❧ ❧✐♥❡s ✐♥ t❤❡

❣r❛♣❤✳ ■♥ ❝♦✉♥tr② A✱ ❣✐✈❡♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✇❡ ❛ss✉♠❡❞ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞

♣❡❝❦✐♥❣ ♦r❞❡r✱ t❤r❡s❤♦❧❞s ❛r❡ ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜② t❤❡ t❤r❡❡ ❡q✉❛t✐♦♥s✿





1
σSA,A × ϕσ−1

A,A −
PBA,A

ZA
fAA = 0

1
σSA,AB × ϕσ−1

A,AB −
PBA,AB

ZA
(fAA + fAB) =

1
σSA,A × ϕσ−1

A,AB −
PBA,A

ZA
fAA

1
σSA,ABC × ϕσ−1

A,ABC −
PBA,ABC

ZA
(fAA + fAB + fAC) =

1
σSA,AB × ϕσ−1

A,ABC −
PBA,AB

ZA
(fAA + fAB)

✭✷✳✼✮

✇✐t❤ Sk,s t❤❡ ✏s❧♦♣❡✑ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡✈❡♥✉❡s ♦❢ ❛ ✜r♠ ❢r♦♠ ❝♦✉♥tr② k ✇✐t❤ ✐♥t❡r♥❛t✐♦♥❛❧

str❛t❡❣② s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❡❛❝❤ ♦❢ t❤❡ str❛t❡❣② ❝♦♥s✐❞❡r❡❞ ✉♥❞❡r t❤❡ str✉❝t✉r❡ ✐♠♣♦s❡❞✱ ✇❡

❤❛✈❡

Sk,s =

(
µkP

1−α
Mk,s

Zk

)1−σ

×
∑

k′∈s

τ1−σ
k,k′


 βXk′

P1−σ
Mk′,ABC

+
∑

s′|k∈s′

Mk′Λk′,s′




❚❤❡♥✱ s♦❧✈✐♥❣ ❢♦r t❤r❡s❤♦❧❞s ✐♥ s②st❡♠ ✭✷✳✼✮ ②✐❡❧❞s t♦✿

{
ϕσ−1
k,s =

[
PBk,s

Zk

(∑
k′∈s

fk,k′

)
−

PBk,s−1

Zk

(
∑

k′∈s−1

fk,k′

)]
σ

(Sk,s−Sk,s−1)
✭✷✳✽✮

■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❜❡tt❡r ✐♥t✉✐t✐♦♥✱ ✇❡ ❞❡♣✐❝t t❤❡ ❧♦❣✐❝ ✉♥❞❡r❧②✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ ❛♥

❡q✉✐❧✐❜r✐✉♠ ✐♥ ✜❣✉r❡ 2.2✳ Pr♦❞✉❝t✐✈✐t② t❤r❡s❤♦❧❞s s❡♣❛r❛t✐♥❣ t❤❡ str❛t❡❣✐❡s ❛r❡ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥

♦❢ str❛t❡❣②✲s♣❡❝✐✜❝ ❧✐♥❡s✳ ❋r♦♠ ❜♦t❤ t❤❡ r❡✈❡♥✉❡ ❛♥❞ ♣r✐❝❡ s②st❡♠s✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t s❧♦♣❡s ❛r❡

✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛r❦❡t r❡❛❝❤❡❞✳✼

❱❡r✐❢②✐♥❣ t❤❡ ■♥❝❡♥t✐✈❡ ❈♦♠♣❛t✐❜✐❧✐t②

❲❤❡♥ ❝♦♥str✉❝t✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ❛ss✉♠❡❞ ❛ s♣❡❝✐✜❝ ♣❡❝❦✐♥❣ ♦r❞❡r ♦❢ ✐♠♣♦rt✴❡①♣♦rt ♠❛r✲

✼❚❤❡ r❡❛s♦♥ ✇❤② s❡r✈✐♥❣ ♠♦r❡ ♠❛r❦❡ts ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❤✐❣❤❡r s❧♦♣❡ ✐s t✇♦❢♦❧❞✳ ❋✐rst✱ ❛❝❝❡ss✐♥❣ ❛♥ ♦t❤❡r
❝♦✉♥tr② ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♠❛r❣✐♥❛❧ ❝♦st ❞❡❝r❡❛s❡ ✇❤✐❝❤ ②✐❡❧❞s ❛ ❤✐❣❤❡r ♠❛r❦❡t s❤❛r❡ ✐♥ ❛♥② ♠❛r❦❡t s❡r✈❡❞✳
❙❡❝♦♥❞✱ ❛❝❝❡ss✐♥❣ ❛ ♥❡✇ ♠❛r❦❡t ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ❞♦✇♥str❡❛♠✳

✽✷



❋✐❣✉r❡ ✷✳✷✿ ❚❤r❡s❤♦❧❞s ❉❡✜♥✐t✐♦♥

❦❡ts ✐♥ ❡✈❡r② ❝♦✉♥tr②✳ ■♥ A✱ t❤❡ r❛♥❦✐♥❣ ✐s B > C✱ ✐♥ B t❤❡ ✐t ✐s A > C ❛♥❞ ✜♥❛❧❧② ✐♥ C t❤❡

♣❡❝❦✐♥❣ ♦r❞❡r B > A✳ ❚❤✐s str✉❝t✉r❡ ②✐❡❧❞s t❤❡ ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ t❤r❡s❤♦❧❞s ❞❡✜♥❡❞ ❛❜♦✈❡✱

❜✉t ✐t ♥❡❡❞ ♥♦t ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ s✐♥❝❡ ✜r♠s ♠❛② st✐❧❧ ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✳ ❲❤✐❧❡

t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ s❧♦♣❡s ✐♥s✉r❡ t❤❛t r❡✈❡rs❡ ♣❡❝❦✐♥❣ ♦r❞❡r ✐s ♥♦t ♣♦ss✐❜❧❡✱ ✇❡ st✐❧❧ ❤❛✈❡ ❛ ♥✉♠❜❡r

♦❢ ❞❡✈✐❛t✐♦♥ t♦ ✈❡r✐❢②✳

❋✐rst✱ ✇✐t❤ t❤❡ str✉❝t✉r❡ s♣❡❝✐✜❡❞✱ ✐t ❝♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ t❤❛t ♥♦ ✜r♠ ✐♥ A ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦

❛❝❝❡ss ❝♦✉♥tr② A ❛♥❞ B ♦♥❧② ❜✉t ❛r❡ ❜❡tt❡r ♦❢ ❜r❡❛❦✐♥❣ ✐♥t♦ ❛❧❧ ♠❛r❦❡ts A✱ B ❛♥❞ C✳ ■♥ ♦r❞❡r

t♦ ✈❡r✐❢② ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❛❧♦♥❣ t❤✐s ❞❡✈✐❛t✐♦♥✱ ♦♥❡ ♠✉st ✐♥s✉r❡ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡

❢♦✉♥❞ ❢♦r t❤r❡s❤♦❧❞s r❡s♣❡❝t t❤❡ ♣❡❝❦✐♥❣ ♦r❞❡r s♣❡❝✐✜❡❞✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ ✐t ♠❡❛♥s t❤❛t t❤❡

str✉❝t✉r❡ ✐♠♣♦s❡❞ ❞♦❡s ♥♦t ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ♥❛t✉r❛❧ ♥❡①t st❡♣ ✐s t♦ r❡❢♦r♠✉❧❛t❡

t❤❡ str✉❝t✉r❡ ✇✐t❤ ❛ ♣❡❝❦✐♥❣ ♦r❞❡r ✐♥ ❝♦✉♥tr② A ❜❡✐♥❣ s ∈ {A,ABC}✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ♠✉st

t❤❡♥ ♦❢ ❝♦✉rs❡ ❜❡ ❛♣♣❧✐❡❞ t♦ ❝♦✉♥tr✐❡s B ❛♥❞ C ✐♥❞✐✈✐❞✉❛❧❧②✳

❙❡❝♦♥❞✱ ✐♥ ❝♦✉♥tr② A✱ ♦♥❡ ♠✉st ❛❧s♦ ♠❛❦❡ s✉r❡ t❤❛t ♥♦ ✜r♠ ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ✉s❡ t❤❡ ✐♥t❡r✲

♥❛t✐♦♥❛❧ str❛t❡❣② s = {AC}✳ ❙✐♥❝❡ t❤❡ ✏♣r♦❞✉❝t✐✈✐t② s❧♦♣❡✑ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✉❝❤ ❛ str❛t❡❣② ❝❛♥

♦♥❧② ❜❡ ❧♦✇❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ str❛t❡❣② ABC✱ ♦♥❡ ♠✉st s✐♠♣❧② ❡♥s✉r❡ t❤❛t t❤❡ ✜r♠ ✇✐t❤ ♣r♦✲

❞✉❝t✐✈✐t② ϕA,ABC ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✱ ♠❡❛♥✐♥❣ t❤❛t πA,AB(ϕA,ABC) > πA,AC(ϕA,ABC)✳

■♥ ♦t❤❡r ✇♦r❞s✱ ♦♥❡ ♠✉st ✈❡r✐❢② t❤❛t t❤❡ πAC ❧♦❝✉s ✐s ❜❡❧♦✇ t❤❡ πAB ❧♦❝✉s ❛t t❤❡ ϕA,ABC ♣♦✐♥t✳

■❞❡♥t✐❝❛❧❧②✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛❧s♦ ✐♥s✉r❡ t❤❛t t❤❡ πBC ❧♦❝✉s ✐s ❜❡❧♦✇ t❤❡ πAB ❧♦❝✉s ❛t t❤❡ ϕB,ABC

✽✸



♣♦✐♥t ✭πB,AB(ϕB,ABC) > πB,BC(ϕB,ABC)✮ ❛♥❞ ✜♥❛❧❧② t❤❛t t❤❡ πAC ❧♦❝✉s ✐s ❜❡❧♦✇ t❤❡ πBC ❧♦❝✉s

❛t t❤❡ ϕC,ABC ♣♦✐♥t ✭πC,BC(ϕC,ABC) > πC,AC(ϕC,ABC)✮✳

❚♦ t❤✐s ❡♥❞✱ ✇❡ ✜rst ❞❡✜♥❡ t❤❡ ♣r✐❝❡ pA,AC(ϕ) t❤❛t ❛ ❞❡✈✐❛t✐♥❣ ✜r♠ ✐♥ ❝♦✉♥tr② A ✜r♠ ✇♦✉❧❞

❝❤❛r❣❡✿

pA,AC(ϕ) =
µA
ZA

P1−α
MA,AC

1

ϕ

✇❤❡r❡ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♣r✐❝❡ ✐♥❞❡① PMA,AC
❞✉❛❧ t♦ t❤❡ ♦✛ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② s = {AC}✿

P1−σ
MA,AC

= P1−σ
MA,A

+ λCτ
1−σ
CA ×

[
ϕC,ABC

σ−γC−1P
(1−σ).(1−α)
MC,ABC

]

❯s✐♥❣ t❤❡s❡ ✈❛r✐❛❜❧❡s✱ t❤❡ ♣r♦✜t ♦❢ ❛ ❞❡✈✐❛t✐♥❣ ✜r♠ ✇✐t❤ ♣r♦❞✉❝t✐✈✐t② ϕA,ABC ✐s ❞❡✜♥❡❞ ❜②✿

πA,AC(ϕA,ABC) =
1

σ

(
µAP

1−α
MA,AC

ZA

)1−σ

×
[
βXAP

σ−1
MA,ABC

+MA × [ΛA,A + ΛA,AB + ΛA,ABC ]

+ τ1−σ
AC βXCP

σ−1
MC,ABC

+MCτ
1−σ
AC × ΛC,ABC

]
ϕσ−1
A,ABC − fA,C

✭✷✳✾✮

❲❡ ❝❛♥ t❤❡♥ ♥✉♠❡r✐❝❛❧❧② ✈❡r✐❢② ✐❢ ✐♥❞❡❡❞ ✇❡ ❤❛✈❡✿

πA,AB(ϕA,ABC) > πA,AC(ϕA,ABC) ✭✷✳✶✵✮

■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ ♥♦ ✜r♠ ✐♥ A ❛s ❛♥② ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str✉❝t✉r❡

✐♠♣♦s❡❞ ❡①✲❛♥t❡✳ ◆❛t✉r❛❧❧②✱ s✐♠✐❧❛r ✈❡r✐✜❝❛t✐♦♥s ♠✉st ❜❡ ❛❧s♦ ❜❡ ❞♦♥❡ ✐♥ ❝♦✉♥tr② B ❛♥❞ C ❛s

❡①♣♦s❡❞ ✐♥ ❛♣♣❡♥❞✐①✳

❚❤✐s ♣r♦❝❡ss ♦❢ ✐♥s✉r✐♥❣ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝❛♥ ❜❡ ❡❛s✐❧② ❜❡ r❡♣r❡s❡♥t ✐♥ ✜❣✉r❡ 2.3✳

❲❤❡♥ ✐♠♣♦s✐♥❣ ♦✉r ♣❡❝❦✐♥❣ ♦r❞❡r ✐♥ ❝♦✉♥tr② A✱ ✇❡ r✉❧❡❞ ♦✉t t❤❡ str❛t❡❣② AC✳ ❯s✐♥❣ ❛❣❣r❡❣❛t❡

✈❛r✐❛❜❧❡s ❝♦♥str✉❝t❡❞ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♣❡❝✐✜❡❞ ❛❜♦✈❡✱ ❡q✉❛t✐♦♥ ✭✷✳✶✵✮ ✐s s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧②

✐❢ t❤❡ ❧✐♥❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ str❛t❡❣② AC ❧✐❡s ❜❡❧♦✇ t❤❡ ✉♣♣❡r ❡♥✈❡❧♦♣❡ ♦❢ ❛❧❧ ❧✐♥❡s r❡♣r❡s❡♥t❡❞ ✐♥

t❤❡ ❣r❛♣❤✳
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❋✐❣✉r❡ ✷✳✸✿ ❱❡r✐❢②✐♥❣ ■♥❞✐✈✐❞✉❛❧ ■♥❝❡♥t✐✈❡ ❈♦♥str❛✐♥ts

❉❡✜♥✐♥❣ ❡①♣♦rt ❢r♦♠ A t♦ B

❙✐♥❝❡ t❤❡ ❣♦❛❧ ♦❢ t❤✐s ♠♦❞❡❧ ✐s t♦ ❛♥❛❧②③❡ t❤❡ ❡①t❡♥❞ t♦ ✇❤✐❝❤ tr❛❞❡ ✢♦✇s ❝❛♥ ❜❡ ❣r♦ss ❝♦♠♣❧❡✲

♠❡♥ts✱ ✇❡ ❞❡✜♥❡ XAB
A→B(ϕ) ❛♥❞ XABC

A→B(ϕ) t❤❡ s❛❧❡s r❡❛❧✐③❡❞ ❜② ❛ ✜r♠ ❢r♦♠ ❝♦✉♥tr② A ✐♥ t❤❡

❡①♣♦rt ♠❛r❦❡t B ✇❤❡♥ ✐t ✐s ♦♣t✐♠❛❧❧② ❝❤♦♦s✐♥❣ ❡①♣♦rt str❛t❡❣② AB ❛♥❞ ABC r❡s♣❡❝t✐✈❡❧②✳

XAB
A→B(ϕ) =

(
µAP1−α

MA,AB

ZA

)1−σ

× τ1−σ
AB

[
βXBP

σ−1
MB,ABC

+MB × (ΛB,AB + ΛB,ABC)
]
ϕσ−1

XABC
A→B(ϕ) =

(
µAP1−α

MA,ABC

ZA

)1−σ

× τ1−σ
AB

[
βXBP

σ−1
MB,ABC

+MB × (ΛB,AB + ΛB,ABC)
]
ϕσ−1

❚❤❡♥✱ t♦t❛❧ ❡①♣♦rt ❢r♦♠ A t♦ B ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

XA→B = MA




ϕA,ABC∫

ϕA,AB

XAB
A→B(ϕ)g(ϕ)dϕ+

+∞∫

ϕA,ABC

XABC
A→B(ϕ)g(ϕ)dϕ


 ✭✷✳✶✶✮

✷✳✸ ◆✉♠❡r✐❝❛❧ ❊①❡r❝✐s❡

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♥✉♠❡r✐❝❛❧❧② ✐❧❧✉str❛t❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ♦♥ t❤❡

r❡♦r❣❛♥✐③❛t✐♦♥ ♦❢ tr❛❞❡ ✢♦✇s✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r t❤❡ ♣r❡✲

s♣❡❝✐✜❡❞ str✉❝t✉r❡ ❛♥❞ ✈❛r② t❤❡ tr❛❞❡ ❜❛rr✐❡rs ❜❡t✇❡❡♥ t✇♦ ❝♦✉♥tr✐❡s A ❛♥❞ B✳ ❇② ❢♦❧❧♦✇✐♥❣
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t❤❡ ❡♥❞♦❣❡♥♦✉s ❜❡❤❛✈✐♦r ♦❢ tr❛❞❡ ✢♦✇s ✇✐t❤ ❛ t❤✐r❞ ❝♦✉♥tr② C✱ ✇❡ s❤♦✇ t❤❛t ♦✉r ♠♦❞❡❧ ✇✐t❤

✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ❛❝r♦ss ❝♦✉♥tr✐❡s ❣❡♥❡r❛t❡ ❛❣❣r❡❣❛t❡ ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s ✐♥ tr❛❞❡ ✢♦✇s✳

❲❡ ❝♦♥s✐❞❡r t❤r❡❡ ❝♦✉♥tr✐❡s ♦❢ ❡q✉❛❧ s✐③❡ ❛♥❞ ❝❤♦s❡ LA = LB = LC = 100✳ ❙✐♥❝❡ ✇❛❣❡s ❛r❡

❞❡t❡r♠✐♥❡❞ ♦♥❡✲❢♦r✲♦♥❡ ❜② ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐✈✐t②✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❤♦s❡ ❛ ✈❛❧✉❡ ❢♦r Zk ❛♥❞

wk ❛♥❞ ✇❡ ♥♦r♠❛❧✐③❡ ❛❧❧ ✇❛❣❡s t♦ ♦♥❡ s♦ t❤❛t ❝♦✉♥tr✐❡s ❛❧❧ s❤❛r❡ t❤❡ s❛♠❡ ♣r♦❞✉❝t✐✈✐t② ❛♥❞ t❤❡

s❛♠❡ ✜♥❛❧ ❞❡♠❛♥❞✳

❚✇♦ ♣❛r❛♠❡t❡rs ♣❧❛②✐♥❣ ❛ ❞❡❝✐s✐✈❡ r♦❧❡ ✐♥ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ tr❛❞❡ ✢♦✇ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❛r❡

✭✐✮ t❤❡ s❤❛r❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ✐♥ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ✭✐✐✮ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❛❝r♦ss

✈❛r✐❡t✐❡s ✇❤✐❝❤ t❤❡ ❦❡② ♣❛r❛♠❡t❡r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❛❞✈❛♥t❛❣❡ ♦❢ ❜r❡❛❦✐♥❣ ✐♥t♦ ❛♥

✐♠♣♦rt ♠❛r❦❡t✳ ❲❡ ❝❤♦s❡ ❛ s❤❛r❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ♦❢ ✺✵✪ ❛♥❞ ❤❡♥❝❡ ❛ ❧❛❜♦r s❤❛r❡ ♦❢ ♦✉t♣✉t

♦❢ ✺✵✪✱✽ ✐♠♣❧②✐♥❣ ❛ ✈❛❧✉❡ ♦❢ α = 0.5✳ ❲❡ ❝❛❧✐❜r❛t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❛♠♦♥❣ ❞♦♠❡st✐❝

✈❛r✐❡t✐❡s ✭σ✮ t♦ ❛ ✈❛❧✉❡ ♦❢ ✺✱ ✇❤✐❝❤ ✐s st❛♥❞❛r❞ ✐♥ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❧✐t❡r❛t✉r❡ ❛♥❞ ❝♦♥s✐st❡♥t ✇✐t❤

t❤❡ ❡❧❛st✐❝✐t② ❡st✐♠❛t❡s ❜② ❇r♦❞❛ ❛♥❞ ❲❡✐♥st❡✐♥ ✭✷✵✵✻✮✱ ❛♥❞ ✐♠♣❧✐❡s ❛ ♠❛r❦✲✉♣ ♦❢ ✷✺✪✳ ◆♦t❡

t❤❛t t❤✐s ♥✉♠❜❡r ❞♦❡s ♥♦t r❡♣r❡s❡♥t t❤❡ ♣r♦✜t r❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠② ❜❡❝❛✉s❡ ✜r♠s ♠✉st ♣❛② ✜①❡❞

❝♦sts ♦♥ t♦♣ ♦❢ t❤❡✐r ✈❛r✐❛❜❧❡ ❝♦sts✳ ❋♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✺✮✱ t❤❡ ♣r♦✜t r❛t❡ ♦❢ ♦✉r ❡❝♦♥♦♠② ✐s

✶✼✳✹✪✳

❋♦❧❧♦✇✐♥❣ ❇❡r♥❛r❞ ❡t ❛❧✳ ✭✷✵✵✹✮ ♦r ❋❛tt❛❧✲❏❛❡❢ ❛♥❞ ▲♦♣❡③ ✭✷✵✶✹✮ ✇❡ ❝❤♦♦s❡ t❤❡ P❛r❡t♦ s❤❛♣❡

♣❛r❛♠❡t❡r γ t♦ ❜❡ ✺✳✻ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ σ − 0.4✳ ❚❤✐s ❝❤♦✐❝❡ ❛❧❧♦✇s t❤❡ ♠♦❞❡❧ t♦ r❡♣r♦❞✉❝❡ ✐♥

t❤❡ ♠♦❞❡❧ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❧♦❣ s❛❧❡s ♦❢ ✶✳✻✼ ✐♥ ❯❙ ♣❧❛♥ts✱ ✇❤✐❝❤ ✐s ❛ t②♣✐❝❛❧ t❛r❣❡t ✐♥

♠♦❞❡❧s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❞✉❝❡rs✳ ❋✐♥❛❧❧②✱ r❡❣❛r❞✐♥❣ tr❛❞❡ ❜❛rr✐❡rs✱ ✇❡ ❝❤♦s❡ t♦ ♥♦r♠❛❧✐③❡

t❤❡ ♦✇♥ ❝♦✉♥tr② ❜❛rr✐❡r t♦ ♦♥❡ ✭fkk = 1 ❢♦r ❛❧❧ k✮ ❛♥❞ s❡t t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ✜①❡❞ ❝♦st ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ✇❛②✿ fAB = fBA = 3 ❛♥❞ fAC = fBC = fCA = fCB = 4✳ ❱❛r✐❛❜❧❡ tr❛❞❡ ❝♦sts ❛r❡ ❛❧❧

s❡t t♦ 20% ❛♥❞ ❡①❝❡♣t t❤♦s❡❜❡t✇❡❡♥ A ❛♥❞ B ✇❤✐❝❤ ❛r❡ s❡t t♦ ✶✵✪✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❣♦❛❧ ♦❢ ♦✉r

❡①❡r❝✐s❡ ✐s t♦ ✈❛r② τAB ❛♥❞ τBA ❛♥❞ ❛ss❡ss t❤❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ r❡♦r❣❛♥✐③❛t✐♦♥ ♦❢ tr❛❞❡ ✢♦✇s

❛❝r♦ss ❛❧❧ ❝♦✉♥tr✐❡s✳

❊✈♦❧✉t✐♦♥ ♦❢ ❊①♣♦rts ✇❤❡♥ τAB ✈❛r✐❡s

❖✉r ♠❛✐♥ ♥✉♠❡r✐❝❛❧ ❡①❡r❝✐s❡ ❝♦♥s✐sts ✐♥ ✈❛r②✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ tr❛❞❡ ❜❛rr✐❡rs ❜❡t✇❡❡♥ A ❛♥❞ B

❛♥❞ t♦ ♣❧♦t t❤❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r ❡①♣♦rts ❢r♦♠ A t♦ ❛❧❧ ❝♦✉♥tr✐❡s✳ ❋✐rst✱ r❡❝❛❧❧ t❤❛t ✐♥ ♠♦❞❡❧s

✽♥♦t❡ t❤❛t t❤✐s ✐s ♥♦t t❤❡ ❧❛❜♦r s❤❛r❡ ♦❢ ✈❛❧✉❡ ❛❞❞❡❞✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ✈❛❧✉❡ ❛❞❞❡❞ ✐s t❤❡ s✉♠ ♦❢ ❧❛❜♦r
♣❛②♠❡♥t ❛♥❞ ♣r♦✜t✱ ✇❤✐❝❤ r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② ✺✵✪ ❛♥❞ ✶✼✳✹✪ ♦❢ ❣r♦ss ♦✉t♣✉t ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✺✮ ❢♦r t❤❡ ♣r♦✜t
r❛t❡ ♥❡t ♦❢ ✜①❡❞ ❝♦sts✮✳

✽✻



P❛r❛♠❡t❡r ❱❛❧✉❡ ◆♦t❡

LA = LB = LC ✶✵✵ ❈♦✉♥tr② ❙✐③❡

wA = wB = wC ✶ ❖♥❡✲t♦✲♦♥❡ ♣r♦❞✉❝t✐✈✐t② ✐♥ t❤❡ ♦✉ts✐❞❡ ❣♦♦❞

α ✵✳✺ ■♥t❡r♠❡❞✐❛t❡ s❤❛r❡ ♦❢ ♦✉t♣✉t

σ ✺ ❊❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❛❝r♦ss ✈❛r✐❡t✐❡s

γ ✹✳✻ P❛r❡t♦ s❤❛♣❡ ✭❋❛tt❛❧✲❏❛❡❢ ❛♥❞ ▲♦♣❡③ ✭✷✵✶✹✮✮

fA,A = fB,B = fC,C ✶ ❖✇♥ ❝♦✉♥tr② ❡♥tr② ❝♦st

fA,B = fB,A ✸ ❋✐①❡❞ ❡♥tr② ❝♦st✿ A−B

fA,C = fB,C ✹ ❋✐①❡❞ ❡♥tr② ❝♦st✿ ❛❝❝❡ss t♦ C

fC,A = fC,B ✹ ❋✐①❡❞ ❡♥tr② ❝♦st✿ ♦✉t ♦❢ C

τA,C = τB,C ✶✳✷ ■❝❡❜❡r❣ ❝♦st✿ ❛❝❝❡ss t♦ C

τC,A = τC,B ✶✳✷ ■❝❡❜❡r❣ ❝♦st✿ ♦✉t ♦❢ C

♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s✱ ❛ ❞❡❝r❡❛s❡ ✐♥ τAB ❛♥❞ τBA ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❛♥② ✐♠♣❛❝t

♦♥ ✜r♠s✬ ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ ❤❡♥❝❡ ♦♥ ♣r✐❝✐♥❣✳ ▼♦r❡♦✈❡r✱ ♠♦❞❡❧s t❤❛t ❞♦ ♥♦t ❢❡❛t✉r❡ ❛♥ ✐♠♣♦rt

❞❡❝✐s✐♦♥s ❤❛✈❡ ❛ ❢♦r♠ ♦❢ s❡♣❛r❛❜✐❧✐t② t❤❛t ❡♥❛❜❧❡s ✜r♠s t♦ ❝♦♥s✐❞❡r ♠❛r❦❡t ❡♥tr② ❞❡❝✐s✐♦♥ ♦♥❡ ❜②

♦♥❡✱ ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ r❛♥❦ ❞✐✛❡r❡♥t s✉❜s❡t ♦❢ ❡①♣♦rt str❛t❡❣✐❡s✳ ■♥ ♦✉r ❝❛s❡✱ ✇✐t❤ ✐♥♣✉t✲♦✉t♣✉t

❧✐♥❦❛❣❡s ❛❝r♦ss ❝♦✉♥tr✐❡s✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥②♠♦r❡ ❛♥❞ ❛ ❞✐sr✉♣t✐♦♥ ♦❢ tr❛❞❡ ✇✐t❤ ♦♥❡ tr❛❞✐♥❣

♣❛rt♥❡r ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❧❡❛❞ t♦ ❛❞✈❡rs❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r tr❛❞❡ ✢♦✇s ✇✐t❤ ♦t❤❡r ♣❛rt♥❡rs✳

■♥ t❤❡ ❣r❛♣❤ ❜❡❧♦✇ ✭s❡❡ 2.4✮✱ ✇❡ ✈❛r② τAB ❛♥❞ τBA ❜❡t✇❡❡♥ ✶✳✶ t♦ ✶✳✷✱ ❤❡♥❝❡ ♠♦❞❡❧✐♥❣ t❤❡

❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛ ❞♦✉❜❧✐♥❣ ♦❢ ✈❛r✐❛❜❧❡ tr❛❞❡ ❜❛rr✐❡rs ❜❡t✇❡❡♥ t❤♦s❡ t✇♦ ❝♦✉♥tr✐❡s ✭❢r♦♠ ✶✵✪ t♦

✷✵✪ ♦❢ ✐❝❡❜❡r❣ ❝♦st✮✳ ❲❡ s❡❡ t❤❛t ✇❤✐❧❡ s✉❝❤ ❛ ❝❤❛♥❣❡ ❞❡❝r❡❛s❡s tr❛❞❡ ✢♦✇s ❜❡t✇❡❡♥ t❤❡ t✇♦

❝♦✉♥tr✐❡s✱ t❤❡r❡ ✐s ❛❧s♦ ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ t♦t❛❧ ❡①♣♦rts ❢r♦♠ A t♦ B✳ ❚❤✐s ❢♦r♠ ♦❢ ♣r♦♣❛❣❛t✐♦♥

♦❢ t❤❡ tr❛❞❡ ❞✐sr✉♣t✐♦♥ ✐s s♣❡❝✐✜❝ t♦ ♠♦❞❡❧s ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t tr❛❞❡✳
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❋✐❣✉r❡ ✷✳✹✿ ❉✐sr✉♣t✐♥❣ ❚r❛❞❡ ❜❡t✇❡❡♥ A ❛♥❞ B
❈♦♠♣❧❡♠❡♥t❛r✐t② ❡✛❡❝t

❊①t❡♥s✐✈❡ ▼❛r❣✐♥ ❛❞❥✉st♠❡♥t ✇❤❡♥ τAB ✈❛r✐❡s

■♥✈❡st✐❣❛t✐♥❣ ❢✉rt❤❡r t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✜r♠s

❢r♦♠ ❝♦✉♥tr② A t❤❛t ❡♥❞♦❣❡♥♦✉s❧② ❞❡❝✐❞❡ t♦ ♣❛② ✐♥t❡r♥❛t✐♦♥❛❧ ✜①❡❞ ❝♦sts✳ ❑❡❡♣✐♥❣ tr❛❝❦ ♦❢

t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❡①♣♦rt❡rs ❛♥❞ ✐♠♣♦rt❡rs t♦ ❜♦t❤ ❞❡st✐♥❛t✐♦♥✱ ✇❡ t❤❡♥ ♣❧♦t ✐♥ ✜❣✉r❡ 2.5 t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❡①♣♦rt❡rs ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ tr❛❞❡ ❜❛rr✐❡rs ❜❡t✇❡❡♥ A ❛♥❞ B✱ ❦❡❡♣✐♥❣

❡✈❡r②t❤✐♥❣ ❡❧s❡ ❝♦♥st❛♥t✳

■♥t❡r❡st✐♥❣❧②✱ ✐♥❝r❡❛s✐♥❣ t❤❡ tr❛❞❡ ❜❛rr✐❡rs ❜❡t✇❡❡♥ A ❛♥❞ B ♥♦t ♦♥❧② ❞❡❝r❡❛s❡s t♦t❛❧ ❡①♣♦rts

❢r♦♠ A t♦ C ❜✉t ❛❧s♦ ❞❡❝r❡❛s❡s t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ♦❢ tr❛❞❡✱ ✐✳❡✳ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✐♥ A t❤❛t

❡♥❣❛❣❡ ✐♥ tr❛❞❡ ✇✐t❤ C✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ♦❜s❡r✈❡❞ ❜❡t✇❡❡♥ t♦t❛❧ tr❛❞❡ ✢♦✇s

✐s ❛❧s♦ ♣r❡s❡♥t ❛❧♦♥❣ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ♣r♦✈✐❞❡s ❛ ♥❡✇ ♣r❡❞✐❝t✐♦♥ t❤❛t ✇❡ ❝❛♥ t❤❡♥ t❡st ✐♥

t❤❡ ❞❛t❛✳ ■t ❛❧s♦ ♣r♦✈✐❞❡s s✉♣♣♦rt ❢♦r ♠♦❞❡❧s ✇✐t❤ ❛♥ ❡♥❞♦❣❡♥♦✉s ♠❛ss ♦❢ ♣r♦❞✉❝❡❞ ❛♥❞ tr❛❞❡❞

✈❛r✐❡t✐❡s ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❝♦♠♣❡t✐t✐✈❡ r✐❝❛r❞✐❛♥ ♠♦❞❡❧s s✉❝❤ ❛s ❊❛t♦♥ ✫ ❑♦rt✉♠ ✭✷✵✵✷✮ t❤❛t

❢❡❛t✉r❡ ❛ ✜①❡❞ ❝♦♥t✐♥✉✉♠ ♦❢ ❣♦♦❞s✳
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❋✐❣✉r❡ ✷✳✺✿ ❉✐sr✉♣t✐♥❣ ❚r❛❞❡ ❜❡t✇❡❡♥ A ❛♥❞ B
❈♦♠♣❧❡♠❡♥t❛r✐t② ❡✛❡❝t ❢♦r t❤❡ ❊①t❡♥s✐✈❡ ▼❛r❣✐♥

❊q✉✐❧✐❜r✐✉♠ s✇✐t❝❤✐♥❣

❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ 2.2✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♥♦♥✲❝♦♥✈❡① ❞❡❝✐s✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ❝♦♠♣❧❡♠❡♥t❛r✐t②

✐♥ ✜r♠s✬ ♣❛②♦✛s ❧❡❛❞s t♦ t❤❡ ❝♦✲❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐✉♠✳ ❋✐r♠s✬ ✐♥❝❡♥t✐✈❡ t♦ ♣❛② t❤❡

✜①❡❞ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ✇✐t❤ ❛♥♦t❤❡r ❝♦✉♥tr② ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢

❢♦r❡✐❣♥ ✜r♠s t❤❛t t❤❡♠s❡❧✈❡s ❛r❡ ❡♥❣❛❣❡❞ ✐♥ tr❛❞❡ ✭❜❡❝❛✉s❡ t❤❡s❡ ✜r♠s ✇✐❧❧ r❡♣r❡s❡♥t ❜♦t❤ t❤❡

s❡t ♦❢ ♥❡✇ s✉♣♣❧✐❡rs ❛s ✇❡❧❧ ❛s t❤❡ s❡t ♦❢ ♥❡✇ ❝✉st♦♠❡rs ✐♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞ ♠❛r❦❡t✮ ❜✉t ✐t

❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤♦s❡ ✜r♠s ❛s ♠❡❛s✉r❡❞ ❜② t❤❡✐r ♣r♦❞✉❝t✐♦♥ ❝♦st✳ ❍❡♥❝❡✱ ✉♥❧✐❦❡

✐♥ ♠♦❞❡❧s ♦❢ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s ✐♥ ✇❤✐❝❤ ❜r❡❛❦✐♥❣ ✐♥t♦ ❛ ♥❡✇ ♠❛r❦❡t ❛❧✇❛②s r❡❞✉❝❡s t❤❡ ♣r♦✜t

♦❢ ❝♦♠♣❡t✐♥❣ ✜r♠s✱ ♦✉r ♠♦❞❡❧ ❢❡❛t✉r❡s ❛ ♣♦s✐t✐✈❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ✜r♠s t❤❛t ❣✐✈❡s r✐s❡

t♦ ❛ ❝♦♦r❞✐♥❛t✐♦♥ ✐ss✉❡✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇❡❞ t❤❛t ❢♦r ✐♠♣♦rt❛♥t ❝❤❛♥❣❡s ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧s ♦❢ t❤❡ ❡❝♦♥♦♠②✱ t❤❡

str✉❝t✉r❡ ❛♥❞ t❤❡ ♣❡❝❦✐♥❣ ♦r❞❡r ✐♠♣♦s❡❞ ❝❛♥ ❜❡❝♦♠❡ ✉♥s✉st❛✐♥❛❜❧❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✇❤❡♥ t❤❡ tr❛❞❡ ❝♦sts ❜❡t✇❡❡♥ A ❛♥❞ B ❛r❡ ✈❡r② ❧❛r❣❡✱ t❤❡♥ t❤❡ ♣❡❝❦✐♥❣ ♦r❞❡r s♣❡❝✐✜❡❞ ❞♦❡s ♥♦t

❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛♥②♠♦r❡ ❜❡❝❛✉s❡ t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦t s❛t✐s✜❡❞

✽✾



❛♥②♠♦r❡✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ♦♥❡ ❤❛s t♦ s♣❡❝✐❢② ❛ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ str✉❝t✉r❡ ✇✐t❤ ❛ ♥❡✇ ♣❡❝❦✐♥❣

♦r❞❡r t❤❛t ❝❛♥ ❜❡ s✉st❛✐♥❡❞ ❣✐✈❡♥ t❤❡ tr❛❞❡ ❝♦sts ❜❡t✇❡❡♥ ❛❧❧ ❝♦✉♥tr② ♣❛✐rs✳ ❚❤✐s ✐s ✇❤❛t ✇❡ ❞♦

✐♥ ✜❣✉r❡ 2.6 ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♣❡❝❦✐♥❣ ♦r❞❡r ✐s r❡✈❡rs❡❞ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ ✐❝❡❜❡r❣ ❝♦sts

❜❡t✇❡❡♥ A ❛♥❞ B✳

❋✐❣✉r❡ ✷✳✻✿ ▲❛r❣❡ ✈❛r✐❛t✐♦♥s ♦❢ τAB ❛♥❞ τBA

❊q✉✐❧✐❜r✐✉♠ ❙✇✐t❝❤✐♥❣

✷✳✹ ❊♠♣✐r✐❝❛❧ s✉♣♣♦rt

❚❤❡ ♠♦❞❡❧ ✇❡ ♣r♦♣♦s❡ ❢♦r t❤❡ st✉❞② ♦❢ ♠✉❧t✐✲❧❛t❡r❛❧ tr❛❞❡ ❡♠♣❤❛s✐③❡s tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s✱

❧♦✇❡r ♣r♦❞✉❝t✐♦♥ ❝♦sts ❢r♦♠ ❛❝❝❡ss t♦ ❛ ❜r♦❛❞❡r ✈❛r✐❡t✐❡s ♦❢ ✐♥♣✉t✱ ❛♥❞ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s ❢♦r ❜♦t❤

❡①♣♦rts ❛♥❞ ✐♠♣♦rts✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ t❤r❡❡ ✐♥❣r❡❞✐❡♥ts ❣❡♥❡r❛t❡s ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s

✐♥ ❡①♣♦rt✐♥❣ ❞❡❝✐s✐♦♥s ❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ ♠✉❧t✐✲❧❛t❡r❛❧ ❛❣❣r❡❣❛t❡ tr❛❞❡ ✢♦✇s✳ ■♥ t❤✐s

s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ❡♠♣✐r✐❝❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r ♦✉r ♠♦❞❡❧✐♥❣ ❝❤♦✐❝❡s ❛s ✇❡❧❧ ❛s ❛ r❡❞✉❝❡❞ ❢♦r♠

❡st✐♠❛t❡ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ tr❛❞❡ ❞✐✈❡rs✐♦♥ ♦r tr❛❞❡ ❝r❡❛t✐♦♥✳

❋✐rst✱ ✇❡ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❢♦r ♦✉r ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥s ❢♦r

❡①♣♦rts ♦♥ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥ ❢♦r ✐♠♣♦rts✳ ❙❡❝♦♥❞✱ ✇❡ ❡♠♣✐r✐❝❛❧❧② ❡st✐♠❛t❡ t❤❡ ❞❡❣r❡❡ ♦❢

✾✵



❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s ❛♠♦♥❣st ♠✉❧t✐✲❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ❝♦♥❞✉❝t ❛ ❉✐✛❡r❡♥❝❡✲

✐♥✲❉✐✛❡r❡♥❝❡s ❡①❡r❝✐s❡ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ❛ss♦❝✐❛t✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ tr❛❞❡ ✢♦✇s ❜❡t✇❡❡♥

◆❆❋❚❆ ❛♥❞ ♥♦♥✲◆❆❋❚❆ ♠❡♠❜❡rs ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ✐♥ tr❛❞❡ ❜❛rr✐❡rs ❛♠♦♥❣ ◆❆❋❚❆ ♠❡♠❜❡rs✳

❘❡❝❛❧❧✱ ❤♦✇❡✈❡r✱ t❤❛t ♦✉r t❤❡♦r② ❢❡❛t✉r❡s t✇♦ ♦♣♣♦s✐♥❣ ❢♦r❝❡s ♦♥ ♠✉❧t✐✲❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s✿ t❤❡

s✉❜st✐t✉t❛❜✐❧✐t② ❢♦r❝❡ ❞✉❡ t♦ tr❛❞❡ ❞✐✈❡rs✐♦♥ ❛♥❞ ✐♥❝r❡❛s❡❞ ❝♦♠♣❡t✐t✐♦♥✱ ❛s ✐s st❛♥❞❛r❞ ✐♥ ♠♦❞❡❧s

♦❢ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s✱ ❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❢♦r❝❡ ❞✉❡ t♦ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✳ ❲❡ ✐♥t❡r♣r❡t

t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✭♦r s✉❜st✐t✉t❛❜✐❧✐t②✮ ❢r♦♠ t❤❡ ❉✐✛❡r❡♥❝❡✲✐♥✲❉✐✛❡r❡♥❝❡s ❡①❡r❝✐s❡ ❛s

t❤❡ ♥❡t ❡✛❡❝t ♦❢ t❤❡s❡ t✇♦ ❢♦r❝❡s✳ ❆s t❤❡ ♥✉♠❡r✐❝❛❧ ❡①❡r❝✐s❡ ✐❧❧✉str❛t❡s✱ ✐♥ t❤❡♦r②✱ ❡✐t❤❡r ♦❢ t❤❡s❡

t✇♦ ❢♦r❝❡s ❝❛♥ ❞♦♠✐♥❛t❡✳

❉❛t❛

❚❤❡ ✜rst ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ❢♦r t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❜❡❧♦✇ ✐s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❞❛t❛s❡t ❢r♦♠

❍❡❧♣♠❛♥ ▼❡❧✐t③ ❛♥❞ ❘✉❜✐♥st❡✐♥ ✭✷✵✵✽✮✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✿ ✉♥✐❧❛t❡r❛❧ tr❛❞❡

✢♦✇s ❢r♦♠ ❋❡❡♥str❛✬s ❲♦r❧❞ ❚r❛❞❡ ❋❧♦✇s❀ ❞✐st❛♥❝❡✱ ✇❤✐❝❤ ✐s ✉s❡❞ ❛s ❛♥ ❡①♦❣❡♥♦✉s✱ ❛❧❜❡✐t ♥♦✐s②✱

♠❡❛s✉r❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ tr❛❞❡ ❝♦st❀ ❛♥❞ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s ❢♦r ❣❡♦❣r❛♣❤②✱ ✐♥st✐t✉t✐♦♥s✱ ❛♥❞ ❝✉❧t✉r❡✱

❛s ❧✐st❡❞ ✐♥ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❖✉r s❡❝♦♥❞ ❡♠♣✐r✐❝❛❧ ❡①❡r❝✐s❡ ✉s❡s ❋❡❡♥str❛✬s ❲♦r❧❞

❚r❛❞❡ ❋❧♦✇ ❢r♦♠ ✶✾✽✹ t♦ ✷✵✶✹✱ ❛♥❞ ♦♥ ❈❊P■■✬s ●r❛✈✐t② ❞❛t❛❜❛s❡ ❢♦r ❞❛t❛ ♦♥ ●❉P✱ ♣♦♣✉❧❛t✐♦♥✱

tr❛❞❡ ❛♥❞ ♠♦♥❡② ❛❣r❡❡♠❡♥ts✳

❊♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦♥ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s

❆ ♥♦✈❡❧ ❢❡❛t✉r❡ ♦❢ ♦✉r ♠♦❞❡❧ ✐s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s ❜♦t❤ ❢♦r ❡①♣♦rts ❛♥❞ ❢♦r ✐♠♣♦rts✱

❛♥❞ t❤❡✐r ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛❝r♦ss ❝♦✉♥tr②✲♣❛✐rs✳ ❚❤❡ ❜❡♥❡✜t ♦❢ ❡①♣♦rt✐♥❣✱ ❢♦r ❛ ❞♦♠❡st✐❝ ✜r♠✱

s❝❛❧❡s ✇✐t❤ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❢♦r ✐♠♣♦rts ❛❜r♦❛❞✳ ❍❡♥❝❡✱ t❤❡ ❞♦♠❡st✐❝ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥

❢♦r ❡①♣♦rts✱ ❞❡♣❡♥❞s ♣♦s✐t✐✈❡❧② ♦♥ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❢♦r ✐♠♣♦rts✳ ❚❤✐s s✉❜s❡❝t✐♦♥ ♣r♦✈✐❞❡s

❡✈✐❞❡♥❝❡ ❢♦r t❤❡ s❛❧✐❡♥❝❡ ♦❢ t❤✐s ♠♦❞❡❧✐♥❣ ❝❤♦✐❝❡✳

❉✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ✜r♠✲❧❡✈❡❧ ❞❛t❛ ❛❝r♦ss ♠❛♥② ❝♦✉♥tr✐❡s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ♠❡t❤♦❞✲

♦❧♦❣② ♦❢ ❍❡❧♣♠❛♥ ▼❡❧✐t③ ❛♥❞ ❘✉❜✐♥st❡✐♥ ✭✷✵✵✽✮ ✐♥ ❡①♣❧♦✐t✐♥❣ ③❡r♦s ❛♥❞ t❤❡ ✈♦❧✉♠❡ ♦❢ tr❛❞❡ ✐♥

❛❣❣r❡❣❛t❡ ❞❛t❛ t♦ ✐♥❢❡r ❛❜♦✉t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝♦✉♥tr② k ❡①♣♦rts t♦ ❛ ❝♦✉♥tr② k′✳ ■❢ ❝♦✉♥✲

tr② k ❞♦❡s ♥♦t ❡①♣♦rt t♦ k′✱ ✐t ♠✉st ❜❡ t❤❛t ❡✈❡♥ t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠ ✐♥ k ❞♦❡s ♥♦t ✜♥❞

✐t ♣r♦✜t❛❜❧❡ t♦ ❡①♣♦rt t♦ k′✳ ■♥ t✉r♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦✉♥tr② k ❡①♣♦rt✐♥❣ t♦ ❝♦✉♥tr② k′ ✐s

✐♥❢♦r♠❛t✐✈❡ ❛❜♦✉t t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ♦❢ ❡①♣♦rt ✐♥ ❝♦✉♥tr② k✳

❲❡ ✉s❡ t❤❡ ✶✾✽✻ ❝r♦ss s❡❝t✐♦♥ ✇✐t❤ ✶✺✽ ❝♦✉♥tr✐❡s❀ t❤❛t ✐s 158 ∗ 157 = 24′806 ✉♥✐❞✐r❡❝t✐♦♥❛❧

✾✶



tr❛❞❡ ✢♦✇s✳ ◆♦t❡ t❤❛t ❡❛❝❤ ❝♦✉♥tr② ♣❛✐r ❛♣♣❡❛rs t✇✐❝❡✱ ♦♥❝❡ ❢♦r tr❛❞❡ ❢r♦♠ k t♦ k′ ❛♥❞ ♦♥❝❡ ❢♦r

tr❛❞❡ ❢r♦♠ k′ t♦ k✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ✐❞❡♥t✐❢② ✐♠♣♦rt✐♥❣ ❛♥❞ ❡①♣♦rt✐♥❣ ❝♦✉♥tr② ✜①❡❞ ❡✛❡❝ts✳ ❆❧s♦✱

♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ③❡r♦✱ ✇❤✐❝❤ ✇❡ ✉s❡ t♦ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛

❝♦✉♥tr② ❡①♣♦rts t♦ ❛♥♦t❤❡r ❝♦✉♥tr②✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ❡st✐♠❛t❡ ❛ ❧❛t❡♥t ✈❛r✐❛❜❧❡ ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡

❧❛t❡♥t ✈❛r✐❛❜❧❡ ♠❡❛s✉r❡s ✇❤❡t❤❡r t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠ ✐♥ k ❝♦✉❧❞ ♠❛❦❡ s✉✣❝✐❡♥t ♣r♦✜ts t♦

r❡❝♦✈❡r t❤❡ ✜①❡❞ ❝♦st ♦❢ ❡①♣♦rt✐♥❣ t♦ k′✳

❚r❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s ❛❝❝♦✉♥ts ❢♦r r♦✉❣❤❧② t✇♦✲t❤✐r❞s ♦❢ ❛❣❣r❡❣❛t❡ tr❛❞❡✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱

✇❡ tr❡❛t ❛❧❧ tr❛❞❡ ❛s tr❛❞❡ ✐♥ ✐♥t❡r♠❡❞✐❛t❡s ✐♥♣✉ts✱ ✇❤✐❝❤ ❝♦♥❝♦r❞s ✇✐t❤ ❛ s♣❡❝✐❛❧ ✈❡rs✐♦♥ ♦❢ ♦✉r

♠♦❞❡❧ ✇❤❡r❡ Ωk ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ❞♦♠❡st✐❝ ✈❛r✐❡t✐❡s✳ ❲❡ ❛❧s♦ t❛❦❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✜r♠s

♣r♦❞✉❝t✐✈✐t✐❡s t♦ ❤❛✈❡ ❛ ❜♦✉♥❞❡❞ s✉♣♣♦rt ✇✐t❤ ✉♣♣❡r ❜♦✉♥❞ ϕ̄✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ♣❡r♠✐ts ♦✉r

♠♦❞❡❧ t♦ ❛❝❝♦✉♥t ❢♦r ③❡r♦ tr❛❞❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❢♦r s♦♠❡ ❝♦✉♥tr② ♣❛✐rs✳ ■♥❞❡❡❞✱ ❝♦✉♥tr② k ❡①♣♦rts

t♦ ❝♦✉♥tr② k′ ♦♥❧② ✐❢ t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠ ✐♥ k ✜♥❞s ✐t ♣r♦✜t❛❜❧❡ t♦ ❡①♣♦rt t♦ k′✳ ❯s✐♥❣ ✭✷✳✻✮✱

t❤✐s ❝♦♥❞✐t✐♦♥s r❡❛❞s✿
1

σ
rk,k′(ϕ̄, (ϕk′,k)) >

PBk,k′

Zk
fk,k′ .

❲❡ ♠❛❦❡ t❤❡ ❞✐r❡❝t ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡✈❡♥✉❡ ❢♦r ❛ ✜r♠ ✐♥ k ❢r♦♠ ❡①♣♦rt✐♥❣ t♦ k′ ♦♥ t❤❡ ✐♥t❡♥s✐✈❡

♠❛r❣✐♥ ❢♦r ✐♠♣♦rts ✐♥ k′ ❡①♣❧✐❝✐t✳ ■t ✐s ♣r❡❝✐s❡❧② t❤✐s ❞❡♣❡♥❞❡♥❝❡ t❤❛t ✇❡ t❡❛s❡ ♦✉t ❢r♦♠ t❤❡ ❞❛t❛

✉s✐♥❣ t❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ ♠♦❞❡❧ ❜❡❧♦✇✳

▲❡t Tk,k′ ❞❡♥♦t❡ ❛ ❜✐♥❛r② ✈❛r✐❛❜❧❡ t❤❛t t❛❦❡s t❤❡ ✈❛❧✉❡ ✶ ✐❢ ❝♦✉♥tr② k ❡①♣♦rts t♦ ❝♦✉♥tr② k′✳

❚❤❛t ✐s✱

Tkk′ =





1 ✐❢ zk,k′ ≥ 0

0 ♦t❤❡r✇✐s❡

✇❤❡r❡ t❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

zk,k′ ≡ ln
1
σ rk,k′(ϕ̄, ϕk′,k)

PBk

Zk
fk,k′

.

■♠♣♦rt❛♥t❧②✱ t❤❡ t❤r❡s❤♦❧❞ ♣r♦❞✉❝t✐✈✐t② t❤❛t ❞❡t❡r♠✐♥❡s t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s✱ ϕk,k′ ✱ ✐s ❛ ❢✉♥❝t✐♦♥

♦❢ t❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ zk,k′ ✳ ❙✐♥❝❡ ♣r♦✜ts ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ❛ ✜r♠✬s ♣r♦❞✉❝t✐✈✐t②✱ t❤❡ ❧❛r❣❡r

❛r❡ t❤❡ ♣r♦✜ts ♦❢ t❤❡ ♠♦st ♣r♦❞✉❝t✐✈❡ ✜r♠✱ ❛s ♠❡❛s✉r❡❞ ❜② zk,k′ ✱ t❤❡ ❧♦✇❡r ✐s t❤❡ ♣r♦❞✉❝t✐✈✐t②

t❤r❡s❤♦❧❞ ϕk,k′ ✳

❚❤❡ ✐❝❡❜❡r❣ ❝♦st ✐s ❛ss✉♠❡❞ t♦ ❜❡ t❤❡ ❞✐st❛♥❝❡ ❛✉❣♠❡♥t❡❞ ❜② ❛ ❧♦❣✲♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞

s❤♦❝❦❀ t❤❛t ✐s τk,k′ ≡ dδkk′e
ǫτ
k,k′ ✳ ❚❤❡ ✜①❡❞ ❝♦st ♦❢ ❡①♣♦rt✐♥❣ ✐s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ t❤❡ s✉♠ ♦❢

✾✷



❡①♣♦rt✐♥❣ ❛♥❞ ✐♠♣♦rt✐♥❣ ❝♦✉♥tr② s♣❡❝✐✜❝ ✜①❡❞ ❝♦sts✱ ❛♥❞ ❛♥ ❡rr♦r t❡r♠ s♣❡❝✐✜❝ t♦ t❤❡ ❝♦✉♥tr②

♣❛✐r❀ t❤❛t ✐s fk,k′ ≡ exp(φExp,k + φImp,k′ + ǫfk,k′✮✳ ❯s✐♥❣ ✭❘✭❦✮✮ t♦ s✉❜st✐t✉t❡ ❢♦r rk,k′ ✱ ✇❡ ❣❡t t❤❡

❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✾✿

zk,k′ = β0 + βk + βk′ + δ ln dkk′ + f(ϕk′,k) + ǫk,k′ ,

✇❤❡r❡ f ✐s ❛ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ t❡r♠s t❤❛t ❛r❡ ❞✐r❡❝t ❢✉♥❝t✐♦♥s ♦❢ ϕk′,k✳

❚❤✐s ♥♦♥✲❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❜❡♥❡✜t ❢r♦♠ ❡①♣♦rt✐♥❣ ♦♥ t❤❡ ❢♦r❡✐❣♥ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ✇♦✉❧❞

♥♦t ❛♣♣❡❛r ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s ♦♥❧②✳

❆❧❧ ❡❧s❡ ❡q✉❛❧✱ t❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s ❢♦r t❤❡ ❝♦✉♥tr② ♣❛✐r k, k′ ❛r❡

r❡❧❛t❡❞ ♦♥❡✲❢♦r✲♦♥❡✳ ❲❡ t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥✿

zk,k′ = α+ βk + βk′ + (1− σ)dkk′ + f̃(zk′,k) + ǫk,k′ ,

✇❤❡r❡ f̃ ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ f ❛♥❞ t❤❡ ♠❛♣♣✐♥❣ ❢r♦♠ ϕk′,k ❛♥❞ zk′,k✳

❚❤❡ ❧❛t❡♥t ✈❛r✐❛❜❧❡ ✐s✱ ❤♦✇❡✈❡r✱ ✉♥♦❜s❡r✈❡❞✱ ✇❤✐❝❤ ❝❛❧❧s ❢♦r ❛ t✇♦✲st❡♣ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✳

❋✐rst✱ ✇❡ ♦❜t❛✐♥ ❡st✐♠❛t❡s ♦❢ z✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ẑ✳ ❙❡❝♦♥❞✱ ✇❡ t❤❡♥ ✉s❡ ẑk′,k ❛s ❛♥ ❡①♣❧❛♥❛t♦r②

✈❛r✐❛❜❧❡ ❢♦r zk,k′ ✳ ❖✉r ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜②✿

zk,k′ = α+ βk + βk′ + (1− σ)dkk′ +
I∑

i=1

βzpẑ
i
k′,k + ǫk,k′ ,

✇❤❡r❡ t❤❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f̃ ✳

❘❡s✉❧ts ✐♥ ❚❛❜❧❡ ✶ ❜❡❧♦✇ r❡♣♦rt t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜✐t ♠♦❞❡❧ ❢♦r t❤❡ ▲✐♥❡❛r ❝❛s❡ ✇❤❡r❡

I = 1✱ ❛♥❞ ❛ ◆♦♥❧✐♥❡❛r ❝❛s❡ ✇❤❡r❡ I = 3✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❜r♦❛❞ ✐s ❤✐❣❤❧②

s✐❣♥✐✜❝❛♥t ❛s ❛ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❞♦♠❡st✐❝ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①♣♦rt✱ ❛♥❞ ❤❡♥❝❡ ♦❢ t❤❡ ❞♦♠❡st✐❝

❡①t❡♥s✐✈❡ ♠❛r❣✐♥✳

❊♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦♥ ♠✉❧t✐✲❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s

❚❤❡♦r❡t✐❝❛❧❧②✱ ✐♥ r❡s♣♦♥s❡ t♦ ❛ tr❛❞❡ ❛❣r❡❡♠❡♥t✱ ♠♦❞❡❧s ♦❢ tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s ✇♦✉❧❞ ♣r❡❞✐❝t ❛♥

✐♥❝r❡❛s❡ ✐♥ tr❛❞❡ ❜❡t✇❡❡♥ ♠❡♠❜❡rs✱ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❛ ❞❡❝r❡❛s❡ ✐♥ tr❛❞❡ ❜❡t✇❡❡♥ ♠❡♠❜❡rs ❛♥❞

♥♦♥✲♠❡♠❜❡rs✳ ❚❤✐s s✉❜st✐t✉t❛❜✐❧✐t② ✐♥ ♠✉❧t✐❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s ✐s r❡❢❡rr❡❞ t♦ ❛s tr❛❞❡ ❝r❡❛t✐♦♥

✾❚❤❡ ❝♦♥st❛♥t ✐s β0 = − lnσ + ln(αα(1 − α)1−α) − ln ϕ̄ + lnµ✱ t❤❡ ❡①♣♦rt✐♥❣ ❝♦✉♥tr② ✜①❡❞ ❡✛❡❝t ✐s βk =
−α lnwk + φExp,k✱ t❤❡ ✐♠♣♦rt✐♥❣ ❝♦✉♥tr② ✜①❡❞ ❡✛❡❝t ✐s βk′ = lnMk′ + φImp,k′ ✳
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❚❛❜❧❡ ✷✳✶✿ ❉❡t❡r♠✐♥❛♥ts ♦❢ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥s kk′

❉❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ Tk,k′

▲✐♥❡❛r ◆♦♥❧✐♥❡❛r

Pr♦❜❛❜✐❧✐t② ♦❢ tr❛❞❡❴❦✬❦ ✶✳✸✼✼∗∗∗ ✷✳✻✵✽∗∗∗

✭✾✳✺✷✮ ✭✸✳✼✼✮

▲♦❣ ♦❢ ❇✐❧❛t❡r❛❧ ❉✐st❛♥❝❡ ✲✵✳✹✹✻∗∗∗ ✲✵✳✹✶✵∗∗∗

✭✲✶✹✳✽✺✮ ✭✲✶✵✳✹✽✮

❈♦♠♠♦♥ ❇♦r❞❡r ❉✉♠♠② ✲✵✳✷✼✺∗∗ ✲✵✳✷✺✵∗∗

✭✲✷✳✽✼✮ ✭✲✷✳✺✾✮

■s❧❛♥❞s ✲✵✳✷✹✵∗∗ ✲✵✳✷✷✵∗∗

✭✲✸✳✶✻✮ ✭✲✷✳✽✺✮

▲❛♥❞❧♦❝❦ ✲✵✳✶✸✺ ✲✵✳✶✷✻
✭✲✶✳✷✾✮ ✭✲✶✳✷✵✮

❈♦♠♠♦♥ ▲❡❣❛❧ ❙②st❡♠ ❉✉♠♠② ✵✳✵✼✽✸∗∗ ✵✳✵✼✹✸∗

✭✷✳✻✷✮ ✭✷✳✹✼✮

❈♦♠♠♦♥ ▲❛♥❣✉❛❣❡ ❉✉♠♠② ✵✳✶✼✶∗∗∗ ✵✳✶✺✻∗∗∗

✭✹✳✷✼✮ ✭✸✳✼✺✮

❈♦❧♦♥✐❛❧ ❚✐❡s ❉✉♠♠② ✵✳✷✼✺ ✵✳✷✾✶
✭✵✳✾✼✮ ✭✶✳✵✹✮

❈✉rr❡♥❝② ❯♥✐♦♥ ❉✉♠♠② ✵✳✸✶✾∗ ✵✳✷✽✷∗

✭✷✳✸✷✮ ✭✷✳✵✸✮

❋r❡❡ ❚r❛❞❡ ❆r❡❛ ❉✉♠♠② ✶✳✸✸✻∗∗∗ ✶✳✷✼✶∗∗∗

✭✹✳✷✽✮ ✭✹✳✵✹✮

❈♦♠♠♦♥ ❘❡❧✐❣✐♦♥ ✭✉s❡❞ ✐♥ ❍▼❘✮ ✵✳✶✺✻∗ ✵✳✶✸✾∗

✭✷✳✺✶✮ ✭✷✳✷✶✮

Pr♦❜❛❜✐❧✐t② ♦❢ tr❛❞❡2k′k ✲✶✳✾✷✾
✭✲✶✳✹✶✮

Pr♦❜❛❜✐❧✐t② ♦❢ tr❛❞❡3k′k ✵✳✾✷✺
✭✶✳✵✶✮

■♠♣♦rt✐♥❣ ❛♥❞ ❡①♣♦rt✐♥❣ ❝♦✉♥tr② ✜①❡❞ ❡✛❡❝ts ♥♦t r❡♣♦rt❡❞

❖❜s❡r✈❛t✐♦♥s ✷✹✬✹✾✷ ✷✹✬✹✾✷

t st❛t✐st✐❝s ✐♥ ♣❛r❡♥t❤❡s❡s
∗ p < 0.05✱ ∗∗ p < 0.01✱ ∗∗∗ p < 0.001

✾✹



❛♥❞ tr❛❞❡ ❞✐✈❡rs✐♦♥✳ ■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✱ ❤♦✇❡✈❡r✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ tr❛❞❡

❛❣r❡❡♠❡♥t ✐s ♠♦r❡ s✉❜t❧❡✳ ❲❤✐❧❡ t❤❡ ❢♦r❝❡s ❣❡♥❡r❛t✐♥❣ tr❛❞❡ ❝r❡❛t✐♦♥ ❛♥❞ tr❛❞❡ ❞✐✈❡rs✐♦♥ ❢♦r

tr❛❞❡ ✐♥ ✜♥❛❧ ❣♦♦❞s ❛r❡ st✐❧❧ ❛t ♣❧❛②✱ ✐♥t❡r❞❡♣❡♥❞❡♥❝✐❡s ❛❝r♦ss ✜r♠s ❣❡♥❡r❛t❡ ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s

✐♥ ❡①♣♦rt✐♥❣ ❞❡❝✐s✐♦♥s ✇❤✐❝❤ ❛❣❣r❡❣❛t❡ t♦ ❛ ❢♦r❝❡ ❢♦r ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ ♠✉❧t✐❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s✳

❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❡st✐♠❛t❡s ♦❢ t❤❡ ♥❡t ❡✛❡❝t ♦❢ t❤❡s❡ t✇♦ ♦♣♣♦s✐♥❣ ❢♦r❝❡s ❢♦r t❤❡ ❝❛s❡ ♦❢

◆❆❋❚❆✳

❚❤❡ s❛♠♣❧❡ ✐♥❝❧✉❞❡s ✉♥✐❞✐r❡❝t✐♦♥❛❧ ❜✐❧❛t❡r❛❧ tr❛❞❡ ❜❡t✇❡❡♥ ✶✾✽✹ ❛♥❞ ✷✵✶✹ ❢r♦♠ ❋❡❡♥str❛✬s

❲♦r❧❞ ❚r❛❞❡ ❋❧♦✇✳ ❲❡ r❡str✐❝t ♦✉r s❛♠♣❧❡ t♦ ❝♦✉♥tr✐❡s t❤❛t ✇❡r❡ ❛❧r❡❛❞② ♣❛rt ♦❢ t❤❡ ●❆❚❚ ✐♥

✶✾✾✵✶✵✳

❚♦ ❝❛♣t✉r❡ t❤❡ ❞✐✛❡r❡♥t ❡✛❡❝ts ♦❢ ◆❆❋❚❆ ♦♥ tr❛❞❡ ✢♦✇s ♥♦t ♦♥❧② ✇✐t❤✐♥✱ ❜✉t ❛❧s♦ ✇✐t❤ t❤❡

tr❛❞❡ ❛❣r❡❡♠❡♥t✱ ✇❡ s♣❧✐t ♦✉r s❛♠♣❧❡ ♦❢ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ❜✐❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s ❜❡t✇❡❡♥ ✶✺✵ ❝♦✉♥tr✐❡s

❢r♦♠ ✶✾✽✹ t♦ ✷✵✶✹ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❣r♦✉♣s✿ ❝♦✉♥tr② ♣❛✐rs ✇✐t❤ ❜♦t❤ ♠❡♠❜❡rs ✐♥ ◆❆❋❚❆

✭♠❡♠❜❡rs✮✱ ❝♦✉♥tr② ♣❛✐rs ✇✐t❤ ♦♥❧② ♦♥❡ ♠❡♠❜❡r ✐♥ ◆❆❋❚❆ ❢♦r ✇❤✐❝❤ tr❛❞❡ ✐s s✐❣♥✐✜❝❛♥t ✐♥

✶✾✾✹ ✭♣❛rt♥❡rs✮✱ ❛♥❞ ❝♦✉♥tr② ♣❛✐rs t❤❛t ❞✐❞ ♥♦t tr❛❞❡ ✇✐t❤ ❛ ◆❆❋❚❆ ♠❡♠❜❡r ✐♥ ✶✾✾✹ ✭❝♦♥tr♦❧✮✳

❉✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ✐s t❤❡ ♥❛t✉r❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣② ❢♦r ❛ ♣❛♥❡❧ s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ ❛ ♣♦❧✲

✐❝② ❛✛❡❝ts ❣r♦✉♣s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡✛❡❝t ♦❢ ◆❆❋❚❆ ♦♥ ♠❡♠❜❡rs ✭♣❛rt♥❡rs r❡s♣❡❝t✐✈❡❧②✮ ✐s

♠❡❛s✉r❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ✕ ❜❡t✇❡❡♥ ♠❡♠❜❡rs ✭♣❛rt♥❡rs r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✕

♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ♣♦st ❛♥❞ ♣r❡ ✶✾✾✹ tr❛❞❡ ✢♦✇s✳ ❖✉r ❜❛s❡❧✐♥❡ s♣❡❝✐✜❝❛t✐♦♥ ❝♦♥tr♦❧s ❢♦r ❛❧❧ t✐♠❡

✐♥✈❛r✐❛♥t ❝♦✉♥tr②✲♣❛✐r ❤❡t❡r♦❣❡♥❡✐t② ❛s ✇❡❧❧ ❛s ❛❣❣r❡❣❛t❡ t✐♠❡ ✈❛r✐❛t✐♦♥✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛❧❧♦✇

❢♦r ❝❧✉st❡r✐♥❣ ❛t t❤❡ ❝♦✉♥tr②✲♣❛✐r ❧❡✈❡❧✱ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r ❝♦rr❡❧❛t✐♦♥ ❛❝r♦ss ❡✐t❤❡r ❞✐r❡❝t✐♦♥s ✐♥

t❤❡ ❜✐❧❛t❡r❛❧ r❡❧❛t✐♦♥s❤✐♣ ❛s ✇❡❧❧ ❛s ❢♦r s❡r✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❛❝r♦ss t✐♠❡✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t r❡s✉❧ts ❢♦r

❛❧t❡r♥❛t✐✈❡ s♣❡❝✐✜❝❛t✐♦♥s t❤❛t ✐♥❝❧✉❞❡ t✐♠❡ ✈❛r②✐♥❣ ❝♦✈❛r✐❛t❡s ❛t t❤❡ ❝♦✉♥tr② ❧❡✈❡❧ ❛♥❞ ❞✐✛❡r❡♥t

tr❡♥❞s ❛❝r♦ss ❣r♦✉♣s✳

❚♦ ❛❝❝♦✉♥t ❢♦r t❤❡ 150 × 149 ❝♦✉♥tr② ♣❛✐rs✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ✇✐t❤✐♥✲❣r♦✉♣ tr❛♥s❢♦r♠❛t✐♦♥✶✶

♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ❢♦r t❤❡ ❧♦❣ ♦❢ t♦t❛❧ ✐♠♣♦rts ❢r♦♠ j t♦ i ❛t t✐♠❡ t✿

lnTi→j,t = βij + βt + δm Dm
t + δp D

p
t + ǫijt . ✭▼♦❞❡❧ ✶✮

✶✵◆❡❡❞ t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ❡✛❡❝t ♦❢ t❤✐s r❡str✐❝t✐♦♥✳ ▼♦r❡ r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥s ✭❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ ❝♦✉♥tr✐❡s
t❤❛t ❛❝❝❡ss❡❞ ●❆❚❚ ❜❡❢♦r❡ ✶✾✾✵✮ ❧♦✇❡r t❤❡ ❝♦❡✣❝✐❡♥t ❢♦r tr❛❞❡ ❞✐✈❡rs✐♦♥✳

✶✶❚❤❛t ✐s
lnTi→j,t − m̄ij = βt + δm Dm

t + δp Dp
t + ǫijt ,

✇❤❡r❡ m̄ij = 1
31

∑2014
t=1984 mijt✳

✾✺



❚❤❡ ❝♦✉♥tr②✲♣❛✐r ✜①❡❞ ❡✛❡❝t ♥♦t ♦♥❧② ❛❝❝♦✉♥ts ❢♦r st❛♥❞❛r❞ t✐♠❡ ✐♥✈❛r✐❛♥t ❝♦✈❛r✐❛t❡s ♦❢ ❣r❛✈✲

✐t② ♠♦❞❡❧s s✉❝❤ ❛s ❣❡♦❣r❛♣❤②✱ ✐♥st✐t✉t✐♦♥s ❛♥❞ ❝✉❧t✉r❡✱ ❜✉t ❛❧s♦ ❢♦r ✉♥♦❜s❡r✈❡❞ t✐♠❡ ✐♥✈❛r✐❛♥t

❤❡t❡r♦❣❡♥❡✐t②✳ ◆♦t ✐♥❝❧✉❞❡❞ ✐♥ ▼♦❞❡❧ ✶✱ ❤♦✇❡✈❡r✱ ✐s ●❉P✱ ✇❤✐❝❤ ✈❛r✐❡s ♦✈❡r t✐♠❡ ❛♥❞ ❛❝r♦ss

❝♦✉♥tr✐❡s✳ ❲❡ ✐♥❝❧✉❞❡ ✐t ✐♥ ♦✉r r♦❜✉st♥❡ss ❝❤❡❝❦ ❛♥❞ ✜♥❞ t❤❛t ✐t ❞♦❡s♥✬t ❛❧t❡r ♦✉r ❝♦♥❝❧✉s✐♦♥s✳

❚❤❡ t✐♠❡ ❞✉♠♠② ♥♦t ♦♥❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❣❧♦❜❛❧ tr❛❞❡✱ ❜✉t ❛❧s♦ ❢♦r ❛♥② ❣❧♦❜❛❧

t✐♠❡ ✈❛r②✐♥❣ ❡✛❡❝t✳ ❚❤❡ ✈❛r✐❛❜❧❡s ♦❢ ✐♥t❡r❡sts ❛r❡ t❤❡ t✇♦ ❞✉♠♠② ✈❛r✐❛❜❧❡s t❤❛t ❝❛♣t✉r❡ t❤❡

❝❤❛♥❣❡s ❛ttr✐❜✉t❡❞ t♦ ◆❆❋❚❆✳ ❚❤❡ ❞✉♠♠② Dm
t ✭Dp

t r❡s♣❡❝t✐✈❡❧②✮ t❛❦❡s ✈❛❧✉❡ 1 ❛❢t❡r ✶✾✾✹ ❢♦r

❛♥② ❝♦✉♥tr② ♣❛✐rs ✐♥ t❤❡ ❣r♦✉♣ ♦❢ ♠❡♠❜❡rs ✭♣❛rt♥❡rs r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞ 0 ♦t❤❡r✇✐s❡✳

❇❡❢♦r❡ t✉r♥✐♥❣ t♦ ❝❛✈❡❛ts ❛♥❞ r❡s✉❧ts✱ ♥♦t❡ t❤❛t ✉♥❞❡r t❤❡ ❤❡r♦✐❝ ❛ss✉♠♣t✐♦♥ ✭✇❤✐❝❤ ✇❡

❞✐s❝✉ss ❜❡❧♦✇✮ E[ǫijt|i, j, t] = 0✱ t❤❡ ❝♦❡✣❝✐❡♥t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ◆❆❋❚❆ ❞✉♠♠② ♠❡❛s✉r❡s t❤❡

❛❢♦r❡♠❡♥t✐♦♥❡❞ ❞✐✛❡r❡♥❝❡ ✐♥ ❞✐✛❡r❡♥❝❡s✳ ❋♦r t❤❡ ❣r♦✉♣ ♦❢ ♣❛rt♥❡rs✱ ✇❡ ❤❛✈❡✿

δp =(E[lnTi→j,t|i ♦r j ♣❛rt♥❡r, t ≥ 1994]− E[lnTi→j,t|i ♦r j ♣❛rt♥❡r, t < 1994])−

(E[lnTi→j,t|♥♦r i ♥♦r j ♣❛rt♥❡r, t ≥ 1994]− E[lnTi→j,t|♥♦r i ♥♦r j ♣❛rt♥❡r, t < 1994])

❲❡ ✇✐❧❧ ✐♥t❡r♣r❡t eδp ❛s t❤❡ ❢❛❝t♦r ❜② ✇❤✐❝❤ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ tr❛❞❡ ❜❡t✇❡❡♥ ◆❆❋❚❆ ♠❡♠❜❡rs

❛♥❞ t❤❡✐r ♣❛rt♥❡rs ❝❤❛♥❣❡❞ r❡❧❛t✐✈❡ t♦ t❤❡ ♣r♦♣♦rt✐♦♥❛❧ ❝❤❛♥❣❡ ✐♥ tr❛❞❡ ❢♦r t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ■♥

♦t❤❡r ✇♦r❞s✱ ❛ ♣♦s✐t✐✈❡ δm ✐s ✐♥❞✐❝❛t✐✈❡ ♦❢ tr❛❞❡ ❝r❡❛t✐♦♥ ✇❤❡r❡❛s ❛ ♥❡❣❛t✐✈❡ δp ✐s ✐♥❞✐❝❛t✐✈❡ ♦❢

tr❛❞❡ ❞✐✈❡rs✐♦♥✳ ■♥ t❤✐s r❡❞✉❝❡❞ ❢♦r♠ ❛♣♣r♦❛❝❤✱ δp ♣r♦✈✐❞❡s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♥❡t ❡✛❡❝t ♦❢ ✈❛r✐♦✉s

s✉❜st✐t✉t✐♦♥ ❛♥❞ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❢♦r❝❡s ♦♥ ♠✉❧t✐❧❛t❡r❛❧ tr❛❞❡ ✢♦✇s✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♦✉r

r❡s✉❧ts ✐s s❡♥s✐t✐✈❡ t♦ ❡♥❞♦❣❡♥❡✐t② ✐ss✉❡s t♦ ✇❤✐❝❤ ✇❡ ♥♦✇ t✉r♥✳

❊♥❞♦❣❡♥❡✐t② ♦❢ ◆❆❋❚❆✿ ❲❤✐❧❡ ♦✉r ❜❛s❡❧✐♥❡ s♣❡❝✐✜❝❛t✐♦♥ ❛✐♠s t♦ ❝❛♣t✉r❡ t❤❡ ❡✛❡❝t ♦❢ ◆❆❋❚❆

♦♥ tr❛❞❡ ✢♦✇s✱ t❤❡ ❝❛✉s❛❧✐t② ♠❛② ♣❧❛② ✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ✇❤✐❝❤ ✇♦✉❧❞ ❣✐✈❡ r✐s❡ t♦ ❡♥❞♦❣❡♥♦✉s

s❡❧❡❝t✐♦♥ ✐♥t♦ ♠❡♠❜❡rs✱ ♣❛rt♥❡rs ♦r ❝♦♥tr♦❧s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♠❡♠❜❡rs ♦❢ t❤❡ tr❛❞❡ ❛❣r❡❡♠❡♥ts

♠❛② ❜❡ ❛ s❡❧❡❝t❡❞ ❣r♦✉♣ ❢♦r ✇❤✐❝❤ tr❛❞❡ ✐s ❛♥t✐❝✐♣❛t❡❞ t♦ ✐♥❝r❡❛s❡✳ ❙✉❝❤ r❡✈❡rs❡ ❝❛✉s❛❧✐t②✱

❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❡♥❞♦❣❡♥♦✉s s❡❧❡❝t✐♦♥✱ ✇♦✉❧❞ ♠❛❦❡ ♦✉r r❡s✉❧ts ♦✈❡r❡st✐♠❛t❡ tr❛❞❡ ❝r❡❛t✐♦♥

❢r♦♠ ◆❆❋❚❆ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❡st✐♠❛t❡s ♦❢ δm ✇♦✉❧❞ ❜❡ ❜✐❛s❡❞ ✉♣✇❛r❞✳ ❚♦ t❤❡ ❝♦♥tr❛r②✱ ❢♦r

tr❛❞❡ ♣❛rt♥❡rs✱ ✇❤✐❝❤ ✇❡r❡ ♥♦t s❡❧❡❝t❡❞ t♦ ❜❡ ♣❛rt ♦❢ ◆❆❋❚❆✱ ❡st✐♠❛t❡s ♦❢ δp ✇♦✉❧❞ ❜❡ ❜✐❛s❡❞

❞♦✇♥✇❛r❞✳ ❍❡♥❝❡ ♦✉r ❡st✐♠❛t❡s ✇♦✉❧❞ t❡♥❞ t♦ ♦✈❡r✲❡st✐♠❛t❡ t❤❡ ❡①t❡♥t ♦❢ tr❛❞❡ ❞✐✈❡rs✐♦♥✳ ❚❤❡

s❡❧❡❝t✐♦♥ ♦❢ ❝♦✉♥tr✐❡s ✐♥t♦ ♠❡♠❜❡rs ❛♥❞ ♣❛rt♥❡rs ♦❢ ◆❆❋❚❆♠♦t✐✈❛t❡s ❝♦♥tr♦❧❧✐♥❣ ❢♦r t✐♠❡ ✈❛r②✐♥❣

❢❛❝t♦rs t❤❛t ✈❛r② ❛t t❤❡ ❣r♦✉♣ ♦r ❝♦✉♥tr② ❧❡✈❡❧✱ ✇❤✐❝❤ ✇❡ ❛❞❞r❡ss ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✇❛②s✿

✾✻



❝♦♥tr♦❧ ❢♦r ❣r♦✉♣✲❧❡✈❡❧ tr❡♥❞s ❛♥❞ ❢♦r ✐♠♣♦rt✐♥❣ ❛♥❞ ❡①♣♦rt✐♥❣ ❝♦✉♥tr✐❡s✬ ●❉P ❛♥❞ ♣♦♣✉❧❛t✐♦♥✳

❈♦♥tr♦❧s ❢♦r ❣r♦✉♣✲❧❡✈❡❧ tr❡♥❞s✶✷✿ ❚❤❡ ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ❡♠♣✐r✐❝❛❧ str❛t❡❣② r❡❧✐❡s ♦♥

t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣s ❛✛❡❝t❡❞ ❜② t❤❡ ♣♦❧✐❝② t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ❝♦♥tr♦❧

❣r♦✉♣✳ ■♠♣♦rt❛♥t❧②✱ ✇❡ ❛❝❝♦✉♥t ❢♦r t❤❡ ❣r♦✉♣ ❧❡✈❡❧ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ tr❡♥❞s t❤❛t ♠❛② r❡s✉❧t ❢r♦♠

s❡❧❢✲s❡❧❡❝t✐♦♥ ♦❢ ❝♦✉♥tr✐❡s ✐♥t♦ ♠❡♠❜❡rs✱ ♣❛rt♥❡rs ♦r ❝♦♥tr♦❧ ❣r♦✉♣✱ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❣r♦✉♣

tr❡♥❞s✳ ❚❤❡ s❡❝♦♥❞ r❡❞✉❝❡❞ ❢♦r♠ ♠♦❞❡❧ ✇❡ ❡st✐♠❛t❡ ✐s✿

lnTi→j,t = βij + βt + δm Dm
t + δp D

p
t + γm 1m t+ γp 1p t+ ǫijt. ✭▼♦❞❡❧ ✷✮

✇❤❡r❡ 1m ❛♥❞ 1p ❛r❡ ✐♥❞✐❝❛t♦r ✈❛r✐❛❜❧❡s ❢♦r ♠❡♠❜❡rs ❛♥❞ ♣❛rt♥❡rs r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ tr❡♥❞s

❝❛♣t✉r❡ ❞❡✈✐❛t✐♦♥s✱ ❛t t❤❡ ❣r♦✉♣ ❧❡✈❡❧✱ ❢r♦♠ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✇♦r❧❞ tr❛❞❡ ✭✇❤✐❝❤ ✐s ❛❝❝♦✉♥t❡❞ ❢♦r

❜② t❤❡ t✐♠❡ ❞✉♠♠②✮✳

❈❧✉st❡r✐♥❣ ❛♥❞ st❛♥❞❛r❞ ❡rr♦rs✿ ❆♥ ♦❜s❡r✈❛t✐♦♥ ✐s ❛ ✉♥✐❞✐r❡❝t✐♦♥❛❧ tr❛❞❡ ✢♦✇ ❢♦r ❛ ❝♦✉♥tr②✲

♣❛✐r ✐♥ ❛ ❣✐✈❡♥ ②❡❛r✳ ■♠♣♦rt❛♥t❧②✱ ❢♦r ✭▼♦❞❡❧ ✶✮ ❛♥❞ ✭▼♦❞❡❧ ✷✮✱ st❛♥❞❛r❞ ❡rr♦rs ❛r❡ r♦❜✉st t♦

❝❧✉st❡r✐♥❣ ✇✐t❤✐♥ ❝♦✉♥tr②✲♣❛✐rs ❛♥❞ ❛❝r♦ss t✐♠❡✳ ❚❤❛t ✐s✱ ✇❡ ❛❧❧♦✇ ❢♦r t❤❡ ❡rr♦r t❡r♠ t♦ ❤❛✈❡ ❛

✜①❡❞ ❝♦✉♥tr②✲♣❛✐r ❝♦♠♣♦♥❡♥t ❝♦♠♠♦♥ t♦ ❜♦t❤ (ij) ❛♥❞ (ji) ❛♥❞ ❢♦r s❡r✐❛❧❧② ❝♦rr❡❧❛t✐♦♥ ✇✐t❤✐♥

❜✐❧❛t❡r❛❧ ❝♦✉♥tr② ♣❛✐rs✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❛r❡ 150∗149/2 ❝❧✉st❡rs✳ ❲❤✐❧❡ ♦✉r ❝✉rr❡♥t

♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥s ❛❝❝♦✉♥t ❢♦r t✐♠❡ ✈❛r②✐♥❣ ❝♦♠♣♦♥❡♥ts ❛t t❤❡ ❣r♦✉♣✲❧❡✈❡❧ ❛♥❞ ❝♦✉♥tr②✲♣❛✐r

❤❡t❡r♦❣❡♥❡✐t②✱ t❤✐s ❧❡❛✈❡s t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r t❤❡ ❡rr♦r t❡r♠ t♦ ❝♦♥t❛✐♥ ❛ ❝♦✉♥tr② ❧❡✈❡❧ ❝♦♠♣♦♥❡♥t✳

❚❤✐s ♠♦t✐✈❛t❡s ♦✉r ♥❡①t r❡❞✉❝❡❞ ❢♦r♠ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥✳

❈♦♥tr♦❧s ❢♦r ❝♦✉♥tr②✲❧❡✈❡❧ tr❡♥❞s✱ ✐♥❝♦♠❡ ❛♥❞ ♣♦♣✉❧❛t✐♦♥✿ ❙❤♦❝❦s ❛t t❤❡ ❝♦✉♥tr② ❧❡✈❡❧ r❡q✉✐r❡s

t♦ ❛❧❧♦✇ ❢♦r ❝❧✉st❡r✐♥❣ ❛t t❤❡ ❝♦✉♥tr② ❧❡✈❡❧ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ st❛♥❞❛r❞ ❡rr♦rs✳ ❯♥❞❡r t❤✐s

❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❛r❡ st✐❧❧ 150 ❝❧✉st❡rs✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡❝✐s✐♦♥ t❤♦✉❣❤✱ ✇❡ ✐♥tr♦❞✉❝❡ ❜♦t❤

✐♠♣♦rt✐♥❣ ❛♥❞ ❡①♣♦rt✐♥❣ ❝♦✉♥tr② ❧❡✈❡❧ ●❉P ❛♥❞ ●❉P ♣❡r ❝❛♣✐t❛✳ ❖✉r t❤✐r❞ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥

✐s✿

lnTi→j,t = βij+βt+δm Dm
t +δp D

p
t+γm 1m t+γp 1p t+β

impyit+β
expyjt+β

imp
c ycapit +βexpc ycapjt +ǫijt.

✭▼♦❞❡❧ ✸✮

✇❤❡r❡ y ❛♥❞ ycap ❞❡♥♦t❡ ●❉P ❛♥❞ ●❉P ♣❡r ❝❛♣✐t❛✳

❘❡❞✉❝❡❞ ❢♦r♠ ❡st✐♠❛t❡s ❞♦ ♥♦t ✜♥❞ ❡✈✐❞❡♥❝❡ ♦❢ tr❛❞❡ ❞✐✈❡rs✐♦♥✳

✶✷❚♦ ❞♦✿ ❛❧❧♦✇ ❢♦r ♠♦r❡ ✢❡①✐❜✐❧✐t② ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❣r♦✉♣ ❧❡✈❡❧ t✐♠❡ ❞✉♠♠✐❡s ✐♥st❡❛❞ ♦❢ ❧✐♥❡❛r tr❡♥❞s✳

✾✼



❚❛❜❧❡ ✷✳✷✿ ❉✐✛❡r❡♥❝❡✲✐♥✲❉✐✛❡r❡♥❝❡s

✭✶✮ ✭✷✮ ✭✸✮
❧♥ tr❛❞❡ ❧♥ tr❛❞❡ ❧♥ tr❛❞❡

✶❂◆❆❋❚❆ ♠✳ ♣♦st ✾✹ ✵✳✷✼✹ ✵✳✸✺✾∗∗∗ ✵✳✶✺✶∗∗

✭✶✳✵✸✮ ✭✺✳✷✵✮ ✭✷✳✻✾✮

✶❂◆❆❋❚❆ ♣❛rt♥ ♣♦st ✾✹ ✵✳✵✵✸✶✾ ✲✵✳✵✶✹✾ ✵✳✵✶✾✸
✭✵✳✵✻✮ ✭✲✵✳✷✺✮ ✭✵✳✶✸✮

❚r❡♥❞ ◆❆❋❚❆ ✲✵✳✵✵✺✺✺ ✵✳✵✶✶✹∗

✭✲✵✳✹✷✮ ✭✷✳✻✶✮

❚r❡♥❞ ◆❆❋❚❆ ♣❛rt♥❡rs ✵✳✵✵✵✶✾✾ ✵✳✵✵✵✶✻✽
✭✶✳✸✹✮ ✭✵✳✽✷✮

❧♥ ●❉P♦ ●❉P❞ ♣✳❝❛♣ ✲✵✳✹✾✽∗∗∗

✭✲✸✳✺✺✮

❧♥ ●❉P♦ ●❉P❞ ✶✳✵✾✾∗∗∗

✭✼✳✾✺✮

❚✐♠❡ ❞✉♠♠② ❨❡s ❨❡s ❨❡s

❈♦✉♥tr②✲♣❛✐r ❋❊ ❨❡s ❨❡s ❨❡s
❙❊ ❝❧✉st❡r❡❞ ❈♦✉♥tr②✲♣❛✐r ❈♦✉♥tr②✲♣❛✐r ❈♦✉♥tr②
◆ ✷✷✹✵✶✸ ✷✷✹✵✶✸ ✷✷✸✵✼✶

t st❛t✐st✐❝s ✐♥ ♣❛r❡♥t❤❡s❡s
∗ p < 0.05✱ ∗∗ p < 0.01✱ ∗∗∗ p < 0.001

✾✽



✷✳✺ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❛♥❛❧②③❡s t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥

♦❢ tr❛❞❡ ❞✐sr✉♣t✐♦♥✳ ■♥ ♦✉r s❡t✉♣✱ ✜r♠s ♣❛rt✐❝✐♣❛t❡ ✐♥ ❣❧♦❜❛❧ ✈❛❧✉❡ ❝❤❛✐♥ ❛♥❞ ❥♦✐♥t❧② ❞❡❝✐❞❡ ✇❤❡r❡

t♦ ✐♠♣♦rt ❢r♦♠ ❛♥❞ t♦ ❡①♣♦rt t♦✳ ❚❤❡ ♣r✐❝❡ ❛♥❞ r❡✈❡♥✉❡ ♦❢ ❡❛❝❤ ✜r♠ ✐s t❤❡♥ ♣♦s✐t✐✈❡❧② ❧✐♥❦❡❞ t♦

t❤♦s❡ ♦❢ ♦t❤❡r ✜r♠s ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ s✉♣♣❧② ❝❤❛✐♥✱ ❝r❡❛t✐♥❣ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ ✜r♠s✬ s❛❧❡s

❛♥❞ ♣r♦✜ts✳

■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ s❤♦✇ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ tr❛❞❡ ❜❛rr✐❡rs ❜❡t✇❡❡♥ t✇♦ ❝♦✉♥tr✐❡s ❤❛s ❛

♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥ tr❛❞❡ ✢♦✇s ✇✐t❤ ♦t❤❡r tr❛❞✐♥❣ ♣❛rt♥❡rs✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛❣❣r❡❣❛t❡ tr❛❞❡ ✢♦✇

❝♦♠♣❧❡♠❡♥t❛r✐t②✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐♠♣❧✐❡s t❤❛t ❞✐sr✉♣t✐♥❣ tr❛❞❡ ❜❡t✇❡❡♥ ❛♥② t✇♦ ❝♦✉♥tr✐❡s

✐♠♣❛❝ts ♥❡❣❛t✐✈❡❧② t❤❡ ✇❤♦❧❡ ♥❡t✇♦r❦ ♦❢ ❝r♦ss✲❝♦✉♥tr② r❡❧❛t✐♦♥s✳ ❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ r❡✈❡❛❧s

t❤❛t t❤✐s ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐s ♣❛rt❧② ❞r✐✈❡♥ ❜② ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ❛❞❥✉st♠❡♥ts✱ ✇❤❡r❡❜② ✜r♠s ❡①✲

♣❡r✐❡♥❝✐♥❣ ❛ ♥❡❣❛t✐✈❡ s❤♦❝❦ t♦ t❤❡✐r ✐♥♣✉t ❝♦sts r❡✈✐s❡ t❤❡✐r ✐♠♣♦rt ❛♥❞ ❡①♣♦rt ❞❡❝✐s✐♦♥ ❛♥❞

❝♦♥tr✐❜✉t❡ t♦ ♣r♦♣❛❣❛t❡ ❛♥ ✐♥✐t✐❛❧❧② ❧♦❝❛❧✐③❡❞ ❞✐sr✉♣t✐♦♥ t♦ t❤✐r❞ ❝♦✉♥tr✐❡s✳

✾✾



✶✵✵



✷✳✻ ❚❤❡♦r❡t✐❝❛❧ ❆♣♣❡♥❞✐①

✷✳✻✳✶ Pr✐❝❡ ❙②st❡♠

❚❤❡ ♣r✐❝❡ s②st❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✏♥❛t✉r❛❧ r❛♥❦✐♥❣ ❡q✉✐❧✐❜r✐✉♠✑ ✐s ❞❡✜♥❡❞ ❛s

(P )





P1−σ
MA,A

= MAZ
σ−1
A ×

[
ϕA,AB∫
ϕA,A

(
µA

ϕ
P1−α
MA,A

)1−σ

+
ϕA,ABC∫
ϕA,AB

(
µA

ϕ
P1−α
MA,AB

)1−σ

+
+∞∫

ϕA,ABC

(
µA

ϕ
P1−α
MA,ABC

)1−σ
]

P1−σ
MA,AB

= MAZ
σ−1
A ×

[
ϕA,AB∫
ϕA,A

(
µA

ϕ
P1−α
MA,A

)1−σ

+
ϕA,ABC∫
ϕA,AB

(
µA

ϕ
P1−α
MA,AB

)1−σ

+
+∞∫

ϕA,ABC

(
µA

ϕ
P1−α
MA,ABC

)1−σ
]

+MBZ
σ−1
B ×

[
ϕB,ABC∫
ϕB,AB

(
τBA

µB

ϕ
P1−α
MB,AB

)1−σ

+
+∞∫

ϕB,ABC

(
τBA

µB

ϕ
P1−α
MB,ABC

)1−σ
]

P1−σ
MA,ABC

= MAZ
σ−1
A ×

[
ϕA,AB∫
ϕA,A

(
µA

ϕ
P1−α
MA,A

)1−σ

+
ϕA,ABC∫
ϕA,AB

(
µA

ϕ
P1−α
MA,AB

)1−σ

+
+∞∫

ϕA,ABC

(
µA

ϕ
P1−α
MA,ABC

)1−σ
]

+MBZ
σ−1
B ×

[
ϕB,ABC∫
ϕB,AB

(
τBA

µB

ϕ
P1−α
MB,AB

)1−σ

+
+∞∫

ϕB,ABC

(
τBA

µB

ϕ
P1−α
MB,ABC

)1−σ
]

+MCZ
σ−1
C ×

[
+∞∫

ϕC,ABC

(
τCA

µC

ϕ
P1−α
MC,ABC

)1−σ
]

P1−σ
MB,B

= MBZ
σ−1
B ×

[
ϕB,AB∫
ϕBB

(
µB

ϕ
P1−α
MB,B

)1−σ

+
ϕB,ABC∫
ϕB,AB

(
µB

ϕ
P1−α
MB,AB

)1−σ

+
+∞∫

ϕB,ABC

(
µB

ϕ
P1−α
MB,ABC

)1−σ
]

P1−σ
MB,AB

= MBZ
σ−1
B ×

[
ϕB,AB∫
ϕBB

(
µB

ϕ
P1−α
MB,B

)1−σ

+
ϕB,ABC∫
ϕB,AB

(
µB

ϕ
P1−α
MB,AB

)1−σ

+
+∞∫

ϕB,ABC

(
µB

ϕ
P1−α
MB,ABC

)1−σ
]

+MAZ
σ−1
A ×

[
ϕA,ABC∫
ϕA,AB

(
τAB

µA

ϕ
P1−α
MA,AB

)1−σ

+
+∞∫

ϕA,ABC

(
τAB

µA

ϕ
P1−α
MA,ABC

)1−σ
]

P1−σ
MB,ABC

= MBZ
σ−1
B ×

[
ϕB,AB∫
ϕBB

(
µB

ϕ
P1−α
MB,B

)1−σ

+
ϕB,ABC∫
ϕB,AB

(
µB

ϕ
P1−α
MB,AB

)1−σ

+
+∞∫

ϕB,ABC

(
µB

ϕ
P1−α
MB,ABC

)1−σ
]

+MAZ
σ−1
A ×

[
ϕA,ABC∫
ϕA,AB

(
τAB

µA

ϕ
P1−α
MA,AB

)1−σ

+
+∞∫

ϕA,ABC

(
τAB

µA

ϕ
P1−α
MA,ABC

)1−σ
]

+MCZ
σ−1
C ×

[
ϕC,ABC∫
ϕC,BC

(
τCB

µC

ϕ
P1−α
MC,BC

)1−σ

+
+∞∫

ϕC,ABC

(
τCB

µC

ϕ
P1−α
MC,ABC

)1−σ
]

P1−σ
MC,C

= MCZ
σ−1
C ×

[
ϕC,BC∫
ϕCC

(
µC

ϕ
P1−α
MC,C

)1−σ

+
ϕC,ABC∫
ϕC,BC

(
µC

ϕ
P1−α
MC,BC

)1−σ

+
+∞∫

ϕC,ABC

(
µC

ϕ
P1−α
MC,ABC

)1−σ
]

P1−σ
MC,BC

= MCZ
σ−1
C ×

[
ϕC,BC∫
ϕCC

(
µC

ϕ
P1−α
MC,C

)1−σ

+
ϕC,ABC∫
ϕC,BC

(
µC

ϕ
P1−α
MC,BC

)1−σ

+
+∞∫

ϕC,ABC

(
µC

ϕ
P1−α
MC,ABC

)1−σ
]

+MBZ
σ−1
B ×

[
+∞∫

ϕB,ABC

(
τBC

µB

ϕ
P1−α
MB,ABC

)1−σ
]

P1−σ
MC,ABC

= MCZ
σ−1
C ×

[
ϕC,BC∫
ϕCC

(
µC

ϕ
P1−α
MC,C

)1−σ

+
ϕC,ABC∫
ϕC,BC

(
µC

ϕ
P1−α
MC,BC

)1−σ

+
+∞∫

ϕC,ABC

(
µC

ϕ
P1−α
MC,ABC

)1−σ
]

+MBZ
σ−1
B ×

[
+∞∫

ϕB,ABC

(
τBC

µB

ϕ
P1−α
MB,ABC

)1−σ
]

+MAZ
σ−1
A ×

[
+∞∫

ϕA,ABC

(
τAC

µA

ϕ
P1−α
MA,ABC

)1−σ
]

✶✵✶



❉❡❛❧✐♥❣ ✇✐t❤ t❤❡ ✐♥t❡❣r❛❧s✱ ♥♦t✐♥❣ λk ❝♦♥st❛♥ts ❞❡✜♥❡❞ ❛s

λk =
γk

γk − (σ − 1)
Mk

(
µk
Zk

)1−σ

❛♥❞ ❞❡♥♦t✐♥❣ t❤❡ ▲❍❙ ✈❛r✐❛❜❧❡s ❛s XA,A, XA,AB, ...XC,ABC ✱ t❤❡ s②st❡♠ ♦❢ ♣r✐❝❡s ❢♦r ❝♦✉♥tr② A

❝♦❧❧❛♣s❡s t♦✿





XA,A = λA ×
[
(ϕA,A

σ−γA−1 − ϕA,AB
σ−γA−1)X1−α

A,A

+(ϕA,AB
σ−γA−1 − ϕA,ABC

σ−γA−1)X1−α
A,AB + ϕA,ABC

σ−γA−1X1−α
A,ABC

]

XA,AB = λA ×
[
(ϕA,A

σ−γA−1 − ϕA,AB
σ−γA−1)X1−α

A,A

+(ϕA,AB
σ−γA−1 − ϕA,ABC

σ−γA−1)X1−α
A,AB + ϕA,ABC

σ−γA−1X1−α
A,ABC

]

+λBτ
1−σ
BA ×

[
(ϕB,AB

σ−γB−1 − ϕB,ABC
σ−γB−1)X1−α

B,AB + ϕB,ABC
σ−γB−1X1−α

B,ABC

]

XA,ABC = λA ×
[
(ϕA,A

σ−γA−1 − ϕA,AB
σ−γA−1)X1−α

A,A

+(ϕA,AB
σ−γA−1 − ϕA,ABC

σ−γA−1)X1−α
A,AB + ϕA,ABC

σ−γA−1X1−α
A,ABC

]

+λBτ
1−σ
BA ×

[
(ϕB,AB

σ−γB−1 − ϕB,ABC
σ−γB−1)X1−α

B,AB + ϕB,ABC
σ−γB−1X1−α

B,ABC

]

+λCτ
1−σ
CA ×

[
ϕC,ABC

σ−γC−1X1−α
C,ABC

]

❚❤❡ s❛♠❡ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ ♣r✐❝❡ ✐♥❞✐❝❡s ✐♥ ❝♦✉♥tr✐❡s B ❛♥❞ C✳

❙♦❧✈✐♥❣ ❢♦r ♣r✐❝❡s ❢♦r ❛❧❧ str❛t❡❣✐❡s s ✐♥ ❛❧❧ ❝♦✉♥tr✐❡s k ❝♦♠❡s ❞♦✇♥ t♦ s♦❧✈✐♥❣ ❛ s✐♠♣❧❡ s②st❡♠ ♦❢

✾ ❡q✉❛t✐♦♥s ✇✐t❤ ❛♥ ❡q✉❛❧ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s✳

✶✵✷



✷✳✻✳✷ ❘❡✈❡♥✉❡ ❙②st❡♠

(RA)





rA,A(ϕ) =
(

pA,A(ϕ)
PMA,ABC

)1−σ

βXA

+MA ×

ϕA,AB∫

ϕA,A

(
pA,A(ϕ)

PMA,A

)1−σ

PMA,A
MA,A(s)g(s)ds

+MA ×

ϕA,ABC∫

ϕA,AB

(
pA,A(ϕ)

PMA,AB

)1−σ

PMA,AB
MA,AB(s)g(s)ds

+MA ×

+∞∫

ϕA,ABC

(
pA,A(ϕ)

PMA,ABC

)1−σ

PMA,ABC
MA,ABC(s)g(s)ds

rA,AB(ϕ) =
(

pA,AB(ϕ)
PMA,ABC

)1−σ

βXA +
(
τAB

pA,AB(ϕ)
PMB,ABC

)1−σ

βXB

+MA ×

ϕA,AB∫

ϕA,A

(
pA,AB(ϕ)

PMA,A

)1−σ

PMA,A
MA,A(s)g(s)ds

+MA ×

ϕA,ABC∫

ϕA,AB

(
pA,AB(ϕ)

PMA,AB

)1−σ

PMA,AB
MA,AB(s)g(s)ds

+MA ×

+∞∫

ϕA,ABC

(
pA,AB(ϕ)

PMA,ABC

)1−σ

PMA,ABC
MA,ABC(s)g(s)ds

+MB ×

ϕB,ABC∫

ϕB,AB

(
τAB

pA,AB(ϕ)

PMB,AB

)1−σ

PMB,AB
MB,AB(s)g(s)ds

+MB ×

+∞∫

ϕB,ABC

(
τAB

pA,AB(ϕ)

PMB,ABC

)1−σ

PMB,ABC
MB,ABC(s)g(s)ds

rA,ABC(ϕ) =
(

pA,ABC(ϕ)
PMA,ABC

)1−σ

βXA +
(
τAB

pA,ABC(ϕ)
PMB,ABC

)1−σ

βXB +
(
τAC

pA,ABC(ϕ)
PMC,ABC

)1−σ

βXC

+MA ×

ϕA,AB∫

ϕA,A

(
pA,ABC(ϕ)

PMA,A

)1−σ

PMA,A
MA,A(s)g(s)ds

+MA ×

ϕA,ABC∫

ϕA,AB

(
pA,ABC(ϕ)

PMA,AB

)1−σ

PMA,AB
MA,AB(s)g(s)ds

+MA ×

+∞∫

ϕA,ABC

(
pA,ABC(ϕ)

PMA,ABC

)1−σ

PMA,ABC
MA,ABC(s)g(s)ds

+MB ×

ϕB,ABC∫

ϕB,AB

(
τAB

pA,ABC(ϕ)

PMB,AB

)1−σ

PMB,AB
MB,AB(s)g(s)ds

+MB ×

+∞∫

ϕB,ABC

(
τAB

pA,ABC(ϕ)

PMB,ABC

)1−σ

PMB,ABC
MB,ABC(s)g(s)ds

+MB ×

+∞∫

ϕC,ABC

(
τAC

pA,ABC(ϕ)

PMC,ABC

)1−σ

PMC,ABC
MC,ABC(s)g(s)ds

✶✵✸



❈♦♠♣❧❡t❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ (ΛA) s②st❡♠

(ΛA)





ΛA,A = (1− α)σ−1
σ

(
µAP

−α
MA,A

ZA

)1−σ

× γA

γA−(σ−1)

(
ϕσ−γA−1
A,A − ϕσ−γA−1

A,AB

)
×

[
βXAP

σ−1
MA,ABC

+MA × [ΛA,A + ΛA,AB + ΛA,ABC ]
]

ΛA,AB = (1− α)σ−1
σ

(
µAP

−α
MA,AB

ZA

)1−σ

× γA

γA−(σ−1)

(
ϕσ−γA−1
A,AB − ϕσ−γA−1

A,ABC

)
×

[

βXAP
σ−1
MA,ABC

+MA × [ΛA,A + ΛA,AB + ΛA,ABC ]

+τ1−σ
AB βXBP

σ−1
MB,ABC

+MBτ
1−σ
AB × [ΛB,AB + ΛB,ABC ]

]

ΛA,ABC = (1− α)σ−1
σ

(
µAP

−α
MA,ABC

ZA

)1−σ

× γA

γA−(σ−1)

(
ϕσ−γA−1
A,ABC

)
×

[

βXAP
σ−1
MA,ABC

+MA × [ΛA,A + ΛA,AB + ΛA,ABC ]

+τ1−σ
AB βXBP

σ−1
MB,ABC

+MBτ
1−σ
AB × [ΛB,AB + ΛB,ABC ]

+τ1−σ
AC βXCP

σ−1
MC,ABC

+MCτ
1−σ
AC × [ΛC,ABC ]

]

✶✵✹



❆♥❞ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❛❜♦✈❡ s②st❡♠ ✐♥ ♠❛tr✐① ❢♦r♠✿















































1− CA,AMA −CA,AMA −CA,AMA 0 0 0 0 0 0

−CA,ABMA 1− CA,ABMA −CA,ABMA 0 −CA,ABτ
1−σ
AB MB −CA,ABτ

1−σ
AB MB 0 0 0

−CA,ABCMA −CA,ABCMA 1− CA,ABCMA 0 −CA,ABCτ
1−σ
AB MB −CA,ABCτ

1−σ
AB MB 0 0 −CA,ABCτACMC

0 0 0 1− CB,BMB −CB,BMB −CB,BMB 0 0 0

0 −CB,ABτ
1−σ
BA MA −CB,ABτ

1−σ
BA MA −CB,ABMB 1− CB,ABMB −CB,ABMB 0 0 0

0 −CB,ABCτ
1−σ
BA MA −CB,ABCτ

1−σ
BA MA −CB,ABCMB −CB,ABCMB 1− CB,ABCMB 0 −CB,ABCτ

1−σ
BC MC −CB,ABCτ

1−σ
BC MC

0 0 0 0 0 0 1− CC,CMC −CC,CMC −CC,CMC

0 0 0 0 0 −CC,BCτ
1−σ
CB MB −CC,BCMC 1− CC,BCMC −CC,BCMC

0 0 −CC,ABCτ
1−σ
CA MA 0 0 −CC,ABCτ

1−σ
CB MB −CC,ABCMC −CC,ABCMC 1− CC,ABCMC















































×















































ΛA,A

ΛA,AB

ΛA,ABC

ΛB,B

ΛB,AB

ΛB,ABC

ΛC,C

ΛC,BC

ΛC,ABC















































=















































βXAP
σ−1
MA,ABC

CA,A + 0 + 0

βXAP
σ−1
MA,ABC

CA,AB + τ1−σ
AB βXBP

σ−1
MB,ABC

CA,AB + 0

βXAP
σ−1
MA,ABC

CA,ABC + τ1−σ
AB βXBP

σ−1
MB,ABC

CA,ABC + τ1−σ
AC βXCP

σ−1
MC,ABC

CA,ABC

0 + βXBP
σ−1
MB,ABC

CB,B + 0

τ1−σ
BA βXAP

σ−1
MA,ABC

CB,AB + βXBP
σ−1
MB,ABC

CB,AB + 0

τ1−σ
BA βXAP

σ−1
MA,ABC

CB,ABC + βXBP
σ−1
MB,ABC

CB,ABC + τ1−σ
BC βXCP

σ−1
MC,ABC

CB,ABC

0 + 0 + βXCP
σ−1
MC,ABC

CC,C

0 + τ1−σ
CB βXBP

σ−1
MB,ABC

CC,BC + βXCP
σ−1
MC,ABC

CC,BC

τ1−σ
CA βXAP

σ−1
MA,ABC

CC,ABC + τ1−σ
CB βXBP

σ−1
MB,ABC

CC,ABC + βXCP
σ−1
MC,ABC

CC,ABC















































❙♦❧✈✐♥❣ ❢♦r t❤❡ Λs ❣✐✈❡s ✉s t❤❡ r❡✈❡♥✉❡s ❛♥❞ ✜♥❛❧❧②✱ ♣r♦✜ts ❛r❡ ❥✉st πi =
1
σ ri✳

✶✵✺



✷✳✻✳✸ ❱❡r✐❢②✐♥❣ ■♥❝❡♥t✐✈❡ ❈♦♠♣❛t✐❜✐❧✐t②

❚♦ ✐♥s✉r❡ t❤❛t ♥♦ ✜r♠s ✐♥ ♥❡✐t❤❡r A ♥♦r B ♥♦r C ❤❛s ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✱ ✇❡

❞❡✜♥❡ t❤❡ ❞❡✈✐❛t✐♦♥ ♣r✐❝❡ ✐♥❞❡① ❛♥❞ ♣r♦✜ts r❡s♣❡❝t✐✈❡❧② ❛s ❢♦❧❧♦✇✳ ■♥ A ✇❡ ❤❛✈❡

P1−σ
MA,AC

= P1−σ
MA,A

+ λCτ
1−σ
CA ×

[
ϕC,ABC

σ−γC−1P
(1−σ).(1−α)
MC,ABC

]

πA,AC(ϕA,ABC) =
1

σ

(
µAP

1−α
MA,AC

ZA

)1−σ

×
[
βXAP

σ−1
MA,ABC

+MA × [ΛA,A + ΛA,AB + ΛA,ABC ]

+ τ1−σ
AC βXCP

σ−1
MC,ABC

+MCτ
1−σ
AC × ΛC,ABC

]
ϕσ−1
A,ABC − fA,C

❲❡ ❝❛♥ t❤❡♥ ♥✉♠❡r✐❝❛❧❧② ✈❡r✐❢② ✐❢ ✐♥❞❡❡❞ ✇❡ ❤❛✈❡ πA,AB(ϕA,ABC) > πA,AC(ϕA,ABC)✳ ■♥ B ✇❡

❤❛✈❡

P1−σ
MB,BC

= P1−σ
MB,B

+ λCτ
1−σ
CB ×

[
ϕC,ABC

σ−γC−1P
(1−σ).(1−α)
MC,ABC

]

πB,BC(ϕB,ABC) =
1

σ

(
µBP

1−α
MB,BC

SB

)1−σ

×
[
βXBP

σ−1
MB,ABC

+MB × [ΛB,B + ΛB,AB + ΛB,ABC ]

+ τ1−σ
BC βXCP

σ−1
MC,ABC

+MCτ
1−σ
BC × ΛC,ABC

]
ϕσ−1
B,ABC − fB,C

❲❡ ❝❛♥ t❤❡♥ ♥✉♠❡r✐❝❛❧❧② ✈❡r✐❢② ✐❢ ✐♥❞❡❡❞ ✇❡ ❤❛✈❡ πB,AB(ϕB,ABC) > πB,BC(ϕB,ABC)✳ ■♥ C✱ t❤❡

❞❡✈✐❛t✐♦♥ t♦✇❛r❞ A ✇r✐t❡s

P1−σ
MC,AC

= P1−σ
MC,C

+ λAτ
1−σ
AC ×

[
ϕA,ABC

σ−γC−1P
(1−σ).(1−α)
MA,ABC

]

πC,AC(ϕC,ABC) =
1

σ

(
µCP

1−α
MC,AC

ZC

)1−σ

×
[
βXCP

σ−1
MC,ABC

+MA × [ΛC,C + ΛC,BC + ΛC,ABC ] +

τ1−σ
CA βXAP

σ−1
MA,ABC

+MAτ
1−σ
CA × ΛA,ABC

]
ϕσ−1
C,ABC − fC,A

❲❡ ❝❛♥ t❤❡♥ ♥✉♠❡r✐❝❛❧❧② ✈❡r✐❢② ✐❢ ✐♥❞❡❡❞ ✇❡ ❤❛✈❡ πC,BC(ϕC,ABC) > πC,AC(ϕC,ABC)✳

✶✵✻



✷✳✻✳✹ ❚r❛❞❡ ❋❧♦✇s

XA→B = MA




ϕA,ABC∫

ϕA,AB

XAB
A→B(ϕ)g(ϕ)dϕ+

+∞∫

ϕA,ABC

XABC
A→B(ϕ)g(ϕ)dϕ




=
γAMA

γA − (σ − 1)

(
τABµA
ZA

)1−σ

×
[
βXBP

σ−1
MB,ABC

+MB × (ΛB,AB + ΛB,ABC)
]
×

[
P

(1−α).(1−σ)
MA,AB

(
ϕσ−γA−1
A,AB − ϕσ−γA−1

A,ABC

)
+ P

(1−α).(1−σ)
MA,ABC

ϕσ−γA−1
A,ABC

]

= λA × τ1−σ
AB ×

[
βXBP

σ−1
MB,ABC

+MB × (ΛB,AB + ΛB,ABC)
]
×

[
P

(1−α).(1−σ)
MA,AB

(
ϕσ−γA−1
A,AB − ϕσ−γA−1

A,ABC

)
+ P

(1−α).(1−σ)
MA,ABC

ϕσ−γA−1
A,ABC

]

XA→C = MA

+∞∫

ϕA,ABC

(
µAP

1−α
MA,ABC

ZA

)1−σ

× τ1−σ
AC

[
βXCP

σ−1
MC,ABC

+MC × ΛC,ABC

]
ϕσ−1g(ϕ)dϕ

=
γAMA

γA − (σ − 1)
×

(
µAP

1−α
MA,ABC

ZA

)1−σ

× τ1−σ
AC ×

[
βXCP

σ−1
MC,ABC

+MC × ΛC,ABC

]
× ϕσ−γA−1

A,ABC

XA→C = λA × τ1−σ
AC × P

(1−α).(1−σ)
MA,ABC

[
βXCP

σ−1
MC,ABC

+MC × ΛC,ABC

]
× ϕσ−γA−1

A,ABC

XB→C = MB

+∞∫

ϕB,ABC

(
µBP

1−α
MB,ABC

ZB

)1−σ

× τ1−σ
BC

[
βXCP

σ−1
MC,ABC

+MC × (ΛC,BC + ΛC,ABC)
]
ϕσ−1g(ϕ)dϕ

=
γBMB

γB − (σ − 1)
×

(
µBP

1−α
MB,ABC

ZB

)1−σ

× τ1−σ
BC ×

[
βXCP

σ−1
MC,ABC

+MC × (ΛC,BCΛC,ABC)
]
× ϕσ−γB−1

B,ABC

XB→C = λB × τ1−σ
BC × P

(1−α).(1−σ)
MB,ABC

[
βXCP

σ−1
MC,ABC

+MC × (ΛC,BCΛC,ABC)
]
× ϕσ−γB−1

B,ABC

XB→A = λB × τ1−σ
BA

[
βXAP

σ−1
MA,ABC

+MA × (ΛA,AB + ΛA,ABC)
]
×

[
P

(1−α).(1−σ)
MB,AB

(
ϕσ−γB−1
B,AB − ϕσ−γB−1

B,ABC

)
+ P

(1−α).(1−σ)
MB,ABC

ϕσ−γB−1
B,ABC

]

✶✵✼



XC→A = λC × τ1−σ
CA

[
βXAP

σ−1
MA,ABC

+MA × ΛA,ABC

]
× P

(1−α).(1−σ)
MC,ABC

ϕσ−γC−1
C,ABC

XC→B = λC × τ1−σ
CB

[
βXBP

σ−1
MB,ABC

+MB × ΛB,ABC

]
×

[
P

(1−α).(1−σ)
MC,BC

(
ϕσ−γC−1
C,BC − ϕσ−γC−1

C,ABC

)
+ P

(1−α).(1−σ)
MC,ABC

ϕσ−γC−1
C,ABC

]

✷✳✻✳✺ Pr♦♦❢ ♦❢ Pr♦✜ts ♣r♦♣♦rt✐♦♥❛❧ t♦ ❘❡✈❡♥✉❡s

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t

Πk =
σ − 1

γσ
Rk

Pr♦♦❢

❙✐♥❝❡ ✜r♠s ❝❤❛r❣❡ ❛ ❝♦♥st❛♥t ♠❛r❦✉♣ σ/(σ − 1) ♦✈❡r t❤❡✐r ♠❛r❣✐♥❛❧ ❝♦st✱ t❤❡ t♦t❛❧ ♣r♦✜t ♠❛❞❡

✐♥ ❝♦✉♥tr② k ✐s

Πk =
Rk

σ
−
∑

k′

FCk→k′

✇❤❡r❡ FCk→k′ ✐s t❤❡ s✉♠ ♦❢ ❛❧❧ ✜①❡❞ ❝♦st ♣❛②♠❡♥t ♦❢ ✜r♠s ❢r♦♠ k t❤❛t ❛❝❝❡ss ♠❛r❦❡t k′✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r ❝♦✉♥tr② A ❛♥❞ t❤ ❡s❛♠❡ ❧♦❣✐❝ ❛♣♣❧✐❡s ❢♦r t❤❡ ♦t❤❡r ❝♦✉♥tr✐❡s✳

❋✐rst✱ ❧❡t ♠❡ ❡①♣r❡ss t❤❡ ✜①❡❞ ❝♦st ♣❛②♠❡♥t ❢♦r ❡❛❝❤ ❞❡st✐♥❛t✐♦♥s✿

FCA→A = MA
fAA

ZA

[
PBA,A

(
ϕ−γ
A,A − ϕ−γ

A,AB

)
+ PBA,AB

(
ϕ−γ
A,AB − ϕ−γ

A,ABC

)
+ PBA,ABCϕ

−γ
A,ABC

]

FCA→B = MA
fAB

ZA

[
PBA,AB

(
ϕ−γ
A,AB − ϕ−γ

A,ABC

)
+ PBA,ABCϕ

−γ
A,ABC

]

FCA→C = MA
fAC

ZA
PBA,ABCϕ

−γ
A,ABC

✶✵✽



◆♦✇✱ ✇❡ ❡①♣r❡ss RA,s t❤❡ t♦t❛❧ r❡✈❡♥✉❡s ♦❢ ❛❧❧ ✜r♠s ✐♥ A ✇✐t❤ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ str❛t❡❣② s✳ ❯s✐♥❣

t❤❡ s❧♦♣❡s SA,k✱ ✇❡ ❤❛✈❡

RA,A = MA
γ

γ−(σ−1)SA,A

(
ϕσ−γ−1
A,A − ϕσ−γ−1

A,AB

)

RA,AB = MA
γ

γ−(σ−1)SA,AB

(
ϕσ−γ−1
A,AB − ϕσ−γ−1

A,ABC

)

RA,ABC = MA
γ

γ−(σ−1)SA,ABCϕ
σ−γ−1
A,ABC

❚♦t❛❧ r❡✈❡♥✉❡s ♦❢ ❛❧❧ ✜r♠s ✐♥ A ✐s t❤❡♥ t❤❡ s✉♠ ♦❣ t❤❡ t❤r❡❡ t❡r♠s ❛❜♦✈❡✳ ❘❡❛rr❛♥❣✐♥❣ t❤❡ t❡r♠s✱

♦♥❡ ❣❡ts

RA = MA
γ

γ − (σ − 1)
×

[
ϕσ−γ−1
A,A SA,A + ϕσ−γ−1

A,AB (SA,AB − SA,A) + ϕσ−γ−1
A,ABC(SA,ABC − SA,AB)

]

❘❡♣❧❛❝✐♥❣ t❤❡ t❤r❡s❤♦❧❞s ❜② t❤❡✐r ❡①♣r❡ss✐♦♥ ✐♥ ✷✳✽✱ ✇❡ ❣❡t

RA = MA
γ

γ−(σ−1)

[
ϕ−γ
A,Aσ

PBA,A

ZA
fAA + ϕ−γ

A,ABσ
(
PBA,AB

ZA
(fAA + fAB)−

PBA,A

ZA
fAA

)
+

ϕ−γ
A,ABCσ

(
PBA,ABC

ZA
(fAA + fAB + fAC)−

PBA,AB

ZA
(fAA + fAB)

)]

❆❣❛✐♥✱ r❡❛rr❛♥❣✐♥❣ t❡r♠s✱ ✇❡ ❝❛♥ r❡❝♦❣♥✐③❡

RA =
γσ

γ − (σ − 1)
(FCA→A + FCA→B + FCA→C)

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ♦❢
∑
k′
FCA→k′ ✐♥t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦✜ts✱ ✇❡ ❣❡t

ΠA =
σ − 1

γσ
RA

✶✵✾



✶✶✵



❈❤❛♣t❡r ✸

❊♠♣❧♦②♠❡♥t ✐♥ ❛ ◆❡t✇♦r❦ ♦❢

■♥♣✉t✲❖✉t♣✉t ▲✐♥❦❛❣❡s

❇② ❋r❛♥ç♦✐s ❞❡ ❙♦②r❡s ❛♥❞ ❙❤❡❦❤❛r ❚♦♠❛r✶

❆❜str❛❝t

❲❤❛t ✐s t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ t❡❝❤♥♦❧♦❣✐❝❛❧ ✐♠♣r♦✈❡♠❡♥t ✐♥ ♦♥❡ s❡❝t♦r ♦♥ ❡♠♣❧♦②♠❡♥t ✐♥ s❡❝t♦rs

❧♦❝❛t❡❞ ❞♦✇♥str❡❛♠ ✐♥ t❤❡ s✉♣♣❧②✲❝❤❛✐♥❄ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢ ♠❛t❡r✐❛❧ ❛♥❞ ❧❛❜♦r ❛r❡ ❣r♦ss

s✉❜st✐t✉t❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❡ ♣r✐❝❡ ❞❡❝r❡❛s❡ ❢♦r t❤❡ ❢♦r♠❡r t❡♥❞s t♦ r❡❞✉❝❡ ❧❛❜♦r

❞❡♠❛♥❞ ❢♦r t❤❡ ❧❛tt❡r ♣❡r ✉♥✐t ♣r♦❞✉❝❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✉♣str❡❛♠ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧

s❤♦❝❦ ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ✉♥✐t ♣r♦❞✉❝❡❞ t❤r♦✉❣❤ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st✳ ❚❤❡

♥❡t ❡✛❡❝t ♦♥ ❡♠♣❧♦②♠❡♥t s✐♠♣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥

t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞✳ ❲❡ ❡st✐♠❛t❡ t❤♦s❡ ♣❛r❛♠❡t❡rs ❛t t❤❡

s❡❝t♦r ❧❡✈❡❧ ✉s✐♥❣ ❞❡t❛✐❧❡❞ ❋r❡♥❝❤ ❞❛t❛ ❛♥❞ s❤♦✇ t❤❛t ❡♠♣❧♦②♠❡♥t s❡♥s✐t✐✈✐t② ♦❢ s❡❝t♦rs ❢♦❧❧♦✇✐♥❣

❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡✐r ♠❛t❡r✐❛❧ ✐♥♣✉t ♣r✐❝❡ ❛r❡ ✈❡r② ❤❡t❡r♦❣❡♥❡♦✉s✳ ❈♦♥s❡q✉❡♥❝❡s ❢♦r ❢♦r❡❝❛st✐♥❣ t❤❡

❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♠❛❝❤✐♥❡ ❡✣❝✐❡♥❝② ❛r❡ ❞✐s❝✉ss❡❞✳

✶❊♠❛✐❧✿ ❢r❛♥❝♦✐s✳❞❡✳s♦②r❡s❅❣♠❛✐❧✳❝♦♠ ❛♥❞ ❙❤❡❦❤❛r✳❚♦♠❛r❅✉t✲❝❛♣✐t♦❧❡✳❢r✳

✶✶✶



✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❤❡ ♥❡t✇♦r❦ ❧✐t❡r❛t✉r❡ ❤❛✈❡ ❤✐❣❤❧✐❣❤t❡❞ t❤❡ ✐♠♣♦rt❛♥t r♦❧❡ ♦❢ ✐♥♣✉t✲

♦✉t♣✉t ❧✐♥❦❛❣❡s ✐♥ ❛♠♣❧✐✜❝❛t✐♦♥ ♦❢ s❡❝t♦r ❧❡✈❡❧ s❤♦❝❦s✳ ■♥ ❛♥ ✐♥t❡r❝♦♥♥❡❝t❡❞ ❡❝♦♥♦♠②✱ ❛♥ ✐♥❝r❡❛s❡

✐♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♦♥❡ s❡❝t♦r ②✐❡❧❞s ❜❡♥❡✜ts ❢♦r ❛❧❧ ♦t❤❡r s❡❝t♦rs✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✇❤✐❝❤ ❞❡♣❡♥❞s

♦♥ t❤❡ ❞❡t❛✐❧❡❞ ♥❡t✇♦r❦ str✉❝t✉r❡✳ ❲❤✐❧❡ t❤♦s❡ s❡❝t♦r❛❧ s♣✐❧❧♦✈❡rs ❛r❡ ❛❧✇❛②s ♣♦s✐t✐✈❡ ✇❤❡♥ ♦♥❡

❧♦♦❦s ❛t ❣r♦ss ♦✉t♣✉t ♣r♦❞✉❝t✐♦♥✱ t❤✐s ✐s ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ ❝❛s❡ ❢♦r ✉s❛❣❡ ♦❢ ♦♥❡ ♣❛rt✐❝✉❧❛r

✐♥♣✉t s✉❝❤ ❛s ❧❛❜♦r✱ ♦r ❢♦r ✈❛❧✉❡ ❛❞❞❡❞ ♣r♦❞✉❝t✐♦♥ ✐♥ ❣❡♥❡r❛❧✳✷ ❋♦❧❧♦✇✐♥❣ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♣r✐❝❡

♦❢ ❛ ♠❛t❡r✐❛❧ ✐♥♣✉t✱ ✜r♠s ❛♥❞ s❡❝t♦r r❡✲♦♣t✐♠✐③❡ t❤❡✐r ✐♥♣✉t ♠✐① ✐♥ ♣r♦❞✉❝t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡✐r

♣r♦❞✉❝t✐♦♥ s❝❛❧❡✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st❛rt ❜② s❤♦✇✐♥❣ ✐♥ ❛ s✐♠♣❧❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ t❤❛t t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛

t❡❝❤♥♦❧♦❣✐❝❛❧ ✐♥♥♦✈❛t✐♦♥ ❢♦r ❧❛❜♦r ❞❡♠❛♥❞ ✐♥ ❞♦✇♥str❡❛♠ s❡❝t♦rs ❞❡♣❡♥❞s ♦♥ t✇♦ ❦❡② ❡❧❛st✐❝✐t✐❡s✿

✭✐✮ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ❧❛❜♦r ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉t ❛♥❞ ✭✐✐✮ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢

❞❡♠❛♥❞✳ ❚❤❡ ✜rst ♣❛r❛♠❡t❡r ❝❛♣t✉r❡s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♥♣✉t ♠✐① ❞✉❡ t♦ ❛ ❝❤❛♥❣❡ ✐♥ r❡❧❛t✐✈❡

♣r✐❝❡s✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❝❛♣t✉r❡s t❤❡ s✐③❡ ♦❢ ✐♥❝r❡❛s❡❞ s❛❧❡s ❛ttr❛❝t❡❞ ❜② t❤❡ s❡❝t♦r ❢♦❧❧♦✇✐♥❣

t❤❡ ❞❡❝r❡❛s❡ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st✳ ■♥❞❡❡❞✱ ✐❢ t♦t❛❧ s❛❧❡s ✐s ✜①❡❞✱ t❤❡ ❡♠♣❧♦②♠❡♥t ❝♦♥s❡q✉❡♥❝❡s ♦❢

❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♣r✐❝❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ❞❡♣❡♥❞s s♦❧❡❧② ♦♥ t❤❡ ❣r♦ss s✉❜st✐t✉t❛❜✐❧✐t② ♦r

❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❧❛❜♦r ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉ts ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❤❡♥

✜r♠s ✐♥❝r❡❛s❡ t❤❡ s❤❛r❡ ♦❢ t❤❡ ❝❤❡❛♣❡r ✐♥♣✉t ✐♥ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ❜❛s❦❡t✱ t❤❡② ❛❧s♦ ❞❡❝r❡❛s❡ t❤❡✐r

♣r♦❞✉❝t✐♦♥ ❝♦sts ❛♥❞ ❤❡♥❝❡ t❤❡✐r ♣r✐❝❡✱ ❤❡r❡❜② ❛ttr❛❝t✐♥❣ ♥❡✇ ❝✉st♦♠❡rs✳ ❙✉❝❤ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡

s❝❛❧❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ❝♦✉♥t❡r❛❝ts t❤❡ r❡❞✉❝❡❞ ❧❛❜♦r s❤❛r❡ ♣❡r ✉♥✐t ♣r♦❞✉❝❡❞✱ s♦ t❤❛t t❤❡ ♦✈❡r❛❧❧

❞✐r❡❝t✐♦♥ ♦❢ ❧❛❜♦r ❞❡♠❛♥❞ ✐s ❛♠❜✐❣✉♦✉s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ t✇♦ ❡❧❛st✐❝✐t✐❡s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❛r❡

t❤❡ ♦♥❧② ♣❛r❛♠❡t❡rs ♦♥❡ ♥❡❡❞s t♦ ❡st✐♠❛t❡ ✐♥ t❤❡ ❞❛t❛ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ♣r❡❞✐❝t✐♦♥ ❢♦r ❡♠♣❧♦②♠❡♥t

❝❤❛♥❣❡s✳

❲❡ t❤❡♥ ❡①♣❧♦✐t ❛ ✈❡r② ❞❡t❛✐❧❡❞ ❞❛t❛s❡t ♦❢ ❋r❡♥❝❤ ✜r♠s ❛♥❞ ❡st✐♠❛t❡ t❤♦s❡ ❡❧❛st✐❝✐t✐❡s s❡♣❛✲

r❛t❡❧② ❢♦r ❡❛❝❤ s❡❝t♦r✳ ❯s✐♥❣ ❛ ♣❛♥❡❧ ♦❢ ❋r❡♥❝❤ ✜r♠s ♠❛t❝❤❡❞ ✇✐t❤ ❡♠♣❧♦②❡❡ ❧❡✈❡❧ ❞❛t❛✱ ✇❡ ❝❛♥

❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤♦s❡ t✇♦ ♣❛r❛♠❡t❡rs ✉s✐♥❣ ✇✐t❤✐♥ ✜r♠s ✈❛r✐❛t✐♦♥s ❛♥❞ ❝♦♥str✉❝t ❛ ✈❛❧✉❡

❢♦r t❤❡ s❡❝t♦r ❧❡✈❡❧ ❡❧❛st✐❝✐t✐❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ♣✉t t♦❣❡t❤❡r ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts

t♦❣❡t❤❡r ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❞❡❣r❡❡ ♦❢ s❡♥s✐t✐✈✐t② ♦❢ ❡♠♣❧♦②♠❡♥t ✐♥ ❡❛❝❤ s❡❝t♦r ✇✐t❤ r❡s♣❡❝t t♦

t❡❝❤♥♦❧♦❣✐❝❛❧ ✐♠♣r♦✈❡♠❡♥ts✳

✷❆❝❡♠♦❣❧✉ ❛♥❞ ❘❡str❡♣♦ ✭✷✵✶✻✮ st✉❞② ✏t❤❡ r❛❝❡ ❜❡t✇❡❡♥ ♠❛❝❤✐♥❡ ❛♥❞ ♠❛♥✑ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛✉t♦♠❛t✐♦♥
✭✇❤✐❝❤ ❝♦✉❧❞ ❜❡ s❡❡♥ ❛s ❛ t❡❝❤♥♦❧♦❣✐❝❛❧ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ s❡❝t♦r ♣r♦❞✉❝✐♥❣ r♦❜♦ts✮ ❢♦r ❧❛❜♦r s❤❛r❡✳

✶✶✷



❖✉r ♣❛♣❡r ✐s r❡❧❛t❡❞ t♦ s❡✈❡r❛❧ str❛♥❞s ♦❢ ❧✐t❡r❛t✉r❡ ♦♥ ♣r♦❞✉❝t✐♦♥ ♥❡t✇♦r❦s✳ ❋✐rst✱ ♦♥ t❤❡

t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ❛❢t❡r t❤❡ s❡♠✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❜② ▲♦♥❣ ❛♥❞ P❧♦ss❡r ✭✶✾✽✸✮ ♦♥ ❜✉s✐♥❡ss ❝②❝❧❡s

✐♥ ❛ ♥❡t✇♦r❦ ❡❝♦♥♦♠②✱ ♠❛♥② ♣❛♣❡rs ❤❛✈❡ ❜❡❡♥ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ s❡❝t♦r❛❧ ♦r✐❣✐♥ ♦❢ ❛❣❣r❡❣❛t❡

✈♦❧❛t✐❧✐t② ✐♥ ♦✉t♣✉t✱ ❞✐❧✉t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ✏❞✐✈❡rs✐✜❝❛t✐♦♥✑ ❛r❣✉♠❡♥t✱ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ ✐❞✐♦s②♥✲

❝r❛t✐❝ s❡❝t♦r❛❧ ♦r ✜r♠✲❧❡✈❡❧ s❤♦❝❦s s❤♦✉❧❞ ✇❛s❤ ♦✉t ✐♥ t❤❡ ❛❣❣r❡❣❛t❡ ❞✉❡ t♦ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✳

❈❛r✈❛❧❤♦ ✭✷✵✶✶✮✱ ❆❝❡♠♦❣❧✉ ❡t ❛❧✳ ✭✷✵✶✷✮ ❛♥❞ ♦t❤❡rs ❤❛✈❡ ♣r♦✈✐❞❡❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ✉♥❞❡r

✇❤✐❝❤ ❛ ♥❡t✇♦r❦❡❞ ❡❝♦♥♦♠② ✇✐t❤ ✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s ✐s ❛❜❧❡ t♦ ❛♠♣❧✐❢② s❡❝t♦r❛❧ s❤♦❝❦s t♦

❝r❡❛t❡ ❛❣❣r❡❣❛t❡ ✢✉❝t✉❛t✐♦♥s✳ ❲❤✐❧❡ ♠❛♥② st✉❞✐❡s ❢♦❝✉s ♦♥ ✈♦❧❛t✐❧✐t② ♦r ❣r♦ss ♦✉t♣✉t✱ ✇❡ ❛r❡

s♣❡❝✐✜❝❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡♠♣❧♦②♠❡♥t ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢

✐♥♣✉t✲♦✉t♣✉t ❧✐♥❦❛❣❡s✳

❖♥ t❤❡ ❡♠♣✐r✐❝❛❧ s✐❞❡✱ ❆t❛❧❛② ✭✷✵✶✺✮ ❛♥❞ ❋♦❡rst❡r ❡t ❛❧✳ ✭✷✵✶✶✮ ❤❛✈❡ tr✐❡❞ t♦ t❡st t❤❡ ♣r❡❞✐❝✲

t✐♦♥s ♦❢ t❤❡s❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ❛♥❞ ❡st✐♠❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ s❡❝t♦r❛❧ s❤♦❝❦s t♦ ❛❣❣r❡❣❛t❡

✈♦❧❛t✐❧✐t②✳ ●✐♦✈❛♥♥✐ ❡t ❛❧✳ ✭✷✵✶✹✮ ✉s❡ ❞❡t❛✐❧❡❞ ✜r♠ ❧❡✈❡❧ ❞❛t❛ ❢r♦♠ ❋r❛♥❝❡ ❢♦r t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥

❡①❡r❝✐s❡✳ ▼♦r❡ r❡❝❡♥t❧② ❇❛rr♦t ❛♥❞ ❙❛✉✈❛❣♥❛t ✭✷✵✶✻✮ ✉s❡ ♥❛t✉r❛❧ ❞✐s❛st❡r ❛s ❛ ♣r♦①② ❢♦r ✜r♠

❧❡✈❡❧ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s t♦ st✉❞② t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡s❡ s❤♦❝❦s ❢r♦♠ ♦♥❡ ✜r♠ t♦ ❛♥♦t❤❡r ❛♥❞

✉♥❞❡rst❛♥❞ t❤❡ ✐♠♣❛❝t ♦♥ ❞♦✇♥str❡❛♠ ♦✉t♣✉t ❣r♦✇t❤ r❛t❡s ❛♥❞ s♣✐❧❧♦✈❡rs✳

❖✉r ♣❛♣❡r ✐s ❛❧s♦ ❝❧♦s❡❧② r❡❧❛t❡❞ ❛♥❞ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❡st✐♠❛t✐♥❣ ♣r♦❞✉❝t✐♦♥

❡❧❛st✐❝✐t✐❡s✳ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ✭✷✵✶✻✮ ✉s❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ✜r♠ ❧❡✈❡❧ ❜❛❧❛♥❝❡ s❤❡❡t ❞❛t❛ t♦ ❡st✐✲

♠❛t❡ s❡❝t♦r ❧❡✈❡❧ s✉❜st✐t✉t✐♦♥ ❡❧❛st✐❝✐t② ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♣r❡❝✐s❡ ✜r♠

❧❡✈❡❧ ❡✣❝✐❡♥❝② ✇❛❣❡ ✐♥❢♦r♠❛t✐♦♥✱ t❤❡② ❤❛❞ t♦ ✉s❡ ❛r❡❛ ❧❡✈❡❧ ❡✣❝✐❡♥❝② ✇❛❣❡s ❢♦r t❤❡✐r ❡st✐♠❛t✐♦♥s✳

❲❡ ✐♠♣r♦✈❡ ✉♣♦♥ t❤❡✐r ♠❡t❤♦❞♦❧♦❣② ❜② ✉s✐♥❣ ❞❡t❛✐❧❡❞ ✜r♠ ❧❡✈❡❧ ❞❛t❛ ✇❤✐❝❤ ❛❧❧♦✇s ✉s ❡st✐♠❛t✐♦♥

♦❢ ✜r♠ ❧❡✈❡❧ ❡✣❝✐❡♥❝② ✇❛❣❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✉s❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛s✲

t✐❝✐t②✳ ❚❤❡r❡ ✐s ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ s❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❡st✐♠❛t✐♦♥ ♦❢

s✉❜st✐t✉t✐♦♥ ❡❧❛st✐❝✐t② ❜❡t✇❡❡♥ ♠❛t❡r✐❛❧ ✐♥♣✉ts ❛♥❞ ❝❛♣✐t❛❧✲❧❛❜♦r✳ ❆ ❧❛r❣❡ ♣❛rt ♦❢ t❤❡ ♣r❡✈✐♦✉s

❧✐t❡r❛t✉r❡ ❤❛s ♣r✐♠❛r✐❧② ❢♦❝✉s❡❞ ♦♥ ❡st✐♠❛t✐♥❣ s✉❜st✐t✉t✐♦♥ ❡❧❛st✐❝✐t② ❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r

❜✉t ✇❡ ❞♦❝✉♠❡♥t t❤❡ ♦t❤❡r ❡❧❛st✐❝✐t② ❛s ✇❡❧❧✳ ❖✉r r❡s✉❧ts ❤✐❣❤❧✐❣❤t s✉❜st❛♥t✐❛❧ ❤❡t❡r♦❣❡♥❡✐t② ✐♥

❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ♠❛t❡r✐❛❧ ✐♥♣✉ts ❛♥❞ ❝❛♣✐t❛❧✲❧❛❜♦r ❛❝r♦ss s❡❝t♦rs✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ❧❛② ❞♦✇♥ ♦✉r t❤❡♦r❡t✐❝❛❧

❢r❛♠❡✇♦r❦ ❛♥❞ ❞❡r✐✈❡ ❛ ♣r❡❞✐❝t✐♦♥ ❢♦r t❤❡ ❡♠♣❧♦②♠❡♥t ❝❤❛♥❣❡ ✐♥ ❛ s❡❝t♦r ❢♦❧❧♦✇✐♥❣ ❛ ❞❡❝r❡❛s❡ ✐♥

t❤❡ ♣r✐❝❡ ♦❢ ✐ts ♠❛t❡r✐❛❧ ✐♥♣✉t✳ ❚❤✐s ❡❧❛st✐❝✐t② ❞❡♣❡♥❞s ♦♥ t✇♦ ❦❡② ❡❧❛st✐❝✐t✐❡s ❢♦r ✇❤✐❝❤ ✇❡ ❞❡r✐✈❡

❡st✐♠❛t✐♦♥ ❡q✉❛t✐♦♥s✳ ■♥ s❡❝t✐♦♥ t❤r❡❡✱ ✇❡ ♣r❡s❡♥t ♦✉r ❞❛t❛s❡t ❛♥❞ ❡♠♣✐r✐❝❛❧ str❛t❡❣② ❛♥❞ ❞❡r✐✈❡

✶✶✸



❡st✐♠❛t❡❞ ✈❛❧✉❡ ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ❛♥❞ t❤❡ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t✐❡s ❢♦r ♠❛♥② s❡❝t♦r✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t

❝♦♥s♦❧✐❞❛t❡❞ r❡s✉❧t ❢♦r s❡❝t♦r✬s s❡♥s✐❜✐❧✐t② t♦ ✉♣str❡❛♠ s❤♦❝❦s✳ ❙❡❝t✐♦♥ ❢♦✉r ♦✛❡rs ❝♦♥❝❧✉❞✐♥❣

r❡♠❛r❦s ❛♥❞ ❛✈❡♥✉❡s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

✸✳✷ ❚❤❡♦r❡t✐❝❛❧ ❋r❛♠❡✇♦r❦

❚❤✐s s❡❝t✐♦♥ ❞❡✈❡❧♦♣s ❛ s✐♠♣❧❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ✜r♠s ❛♥❞ s❡❝t♦rs ❡♠♣❧♦②♠❡♥t ❞❡❝✐s✐♦♥s

✇❤✐❝❤ ❢♦r♠s t❤❡ ❜❛s✐s ♦❢ ♦✉r ❡♠♣✐r✐❝❛❧ ✇♦r❦✳

✸✳✷✳✶ ❇❛s✐❝s

❲❡ ❝♦♥s✐❞❡r ❛ s❡❝t♦r k ♣♦♣✉❧❛t❡❞ ❜② ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐❞❡♥t✐❝❛❧ ✜r♠s ♣r♦❞✉❝✐♥❣ ❛ ❣♦♦❞ Yk ✉s✐♥❣

t❤r❡❡ ✐♥♣✉ts✿ ❧❛❜♦r Lk✱ ❝❛♣✐t❛❧ Kk ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉ts Mk ❜♦✉❣❤t ❢r♦♠ ♦t❤❡r ✜r♠s✳ ❙✐♥❝❡ ❛❧❧

✜r♠s ✇✐t❤✐♥ s❡❝t♦r k ❛r❡ s②♠♠❡tr✐❝✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r ✜r♠ s♣❡❝✐✜❝ ✐♥❞❡① ❛♥❞ ✇❡ s✐♠♣❧② ✇r✐t❡

t❤❡ ❣❡♥❡r✐❝ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❛❧❧ ✜r♠s ✐♥ s❡❝t♦r k ❛s✿

Yk =

[
µ

1
ǫP V

ǫP−1

ǫP

k + (1− µ)
1
ǫP M

ǫP−1

ǫP

k

] ǫP
ǫP−1

✭✸✳✶✮

✇❤❡r❡ Vk = Kα
k L

1−α
k ✐s ❛ ❈♦❜❜✲❉♦✉❣❧❛s ❛❣❣r❡❣❛t❡ ♦❢ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ ❛♥❞ ǫP > 0 ✐s t❤❡

❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ❜❛s✐❝ ❢❛❝t♦rs ♦❢ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉ts✳ µ ✐s ❛ ✇❡✐❣❤t

t❤❛t ❝♦♥tr♦❧s ❢♦r t❤❡ s♣❡♥❞✐♥❣ s❤❛r❡ ♦❢ ❜❛s✐❝ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦rs ✈✐s✲❛✲✈✐s ♠❛t❡r✐❛❧ ✐♥♣✉t✳ ❆s ✇✐❧❧

❜❡ ❝❧❡❛r ❧❛t❡r✱ ❛ss✉♠✐♥❣ t❤❛t t❤♦s❡ ✇❡✐❣❤ts ❛r❡ ❝♦♥st❛♥ts ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❡st✐♠❛t❡

t❤❡♠ ❛s ✇❡ ✉s❡ t✐♠❡ ❞✐✛❡r❡♥❝❡s ✐♥ ♦r❞❡r t♦ r❡❧❛t❡ ❝❤❛♥❣❡s ✐♥ r❡❧❛t✐✈❡ ✐♥♣✉t ♣r✐❝❡s t♦ ❝❤❛♥❣❡s ✐♥

r❡❧❛t✐✈❡ ✐♥♣✉t ✉s❛❣❡✳ ❙❡❝t♦r k ❢❛❝❡s ❛♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❝✉r✈❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ♣r✐❝❡ ❡❧❛st✐❝✐t②

♦❢ ǫD✱ s✉❝❤ t❤❛t✿

D(pk) = D0(pk)
−ǫD ✭✸✳✷✮

✇❤❡r❡ pk ✐s t❤❡ ♣r✐❝❡ ♦❢ s❡❝t♦r k✬s ❣♦♦❞ ❛♥❞ ǫD ✐s t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞✳ ❲❡ ❞♦ ♥♦t

♠♦❞❡❧ ❢✉rt❤❡r t❤❡ ❞❡♠❛♥❞ s✐❞❡ ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ❣♦♦❞s ♣r♦❞✉❝❡❞ ❜② s❡❝t♦r k ❜✉t r❛t❤❡r ♣♦s✐t t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ✭❧♦❝❛❧❧②✮ ❝♦♥st❛♥t ♣r✐❝❡ ❡❧❛st✐❝✐t②✳ ❙✉❝❤ ❞❡♠❛♥❞

❝❛♥ ♣♦t❡♥t✐❛❧❧② ❝♦♠❡ ❢r♦♠ ♦t❤❡r ✐♥❞✉str✐❡s ♦❢ ❢r♦♠ ✜♥❛❧ ❝♦♥s✉♠❡rs✳ ❙❡❝t♦r k ✐s ♠♦♥♦♣♦❧✐st✐❝ ❛♥❞

❝❤♦s❡s ✐ts ♣r✐❝❡ ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡ ♣r♦✜t✳ ❙✐♥❝❡ ✐t ❢❛❝❡s ❛ ❞❡♠❛♥❞ ✇✐t❤ ❛ ❝♦♥st❛♥t ♣r✐❝❡

✶✶✹



❡❧❛st✐❝✐t② ǫD✱ st❛♥❞❛r❞ ❞❡r✐✈❛t✐♦♥s ❧❡❛❞ t♦ ❛ ♣r✐❝❡ ❛t ❛ ❝♦♥st❛♥t ♠❛r❦✉♣ ♦✈❡r ♠❛r❣✐♥❛❧ ❝♦st✿

pk =
ǫD

ǫD − 1
MCk =

(
µv1−ǫP

k + (1− µ)q1−ǫP
k

) 1
1−ǫP ✭✸✳✸✮

✇❤❡r❡ MCk ✐s t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐♦♥ ❝♦st ♦❢ s❡❝t♦r k ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ t❤❡ ♣r✐❝❡ ✐♥❞❡① ❞✉❛❧ t♦

t❤❡ ❈❊❙ ❛❣❣r❡❣❛t✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✭✸✳✶✮✳ ❲❡ ❞❡♥♦t❡ ❜② qk ✐s t❤❡ ♣r✐❝❡ ♦❢ ♠❛t❡r✐❛❧

✐♥♣✉ts ❛♥❞ vk ✐s t❤❡ ♣r✐❝❡ ♦❢ t❤❡ K − L ❜✉♥❞❧❡ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②✿

vk =
rαk
αα

·
w1−α
k

(1− α)1−α
✭✸✳✹✮

▲❡t ✉s ♥♦✇ ✐♥✈❡rt t❤❡ ❞❡♠❛♥❞ ❝✉r✈❡ ✭✸✳✷✮ t♦ ❣❡t✿

pk = D
− 1

ǫD
0 × Y

− 1
ǫD

k ✭✸✳✺✮

❋✐r♠s ✐♥ s❡❝t♦r k t❛❦❡ ✐♥♣✉t ♣r✐❝❡ ❛s ❣✐✈❡♥ ❛♥❞ ❝❤♦s❡ Lk✱ Kk ❛♥❞ Mk ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡

t❤❡✐r ♣r♦✜t✱ ❣✐✈❡♥ t❤❡ ❞❡♠❛♥❞ t❤❡② ❛r❡ ❢❛❝✐♥❣✳✸ ❲❡ ✜rst ♠♦❞❡❧ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ ♠❛t❡r✐❛❧

✐♥♣✉t ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ❧❛❜♦r ❜✉♥❞❧❡ ❛♥❞ ✇❡ ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ s❡♣❛r❛t❡❧② t❤❡ ❞❡♠❛♥❞ ❢♦r ❧❛❜♦r ❛♥❞

❝❛♣✐t❛❧ ❜❡❧♦✇✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t♦t❛❧ ♣r♦✜ts ✐♥ s❡❝t♦r k ❛r❡ ❡q✉❛❧ t♦ t♦t❛❧ r❡✈❡♥✉❡s ♠✐♥✉s t♦t❛❧

❝♦sts ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥✿

Π = pkYk − vkVk − qkMk = D
− 1

ǫD
0 × Y

ǫD−1

ǫD

k − vkVk − qkMk ✭✸✳✻✮

✇❤❡r❡ ✇❡ r❡♣❧❛❝❡ t❤❡ ♣r✐❝❡ ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❝✉r✈❡ ✭✸✳✺✮✱ ✐♠♣❧②✐♥❣ t❤❛t ✜r♠s ❞♦ ♥♦t t❛❦❡

t❤❡✐r ♦✉t♣✉t ♣r✐❝❡ ❛s ❣✐✈❡♥✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡✿

{Vk} : D
− 1

ǫD
0 Y

− 1
ǫD

k
∂Yk

∂Vk
= v ✭✸✳✼✮

{Mk} : D
− 1

ǫD
0 Y

− 1
ǫD

k
∂Yk

∂Mk
= q ✭✸✳✽✮

❆s ✐s ✉s✉❛❧✱ ✜r♠s ✉s❡ ♣r♦❞✉❝t✐♦♥ ✐♥♣✉ts ✉♥t✐❧ t❤❡ ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ♣r♦❞✉❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤

❡❛❝❤ ✐♥♣✉t ❡q✉❛❧s t❤❡✐r ♣r✐❝❡ t❤❡② ❛r❡ ♣❛②✐♥❣ ❢♦r t❤♦s❡ ✐♥♣✉ts✳ ■t ✐s ❛♣♣❛r❡♥t ❢r♦♠ t❤❡ ❛❜♦✈❡

❡q✉❛t✐♦♥s t❤❛t t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ✐♥ s❤❛♣✐♥❣ ✐♥♣✉t ❞❡♠❛♥❞✱

✸■t ✐s ❡q✉✐✈❛❧❡♥t t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ✐♥ t✇♦ st❡♣✱ ✇❤❡r❡✐♥ t❤❡ ✜rst st❡♣ ✜r♠s ❝❤♦s❡ ✐♥♣✉ts t♦ ♠✐♥✐♠✐③❡ t❤❡✐r
♣r♦❞✉❝t✐♦♥ ♣r✐❝❡ ❛♥❞ ✐♥ ❛ s❡❝♦♥❞ st❡♣ t❤❡② ❝❤♦s❡ t❤❡✐r ♣r✐❝❡ t♦ ♠❛①✐♠✐③❡ ♣r♦✜t✳

✶✶✺



st❡♠♠✐♥❣ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❛r❣✐♥❛❧ r❡✈❡♥✉❡ ♣r♦❞✉❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐r✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧

✉♥✐t ♦❢ ❛♥② ✐♥♣✉t ✐s ❣♦✈❡r♥❡❞ ❜② ✭✐✮ t❤❡ ✐♠♣❛❝t t❤✐s ❛❞❞✐t✐♦♥❛❧ ✐♥♣✉t ❤❛s ♦♥ ♣r♦❞✉❝t✐♦♥ ❝♦st ❛♥❞

✭✐✐✮ t❤❡ ✐♠♣❛❝t t❤✐s ❝❤❛♥❣❡ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ ❤❡♥❝❡ ♦♥ ♣r✐❝✐♥❣ ❤❛s ♦♥ ✜♥❛❧ r❡✈❡♥✉❡✳ ❯s✐♥❣ t❤❡

♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✭✸✳✶✮✱ ✇❡ ❝❛♥ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ Yk ✇✐t❤ r❡s♣❡❝t

t♦ ❡❛❝❤ ✐♥♣✉t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡✿

∂Yk
∂Vk

=

[
µ

1
ǫP V

ǫP−1

ǫP

k + (1− µ)
1
ǫP M

ǫP−1

ǫP

k

] 1
ǫP−1

× µ
1
ǫP ×

ǫP − 1

ǫP
× V

−1
ǫP

k

❯s✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥ ❢♦r ∂Yk

∂Mk
✮✱ ✇❡ ❝❛♥ ❝♦♠❜✐♥❡ t❤❡ ✜rst

♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛♥❞ ♦❜t❛✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ r❛t✐♦ ♦❢ ❜❛s✐❝ ✐♥♣✉t t♦ ♠❛t❡r✐❛❧ ❞❡♠❛♥❞✿

Vk
Mk

=
µ

1− µ
×

(
vk
qk

)−ǫP

◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❛❧s♦ r❡✇r✐t❡ t❤✐s ❡q✉❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❢❛❝t♦r ♣❛②♠❡♥t r❛t❤❡r t❤❛♥ q✉❛♥t✐t②✱ ✇❤✐❝❤

✇✐❧❧ ♣r♦✈❡ ✉s❡❢✉❧ ✇❤❡♥ ✇❡ ❡st✐♠❛t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ▼✉❧t✐♣❧②✐♥❣

t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡s ❜② t❤❡ r❛t✐♦ ♦❢ ❢❛❝t♦r ♣r✐❝❡s✱ ②✐❡❧❞s✿

vkVk
qkMk

=
µ

1− µ
×

(
vk
qk

)1−ǫP

✭✸✳✾✮

❋✐♥❛❧❧②✱ r❡♣❧❛❝✐♥❣ vk ❜② ✐ts ❡①♣r❡ss✐♦♥ ✐♥ ✭✸✳✹✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t♦t❛❧ ♣❛②♠❡♥t t♦ t❤❡ ❜✉♥❞❧❡

Vk ✐s s✐♠♣❧② ❡q✉❛❧ t♦ ♣❛②♠❡♥t t♦ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧✱ ✇❡ ♦❜t❛✐♥✿

rkKk + wkLk

qkMk
=

µ

1− µ
·
(
α−α(1− α)α−1

)1−ǫP ×

(
·
rαkw

1−α
k

qk

)1−ǫP

✭✸✳✶✵✮

✸✳✷✳✷ ❍❛t ❛❧❣❡❜r❛

❲❡ ✇❛♥t t♦ ❣❡t ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♣❡r❝❡♥t❛❣❡ ❝❤❛♥❣❡s ♦❢ ✈❛r✐❛❜❧❡s ✇❤❡♥ t❤❡r❡ ✐s ❛

♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ✐♥ s❡❝t♦r ❧♦❝❛t❡❞ ✉♣str❡❛♠ t♦ s❡❝t♦r k✳ ■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ s✉❝❤ ❛

s❤♦❝❦ ✇♦✉❧❞ ❛✛❡❝t s❡❝t♦r k✬s ✐♥♣✉t ❝❤♦✐❝❡ ❛♥❞ s❛❧❡s t❤r♦✉❣❤ ✐ts ✐♠♣❛❝t ♦♥ t❤❡ ♣r✐❝❡ ♦❢ ♠❛t❡r✐❛❧

✐♥♣✉t qk ❛♥❞ ✉❧t✐♠❛t❡❧② ♦♥ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐♦♥ ❝♦st✳ ❖✉r ❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❝❤❛♥❣❡ ✐♥

❡♠♣❧♦②♠❡♥t ✐♥ s❡❝t♦r k ❞❡♣❡♥❞s ♦♥ t✇♦ ❦❡② ❡❧❛st✐❝✐t✐❡s✱ ǫP ❛♥❞ ǫD✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ t❤❡♥ ❡st✐♠❛t❡

❢♦r ♠❛♥② s❡❝t♦rs ✉s✐♥❣ ❞❡t❛✐❧❡❞ ❋r❡♥❝❤ ❞❛t❛✳

✶✶✻



❲❡ ❞❡♥♦t❡ x̂ t❤❡ ♣❡r❝❡♥t❛❣❡ ❝❤❛♥❣❡ ♦❢ ❛♥② ✈❛r✐❛❜❧❡ x ✭x̂ = dx
x = d log(x)✮✳ ❙t❛rt✐♥❣ ✇✐t❤

t❤❡ ❋❖❈s ✐♥ s❡❝t♦r k✱ ✇❡ ✜rst s✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Yk ✉s✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞

t❤❡♥ ❧♦❣✲❧✐♥❡❛r✐③❡ ✭✸✳✽✮ ❛♥❞ ♦❜t❛✐♥ ✭❛ss✉♠✐♥❣ t❤❛t D0✱ µ ❛♥❞ ❛❧❧ ❡❧❛st✐❝✐t✐❡s ❛r❡ ♣❛r❛♠❡t❡rs t❤❛t

❞♦ ♥♦t ❝❤❛♥❣❡✮✿

(
ǫP (ǫD − 1)

(ǫP − 1)ǫD
− 1

)
·
ǫP − 1

ǫP
·




µ
1
ǫP V

ǫP−1

ǫP

k

µ
1
ǫP V

ǫP−1

ǫP

k + (1− µ)
1
ǫP M

ǫP−1

ǫP

k

V̂k +
(1− µ)

1
ǫP M

ǫP−1

ǫP

k

µ
1
ǫP V

ǫP−1

ǫP

k + (1− µ)
1
ǫP M

ǫP−1

ǫP

k

M̂k


−

1

ǫP
M̂k = q̂k

✭✸✳✶✶✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ✉s✉❛❧ ❢♦r♠✉❧❛✿ ̂(x+ y) = sxx̂ + syŷ✱ ✇✐t❤ sx = x
x+y ✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ❤♦❧❞s

❢♦r t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ r❡❧❛t✐✈❡ t♦ Vk✳ ▲❡t ✉s ❞❡♥♦t❡ sV =
µ

1
ǫP V

ǫP−1
ǫP

k

µ
1
ǫP V

ǫP−1
ǫP

k
+(1−µ)

1
ǫP M

ǫP−1
ǫP

k

❛♥❞

❡q✉✐✈❛❧❡♥t❧② ❢♦r sM ✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ❧♦❣ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s ②✐❡❧❞s t❤❡

❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r V̂k✿

V̂k =
ǫ2P

1− (ǫP − 1)
(
ǫP (ǫD−1)
(ǫP−1)ǫD

− 1
) ·

[(
ǫP − 1

ǫP

(
ǫP (ǫD − 1)

(ǫP − 1)ǫD
− 1

)
sM −

1

ǫP

)
v̂k −

ǫP − 1

ǫP

(
ǫP (ǫD − 1)

(ǫP − 1)ǫD
− 1

)
sM q̂k

]
✭✸✳✶✷✮

❲❡ ❢✉rt❤❡r ❛ss✉♠❡ t❤❛t ❝❤❛♥❣❡s ✐♥ ✇❛❣❡ ❛♥❞ r❡♥t❛❧ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛r❡ ✉♥❝♦rr❡❧❛t❡❞ t♦ s❤♦❝❦s t♦

t❤❡ ♣r✐❝❡ ♦❢ ♠❛t❡r✐❛❧ ✐♥♣✉ts✳✹ ❚❛❦✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ r❡❛❧✐③❛t✐♦♥s ♦❢ s❤♦❝❦s t♦

✉♣str❡❛♠ s❡❝t♦rs✱ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ t❤❡♥ s✐♠♣❧✐✜❡s t♦✿

EV̂k =
−ǫ2P

1− (ǫP − 1)
(
ǫP (ǫD−1)
(ǫP−1)ǫD

− 1
) ·

ǫP − 1

ǫP

(
ǫP (ǫD − 1)

(ǫP − 1)ǫD
− 1

)
· sMEq̂k

❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ t❤❡ ❈♦❜❜✲❉♦✉❣❧❛s ♥❛t✉r❡ ♦❢ t❤❡ K − L ❜✉♥❞❧❡✱ t♦t❛❧ s♣❡♥❞✐♥❣s ♦♥ ❧❛❜♦r ✐s

s✐♠♣❧② ❡q✉❛❧ t♦ ❛ s❤❛r❡ (1−α) ♦❢ t♦t❛❧ s♣❡♥❞✐♥❣s ❢♦r t❤❡ ❜✉♥❞❧❡ Vk✳ ■♥ t✉r♥✱ t❤✐s ②✐❡❧❞s ❛ s✐♠♣❧❡

✹❚❤✐s ❛♣♣r♦❛❝❤ ✐s s✐♠✐❧❛r t♦ ✇❤❛t ✐s ❞♦♥❡ ✐♥ ❆♠✐t✐ ❡t ❛❧ ✭✷✵✶✸✮✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝♦✉❧❞ ❛ss✉♠❡ t❤❛t s❤♦❝❦s t♦
t❤❡ ♣r✐❝❡ ♦❢ ♠❛t❡r✐❛❧ ✐♥♣✉t ❛r❡ s♠❛❧❧ ❛♥❞ t❤❡ r❡st ♦❢ t❤❡ ❡❝♦♥♦♠② ✐s ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t ❜♦t❤ ✇❛❣❡s ❛♥❞ r❡♥t❛❧
r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛r❡ ✜①❡❞ ❡①♦❣❡♥♦✉s❧②✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✇❡ ✇♦✉❧❞ ♥♦t ♥❡❡❞ t♦ t❛❦❡ ❡①♣❡❝t❛t✐♦♥s t♦ ❣❡t r✐❞ ♦❢ ✇❛❣❡s
❛♥❞ r❡♥t❛❧ r❛t❡ ❝❤❛♥❣❡s✳

✶✶✼



r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣r♦♣♦rt✐♦♥❛❧ ❝❤❛♥❣❡s ✐♥ Lk ❛♥❞ ♣r♦♣♦rt✐♦♥❛❧ ❝❤❛♥❣❡s ✐♥ Vk✿

wkLk = (1− α)vkVk =⇒ L̂k = V̂k

❋✐♥❛❧❧②✱ ❛❢t❡r r❡❛rr❛♥❣✐♥❣ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❛ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ✉♣str❡❛♠✱ tr✐❣❣❡r✐♥❣ ❛

❞❡❝r❡❛s❡ ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐❝❡ ♣r✐❝❡ q̂k = −1✱ t❤❡ ❝❤❛♥❣❡ ✐♥ K ❛♥❞ L ✉s❛❣❡ ✐s ❣✐✈❡♥ ❜②✿

L̂k =
ǫP (ǫP − 1) ·

(
ǫP (ǫD−1)
(ǫP−1)ǫD

− 1
)

1− (ǫP − 1)
(
ǫP (ǫD−1)
(ǫP−1)ǫD

− 1
)sM ✭✸✳✶✸✮

❆s ❝❛♥ ❜❡ s❤♦✇♥ ♥✉♠❡r✐❝❛❧❧②✱ t❤❡ ❡①♣r❡ss✐♦♥ ❛❜♦✈❡ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

ǫD > ǫP

Pr♦♣♦s✐t✐♦♥ ✶

■♥ ♦✉r ♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❛♥❛❧②s✐s✱✺ ❛ t❡❝❤♥♦❧♦❣✐❝❛❧ ✐♠♣r♦✈❡♠❡♥t ✐♥ ❛ s❡❝t♦r k′ ❧♦❝❛t❡❞ ✉♣str❡❛♠

t♦ k ✐♥ t❤❡ s✉♣♣❧② ❝❤❛✐♥ ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❡♠♣❧♦②♠❡♥t ✐♥ k ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❡❧❛st✐❝✐t② ♦❢

s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ t❤❡ K − L ❜✉♥❞❧❡ ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉ts ǫP ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t②

♦❢ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❢❛❝❡❞ ❜② s❡❝t♦r K✱ ǫD✳

✸✳✷✳✸ ◆✉♠❡r✐❝❛❧ ❊①♣❧♦r❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ q✉❛♥t✐t❛t✐✈❡❧② ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✈❛r②✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ t✇♦

❦❡② ♣❛r❛♠❡t❡rs✿ t❤❡ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t② ǫD ❛♥❞ t❤❡ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② ǫP ✳ ❲❡ ❝♦♥s✐❞❡r t❤❡

♣❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✇✐t❤ ❛ ✜①❡❞ ✇❛❣❡s ❛♥❞ r❡♥t❛❧ r❛t❡ ♦❢ ❝❛♣✐t❛❧✱ ❛♥❞

❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r♦♣♦rt✐♦♥❛❧ ❝❤❛♥❣❡ ✐♥ ❡♠♣❧♦②♠❡♥t ❛❢t❡r ❛ ❞❡❝r❡❛s❡ ✐♥ ♠❛t❡r✐❛❧ ♣r✐❝❡

✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮✳ ❚❤❡ ❣r❛♣❤ ❜❡❧♦✇ ♣❧♦ts t❤❡ ✈❛❧✉❡ ♦❢ L̂k ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

❜♦t❤ ǫP ❛♥❞ ǫD✳ ❲❡ ❛❞❞❡❞ ✐♥ ❣r❡② t❤❡ r❡❢❡r❡♥❝❡ s✉r❢❛❝❡ ❞❡✜♥❡❞ ❜② z = 0✳ ❲❡ s❡❡ t❤❛t ✇❤❡♥❡✈❡r

ǫD > ǫP ✱ ❡♠♣❧♦②♠❡♥t ✐♥ s❡❝t♦r k ✐♥❝r❡❛s❡s ✇❤❡♥ t❤❡ ♣r✐❝❡ ♦❢ ♠❛t❡r✐❛❧ ✐♥♣✉t ❞❡❝r❡❛s❡s✱ ❡✈❡♥

✇❤❡♥ ❧❛❜♦r ✐s ❣r♦ss s✉❜st✐t✉t❡ ✇✐t❤ ♠❛t❡r✐❛❧s ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳

❲❤❡♥ ǫP > 1✱ t❤❡ K − L ✐s ❣r♦ss s✉❜st✐t✉t❡ ✇✐t❤ ♠❛t❡r✐❛❧s ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ❆

❞❡❝r❡❛s❡ ✐♥ ♠❛t❡r✐❛❧ ♣r✐❝❡ ❣✐✈❡s ✐♥❝❡♥t✐✈❡s t♦ ✜r♠s ✐♥ s❡❝t♦r k t♦ ❞❡♠❛♥❞ ♠♦r❡ ♠❛t❡r✐❛❧ ✐♥♣✉ts

✺✇✐t❤ ✜①❡❞ ✇❛❣❡s ❛♥❞ r❡♥t❛❧ r❛t❡ ♦❢ ❝❛♣✐t❛❧

✶✶✽



❋✐❣✉r❡ ✸✳✶✿ ◆✉♠❡r✐❝❛❧ ❡①♣❧♦r❛t✐♦♥s ❢♦r t❤❡ ❡❧❛st✐❝✐t② ♦❢ ❡♠♣❧♦②♠❡♥t

✶✶✾



r❡❧❛t✐✈❡ t♦ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ ❢♦r ❡❛❝❤ ✉♥✐t ♣r♦❞✉❝❡❞ ❛♥❞ t❤❡ s♣❡♥❞✐♥❣ s❤❛r❡ ♦❢ ❧❛❜♦r ❞❡❝r❡❛s❡s

✇❤✐❝❤ tr✐❣❣❡rs ❛ ❞❡❝r❡❛s❡ ✐♥ ♠❛r❣✐♥❛❧ ❝♦st ❛♥❞ ❤❡♥❝❡ ✐♥ t❤❡ ♣r✐❝❡ pk✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ ǫD > ǫP > 1✱

t❤❡ ❞❡❝r❡❛s❡ ✐♥ ♣r✐❝❡ ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ s❛❧❡s t❤❛t ♠♦r❡ t❤❛♥ ♦✈❡rt✉r♥s t❤❡ ❞❡❝r❡❛s❡ ✐♥ ❧❛❜♦r

❞❡♠❛♥❞✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ s❤❛r❡ ♦❢ s♣❡♥❞✐♥❣ ❞❡✈♦t❡❞ t♦ ❧❛❜♦r ❞❡❝r❡❛s❡s✱ t♦t❛❧ s♣❡♥❞✐♥❣s ♦♥ ❛❧❧

✐♥♣✉ts ✐♥❝r❡❛s❡s ♠♦r❡ str♦♥❣❧② s♦ t❤❛t t❤❡ ♥❡t ❡✛❡❝t ✐s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t♦t❛❧ ❞❡♠❛♥❞ ❢♦r ❧❛❜♦r✳

❍❡♥❝❡✱ ❡♠♣❧♦②♠❡♥t ✐♥ s❡❝t♦r k ✐♥❝r❡❛s❡s ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ✉♣str❡❛♠✳

❚❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s❧② r❡✈❡rs❡❞ ✇❤❡♥ ǫD < ǫP ❛♥❞ t❤❡ s❛❧❡s ✐♥❝r❡❛s❡ ❞♦❡s ♥♦t ❝♦♠♣❡♥s❛t❡ t❤❡

❞❡❝r❡❛s❡ ✐♥ ❧❛❜♦r s❤❛r❡✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ♥❡t ❞❡❝r❡❛s❡ ✐♥ ❡♠♣❧♦②♠❡♥t✳

❲❤❡♥ ǫP < 1✱ ❧❛❜♦r ✐s ❣r♦ss ❝♦♠♣❧❡♠❡♥t ✇✐t❤ ♠❛t❡r✐❛❧s ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ■♥ s✉❝❤

❛ ❝❛s❡✱ t❤❡ ❞r♦♣ ✐♥ ♠❛t❡r✐❛❧ ♣r✐❝❡ tr✐❣❣❡rs ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ s❤❛r❡ ✐♥ s♣❡♥❞✐♥❣s✳

✸✳✷✳✹ ❊st✐♠❛t✐♦♥ ❊q✉❛t✐♦♥s

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ ♦✉r ❡♠♣✐r✐❝❛❧ s❡❝t✐♦♥✱ ✇❡ s✐♠♣❧② ❧❛② ❞♦✇♥ t❤❡ ❡st✐♠❛t✐♦♥ ❡q✉❛t✐♦♥s ❞❡❧✐✈❡r❡❞

❜② ♦✉r t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦✳ ❲❡ st❛rt ❜② ♣r❡s❡♥t✐♥❣ t❤❡ ❡q✉❛t✐♦♥s t❛t ❡♥❛❜❧❡ ✉s t♦ ❡st✐♠❛t❡

t❤❡ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② ✐♥ t✇♦ ❞✐✛❡r❡♥t ❢r❛♠❡✇♦r❦ ❛♥❞ t❤❡♥ t✉r♥ t♦ t❤❡ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t②✳

▲♦♦❦✐♥❣ ✜rst ❛t t❤❡ ♥❡st❡❞ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ✐♥

s❡❝t♦r k ②✐❡❧❞s t❤❡ ✉s✉❛❧ r❡❧❛t✐♦♥s❤✐♣s r❡❧❛t✐♥❣ r❡❧❛t✐✈❡ s♣❡♥❞✐♥❣ ❛♥❞ r❡❧❛t✐✈❡ ♣r✐❝❡s✿

rkKk + wkLk

qkMk
=

µ

1− µ
·
(
α−α(1− α)α−1

)1−ǫP ×

(
·
rαkw

1−α
k

qk

)1−ǫP

❚❛❦✐♥❣ t❤❡ ❧♦❣❛r✐t❤♠ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥❝❡s ♦✈❡r t✐♠❡ ✇✐t❤✐♥ ❛ ✜r♠ ✐♥ s❡❝t♦r k ②✐❡❧❞s t❤❡

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝❤❛♥❣❡s ✐♥ r❡❧❛t✐✈❡ s♣❡♥❞✐♥❣ ❛♥❞ ❝❤❛♥❣❡s ✐♥ r❡❧❛t✐✈❡ ♣r✐❝❡s✿

∆ log

(
rkKk + wkLk

qkMk

)
= (1− ǫP )

(
α∆ log

(
rk
qk

)
+ (1− α)∆ log

(
wk

qk

))
✭✸✳✶✹✮

❆❧t❡r♥❛t✐✈❡❧②✱ ♣♦s✐t✐♥❣ ❛ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ✇❤✐❝❤ ❧❛❜♦r ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉ts ❛r❡ ❞✐r❡❝t❧②

❛❣❣r❡❣❛t❡❞ ✐♥ ❛ ❈❊❙ ❢♦r♠ ✭✇✐t❤♦✉t ❛ ✜rst st❡♣ ❛❣❣r❡❣❛t✐♥❣ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧✮✱ ✜r♠s✬ ♦♣t✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠ ❧❡❛❞s t♦ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t r❡❛❧t✐♦♥s❤✐♣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇✐t❤♦✉t ❛ K − L ❜✉♥❞❧❡✱ t❤❡

s❤❛r❡ ♦❢ ❧❛❜♦r r❡❧❛t✐✈❡ t♦ ❝❛♣✐t❛❧ ❞✐s❛♣♣❡❛rs ❢r♦♠ t❤❡ r❡❧❛t✐✈❡ ❢♦rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r ❧❛❜♦r ❛♥❞

✶✷✵



♠❛t❡r✐❛❧✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥ ❡q✉❛t✐♦♥✿

∆ log

(
wkLk

qkMk

)
= (1− ǫP )∆ log

(
wk

qk

)
✭✸✳✶✺✮

❋✐♥❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ❣❡t ❛♥ ✐♥❞✐r❡❝t ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞✱ ✇❡ ♠❡❛s✉r❡ t❤❡

♣r✐❝❡ ❝♦st ♠❛r❣✐♥ ✭PCM✮ ✐♥ ❡❛❝❤ s❡❝t♦r ❛♥❞ ✐♥✈❡rt ✐t t♦ ❣❡t ❛ ♠❡❛s✉r❡ ♦❢ ǫD ✉s✐♥❣

ǫD =
PCM

PCM − 1

✸✳✸ ❊♠♣✐r✐❝s

❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s ✐♥ s❡❝t♦r i ❢♦r ❛♥② s❡❝t♦r k ❧♦❝❛t❡❞ ❞♦✇♥str❡❛♠

♦❢ i ✐♥ t❤❡ s✉♣♣❧② ❝❤❛✐♥ ✐s ❣♦✈❡r♥❡❞ ❜② t✇♦ ❦❡② ❡❧❛st✐❝✐t✐❡s✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✉s❡

❞❡t❛✐❧❡❞ ❞❛t❛ ♦♥ ❋r❡♥❝❤ ✜r♠s ✐♥ ♠❛♥② ✐♥❞✉str✐❡s ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤♦s❡ ❡❧❛st✐❝✐t✐❡s ❛t t❤❡

s❡❝t♦r ❧❡✈❡❧✳ ❲❡ ❢♦❝✉s ♦♥ ♠❛♥✉❢❛❝t✉r✐♥❣ s❡❝t♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✶✲❞✐❣✐t ❧❡✈❡❧ ✧❈✧ ✉♥❞❡r ◆❆❋

♥♦♠❡♥❝❧❛t✉r❡ ✉s❡❞ ❜② ❋r❡♥❝❤ st❛t✐st✐❝❛❧ ❛❣❡♥❝② ■◆❙❊❊✳ ❚❤❡r❡ ❛r❡ ❛ t♦t❛❧ ♦❢ ✷✹ ♠❛♥✉❢❛❝t✉r✐♥❣

s❡❝t♦rs ❛t ✷✲❞✐❣✐t ❧❡✈❡❧ ❛♥❞ ♦✉r ❛♥❛❧②s✐s ❢♦❝✉s❡s ♦♥ ❛ s✉❜s❡t ♦❢ ✶✵ s❡❝t♦rs ❢♦r ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r

♦❢ ♦❜s❡r✈❛t✐♦♥ ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✐♥ ❡❛❝❤ ②❡❛r✳

✸✳✸✳✶ ❉❛t❛

❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥ s♦✉r❝❡s ♦❢ ✜r♠ ❧❡✈❡❧ ❞❛t❛s❡ts t❤❛t ✇❡ ✉s❡ ❢♦r t❤✐s ❡①❡r❝✐s❡✳ ❖✉r ✜rst s♦✉r❝❡

♦❢ ✜r♠ ❧❡✈❡❧ ❞❛t❛ ✐s t❤❡ ❇❘◆ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ t❤❡ ❋r❡♥❝❤ ✜s❝❛❧ ❛❞♠✐♥✐str❛t✐♦♥✳✻ ■t ❝♦♥t❛✐♥s

❜❛❧❛♥❝❡✲s❤❡❡t ✐♥❢♦r♠❛t✐♦♥ ❝♦❧❧❡❝t❡❞ ❢r♦♠ t❤❡ ✜r♠s✬ t❛① ✜❧❧✐♥❣s ❛s ✇❡❧❧ ❛s ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥

♦♥ t❤❡ ✜r♠s✬ ❜❛❧❛♥❝❡ s❤❡❡ts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t♦t❛❧ ❝❛♣✐t❛❧ st♦❝❦✱ t❤❡ t♦t❛❧ ✇❛❣❡ ❜✐❧❧✱ t❤❡

❛✈❡r❛❣❡ ✜r♠ ❧❡✈❡❧ ✇❛❣❡ r❛t❡✳ ❖✉r ❞❛t❛s❡t ❛❧s♦ ❝♦♥t❛✐♥s t❤❡ s❡❝t♦rs ❛♥❞ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡

✜r♠ ♦♣❡r❛t❡s ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ♦✉r ❡st✐♠❛t✐♦♥ str❛t❡❣②✳

❲❡ ❢♦❝✉s ♦✉r ❛♥❛❧②s✐s ♦♥ t❤❡ ✼ ②❡❛rs ♣❡r✐♦❞ str❡t❝❤✐♥❣ ❢r♦♠ ✷✵✵✸ t♦ ✷✵✵✾ ✇❤❡r❡ ❛❧❧ ✈❛r✐❛❜❧❡s

❛r❡ ❧❛❜❡❧❡❞ ✐♥ ❊✉r♦ ✭❛♥❞ ♥♦t ❋r❡♥❝❤ ❋r❛♥❝s✮✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❞❛t❛s❡t ❝♦♥t❛✐♥s ♠♦r❡ t❤❛♥ ✺✵✵✱✵✵✵

✜r♠s ♣❡r ②❡❛r✳ ❲❡ ❣❡t r✐❞ ♦❢ ✜r♠s ❡♠♣❧♦②✐♥❣ ❧❡ss t❤❛♥ ✺ ❡♠♣❧♦②❡❡s✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ s❛♠♣❧❡

t♦ ❛❜♦✉t ✸✵✵✱✵✵✵ ✜r♠s ♣❡r ②❡❛r✳✼ ❚❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣❡r ②❡❛r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❛❜❧❡

✻❇❘◆ st❛♥❞s ❢♦r ❇❡♥❡✜❝❡ ❘❡❡❧ ◆♦r♠❛❧✱ t❤❡ ♥♦r♠❛❧ t❛① r❡❣✐♠❡ ❢♦r ❋r❡♥❝❤ ✜r♠s✳
✼❚❤❡r❡ ❛r❡ t✇♦ r❡❛s♦♥s ✇❤② ✇❡ ❜❡❧✐❡✈❡ s♠❛❧❧ ✜r♠s s❤♦✉❧❞ ♥♦t ❜❡ ✉s❡❞ ✐♥ ♦✉r ❡st✐♠❛t✐♦♥✳ ❋✐rst✱ ✜r♠s ❡♠♣❧♦②✐♥❣

❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❡♠♣❧♦②❡❡s ❤❛✈❡ ❛ ✏❞✐s❝r❡t✐♦♥❛r② ♣r♦❜❧❡♠✑ ❛s ❛❞❥✉st✐♥❣ t❤❡✐r ❧❛❜♦r ❢♦r❝❡ ❜② ♦♥❡ ♣❡rs♦♥ ❝❛♥
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3.1 ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ♣❡r s❡❝t♦r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐①✱ t❛❜❧❡ ❄❄✳ ❙❡❝t♦rs ❛r❡

✉♥❡✈❡♥❧② r❡♣r❡s❡♥t❡❞ ✐♥ ♦✉r s❛♠♣❧❡ ❛♥❞ s♦♠❡ s❡❝t♦rs ❝♦♥t❛✐♥ ❛ ✈❡r② ❧♦✇ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥✳

❲❡ ❝♦♥❝❡♥tr❛t❡ ♦✉r ❛♥❛❧②s✐s ♦♥ s❡❝t♦rs ❣❛t❤❡r✐♥❣ ❛t ❧❡❛st ✸✱✵✵✵ ♦❜s❡r✈❛t✐♦♥s ✐♥ t♦t❛❧✳

❚❛❜❧❡ ✸✳✶✿ ❚♦t❛❧ ❖❜s❡r✈❛t✐♦♥s

❆❧❧ ▼♦r❡ t❤❛♥ ✺ ❡♠♣❧♦②❡❡s ▼♦r❡ t❤❛♥ ✶✵ ❡♠♣❧♦②❡❡s

✷✵✵✸ 51, 424 49, 116 35, 345
✷✵✵✹ 50, 977 48, 421 34, 476
✷✵✵✺ 50, 081 47, 757 34, 034
✷✵✵✻ 49, 187 46, 999 33, 573
✷✵✵✼ 48, 100 45, 959 33, 004
✷✵✵✽ 45, 560 42, 611 31, 722

◆♦t❡✿ ❋r♦♠ ❇❘◆ ❛♥❞ ❉❆❉❙ ♠❡r❣❡ ✭❖♥❧② ◆❆❋ ✧❈✧ s❡❝t♦rs✮

❚❤❡ s❡❝♦♥❞ ❞❛t❛s❡t ✐s ❉❆❉❙ ✭❉é❝❧❛r❛t✐♦♥ ❛♥♥✉❡❧❧❡s ❞❡ ❞♦♥♥é❡s s♦❝✐❛❧❡s✮✱ ✇❤✐❝❤ ❝♦❧❧❡❝ts

♠❛t❝❤❡❞ ❡♠♣❧♦②❡r✲❡♠♣❧♦②❡❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ s♣❡❝✐✜❝❛❧❧② ✇❛❣❡ ✐♥❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ✐s ✐♠♣♦rt❛♥t

❢♦r ♦✉r ❛♥❛❧②s✐s✳ ❚❤❡ ❞❛t❛ ✐s ❝♦❧❧❡❝t❡❞ ❢r♦♠ ♠❛♥❞❛t♦r② r❡♣♦rt✐♥❣ ♦❢ ❣r♦ss ❡❛r♥✐♥❣s ❜② ❡❛❝❤

✜r♠ t♦ t❤❡ ❋r❡♥❝❤ t❛① ❛✉t❤♦r✐t②✳ ❚❤❡ ❉❆❉❙ ✐s ❛ s✉❜s❡t ♦❢ t❤✐s ✐♥❝♦♠❡ t❛① ❞❛t❛✱ ❝♦✈❡r✐♥❣ ❛❧❧

✐♥❞✐✈✐❞✉❛❧s ❡♠♣❧♦②❡❞ ✐♥ ❋r❡♥❝❤ ❡♥t❡r♣r✐s❡s ❛♥❞ ✇❤♦ ✇❡r❡ ❜♦r♥ ✐♥ ❖❝t♦❜❡r ♦❢ ❡✈❡♥✲♥✉♠❜❡r❡❞

②❡❛rs✳ ❊❛❝❤ ♦❜s❡r✈❛t✐♦♥ ✐♥ ❉❆❉❙ ❞❛t❛s❡t ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠❛t❝❤❡❞ ❡♠♣❧♦②❡r✲❡♠♣❧♦②❡❡ ♣❛✐r ❛♥❞

❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ❧✐❦❡ ♥✉♠❜❡r ♦❢ ❞❛②s ✇♦r❦❡❞✱ t♦t❛❧ ✇❛❣❡✱ ♦❝❝✉♣❛t✐♦♥ ❛♥❞ ♦t❤❡r ❡♠♣❧♦②❡❡

r❡❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥ ❧✐❦❡ ❛❣❡✱ s❡① ❡t❝✳ ❊❛❝❤ ♦❜s❡r✈❛t✐♦♥ ❛❧s♦ ❝♦♥t❛✐♥s ❡♠♣❧♦②❡❡ ✐❞ ✇❤✐❝❤ ❛❧❧♦✇s

❢♦r ♠❛t❝❤✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❛❝r♦ss ②❡❛rs ❛s ✇❡❧❧ ❛s ✜r♠ ✐❞❡♥t✐✜❡r ✭❙■❘❊◆✮✱ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r

♠❛t❝❤✐♥❣ ❉❆❉❙ ✇✐t❤ ❇❘◆ ❞❛t❛✳ ❋♦r t❤❡ ❡✐❣❤t ②❡❛rs ♦❢ ♦✉r ❛♥❛❧②s✐s✱ t❤❡ r❡s✉❧t✐♥❣ ❞❛t❛s❡t ❤❛s

r♦✉❣❤❧② ✷✵✵ ♠✐❧❧✐♦♥ ♠❛t❝❤❡❞ ❡♠♣❧♦②❡r✲❡♠♣❧♦②❡❡ ♦❜s❡r✈❛t✐♦♥s✳

■♥ t❤❡ ❡♥❞ ✇❡ ♠❡r❣❡ t❤❡ t✇♦ s♦✉r❝❡s ♦❢ ❞❛t❛s❡ts✱ ❇❘◆ ❛♥❞ ❉❆❉❙✱ t♦ ❣❡t ✜♥❛❧ ❞❛t❛s❡t ✇✐t❤

❛♣♣r♦①✐♠❛t❡❧② 50, 000 ♦❜s❡r✈❛t✐♦♥s ♣❡r ②❡❛r ❛s s❤♦✇♥ ✐♥ t❛❜❧❡ 3.1✳ ❚❤✐s ✐s t❤❡ ✜♥❛❧ ♠❡r❣❡❞ ❞❛t❛

✇❡ ✉s❡ ❢♦r r✉♥♥✐♥❣ ✜r♠ ❧❡✈❡❧ r❡❣r❡ss✐♦♥s t♦ ❡st✐♠❛t❡ ❡✛❡❝t ♦❢ ✇❛❣❡s ♦♥ ✐♥♣✉t ❝❤♦✐❝❡ ♦❢ ✜r♠s✳

✸✳✸✳✷ ❊st✐♠❛t✐♦♥✿ ❊❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥

■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ✈❛r✐♦✉s ✐♥♣✉ts ♦❢ t❤❡ ✜r♠ ✇❡ ✉s❡ t❤❡

❧♦❣✲❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥ ✭✸✳✶✹✮ ❛♥❞ ✭✸✳✶✺✮✱ ✇❤✐❝❤ ❝♦♠❡ ❢r♦♠ s♦❧✈✐♥❣ ✜r♠✬s ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥

❝♦♥st✐t✉t❡ ❛ s✐③❛❜❧❡ ❛❞❥✉st♠❡♥t ✐♥ t❤❡✐r t♦t❛❧ ✇❛❣❡ ♣❛②♠❡♥t✱ ✐♠♣❧②✐♥❣ ❛ ♥♦♥✲❝♦♥t✐♥✉♦✉s ❛❞❥✉st♠❡♥t ✐♥ t❤❡✐r ✐♥♣✉t
♠✐①✳ ❙❡❝♦♥❞✱ s♠❛❧❧ ✜r♠s ❛❧s♦ ❡①♣❡r✐❡♥❝❡ ❛ ❤✐❣❤❡r ❛✈❡r❛❣❡ ❣r♦✇t❤ r❛t❡ ❛♥❞ ♠✐❣❤t ❡①♣❛♥❞ t❤❡✐r ✐♥♣✉t ❜❛s❡ ✐♥ ❛
♥♦♥ ♦♣t✐♠❛❧ ✇❛② ❜❛s❡❞ ♦♥ r❡❝r✉✐t♠❡♥t ♦♣♣♦rt✉♥✐t✐❡s✳

✶✷✷



♣r♦❜❧❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥❡st❡❞ ❈❊❙ ♦r ❢✉❧❧ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❆❝❝♦r❞✐♥❣❧②✱

✇❡ ✇✐❧❧ ✉s❡ t✇♦ ❞✐✛❡r❡♥t s♣❡❝✐✜❝❛t✐♦♥s ❛s ❜❛s❡❧✐♥❡ ❡st✐♠❛t❡s ♦❢ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥✳ ❚❤❡ ✜rst

❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✹✮✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ♥❡st❡❞ ❈❊❙ s♣❡❝✐✜❝❛t✐♦♥✱ ✇❤❡r❡ ❧❛❜♦r ❛♥❞

❝❛♣✐t❛❧ ❛s ❛ ❜✉♥❞❧❡ ❛r❡ s✉❜st✐t✉t❛❜❧❡ ✇✐t❤ ✐♥t❡r♠❡❞✐❛t❡s✱ ❛♥❞ ✐t ❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣r❡ss✐♦♥

❡q✉❛t✐♦♥✿

log

(
rK + wL

qM

)

kjt

= (1− ǫP )(1− αj) log (w)kjt + γk + δt + CONTROLS + ǫkjt ✭✸✳✶✻✮

✇❤❡r❡ ▲❍❙ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✻✮ ❣✐✈❡s t❤❡ r❛t✐♦ ♦❢ ❝❛♣✐t❛❧ ❛♥❞ ❧❛❜♦r s♣❡♥❞✐♥❣ t♦ ✐♥t❡r♠❡❞✐❛t❡s

❢♦r ✜r♠ k ✐♥ s❡❝t♦r j ❛t t✐♠❡ t✳ ❚❤❡ ✈❛r✐❛❜❧❡ ♦❢ ✐♥t❡r❡st ❤❡r❡ ✐s t❤❡ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥t ♦♥

✜r♠ ❧❡✈❡❧ ✇❛❣❡ wkjt✳ ❚❤❡ ✇❛❣❡ ✉s❡❞ ❤❡r❡ ✐s t❤❡ ❡✣❝✐❡♥❝② ✇❛❣❡ ❢♦r t❤❡ ✜r♠ ❛❢t❡r ❝♦♥tr♦❧❧✐♥❣ ❢♦r

♦❜s❡r✈❛❜❧❡ ♠❡❛s✉r❡s ♦❢ s❦✐❧❧ ❛♥❞ ✇♦r❦❡r ❧❡✈❡❧ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ❡✣❝✐❡♥❝② ✇❛❣❡ ❢♦r

❡❛❝❤ ✜r♠ ✇❡ ✉s❡ ♠❛t❝❤❡❞ ❡♠♣❧♦②❡r✲❡♠♣❧♦②❡❡ ❉❆❉❙ ❞❛t❛ t♦ ❝♦♥str✉❝t r❡s✐❞✉❛❧ ✇❛❣❡ ❢♦r t❤❡ t❤❡

✜r♠s✳ ✽ ❙✐♥❝❡✱ ✇❡ ❤❛✈❡ ✜r♠ ❧❡✈❡❧ ♣❛♥❡❧ ✇❡ ❝❛♥ ❝♦♥tr♦❧ ❢♦r ✜r♠ ❧❡✈❡❧ ❤❡t❡r♦❣❡♥❡✐t② ❜② ✉s✐♥❣ ✜r♠

✜①❡❞ ❡✛❡❝ts γk✳ ❚❤❡ t✐♠❡ ✜①❡❞ ❡✛❡❝ts δt ❛❧❧♦✇ ✉s t♦ ❝♦♥tr♦❧ ❢♦r ②❡❛r❧② ✈❛r✐❛t✐♦♥s ❛❝r♦ss ❛❧❧ ✜r♠s✳

▲❛st❧②✱ ❛❧❧ t❤❡ r❡❣r❡ss✐♦♥s t❤❛t ✇❡ r❡♣♦rt ❝♦♥tr♦❧s ❢♦r ✜r♠ ❧❡✈❡❧ ✈❛r✐❛❜❧❡s ❧✐❦❡ ❛❣❡✱ r❡❣✐♦♥✱ ♥✉♠❜❡r

♦❢ ❡♠♣❧♦②❡❡s ❡t❝✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ ❤❡r❡ t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ ✜r♠ ❧❡✈❡❧ ❞❛t❛ ❤❡r❡ ✐♥st❡❛❞ ♦❢

♣❧❛♥t ❧❡✈❡❧ ❞❛t❛ ❜❡❝❛✉s❡ ❇❘◆ r❡♣♦rts ❝❛♣✐t❛❧ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ✉s❛❣❡ ❛t t❤❡ ✜r♠ ❧❡✈❡❧ ❛♥❞ ♥♦t

♣❧❛♥t ❧❡✈❡❧✳

❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❝♦♠❡s ❢r♦♠ ❡①♣❧♦✐t✐♥❣ t❤❡ ❝❤❛♥❣❡s ✐♥ ✇✐t❤✐♥ ✜r♠

✇❛❣❡s ❛s ✇❡❧❧ ❛s ❛❝r♦ss ✜r♠s ♦✈❡r t✐♠❡✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ♦❜s❡r✈❛t✐♦♥s ❢♦r t❤❡ s❛♠❡ ✜r♠ ♦✈❡r ♠✉❧t✐♣❧❡

♣❡r✐♦❞s✱ ✇❡ ❝❛♥ ❣❡t r✐❞ ♦❢ ❜✐❛s ❝♦♠✐♥❣ ❢r♦♠ ✜r♠ ❧❡✈❡❧ s❦✐❧❧ ❞✐✛❡r❡♥❝❡s ♦r ♦t❤❡r ♦❜s❡r✈❛❜❧❡ ❛♥❞

♥♦♥✲♦❜s❡r✈❛❜❧❡ ❢❛❝t♦rs✳ ❆❧s♦✱ t❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❛❧❧♦✇s ❢♦r ✜r♠s t♦ ❤❛✈❡ ❞✐✛❡r❡♥t r❡♥t❛❧ r❛t❡s ♦❢

❝❛♣✐t❛❧ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❛♣t✉r❡❞ ❜② ✜r♠ ✜①❡❞ ❡✛❡❝ts γk✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤✐s r❡♥t❛❧

r❛t❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♦✈❡r t✐♠❡ ❢♦r ❛ ❣✐✈❡♥ ✜r♠✳

❆s ❛ s❡❝♦♥❞ ❜❛s❡❧✐♥❡✱ ✇❡ ✉s❡ ❢✉❧❧ ✭♥♦♥✲♥❡st❡❞✮ ❈❊❙ s♣❡❝✐✜❝❛t✐♦♥✱ ✇❤❡r❡ ❝❛♣✐t❛❧✱ ❧❛❜♦r ❛♥❞

✐♥t❡r♠❡❞✐❛t❡s ❡♥t❡r t❤❡ s❛♠❡ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✇✐t❤ s❛♠❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ǫP

❛❝r♦ss t❤❡ t❤r❡❡ ✐♥♣✉ts✳ ▲♦❣✲❧✐♥❡❛r✐③✐♥❣ ♣r♦✜t ♠❛①✐♠✐③✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r ♥♦♥✲♥❡st❡❞ ❈❊❙ ♣r♦❞✉❝✲

t✐♦♥ ❢✉♥❝t✐♦♥ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥✿

✽❚❤❡ ❞❡t❛✐❧s ♦❢ r❡s✐❞✉❛❧ ✇❛❣❡ ❝♦♥str✉❝t✐♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳

✶✷✸



log

(
qM

wL

)

kjt

= −(1− ǫP ) log (w)kjt + γk + δt + CONTROLS + ǫkjt ✭✸✳✶✼✮

✇❤❡r❡ ❡q✉❛t✐♦♥ ✭✸✳✶✼✮ ✐s s✐♠✐❧❛r t♦ ✭✸✳✶✻✮ ✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐♥ ▲❍❙ ❝♦♠✐♥❣ ❞✉❡ t♦

❞✐✛❡r❡♥t s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣② ✐♥ t❤✐s ♥♦♥✲♥❡st❡❞

❝❛s❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r ♥❡st❡❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞✐✛❡r❡♥❝❡

❜❡t✇❡❡♥ ǫP ❛❝r♦ss ❞✐✛❡r❡♥t s❡❝t♦rs✱ ✇❡ r✉♥ t❤❡ ❛❜♦✈❡ r❡❣r❡ss✐♦♥s s❡♣❛r❛t❡❧② ❢♦r ♦✉r s❡❧❡❝t✐♦♥ ♦❢

✶✵ ✷✲❞✐❣✐t s❡❝t♦rs ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✧❈✧ ❝❛t❡❣♦r②✱ ✉♥❞❡r ✶✲❞✐❣✐t ◆❆❋ ✐♥❞✉str② ❝❧❛ss✐✜❝❛t✐♦♥✳ ❚❤❡

r❡s✉❧ts ♦❢ ♦✉r r❡❣r❡ss✐♦♥s ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ♥❡①t s✉❜ s❡❝t✐♦♥✳

❯s✐♥❣ t❤❡ ❋r❡♥❝❤ ✜r♠ ❧❡✈❡❧ ❞❛t❛s❡t ❤❛s ♠❛♥② ❛❞✈❛♥t❛❣❡s ❛♥❞ ❤❡❧♣s ✉s ♦✈❡r❝♦♠❡ ♠❛♥② ♦❢

t❤❡ ♣r♦❜❧❡♠s ♣❡rs✐st❡♥t ✇✐t❤ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t✐❡s✳ ❋✐rst❧②✱ ✐t ❣✐✈❡s ✉s ✐♥❢♦r✲

♠❛t✐♦♥ ♦♥ ♠❛t❝❤❡❞ ❡♠♣❧♦②❡r✲❡♠♣❧♦②❡❡ ❞❛t❛ ✇✐t❤ ❞❡t❛✐❧❡❞ ✇♦r❦❡r ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤✐s ❤❡❧♣s ✉s

✜❧t❡r ♦✉t s❦✐❧❧ ❛♥❞ ♦t❤❡r ✇♦r❦❡r ❧❡✈❡❧ ❞✐✛❡r❡♥❝❡s ❛♥❞ ❣❡t ♣r❡❝✐s❡ r❡s✐❞✉❛❧s ❛t t❤❡ ✜r♠ ❧❡✈❡❧ t♦

❝❛❧❝✉❧❛t❡ ❡✣❝✐❡♥❝② ✇❛❣❡✳ ❆❧s♦✱ s✐♥❝❡ ✇❡ ❝❛♥ ♠❛t❝❤ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ ❜❛❧❛♥❝❡ s❤❡❡t ❞❛t❛

♦❢ ✜r♠s✱ ✇❡ ❝❛♥ r✉♥ r❡❣r❡ss✐♦♥s ❛s st❛t❡❞ ✐♥ ❡q✉❛t✐♦♥s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮ ✇✐t❤ ✜r♠ ❧❡✈❡❧ ✇❛❣❡s✳

❖t❤❡r✇✐s❡✱ t❤❡ ❧❛❝❦ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✇♦r❦❡r ❧❡✈❡❧ ✇❛❣❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❜❛❧❛♥❝❡ s❤❡❡t ❞❛t❛ ❞♦❡s ♥♦t

❛❧❧♦✇ ❢♦r ♣r❡❝✐s❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❡✣❝✐❡♥❝② ✇❛❣❡✳ ❙♦✱ ✉♥❧✐❦❡ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ✭✷✵✶✻✮ ✇❤♦ ✉s❡

❛r❡❛ ❧❡✈❡❧ ❡✣❝✐❡♥❝② ✇❛❣❡ t♦ ❝✐r❝✉♠✈❡♥t t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ✉s❡ ❡✣❝✐❡♥❝② ✇❛❣❡ ❛t ✜r♠

❧❡✈❡❧✳ ❖✉r ❛♣♣r♦❛❝❤ t❤✉s ✐♠♣r♦✈❡s ✉♣♦♥ t❤❡✐r ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❜❡❝❛✉s❡ ✇❡ ✉s❡ ♣r❡❝✐s❡ ✜r♠

❧❡✈❡❧ ✐♥❢♦r♠❛t✐♦♥ r❛t❤❡r t❤❛♥ ❛❣❣r❡❣❛t❡❞ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s✳ ❙❡❝♦♥❞❧②✱ t❤❡ ♣❛♥❡❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡

❞❛t❛s❡t ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ ❢♦r ✐♥❞✐✈✐❞✉❛❧ ✜r♠ ❧❡✈❡❧ ✉♥♦❜s❡r✈❛❜❧❡ ❤❡t❡r♦❣❡♥❡✐t②✳ ❍❛✈✐♥❣ ✜r♠

✜①❡❞ ❡✛❡❝ts t❤✉s ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ ❢♦r ❞✐✛❡r❡♥t✐❛❧ r❡♥t❛❧ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ❛❝r♦ss ✜r♠s ❛♥❞ t❤✉s

✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ♠❛❦❡ str✐❝t ❛ss✉♠♣t✐♦♥ t❤❛t ❝❛♣✐t❛❧ ✐s ❝♦♠♣❧❡t❡❧② ♠♦❜✐❧❡ ❛❝r♦ss ✜r♠s ❛s ✐♥ t❤❡

❝❛s❡ ♦❢ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ✭✷✵✶✻✮✳ ❚❤✐r❞❧②✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ✉s❡ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s ✐♥ ♦✉r ♣r✐♠❛r②

r❡❣r❡ss✐♦♥✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♥tr♦❧ ❢♦r r❡❣✐♦♥❛❧ ❤❡t❡r♦❣❡♥❡✐t②✳ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ✭✷✵✶✻✮ ✐♥st❡❛❞

❤❛❞ t♦ ✉s❡ ❛♥ ■❱ t♦ ❝♦♥tr♦❧ ❢♦r t❤✐s r❡❣✐♦♥❛❧ ❤❡t❡r♦❣❡♥❡✐t②✳ ■♥ ♦✉r ❝❛s❡✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❝❛♥

❛❧r❡❛❞② ❝♦♥tr♦❧ ❢♦r r❡❣✐♦♥❛❧ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ✜r♠ ❧♦❝❛t✐♦♥ ❝❤♦✐❝❡ ❜② ✐♥❝❧✉❞✐♥❣ r❡❣✐♦♥ ✜①❡❞ ❡✛❡❝ts✳

❊♥❞♦❣❡♥❡✐t②

❚❤❡ ❡q✉❛t✐♦♥s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮ ❛❧❧♦✇ ✉s t♦ ❡st✐♠❛t❡ ✜r♠ ❧❡✈❡❧ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✉s✐♥❣

❜♦t❤ ✇✐t❤✐♥ ❛♥❞ ❛❝r♦ss ✜r♠ ✈❛r✐❛t✐♦♥ ✐♥ ✇❛❣❡s ♦✈❡r t✐♠❡✳ ❲❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣❛♥❡❧ ❞✐♠❡♥s✐♦♥ ♦❢

♦✉r ❞❛t❛s❡t ❛♥❞ ❝♦♥tr♦❧ ❢♦r ✜r♠ ❧❡✈❡❧ ✜①❡❞ ❡✛❡❝ts ✇❤✐❝❤ ❝❛♣t✉r❡ ❛♥② t✐♠❡ ✐♥✈❛r✐❛♥t ✜r♠ s♣❡❝✐✜❝

✶✷✹



♦❜s❡r✈❡❞ ❛♥❞ ✉♥♦❜s❡r✈❡❞ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❍♦✇❡✈❡r✱ ♦♥❡ ♠✉st ♥♦t❡ t❤❛t t❤❡r❡ ❛r❡ ✈❛r✐♦✉s ♣♦t❡♥t✐❛❧

s♦✉r❝❡s ❢♦r ❡♥❞♦❣❡♥✐❡t② ❜✐❛s ✐♥ t❤❡s❡ r❡❣r❡ss✐♦♥s✳ ❆♠♦♥❣ ♦t❤❡rs✱ ❛❞❥✉st♠❡♥ts ❝♦sts t♦ ❝❛♣✐t❛❧ ♦r

❧❛❜♦r ♠② ❞✐st♦rt ✜r♠✬s ✐♥♣✉t ❝❤♦✐❝❡s ✇❤✐❝❤ ✇♦✉❧❞ t❤❡♥ ❞❡✈✐❛t❡ ❢r♦♠ t❤❡ st❛t✐❝ ❝♦st ♠✐♥✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠ ❛s ✇❡❧❧ ❛s ✐♠♣❛❝t t❤❡ ✇❛❣❡ r❛t❡s ♣❛✐❞ ❜② t❤❡ ✜r♠✳

❚♦ s♦❧✈❡ ♣♦t❡♥t✐❛❧ ❡♥❞♦❣❡♥❡✐t② ❜✐❛s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧

✭✷✵✶✻✮ ❛♥❞ ✉s❡ ❛r❡❛ ❧❡✈❡❧ ❡✣❝✐❡♥❝② ✇❛❣❡s ✐♥st❡❛❞ ♦❢ ✜r♠ ❧❡✈❡❧ ✇❛❣❡s✳ ❙✐♥❝❡ ♠♦st ✜r♠s ❛r❡ s♠❛❧❧

❛♥❞ ❝❛♥♥♦t ✐♠♣❛❝t ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s✱ ✉s✐♥❣ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s ✐s ❛ ✇❛② t♦ ❝♦rr❡❝t ❢♦r t❤❡ ❜✐❛s ❛r✐s✐♥❣

❢r♦♠ ✜r♠✬s ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✐ts ❝♦st ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s ✇✐❧❧ ❜❡ ♦rt❤♦❣♦♥❛❧

t♦ s✉❝❤ ❞❡✈✐❛t✐♦♥✳ ❍❛✈✐♥❣ s❛✐❞ t❤❛t✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❤✐❣❤❧✐❣❤t t❤❛t s✉❝❤ ❜✐❛s ✐♥ ♦✉r ❝❛s❡ ✐s

♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ✐♥ ❝❛s❡ ♦❢ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ✭✷✵✶✻✮✳ ■♥❞❡❡❞✱ t❤❡ ♣❛♥❡❧ ❞✐♠❡♥s✐♦♥ ♦❢ ♦✉r

❞❛t❛s❡t ❛❧❧♦✇s ✉s t♦ ❝♦♥tr♦❧ ❢♦r ❛♥② t✐♠❡ ✐♥✈❛r✐❛♥t ✜r♠ ❧❡✈❡❧ ✉♥♦❜s❡r✈❡❞ ❤❡t❡r♦❣❡♥❡✐t② t❤r♦✉❣❤

✜r♠ ✜①❡❞ ❡✛❡❝ts✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ✭✷✵✶✻✮ ✉s❡ ❛ s✐♥❣❧❡ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ ❛r❡❛

❧❡✈❡❧ ✇❛❣❡s✱ t❤❡② ❝♦✉❧❞ ♥♦t ❝♦♥tr♦❧ ❢♦r r❡❣✐♦♥❛❧ ❞✐✛❡r❡♥❝❡s ✉s✐♥❣ r❡❣✐♦♥ ✜①❡❞ ❡✛❡❝ts✳ ■♥ ♦✉r ❝❛s❡✱

❤❛✈✐♥❣ ❛❝❝❡ss t♦ ❛ ♣❛♥❡❧ ❛❧❧♦✇s ✉s t♦ ❝♦rr❡❝t ❢♦r t❤✐s ♣r♦❜❧❡♠ ❜② ✉s✐♥❣ r❡❣✐♦♥ ✜①❡❞ ♣r♦❜❧❡♠s✳

❆s ❛ r♦❜✉st♥❡ss ❝❤❡❝❦ ❢♦r ♦✉r ❖▲❙ r❡s✉❧ts✱ ✇❡ t❤✉s r✉♥ t✇♦ ♠♦r❡ s♣❡❝✐✜❝❛t✐♦♥s ❢♦r ❡❛❝❤ ♦❢

t❤❡ ♥❡st❡❞ ❛♥❞ ♥♦♥✲♥❡st❡❞ ❈❊❙ ❝❛s❡✳ ❚❤❡ ✜rst s♣❡❝✐✜❝❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧

✭✷✵✶✻✮ ✇❤❡r❡ ✇❡ ✉s❡ ❛r❡❛ ❧❡✈❡❧ ❡✣❝✐❡♥❝② ✇❛❣❡ wjt ✐♥ ❡q✉❛t✐♦♥s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮ ✐♥st❡❛❞ ♦❢ ✜r♠

❧❡✈❡❧ ✇❛❣❡ wkjt✳
✾ ❆s ❛ s❡❝♦♥❞ r♦❜✉st♥❡ss ❝❤❡❝❦✱ ✇❡ ✉s❡ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡ wjt ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r

✜r♠ ❧❡✈❡❧ ✇❛❣❡ wkjt✳ ❚❤❡ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡ wjt s❛t✐s✜❡s ❜♦t❤ t❤❡ ❝♦♥❞✐t✐♦♥s ♥❡❝❡ss❛r② ❢♦r ❜❡✐♥❣ ❛

❣♦♦❞ ✐♥str✉♠❡♥t✳ ❖♥❡✱ ✐t ✐s ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ✜r♠ ❧❡✈❡❧ ❡✣❝✐❡♥❝② ✇❛❣❡s ♦♥❝❡ ✜❧t❡r✐♥❣ ♦✉t

✐♥❞✐✈✐❞✉❛❧ ✇♦r❦❡r ❧❡✈❡❧ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ♦t❤❡r s❦✐❧❧ ❧❡✈❡❧ ❞✐✛❡r❡♥❝❡s✳ ❚✇♦✱ ✐t ❛❧s♦ s❛t✐s✜❡s t❤❡

❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥ s✐♥❝❡ ✉s✐♥❣ t❤❡ ♣❛♥❡❧ ❞✐♠❡♥s✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝❛♣t✉r❡ ❡✛❡❝ts ❧✐❦❡ ✜r♠ ❧♦❝❛t✐♦♥

❝❤♦✐❝❡ t❤r♦✉❣❤ ✜r♠ ✜①❡❞ ❡✛❡❝t ❛♥❞ ❤❡♥❝❡ ❡rr♦r t❡r♠s ❛r❡ ♠✉❝❤ ❧❡ss ❧✐❦❡❧② t♦ ❜❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤

t❤❡ ✐♥str✉♠❡♥t✳

❊st✐♠❛t✐♦♥ ❘❡s✉❧ts

❖✈❡r❛❧❧✱ ✇❡ r❡♣♦rt t❤r❡❡ ❞✐✛❡r❡♥t ❡st✐♠❛t❡s ❢♦r ❡❛❝❤ ♦❢ t❤❡ t✇♦ ❝❛s❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥❡st❡❞

❛♥❞ ♥♦♥✲♥❡st❡❞ ❡st✐♠❛t✐♦♥ ❡q✉❛t✐♦♥s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮✳

✶✳ ❚❤❡ ✜rst s❡t ♦❢ ❡st✐♠❛t❡s ✐s ❝❛❧❧❡❞ ❖▲❙ ❛♥❞ ❝♦rr❡s♣♦♥❞ t♦ ❛ s❡t ♦❢ ♣❛♥❡❧ r❡❣r❡ss✐♦♥s ❢♦r

✾❚❤❡ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❜② t❛❦✐♥❣ ❛✈❡r❛❣❡ ❛❝r♦ss t❤❡ r❡s✐❞✉❛❧s✱ ❛❝r♦ss ❛❧❧ ✇♦r❦❡rs ✐♥ ❛ ❣✐✈❡♥ ❛r❡❛✱
❢r♦♠ t❤❡ ✇❛❣❡ ❡q✉❛t✐♦♥✳

✶✷✺



❡❛❝❤ s❡❝t♦r ✇✐t❤ ✜r♠ ❛♥❞ ②❡❛r ✜①❡❞ ❡✛❡❝ts ❢♦r ❡q✉❛t✐♦♥s ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮✳ ■♥ t❤✐s ❝❛s❡ ✇❡

✉s❡ ✜r♠ ❧❡✈❡❧ ✇❛❣❡s ❛s ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s✳

✷✳ ❚❤❡ s❡❝♦♥❞ s❡t ♦❢ ❡st✐♠❛t❡s ✐s ❝❛❧❧❡❞ ❆r❡❛ ❛♥❞ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡st✐♠❛t❡s s✐♠✐❧❛r t♦

t❤❡ ♦♥❡s r❡♣♦rt❡❞ ✐♥ ❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ✭✷✵✶✻✮✳ ❍❡r❡✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ✜r♠ ❧❡✈❡❧ ✇❛❣❡s✱

✇❡ ✉s❡ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s✱ ❝♦♠♣✉t❡❞ ❜② t❛❦✐♥❣ ❛✈❡r❛❣❡ ✇❛❣❡ ♦✈❡r ❛❧❧ ✜r♠s ✐♥ ❛ ❣✐✈❡♥ ❛r❡❛✳

❖❜❡r✜❡❧❞ ❛♥❞ ❘❛✈❛❧ ❛r❣✉❡ t❤❛t s✉❝❤ ❛ s♣❡❝✐✜❝❛t✐♦♥ ✐s ❛ttr❛❝t✐✈❡ ❜❡❝❛✉s❡ ✜r♠s ♠❛② ✜♥❞

✐t ❝♦st❧② t♦ ❛❞❥✉st ❝❛♣✐t❛❧ ♦r ❧❛❜♦r✳ ❉❡✈✐❛t✐♦♥s ♦❢ ❛ ✜r♠✬s ❝❛♣✐t❛❧ ♦r ❧❛❜♦r ❢r♦♠ st❛t✐❝

❝♦st ♠✐♥✐♠✐③❛t✐♦♥ ❞✉❡ t♦ ❛❞❥✉st♠❡♥t ❝♦sts ✇♦✉❧❞ t❤❡♥ ❜❡ ✐♥ t❤❡ r❡s✐❞✉❛❧✱ ❜✉t s❤♦✉❧❞ ❜❡

♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡ r❛t❡✳

✸✳ ❚❤❡ t❤✐r❞ s❡t ♦❢ ❡st✐♠❛t❡s ✐s ❝❛❧❧❡❞ ■❱✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✉s❡ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s ❛s ❛♥ ✐♥str✉♠❡♥t

❢♦r ✜r♠ ❧❡✈❡❧ ✇❛❣❡s✳

❚❤❡ ♣♦✐♥t ❡st✐♠❛t❡s ❢♦r ❞✐✛❡r❡♥t s❡❝t♦rs ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡ s✐① ❝❛s❡s ✭✷ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛s✲

s✉♠♣t✐♦♥ × ✸ ❡♠♣✐r✐❝❛❧ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ✇❛❣❡s✮ ❛r❡ r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ 3.4✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡r❡ ✐s

✈❡r② ❧❛r❣❡ ❤❡t❡r♦❣❡♥❡✐t② ❛❝r♦ss s❡❝t♦rs ❢♦r t❤❡s❡ ♣♦✐♥t ❡st✐♠❛t❡s✳ ▼♦r❡♦✈❡r✱ ♣♦✐♥t ❡st✐♠❛t❡s ❛♥❞

r❡s✉❧t✐♥❣ ❡❧❛st✐❝✐t✐❡s ❛r❡ q✉✐t❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛s ✇❡❧❧ ❛s t❤❡ ❛ss✉♠♣t✐♦♥

❛❜♦✉t t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳

❈❛❧❝✉❧❛t✐♦♥✿ ❊❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥ ♣r♦❞✉❝t✐♦♥

❊q✉✐♣♣❡❞ ✇✐t❤ t❤❡s❡ ♣♦✐♥t ❡st✐♠❛t❡s PEj ❛s r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ 3.4 ❛s ✇❡❧❧ ❛s t❤❡ ✈❛❧✉❡ ♦❢ ❝❛♣✐t❛❧

s❤❛r❡ αj ❛s r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ 3.2 ❢♦r ❡❛❝❤ s❡❝t♦r j✱ ✇❡ ❜❛❝❦ ♦✉t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❛st✐❝✐t② ♦❢

s✉❜st✐t✉t✐♦♥ ✐♥ ♣r♦❞✉❝t✐♦♥ ❢♦r ❡❛❝❤ s❡❝t♦r✳ ❋✐rst✱ ❛ss✉♠✐♥❣ ❛ ❢✉❧❧ ❈❊❙ ❛❣❣r❡❣❛t✐♦♥ ♦❢ ❛❧❧ ❢❛❝t♦rs

♦❢ ♣r♦❞✉❝t✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✱✶✵ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐s s✐♠♣❧② ❣✐✈❡♥ ❜②

ǫP,j = 1− PEj ✭✸✳✶✽✮

✇✐t❤ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ǫP,j ❛♥❞ PEj ❜❡✐♥❣ ❡q✉❛❧✳ ▼♦r❡♦✈❡r✱ ♣♦s✐t✐♥❣ ❛ ♥❡st❡❞ ❈❊❙ ❢♦r♠ ✐♥ t❤❡

♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣♦✐♥t ❡st✐♠❛t❡s ❛♥❞ ǫP,j ✿

ǫP,j = 1−
PEj

1− αj
✭✸✳✶✾✮

✶✵▼❡❛♥✐♥❣ t❤❛t t❤❡r❡ ✐s ♥♦ K − L ❜✉♥❞❧❡ t❤❛t ✐s ❛❣❣r❡❣❛t❡❞ ❛s ❛ ✜rst st❡♣✳

✶✷✻



❲❡ t❤❡♥ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❢♦r t❤✐s ✈❛r✐❛❜❧❡✳ ❋♦r ❛ r❛t✐♦ R = X/Y ✇❤❡r❡ X

❛♥❞ Y ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✶✶ t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ R

V (R) =
V (X)

Y 2
+ V (Y )

X2

Y 4

❍❡♥❝❡✱ ♥♦t✐♥❣ σα,i ❛♥❞ σPE,i t❤❡ st❛♥❞❛r❞ ❡rr♦rs ♦❢ αi ❛♥❞ PEi r❡s♣❡❝t✐✈❡❧②✱ t❤❡ st❛♥❞❛r❞ ❡rr♦r

♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② ❢♦r s❡❝t♦r i ✐s ❣✐✈❡♥ ❜②

σǫP ,j =

√
σ2PE,j

(1− αj)2
+ σ2α,j

PE2
j

(1− αj)4
✭✸✳✷✵✮

❆s ❛ r❡s✉❧t✱ ♦✉r ❖▲❙ ❡st✐♠❛t❡s ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❣r❛♣❤ 3.3 ❛♥❞

3.2 ❢♦r t❤❡ ◆❡st❡❞ ❛♥❞ ◆♦♥✲◆❡st❡❞ ❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✜rst ✐♠♣♦rt❛♥t r❡s✉❧t t♦ ♥♦t✐❝❡ ❤❡r❡

✐s t❤❛t s❡❝t♦rs ❛r❡ ❢❛✐r❧② ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤❡✐r ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥✳ ■♥ t❤❡ ♥♦♥ ♥❡st❡❞

❝❛s❡ ✭✜❣✉r❡ 3.2✮ ♠♦st ♦❢ t❤❡ ❡st✐♠❛t❡s ❛r❡ ♥♦t st❛t✐st✐❝❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ ♦♥❡✱ ✐♠♣❧②✐♥❣ ❛ ❈♦❜❜✲

❉♦✉❣❧❛s str✉❝t✉r❡ ❜❡t✇❡❡♥ ❧❛❜♦✉r ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉ts ❛s ❞❡s❝r✐❜❡❞ ✐♥ ▲♦♥❣ ❛♥❞ P❧♦ss❡r ✭✶✾✽✸✮

♦r ❆❝❡♠♦❣❧✉ ❡t ❛❧ ✭✷✵✶✷✮✳ ▼♦r❡ ✐♥t❡r❡st✐♥❣ ✐s t❤❡ ❝❛s❡ ♦❢ ♥❡st❡❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ♣r❡s❡♥t❡❞

✐♥ ✜❣✉r❡ 3.3✳ ■♥ s✉❝❤ ❛ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❛ t✇♦ st❡♣ ❛❣❣r❡❣❛t✐♦♥✱ s♦♠❡ s❡❝t♦rs ❢❡❛t✉r❡ ❛♥ ❡❧❛st✐❝✐t②

♦❢ ♣r♦❞✉❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ K − L ❜✉♥❞❧❡ ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉t ❧❛r❣❡r t❤❛♥ ✶✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧②

t❤❡ ❝❛s❡ ✐♥ t❤❡ ❝❤❡♠✐❝❛❧ ✐♥❞✉str② ✭s❡❝t♦r ✷✵✮✱ ♠❡t❛❧❧✉r❣② ✭s❡❝t♦r ✷✹✮ ❛♥❞ ♠❛❝❤✐♥❡ ❡q✉✐♣♠❡♥t

♠❛♥✉❢❛❝t✉r✐♥❣ ✭s❡❝t♦r ✷✽✮ ✇❤✐❝❤ ❢❡❛t✉r❡ ❛♥ ❡st✐♠❛t❡❞ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✇✐t❤ ❛ ✇❤♦❧❡

❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❧②✐♥❣ str✐❝t❧② ❛❜♦✈❡ ♦♥❡✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r r❡s✉❧ts✱ t❤♦s❡ s❡❝t♦rs ✇♦✉❧❞ t❤❡♥

❞❡❝r❡❛s❡ t❤❡ ❧❛❜♦r ❝♦♥t❡♥t ♦❢ ❡❛❝❤ ✉♥✐t ♣r♦❞✉❝❡❞ ✐♥ r❡s♣♦♥s❡ t♦ ❛ ♣♦s✐t✐✈❡ s❤♦❝❦ ✐♥ t❤❡ ✉♣str❡❛♠

s❡❝t♦r✳

✸✳✸✳✸ ❊st✐♠❛t✐♦♥✿ Pr✐❝❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞

❚♦ ❡st✐♠❛t❡ t❤❡ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t② ❢❛❝❡❞ ❜② ❡❛❝❤ s❡❝t♦r✱ ✇❡ ❛ss✉♠❡ ♦♣t✐♠❛❧ ♣r✐❝❡ s❡tt✐♥❣ ❜❡❤❛✈✐♦r

✉♥❞❡r ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ✇❤❡r❡ ✜r♠s ♠❛①✐♠✐③❡ t❤❡✐r ♣r♦✜ts✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ t❤❡

♠❛r❦✉♣ ♦❢ t❤❡ ✜r♠ ✐s ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ ✐ts ❞❡♠❛♥❞ ❡❧❛st✐❝✐t② ❛s ǫD/(ǫD − 1)✳ ❲❡ ❡st✐♠❛t❡ t❤❡

♠❛r❦✉♣ ❛❝r♦ss s❡❝t♦r ❜② r❛t✐♦ ♦❢ ✜r♠ ❧❡✈❡❧ r❡✈❡♥✉❡ t♦ ❝♦st ❛✈❡r❛❣❡❞ ❛❝r♦ss ❛❧❧ ✜r♠s ✐♥ ❛ ❣✐✈❡♥

s❡❝t♦r✳ ❚♦ ❞♦ t❤✐s ✇❡ ♦♥❧② t❛❦❡ ✜r♠s ✇❤♦s❡ ♠❛r❦✉♣ ❧✐❡s ✐♥ (1, 2) ❛♥❞ ✐❣♥♦r❡ t❤❡ ♦✉t❧✐❡rs✳ ❚❤❡

r❡s✉❧ts ♦❢ t❤✐s ❡①❡r❝✐s❡ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ 3.4 ❛♥❞ t❛❜❧❡ 3.5✳ ▼♦st ♦❢ t❤❡ s❡❝t♦rs ❤❛✈❡ ❛ ❞❡♠❛♥❞

✶✶❙❡❡ ✐♥ ✏❙❛♠♣❡❧✐♥❣ ❚❡❝❤♥✐q✉❡s✑✱ ✸r❞ ❊❞✳ ❜② ❈♦❝❤r❛♥❡ ✭✶✾✼✼✮✱ ♣❛❣❡ ✶✽✸ ❢♦r ❛ ♣r♦♦❢

✶✷✼



❋✐❣✉r❡ ✸✳✷✿ Pr♦❞✉❝t✐♦♥ ❊❧❛st✐❝✐t② ❢♦r ✶✵ ✷✲❞✐❣✐ts s❡❝t♦rs
◆♦♥✲◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ❖▲❙

❋✐❣✉r❡ ✸✳✸✿ Pr♦❞✉❝t✐♦♥ ❊❧❛st✐❝✐t② ❢♦r ✶✵ ✷✲❞✐❣✐ts s❡❝t♦rs
◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ❖▲❙

✶✷✽



❋✐❣✉r❡ ✸✳✹✿ Pr✐❝❡ ❊❧❛st✐❝✐t② ♦❢ ❉❡♠❛♥❞ ❢♦r ✷✵ ✷✲❞✐❣✐ts s❡❝t♦rs

❡❧❛st✐❝✐t② ❜❡t✇❡❡♥ 4 ❛♥❞ 5✳ ❚❤✐s ✇❛② ♦❢ ♠❡❛s✉r✐♥❣ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t② ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ♦t❤❡r r❡❝❡♥t

✇♦r❦ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

✸✳✹ ❙❡❝t♦r❛❧ s❡♥s✐t✐✈✐t② t♦ ✉♣str❡❛♠ s❤♦❝❦s

❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡♠♣❧♦②♠❡♥t ✐♥ s❡❝t♦r i ✇✐t❤ r❡s♣❡❝t t♦ ❛ s❤♦❝❦ t♦ ❛♥② s❡❝t♦r k ❧♦❝❛t❡❞ ✉♣str❡❛♠

✐♥ t❤❡ s✉♣♣❧② ❝❤❛✐♥ ✐s ❣♦✈❡r♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✸✳✶✸✮✳ ❆s ❡①♣♦s❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✶✱ ❛ ♣♦s✐t✐✈❡ s❤♦❝❦

✉♣str❡❛♠ ❧❡❛❞s t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❡♠♣❧♦②♠❡♥t ✐♥ s❡❝t♦r j ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

ǫP
ǫD

< 1

P❛♥❡❧ ❋✐①❡❞ ❊✛❡❝ts ❘❡❣r❡ss✐♦♥s

■♥ ✜❣✉r❡s 3.5 ❛♥❞ 3.6✱ ✇❡ ♣r❡s❡♥t ♦✉r ❡st✐♠❛t❡s ♦❢ t❤❡ ❛❜♦✈❡ r❛t✐♦ ❢♦r ✶✵ s❡❝t♦rs✱ r❡✈❡❛❧✐♥❣ t❤❛t

t❤❡ ❧❡✈❡❧ ♦❢ t❤✐s ❡♠♣❧♦②♠❡♥t ❡❧❛st✐❝✐t② ✐s ♥♦t ❝♦♥st❛♥t ❛❝r♦ss s❡❝t♦rs ✉♥❞❡r ❜♦t❤ t❤❡ ❜❛s❡❧✐♥❡ ❡s✲

t✐♠❛t❡s ♦❢ ♥❡st❡❞ ❛♥❞ ♥♦♥✲♥❡st❡❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ■♥ t❡r♠s ♦❢ ❞✐r❡❝t✐♦♥✱ ♦✉r ❖▲❙ ❡st✐♠❛t✐♦♥

②✐❡❧❞s t❤❡ ♣r❡❞✐❝t✐♦♥ t❤❛t ❛❧❧ s❡❝t♦rs ✇♦✉❧❞ ✐♥❝r❡❛s❡ ❡♠♣❧♦②♠❡♥t ❢♦❧❧♦✇✐♥❣ ❛ ♣♦s✐t✐✈❡ t❡❝❤♥♦❧♦❣✐✲

❝❛❧ s❤♦❝❦ ✉♣str❡❛♠✳✶✷ ❚❤✐s r❡s✉❧ts st❡♠s ♣r✐♠❛r✐❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t② ❢♦r

♠♦st ♦❢ t❤❡s❡ s❡❝t♦rs ❧✐❡ ❜❡t✇❡❡♥ 4 ❛♥❞ 5 ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ s✐❣♥✐✜❝❛t♥t ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥

s❝❛❧❡ ❢♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ✐♥ ♣r✐❝❡ ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦st✳

■♥ t❡r♠s ♦❢ ♠❛❣♥✐t✉❞❡✱ ❤♦✇❡✈❡r✱ s❡❝t♦rs ♣r❡s❡♥t s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s✳ ❚❤❡ ❝❤❡♠✐❝❛❧ ✐♥❞✉str②

✶✷◆♦t❡ t❤❛t t❤✐s ✐s ♥♦ ❧♦♥❣❡r tr✉❡ ✐♥ ♦✉r ♦t❤❡r s♣❡❝✐✜❝❛t✐♦♥s ✇❤❡r❡ ✇❡ ✉s❡ ❛r❡❛✲❧❡✈❡❧ ✇❛❣❡s✱ s❡❡ ❜❡❧♦✇

✶✷✾



❋✐❣✉r❡ ✸✳✺✿ ❘❛t✐♦s ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② t♦ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t②
◆♦♥ ◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ❖▲❙

❋✐❣✉r❡ ✸✳✻✿ ❘❛t✐♦s ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② t♦ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t②
◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ❖▲❙

✭s❡❝t♦r ✷✵✮ ♣r❡s❡♥ts ❛ ❤✐❣❤❡r r❛t✐♦ ♦❢ ❡❧❛st✐❝✐t② ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ t♦ ♣r✐❝❡ ❡❧❛st✐❝✐t② ♦❢

❞❡♠❛♥❞ t❤❛♥ ♦t❤❡r ✐♥❞✉str✐❡s✱ r❡✈❡❛❧✐♥❣ ❛ ❧♦✇❡r ❡♠♣❧♦②♠❡♥t r❡❛❝t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡

❧❡❛t❤❡r ❛♥❞ s❤♦❡s ✐♥❞✉str② ✭s❡❝t♦r ✶✺✮ ♦r t❤❡ ✇♦♦❞ ✐♥❞✉str② ✭s❡❝t♦r ✶✻✮ s❡❡♠s t♦ ❜❡ ♣❛rt✐❝✉❧❛r❧②

s❡♥s✐t✐✈❡ t♦ ✉♣str❡❛♠ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ ✇✐t❤ ❛♥ ❡♠♣❧♦②♠❡♥t r❡❛❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✉♣str❡❛♠

t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r t❤❛♥ ♦t❤❡r ✐♥❞✉str✐❡s✳

P❛♥❡❧ ✇✐t❤ ❆r❡❛ ▲❡✈❡❧ ✇❛❣❡s

❯s✐♥❣ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s ✐♥ ❧✐❡✉ ♦❢ ✜r♠ ❧❡✈❡❧ ✇❛❣❡s ❤❛s ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ r❡s✉❧ts✱ ❛s

♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ 3.7 ❢♦r t❤❡ ♥♦♥ ♥❡st❡❞ ❝❛s❡ ❛♥❞ 3.8 ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ♥❡st❡❞ ❈❊❙ ♣r♦❞✉❝t✐♦♥

❢✉♥❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥❡st❡❞ ❈❊❙ ❝❛s❡ ❢❡❛t✉r❡ s❡✈❡r❛❧ ✐♥❞✉str✐❡s ✇✐t❤ ❛ r❛t✐♦ ♦❢ ❡❧❛st✐❝✐t✐❡s

❤✐❣❤ ❡♥♦✉❣❤ t❤❛t t❤❡ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ♦❢ ♦♥❡ ❧✐❡s ✐♥ t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳ ❆❝❝♦r❞✐♥❣ t♦ ♦✉r

r❡s✉❧ts✱ t❤❡ ❝❤❡♠✐❝❛❧ ✭s❡❝t♦r ✷✵✮ ❛♥❞ ♠❡t❛❧❧✉r❣② ✭s❡❝t♦r ✷✹✮ ✐♥❞✉str✐❡s ✇♦✉❧❞ t❤❡♥ ❞❡❝r❡❛s❡ t❤❡✐r

✶✸✵



❋✐❣✉r❡ ✸✳✼✿ ❘❛t✐♦s ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② t♦ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t②
◆♦♥ ◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ❆r❡❛

❋✐❣✉r❡ ✸✳✽✿ ❘❛t✐♦s ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② t♦ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t②
◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ❆r❡❛

❡♠♣❧♦②♠❡♥t ✐♥ r❡s♣♦♥s❡ t♦ ❛ ♣♦s✐t✐✈❡ s❤♦❝❦ ✐♥ t❤❡ ✉♣str❡❛♠ s❡❝t♦r✳

P❛♥❡❧ ✇✐t❤ ❆r❡❛ ▲❡✈❡❧ ✇❛❣❡s ❛s ■♥str✉♠❡♥ts

❋✐♥❛❧❧②✱ ✜❣✉r❡s 3.9 ❛♥❞ 3.10 ♣r❡s❡♥t ♦✉r ❡st✐♠❛t❡❞ r❛t✐♦ ♦❢ ❡❧❛st✐❝✐t✐❡s ✇❤❡♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢

s✉❜st✐t✉t✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛r❡❛ ❧❡✈❡❧ ✇❛❣❡s ❛s ✐♥str✉♠❡♥ts✳ ❚❤❡

r❡s✉❧t ✐s ❡✈❡♥ ♠♦r❡ str✐❦✐♥❣ ✐♥ t❤✐s ❝❛s❡ ❛s t❤❡ r❛t✐♦ ❝❛♥ t❛❦❡ ✈❛❧✉❡s ❛s ❧♦✇ ❛s ✵✳✶ ❢♦r t❤❡ ❝❧♦t❤✐♥❣

✐♥❞✉str② ✭s❡❝t♦r ✶✹✮ ❛♥❞ ❛s ❤✐❣❤ ❛s ✶✳✷ ❢♦r t❤❡ ❝❤❡♠✐❝❛❧ ✐♥❞✉str② ✭s❡❝t♦r ✷✵✮✳ ❚❤♦s❡ ❞✐✛❡r❡♥❝❡s

✐❧❧✉str❛t❡ t❤❡ ❢❛❝t t❤❛t ❛ss✉♠✐♥❣ ✐❞❡♥t✐❝❛❧ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t✐❡s ❛❝r♦ss ✐♥❞✉str✐❡s

❝❛♥ ♣♦t❡♥t✐❛❧❧② ✐♠♣♦s❡ ❛♥ ✐♠♣♦rt❛♥t ❜✐❛s ♦♥ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ s❡✈❡r❛❧ s❡❝t♦rs t♦ ✉♣str❡❛♠ t❡❝❤✲

♥♦❧♦❣✐❝❛❧ s❤♦❝❦s✳

✶✸✶



❋✐❣✉r❡ ✸✳✾✿ ❘❛t✐♦s ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② t♦ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t②
◆♦♥ ◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ■❱

❋✐❣✉r❡ ✸✳✶✵✿ ❘❛t✐♦s ♦❢ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t② t♦ ❞❡♠❛♥❞ ❡❧❛st✐❝✐t②
◆❡st❡❞ Pr♦❞✉❝t✐♦♥✱ ■❱

✶✸✷



✸✳✺ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❛❞❞s t♦ ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦♥ ♣r♦♣❛❣❛t✐♦♥ ♦❢ s❤♦❝❦s ✇✐t❤✐♥ t❤❡ ♥❡t✇♦r❦ ♦❢ ✐♥t❡r❝♦♥✲

♥❡❝t❡❞ s❡❝t♦rs✳ ■♥ ❝♦♥tr❛st t♦ ♦t❤❡r ♣❛♣❡rs ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ ❤✐❣❤❧✐❣❤t ❤♦✇ ❛ ♣♦s✐t✐✈❡ s❤♦❝❦

✐♥ ❛♥ ✉♣str❡❛♠ s❡❝t♦r ❞♦❡s ♥♦t ❛❧✇❛②s r❡s✉❧t ✐♥ ❤✐r✐♥❣ ♠♦r❡ ❧❛❜♦r ✐♥ ❞♦✇♥str❡❛♠ s❡❝t♦rs✳ ❯s✐♥❣

❛ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ♦❢ ♣r♦❞✉❝t✐♦♥ ✇✐t❤ ❧❛❜♦r✱ ❝❛♣✐t❛❧ ❛♥❞ ♠❛t❡r✐❛❧ ✐♥♣✉ts✱ ✇❡ s❤♦✇ t❤❛t t❤❡

❧❛❜♦r r❡s♣♦♥s❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❜② t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❝r✉❝✐❛❧ ❡❧❛st✐❝✐t✐❡s✱ ♦✈❡r❛❧❧ ❞❡♠❛♥❞

❡❧❛st✐❝✐t② ❛♥❞ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✐♥ ♣r♦❞✉❝t✐♦♥✱ ❢♦r ❛ ❣✐✈❡♥ s❡❝t♦r✳

❯s✐♥❣ ❞❡t❛✐❧❡❞ ✜r♠ ❧❡✈❡❧ ❞❛t❛ ♦♥ ❋r❡♥❝❤ ✜r♠s✱ ✇❡ t❤❡♥ ❡st✐♠❛t❡ t❤❡s❡ ❡❧❛st✐❝✐t✐❡s s❡♣❛r❛t❡❧②

❢♦r ❞✐✛❡r❡♥t ✐♥❞✉str✐❛❧ s❡❝t♦rs✳ ❲❡ ✜♥❞ ❛ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ❛❝r♦ss s❡❝t♦rs ❢♦r ❜♦t❤

❞❡♠❛♥❞ ❛♥❞ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t✐❡s✳ ■♥t❡r❡st✐♥❣❧②✱ s♦♠❡ s❡❝t♦rs ❢❡❛t✉r❡ ♣r♦❞✉❝t✐♦♥ ❡❧❛st✐❝✐t✐❡s

t❤❛t ❛r❡ ❤✐❣❤ ❡♥♦✉❣❤ t❤❛t ❛ ♣♦s✐t✐✈❡ s❤♦❝❦ ✐♥ ❛♥ ✉♣str❡❛♠ s❡❝t♦r ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ❞❡❝r❡❛s❡ ✐♥

t❤❡✐r ❧❛❜♦r ✉s❛❣❡✳ ■♥t✉✐t✐✈❡❧②✱ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♣r✐❝❡ ♦❢ ♠❛t❡r✐❛❧ ✐♥♣✉ts r❡❧❛t✐✈❡ t♦ ❧❛❜♦r tr✐❣❣❡rs

❛♥ ✐♠♣♦rt❛♥t s❤✐❢t ✐♥ t❤❡ ♦♣t✐♠❛❧ ✐♥♣✉t ♠✐① ❝❤♦s❡♥ ❜② ✜r♠s ✐♥ t❤♦s❡ s❡❝t♦rs✱ ❞❡♣r❡ss✐♥❣ ❧❛❜♦r

❞❡♠❛♥❞ ❢♦r ❡❛❝❤ ✉♥✐t ♣r♦❞✉❝❡❞✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ✐♥❝r❡❛s❡ ✐♥ s❛❧❡s ✭❞✉❡ t♦ ❛ ♣r✐❝❡ ❞❡❝r❡❛s❡✮ ❛♥❞

♣r♦❞✉❝t✐♦♥ ✐s ♥♦t ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❝♦♠♣❡♥s❛t❡ t❤✐s ♥❡❣❛t✐✈❡ ❢♦r❝❡✱ ❧❡❛❞✐♥❣ t♦ ❛♥ ♦✈❡r❛❧❧ ❞❡❝r❡❛s❡

✐♥ ❡♠♣❧♦②♠❡♥t ✇❤✐❧❡ t♦t❛❧ r❡✈❡♥✉❡s ❛♥❞ ❣r♦ss ♦✉t♣✉t ✐♥❝r❡❛s❡✳

❯s✐♥❣ ♠✐❝r♦ ❞❛t❛ ♦♥ ❋r❡♥❝❤ ✜r♠s ✐♥ ♠❛♥② ✐♥❞✉str✐❛❧ s❡❝t♦rs ❛❧❧♦✇s ✉s t♦ t❛❦❡ ❛ ❤✐❣❤❧②

❞✐s❛❣❣r❡❣❛t❡❞ ✈✐❡✇ ❛♥❞ r❡✈❡❛❧s ❛ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ❜♦t❤ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ❞❡♠❛♥❞

❡❧❛st✐❝✐t✐❡s✱ ❧❡❛❞✐♥❣ t♦ ❞✐✛❡r❡♥t s❡❝t♦r❛❧ r❡s♣♦♥s❡s t♦ t❡❝❤♥♦❧♦❣✐❝❛❧ s❤♦❝❦s✳ ❙✉❝❤ ❛ r❡s✉❧t s❤❡❞s ❛

♥❡✇ ❧✐❣❤t ♦♥ t❤❡ ✐♠♣♦rt❛♥t ❞❡❜❛t❡ ♦♥ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛✉t♦♠❛t✐♦♥ ❛♥❞ t❤❡ ❞✐❣✐t❛❧ r❡✈♦❧✉t✐♦♥✳✶✸

❆❜str❛❝t✐♥❣ ❢♦r ❝❤❛♥❣❡s ✐♥ t❤❡ ❞❡♠❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡❝♦♥♦♠②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝②

♦❢ ♠❛❝❤✐♥❡s ❝♦♠♣❛r❡ t♦ ❧❛❜♦r ✇♦✉❧❞ tr✐❣❣❡r ❞✐✛❡r❡♥t ❝♦♥s❡q✉❡♥❝❡s ❛❝r♦ss s❡❝t♦rs✳ ❲❤✐❧❡ t❡①t✐❧❡✱

❝❤❡♠✐❝❛❧ ♦r ♠❡t❛❧❧✉r❣② ♠✐❣❤t ✐♥❝r❡❛s❡ ❡♠♣❧♦②♠❡♥t ❞✉❡ t♦ ❛ str♦♥❣ r❡❛❝t✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥

s❝❛❧❡✱ ♦t❤❡rs ✇♦✉❧❞ ❡①♣❡r✐❡♥❝❡ ❛ ❝♦♥tr❛❝t✐♦♥ ♦❢ ❧❛❜♦r ✉s❛❣❡✳

✶✸❚❤✐s t❤❡♠❡ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤❡ ✷✵✶✼ ❋r❡♥❝❤ ♣r❡s✐❞❡♥t✐❛❧ ❝❛♠♣❛✐❣♥✳ ❙❡❡ t❤❡ ❡①❝❡❧❧❡♥t ❜♦♦❦ ✏▲❡ ▼♦♥❞❡
❡st ❈❧♦s ❡t ❧❡ ❉❡s✐r ■♥✜♥✐✑ ❜② ❉❛♥✐❡❧ ❈♦❤❡♥ ❢♦r ❛♥ ❛♥❛❧②s✐s ♦♥ t❤✐s ♣❤❡♥♦♠❡♥♦♥✳

✶✸✸



✸✳✻ ❚❤❡♦r❡t✐❝❛❧ ❆♣♣❡♥❞✐①

✸✳✻✳✶ ▲♦❣✲▲✐♥❡❛r✐③❛t✐♦♥

❚❤❡ ❧♦❣✲❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ Vk ✐♥ ✜r♠s✬ ♣r♦✜t

♠❛①✐♠✐③❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥

(
ǫP (ǫD − 1)

(ǫP − 1)ǫD
− 1

)
·
ǫP − 1

ǫP
·




µ
1
ǫP V

ǫP−1

ǫP

k

µ
1
ǫP V

ǫP−1

ǫP

k + (1− µ)
1
ǫP M

ǫP−1

ǫP

k

V̂k +
(1− µ)

1
ǫP M

ǫP−1

ǫP

k

µ
1
ǫP V

ǫP−1

ǫP

k + (1− µ)
1
ǫP M

ǫP−1

ǫP

k

M̂k


−

1

ǫP
V̂k = v̂k

✭✸✳✷✶✮

✸✳✻✳✷ ◆❡st❡❞✲❈❊❙ ❞❡r✐✈❛t✐♦♥

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ r❡❧❛① t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❈♦❜❜✲❉♦✉❣❧❛s ❛❣❣r❡❣❛t✐♦♥ ❜❡t✇❡❡♥ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧

❛♥❞ ❝♦♥s✐❞❡r ❛ ♥❡st❡❞ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛s✿

Yk =


µ

1
ǫP

(
α

1
ǫV K

ǫV −1

ǫV

k + (1− α)
1
ǫV K

ǫV −1

ǫV

k

) ǫV
ǫV −1

·
ǫP−1

ǫP

+ (1− µ)
1
ǫP M

ǫP−1

ǫP

k




ǫP
ǫP−1

✭✸✳✷✷✮

✸✳✼ ❊♠♣✐r✐❝❛❧ ❆♣♣❡♥❞✐①

✸✳✼✳✶ ❲❛❣❡ r❡s✐❞✉❛❧s

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ✇❛❣❡ r❡s✐❞✉❛❧s ✉s❡❞ ✐♥ t❤❡ ♠❛✐♥ r❡❣r❡ss✐♦♥s t❤r♦✉❣❤♦✉t

t❤❡ ♣❛♣❡r✳ ❚❤❡ ✇❛❣❡ r❡s✐❞✉❛❧s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ✉s✐♥❣ ❉❆❉❙ ♠❛t❝❤❡❞ ❡♠♣❧♦②❡r✲❡♠♣❧♦②❡❡ ❞❛t❛s❡t

❛s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ❞❛t❛ s❡❝t✐♦♥✳ ❚❤❡ ❉❆❉❙ ❣✐✈❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✇❛❣❡s ❛s ✇❡❧❧ ❛s ♦t❤❡r

❝❤❛r❛❝t❡r✐st✐❝s s✉❝❤ ❛s ❛❣❡✱ ❣❡♥❞❡r✱ ♦❝❝✉♣❛t✐♦♥ ❡t❝✳ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐♥ ❛ ❣✐✈❡♥ ②❡❛r✳

❚❤❡ ✜rst st❡♣ ✐s t♦ ❡st✐♠❛t❡ ❛ ✇❛❣❡ ❡q✉❛t✐♦♥ ❜❡❢♦r❡ ❛❣❣r❡❣❛t✐♥❣ t❤❡ r❡s✐❞✉❛❧s ❛t t❤❡ ✜r♠ ♦r

❛r❡❛ ❧❡✈❡❧✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣r❡ss✐♦♥ t♦ ✜❧t❡r ♦✉t t❤❡ ❞✐✛❡r❡♥t ❡✛❡❝ts✿

logwikjt = CONTROLS +Oi + Fk +Rikj + ǫikjt ✭✸✳✷✸✮

✇❤❡r❡ ✇❡ ❝♦♥tr♦❧ ❢♦r ✈❛r✐♦✉s ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❆❧s♦✱ ✇❡ ❝♦♥tr♦❧ ❢♦r ♦❝❝✉♣❛t✐♦♥
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❚❛❜❧❡ ✸✳✺✿ ❉❡♠❛♥❞ ❊❧❛st✐❝✐t② ǫD

❙❡❝t♦r ▼❛r❦✉♣✭▼❡❛♥✮ ▼❛r❦✉♣✭❙❉✮ ǫD✭▼❡❛♥✮ ǫD✭❙❉✮

✶✵ ✶✳✷✹ ✵✳✶✺ ✺✳✶✻ ✸✳✷✽
✶✸ ✶✳✷✺ ✵✳✶✺ ✺✳✵✵ ✸✳✵✺
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✶✼ ✶✳✷✸ ✵✳✶✸ ✺✳✸✹ ✸✳✵✼
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✷✸ ✶✳✷✼ ✵✳✶✹ ✹✳✼✵ ✷✳✹✾
✷✹ ✶✳✷✸ ✵✳✶✸ ✺✳✸✹ ✸✳✵✼
✷✺ ✶✳✷✾ ✵✳✶✹ ✹✳✹✹ ✷✳✷✵
✷✻ ✶✳✸ ✵✳✶✼ ✹✳✸✸ ✷✳✺✷
✷✼ ✶✳✷✻ ✵✳✶✹ ✹✳✽✹ ✷✳✻✻
✷✽ ✶✳✷✺ ✵✳✶✸ ✺✳✵✵ ✷✳✻✺
✷✾ ✶✳✷✶ ✵✳✶✷ ✺✳✼✻ ✸✳✸✹
✸✶ ✶✳✷✸ ✵✳✶✶ ✺✳✸✹ ✷✳✻✵
✸✷ ✶✳✸✷ ✵✳✶✽ ✹✳✶✷ ✷✳✸✽
✸✸ ✶✳✷✻ ✵✳✶✸ ✹✳✽✹ ✷✳✹✼

✶✸✾



❚❛❜❧❡ ✸✳✻✿ ❙❡❝t♦r ❝♦❞❡s ✉♥❞❡r ◆❆❋ ✶✲❞✐❣✐t ✧❈✧

❙❡❝t♦r ❈♦❞❡ ❙❡❝t♦r ◆❛♠❡

✶✵ ■♥❞✉str✐❡s ❛❧✐♠❡♥t❛✐r❡s
✶✶ ❋❛❜r✐❝❛t✐♦♥ ❞❡ ❜♦✐ss♦♥s
✶✷ ❋❛❜r✐❝❛t✐♦♥ ❞❡ ♣r♦❞✉✐ts à ❜❛s❡ ❞❡ t❛❜❛❝
✶✸ ❋❛❜r✐❝❛t✐♦♥ ❞❡ t❡①t✐❧❡s
✶✹ ■♥❞✉str✐❡ ❞❡ ❧✬❤❛❜✐❧❧❡♠❡♥t
✶✺ ■♥❞✉str✐❡ ❞✉ ❝✉✐r ❡t ❞❡ ❧❛ ❝❤❛✉ss✉r❡
✶✻ ❚r❛✈❛✐❧ ❞✉ ❜♦✐s ❡t ❢❛❜r✐❝❛t✐♦♥ ❞✬❛rt✐❝❧❡s ❡♥ ❜♦✐s ❡t ❡♥ ❧✐è❣❡✱ à ❧✬❡①❝❡♣t✐♦♥ ❞❡s ♠❡✉❜❧❡s❀
✶✼ ■♥❞✉str✐❡ ❞✉ ♣❛♣✐❡r ❡t ❞✉ ❝❛rt♦♥
✶✽ ■♠♣r✐♠❡r✐❡ ❡t r❡♣r♦❞✉❝t✐♦♥ ❞✬❡♥r❡❣✐str❡♠❡♥ts
✶✾ ❈♦❦é❢❛❝t✐♦♥ ❡t r❛✣♥❛❣❡
✷✵ ■♥❞✉str✐❡ ❝❤✐♠✐q✉❡
✷✶ ■♥❞✉str✐❡ ♣❤❛r♠❛❝❡✉t✐q✉❡
✷✷ ❋❛❜r✐❝❛t✐♦♥ ❞❡ ♣r♦❞✉✐ts ❡♥ ❝❛♦✉t❝❤♦✉❝ ❡t ❡♥ ♣❧❛st✐q✉❡
✷✸ ❋❛❜r✐❝❛t✐♦♥ ❞✬❛✉tr❡s ♣r♦❞✉✐ts ♠✐♥ér❛✉① ♥♦♥ ♠ét❛❧❧✐q✉❡s
✷✹ ▼ét❛❧❧✉r❣✐❡
✷✺ ❋❛❜r✐❝❛t✐♦♥ ❞❡ ♣r♦❞✉✐ts ♠ét❛❧❧✐q✉❡s✱ à ❧✬❡①❝❡♣t✐♦♥ ❞❡s ♠❛❝❤✐♥❡s ❡t ❞❡s éq✉✐♣❡♠❡♥ts
✷✻ ❋❛❜r✐❝❛t✐♦♥ ❞❡ ♣r♦❞✉✐ts ✐♥❢♦r♠❛t✐q✉❡s✱ é❧❡❝tr♦♥✐q✉❡s ❡t ♦♣t✐q✉❡s
✷✼ ❋❛❜r✐❝❛t✐♦♥ ❞✬éq✉✐♣❡♠❡♥ts é❧❡❝tr✐q✉❡s
✷✽ ❋❛❜r✐❝❛t✐♦♥ ❞❡ ♠❛❝❤✐♥❡s ❡t éq✉✐♣❡♠❡♥ts ♥✳❝✳❛✳
✷✾ ■♥❞✉str✐❡ ❛✉t♦♠♦❜✐❧❡
✸✵ ❋❛❜r✐❝❛t✐♦♥ ❞✬❛✉tr❡s ♠❛tér✐❡❧s ❞❡ tr❛♥s♣♦rt
✸✶ ❋❛❜r✐❝❛t✐♦♥ ❞❡ ♠❡✉❜❧❡s
✸✷ ❆✉tr❡s ✐♥❞✉str✐❡s ♠❛♥✉❢❛❝t✉r✐èr❡s
✸✸ ❘é♣❛r❛t✐♦♥ ❡t ✐♥st❛❧❧❛t✐♦♥ ❞❡ ♠❛❝❤✐♥❡s ❡t ❞✬éq✉✐♣❡♠❡♥ts

✶✹✵



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❆❝❡♠♦❣❧✉✱ ❉✳✱ ❆❦❝✐❣✐t✱ ❯✳✱ ❛♥❞ ❑❡rr✱ ❲✳ ◆❡t✇♦r❦s ❛♥❞ t❤❡ ▼❛❝r♦❡❝♦♥♦♠②✿ ❆♥ ❊♠✲

♣✐r✐❝❛❧ ❊①♣❧♦r❛t✐♦♥✳ ◆❇❊❘ ❲♦r❦✐♥❣ P❛♣❡rs ✷✶✸✹✹✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✱

■♥❝✱ ❏✉❧② ✷✵✶✺✳

❬✷❪ ❆❝❡♠♦❣❧✉✱ ❉✳✱ ❈❛r✈❛❧❤♦✱ ❱✳ ▼✳✱ ❖③❞❛❣❧❛r✱ ❆✳✱ ❛♥❞ ❚❛❤❜❛③✲❙❛❧❡❤✐✱ ❆✳ ❚❤❡

♥❡t✇♦r❦ ♦r✐❣✐♥s ♦❢ ❛❣❣r❡❣❛t❡ ✢✉❝t✉❛t✐♦♥s✳ ❊❝♦♥♦♠❡tr✐❝❛ ✽✵✱ ✺ ✭✷✵✶✷✮✱ ✶✾✼✼✕✷✵✶✻✳

❬✸❪ ❆❧❡ss❛♥❞r✐❛✱ ●✳✱ ❛♥❞ ❈❤♦✐✱ ❍✳ ❉♦ ❙✉♥❦ ❈♦sts ♦❢ ❊①♣♦rt✐♥❣ ▼❛tt❡r ❢♦r ◆❡t ❊①♣♦rt

❉②♥❛♠✐❝s❄ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✷✷✱ ✶ ✭✷✵✵✼✮✱ ✷✽✾✕✸✸✻✳

❬✹❪ ❆♥❞❡rs♦♥✱ ❏✳ ❊✳✱ ❛♥❞ ✈❛♥ ❲✐♥❝♦♦♣✱ ❊✳ ❚r❛❞❡ ❝♦sts✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ▲✐t❡r❛t✉r❡

✹✷✱ ✸ ✭✷✵✵✹✮✱ ✻✾✶✕✼✺✶✳

❬✺❪ ❆♥s❛r✐✱ ▼✳ ❘✳ ❍❯▼▼❊▲❙✿ ❙t❛t❛ ♠♦❞✉❧❡ t♦ ❝♦♠♣✉t❡ ✐♥t❡♥s✐✈❡ ❛♥❞ ❡①t❡♥s✐✈❡ tr❛❞❡ ♠❛r✲

❣✐♥s✳ ❙t❛t✐st✐❝❛❧ ❙♦❢t✇❛r❡ ❈♦♠♣♦♥❡♥ts✱ ❇♦st♦♥ ❈♦❧❧❡❣❡ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❙❡♣t✳

✷✵✶✸✳

❬✻❪ ❆♥tr❛s✱ P✳✱ ❋♦rt✱ ❚✳ ❈✳✱ ❛♥❞ ❚✐♥t❧❡♥♦t✱ ❋✳ ❚❤❡ ▼❛r❣✐♥s ❖❢ ●❧♦❜❛❧ ❙♦✉r❝✐♥❣✿ ❚❤❡♦r②

❆♥❞ ❊✈✐❞❡♥❝❡ ❋r♦♠ ❯✳❙✳ ❋✐r♠s✳ ❲♦r❦✐♥❣ P❛♣❡rs ✶✹✲✹✼✱ ❈❡♥t❡r ❢♦r ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ❯✳❙✳

❈❡♥s✉s ❇✉r❡❛✉✱ ❉❡❝✳ ✷✵✶✹✳

❬✼❪ ❆r❦♦❧❛❦✐s✱ ❈✳✱ ❈♦st✐♥♦t✱ ❆✳✱ ❛♥❞ ❘♦❞r✐❣✉❡③✲❈❧❛r❡✱ ❆✳ ◆❡✇ tr❛❞❡ ♠♦❞❡❧s✱ s❛♠❡
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