1604.00306v2 [math.ST] 22 Feb 2018

arxXiv

Parameter recovery in two-component
contamination mixtures: the L? strategy

Sébastien Gadat and Jonas Kahn and Clément Marteau and Cathy
Maugis-Rabusseau

Toulouse School of Economics
Université Toulouse 1 - Capitole.
21 allées de Brienne
31000 Toulouse, France.

e-mail: sebastien.gadat@math.univ-toulouse.fr

Institut de Mathématiques de Toulouse ; UMR5219
Université de Toulouse ; CNRS
UPS, F-31062 Toulouse Cedex 9, France
e-mail: jonas.kahn@math.univ-toulouse.fr

Univ Lyon, Uniwversité Claude Bernard Lyon 1
CNRS UMR 5208, Institut Camille Jordan
F-69622 Villeurbanne, France.
e-mail: marteau@math.univ-lyonl.fr

Institut de Mathématiques de Toulouse ; UMR5219
Université de Toulouse ; CNRS
INSA, F-31077 Toulouse, France

e-mail: cathy.maugis@insa-toulouse.fr

Abstract: In this paper, we consider a parametric density contamina-
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1. Introduction

Because of their wide range of flexibility, finite mixtures are a popular tool to
model the unknown distribution of heterogeneous data. They are found in sev-
eral domains and have been at the core of several mathematical investigations.
For a complete introduction to mixtures, we refer the reader to [23] and [10].
In most cases of interest, a sample S,, := (X1,...,X,) of i.i.d. data is at our
disposal, and each entry admits the probability density f* w.r.t. the Lebesgue
measure. For a finite mixture model, the density f* is assumed to have the
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following shape:
K
=" Mo (L.1)
k=1

With such a representation, the population of interest can in some sense be
decomposed into K different groups where each group k has a proportion Ay and
is distributed according to the density ¢. For practical purposes, parametric
models are often considered. In such cases, the densities ¢ are assumed to be
known, at least up to some finite parameters, and the parameter estimation
problem is often addressed using an EM-type algorithm [9]. In contrast, with
the impressive range of applications based on mixtures, theoretical issues related
to mixture models are somewhat poorly understood.

Among the available theoretical results for mixtures, some of them are par-
ticularly linked to the density estimation problem. The works [11], [12] and
[17] develop a nonparametric Bayesian point of view, while exploiting both the
approximation capacity of mixtures and their metric entropy size, first with
Gaussian distributions and later with exponential power distributions. A Gaus-
sian mixture estimator based on a non asymptotic penalized likelihood criterion
is proposed in [21] and the adaptive properties of this estimator are investigated
in [22].

In the mixture models, the focus on the parameters themselves has received less
theoretical attention because of their great mathematical difficulty despite their
natural interest. It is indeed highly informative to obtain the estimation of the
mixing distribution, and many applied works use this estimation for descriptive
statistics. Among them, the unsupervised clustering with Bayesian interpreta-
tion is certainly one of the most widely used applications of mixtures (see, e.g,
[23]). Given a dictionary of densities, [4] propose an estimation procedure based
on the minimization of an L2 empirical criterion with a sparsity constraint, pro-
viding an estimation of the parameters of interest when the location parameters
. (here ¢ = ¢(. — p})) are not too close to each other. [8] studied the esti-
mation of the mixing distribution under a strong identifiability condition. As
observed in the recent works of [24], [15] and [13], the optimal rate depends on
the knowledge of the number of components. [14] show that the parameter esti-
mation rates are slower for some weakly identifiable mixtures. Other extensions
are available in [15]. Identifiability (and estimation) issues are discussed in [16]
under the assumption that the ¢ can be written as ¢ = ¢(. — py) for some
sequence (ug)k=1..x and a symmetric probability density ¢.

Finally, the EM algorithm (see, e.g., [9]) is a popular alternative for the analysis
of the latent structures involved in the mixture models, but the analysis of the
convergence rate of the final estimator is somewhat intricate. A first positive
result about the convergence of this method is given in [27] when the density is
unimodal and certain smoothness conditions hold. However, when multimodal-
ity occurs, the behavior of the EM method remains mysterious and is suspected
to fall into local traps of the log-likelihood. Some recent advances in the anal-
ysis of this famous method were brought by [1], where a general result is given
for a convergence of the sample-based EM towards the population one, up to
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initialization, Lipschitz and concavity conditions.
In this paper, we focus on the multivariate parameter estimation problem when
the density of interest is a two-component contamination mixture:

fr=0=X)¢+ (. —p"), (1.2)

where the density ¢ is known and the parameters (\*, u*) € (0,1) x R? are to
be estimated.

The estimation of the couple (A*, u*) has already been considered in the liter-
ature. In [3], a slightly different model is considered where f* = (1 — A*)¢(. —
@) + A*p(. — p3) and ¢ is assumed to be symmetric and unknown. Using a
recurrence procedure based on an inversion formula, they propose an estimator
for 0* = (\*, u¥, p5) and the function ¢. In particular, the parameter \* is esti-
mated at the ‘classical’ parametric rate 1//n, while the rate n~1/% is obtained
for location parameters (uf, u3). A similar problem is addressed in [5] where the
rate 1/4/n is reached for the estimation of the whole parameter 8*. The esti-
mation procedure is based on a computation of an empirical Fourier transform.
More recently, [25] considered the situation where the distribution of one of the
component of the mixture is known. In such a case, they provide an estimator of
both the mixing parameter and of the distribution of the second component. In
the setting considered here (i.e., when f* is defined as in (1.2)), [7] proposes an
iterative procedure based on the empirical distribution function. In the so-called
sparse setting where \* < 1/y/n and p* ~ /2rlog(n) for some r € (0,1) as
n — 400, the authors derive rates of convergence for the estimation of A\*. In
particular, they prove that the classical parametric rate cannot be attained in
such a setting.

In all the aforementioned contributions except [7], it is implicitly assumed that
both location and proportion parameters are fixed with respect to n. The main
aim of this paper is to fill this gap. We propose a procedure inspired by [4]
and derive an estimator (), i) for the couple (A*, *). This estimator is based
on the minimization of an IL? contrast instead of a usual maximum likelihood
estimator of mixture parameters computed with an EM-type algorithm. Then,
given a bound M s.t. maxj—1. g4 | ,u;| < M and under mild assumptions on the
shape ¢, we prove that:

* * ~ * loggn
sup Exe o (X2 P12 — w¥11%] S : (1.3)
(A ,u*)€(0,1) X [— M, M2 n
and )
x4} N log”n
sup Exe [t 1P = A S ; (1.4)

(A% u*)E(0,1) x [— M, M4 n

Al |PZn =12
where [|u]|? = 25:1 p3 for all p € R%. These results are completed by the cor-
responding lower bounds that ensure the optimality of (1.3) and (1.4), up to
logarithmic factors. In particular, we can immediately observe that the para-
metric rate of 1/y/n is attained when A* and u* are fixed, but is deteriorated
as soon as these parameters are allowed to tend to 0 with n.
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Finally, we also obtain an interesting link between the IL? loss and the Wasser-
stein loss in our contamination mixture model:

||f)\,u - fk’,u’||2 > C¢W22(Ga G/)a (15)

which makes even more explicit the hardness of recovering the unknown param-
eters of the contamination mixture model (described in the mixing distributions
(G,G") that parametrize the densities fy , and fa /).

The paper is organized as follows. First, a preliminary oracle inequality for L2
density estimation is established in Section 2. On the basis of this result, some
rates of convergence for the estimation of (A\*, u*) are deduced (see Section 3.2)
under some assumptions on ¢ presented in Section 3.1. Some lower bounds are
provided in Section 4, first in a strong contamination model (||p*|| > m with m
independent of n; see Section 4.1); and second, in a weak contamination model
(J|4]] can tend to O when m — 4o0; see Section 4.2). The main part of the
paper ends with a discussion in Section 5 that reveals several insights between
Wasserstein distances among mixing distributions and distances between the
probability distributions. Proofs of the upper bounds (resp. lower bounds) are
given in Section 6 (resp. Appendix C) while Section 7 provides the proof of
the link between some Wasserstein transportation cost among mixing distribu-
tions in our weak contamination model and the L2 loss. A few simulations are
presented in Section 8. Technical results are presented in Appendix A, whereas
Appendix B is devoted to a needed refinement of the Cauchy-Schwarz inequal-

ity.
2. A preliminary result on L? density estimation

2.1. Statistical setting and identifiability

We recall that we have at our disposal an i.i.d. sample of size n denoted
S, = (X1,...,X,), where the distribution of each X; is associated with a
two-component contamination mixture model. More precisely, we assume that
each X; admits an unknown density f* with respect to the Lebesgue measure
on R?, which is given by:

Fr= (L= A6+ Nl — ). (2.1)

In the following text, 6* = (A\*,u*) € (0,1) x R? refers to the parameters of
the two-component contamination mixture model. We assume that the density
¢ is a known function and that a real contamination of this baseline density ¢
occurs (A\* > 0). Finally, we assume that the unknown contamination shift p*
belongs to a bounded interval [—M, M]? where M > 0 is known.

Here and below, for any § = (\, u) € (0,1) x R%, we write:
fo=fau=0=Xo+ Ay,
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where ¢,, is defined according to the standard notation in location models:
Yu e R¢ O x— dx —p).

In particular, as a slight abuse of notation, we write f* = fo« = fa+ ,» and
(when the meaning is clear following the context) f = f; = f5 i for any estima-

tor 6 of 6*.

We aim to recover the unknown parameter 8* from the sample S,,. This might
be possible according to the next identifiability result, whose proof is given in
Appendix A.

Proposition 2.1. Any two-component contamination mixture model is identi-
fiable: fo, = fo, if and only if ; = 0s.

Such an identifiability result is well known in some more general cases up to
additional assumptions on the baseline density ¢ (see, e.g., [16] or Theorem
2.1 of [3] where the symmetry of ¢ is added to ensure the identifiability of the
general mixture model without contamination). Here, the fact that one of the
components of the mixture is constrained to be centered makes it possible to
get rid of any additional assumption on ¢. In particular, Proposition 2.1 holds
as soon as ¢ is non-negative with fRd ¢ =1.

2.2. Estimation strategy and oracle inequality on the L? norms

Our estimator will be built according to an optimal .? density estimation con-
strained to the contamination models. For this purpose, we first define a grid
over the possible values of A and p through:

Mpgn ={(Ap) AeA={N,... )2} and peM={u1,...,uq}},

where A, 9t will depend on n to obtain good properties both from the statistical
and approximation point of view. To obtain a good estimation of f* and 6*, we
adopt a SURE approach (see, e.g., [26]) and choose an estimator that minimizes*
| f* = fxull3 over the grid My on. Observing that:

£ = Faull3 = I1F7013 = =20F*, Fa) + 1 Fan

and since || f*||3 does not depend on (), ), it is natural to introduce the following
contrast function:

3,

2 n
YO ) € Maam ) = =23 uu(X) + [l
=1

leading to the estimator:

An, fbn) = ar min A L) 2.2
( n; ,Ufn) g ) EMa o ’Yn( 7“) ( )
n the following, ||.]|2 denotes the norm associated to the scalar product (gi,g2) =

Jra 91(x)g2(z)dz for all g1, g2 € L*(R)
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Our first main result, stated below, quantifies the performances of f .

Theorem 2.1. Let (\*, p*) € (0,1) x R?. Let (X, i) be the estimator defined in
(2.2). Then, a positive constant C exists such that for all 0 < o < 1:

s, 1+ a , . C log*(|IM
B - 18] < (T50) ,nt, = B+ e Bl o)

11—« M4, o 2c0

where | M on| corresponds to the cardinality of the grid Ma on.

It is worth mentioning that the result above is almost assumption-free on the
two-component contamination mixture model. Nevertheless, this result implic-
itly requires that the approximation term inf( ,yenty o /30 — 113 is com-
parable to the residual. In practice, this cannot be achieved unless we have an
upper bound on the range for possible values of p at our disposal. The proof of
Theorem 2.1 is given in Section 6.1.

We stress that Theorem 2.1 is not the main interest of our work. It is a minimal
requirement to further extend our analysis on the parameter estimation of the
mixture models themselves. In particular, the following question now arises: does
the fact thatf is a “good” L% estimator of f* imply that the corresponding 0
provides a satisfying estimator of 0* 2 The positive answer to this question is
the main contribution of our work and is described in the next section. In order
to establish this result, some mild restrictions on the class of possible densities
¢ are required.

3. Estimation of the parameter 6*
3.1. Baseline assumptions

We now introduce mild and sufficient assumptions for an optimal recovery of 6*
from the oracle inequality (2.3) (in terms of convergence rates). In the following,
we denote by C¥(R?) the set of continuous functions that admits & continuous
derivatives.

Assumption (Hs) The density ¢ belongs to C3(RY) NL2(R?).

The set of admissible densities considered in Assumption (Hg) is very large,
and contains many possible distributions (Gaussian, Cauchy, Gamma to name a
few). Note that it is also possible to relax the smoothness assumption and handle
piecewise differentiable densities with an additional symmetry assumption (see
Appendix A). Note that since all densities ¢ are continuous and in L2(R%), these
densities are necessarily bounded on R¢.

Our second important assumption is concerned with a tight link that may exist
between ¢ — ¢, and p itself. It requires a type of Lipschitz upper bound in the
translation model.



Gadat et al./Another 1.2 look at two-component contamination mizture 7

Assumption (Hy;,) The density ¢ satisfies:
JgeL’(RY) Ve eR? Vue[-M,M]"  [b(z) = du(2)] < [lullg(z), (3.1)

and g satisfies the integrability condition:

J = G (2)¢ (z)dx < +oo.
Rd
This assumption will be of primary importance to obtain estimation results on
the parameters of the mixture themselves. In particular, it will make it possible
to derive a relationship between the L? norm of ¢ — ¢,, and the size of ||ul|.
Hence, under Assumption (Hprip), a good estimation of the density f* for the
L2 norm is assumed to yield a good estimation of the mixture parameters.

Remark 3.1. Instead of listing all the possible densities that both meet As-
sumptions (Hs), (Hyip) (and later (Hp) introduced in Appendiz C for our
lower bound results), we will show that any log-concave distribution ¢ written
as:

¢ =e"Y  withUconvex such that ||VU| + |D*U|| = 0o (U),

satisfies these three conditions®. The relationships between (Hs), (Hyip), (Hp)
and the log-concave distributions are given in Appendiz A.3.

Remark 3.2. An easy consequence of Remark 3.1 (see also Proposition A.2)
is that the log-concave Gaussian distributions satisfy assumptions (Hs) and
(HLip) so that all the results displayed below apply to these situations. It may
be shown as well that our results apply for the Laplace distribution since the
smoothness assumption (Hgs) may be replaced by a symmetry property (see Ap-
pendiz A).

In the 1-dimensional Cauchy distribution case, we can compute ¢ — ¢,:

122 — | < Co(@)lul,

[6(@) = @u@)l = Inl g = A T2y S

for a large enough constant C. Hence, the assumptions (Hs) and (Hyip) are
satisfied with g = C¢ for the Cauchy distribution.
The skew Gaussian density® ¢ satisfies:

|9(z) — ¢u(x)] < 2¢(x) [¥(ax) — ¥(a(z — p)[+2¥(a(z—p)) [Y(z) — Pz — p)].
If we define g as g(x) = 4SUp(y_prp4 a0 V() X SUP_pr04ar) ¥(ad), we can

check that (Hs) and (Hyip) are satisfied. In particular, the integrability con-
dition (Hyip) is satisfied for large x because V(ax) — 1 when © — +oo.

2Hereafter oo (U) denotes a quantity negligible compared to U(z) as ||z| — +oo
31t is defined as ¢(.) = 21(.)¥(a.) where v and ¥ denote respectively the density and
cumulative function of a standard Gaussian distribution, and o an asymmetry parameter.
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Conversely, if t — —oo, we have:

P (2) $ [T @) (ax)]  sup  P*(t)x  sup  Tat)
[z—M;z+ M) [z—M;z+ M)

[amemz/2ea2z2/2} 6—($—M)2 % e—az(z—M)Q[a(x _ M)]—2

S e—(m—2M)2/4e—o¢2(r—2M)2/47

A

which leads to the integrability condition around —oo.

In the following text, we maintain a formalism that uses the two assumptions
of Section 3.1 for the sake of generality.

3.2. Comnsistency rates on the parameters (A*, u*)

We now use our assumptions on ¢ to deduce some rates of convergence for the
estimation of the couple (A*,u*) from the oracle inequality of Theorem 2.1.
According to the assumption pu* € [—M, M]? for some given M > 0, we define
the grid M,, = M op as:

M, = {()\ w: A= L p= W, p D) with pl) = :tﬁ

where i€ {l1,...,v/n}, je{l,....d}, k; €{1,...,My/n}}, (3.2)

so that the approximation term inf(y e, [|fr,n — f*||3 in Equation (2.3) can
be made lower than n~!, while keeping the size of log(|M,,|) reasonable and of
order dlog(n). The next result, whose proof is given in Section 6.2, explicitly
gives a non-asymptotic consistency rate of the estimation of p* in terms of the
sample size n, of the amount of contamination p*, and of the probability A* of
this contamination itself.

Theorem 3.1. Let (A, fin,) be the estimator defined in (2.2) with M., given in
(3.2). If ¢ satisfies Assumptions (Hs) and (Hyip), a positive constant Cy exists
such that:
o % . N C1log*n
Vn €N sup By [0 20200 — 2] < SL108°1
(A*,u*)€(0,1)x[- M, M]4

In the 1-dimensional case, an immediate consequence of Theorem 3.1 is that for
a fized couple (\*, u*):

N 2 2
B |[(L—1) | < Gilogtn
Ve P )
In particular, since p* is allowed to tend to 0 with n, the estimator i will be

consistent as soon as v/nA\*{u*}? — 400 as n — +oo. In a detection context, a
two-component mixture distribution can be distinguished from that of a single
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component as soon as /n\*|u*| > C for some positive constant C (see, e.g.,
[6] or [18]). Naturally, detection is “easier” than estimation in the sense that
the first task requires weaker conditions on the parameters of interest than the
second. Since the contamination level p* is assumed to be upper bounded, it is
worth observing that we implicitly require that A\* > 1/4/n as n — +oo.

Before checking the optimality of this result (see Section 4), we investigate
the estimation of the contamination proportion A\*. According to the previous
discussion, we will assume that A*||p* |2 is significantly larger than n~'/21og? n.
This ensures that the contamination level p* is consistently estimated. For this

purpose, we introduce the set ©,,(M, (£,),, A) indexed by a sequence (£y,)n:

_ ‘, _
O (M, (€n)n, A) = {0 =(\pu): Hﬂ”z\/ﬁ SAZA lplloe £ M} )

for some \ € (0,1).

Theorem 3.2. If ¢ satisfies Assumptions (Hs) and (Hpip) and the sequence
(n)n is such that lim, 1 oo lfﬁ = +o00, then a positive constant Cy exists such

that:

. Oy log?n
s Eaee [letPA -2 < R
(A% %) €O (M, (£n) 1, N) n

The proof is given in Section 6.3. Once again, we can immediately deduce from

this bound that:
A ? Cs log?
og-n
By e || & -1 | € =222 7
A </\* > = n{ VPV

which only makes sense when /nA\*||u*||> — +o0o as n — +00. We stress that
in the particular case of fixed \* and p* (w.r.t. n), these quantities can be
estimated at the classical parametric rate of 1/y/n (up to a logarithmic term).

4. Lower bounds

We now derive some lower bounds on the estimation of \* and p* and show
that our previous results are minimax optimal with respect to the values of n,
A* and p* up to some log? n terms.

4.1. Strong contamination model

For this purpose, we split our study into two cases and first consider the “stan-
dard” situation of a strong contamination, meaning that ||u*|| is bounded from
below by a constant independent on n: it translates the fact that the contami-
nation is not negligible when n — +o00. Let m and ¢ be two positive constants,

and:
c

0u(mc)i= {0~ s 1tz <0 m <l |
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Note that this still allows a weak effect of contamination since A* can be on the
order of n=1/2, In this case, we obtain the lower bounds that matches (up to a
log term) the upper bounds obtained in Theorems 3.1 and 3.2.

Theorem 4.1. Consider two positive constants m and ¢ such that 0 < mfﬁ <

1 so that ©,(m,c) is non empty. A density ¢ that satisfies (Hg) and (Hy;p)
exists such that:

(1) a positive constant Cy exists such that:

C
it s BN pl? = (41)
Q) (Ap) €O (m,c) "
(i4) a positive constant Co exists such that:
. N 2 C2
inf sup E[(A = A)*] > —, (4.2)
n

(X)/l) ()\7H)€®n(m»c)

where the infimum is taken over all estimators 6 = (X, i) in (4.1) and (4.2).

Even though the proof relies on a Le Cam argument and leads to a n~! rate, it
clearly deserves a careful study for at least two reasons: the loss is asymmetric
in (A, p) in ¢) and the balance between A,  and n is unclear. We give the proof
of this result in Appendix C.2.

4.2. Weak contamination model

We now study the situation when the contamination ||u|| is not yet bounded
from below and can therefore tend to 0 as n — 4oc0. Let ¢ > 0, and:

Onlc) == {9— (A, 1) : W < )\}.

Theorem 4.2. An integer N > 0 and a function ¢ that satisfies (Hs) and
(Hp) exists such that, for alln > N:

(1) a positive constant Cy exists such that:

N C
infsup B[l 0 -2 > &
(AA) (Ap)€Bn(c) n
(7i) a positive constant Co exists such that:
. . C’2
inf  sup  EN|pl?llp— Al > =
(M) (A\,p)E€OR(c) n

Finally, we should also remark that estimating p when A becomes negligible
comparing to n~!/2 appears to be impossible as pointed out in (i) of Theorem
4.2.
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5. Discussion
5.1. Related works on distances inequalities and mirture models

In this paragraph, we provide some additional remarks on the links between
several metrics used to describe mixture models in the particular situation of our
two-component contamination model. As pointed out in [24] and [13], relating
distances between probability distributions on the observations, and Wasserstein
distances on the space of mixture measures is a popular subject of investigation.
Of course, it makes sense when we handle some strong-identifiable models as
remarked in the cited previous works. We will rely the rates for estimating
contamination mixtures to rates for general mixtures. The latter are usually
stated in terms of transportation distance between the mixing distributions G.
For a contamination mixture, it reads:

Gy = (1= M) + Ay, (5.1)

where &y is the Dirac peak at §. More generally, for a mixture f = >, Xid,
where the components are parametrized by 6 € O, the mixing distribution G is
> Nido,.

The Wasserstein (LP)-transportation distances between two probability mea-
sures my and my on ) are defined by

WP(my,mg) := inf /dp(as7y)d7r(3c,y)7

mell(my,m2)

where II(mq,m2) is the set of probability measures on Q x Q such that their
marginals are m; and mso.

In [24], it is shown that the Total Variation distance denoted V'(fx ., fas,u+) be-

tween the probability distributions dominates the Wasserstein distance W1 (G ., Gax i+ )
if the model is identifiable in the first order. The comparison is then deteriorated

when the model is identifiable in the second order since in that case the bound
obtained in [24] becomes V (fx ., frs ) 2 W3(Gxpuy Gax ). Some other re-

lated bounds may be found in the recent contribution of [15].

Interestingly, some complementary results are obtained in [13] where it is shown
that the supremum norm between the probability distributions ||.||o. dominates
the Wasserstein distance W?2™~! where essentially 2m — 1 is the number of un-
known positions to be estimated in the mixture model (the m possible locations
and the m—1 dimensional weights distribution). Associated with the Dvoretzky-
Kiefer-Wolfowitz inequality, [13] then deduce some polynomial convergence rate
on the parameters.

A comparison between our results and those obtained in [13] cannot be easily
obtained. Indeed, in this latter contribution, the authors obtain bounds for
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generic mixture models, while in this current work, we deal with a specific
two-component contaminated model. Nevertheless, we provide below a short
discussion that shed some light on the links between our results and convergence
with Wasserstein distances.

5.2. Comparing Wy and ||.||2 in a two-component contamination
model

In this work, we have chosen to handle the L2 distance on probability distri-
butions, instead of V or |||/, nevertheless a relationship between ||.||2 and W,
should exist. The next result essentially states this dependency.

Theorem 5.1. For any density ¢ that satisfies (Hs) and (Hyip), a constant
cy > 0 exists such that:

V()‘a )‘/) € (Oa 1)2 V(‘Ll,’lj,l) € [_Ma M]d ”f)\,,u_f)\’,,u/HQ 2 C¢W22(GA,;L7GX,;L’);
where G, = (1 — X)dg + A,
Hence, f,, := fs., i defined by (2.2) satisfies

logn)?
Exe e [W(G5 s Gro )| SE (logn)®

fsp— Dewlls S

In other words, the .2 strategy investigated in this paper allows in fact to control
the Wasserstein distance between the estimated mixture distribution G b and
the target Gy« ,».

5.3. A lower bound on Wi in the strong contamination model

The following theorem provide a lower bound on the minimax rate of conver-
gence in term of the Wasserstein distance W7.

Theorem 5.2. Consider two positive constants m and ¢ such that 0 < nLZCﬁ <

1 so that ©,(m,c) is non empty. There exists a density ¢ that satisfies (Hg)
and (Hyip) such that

C
inf sup E[W?2(Gy -, —
() O)€On(me) T n

G)\,,u‘)} >

)

where the infimum is taken over all estimators § = (X, ), and C denotes a
positive constant.

The proof of this result essentially relies on the fact that the terms involved in the
lower bound displayed in Theorem 4.1 are explicitly related to W1 (G 5,40 Gap)-
By the way, using Holder inequality, it can be established that W; < Ws. In
particular, this indicates that the results of Theorems 5.2 and 5.1 are coherent.
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6. Proofs of the upper bounds
6.1. Preliminary oracle inequality

We first establish a technical proposition that will be used to derive the proof
of Theorem 2.1. For a given grid M gx, we first introduce the theoretical min-
imizer of the L2-norm on this grid:

Ao, =ar min — 3. 6.1
(i) =arg | min [~ 1°IB (6.1)

We then define &, (A, i) the empirical process indexed by (A, 1) € My on as:

£\ 1) = = 3 LX) = Frouno(X0) = [ = Frous 11}
i=1

For all (A, ) € My om, the term &, (A, 1) can be rewritten as:

3

EaO\p) = = SV~ BIY]) where Yi = 20fau(X0) — fann (X)) (62
In particular, E[€, (), 1)] = 0 and:
Var(V;) SE[Y7?] = AE[(fx,0(X) = Frouuo (X)),

~ / Fa(®) = Frop (@ F*(2)d,

A Dlloo s = Froumo 3,

since || f*llco < ||¢]loo. We will use a normalized version of this process below,
which naturally leads to the introduction of G, (A, p):

IN

En(A, 1)

VA ) € Maom \{(Xo, o)} Gn(Ap) = 7 ————
1 xn = Fromoll2
Our estimator (5\, i) defined in (2.2) satisfies the following useful property.

Lemma 6.1.

(1) For any (A, u) such that || fx.u— Fropollz > n—1/2.

n52

Vs >0 P(|Gn(A, )| > s) <exp | — . (6.3)
8116l 1+ 2]

(14) We can find C > 0 such that:

_ Clog®(|Mam|)
— n Y

E [gn(x, ﬂ)QnBc]

where B is the event defined as B = {Hf — Froollz < ﬁ} )



Gadat et al./Another 1.2 look at two-component contamination mizture 14

Proof. In this proof, C refers to a constant that is independent of n, whose value
may change from line to line.

Proof of (i): thanks to the Bennett inequality, we obtain for all s > 0:
P (190 (A p)| > 5)

< on 1282 s = Frooll )
- Sl0Tocll P — Franin B + 810l ccsl| Frs — Froupa2/3

ns?
exp | — — .
8l1¢lloo [+ sllfam = Fromollz /3]
Using the fact that || fa, — fag,ull2 = n71/2, we obtain:

n82

8llélloe [1+ 2]

P (IGa(A )| > ) < exp [ —

which is the desired Inequality (6.3).
Proof of (ii): observe that for all ¢ > 0,

E [gi(x,a)nsc} < +E [gi(;\vﬂ)ﬂ{\g"(f\,ﬂ)bt}n&} )

2+ E

IN

sup {G2 (A, u)1{|gn(x,u>|>t}}] ;
(Avl"):”fk,u_fko,uo HZ”il/z

< P+ > E [G2(\, 1) L{ig, (r0)|>t}] (6.5)
(/\uu'):”fk,u*fko,uo [>n—1/2

Integrating by parts, we can remark that:

+oo
E [G2(\ i) g, (ami>0y] = 2 P(IGn (A )| > t)+/tz P(1Gn (A, p)| > V)d.

Thus, if we choose t = (16H¢H°" 1°§(|MA’”‘D Vv 3) n~1/2, then t\/n/3 > 1, so that
for any s >t and for a fixed (A, p), (6.3) yields:

E [Gr (N )16, (am >1)]

+o0 3
< eXp(_log(|MA,Em|))+/ P (‘16(? >d$
t2 >

log?(|Ma,om|) 1 /*“ ( :wu)
< C . X +2 uexp | — du,
n M om| ¢ 16|/l oo

for large enough C', where the last line comes from the size of ¢ for the left-hand
side, and from the change of variable u = /7 in the integral. The remaining
integral may be integrated by parts, which in turn leads to:

log®(|Ma,m|) 1

E [G2(\, 1)1 . <cC x '
(GO )L {16, (w13 n | M o]
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If we plug the above upper bound into (6.5), we then obtain that a sufficiently
large constant C' exists such that:

g (Maanl) | [Maanl, _ Jog*(Maanl)
| M om| n

E G20\ i)le | < C
We are now interested in the proof of the oracle inequality.

Proof of Theorem 2.1. The best approximation term (g, o) over the grid M on

is defined in (6.1) and the event B = {IIf— Prosmoll2 < \/g} is introduced in

Proposition 6.1. On the event B, the situation is easy using the Young inequality
2ab < aa® + a~1b? so that for all o > 0,

N

E[If = 1505 < 1+ llfraome = FIE+ 1+ a™E[If = From 3]
1+at

< L+ ) fagme — FFI3+ (6.6)

We provide below a similar control on the event 5. First, observe that according
to the definition of (A, it), for all (A, u) € Ma on, we have:

Va5 )+ 17113 < (X 1) + ||f*||§,

& F =115 < faw = S5 +2 Z ff*>]

[ Zf)\,u f)\,u.af>‘|'

This inequality being true for (A, ) = (Ao, fo), we obtain:

1f = £H1305e < [[faomo = F11I5 + En(A, i) Lse.
This implies that for all 0 < a < 1:
5\ A~
Enlhoit) 4
”f f>\0 #0”2
o " o, o~ .
= f = 208 < W fxo = F¥15+ 1 = Fromoll3Tme + %gi(/\,u)]lﬁc-

||f - f*HgllBC < ||f/\o,,u0 f*||2 + ”f f)\mltoHQ

Using ||u + v||? < 2||u||? + 2||v||?, we then deduce that:

1+ )
(1-a)
We can conclude the proof taking (6.4) in (6.7), and (6.6) together. O

R 1 oo
I1f = f* 315 < 1 rom0 = F¥1I3 + 5-Gn (A ) Lse (6.7)
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6.2. Proof of Theorem 3.1

We aim to apply the oracle inequality established in Theorem 2.1. First, we
need an upper bound on the approximation term given by || fx, .o — /*I|3 when
(Mo, tto) belongs to our grid M,,. We can observe that for all (A, u) € (0,1) x R¢,

1 £x = f*13 11 =N+ Ady — (1= X))o = N¢pe |13
= O = N{6— o} + X {du — 0 Hi3 (6.8)
200 = N0 = b3 + 2{N P2 ll6 — b 13-

Using Proposition A.1, we can find two positive constants % and k such that:

IN

V(o) € R RT wllp— Al* < ll¢n — dall3 < llw— A%, (6.9)
which in turn implies that:
1 Fxp = F713 < 8lol3" = N)? + 2R {A}2 i — ||,

In particular, the definition of M,, given in (3.2) makes it possible to find a
constant C' > 0 such that:

Q

framo = FI8 =, inf = I3 < (6.10)

At the same time, observe that (6.8) leads to:
If =115 = =226 = alls + XY llop — dur 13
F2(ANT = M)A — O, i — D).
Using Proposition B.2 with a = i and b = p* — & and (6.9), a positive constant
c exists such that:
I1f = £*113
> (N =22l — dallz + A Yo — o I3

2N = A X116 = Ballallon — e ll2 (1 = cllé = 6,0 13)
> (V= 220 = 6all} + X165 — 013

=[O = 220 = 6all3 + V65 = 6- 18] (1 = cllé = 0,013)
> o3 = 06— 6all3llo — b I3 + TN V85 — b 3116 — 00 1.

We then obtained the crucial inequality:
1f = 7115 = ea® N = D2 Nall? [l )? + ex” NPl — w1 (6.11)

We see here the central role of the refinement of the Cauchy-Schwarz inequality
(see Appendix B) to obtain a tractable bound that involves the parameters of
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the mixture themselves, from the bound on the L2-norm of f — f*. We now use
the oracle inequality on ||f — f*||3 to deduce that a constant C' > 0 exists such
that:

N2~ 121~ N Clog®n
E | = 22[al? e + Y21l — w IIQ} S — (6.12)
In particular, we immediately deduce from (6.12) that:
. Clog®n
E NPl — 7] < —>—,
This result is uniform in (A\*, u*), we obtain the proof of Theorem 3.1. O

Unfortunately, we cannot directly use a similar approach for the estimation of
A*. Indeed, we have to first ensure that  is close to p* with a large enough
probability.

6.3. Proof of Theorem 3.2

Let B and D be the events respectively defined as:

B= {Ilf— Frosmollz < \/:} (6.13)

P= {|gn<;m| < 16”¢|<>o31i>/gﬁ<nMn> }

Below, the control of the quadratic risk of 4 will be investigated according to
the partition B, 8N D and B° N D°c.

and

(6.14)

Control of the risk on B Equation (6.6) together with (6.10) indicates that:
5 C
If = f15 1s < —.
n
Then, Equation (6.11) implies that:

* |2
. _Clwl

i — " 15 < <
32 |2 e

(6.15)

Control of the risk on B°ND  On the set B°ND, we apply Inequality (6.7),
which yields:

R * 1+Oé) « 1 I
IF =P twon < T e~ £+ 3G o
L R M)

n
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for some positive constant C. Since the size of My, an, | is a polynomial of n,
we can find a constant C' such that Equation (6.11) leads to:

log?n < Clog2 n

R S [ (6.16)
nA NP2 ||| e

= p* | Agerp < C

Since we assume that (A*, u*) € 0, (M, (€n)n, \) with £, /logn — +oo when
n —» 400, Equations (6.15) and (6.16) imply that for large enough n,
]2

N 2
i = w17 L + Lperp] < 7=

Remark that for any x and y: ||z — y|| < @ implies that [ly|| > 2|ly|| — 2|zl
(using the triangle inequality), which in turns yields ||y|| < 2||z||. Applying this
simple remark to the former inequality leads to:

¥ 5 + Lgerp) < 4|4l [1p + Lpenp) - (6.17)

Control of the risk on B°ND¢ Applying (6.3) we can check that:

slQ

P(B°ND°) <P(D°) <
for some positive constant C'.
Synthesis Using (6.17), a large enough N exists such that for n > N:
E[(A = X2 [lw* 1)
E() = )21 (L + Loerm)] + EIA = X2l [*Lserpe),

< AE[A = X2 IPIAl%) + M UB(D),
< ClogQ(n)’
n

for some constant C' > 0, according to (6.12). This result being uniform in
(A%, w*), we obtain the proof of Theorem 3.2. O

7. Link between the ||.||2 norm and the Wasserstein distance(s)

Proof of Theorem 5.1. Below, we will establish that the following inequality
(stated in Theorem 5.1) holds:

W24(G/\,;u G/\Cu’) S ||f>\,u - fA’,u’”%- (7-1)

Ezpression of Wy: below, we make explicit the link between the L2—loss on
the densities f , and fy .- and the Wasserstein distance between G, = (1 —
A)do + X6, and Gy = (1 — XN)dog + Ny, where , refers to the Dirac mass
at point a. First, we provide an expression for the term Wy(Gx ., Gy ). Since
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the role played by (A, u) and (N, ') is symmetric, in the following, we assume
without loss of generality that A < X'. First, the quantity Wa(Gx ., Gy ) can

be rewritten as

W3 (G Gy ) = nf [qualli/II” + aza |l + qoallpe — 117

where

Q={q=(q11,q12,021,922) €0, 1]*: qu+qr2=1-X; a1 +qu=X; qu+a=1-X; qa+qa=X\}.

After some computations, the set Q can be rewritten as

Q:{qe [0,1]4:
Hence,

W22(G>\,w GNM’) =

q2=N —q; @1 =\—qu; Q11=1—/\—/\'+QQ2}-

q22E€[(A+X —1)VO0,)]

The last equation yields

VV22 (GMM G/\’,u’)

inf

[V = a2l II” + (A = az2) |l + gqoallpe — 1117 -

(7.2)

(N = /I + Mg = )12 i |l 12 = = 1

=q Allel® + X

(L= Xl

if [l + 017 < lp— o] and A+ X <1,

+ @ =N+ A+ X =Dl =23l + [1p]? < [l = p']* and A+ X > 1.

Upper bound on Wy: The previous expression for Wo(Gy 4, Gy ) allows to

prove that

W3 (G G ) < (N = M)W/ P + Ml — /1% (7.3)
Indeed, according to (7.2), this bound turns to be an equality when ||u|* +
1112 = [l = '1I*. When, [|]]? + (||| < [ — /|| and A+ X < 1, we have

N = DN+ M= 2+ MU 1P A+ Dl = Nl = 1112)
N =P+ Ml = 'l
In the last case displayed in (7.2), namely when || p||?+|4/]|? < ||p—p/||* and A+

W22(G>\,w G/\Cu’)

A > 1, we obtain
W22(G/\,/u G/\’,u’)

Wzg(G/\,w G/\*,u*>

IA

N

(VAN VAN VAR VAN VAN

(1= Xl + (@ = D1+ A+ X = Dl = |2

N = NN+ Al = @12+ = X) [P A+ Nl = e = 1117] -
N = NI+ Nl = /|12

This entails (7.3). We get from this inequality, still assuming A < )

p Y

(

(
(
(
(

)\I
)\l
A/
)\I

MNP+ Ml = |17

M 1P+ Mgl + D Dl = 21

M 1P+ Nl + X Dl = 21,

M Ml = M e = 1+ Ml + A D= 21
M el + 2 all + Xl Dl = -
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From this latter inequality, we obtain

W3 (Ggus Garr) < 8T = X212 el® + Ml + X111 — u’IIQ](- |
7.4
In the other hand, Inequality (6.11) indicates that
1fxm = Sxell3 = e (N = N2l 17 + e NP 1Pl — 2117

Since the role played by (A, p) and (X, p’) is symmetric, we obtain in fact

| Fxn— w3 > e (X =22 a2l |+ ({/\} /1 + A2 ) =112,

which together with (7.4) implies (7.1). Usmg this inequality with f5 ; and
frr u+, and according to Theorem 2.1, we conclude the proof of Theorem 5. 1 O

Proof of Theorem 5.2. The proof is a direct consequence of Theorem 4.1 and of
a lower bound on the Wasserstein distance W; between two-components mixture
distributions. First, assuming without loss of generality that A’ > X and as the
computation of Wy in the proof of Theorem 5.1, we obtain that

Wi(Gx ', G = inf N — ! A— — |-
G Gr) = inf Y = g+ (A= ) ]+ el = )

The infimum being achieved at goo = A\, we get that
Wi(Gr s Gap) = (N = NI+ Ml = 1]
In particular, we have

E[W (G5 Gan)l 2 DN — f”],

for any estimator (\, /). This inequality, together with item (i) of Theorem 4.1
leads to the desired result. O

8. Simulation study
Distributions

In this section, we assess the performance of the L2-estimator given in (2.2)
on four particular cases (d = 1) of baseline density ¢. We study the following
features:

1.2
1 -5

Standard Gaussian case with ¢(z) = Nork

e Non-smooth distribution with the Laplace density ¢(x) = %e*m.

Heavy tailed distribution with the Cauchy density: ¢(z) = m
Asymmetry with the skew Gaussian density: ¢(z) = 2¢(z)¥(ax), where
1) and W, respectively, denote the density and the cumulative function of
the standard Gaussian distribution and where « is the asymmetry param-
eter different from 0 (in the simulations, we fix @ = 10). This example
of asymmetric distributions has been introduced in the recent work on
mixture models of [20].
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Our estimator requires the calculation of the contrast -+, and, in particular, the
value of the L2 norm:

I£xill3 = [N+ (1= N2 HIl3 + 2A(1 = A){&, é),

that involves the value of inner product (¢, ¢,) for any value of the location
parameter p € [—M, M]. In the first three examples of distributions, a closed
formula exists:

e Gaussian density: (¢, ¢,) = (47) "2 exp [—1p2]
e Laplace density: (¢, ¢,) = ie‘l’il(l + |u))
2

® Cauchy density: <(]S, ¢H> = W

Unfortunately, such a formula is not available (to our knowledge) for the skew
Gaussian density: there is no analytical expression of (¢, ¢,). Instead, we used
a Monte-Carlo procedure to evaluate this quantity for each value of p in our
grid M,, given in (3.2). To obtain a sufficient approximation of these inner
products, we used a number of Monte-Carlo iterations Th;c each time of the
order Tprc o n? (where n will be the sample size used for our estimation
problem).

Statistical setting

We have worked in 1-D with a fixed value of \* = % while p* is allowed to vary
with n. Below, we used the following relationship between p* and n:

N 1 . «
K= with V:ﬂ,ae{l,...ﬂél}.

For each value of the parameter p*, we used 102 Monte-Carlo simulations to
obtain reliable results, while the grid size is determined by fixing the maximal
value of the unknown |u*| as M = 10. Finally, we sampled a set of n = 5000
observations each time.

In Fig. 1, for each case of the mixture model, we represent the evolution of the
mean square error for the estimation of \* and of p* when v varies between
1/24 and 1:

1 10° X
v — MSE()) = 73 > (= a2
j=1

and
| Lo
v — MSE(u) = 108 Z (i — w*)*.
j=1
As pointed out in Fig. 1, the estimation of A* and p* performs quite well as

soon as v is lower than 1/2 but becomes completely inconsistent when v > 1/2,
even if we use a sample size of 5000 observations.
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Gaussian
Laplace

Cauchy Cauchy

Gaussian
Laplace
Skew Gaussian| | 451 Skew Gaussian||

Fic 1. Mean square error of estimating A\* (left) and p* (right) for the 24 values of v in
descending order.

We also represent the violin plot of these estimations indicating the same be-
havior in each particular case (Gaussian and Laplace in Fig. 2; Cauchy and skew
Gaussian in Fig. 3).

Again, a similar conclusion holds: the estimators derived from (2.2) exhibit a
low bias and variance when v is chosen small enough (lower than 1/2; which
corresponds to values greater than 12 in the horizontal axes of Figs. 2-3). In
contrast, the estimation is seriously damaged for values of v greater than 1/2
(which corresponds to values lower than 11 in the horizontal axes of Figs. 2-3).
Finally, it should be noted that the shape of the density ¢ does not seem to have
a big influence on the estimation ability, even though the Cauchy distribution
settings may be seen as the most difficult problem (as represented by the green
MSE in Fig. 1).

25
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F1G 2. Evaluation of \* (on the left) and p* (on the right) for our estimators when Gaus-
stan miztures (top) and Laplace miztures (bottom) are considered, for the 24 values of v in

descending order.

Appendix A: Technical results

A.1. Identifiability result

Proof of Proposition 2.1. We assume that two parameters 61 = (A1, 1) and
02 = (Aa, o) exist such that fy, = fo,. In that case, consider the Fourier
transform of X whose density is fg,. This Fourier transform is given by

ex (&) = B[ %] = [(1 — A1) + Ae'1] 4(¢),

where QAS is the Fourier transform of ¢ and i is the complex number such that
iZ = —1. Since fs, = fo,, we then deduce that:

Ve e RY

[(1=X1) + Me€] G(€) = [(1— Xa) + Aae'*2] §(€).
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5 10 15 20 5 10 15 20

Fi1c 3. Evaluation of \* (on the left) and p* (on the right) for our estimators when Cauchy
miztures (top) and skew Gaussian miztures (bottom) are considered, for the 24 values of v
in descending order.

Since ¢ € L'(R%), ¢ is continuous and cannot be zero everywhere. Thus, we can
find an open set I C R? such that ¢(¢) # 0 in I and the Lebesgue measure of [
is strictly positive. Hence,

VEET (1—Ap)+ e = (1= \g) + Age's®h2,
and from the analytical property of the exponential map, we deduce that:
veel (1=X1)+A [cos(Eepy )+isin(Eopur)] = (1—Aa)+Aa[cos(Eops)+isin(Eopus)]
Identifying now the imaginary parts yields:

veel A1 sin(€ e py) = Aasin(€ o pg).
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If we write iy = (,ugl), e ,,u(ld)) and o = (,ugl), e ,,uéd)), we deduce that

d d
VE= (&1, &) A |sin(€apdY) cos(Y &) + cos(erpt”) sin(Y gui”)

Jj=2 Jj=2

d d
= o [sin(€p15") cos(3_ &us") + cos(é1ps”) sin(> &)

j=2 =2

Considering now the function of the variable &, it is classical that the fam-
ily of functions (£ — sin(a1&1),& — sin(aséy)) is linearly independent if
and only if |ay| # |az|. We can deduce that, necessarily, ,ugl) = i,uél) and
therefore cos({l,ugl)) = cos(§1ugl)), which shows that A\; sin(Z?:2 gjugj)) =
A2 Sin(z:;l:2 @-,uéj)) for all £ € I. We then end the argument with an easy recur-

sion: we obtain that A\q sin(fd,ugd)) =X sin(gdugd)) so that ugd) = iuéd). Since

A1 and Ay are positive, then u§d) = uéd), which in turn implies that ugj) = uéj)
for all the coordinates j € {1,...,d}. O

A.2. Connection between ||¢p — ¢,||2 and |u|

Proposition A.1. Let any M > 0 be given and assume that ¢ satisfies (Hg)
and (Hyip), then two constants 0 < k < K < 400 exist such that:

V(p, i) € [=M, M) [-M, M)* gllp—ql? < lép—oal3 < ®llp—al? (A1)

Proof. We prove the upper and lower bounds separately. According to the shift
invariance of the L2 norm, we only establish these inequalities when & = 0.
Using (Hrip), the upper bound simply derives from:

6= 6,1 = | | 16(0) = ota =)o < [ Inlg*@)dz = [lPlal},

which is the desired inequality if we choose & = | g||?>. Concerning the lower
bound, we have:

60) — 6 -l _ [ [é) - oz -w]*
Ik "Ad[ Tl ]d'

We write p1 = ||ulle where e is a unit vector of the sphere. Inequality (3.1)
brought by Assumption (Hy,p) makes it possible to apply the Lebesgue conver-
gence theorem, which implies:

lo0) =6 —mI? [ o) —da-m]*
il —0 [ 2][2 B /Rd H}AHO { ] } o
Vg eel® = [|de[o]]| > 0.
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Indeed, ¢ being differentiable (¢ € C*(R?)), % — de[¢](z) almost

surely when |p|| — 0.

2
Now, ¢ is continuous and % : p — ‘|¢|‘;¢|"‘§|‘2 € C([-M, M]4, R) from the
Lebesgue convergence theorem. This continuous map ¢ attains its lower bound
on [—~M, M]?% and the identifiability result of Proposition 2.1 implies that this

lower bound is positive. This leads to the existence of k£ > 0 such that:

16 = Buull3 > s>

A.3. Log-concave distributions

In this section, we establish that most of the log-concave real distributions satisfy
the assumptions (Hs), (Hyip) and (Hp). For this purpose, we introduce the
associated class of probability measures:

LC:={¢p=e"Y:U is convex,U € C*(R") and |VU| + | D*U|| = 0ss(U)} .

The set of possible densities is rich and contains Gaussian or Gamma distribu-
tions. However, the set £C does not capture the situation where U(z) = el*! or
U(z) = ¢*” since U exhibits variations that are too great for large values of z.

Proposition A.2. Assume that p varies in [—~M, M| and that ¢ € LC. Let
e € (0,M). If we set:

9(x) = g1(z) V g2(x) V g3(x)

with

SUPccs1 f[IfMe’z] <V¢(u)7 €>2du SUPccst f[z,erMe] <V¢(u), €>2du
0i(x) = : () = : ,
and

gs(x) := sup [[Vo(u)ll.

u€EB(x,z)

Then, (Hyip) and (Hp) hold:

i) Ype[-M,M]? VezeR?  |¢(z) — du(2)| < |lull g(@).
ii) g6~/ € L2(RY)
ZZZ) D2¢¢_1/2 c L2(Rd)

Proof. We provide a proof in the case when ¢ € C2. This proof can be extended
when ¢ € CfJ according to some small modifications that are left to the reader,
it then makes possible to extend our results to the Laplace distributions for
example.

Proof of (i): Remark first that Yu € [—M, M]¢, a unit vector e € St exists such
that © = ||u|le and in that case

Ve eRT [g(x)— u(x)| =

v / (Vo.e)2,

[e—p.]

[ et
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where [x — u, 2] refers to the segment that joins x — u to x in R? and the last
upper bound comes from the Cauchy-Schwarz inequality. Let ¢ € (0, M). If
llpell € [e, M], we obtain that:

[¢(x) — dpu()] < [lpll (92(2) V g2()) ,

where g1 and go are defined in the statement of the Proposition. Finally, we
should remark that if ||| € [0,€), then

[6(x) — du(@)| < llull sup [[Vo(uw)| = [|ullgs(2).
u€B(z,e)

It proves that g = g1 V g2 V g3 satisfies the desired inequality.

Proof of (i4): In order to prove that g¢~1/? € L2(R?), we separately prove that
gio 71,9397t and g2¢! belong to L*(R?). We should remark that since g1, g2
and g3 are continuous functions, then we only have to check the integrability
when ||z|| — 400. g1 and g2 are rather similar and we only handle the inte-
grability of gZ¢~1.

We write

F@)é @) = V@ sup / (Vo(u), ) 2du
eeSt J[z—Me,x]

e~ sup eU(I)/ (Vo(u),e)du
ecS? [t—Me,z]

e ! sup eU(x)/ (VU (u),e)?e 2V dy .
eeS?t [t—Me,z]

=G ()

At this stage, we are driven to consider the 1-dimensional fonction U.(t) =
U(z + (t — M)e), which is a convex function. We then have

M
Ge(z) = eUe(M)/ U!(s)2e2Ue()gs.
0

We shall now produce a 1-dimension argument with the convex function Uk.
We assume that U.(M) > U.(0), and know that U, is an increasing map and
positive:

M
Ge(z) < Ué(M)eUe(M)/ Ué(S)e_ZUe(s)ds
0
2U(x—Me) __ 672U(z)
2

< <VU('73)7e>e—2U(z—Me)+U(m).
- 2

The mean value theorem leads to:

3¢ € [t — Me, z] U(x—Me) =U(z) — M{(VU(E),e) > U(x) — M(VU(z),e).

< (VU (), e)eV @
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Consequently, we obtain:

Go(w) < <U($)v6>6—U(m)+2M\|VU(m)H
- 2

The density ¢ € LC and we can find K large enough such that:
Ve > K VYeeS'  —U(x)+2M|VU(z)| < —(1-nU(z)

For such an z, we have G, (z) < ~YY&ke o~(1-mU() ¢ L1(RT),
Concerning g»(x)¢(z) ™!, we can produce an almost identical argument left to
the reader. We now consider g3 ¢~ ':

G (2)p N (2) = sup [[VU(u)|2e 2V (@+UE),
u€B(z,e)

If u € [x — €, z], the mean value theorem leads to:

Uw) = Uz)—{(x —u),VU(E)) with £ €]u, z|
> U(x)*EBS(up)IIVUII-

Using the fact that || D2U|| + ||VU|| = 000(U), we can find a positive constant
C > 0, a parameter 1 € (0,1) and for K large enough such that V|z|| > K:

[Ul(w)?e 27 < OljU () e~ =PV, (A.2)

Thus, (A.2) imply that gigqﬁ*l € L*(RY). As a maximum of three functions in
L' (R%), we deduce that g?¢~! € L!(R9).
Proof of (#ii): A direct computation shows that, almost surely:

{djj0y?07" = [dj;U —{d;UY*PPe™" < 2{dj;Ue™" + 2{d;U} e,
Again, using the fact that ||D?U|| + [|[VU| = 00o(U), we can find a positive

constant C' > 0, a parameter n € (0,1) and a large enough K such that V||z| >
K:

{djU(@)e”@ < Cdj;U(x)e” -0V
< Cdi(dU(x)e ) £ O =) {d;U () e 1m0
< Cdi(dUx)e V) £ O (1= n)d;U(w)e V),

which is integrable when ||z|| — +00. A similar argument leads to d;U%e~Y <
Cd;Ue~(1=MV_ We can repeat the same argument when ||z| — —oo with an
adaptation of the sign of d;U(z). We can conclude that {d;;¢}?¢~! € L}(R?).

O
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Appendix B: Refinement of a Cauchy-Schwarz inequality

In this section, without loss of generality, we normalize the density ¢ to 1 over
R?, meaning (with a slight abuse of notation) that:

VueR?  ulla=1.

In what follows, we assume that ¢ satisfies (Hs) and (Hy,;p). In particular, these
conditions imply the “asymptotic decorrelation” of the location model.

Proposition B.1. Assume that ¢ satisfies (Hgs), then:

<¢7 ¢a> =0.

im
llall—>+o0

Proof. The continuity of ¢ implies that ¢ is bounded by a constant X on R¢
and that:
¢(z) =0,

im
lzll—+o0

which in turns implies that:

(¢, ba) = |\a\|h—n>1+oo/¢(x —a)p(z)dx =0,

lim
lla]|—+o0

from the Lebesgue dominated convergence theorem. O

B.1. Main inequality

We are interested in Proposition B.2, which can be viewed as a refinement of
the Cauchy-Schwarz inequality. Its proof relies on somewhat technical lemmas
that are given in Appendix B.2, and on the following ratio:

R(a, b) — |<¢_¢aa¢a+b _¢a>| o |N(a7b)| (Bl)

B “¢_¢a‘|2”¢a+b_¢a”2 o D(avb) .

According to Lemma B.1, the function (a,b) — R(a,b) defines a continuous
map as soon as a #* 0 and b # 0.

As indicated above, Proposition B.2 is crucial for the proof of Theorems 3.1 and
3.2. At this stage, a standard Cauchy-Schwarz inequality would then conclude
that R(a,b) < 1. Indeed, such an upper bound is not enough for our purpose
and we need to improve it when R becomes close to 1. To obtain such an
improvement, we will take advantage of the fact that each ¢, belongs to the
unit sphere (i.e. ||¢q|l2 =1 for all a), of the identifiability of the model, and of
the asymptotic decorrelation when the location is arbitrarily large: (¢, ¢o) — 0
as |la]] — +o0.

The main ingredients of the proofs will then use some continuity and differen-
tiability arguments associated with multivariate second- and third-order expan-
sions of the numerator N(a,b) and denominator D(a,b) involved in R(a,b). It
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FIG 4. Roadmap of the proof of Proposition B.2 with the associated partition of R* x R%.

appears that the next inequality will be shown to be “easy” as soon as a and
b are located outside the diagonal, meaning that a + b is quite different from
0 since in that case R will be shown to be lift away from 1. This behaviour is
described in Lemma B.4 (see also Figure 4).

The situation when a is close to —b is more involved and the joint behaviour
of ¢ — ¢q and ¢q — dgrp will be crucial. To quantify this link, we will need to
consider two cases: first when the diagonal a + b = 0 is itself near the origin
a =b =0 (Lemma B.3), second when the diagonal is far enough from the origin
(Lemma B.2) (see Figure 4).

The main result is stated below and the demonstration follow the sketch of proof
described above.

Proposition B.2. If ¢ satisfies (Hs) and (Hyrip), then a constant ¢ > 0 exists
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such that V(a,b) € R? x R?:
2
(6 = Gas Bats — 6a)| < 16 = Gall ll6ass — dally (1= cllé = usall}) . (B:2)

Proof. The proof relies on a partition of R? x R? that is detailed in Figure 4.
Note that when a = 0 or b = 0, Inequality (B.2) is trivial. We then consider the
cases where a # 0 and b # 0.

Around the diagonal a +b = 0, Lemmas B.2 (far from the origin) and B.3 (near
the origin) show that a couple (e, c.) exists such that:

la+0]| < € = R(a,b) <1~ ccll$ars — SII5.

Therefore, Inequality (B.2) is true near the diagonal when |a + b| < e.
Now, outside the diagonal, Lemma B.4 shows that a constant for the value of
e > 0 found above, a constant ¢. exists such that:

la+0b|| > e = R(a,b) <1-—E¢.

Since ||@a+s — ¢[|3 < 2, it also implies that:
Ce
la+ ]l > e = R(a,b) < 1= [l ¢ats - ¢ll3.

Then, Equation (B.2) holds outside the diagonal, it ends the proof. O

B.2. Technical lemmas
B.2.1. Properties of the location model (¢q)qera

In the following text, we will have to compute several Taylor’s expansions that
involve (¢g4)qcre and its successive derivatives. The d-dimensional Euclidean
scalar product is denoted by:

d
Y(z,y) € R x R? xoy::Zajiyi.
i=1

This notation should be distinguished from the one of the scalar product among
L? functions: (f,g) = [ f(z)g(z)dx. Finally, note that for any differentiable
functions, the derivative of any function f : R — R in any direction e € S in
any position = € R? is

delf)(@) = lim 1ET5) = 1@)

s—0 S

Now, some standard arguments of geometry yield

de[fl(x) = V(x)ee.
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We also introduce the successive derivation notation applied on a twice differ-
entiable function f:

Y(u,v) €S x S' Vo e RY  dy,[f] = duldu[f])-
Note that if f is C?(R?), the Schwarz equality holds dy, . [f] = dy u[f]-

Proposition B.3. If the density ¢ satisfies (Hyip) and (Hs), then for any
unitary vectors (u,v) € St x St:

(1) (p,ue Vo) = (¢,du[¢]) = 0.
(i1) (du[8)], du,v[0]) = 0.
(Z”) <du[¢]7du,v,v[¢]> = _<du,u[¢]v dv,'u [¢]>
(iv) For any a € (RY)* and e € S', Vo ee and ¢ — ¢, are not proportional.

Proof. Ttem (i) If ¢ is C!, then the conclusion is immediate because

de [Q;?] =g¢eeVop.

Since e is a unit vector, we can find an orthonormal basis (e; = e, ea,...,e4) and
(i) then comes from direct integration over R? of d.[¢?/2] because the Jacobian

of the change of basis has value 1.
Ttem (i4) proceeds from the same kind of argument by considering

dy {d“gb]Q

| = dufeidu.fel

and using a change of coordinate with v.
Item (7i¢): this identity is obtained using an integration by parts.
Ttem (iv): we assume that:

INER VzeRY  d.f¢)(z) = No(x) — d(z — a)] (B.3)

If A # 0, it implies that d.[¢] is continuous everywhere (since ¢, and ¢ are
continuous). Considering =* € arg max ¢, we use (B.3) to obtain:

Vo(z") = 0= de[¢](z7) = 0 = ¢(27) = ¢(z” + a).

In particular, we cannot have lim,| 100 ¢(z) = 0, and ¢ ¢ L?(R?). We deduce
that, necessarily, d.[¢] = 0 everywhere, meaning that

VreR? VseR ¢z +se) = d(x).

This last equality is impossible because the location model is identifiable. [

B.2.2. Properties of the ratio R

Lemma B.1. The function R defined in (B.1) is a continuous function on
{RI}* x {R4}* and is bounded from above by 1. Moreover, we have:

R(a,b)=1<=a+b=0.



Gadat et al./Another 1.2 look at two-component contamination mizture 33

Finally, we have

o (dels). 6 — 8)
Vb e {R*}* VeeS hm R(se,b) = de[B]ll2][6 — b2 <1,
and
, L 1 , |<de [(b]v der [¢]>|
V(e,e') €S* xS e#e :>(”1/1§n_>03(8686> m<l'

Proof. The continuity of R when a # 0 and b # 0 is clear from the Lebesgue The-
orem because (Hp;p) implies that |¢(z —a) — ¢(x)| < ||allg(z) with g € L2(R?).
We now consider the behaviour of R when a or b are close to 0.

e When b # 0 is fixed and a — 0, the assumption (Hpip) implies that |¢(x —

a) — ¢(z)| < ||la|g(x) with g € L2(R?). We can apply the Lebesgue Theorem
and obtain, when a = se — 0,

N(se,b) = / O(2) — Buo(@)][Bress (@) — de(@)lde
/d — ¢(x)]dz  when a — 0.

A similar computation shows that, when a = se — 0,

D(se, b) ~ s\//de[ dx\// x)]%dx.

Hence, R(se,b) has a limit when s — 0 and b # 0 is fixed. For the sake of
convenience, we keep the notation R(0,b) to refer to this limit and the Cauchy-
Schwarz inequality shows that:

(e @V, dp — ¢)|
le @ Vollall¢p — Sll2

For symmetry reasons in a and b, the same results hold for a — R.(a,0).

R.(0,b) := lim R(se,b) =
s—0

e The situation may be dealt with similarly near (0,0), the Lebesgue Theorem

yields:
[N (se, s'e)] _ |{de[¢], der [8])]
D(se,s'e’) (s,5)—(00) [|de[¢]l|2/|der[9]]]2

If d.[¢] and d. [¢] were proportional, then A exists such that d.[¢] = Ade[¢@]
everywhere, meaning that for all x in R?, the function s — ¢(z + s(e — \e’)) is
constant, which is impossible because considering the variation of ¢ on the line
x* + s(e — Ae’) where z* = argmax ¢. Therefore, the limit is also strictly lower
than 1. 0

The next lemma concerns the behavior of R around the diagonal a+b = 0 when
a or b are not close to 0.
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Lemma B.2. For any n > 0, we can find € > 0 such that:
Viall 2n Ykl <e  R(a,—a+h) <1—cyllén—ol5.
Proof. To establish the desired inequality, remark that:

R(a,—a+h) <1—c|¢n - oIl
<= N(a,—a+h) < D(a,—a+h) —c||én — ¢||5D(a, —a + h)
< D(a,—a+h)— N(a,—a+h) > c||¢n — ¢|3D(a,—a+h). (B.4)

Point 1): Taylor expansion of N and D.
We use a Taylor expansion when h = o(1) and compute:

N(aab) - N(a77a+h):<¢7¢m¢h7¢a>

t 2 _
6 6l — (ho Vo0 — ) + & nPELZ0D L oaye)

where the o(||h]|?) is uniform in a € B(0,71)¢. In the meantime, we have:

D(a,b) = D(a,—a + h)

ll¢ — ¢a||2\/||¢ — ¢al3 —2(h eV, ¢ — ¢a) + [l V|3 + h(D?¢, ¢ — ¢a)h + o([[2]]?)

2o 16— ) heVOIE+ (D6, 6 — du)h
— bal2]1— 2
o 4’”2\/ e 16— 6al2
= ||¢7¢a||§7<h’v¢v¢*¢a>
+(nh-wsn% (D%, 6 — d)h (1o Vb, — ba)?

_ h2
5 2 26— oul2 )“’(” %)

where the o(||h]|?) is uniform in a € B(0,7)¢. Consequently, we obtain:

+o([[n]?)

D(a,—a+h) — N(a,—a+h)

1
= g2 [Ihe V8I5lIé — dull — (h e Ve, & — 6a) h||2)B.
2H¢_¢QH% [” Volallg — dallz — (h eV, — da) ]+O(|| IFXB.5)

The main term of the right hand side is obviously non negative from the Cauchy-
Schwarz inequality. But it requires a deeper inspection to establish Inequality
(B.4). We introduce the following parametrization: h = ||h|le where e € S*.
Equation (B.5) yields

h 2
Dla,=a+ h) = Nla.—a-+ ) = 5o tgii(e.a) + of ),

where the o(||A]|?) is uniform in @ € B(0,7)¢ with v given by

P(e,a) = |le e Vo3¢ — dall3 — (e @ Vi, d — ¢a)?.



Gadat et al./Another 1.2 look at two-component contamination mizture 35

We shall prove that

min min e,a) > 0.
min QEB(O,W)Cw( ,a)

Point 2): 1 is uniformly lower bounded.

We remark first that ) is continuous over S! x B(0,7)¢ and for any vector e € S
and any a € B(0,7n)°, we know that 9 (e, a) > 0 since we have seen in the proof
of Lemma B.1 that d.[¢] and ¢ — ¢, cannot be proportional each other.

We study the behaviour of 1) when ||a| — +o00 uniformly in e € S'. A straight-
forward application of Proposition B.1 shows that

¢~ @all3 =2~ 2(¢,¢a) — 2 as |a] — +oo.

Hence, a large enough A exists such that |la|]| > A = ||¢ — ¢a||3 > 3/2. In the
meantime, we have

[(eoVh, ¢—¢a)]* =  (e0Vg,0)  —(eoVa)]* = (coV, ¢a)” < [leoV 3.
——

:=0from Proposition B.3

Therefore, we deduce that

L lleevel3

la| > A== Ve cS' e, a) 5

(B.6)
Now, e € S — |lc @ V4|3 is a continuous map that does not vanish on S!,
otherwise ¢ would be constant on each line parallel to a direction of S', and in
particular would be constant on a line passing through x*. The compactness of
S! implies that
m := inf ||e e V|3 > 0.
eeS?t

This last bound used in Equation (B.6) yields |la| > A = inf.cs1 ¢(e,a) > 5.
Consequently, 1 is uniformly lower bounded by 7, > 0 over S x B(0, n)°.
Point 3): Final inequality We can gather the conclusions of Point 1) and Point
2) and obtain that for any n > 0, a small enough € exists such that

h 2
Vae BOm° VIhl<e  Dla,—a+h)—Na,—a+h) =5
Allé — ¢all

Since ||¢ — ¢4||3 and D are upper bounded by 2, we deduce that:

Y(a,h) € B(0,n)¢ x B(0,¢) (D—-N)(a,—a+h) > %D(a, —a+ h)||h|?.

This inequality associated with

lén = @13 = [l ¢ VI3 + o([[A]1%) < [I]* Sup e e VIl + o[|R]*)

leads to the desired inequality (B.4) with ¢ = MW. O
= e€sS 2
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The next lemma concerns the behavior of R around the origin (0, 0).

Lemma B.3. Two constants (n,c,) € R exist such that:
lall v [1Bl] < n => R(a,b) < 1~ cyll¢ars — SII3

Proof. To study R around the origin, we write a = re and b = 7e with (e, ¢€) €
S! x S and remark that a third order Taylor expansion yields (below we skip
the dependency in ¢ for the sake of convience and just write d. instead of d.[¢)]):

=2 =2 Sl ~3

Pa = Payb = Tde — 1Tdez — Do+ dee + —dpoe + —dgez + o((r v 7)?),
2 2 2 6
while
r2 73
¢ - ¢a = Tde - Edee + gdeee + 0(T3)'

We can use these third order expansions in N(a, b):

=2 = 2 22 22
N(a,b) = r#(de, de) = o (de. dee) = 5 (dees de) + 5 (dees de) + 5~ (de. dece)
7 TP 7rd 7272 7rd
+ 7<d67déee> + ?<dea dééé> + 7<d657 déé> + T<deezdéé> + ?<déa deee>

+o((r v 7)?)

Now, using Proposition B.3 iii), we obtain that

=2 2

(de,des) — g<dé>dee> + %<de, dece) + %<de7dééé> + =

déa deee
(e, dece)

N

N(a,b) =r7 |:<de7dé> —
+o((rv)?).

Similar computations on D(a,b) with a = re and b = 7é yield:

: Uy el Il ~
D(a,b) =r7 |||de||2]|ds||2 — — 72||dze? + 72| dee||? +o((rvi)?
(0.6) = 17 Il = g (Pl + o2 B ) [ ol

We then consider the two possible situations: either e = € or e # é.
Case e = é: in that situation, the expression of N is simpler because of Propo-
sition B.3 i7) and we have

_ i r? 4 72 B
N(eot) = 17 (Il = el = 5 B + o v 70)
In that case, we then obtain
- 2472 242 gF -
D(a,b) — |N(a,b)| Z T’THdeeHg |: 24 + 6 +4:| +0(T2+7‘2)

2
= 73“224‘27'?(? +7)20((r v 7)?).
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Using the argument in Equation (B.4) again, we can check that:

cldars — o130 (a,b) ~ c|lde[3(r +7)* x r7llde |3 = eri(r + 7)* | dell3,
—_——— —

|‘¢a+b_¢“§ D(a)b)

which means that if ¢ < mingeg %, then (B.4) holds for small enough
e 2

r and 7. This is possible since for any vector e in S!, d..[¢] does not vanish
(otherwise ¢ would not be a density) and is a continuous function of e on a
compact space.

Case e # é: The situation is less intricate in that situation because the first order
terms are not of the same size

D(a,b) — N(a,b) = r# [[[dellzlldells — (de. de)] + or v 7).

Applying the Cauchy-Schwarz inequality, we check that ||d.||2]|dz||2—(de, de) > 0
since d. and ds are not proportional. O

The remaining lemma studies the behavior of R outside the diagonal.

Lemma B.4. For any € > 0, a constant c. exists such that:
e +b|| > e= R(a,b) <1—c.

Proof. Consider the function ¢ : h — |(¢,dn)| = (¢, dp), the last equality
resulting from the positivity of ¢ and ¢p. The dominated convergence theorem
shows that ¢ is continuous and the Cauchy-Schwarz inequality implies that ¢ is
a bounded function whose values belong to [0, 1]. From the identifiability result
of Proposition 2.1, we then have:

ph)=1<= h=0.

Finally, Proposition B.1 implies that lim|— 4o @(h) = 0. Taken together,
these elements show that for any € > 0, ¢ attains its upper bound on B(0, €)©.
It yields:

Ye>0 dn.>0 sup ¢(h) <1—n.. (B.7)

hll>e

e We first consider the case where ||a| A ||b]]| — +oo with € < |la 4 b||. In that
case, if we denote h = a + b and use lim |, — 1o (¢, $a) = 0, then we can find
M. large enough such that:

llall A bl > M. ==
IN(asd)| _ |1+ {bsbn)— (drda)— (dsn)|  1H5uPecin @(h)  1=Te _ .
Dad) —  To—dalalodols = 3 X goie <1 -,

where 7. is defined in (B.7).

e We now consider the case where ||a]] — +o0 although |b| remains bounded
by M., so that b € B(0,M,) \ {0}. In that case, we compute:

N(a,b) = (¢, Gatb) — (¢, ba) — (&, ) + IGall5| —> 1—(¢, dp) if [lal| — +oo.
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At the same time, we also consider D and check that:

D(a,b) = ¢ — dall2llpa+s — dallz —> 20/1 — (&, dp) when |[|a]| — +oc.
We then obtain:
1_
lim R(a,b) = V1= {6) < 1
lla]|—+o0 2 2

Hence, we can find a constant A, sufficiently large such that:
V|a|| > Ac Vbe B(0,M.) R(a,b) < %
e If ¢ and b now belong to the compact set:
Ee={(a,b) €R? : Jlal| < A, [[b]| < M, [la+b]| > €},

we know that R is a continuous function on & 4 s and attains its upper bound,
which is strictly lower than 1 by the Cauchy-Schwarz inequality. Consequently,

I > 0V(a,b) € & R(a,b) <1—17k.

Taking all the bounds obtained outside of the diagonal together, we obtain the
lemma with ¢ = (7 Ane/3 A 1/4). O

Appendix C: Proofs of the lower bounds

Before stating intermediary technical results, we introduce a sub-class of densi-
ties ¢ that satisfy Assumption (Hp) introduced below.

Assumption (Hp) The density ¢ satisfies:

Zy:= sup /{djﬁj¢>(m)}2¢_1(x)dw < 400,
1<j<d

where d; ; refers to the second derivative of ¢ with respect to the variable j. Note
that Assumption (Hp) is needed for our lower bound results (see Section 4) but
is not necessary to obtain good estimation properties. However, this assumption
is very mild and is again satisfied for many probability distributions as pointed
out in Remark 3.1. Moreover, from the minimax paradigm, it is enough to obtain
our lower bound results with a restricted subset of densities ¢.

C.1. Asymmetric risk

We begin by a useful lemma, which is a generalization of the Le Cam method
for proving lower bounds if the loss involved in the statistical model is not
symmetric, meaning that p(61,62) is generally not equal to p(a,61), but still
satisfies a weak triangle inequality. Hence, the Le Cam Lemma requires a small
modification in the spirit of the remark of [28] (Example 2, Section 3).

In the sequel, di (P, Q) and KL(P,Q) denote the total variation distance and
the Kullback-Leibler divergence between two measures, P and Q, respectively.
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Lemma C.1. Let (Pp)geco be a family of measures indexed by © and assume
that p : (61,02) € ©% = p(01,0) € R satisfies the weak triangle inequality:

V(61,62,03) € ©%, p(61,63) + p(62,63) > p(61,62) A p(6a,61). (C.1)

Let @ : RT — RT be a non-decreasing function. Let § > 0 and (01,02) € ©2
such that p(01,02) A p(62,61) > 26. Then,

@ {1 — dTv(IP?;n’Pgin)} ’

PO 1 | fRaea B ).

where the infimum is taken over all estimators 0.

inf sup B [@(p(0,0))] >
0 06co

v

Proof. First, we observe that:
E[®(p(0,0))] = S(6)P(p(0,0) > 5),

since @ is a non-decreasing function. Let V = {1,2} and ¥(0) = argmin p(6,, ).
veV

We can show that p(6,,0) < & implies that ¥(f) = v. According to Condition
(C.1), we have:

p(0,0) = p(Bu, 00) A p(Bur,60,) = p(Bur,0) > 26 = p(8.r, ).
Now, if p(9v,9) < 0, then § > 26 — p(GU/,é), so that p(HUgHA) > §, which is
necessarily larger than p(6,,6). Hence, we obtain ¥(0) = v.
Equivalently, for v € {1,2}, we have ¥(0) # v = p(6,,0) > p(0,,0) since:

20 < p(8y,00) A p(Our, 0,) < p(Oy, é) + p(@v/,é) < 2p(9v7é)'

The rest of the proof proceeds from the standard Le Cam argument: ® is non
decreasing so that:

sup B[0(p(0,0))] > 9(5) sup P(p(6.0) > )

US 0cO

> 2O pp(01.0) = 0) + Blo(6n.0) = 0))

> M0 men w(d) £ 1) + B (0(0) £ 2))

Taking an infimum over all tests U (see, e.g., [19]) we obtain:
inf sup E[®(p(0,0))] > @igf{[@?f(\lf #1)+ Py (U #£2)}
6 6co
(s " on
> YOG e e

Pinsker’s inequality:

n n ]_ n n n
dTV(]P?; >P§; ) < iKL(P?; 7P58; ) = 5KL(P917P92)

ends the proof. O
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C.2. Lower bound for the strong contamination model

We now study the lower bounds in the first regime, namely when ||u| is lower
bounded by a constant m that is independent of n.

PROOF OF THEOREM 4.1

Item (i) We apply Lemma C.1 with ®(¢) = #? and the loss function p defined
as:
V(01,02) € ©,(m,c)* (01, 02) = Ml — .

Remark that p satisfies the weak triangle inequality (C.1). Indeed, for all (6, 02,03) €
0,,(m, )3, we have:

p(01,03) + p(02,03) = Aillpr — pall + Aallpu2 — psll
> min(Ar, Ag)|[p1 — pe]
> p(61,02) A p(62,61).

We introduce the subset

Ou(m M., )= {0 = () <A<homs i< v

c
ulPvn

where 0 < m < M and 0 < m+\/ﬁ < A < 1. Then, ©,,(m, M, c,\) C 0, (m,c).
We consider 0; = (A, 1) and 2 = (A, p2); their values will be chosen later to
ensure that (61,02) € ©,(m, M,c,\)%. According to Lemma C.1 applied with
§= M, we can write:
inf s EDZJa-pl? > imf s B[ )
6 0€O,(m,c) 0 9co, (m,M,c,\)

62

2{1_ ZKL(PQI,PQZ)}. (C.2)

Y

Y

We can compute the Kullback-Leibler divergence between the two mixtures Py,
and Pg,: if f1 = (1 = N)¢ + Ap,, (resp. fo = (1 — AN)¢ + A¢,,) is the density of
Py, (resp. Py,) w.r.t. the Lebesgue measure, we have:

KL(Py,,Pp,) = / 1og[£gﬂ fi(x)dz

_ / log [1+W} Fi(2)da
)

2
2(7)

fi(@) = fo(a
[y

IN
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where we used the inequality log(1 + ¢) < t. If we once again write f; = fo +
f1 — f2, we obtain:

KL(Py,,Py,)

IN

/ fa(z) [f2(x) + fi(z) — fo(z)]d

_ / [f1(z) — fz(x)]gdx
fa(x)
s [ (@) = @)
< e e

since fo(x) > (1= N)¢(x) and fi(z) — fa(x) = A@u, () — ¢pu, (x)]. On the basis
of Assumption (Hy;p), we know that |¢,, — ¢p,| < |1 — p2]lg and we obtain:

)\2 _ 2
KL(PGUIP@z) < H’U%Wa (C3)
where J := ||gp~'/2||2 is the constant involved in (Hrip).

We now choose A, p11 and po so that we obtain the largest possible value in (C.2),
while satisfying the constraints given in ©,,(m, M, ¢, ). Without loss of gener-

ality, we set ugl) < ugl) and we need to find a choice of these parameters such

that m < p(ll) < uél) < M and W < A < X We set H1 = (Mgl),07...,0)
Hy n

and o = (,ugl), 0,...,0) so that

(M= d A=——<A
I m an g .
For a given € > 0, we choose ,uél) such that $KL(Pg,,Pg,) < 1—e¢. Using (C.3),
we arrive at the calibration:

o o _ J20=N1—¢)
Hom =l =\ T ey,

It remains to check that uél) < M. From our choice of A and ,ugl), we see that:

o= 0-m | < 22—
py =m 1+\/ 27 (I—-¢€)| <m|l14 27 ,
which can be made smaller than M if 1 — e < W If we plug these
choices of A, 1 and gy into (C.2), we obtain:
1—XN)(1 -
inf s EpRa— gl > LZNEZ9C
0 9€@n(m,M,c,X) 8‘777’

which is the desired lower bound of the minimax risk (4.1).
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Item (it) We keep the same ® and define p(61,02) = |A\1 — A2| = p(62,01). We
consider 61 = (A1, u) and 0o = (Mg, p) such that |A; — Ao| = 7 and

s _
— =X <X <A
mQ\/ﬁ 1 2>,
1 and € have to be chosen hereafter. Since Ay = A1 + ﬁ < 5\, we must choose

€ such that: - c
m

which is possible since we assumed that — 7 < . From Lemma C.1,

inf  sup  E[(A—\)F inf sup E[(A—\)?]
0 0€0,(m,c) 9 9co, (m,M,c,X)

62 n
> —{1—,/= .
> o {1 2KL(IE”01,IP’92)}

We can upper bound the Kullback-Leibler divergence as:

v

KMMJ%)S‘/mw—h@WhM*M

é(h—&f/%@%wufhm*M
A \2(,,112
Il
- (1—)\)71'

By choosing 1 = (1), 0,...,0) with
1 = m+M d M
1 5 an €< Tm T M2 (C.5)
we obtain 2KL(Py,,Py,) < 1. Considering the minimal admissible value of € in
(C.4) and (C.5) now leads to a choice of the parameters §; and 6, such that:

2
. €
inf  sup E[(A =N3> —.
0 9€0,(m.c) I )y dn
This last inequality is the second lower bound (4.2). O

C.3. Lower bound for the weak contamination model

PROOF OF THEOREM 4.2
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Point (i) We consider ®(t) = ¢?> and the loss function p defined as:
p(01,02) = || [*[ A1 = Aal.
Note that p satisfies (C.1) since V(61,62,03) € 6,,(c)3,

p(61,03) + p(02,03) = |luill®|A — As| + |lp2]?| A2 — A3
min (|| ||, [ p2)1*)[ A1 — Ael
p(01,02) A p(02,61).

(AVARYS

To obtain a convenient lower bound, we need to use Lemma C.1 and find a
couple of parameters (0, 6,) that belongs to the admissible set and such that
KL(Py,,Pp,) is small enough. In particular, the proximity between Py, and
Py, will be obtained by a careful matching of the first moments of the two
distributions, which is a good method for obtaining efficient lower bounds in
mixture models (see, e.g., [2] or [13]). We give an example of this method below.
First, remark that:

fi(=)
KL(Py,,Pyp,) = [ 1 dz.
( 015 92) / 0og [fg(l‘) fl(x) €z
Since ¢ satisfies (Hs), then ¢ is a C? function on R%, considering a shift p =
(u™1,0,...,0) = o(1), we can write a third order Taylor expansion:
24 T ()13
Ve e RY 6,(0) = o) — pOdigla) + LIIAD UEE g e, ),

where £, ,, belongs to the interval defined by = and « — p and di¢ (resp. di1¢
and dq11¢) denotes the first (resp. second and third) partial derivative of ¢ w.r.t.
the first coordinate of z. In particular, assuming that di11¢ is bounded on R?
leads to:

{pM}?
2

Vo e RY ¢u(@) = ¢(z) — nMVdig(z) + diig(a) + o([l?)-

This Taylor expansion permits us to write, for small values of ugl):

log[fi(z)] = log[(1—A1)p(x) + M, (z)]
= log [(1 — M)B(@) + M(@) ~ Ao () + 5 h i Puag(e) + o(||u1||2>}

— tog o))+ fog | 1= VB o DA o)

o(z) 2 @)
_ ndig(x) 1 1)y 2 d11d(x)
= loglo(a)] =i PA + ox VY =
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In the same way, for small values of uso:

loglf2(e)] = log[(1 = X2)(x) + Natua ()
= log [¢(x)]7)\2‘ugl) dip(x )+ Ao {u (1)}2d11¢( x)

6@ T2
_1 2¢ (1)y2 d1¢($) 2 o 2
32087 (BD) 4 ol

¢(z)

We thus obtain:

log[f1(2)] — log[fa(x)]
)

1 d 1 1 di1
= (anag” = Mpg) B + L {ufV)2 = hofuy)2) L)

2
303”1 = XHAOP) (SE2) " + ol ) + ola]|?)-

In particular, we observe that the term above can be considered as a “second
order term” if 8; and 85 are chosen such that A\; ,u(l = Ao N(21)7 which corresponds

to the first moment of Py, and Py,. If )\1Mg ) = )\gu( )

log[f1(2)] — log[fa ()]
= SOu Y2 = Ao {ps 1) ) o[l [2) + o |2 ?)-

We deduce that:

we obtain:

KL(]Png ’ P02)

= [ [5x4 ol )] (o

= Loy Z ey (- o)de dng(@)d(@ —m) ;.
= Sl P = de{m ) [(1 Al)/duqﬁ( )d +/\1/ ) d }
+o(llua*) + ol =)

The smoothness of ¢ leads to [ di1¢(z)dx = 0. We deduce that:
did(z)p(x — 1)
e
O 0) Do) + VY ) ol

= /dnqb(fv)dm —ut” / der i{uﬁl)}z/%d:ﬂ +o(ui)de.

Now, we choose for the density ¢ an even function (¢(z) = ¢(—=x) for all z € R?)
and we obtain that

'}

1
KL(Ps,,Po,) = = {u"Ts + o (],
2 n——+o0o
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where the last line comes from the fact that « — dy1¢(z)d1é(2)/P(x) is an odd
1) 1)

function. Finally, since A\jp;”’ = Aapus ', we deduce that:
KLy, Ps,) =~ {12 = Aol ))A [ |2Z. !
(Pou,Po,) = 7 (adpr 3" = Aol 1) Mllpall"Zo + ofluall)
1 A1
= (1= ) Al *Zs + o(llpa 1) (C.6)
4 A2

Next, let A € (0,1). Choosing Ay = % < AXand )\ = é)\g with a = 1*‘/5, we

2
have: \
(1 - 1) A2 = (A — A2)2

A2
Thus,

1

KL(Po,,Po,) = 7 (Ao = M)l ["Zg + o[l [[1)-

In order to apply Lemma C.1, let § > 0 such that 26 = p(61,02) A p(62,61).
According to our constraint /\mgl) = )\g,ugl) and Ay = a); > A;, we observe

that ,ugl) < ,ugl) so that:
26 = [|p2]*IM = Aol

We deduce that:

A 2
=l 2 = s = dal (32) D = 2607
and )
/\2 4o
2 2 2
= (22 —a?—% s
el = (52) el = o2
Thus,

KL(Pg,,Py,) = 62a* Ty + 0(6?),

and according to Lemma C.1, we obtain:

R 2
wr s Bl =372 5 {1 [ 00z, 4ol
6 0€0,(c) 2 2

The choice of ¢ is determined by the right brackets that should be non-negative.
We can choose:

_1
§ = [2na'Zy] 7,
so that 202 [a*Z, 4+ o(1)] = (1 + o(1)). Thus, an integer N exists such that:

1

. 62
> . 4 — 2 > _—=
Vn>N  inf sup E[|u]"(A—=A)7] > 6 12a*Zyn

0 0€O,, (C)

This ends the proof of the first point.
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Point (i) We define the loss function p(61,02) = A1||p ||| — pe|| and @(t) =
t2. The function p satisfies the weak triangle inequality (C.1):

Y01, 02, 05) € O (c)° :
p(01,05) + p(02,05) = Aillpallllpa — psll + Azllpellll 2 — psl|
= min(Agf| g ], Az l[p2l) 111 — pell
> p(01,02) A p(62,01).

The proof follows the same lines as the ones of (i) and our starting point is once
again the Kullback-Leibler divergence asymptotics given in Equation (C.6). Our
baseline relationship Aj 1 = Agpus is still necessary and we obtain while choosing

H1 = (:U’gl)aow-'a()) and H2 = (M(Ql)a07-~-a0):

Z A
KL(E,,Fou) = ¢ (1= 32) At + ol

We choose p1 = 2uo so that Ay = 2A; and:

1
p(01,02) A p(02,61) = A |lpa|ll[e1 — pall = §>\1||,ul||2 = 20.

The coefficients A\; and Ao can be made explicit, e.g., A\ = 5\/2 and Ay = \. This

choice implies that ugl) = 24/26/\. These settings can be used in the result of
Lemma C.1 and we obtain:

. 2 92 AND2 (52 n52
inf sup B p(p— )7 = 41—/ —[2Zs +o(1)] p .
0 0cO,(c) 2 2

We can obtain an efficient lower bound by choosing:

1
Op 1= ——

2\/7’LI¢’

which implies, of course, that u; = o(1) and pus = o(1). According to this choice,
an integer N exists such that Vn > N

1 1 1
inf sup EN||ul?l|u—al?] > — x(1-2=)/2= .
b o N elF e = A" = SnZ, (1-3)/ o,
This ends the proof of the second point. O
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