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1. INTRODUCTION

Double auctions are among the most prevalent forms of economic transactions. They
also occupy a central place in economic theory, as the microfoundation of the idea of the
market in standard microeconomics.

Despite their importance, double auction markets are not easy to organize or analyze.
Most common mechanisms quote a price that equates supply and demand and let the
objects change hands at that price, but such mechanisms are not always incentive com-
patible. That is, participants sometimes have incentives to misreport their preferences.
The resulting misreporting can lead to inefficiency of equilibrium outcomes. The prob-
lem becomes even more difficult once we allow for traders with interdependent values or
multi-unit demand or supply, and yet these are common features for many double auction
environments.

The goal of our paper is to study whether desirable properties are mutually compatible
in double auction markets with interdependent values and multi-unit demand and supply.
To address this question, we construct a mechanism that, with an arbitrary number
of buyers and sellers, satisfies ex post incentive compatibility and ex post individual
rationality. These properties make truth-telling and voluntary participation an ex post
equilibrium under this mechanism. Moreover, we show that the mechanism never runs
deficit,! and has the property that the number of objects sold by the sellers coincides with
the number of objects bought by the buyers.

As is the case for other mechanisms studied in the literature, our mechanisms are not
fully efficient. In fact, the celebrated impossibility result by Myerson and Satterthwaite
(1983) implies that it is impossible to achieve all those properties even under private
values and single-unit demand and supply. However, we establish asymptotic efficiency
of our mechanism. That is, our second main result shows that the trade outcome in the
mechanism converges to the efficient level as in a competitive equilibrium under certain
additional conditions, as the number of buyers and sellers go to infinity. This result
suggests that the outcome of our mechanism is close to a fully efficient, first-best outcome,
at least in large economies. In all, our analysis shows that incentive compatibility and

other desirable properties can be achieved while achieving asymptotic efficiency as well.

While our mechanism can run surplus, it is easy to modify the mechanism to satisfy exact ex post

budget balance. See footnote 18 for detail.
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Our positive result is obtained by constructing a new class of double auction mecha-
nisms, which we call the groupwise-price double-auction mechanisms (or simply, groupwise-
price mechanisms). A groupwise-price mechanism divides the entire market into a num-
ber of submarkets. Each submarket is composed of a subset of buyers and sellers, and all
trades happen between buyers and sellers in the same submarket. For each submarket, we
set a reference price for that submarket which is independent of reported types of agents
in that submarket. Agents in the submarket trade based on the reference price, although
not necessarily at it.> We show that these mechanisms satisfy all the aforementioned

desiderata such as ex post incentive compatibility and asymptotic efficiency.

Related Literature. Few existing studies have offered a double auction mechanism that
is ex post incentive compatible and asymptotically efficient. McAfee (1992) is an impor-
tant exception, who makes a seminal contribution to this problem. He considers buyers
and sellers with private values and single-unit supply and demand. In that setting, he
proposes a mechanism that is dominant-strategy incentive compatible (which is equiva-
lent to ex post incentive compatibility with private values) and asymptotically efficient.
Our marginal contribution over McAfee (1992) is that we allow for interdependent values
and multi-unit demand and supply. Both features are important for most double auction
markets in practice. McAfee’s mechanism handles neither of these features, and thus our
mechanism is based on a different idea. In fact, even in the case with private values and
single-unit demand and supply, our mechanism does not reduce to McAfee’s.

Independently from our study, an ongoing work by Loertscher and Mezzetti (2014)
considers an extension of McAfee (1992) to an environment with multi-unit demand and
supply. In a private-values environment, they present a dominant-strategy incentive com-
patible mechanism and its simple “clock” implementation. A main advantage of our paper
compared to theirs is that we allow for interdependent values. On the other hand, they
allow for multi-dimensional types while we only allow for one-dimensional types (see the
next paragraph for difficulties with multi-dimensional interdependent values known in the
literature).

Our paper is part of the literature of mechanism design with interdependent valuations,
where many existing studies have found impossibility results. For example, Jehiel and
Moldovanu (2001) and Jehiel et al. (2006) demonstrate the difficulties associated with

interdependent values and multidimensional signals under the transferable utility setup.

2The specific manner that the trading price is determined is important for incentive compatibility.
We will defer detail to the main body of the paper, because it is rather complicated and needs formal

definitions in order to describe it precisely.
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Che, Kim and Kojima (2015) show that, even with single-dimensional signals, similar
impossibility results are obtained in a non-transferable utility setup. In our paper, we
circumvent those impossibility results by considering an environment where each agent’s
signal is summarized by a one-dimensional statistic with the standard single-crossing
condition (Maskin, 1992; Dasgupta and Maskin, 2000), and the agents have quasi-linear
utilities.?

Our work was partly inspired by a recent work by Hashimoto (2013).* In an object allo-
cation setting, he offers a general procedure to modify a given mechanism into an ex post
incentive compatible one, while approximating the original mechanism in large markets.
He applies his technique to construct a mechanism that is ex post incentive compatible
and asymptotically efficient. While inspired by his work, our result is independent of
his. The main difference is that his method presumes that no individual initially owns
an object, such as in (one-sided) auction environments. As such, his mechanism does
not necessarily guarantee individual rationality if applied to double auction, although
individual rationality is crucial in the double auction environment.’

Our groupwise-price mechanism defines prices for a subset of agents independently of
their own reports, thereby preventing some obvious price-manipulation incentives. Similar
ideas are used in several earlier contributions, such as Cordoba and Hammond (1998) and
Kovalenkov (2002) for exchange economies, Segal (2003) for optimal pricing, and Baliga
and Vohra (2003) for double auction markets.® However, as opposed to their private-value
settings, with interdependent values, using groupwise prices does not immediately imply
that truth-telling is ex post incentive compatible. One issue is that, because an agent’s
signal can affect the other agents’ demands or supplies, even if she cannot affect her price

directly, she may have an incentive to manipulate her report to affect the quantities of

3Under these assumptions, Maskin (1992), Dasgupta and Maskin (2000), and Perry and Reny (2002)
show that exact efficiency can be achieved. However, note that they study one-sided auction, and the
results do not extend to our double auction setting. In fact, as mentioned below, exact efficiency is not

achievable.
1Azevedo and Budish (2012) provide mechanisms that are approximately, but not exactly, incentive

compatible. The main goal of the current study is different in that we obtain an exactly incentive

compatible mechanism, but the basic motivation is similar.
®Another paper related to ours is Matsushima (2008). Although he considers double auction with

interdependent values like us, his mechanism does not satisfy individual rationality because some agents
earn negative payoffs with a small, but positive, probability.

6The basic idea of defining personalized or groupwise prices appears to be well-known, and the authors
have been unable to locate the first to propose it. Jackson and Manelli (1997) call this type of mechanisms

“folk” mechanisms.
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trade.”

We overcome this issue by designing a mechanism such that an agent’s report
does not affect the demand or supply of the other agents in the same group. Because of
these features, our mechanism cannot use the agents’ information in a fully efficient way,
which necessitates extra care for showing asymptotic efficiency.

Our paper is part of the extensive literature on double auctions. Existing studies have
shown that behavior under Bayesian equilibria converges to truth-telling as the number
of traders increases (and the outcome achieves asymptotic, though not exact, efficiency)
in a broad class of double auction mechanisms. Important contributions in this tradition
include Gresik and Satterthwaite (1989), Rustichini, Satterthwaite and Williams (1994),
Fudenberg, Mobius and Szeidl (2007), and Cripps and Swinkels (2006) for the private
values case, and Reny and Perry (2006) for the interdependent values case.® The main
difference between this line of research and ours is that these papers study Bayesian
equilibrium behavior of the participants in mechanisms that are not necessarily ex post
incentive compatible. Our motivation is to design a mechanism that is ex post incentive
compatible, which makes truthtelling a best response irrespective of the participants’
beliefs about others’ signals. As such, we believe that our paper complements the existing
studies of double auctions.

More broadly, our asymptotic analysis can be situated in a long tradition of economic
theory on large-market properties of mechanisms. In large exchange economies, Roberts
and Postlewaite (1976) demonstrate that the Walrasian mechanism is difficult to manipu-
late under some conditions. Jackson (1992), Jackson and Manelli (1997), and Andreyanov
and Sadzik (2016) investigate exchange economies from asymptotic perspectives as well.
More recently, Roth and Peranson (1999), Immorlica and Mahdian (2005), Kojima and
Pathak (2009), Lee (2011), and Ashlagi, Kanoria and Leshno (2013) show that the de-
ferred acceptance algorithm due to Gale and Shapley (1962) becomes increasingly hard
to manipulate in large markets. In the object allocation setting without transfers, as-
ymptotic incentive compatibility and asymptotic efficiency of various mechanisms have
been established by Kojima and Manea (2010), Che and Kojima (2010), Liu and Pycia
(2011), and Azevedo and Budish (2012). Our paper identifies another case in which both
incentive compatibility and efficiency become achievable in large economies, reinforcing

the insights from these existing studies.

"To satisfy the feasibility constraint, we use a rationing rule (through an auction mechanism of Ausubel

(1999)). Hence, manipulation of quantities by an agent (without affecting prices) is a relevant concern.
8See also Kazumori (2013) who shows that, under interdependent values, every trembling hand perfect

equilibrium asymptotically approximates ex post price taking behavior.
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2. MODEL

There are a set of buyers B and a set of sellers S. Let ng € N be the number of buyers,
and ng € N be the number of sellers. There is one type of indivisible object, as well as
divisible money.

Each agent can buy or sell at most m € N units of the object. Each agent i € BUS
is endowed with a signal, which we refer to as her type, t; € [0,1]. Type ¢; is agent
i’s private information. Let ¢ = (¢;);epus denote the profile of types. Given type profile
t, each agent i’s value profile is (vf(¢))7,. For each buyer b and index ¢ € {1,...,m},
vi(t) € [0,1] is b’s valuation for the /-th unit of the object. For each seller s and each
e {1,...,m}, vi(t) € [0,1] is the cost of giving up the /-th unit of the object for seller
s. We assume that each agent has a quasi-linear utility function. More precisely, for each
buyer b, her payoff from consuming ¢ € {1,..., m} units of the object and paying money

7 € R is given by

¢
PAGEES

=1
For each seller s, her payoff from giving up ¢ € {1, ..., m} units of the object and receiving

money 7 € R is given by

For each i and ¢, we assume that v{(-) is continuous, non-decreasing in each argument,

and strictly increasing in ;. For each ¢, we assume vf(t) > v (¢) for all b € B and

vi(t) < viti(t) for all s € S. That is, buyers have diminishing marginal utility and
sellers have increasing marginal cost. We also impose a single-crossing condition. More
specifically, for each 4,7 € SUB, £,¢' € {1,...,m}, and t = (t;,t_;), if vi(t) > vf/(t), then
for any t; > t;, vf(t;,t_;) > vf (t,t_;). For normalization, we assume that the highest
possible valuation is 1 and the lowest possible valuation is 0 (across buyers and sellers,

and across units of the object).

2.1. Mechanisms and Desirable Properties. A (double auction) mechanism is a
pair of functions ¢ = ({, 7) from the set of type profiles to the sets of object allocations
and transfers. More specifically, for each type profile t = (¢;);esup and agent i € BU S,
Gi(t) € {1,...,m} is the number of objects that i trades (so, ¢;(t) is the number of objects
received if i is a buyer and the number of objects sold if 7 is a seller), and 7;(¢) is the
transfer for i (so, 7;(t) is the money that i pays if ¢ is a buyer, and the payment that i

receives if ¢ is a seller).
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In the remainder of this section, we introduce desirable properties of mechanisms. The
main goal of our study is to construct a mechanism that satisfies these properties, which
we will do in the rest of the paper.

First, we introduce our central incentive compatibility concept. A mechanism ¢ = (¢, 7)
is ex post incentive compatible if, for each ¢, we have

G(t) Co(Ep,t—b)
va — () > Z vp(t) — 1y(ty,t_s), for each b € B and &, € [0,1],and
=1

Cs(t) s(ts,t
vi(t) > T, Z , for each s € S and t, € [0,1].
/=1

=1
This condition requires that, given that every other agent reports her true type, reporting
the true type is a best response even in the ex post sense, i.e., it is a best response
even after all true types are revealed to the agent. This property provides certain robust
incentives to report true types (see Bergemann and Morris (2005) for instance).9
A mechanism ¢ = (¢, 7) is ex post individually rational (or individually rational
for short) if, for each ¢, we have

Cu(t)

—

vi(t) — 1(t) > 0 for each b € B, and
1

o~
Il

¢s(t)
75(t) — Zvﬁ(t) > 0 for each s € S.
=1

This is a standard condition in the literature and important for voluntary participation.
A mechanism ¢ = (¢, 7) is feasible if, for each ¢, we have
> G <> ()
beB ses
This condition requires that the number of the objects that are sold is weakly larger than
the number of the objects that are bought. This ensures that the trade is feasible, as the
set of the objects sold by the sellers offers enough supply to satisfy the demand by the
buyers who are prescribed to buy the objects.
A mechanism ¢ = (¢, 7) is non-wasteful if, for each ¢, we have
> G =D ()
beB s€s
This condition requires that the mechanism never wastes an object by buying up objects

from sellers while not assigning all of these objects to buyers.

9See also Wilson (1987).
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A mechanism ¢ = ((,7) runs no ex post budget deficit (or no budget deficit for
short) if, for each ¢, we have
PG ESPEAG]
beB ses
This condition ensures that the auction organizer never runs deficit. We regard this
condition as important for the sustainability of a mechanism.
A stronger condition than no budget deficit is of some interest. A mechanism ¢ = ({, 7)
is ex post budget-balanced (or budget-balanced for short) if, for each ¢, we have
> )= 7(t).
beB seS
While sometimes assumed in the literature, we do not regard budget balance to be indis-
pensable as far as the mechanism runs no budget deficit. For that reason, our group-wise
price mechanism never runs a budget deficit, but can run budget surplus, violating the
exact budget balance. However, we will later show that it is straightforward to modify
our groupwise-price mechanism into a mechanism that satisfies the exact budget balance.
See Section 4.1 for detail.
As the first-best benchmark, we consider a (complete information) competitive equilib-
rium. Formally, a mechanism ¢ = ({,7) is said to be a competitive mechanism if it
satisfies the following condition: For any type profile ¢,

DGt =D ),

beB seS
and there exists p(t) such that
(1) For each buyer b € B,

l
G(t) € arg_max 3ol () - pl1)L,

€40, ...
E{ k) 7m} 6,:1

(2) For each seller s € S,

(o) € arg max p(t)l — Y ol(t),

0€{0,...,m}

(3) 7:(t) = p(t)(i(t) for every agent i € BUS.
In other words, a competitive mechanism lets each agent buy or sell optimally given

price p(t) where the price p(t) balances demand and supply.’® From the definition it is

101t is straightforward to see that there exists a competitive mechanism.
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obvious that any competitive mechanism satisfies individual rationality, feasibility, non-
wastefulness, budget balance and, perhaps most importantly, efficiency. The main draw-
back of a competitive mechanism is that it does not satisfy ex post incentive compatibility
(it fails even weaker conditions such as Bayesian incentive compatibility). In fact, there
exists no mechanism that satisfies all of these desirable properties including efficiency
in the exact sense (Myerson and Satterthwaite, 1983).1! The main goal of this paper
is to offer a mechanism that achieves an efficiency level arbitrarily close to a competi-
tive mechanism, while satisfying ex post incentive compatibility and the other desirable

properties.

2.2. The Groupwise-Price Double Auction Mechanism. The class of double auc-
tion mechanisms we examine is called the groupwise-price double auction mecha-
nisms, or the groupwise-price mechanisms for short. A groupwise-price mechanism
is defined as follows (because its formal definition is somewhat complicated, we provide

an informal description following the formal definition).

(1) Let B be (possibly randomly) partitioned into K sets By, ..., Bx of equal size.
Let S be (possibly randomly) partitioned into K sets Sy, ..., Sk of equal size.'?
(2) Each agent i simultaneously reports type ¢; (not necessarily truthfully).

Now, for each k € {1,..., K}, the submarket k is composed of the set of agents

By U Sg. The trading procedure in this submarket is described as follows.

(1) Let pr = pe((t:)i¢(,us,)) be a real number that depends on (%;);¢(p,us,) While not
on (t;)ie(B,us,)- We call it the reference price for the submarket £ in the sense

explained below.!?

(2) Let £ = ((i)igs,» (0)ies,) and & = ((ti)igs,, (Dies,)-
(3) Define

Bit) = {(b:0) € By x {1,....m}vj(t) > pe},
Syt = {(s,0) € S x {1,...,m}vi(F) < pi}.

Hn the setting with multiple buyers and sellers, Williams (1999) finds conditions for the existence of
a mechanism that satisfies these desirable properties. His conditions are in general not satisfied in out
setting.

121f |B| is not a multiple of K, then find a largest integer z such that |B| > 2K, exclude |B| — zK
buyers, and redefine B in the description of the mechanism as the set of the remaining buyers (and apply
a similar redefinition to S as well). By modifying the mechanism in this way, all the results in the paper

hold. In the rest of the paper, we assume |B| and |S| are multiples of K without loss.
B3The choice of the reference prices are crucial for asymptotic efficiency, as we will show in a subsequent

section, while all other results hold for an arbitrary choice of the reference prices.
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(4) Order the elements in Bj(t) in a decreasing manner in terms of the associated
valuations vf(t), and the elements in S; (%) in an increasing manner in terms of the
associated valuations vi(f)."* Let z = min{|B;(¢)],|S;(#)|}, and let B;*(t) be the
set of the first = elements of Bj(t), and S;*(f) be the set of first = elements of S} (7)
(so Bi*(t) = Bi(t) if | Bi(t)] < [S;(¢)|, and similarly, S;*(t) = S;(f) otherwise).

(5) For each b € By, and ¢, define
ty(t_p) = inf{Ly|(b, €) € By (£ )},

if the set in the right hand side of this equation is nonempty, and let ff;(é_b) =1

otherwise. Similarly, for each s € Sy and ¢, define

Eﬁ(f—s) - Sup{£5|(8,£) € Sl:*(fsu%—s)}a

if the set in the right hand side of this equation is nonempty, and let t‘(f_,) = 0
otherwise.

Note that, by the single-crossing condition, once (b, ¢) € Bf*(t;,t_,) for some ¢,
then for any t; > t;, (b,¢) € B;*(t],t_,). Also, note that #{(¢t_,) is non-decreasing
in ¢. Similar properties hold for the sellers.

(6) Buyer b receives the ¢-th unit of the object if and only if (b, ¢) € B;*(¢), and pays
the price v (f}(t_,),t_s) for that unit.'® Seller s sells the /-th unit of the object if
and only if (s,£) € S;*(f), and receives the price v/(#(f_,),t_) for that unit.

As is clear in the description, the key parameters of each groupwise-price mechanism
comprise the number of submarkets (groups), K, and the reference price for each sub-
market &, pr((t:)i¢(Bous,))- In Section 3 we show that all the desirable properties except
for asymptotic efficiency hold true for any choice of K and {py(-)}X_ ;. In Section 4, we
show asymptotic efficiency for a specific choice of them.

While the formal definition of this mechanism is somewhat involved, the basic idea is
simple: divide the market into a number of submarkets (groups), and use group-specific
prices (hence the name “groupwise-price mechanism”). Each submarket is composed of
a subset of buyers and sellers, and all trades happen only between buyers and sellers in

the same submarket. For each submarket, we set a reference price for that submarket

14When the valuations of multiple agents are identical, we order them in some fixed order (where that

order is independent of reported types).
Note that, if b trades the ¢-th unit, then she necessarily trades the #/-th unit for every ¢/ < ¢ as well.

If b receives £ units of the object in total, then her payment is Zg,zl vl (7 (t_y),t_p). A similar comment

applies to sellers.
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independently of reported types of agents in that submarket. In this way, we can prevent
some obvious price-manipulation incentives.

However, because the reference price in submarket k£ does not use any information
about the agents’ types in that submarket, it is possible that the reference price does
not “clear” the demand and supply of that submarket. For example, the reference price
may be so high that the number of units the sellers in S, want to sell is greater than the
number of units the buyers in B, want to buy. Then, the mechanism runs a generalized
VCG auction (Ausubel, 1999) separately for each side of the market to satisfy feasibility
and non-wastefulness.'®

Another incentive issue we need to overcome is specific to interdependent-value double
auction environments. Because a seller’s type report can affect buyers’ willingness to pay,
the seller may have an incentive to overreport her type so that the buyers in the same
submarket would buy more. Similarly, a buyer may have an incentive to underreport her
type. Our mechanism eliminates such an incentive by defining B; independent of any
report by the sellers in submarket k, and similarly, defining .S}, independent of any report
by the buyers in submarket k.

By tailoring the detail in this manner, the mechanism satisfies a number of desirable
properties (namely, ex post incentive compatibility, individual rationality, feasibility, non-
wastefulness, and no budget deficit), but at a cost of efficiency through the following two
channels. First, because the reference price in submarket k does not use any informa-
tion about the agents’ types in that submarket, some efficiency-enhancing trades within
the submarket may be prevented. In Section 4, we will address this problem by increas-

ing the number of submarkets and thus diminishing the effect of lost information for

6T run a generalized VCG auction as in Ausubel (1999), the designer must know the valuation
function of each agent i, v¢(-), for each £. This may be considered to be too demanding as the designer’s
prior knowledge. Dasgupta and Maskin (2000) and Perry and Reny (2002) study implementation of
efficient allocations in auction environments as an equilibrium of a game whose form does not depend on
the functional forms of the agents’ valuation functions (“detail-free” mechanisms, in the spirit of Wilson
(1987)). For example, Dasgupta and Maskin (2000) consider an auction mechanism where each bidder
names not only a single bid but the entire valuation functions given his signal. Perry and Reny (2002)
consider an auction mechanism where (at most two rounds of) a second-price auction is run for each pair
of bidders. These mechanisms are detail-free in the sense that their auction mechanisms do not require
the designer’s knowledge about the bidders’ valuation functions. We use a generalized VCG auction
as in Ausubel (1999) for its simple description, even though it is not detail-free. However, given that
our model satisfies both single-crossing preferences as in Dasgupta and Maskin (2000) and decreasing-
marginal-values as in Perry and Reny (2002), we conjecture that similar detail-free mechanisms may work

too. We leave this question for future research.
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each submarket. Second, because we divide the market into (many) submarkets, some
efficiency-enhancing trades across different submarkets may be prevented. Our technical
contribution for analyzing efficiency is to find that there is an appropriate growth rate of
the number of submarkets that balances out this tradeoff.

To illustrate how the mechanism works, we consider the following example.

Example 1. Let m = 2. In a submarket k, there are one seller s and two buyers b = by, b,
each with two units of supply and demand. The type of seller s is t;, = 0.2, buyer by’s
type is ty, = 0.3, and t; = 0 for any i ¢ By, Sk. The values of seller s are vi(t) = 5t, = 1
for £ =1,2.'7 For each buyer b = by, b, and each ¢ = 1,2, we have vj(t) = 3t + > i ti-
Assume py = 1.9. For the seller’s side, we have |S;(t)| = 2. We study how the trades

and prices change as t,, € [0, 1] varies. Given tp,,

4
vy, (1) = —tp, +0.3,

l
v, (1) = %tb1+0.5,
v, 1) = %—i—tbp
o, (1) = %+tb1+0.2.

If we gradually increase t,, from 0, then at t,, = 0.4, we have v, (t) = 1.9. Because
vy, (t) < 1.9 for £ = 1,2, we have t} (t_, ) = 0.4. If we increase ¢, further, at t,, = 0.7,
we have 052 (t) = 1.9. Thus, for buyer b; to buy the second unit, ¢, needs to be so high
that vg, (t) > v, (t), or equivalently, ¢, > 0.9. Because vg, () < 1.9 at t,, = 0.9, we have
512)1 (Lbl) =0.9.

Therefore, the price of each unit for buyer b; is the following: v; (0.4,t_;,) = 2.1 for the
first unit, and v} (0.9,¢_,,) = 2.3 for the second unit. In this example, one can verify that
this mechanism satisfies ex post incentive compatibility, individual rationality, feasibility,
non-wastefulness, and no budget deficit. In the next section, we show that these desirable

properties hold generally under groupwise-price mechanisms. 0

3. RESULTS WITH ARBITRARY NUMBER OF BUYERS AND SELLERS

In this section, we show that our groupwise-price mechanism has desirable properties

introduced in Section 2.1. In particular, this mechanism is ex post incentive compatible.

17Although this example violates our assumptions that all valuations must lie in the unit interval and
that vf # vfl for each i and ¢ # ¢/, this is just for notational simplicity. We can modify the example to

satisfy these assumptions without changing the conclusion.
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Theorem 1. The groupwise-price mechanism satisfies

(1) ex post incentive compatibility,
(2) individual rationality,

(3) feasibility,

(4)

(5) no budget deficit.*®

non-wastefulness, and

Recall that all of the above properties are satisfied in Example 1. Theorem 1 shows

that these properties hold generally under groupwise-price mechanisms.

Proof. Ex post incentive compatibility and individual rationality. We consider
only the case of buyers, but a similar argument applies to the case of sellers as well.
Suppose that t, € [fi(t_,), % (t_,)], with the convention that #)(t_,) = 0 and £;"*(t_,) =
1.

Then, for each ¢/ </,

vy (ty, toy) — g (£ (t_y),tp) > 0,
and for each ¢/ > ¢,
vy (ty, ty) — g (T4 (t_,), 1) < 0.

If the buyer b reports truthfully, then her utility is

14

> (ot t) = o E (20).20)).

=1
which is nonnegative, showing individual rationality. Moreover, the inequalities above
imply that misreporting 0’s type does not increase her utility, demonstrating ex post in-

centive compatibility.

Feasibility and Non-wastefulness. Suppose that |B;(¢)| > |S;(¢)|. In this case, the
number of units sold is |S;*(#)] = [Si(t)|, and the number of units bought is |B;*(t)| =
|S5(t)]. Similarly, if |B;(¢)| < |Si(f)], then the number of units sold is |S;*(¢)| = | Bi(t)],
while the number of units bought is |By*(t)| = |Bj(t)|. Thus, we have shown both feasi-

bility and non-wastefulness.

BThe mechanism can be easily modified to satisfy budget balance as well if we specify any agent
(possibly randomly) as a residual claimant of the budget surplus at the beginning of the mechanism. See
Section 4.1 for detail.
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No budget deficit. By construction, for any b, ¢, ¢, if (b, ¢) € B;*(t) so that b trades her
(-th unit, then the price she pays for that unit is

vy (y(t_y), top) > vh(Ey(t_y) t ) > Dr.

Similarly, for any s, ¢, ¢, if (s,¢) € S;*(t) so that s trades ¢-th unit, then the price she

receives for that unit is
VLT ) ) < 0T, T) < pie

Therefore, given the feasibility and non-wastefulness established above, the total mone-
tary transfer from the buyers is no smaller than the total monetary transfer to the sellers,
implying that the groupwise-price mechanism runs no budget deficit. This completes the

proof. O

4. APPROXIMATE EFFICIENCY

Next, we show that the double-auction mechanism constructed in the previous section
approximates an efficient allocation as the number of market participants goes to infinity.

In this section we consider a sequence of markets, where each market is indexed by
a positive integer N which we refer to as the market size. The number of sellers ng
and the number of buyers np depend (deterministically) on N and grow at the same
asymptotic speed as N: Formally, there exist constants 7,7 € (0, 00) such that for each
N, YN < ng,ng < FN (here we are suppressing dependence of ng and ng on N for
notational simplicity only). The case in which ng = ng = N is a special case, but note
that the condition is more general and allows for the number of sellers and buyers to be
different from each other even asymptotically.

Buyers have the same valuation function to one another and similarly for sellers. For
each i € B, v{(L;, (t;)jep\iys (tj)jes) = vi(ti, (1)) jem\giys (t))jes) if (1)) jem gy 18 a permu-
tation of (t;);ep\ (i) and (¢;)jes is a permutation of (#;);cs. Thus, we are assuming that
buyers are ex ante homogeneous, although their valuations can be distinct to one another
ex post because of different type realizations. We impose a similar symmetry condition
for each seller as well.

Next, we introduce two assumptions that regulate how agent valuations are affected by

type profiles in large markets.

Assumption 1. There exists a constant o > 0 such that, for every sufficiently large

market size N, any pair of agents i and j # i, any index £ € {1,...,m}, and any
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tj,t,t_j, we have

a
(4.1) Vit 1) = vilts )1 < =, ifj € B,
a
|of (t—j, t5) — v (t—j, ;)| < s’ ifj €S.

This assumption implies that the influence of any one agent’s type on another agent’s

utility becomes small in large markets.!®

Assumption 2. There exist 5 and [’ with 5/ > 5 > 0 such that, for every sufficiently
large market size N, any pair of agents i and j # i on the same side of the market (i.e.,

both i and j are buyers, or both are sellers), any index ¢ € {1,...,m}, and any t,
(4:2) Bt — ;] < Jt(t) — (1)) < Blts — 1.

The part 8|t; — t;] < |vf(t) — vi(t)| in (4.2) requires that a difference in types has a
first-order effect on the values. The part |vf(¢) — v§(t)] < B'|t; — t;| in (4.2) requires that
two persons with similar types have similar values. Throughout this section, we maintain

Assumptions 1 and 2.

Remark 1. If the valuation functions are differentiable, the following conditions (i) and
(ii) together imply (4.1) and (4.2): (i) for any N, and for any pair of agents i and j # 1,
any index ¢ € {1,...,m}, and all ¢,

i)  «
4.3 L < —,ifj€8
(4.3) D, S g TIES,
L
ill) - @ e
8tj npg

and (ii) there exist § and ¢’ with ' > ¢ > 0 such that, for any N, any agent ¢, any index
¢e{l,...,m}, and all ¢,

(4.4) 0< —

In this differentiable case, the part o < ) in (4.4) can be interpreted as requiring that

an agent’s own type influences her own Value in a non-negligible manner everywhere, and

the part 8” (t

< ¢’ can be interpreted as excluding some pathological cases by assuming
0f course, it does not mean that the interdependence vanishes away in large markets. Agent i’s
value can vary with ¢£_; in a non-negligible manner even in a large market, even though the effect of each

single t;, j # 4, is vanishing.
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that there is a bound on the change in an agent’s utility for a small change in her own

type.?° U

Remark 2. While excluding some cases, conditions (4.1) and (4.2) are satisfied by most
models in the literature. For example, let ng = ng = N > 2, and for each buyer’s utility
function (and similarly for each seller’s), we may assume that there is a differentiable
function u : [0,1] — R for each £ = 1,...,m such that vf(t) = u*(t, + VZM#” ) for some
constant v € (0, 1), and that, for some 6’ > § > 0, d" (‘B € (0,0") for all . Then, (4.4) is
satisfied. Moreover, for any b’ # b,

ouj(t) _ du'(ty + 75
oty — T

thus condition (4.3) is satisfied with respect to a@ = 2¢’y. Recall, then, that (4.3) and
(4.4) imply (4.1) and (4.2).

Another example is an environment with “unobservable fundamentals”. Let ng = ng =
N, and let # € © be an unobservable variable that affects every agent’s valuation, and
assume that each agent ¢’s value for the /-th unit of the trade is a function of only ¢;
and 6, which we denote by w(#;,0). We also assume that each type ¢; is identically and
independently distributed conditional on 6, where the conditional distribution of ¢; given
0 is assumed to be common knowledge. Then, v{(t) can be defined as the conditional
expectation of wf(t;,0) given ¢, i.e., vi(t) = E(wi(t;,0)|t). To be specific, let © = [0, 1],
assume that ¢ is distributed uniformly over [0,1], and w{(¢;,0) = 3(t; + 0). Given 6, ¢, is
independently distributed with a density g(¢;|) such that g(t;]0) = 2 — 26 for ¢; € [0, 1],

201t is straightforward that (4.3) implies (4.1). For (4.2), observe that

V() —05() = ittt tggms) — U5 (Bt ot g
= Vi(t1y ety sty tnpang) — U (s eyttt g
F0E(ty ety ety tngang) — O (B sttt s )s

so vl(t) — vi(t) € [5(@—@»)— %(ti—tj),é'(ti—tj)} for #; > t; and ol(t) — vi(t) €
[5’(@ —15),0(t: —t5) — 2= (t —t»)} for t; < t; if i,j € B (if ¢,j € S, then analogous bounds replac-

ing ng with ng hold). Thus, (4.2) is satisfied for any sufficiently large N by taking 8 = 5 and 3’ =¢'.



DOUBLE AUCTION WITH INTERDEPENDENT VALUES 17

and g(t;|0) = 26 for t; € (5,1]. Then, letting Ny = |[{j|¢; > 3}|, we have*'

At = S+ BED)

1 Ny +1
= (t+ .
l N +2
Therefore, for each j # 7, any t, and any £ = 1, ..., m, we have |vf(t_j,tj)—vf(t_j,t;)\ <

and v (t) — vi(t) = ti;ftj, and thus, both of the conditions (4.1) and (4.2) are satisfied.
U

1
N

We assume that agent types are conditionally independent given a state variable. More
formally, there is a state variable ¢ that is drawn randomly from a finite distribution.
For each realization of o, there is a pair of type distributions with cdfs F, and G, with
everywhere positive and continuous pdf’s, and buyer and seller types are independently
distributed from F, and G, respectively, conditional on o. Note that the case with i.i.d.
type distributions is a special case of this model in which the distribution of the state
variable is degenerate.

In this setting, we specialize our groupwise-price mechanism by providing a partic-
ular procedure to set the parameters, namely, the number of submarkets K and the
reference prices (py,...,pk), as follows. We call the resulting mechanism the canonical

groupwise-price mechanism.

e Set K to be an integer depending on /N such that K — oo and %5 —0as N - o
and, for notational simplicity, such that ng and ng are multiples of K.?> The
agents are divided into K submarkets, each with ap = %2 buyers and ag = 52
sellers.

e Given reported t, let ), = ((t:)iges,uBy)> (1)ie(s,un,)), and let ﬁg]) be the ¢-th highest

value among {vf(fx)}pep.e, and @E?) be the g-th lowest value among {v!(fy)}ses.-

2INote that

BO)t) = fol 6 (Hﬂtjf%(]- - 9)) (Hj\t_7>% 9) df _ f01(1 _ pyN-NigNi+1gg

Jo (Hj\tjs (- 9)) (Hﬂw% 9) a0 L1 —0)N-NigNidp

where, for the denominator,

1
2

! 1 1 'N-N

1—o)N-"NpMdy = 1— NNt -

A ( ) N1_|_1( ) ‘0+ o Ni+1
(N — Np)!(Ny)!

ES

(1 _ 9)N7N1719N1+1

and similarly, for the numerator, fol(l — )N-NigM+lqg — %W Therefore, E(0|t) = ]X;:‘Ql

22For example, K may be an integer of the order N¢ with ¢ € (0, 1) or of the order log(N).
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The reference price in submarket k, pi, is given by

pr = min {vfg), @g‘””} ;

where ¢ is an integer such that 5% < 9 and 87" > 59" 2 Note that we

include all buyers and sellers in computing py.

We define asymptotic efficiency in terms of trade outcomes. We say that a mechanism
is asymptotically efficient if the ex ante non-monetary payoff of each agent in that
mechanism approaches that in a competitive mechanism, i.e., as N goes to infinity, for
any agent i, F| Zcza E(t) — Zgz(lt) vi(t)]] = 0, where ¢ denotes the object allocation
rule of our mechanism, and ¢* denotes that of a competitive mechanism. In this sense,
the trade outcome in the mechanism becomes “arbitrarily close” to the first-best level in

large economies.?*

Theorem 2. The canonical groupwise-price mechanism is asymptotically efficient.

Proof. See Appendix A. O

The formal proof of this result is involved, so we offer some intuition here while deferring
the proof to the Appendix. To get the first intuition, recall that our groupwise-price
mechanism sets a reference price p, for each submarket k. This suggests that most
mutually beneficial trades can be realized if the reference prices approximate the market
clearing price in large economies.

However, whether this intuition goes through is far from obvious. More specifically,
there are at least two challenges. First, the reference price for a submarket must be
independent of reported types of agents in that submarket in order to keep ex post incentive
compatibility of the mechanism. This implies that the relevant information from agents in
a submarket should be ignored when setting that submarket’s reference price. This poses
a problem, because the reference price does not converge to the market-clearing price
even in a large market if private information from too many agents is ignored. Second,
even if the reference prices are close to the market-clearing prices, additional efficiency
loss can occur because agents in a submarket can trade only with those in the same
submarket. This can prevent some beneficial trades from happening between agents in

different submarkets.

237¢ @(Sq) < @g) for all ¢, then we set pr = @(ans) If v(q) > g) for all ¢, then we set pi = vg)
24Recall that our mechanism may generate budget surplus while a competitive mechanism balances

the budget. Hence the difference in the ex ante “total” (i.e., the sum of monetary and non-monetary)
payoffs may not vanish. Section 4.1 studies this issue and offers possible solutions to obtain stronger

convergence results.
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Our proof shows that inefficiencies from both of these sources can be appropriately
bounded. Regarding the first challenge, our approach is to divide the market into a
sufficiently large number of submarkets (i.e., K — 0o as N — 00). Doing so makes the
effect of ignoring types of one submarket for calculating reference prices negligible in large
markets, by which we show that the reference prices approximate a market-clearing price
in large economies (with high probability). Regarding the second challenge, our approach
is to keep the number of submarkets sufficiently small relative to N (i.e., % — 0 or
equivalently ap = %2, ag = 5% — 00 as N — 00), so that the number of beneficial trades
prevented from happening across different submarkets is sufficiently small. Clearly, there
is a potential conflict between these two approaches. Our formal proof shows that there is
an appropriate growth rate of the number of submarkets such that these conflicting forces
can be balanced in such a way that both challenges are addressed. Furthermore, given
such an appropriate choice of the growth rate, a lower bound of the convergence rate is
obtained as a polynomial function of the size of the economy, N (see Remark 3 in the
Appendix). The existence of such a growth rate is not obvious, and we refer interested

readers to the proof in Appendix A.

4.1. Asymptotic Budget Balance. In the preceding section, we have established that
the trading pattern of the objects converges to an efficient one under the canonical
groupwise-price mechanism. However, this does not imply that the expected payoff of each
agent converges to the efficient level in the competitive mechanism, because a groupwise-
price mechanism can run budget surplus. Unless the budget surplus is included in the
welfare, this implies that the welfare level including transfer in groupwise-price mecha-
nisms can be lower than that in a competitive equilibrium.

To present a formal analysis on this issue, we begin by defining asymptotic budget
balance. A mechanism ¢ = (¢, 7) is asymptotically budget-balanced if

b [~ s n0)]

npg +ng

N—o00
Note that np and ng depend on N and YN < ng,ns < yN for some constants %7 €
(0, 00), so asymptotic budget balance is equivalent to

i E {ZbeB (1) ]:[ D ses Ts(t)] _o

N—o00

This condition ensures that the per-capita budget imbalance converges to zero in expec-
tation as the market size approaches infinity.
The following example shows that even the canonical groupwise-price mechanism can

violate asymptotic budget balance.
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Example 2. Suppose m = 2, ng = ng = N, the values for each seller s is given by
vl(t) = t, and v2(t) = ts + 2, and the values for each buyer b are given by vf(t) = t, + 1
for both ¢ = 1,2 (thus, agents in this example have private values).?” Note that, for each
seller, the value of her first unit of the object is in [0, 1], and the value for the second unit
is in [2,3]. Thus, for the sellers, there is a “gap” between possible values of the first and
second units of the object.

Consider the canonical groupwise-price mechanism. By the definition of the reference
price, with a large N, it is very likely that p; is close to 1.5 for each k. The probability
that |Bi(t)] < ap = £ is bounded away from zero even if N goes to infinity. On the
other hand, the probability that |S;(f)] = as = % approaches one. Thus, the probability
that the sellers in submarket k are on the long side of the market, i.e., |S;(¢)] > |Bi(t)],
is bounded away from zero. In such a case, each seller who trades earns at most 1, while
each buyer who trades pays p,. Since at least a fraction of agents bounded away from
zero trade in expectation, and py is higher than 1.5 with probability bounded away from
zero, this implies that the expected budget surplus per capita does not converge to zero

as N — oo. That is, the canonical groupwise-price mechanism is not asymptotically
budget-balanced. O

This example shows that the groupwise-price mechanism does not necessarily achieve as-
ymptotic budget balance. However, as we present below, there are at least two approaches
that enable us to have the mechanism achieve asymptotic budget balance, thereby en-
abling each agent to asymptotically enjoy the same level of ex ante expected utility as in
a competitive equilibrium.

One solution is to randomly choose one agent independently from agents’ reports and
give all the budget surplus to that agent while prohibiting her from trading. In other
words, we can achieve asymptotic efficiency by augmenting the canonical groupwise-price
mechanism by exogenously appointing one revenue absorber. By construction, this mod-
ified mechanism is budget-balanced. Moreover, it is easy to verify that the above modifi-
cation does not invalidate any of our preceding results so all other desirable properties of
the original mechanism continue to hold.

Nevertheless, it is conceivable that a social planner does not want to use a revenue
absorber.?® This concern motivates the second solution. Let us begin by imposing an

25 Although this example violates our assumptions that all valuations must lie in the unit interval and
that vf # vf/ for each ¢ and ¢ # ¢/, this is just for notational simplicity. We can modify the example to
satisfy these assumptions without changing the conclusion.

26For instance, agents’ payoff functions may fail to be quasi-linear (which we assume throughout the

paper) because of income effect if the monetary transfer is large. Under income effect, agents’ payoffs
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additional assumption. We say that agent valuations allow no gaps if v{(1,t_,) >
viH1(0,¢ ) and vp T (1,t,) > vf(0,t_) foreach b € B, s € S, ¢ € {1,...,m — 1}, and
t € [0,1]BY9. This assumption may be interpreted as imposing certain “smoothness”
of supply and demand functions. Note that the sellers’ valuations in Example 2 violate
this requirement. Note also that this condition is automatically satisfied if agents have

single-unit demand and supply, i.e., m = 1, as assumed in most existing studies.

Theorem 3. Suppose that agent valuations allow no gaps. Then, the canonical groupwise-

price mechanism is asymptotically budget-balanced.

Proof. See Appendix B. O

An immediate corollary of Theorems 2 and 3 is a stronger form of asymptotic efficiency.
More specifically, the ex-ante expected utility of each buyer and seller converges to the level
achieved with a competitive mechanism under truthtelling as the market size approaches

infinity.?”

5. CONCLUSION

This paper investigated whether desirable properties can be achieved in double auc-
tion environments with value interdependence. We showed that there exists a mecha-
nism that satisfies ex post incentive compatibility, individual rationality, feasibility, non-
wastefulness, no budget deficit, and asymptotic efficiency. To our knowledge, our mech-
anism is the first double auction mechanism with these properties in the interdependent
values setting.

We do not necessarily regard our mechanism as an immediately applicable solution,
but rather as a step toward understanding what desirable properties can be achieved in
practice. In fact, there are still several important gaps between our current knowledge
and practical use. First, the social planner is assumed to know the functional form of
the agents’ payoff functions. Second, the trading prices can vary across agents under our

mechanism. Both features are shared by most mechanisms in the literature,?® but they

may exhibit risk aversion, and hence randomly awarding one agent with a large amount of money may
be inefficient.

2TStrictly speaking, the statement of Theorem 3 merely states that the aggregate budget surplus per
capita vanishes, and is silent about the distribution of transfer across different agents. However, the
proof of the theorem reveals that each agent’s transfer converges to its competitive level. This fact and
Theorem 2 imply this corollary.

28Even in the one-sided auction under private values, VCG payments can vary across agents with

multi-unit demand. In the interdependent values setting, the mechanism by Ausubel (1999) shares this
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may pose challenges in some applications. We hope that our analysis stimulates future
studies aimed at practical applications.

In addition, there are a number of possible directions of future research. One possibility
is to examine the speed of convergence (i.e., how quickly efficiency is approximated) in
more detail, or the possibility of a stronger form of asymptotic efficiency (e.g., whether
efficiency in the “absolute term” is possible, rather than in the “per-capita term” as in
this paper). These issues appear to be technically challenging exercises.?? We leave them
as topics for future research.

Another direction is to consider more general environments, such as those with mul-
tidimensional signals,*® multiple types of objects, complementarity in agents’ valuations,
dispensing with the assumption that each agent is predetermined to be a buyer or a
seller (that is, allowing agents to buy or sell depending on signals and prices), and so on.
Generalizations in these directions are not straightforward, and we leave them for future
research. However, we believe that some intuitions obtained in our study may be useful

in designing desirable mechanisms in these more general environments.

feature, and it presumes the knowledge of the social planner about the payoff functions. Note, however,
important advance such as Perry and Reny (2002) who implement a desired outcome as an equilibrium

of a game whose form does not depend on the functional form of the payoff functions.
29Measuring efficiency in the per-capita term is standard in the literature, especially with interdepen-

dence. For example, see Reny and Perry (2006) for double auction, Vives (2002) for Cournot oligopoly,

and Lee and Yariv (2014) for matching.
301 the one-sided, object allocation setting, a recent contribution by Hashimoto (2013) obtains positive

results even with multi-dimensional signals. Although there does not appear to be an obvious way to
adapt his idea to our double-auction setting, studying multidimensional signals in double auction would

be an important future research.
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APPENDIX A. PROOF OF THEOREM 2

We prove the theorem in three steps. In the first step, we prove the result under the
assumption that each agent’s type is drawn i.i.d. according to the uniform distribution.
In the second step, we build on this result to establish the desired result for the case
with more general type distributions while retaining the i.i.d. assumption. In the last
step, we use this result to obtain the desired result for the general case of conditionally

independent types.

A.1. Proof for the uniform distribution case. In this subsection, we prove the result
under the assumption that each agent’s type is drawn i.i.d. according to the uniform
distribution.

Lemma 1 shows that, by a law of large numbers, the sup-norm distance between the
empirical cdf of types and the true cdf of types in each submarket £ is small in an event
that occurs with a high probability. Focusing on that event, Lemmas 2 to 5 evaluate
how many efficiency-enhancing trades are left unrealized. Building on these lemmas, we

complete the proof by bounding the overall expected efficiency loss.

We first look at each submarket k. Let A = K, and consider A € {1,...,A}.
Let

1
gﬁ = {sESk\tS_A K}
) 1
T, = SES}C‘t >K+? )
A 1
yz = {bEBk’tb K E},
_ A 1
yz\ = {bEBk|tb K+E}7
and
A
x = =
< En
X, = —%
k CL5'7
v;
Y)‘ - =k
X aB7
72 _ ’y ’7
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where as = 72, ap = 72. Each of X 2, 72, Xg, and ?2 is a binomially distributed variable,

with means and variances as follows.

EX})=EYR) = T——

— —A A 1
E(Xy)=EY,) = 1- A K

A 1
VD VXY < g

1

A
VOV < g

Let Ej be the event that all of the following four inequalities hold,

A1 1
XA (2o ) < —
S (A K) S 3K

for every A € {1,...,A}. Note that, given event Ej, X3 — X} > 0 by the assumption
A = K (and similarly for X}, Y,, V).
By Chebyshev’s inequality, we obtain the following.

Lemma 1. Pr(Ey) > 1 — 28052 _ 20K7
as apB

Proof. By Chebyshev’s inequality, for each A,

A1 1
Pr|X2—(5%——=
(=G5> <
A A 1 1

Pri|X,—(1->—-—=
(f-0-3-%)) <

A1 1
Pr|(Y;— (& ——
(2-G-2)l>) <

where 1 = ﬁ Because the probability of the union of events is weakly smaller than the

sum of the probabilities of those events by Boole’s inequality, these inequalities imply that

Pr(Ey) > 1— 2;3\772 — ﬁ Substituting in n = %, we obtain the desired conclusion. [J
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Now, consider the event F that vi(t) # vf/(t) for every ¢, ¢ i,j such that ¢ # ¢ or
i # j. Because types are drawn ii.d. from the uniform distribution on [0,1], F' is a

probability one event. From this and the fact that there are K submarkets, we have

Pr(E) >1— 2288 203 g 20 MR ypere |7 = (), ER) N F. Thus, if 22 and
A as ap ng ng k ng

nB

We observe that the overall type distributions satisfy similar properties. Let

converge to zero as N goes to infinity, this probability converges to one.

A 1
g)\ = {SES‘QSK—?},
A 1
A
= Slts > -+ — ’
{36 \ _A+K}
A 1
A
= be Blt, < — — —
N
A 1
—\
= be Blty, > — + —
Y {e \b_A+K},
and
Xr = @
== nS?
SN
— o
Y)\ — |g)\|
= nB?
v = 17
nB‘

Lemma 2. Given that E has occurred, we have

A1 1
XA (2o ) < —
= (A K) S 3K

for every X € {1,...,A}.

Proof. Given that Ej has occurred,
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Thus, given that £ = (1), Ej; has occurred,

K
1 A3 0N 1
DGR 7 ) Rl CA A
- n5k21(as_k)e(A 9K’ A 2K)

We obtain the desired conclusions about 7)‘, Y?, and v by symmetric arguments. [

Given reported t, let vg) be the g-th highest value among {vf(t)}sep ¢, and U(Sq) be the

g-th lowest value among {v(t)}sese. Let p™¢ be a market-clearing price, defined as
pMC = min {vg]), vgﬁl)} :

where ¢ is an integer such that vgﬁ < vg]) and vgﬁl) > vgﬂ).?’l

Let s* (%) denote the seller (the buyer) who has the highest (lowest) type among those
trading at least ¢ units under p¢ 32

By symmetry among sellers, each type of the seller with ¢t < ¢, sells at least ¢ units
under pM©, and similarly for the buyers (we set t,o = 0 (t, = 1) if no seller type (buyer

¢ des at least ¢ units).® Let Xj, and \j be i h th e ALY and
ype) trades at least £ units).”> Let A3 and Ag be integers such that ¢, € |52, 2 ) an

0 )
tye € [ASA 1, /\TS)
In the remainder of the proof, we show that the level of trades approaches an efficient

level as N — oo, implying that per-capita inefficiency caused by failed trades converges
to zero. By ex ante symmetry across buyers and across sellers, this suffices for the proof
of the theorem. We begin with the following lemma, which shows that the reference price

pi, for each submarket k is close to the market clearing price p™¢.
Lemma 3. Given that E has occurred, py € [pMC,pMC + (% + %)ﬁ/ + 27‘”] for each k.

Proof. Let Dy and Sy be the demand and supply under the true type profile at price p™¢,
and let D'(p) and S’(p) be the demand and supply under the modified type profile (i.e.,
ty = ((t:)igespuBy)> (1)ie(s,up,))) at price p, respectively. Formally, define

3hyf v(sq) < vg) for all ¢, then we set pM¢ = vgn"B). If U‘(S(I) > vg) for all ¢, then we set pM¢ = vg).
32Hence, for example, if there is no type of the seller who trades exactly two units, we have t,2 = .

33Recall that no two buyers or sellers have the same type with each other under event E.
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Because the demand under the modified type profile is weakly larger than the one under
the true type profile, we have D’(pM%) > Dy at price pM“. On the other hand, the supply
under the modified type profile is weakly smaller, and hence S’(pM“) < S;. Hence, we
have D'(pM¢) > Dy = Sy > S'(pM©), which implies that p; is no smaller than pM¢

In the rest of this proof, we shall show

2 4 2a

. < pp 1= pMC — 4+ — (e E—
(A1) P < P =D +(K+A)B+K

In the following, we first show that S’(px) > Sy = Dy > D'(px), where
2 3 200
~ _ MC “ e / o
Pk = D +(K+A)6+K

/8/

= Dk~ N

Then, we show that this implies the desired inequality (A.1).

We first consider sellers. For each ¢, define S*(px) = |{s € S|vi(tx) < pr}| and S5 =
{s € S|vi(t) < pM“}|. We shall show that S(p,) > S§. To show this, consider the

following cases.
(1) Suppose S§ = 0. Then trivially S*(py) > S§.
(2) Suppose S*(pr) = ng. Then trivially S*(py) > S§.
(3) Suppose S§ > 0 and S(pr) < ng. We first show the following claim.

Claim 1. Suppose S§ > 0 and S*(Py) < ns. Then N5(pM°) <A —1- 22,

Proof. Suppose for contradiction that A§(pM¢) > A — 1 — % Take s’ € S as
the seller whose type is the highest among the sellers s with vi(t) < pM¢. Then
A (M) -1

ty > ——; Note that such a seller s exists because of the assumption S§ > 0.
Consider the following cases.

(a) Suppose s’ ¢ Si. In this case, for any § € S, we have
vity) < wglle) +8'(1 = ty)

< () + (1 - )+

A
+
=2
7/ N
—_
—_
\_/
x|

[\
+
=
N N
—_

|

—_

|

=2

|
N——
=| &

IN
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Because the modified type for § € S, at #;, is the highest possible type by the
definition of f;, the above inequality implies S*(;) = ng, a contradiction.

(b) Suppose s’ € Si. In this case, we have3!

vh(ty) < t)+ 4 (1~ )
< +5/(1 1)+%a
_ +ﬁ,(%+%) 2a
<

Thus, we obtain S¢(py) = ng, a contradiction.
U

To prove the desired conclusion S*(py,) > S§ for this case, let s € S be the seller
whose type is the lowest among those with vﬁ(fk) > pr; Note that such a seller s
exists because S*(py) < ng. Consider the following cases.

(a) Suppose s ¢ Si. Let A4(fx) be an integer such that the interval [M M)

A T A
contains the type of the seller whose valuation at ¢, is the highest among those

s (Pr)—1 5\/é~(11'5‘1c)-|—1>
A ) A :

whose value at , is lower than . By event E, we have t, € [

34The first inequality of the display inequalities below is obtained as follows: letting s ¢ Sk be an

arbitrary seller outside Sy,

vh (k) = 5 Wsesiunongsy (E)sg(sunr)

-1
vf,(l,ts,yt,sys,) + (aS + a_B) «

as —
Uﬁ(l,ts/,t,&y) + (

IN

IN

IN

2
Vi (ts, tar g o) + Fa +8'(1—ty)

2
= ’Uﬁ’ (ts’;t37t—s,s’) + fa + ﬁ/(l — tsl)

+ Bl(l — tsl).
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Then, we have

L ootray 1 Xg(ﬁk)—l_i o As(9) 1
nS(S(pk) Sp) > - (( n 55 | s —as - Tor)ns

L MG - -1 2
- A K
> Us(tk)_vg’(t)_% _E_z
- o4 AN K
- e —pMY -2 32

B A K

= 0.

(b) Suppose s € Si. In this case, S*(p;) > ns —as = ng (1 — %) and S§ <
(% + %) ng, and thus, S¢(py) > S§ if
1AM 1
1—— > M + —,
K A 2K

L MC
or1l— % > 53 This inequality is satisfied because A§(p™“) < A—1— 24

by Claim 1, and hence 1 — w > %+ % > %
Hence we have shown that S*(py) > S§ for each ¢. Therefore S'(pr) = >~ S“(px) >
St S8 = Sp. By an analogous argument, we obtain D’(py,) < Dy. Therefore S'(py) >

So = Dy > D'(pg). To complete the proof, consider the following cases.

(1) Suppose D° > 0. Then, because S'(py) > S'(pr) > D?, it follows that S'(py) > 0.
If D'(px) = 0, then because D'(px) > D'(py), it follows that D’(pg) = 0, and hence
S"(pr) > D'(pr), as desired. If D'(py) > 0, then since pr = pp + ’%, under event
E, D'(px) > D'(pr). Therefore we have S'(px) > S'(px) > D'(px) > D'(px), as
desired.

(2) Suppose D° = 0. Then, by definition of p™©, it follows that p¢ = v(Sl). Because
f)g) < vél) + %‘3‘, we obtain that p, > @él), which implies S’'(pr) > 0. Because
D® > D'(p,) > D'(px) from an earlier argument, it follows that D’(p) = 0.
Therefore S’(pr) > 0 = D'(py), as desired.

O

Lemma 4. Assume E holds. In the canonical groupwise-price mechanism, at least

¢ ¢
min {nB Z {1 - /\TB} o Z %} — max{ng, ng}m
¢ ¢

units of the object are traded.

Z+a)F+% 2, 1

3 A 9K
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Proof. For each b € By, and ¢ € {1,...,m}, let ¥} := v(t) = vf((0)ies,,t_s,). If (b,F)
satisfies 0f > pg, then (b, () € B;(t). Because

~ o o
05205(t)—a5'n—5205(t)—ﬁ>
if
A2 (i~ L p
(A.2) vy (t) 7 2 Phs

then ¥ > px, and hence (b, () € Bj(t).
Let A’ be the smallest nonnegative integer that satisfies

i [GEOFE a1 1

3 A K

(A.3)

Then, by rearranging terms,

N1 el (B
ALK A= 5'

Consider an arbitrary buyer b € yg‘. Using the above inequality, and noting that ¢, > ¢,
because t, > ’\ + > BH > tye, we obtain that

(0% (0]
Uf(t)—g > upe(t) + tb—tz)—g
> ﬁ )\_e_‘_i_)\ _g
- A K A K
> pM+ +é 6’+—a—3
. A K K
2 4\
= +( +K)B+

thus (b, ) € Bj(t). So we obtain

(A.4) | B (¢ ]>aBZY >Za3 [1———%}.

Because ¢ is defined as the smallest integer satisfying (A.3), we have

2, 4vpr L 3a 4
AegA{(KJFA;ﬁJFK+ABA+1—%}+1.
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Substituting this inequality to inequality (A.4), we obtain

[ 2 4\ pr | 3« )
(2+3)8+3% N+1 1
B (1) > Z 1— |AE T A K B .
|k(—)| = - ap 6 + A K

A
B .

A 3 A 2K

For each s € Sy and £ € {1,...,m}, let ¢ := v4(t) = vi(ts, (Dien,,t_B,). If (s,€)
satisfies 0% < pg, then (s,¢) € S;(f). Because
o< ol(t) +ap - — =vl(t) + =,
K
if
a
A5 )+ —
(A5) o) +
then 0¢ < pg, and hence (s,¢) € S (%).
Let X be defined as the largest integer such that

al

oy o8
(A.6) T

|

Then, by rearranging terms,

Consider an arbitrary seller s € xk Using the above equality, and noting ¢, < t, (because

ts<x—%§’\SA1 5K )\Sl<tf) we obtain

GO+ < valt) = Blte —t) +
L) — B (VA_l (AXZ_%)) b

() -+ 5
s K K

MC
< p -,

(%

VAN
<
AN

IN
<
N

thus showing that relation (A.5) holds, and hence (s, £) € Si(t). So we obtain

(A7) |57 y>aSZXk >Za5 {———}.

Because A is defined as the largest integer satisfying (A.6), we have

A A
A N> -1 S 1
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SO

M a2 1

> + =,
A~ A BK AK
Substituting this inequality into inequality (A.7), we obtain

_ PY o' 2 1
Si)| > Ao 2 11
‘A”“%%%A BK A MJ
Therefore, the number of trades in submarket £ is at least
min {a B Z
¢

Summing across all submarkets (and noting that this lower bound does not depend on

(A.9)

3 A 2K

k), there are at least

l 2 4 4y By 3a l
mm{nBz _A_B_<K+A>5+K_E_L],nsz[ﬁ_&_z_;
14 L

X A )R 2 1
> min{ngz 1—TB] ,nszf}jtmax{n]g,ng}m [—(K A)ﬁ K T
e L

14

trades under our double auction mechanism.?> O

Lemma 5. Assume E holds. In the efficient allocation, under p™¢, at most

N NS 3m
min { np Z [1 - —] ,nsz —=2 5> +max{ng,ng}—
{ ; A ~ A 2K

units are traded.

Proof. First, consider the buyers. By definition, if buyer b satisfies

t <é:()\%7_‘_%)_i
Y A K’

or equivalently, if b € g)‘?f’%, then b does not trade her /-th unit in the efficient trade. The

2K
Therefore the number of the buyers who buy their /-th units of the object is bounded

. L4 A . . AL
number of such buyers b is npY stx , which we know is no smaller than ng <TB — i)

£
from above by ng <1 — /\TB + %)
Next, consider the sellers. By definition, if seller s satisfies
X (s-g) 1

+_7

b=y A K

(F+3)6+
B

=g’

35Note that > 39 > o

K Z BK-

=

Ny (24t g 1] e a2 1
SERNCEEVES 2 S O I T
A 1
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or equivalently, if s € E’\ZS’%, then s does not trade her ¢-th unit in the efficient trade. The

. <N—2 . . Py
number of such sellers sis ng X ° *, which we know is no smaller than ng <1 -3 - %) )

Therefore the number of the sellers who buy their /-th units of the object is bounded from
2\ 3
above by ng <TS + ﬁ)

Therefore the number of trades is at most

mm{nB; (1_%+i) "y (V QK)}
< min {nB; {1 - %} ns Y Af} —i—max{nB,nS}

¢
which completes the proof.
O

Now we shall complete the proof of the Theorem. By Lemmata 4 and 5, the “per-capita”

welfare loss for buyers is bounded from above by

(A.10)

Pr(E){

+(1 — Pr(E))mnB]

1 3 (F+PF+2 2 1 2AK*  2AK*
< — N _
< (mmax{nB,nS} {2K+ 3 +A+2K e + - X mnpg
. am i+(%+%)ﬁ/+%+3+i 2mAK4+2mAK4 |

1 2K 6 A 2K Nns np

where the first inequality follows because Pr(FE) < 1 (since Pr(FE) is a probability) and (1—
Pr(E)) is bounded from above by replacing Pr(E) with its lower bound, 1 — % — %,
while the second inequality comes from simplifying terms. Because A = K, K — oo,
%5 — 0 as N — oo, and YN < ng,ng < 7N for all N by assumption, the right-most
expression of inequality (A.10) approaches zero as N — oo. This implies that the per-
capita inefficiency for buyers from failed trades also approaches zero as N — oo. A
symmetric argument shows that the per-capita inefficiency for sellers from failed trades
approaches zero as N — 0o, completing the proof under the assumption that each agent’s

type is drawn i.i.d. according to the uniform distribution.
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A.2. Proof for the general independent type case. In this subsection, suppose that
all types are independently distributed, and each buyer’s type follows a distribution with
cdf F with an everywhere positive and continuous pdf f while each seller’s type follows a
distribution with cdf G with an everywhere positive and continuous pdf g. We shall show
that the conclusion of the theorem holds under these assumptions.

To show the result for this case, first note that ' and G admit inverse functions F'~! and
G™!, and 1, = F(ty) and 7, = G(t,) follow the uniform distribution over [0, 1]. For each
7 = (75)jenus, define 9;(1) = v;((F~(1))sen, (G (75))ses) as the new valuation function
of agent i. Given that v;(-) satisfies conditions (4.1) and (4.2), the valuation function
0;(+) satisfies the same conditions too, as shown in the next paragraph. Therefore, the
conclusion of the theorem holds by the analysis in Subsection A.1.

It remains to show that ¥;(-) satisfies conditions (4.1) and (4.2). To see this, let f, f €
(0,00) be such that f(n,) € [f,f] for all 7, € [0,1] and g,g € (0,00) be such that
g(7s) € [g,7] for all 75 € [0,1] (note that f and g are strictly positive and continuous on

[0, 1], so such f, 1, g, and g exist). Then, for each i and j # 1,

-1

a .
|0 (75, 7) — ¥ (75, 77)| < =—,if j € B,
np
-1
- - g o
|05 (7, 73) — 0f (75, T))| < = S jifj e s,

thus condition (4.1) is satisfied, and

~ - ——1 _ [P
0 (7) = o5(m)| € Bf |m— 70, B'f Hm — 7]l if 4,5 € B,
‘55(7) _ﬁf(T)‘ €87 'm —Tj’ﬁ/gflfﬂ -7l ifi,5 €8,

thus condition (4.2) is satisfied.

A.3. Proof for the general conditional independence case. Finally, we will com-
plete the proof for the general conditionally independent type as assumed in the main text
of the paper. To do so, recall that there is a state variable ¢ that is drawn randomly from
a certain finite distribution. For each realization of o, there is a pair of type distributions,
one for the buyers and another for the sellers, and types are independently distributed
conditional on o. It is clear that the expected efficiency loss in this model is simply a
weighted average of expected inefficiencies conditional on ¢. Because the proof in Subsec-
tion A.2 shows that expected inefficiency goes to zero for any fixed o, we conclude that
the expected inefficiency that is averaged over the state variables also converges to zero.

This completes the proof of the theorem.
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Remark 3. While the rate of convergence to efficiency is not our main focus, our proof
sheds light on this issue. For that purpose, first recall that A = K. This and the last
inequality imply that the expected per-capita inefficiency in the canonical groupwise-price
mechanism is O (% + %) By taking K = N%, this is O <N*%>. In particular, a canon-
ical groupwise-price mechanism can diminish the per-capita inefficiency at a polynomial

rate in N. Whether a mechanism with a better convergence rate exists is an open question.

APPENDIX B. PROOF OF THEOREM 3

In this section, we prove Theorem 3 under the assumption that each agent’s type is
drawn i.i.d. according to the uniform distribution. Extension to the general case of
conditionally independent types is omitted because the argument is analogous to the one

for Theorem 2, which is presented in Subsections A.2 and A.3.

. . . M(p)—1 M(p)
In the following, we fix one realization of type profile t under event E. Let [ST> ST)

be the interval that contains the highest type of the sellers in S whose /-th unit value

A 0T A
contains the lowest type of the buyers in B whose ¢-th unit value given t is higher than

given t is smaller than or equal to p. Similarly, let [VB@ ) A )H) be the interval that

or equal to p.

Also, we use the following notation.

1 A

AY = — Slt, < =
s ns {Se | _A}'7

1 A
Ay = — Blt, < =41,
b ng {be ’tb_/\}'

A AN e (A1 oA 1
Under event E, Ay, A} € (3 — 55,2 + 5% )-
Xg, (D)-1 X, (p)
A T A

At a fixed submarket k, we introduce analogous notation. Let be the

interval that contains the highest type of the sellers in S whose /-th unit value given ¢

X, (D) N (p)+1

—, =B be the interval that contains

is smaller than or equal to p. Similarly, let

the lowest type of the buyers in B; whose ¢-th unit value given ¢ is higher than or equal
to p. Also, let

1 A

A

ASk = a‘{sesk‘tng}',
1 A

A

ABk = g‘{bEBk‘tbSK}‘

Under event F, Agk, A)E‘;k € (% — ﬁ, % + %) Let Sk(p) and Di(p) denote the supply

and demand functions in submarket k, i.e., Si(p) = [{(s,0)|vi(¥) < p}|, and Dy(p) =
{6, O)]vp(t) = p}.
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Lemma 6. Let

3 1
— _ MC N e -
3 1
4, = pMe - (K+§) -

Then, Sk(Gy) > Di(q,) and Di(q,) > Sk(q,)-

=le =[e

Proof. We first show Si(q,) > Di(g,). To do so, for any ¢, let S;*(g,) be the number of
the sellers who supply their 'th unit at g, corresponding to Si(g). Similarly, let S§ be
the number of the sellers who supply their £’th unit at p™¢, corresponding to Sy. Then,
for any given /,
(1) Suppose that v(f) < G, for all s. Then every seller in Sy supplies her £’th unit at
price qi. So
S{(@) — - Sh=1- o Si >0
(2) Suppose that v(t) > p™© for all s. Then no seller in S supplies her ¢’th unit at
price pM¢. So
51 — -5 = - S(@) ~ 020,
(3) Suppose that neither of the above cases holds. Let s be the seller whose type is
the lowest among those in submarket & with v/(f) > G,, and s’ € S be the seller
whose type is the highest among those in the entire market with v () < pM¢

(such s and s exist by the assumption of this case). Then,

s A 1
. .

B.1
(B.1) > 2
X (@p)—1 Mg (@ X (@) NG @)+l
Depending on the realization ¢, t is either in { Sk(j\k) , Sk/EQk)) or { SkJEQk), S’“(ikH )
AL (@) +1
Hence, t, < S’f(j]\kH Thus,
T — " < v(f) — ()
«
< o) =Lt + —
< ol(t) = (D) +
o M) XM 42 o
— A K’

which implies

(31 a _ N (@) =AM )+2 a
Z a4 - _ < k _
b (A+K)+K_5 A K’
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or equivalently

Mo (@) = M) -1 1
A - K

This implies
1 1 1
—Si(q,) — —SE> = > 0.
ag 1 (@) ns ' K
By the conclusions of the above cases,

1
—Sk(qk ——SO Z Sk T —n—ssg > 0,

thus we obtain éSk(Gk) > ESO‘ With an analogous argument, we can show %DO >
ka@k) as well. These inequalities, together with the relation Sy = Dy, imply the
desired conclusion, Sk(q,) > Dk (7).

The proof for Dy(g,) > Sk(g,) is analogous and hence omitted. O

The following lemma is useful for the rest of the proof.
Lemma 7. Let p' > p be prices such that there exist two buyers b,b' € By, where v (t) > p/

and vit(t) < p, and moreover, there exist two sellers s,s' € Sy where vi(t) < p and
v (t) > p'. Then,

N pP—-p 3+42m 1 3am y-p 3 1
)= & (o (P2 =27 - = 5 ) oo (P52 34 ).

f— 3+2m 1  3am pP—p 3 1
Hp) D) e (&B< R N @nB)’&Bm( P +A+K))

Proof. Let s € Si be the seller who has the lowest type in Si, and s € Sy be the seller

who has the highest type in Sk.
Proof for a lower bound for Si(-). We consider the following two cases. First, suppose
that there exists £ € {1,...,m} such that vi(f) < p < p' < vi(f). Let s € Sy be the seller
in submarket k whose type is the highest among those with v() < p. Then,

N (p) —1
(B.2) ty > %.
Similarly, let s’ € Sy be the seller in submarket k& whose type is the lowest among those
with v (f) > p/. s’ has the next lowest type above the type of the seller, say s”, who is

5, by definition of A§ (p').

Therefore, by event E, there should be at least one seller Wlthln each interval of length

the highest type with value less than p/, and ¢, is at most

%, which implies
X, (p) +1

. <
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Therefore,

Se(@') = Sk(p) > as <7 = s

3 1
> as ts’_ts_K_E

P—-p 3 1
> _ -
__<m< -r-2 K)

where the first inequality follows from the definition of )\gk (p') and event E, the equality

follows from calculation, the second inequality follows from inequalities (B.2) and (B.3),

’UZ _ 0
and the last inequality follows because ty — t;, > M

> plﬁ—_,p by assumption on
p,p, s, and s’ as well as condition (4.2) in the main text.

Next, suppose that there exists no £ € {1,...,m} such that v{(f) < p < p/ < v(7). Let
¢ and s’ be defined by:

¢ = min{l e {1,... m}l(D) > p},

s’ = argmm{t Wl (@) > p'}.

That is, ¢' and s’ satisfy v% (f) > p’ and the pair (¢, s') is the smallest of such pairs with
respect to the lexicographic order that relies first on the index and then on the agent’s

type. Similarly, let £ and s be
¢ = max{l e {1,. m}\v ( ) < p},
s = argmax{t [vi(T) < p}.
That is, (¢, s) is the largest index-seller pair satisfying vi(f) < p with respect to the

lexicographic oder described above. The relation ¢ > ¢’ contradicts the assumption that
there exists no £ € {1,...,m} such that v!(f) < p < p’ < v&(f), so £ > (. Hence,

/

p—p < L@ — i)

< (@) = ol (0,7 )] + [oF (1, ) — o MO E )] e [T (1L Es) — ult(0,72)]

He(1LF) = @)+ (- 0, -
s[ﬁ@—%@+%@—un+ﬁ+@+w WMW+%§7QHU’@%
v / ¢ / /
< By 0 BBy B R ey S e -0l
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where the first inequality follows from the definitions of p,p’, ', ¢, s, and ¢, the second

inequality follows because the “no gap” condition implies
V(1,7 5) — o0,7,) > ol(1,75) — 00,1 5) — — > ——,

for each (e {¢,¢ —|— 1,...,¢" — 1}, the third inequality follows because, under event FE,
ts < % and t= > A=L and hence,

— ’ /8/ (6%

1) — 0P (0,1_,) < = + —,

@) =0 < T+
/

1 3 ¢ B a

1,75 — i) < &= 4 —,

vi(1,T0) — i) <+

by assumption (4.2) in the main text,*® and for each ¢ € {¢+1,...,¢' —1},
i1 i 5’
vs(1,t5) — v (0,1-,) < '+ 2 ,
s ns

and the last inequality follows by definitions of p,p’, ¢, s, ¢', s, and by assumption (4.2) in

the main text. Rearranging terms, we obtain

A, () MG, (p)=1
(B.4) L URAE R
pop- B 22 o) (F 42 ) - (-0
B’ )
36We obtain those inequalities as follows.
E@) = o (et
< v tsy Oa t,s s -
< v ( )+ .
!
< W E0T )+ LD
s A
!
< 00T+ 2
5/
= 0, tsatfs s —_— e
v ( )+ — =t
¢ a B
= Oatfs — A
0T+

where, for example, v% (tg, 0,7_s ) represents the value of s for ¢'-th unit when her own type is 0, the
type of s is ts, and the types of the others are t_g 5, and similarly for the other expressions. Similarly,
we obtain
!
vi(1,T_5) —vi(t) < B— + —
nS
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Therefore,
A (p)—1 1 X, () 1
/ Sk Sk ’
- S 1— . -1
Sk(p") = Sk(p) > as A 5K 0] +as A 5K +ag(l'—0—1)
g, () +1 Mg, (p) -1 3 1
> k B Iy —
-~ as A 1 A A + (E 12 1)
Pop-B -1 (5 2) - (0 -n2
> a4 A ng A ng ng _ i 1
> ag 5 AR
P—-p 5 1 , ! , ! 0 —0—1
— (PP 2~ iy (0 — ¢ 9
s (52 -2 - (-5 2 - o 2P
_ p’—p_3+2m_i_3am
- U A K s

where the term ag(¢' —¢—1) in the first line corresponds to the supply of the objects from
all agents in submarket K for the (¢+1)th, ..., (¢’ —1)th units, the first inequality follows
from the definition of )\f;k (p') and event E, the second inequality follows from calculation,
the third inequality follows from inequality (B.4), the equality follows from calculation,
and the fourth inequality follows from the fact ¢ — ¢ < m.

Proof for an upper bound for Si(-). To obtain an upper bound on the difference in
supplies, let L := {¢ € {1,...,m}vi(f) < p" and vi(f) > p}. We shall first show

A, () = AG, (p) —2
(B.5) &@)A&@) B<p —p,

for each ¢ € L. To show this, let s’ € Sy be the seller in submarket & whose type is the
highest among those with v () < p/, and s € Sy, be the seller in submarket k& whose type
is the lowest among those with v(#) > p; Note that such s’ and s exist since £ € L. Then,

M (p)—1 A\ -1 X A\ X\ 1
ty > 5. @) . By event FE, t, is either in {#, S’jx(p)) or [ S’jx(p),sk(fp”). Hence,
X\ 1
ty < 5 P)1* . Thus,
e 007 Ag(?’)—)\g(P)—Q
P —p>uv,(t) —v(t) > k i k ,
as desired.

Consider ¢ ¢ L. Suppose first that v{(f) > p’. Then by assumption p’ > p it follows
that vﬁ (t) > p, and hence no seller in Sy supplies the /-th unit of the object under either p
or p/. Suppose next that vi(f) < p. Then by assumption p’ > p it follows that vi(f) < p/,
and hence every seller in S, supplies the ¢-th unit of the object under both p and p'.
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We now show Si(p') — Sk(p) < asm <p,7_p + 32+ %) To show this, applying inequality

(B.5) and the above argument we obtain

L / ) _

Proof for a lower bound for Dy(:). Let b € By be the seller who has the lowest type
in By, and b € By, be the seller who has the highest type in Bj,. We consider the following
two cases.

First, suppose that there exists £ € {1,...,m} such that vﬁ(t) <p<p< vg(z). Let
V' € By, be the seller in submarket k whose type is the lowest among those with vf, (t) > p'.

Then we obtain the following inequality:*”

A
(B.6) ty <

Similarly, let b € By, be the seller in submarket k whose type is the highest among those
with vf(t) < p. Then, the following inequality follows:*®

(B.7) t

)\Z ’ ¢ ’
37This inequality follows because {#, %) is defined as the interval that contains the lowest

type of the buyers in By, whose /-th unit value given ¢ is higher than or equal to p’.
38To obtain this inequality, recall that t, is the type just below the lowest type of the buyers in

By whose /-th unit value given ¢ is higher than or equal to p, and the latter type is in the interval

Py ¢ Py
[B"T'(p), %) by definition. By event E, t; can be smaller than 2, (P) at most by %, so we obtain

A

inequality (B.7).
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Therefore,

l 0 (.0
Di(p) - Dily) > aBKl—%—%)—(l—ABkT@H%)]
B A, (@) +1 1 Mpp-1 1 3
= a5 T3k A 3K A

v
S
S}

vV
S
sy
N TN
’B\
|
]
w
| —
~_

where the first inequality follows from the definition of )\eBk (p'), the equality follows from

Calculation, the SeCOHd inequality fOl].OWS fl"OIIl inequalities (B6) and (B?), and the laSt
vt (f)fvf(f)

b

S >

7 p,ﬁ—_,p by assumption on p,p’,b, and V' as

inequality follows because t, — t;, >
well as condition (4.2) in the main text.

Next, suppose that there exists no ¢ € {1,...,m} such that vﬁ(z) <p<p< vg(é). Let
¢ and V' be defined by:

¢ = min{le{1,...,m}it) > p'},

V¥ = arg min{tg\vg/(g) > '}
be By,

That is, ¢ and V' satisfy vf,(t) > p’ and the pair (¢,¥) is the smallest of such pairs with
respect to the lexicographic order that relies first on the index and then on the agent’s

type. Similarly, let ¢ and b be

¢ = max{/l e {1,...,m}\v£(£) < p},

b = argmax{ts|v;(t) < p}.
beBy

That is, (£,b) is the largest index-seller pair satisfying vi(t) < p with respect to the

lexicographic oder described above. The relation ¢ > ¢ contradicts the assumption that



A
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there exists no £ € {1,...,m} such that vj(t) <p < p’ < vg(z), so ¢’ > (. Hence,
P=p < vylt) =)
< [Ulf’,(z) - Ug/(oi—b)] + [Uélil(l’t—ﬁ) o Ug/il(oi—b)] +ot [UéJrl(Lif ) vﬁJrl(O’t—b)]
«
+Hop(1 £ 5) — v O] + (¢ = 0)—
B
’ ’ 26" 2« "« Q
¢ ¢ ¢ ¢
< o (@) = v @+ [o5(0) — (O] + =+ ng T (== +2(5 + @)] + (0 - 5)@
A () + 1 Ag (p) — 1 28 2 /
e X (T B R AP PRV
B

where the first inequality follows from the definitions of p,p’,’,¢',b, and ¢, the second

inequality follows because the “no gap” assumption implies

o1t g) = o0, ) = of(Ltg) = of (0,8 ) — —— = ——,

nB_

for each ¢ € {6,0+1,...,¢ — 1}, the third inequality follows because, under event E,

tp < % and t; > %, and hence,

! !/ /8/
vy (t) —vﬁ (0,24) < A + ng’
vi(1,t_5) — vi(t) < é/—i-—
b\ Eb) T A g

by assumption (4.2) in the main text, for each (e {{+1,....0 =1},

¢ ¢ / ﬁ/ Q
vé(latfg) - ’Ug(oat—i) S 6 + 2 |iK + Er:| )

and the last inequality follows by definitions of p, p’, £, b, ¢', ¥, and by assumption (4.2) in

the main text. Rearranging terms, we obtain

A (p)+1 Xy (p)—1
(B.8) CRUSAS NS I A T Y
p—p— B 22 (1) (G ) - (¢ —0)

ﬂ/

np

A



44 FUHITO KOJIMA AND TAKURO YAMASHITA

Therefore,

Dy(p) — Dr(p') > as

)\é | 1 /\z/ / 1
1—7Bk(i) 2K>+6LB< B}}\(p)—ﬁ +CLB(£,—£—1)

N (0) +1 A, (p) — 1
N Gl Sl ol ik Gt oL ) Bk Gl S B
> [ ALK
_ p’_p 5) 1 / (07 / - r—t-1
= aB( E A K (¢ g)ﬂ/nB 2(¢ E)ﬂ/nB 2 A ;

(p’—p 3+2m 1 3am)
> ap T K B ’

3 A K f'ng

where the term ag(¢’ — ¢ — 1) in the first line corresponds to the supply of the objects

from all agents in submarket K for the (¢ + 1)th, ..., (¢’ — 1)th units, the first inequality

follows from the definition of )\eBk (p'), the second inequality follows from calculation, the

third inequality follows from inequality (B.8), the equality follows from calculation, and

the fourth inequality follows from the fact ¢/ — ¢ < m.

Proof for an upper bound for Dy (-). To obtain an upper bound on the difference in

demands, let L := {¢ € {1,...,m}vy(t) < p" and vi(t) > p}. We shall first show

g, (1) = A, (p) — 2
A

for each ¢ € L. To show this, let ' € By, be the seller in submarket k whose type is the

(B.9) B<p —p,

highest among those with vf, (t) < p', and b € By, be the seller in submarket & whose type
is the lowest among those with vf(t) > p; Note that such & and b exist since £ € L. Then,

Ao (p)-1 A 1
ty > 5®71 hd ty < ka>+ . Thus,

l AR V4 _
P —p>uyt) —v(t) > 8 (AB’“(p) :B’“(p) 2) :

as desired.

Consider ¢ ¢ L. Suppose first that vﬁ(z) > p'. Then by assumption p’ > p it follows
that vﬁ (t) > p, and hence every buyer in By demands the ¢-th unit of the object under
both p and p’. Suppose next that vf(z) < p. Then by assumption p’ > p it follows that
vf (t) < p/, and hence no buyer in By, demands the ¢-th unit of the object under either p
or p.

We now show Dy (p)— D (p') < apm <p/Tﬂ’ + % + %) To show this, applying inequality

(B.9) and the above argument we obtain
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A%k LY _({_Ma)-1 1
2K A 2K
By, >\sz ) —2 3 1
( +at
P — 3 1
K

Dy(p) — Di(p') <

M

< apm

>

/\“

O
Lemma 7 has an implication for the shape of the inverse demand and supply functions.

Lemma 8. Let 2’ > x. Let D;/'(2') denote an arbitrary price p' such that Dy(p') = 2’.
Similarly, define D' (z), S, ' (z'), Sy ' (z). Then,

N x’—x_§_1 ¥—x 34+2m 1 3am\
st -stwe (-3 -5) e (Bt B 50 ).
3

D\ (x) — Dy M) € ((x;;mx - - ) 8, (x ;x 3 +A2m + % + Z?‘:;) 6/) .

Proof. We first show the bounds for the supply. Let p’ = S, '(2/) and p = S, ' (z). Observe
that p’ > p, ' = Sk(p’) and x = Si(p). By Lemma 7,

, c p—p 3+2m 1 3am -~ p’—p+§+i
S G Y A K png)\ B TATK))

or equivalently,

e ¢ -z 3 1 3 x—x+3+2m+i+3am P
por asm A K)7\ ag A TR T emg) ")

The proof for D71(+) is symmetric and hence omitted. O

Now we shall prove the theorem. Recall that Si(q,) > Dk(g),) and Di(q,) > Sk(q,)-
These imply Dy (Sk(4,). 5" (Dx(a,)) > 4,0 and D (Sk(@,)), 5 (Dul@)) < 7. The
per-capita budget surplus in the submarket k£ is at most max{D,;l(Sk(gk)) — ¢, T, —
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S (Di(gy))}. We observe that this converges to zero as the market size grows. First,

D' (Sk(g,) —a, < Dyp'(Sk@) —q,+ {S'“@)C;S’“(g’f) y 220 % + Z?‘nﬂ g
< G-gt {“j? (Gk;gk +%+%) TR L
< (@%—q,) (1 + 6,;5:) + 3+2mA+ i i Z,anﬂ;
- (ﬁ,(]2<+i)+2a> (1+B/Ba;;n)+ 3+2mA+3asm+ . Z?nn;

where the first inequality follows from Lemma 8, the second inequality follows from Lemma
7, and the last inequality follows from the definitions of ¢, and q,. Therefore, it converges

to zero as the market size grows.

Similarly,
T— S (De@) < - 5 (Dilgy) + {D’“(gk)c;D’“(g’“) TRAL L Z?ﬂ g
[ (B o) s
< (@ —q,) (1 + ﬁgjsm) + 3+2mA+ e + %KJF ! i 2?27;] 5
(o)) (o) [ B s

where the first inequality follows from Lemma 8, the second inequality follows from Lemma
7, and the last inequality follows from the definitions of g, and ¢,. Therefore, it converges

to zero as the market size grows. These show the desired conclusion.
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