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Abstract

This paper considers binary response models where errors are uncorrelated with a
set of instrumental variables and are conditionally independent of a continuous regres-
sor v, conditional on all other variables. It is shown that these exclusion restrictions are
not sufficient for identification and that additional identifying assumptions are needed.
Such an assumption, introduced by Lewbel (2000), is that the support of the contin-
uous regressor is large, but we show that it restricts significantly the class of binary
phenomena which can be analyzed. We propose an alternative additional assumption
under which £ remains just identified and the estimation unchanged. This alternative
assumption does not impose specific restrictions on the data, which broaden the scope
of the estimation method in empirical work. The semiparametric efficiency bound of
the model is also established and an existing estimator is shown to achieve that bound.
The efficient estimator uses a plug-in density estimate. It is shown that plugging in
the true density rather than an estimate is inefficient. Extensions to ordered choice
models are provided.
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1 Introduction!

Let y a binary outcome, x a vector of covariates and v a continuous covariate. This paper

considers the following binary response model,
y=1z+v+e>0). (LV)

where errors, €, are, first, uncorrelated with a set of instrumental variables z (i.e., E(z'¢) = 0),
and, second, conditionally independent of the continuous regressor, v, (i.e., partial indepen-
dence, F.(e | x,z,v) = F.(e | x,2)). As discussed below, these exclusion restrictions arise
naturally in many economic models and the purpose of the paper is to analyse the conditions
under which they can be used in empirical applications, as well as the conditions under which
they provide means for identifying the structural parameters of the latent model.

It is shown that the partial independence assumption does not impose very strong re-
strictions on the data and can be used in a wide range of cases. Specifically, it is shown that
any binary outcome can be analysed through a latent model satisfying partial independence
provided that it is monotone in v (i.e., Pr(y = 1 | v, , z) is monotone in v). The problem
is that partial-independence is not sufficient for the identification of the parameter of inter-
est, 3, even when it is combined with the uncorrelated instrument assumption. Additional
restrictions are needed for identification. Such an additional restriction is the assumption,
introduced by Lewbel (2000), that the support of the special regressor is large (Supp(v) 2
Supp (—xf — €)). Our second result is that the combination of uncorrelated instruments,
partial-independence and large-support assumptions provides just identification of 5. Yet,
it is shown that the large support assumption restricts significantly the class of binary phe-
nomena which can be analyzed through (LV'). Specifically, we show that the large-support
assumption can only be used when the conditional probability of success Pr(y =1 | v, x, 2)
increases from 0 to 1 over the support of v, which is admitedly restrictive. Large support
conditions are actually quite common in the litterature about semiparametric limited depen-
dent variable models (see e.g., Manski, 1975, 1985, Han, 1987, Horowitz, 1992, Cavanagh

and Sherman, 1998), but they represent a potential obstacle to empirical applications.
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This is why we next propose an alternative to the large-support condition. Parameter
£ remains just identified and the estimation unchanged when a symmetry condition on the
tails of the errors € holds. This alternative to the large support assumption can be used
when the conditional probability of success does not vary from 0 to 1 over the support of v,
which increases the usefulness of the setting in empirical work.

Making identification restrictions as weak as possible is not the only concern when es-
timating binary choice models. The simplicity of the approach and its efficiency properties
should also be taken into account. It is where this paper presents two last contributions. We
establish the semi-parametric efficiency bound for the parameter under partial independence
and uncorrelated instrument assumptions by using the framework proposed by Severini and
Tripathi (2001). It is noteworthy that the special-regressor estimator proposed by Lewbel
(2000) achieves this bound (under some regularity conditions). The efficient estimator uses
a plug-in density. It is shown that plugging in the true density, when it is known, rather
than an estimate is inefficient. This finding was conjectured in Lewbel (2000).

Generally speaking, the set of identifying restrictions analysed in this paper provides
interesting means to overcome Manski’s fundamental impossibility result according to which
an uncorrelated-error restriction (i.e. E(a’c) = E(v'e) = 0) or even a mean-independence
restriction (i.e. F(e | x,v) = 0) is not sufficient for identifying § whatever conditions
on the support of (v,x) are adopted (see Manski, 1988). Also, the set-up used in this
paper imposes much weaker distributional assumptions on the error terms than standard
parametric models or than the semi-parametric methods that are based on the properties
of statistical independence (i.e., F.(¢ | z,v) = F.(¢)) or of single-index sufficiency (i.e.,
Fe | x,v) = F.(e | B + v)) see e.g. Cosslett (1983), Ruud (1983), Han (1987), Powell,
Stock and Stoker (1989), Ichimura (1993), Klein and Spady (1993) who provide estimators
of # under statistical independence or index sufficiency.

The quantile-independence assumption does not provide just identification of the para-
meter of interest, but permit slightly more general forms of conditional heteroskedasticity
than the exclusion restrictions used in this paper. Still, the fact remains that very few em-
pirical studies use the corresponding maximum score estimation method, as developed by
Manski (1975, 1985) or its smoothed version developed by Horowitz (1992). The numerical
methods needed for optimizing the score may be one cause of underutilization, the lower

than root-n rate of convergence might be another reason. Some advances have recently been



proposed by Chen (2002) by stengthening the median-independence assumption into condi-
tional symmetry and a weak restriction on conditional heteroskedasticity. Estimation can
be proven to be root-n consistent though optimisation is still needed. Under the identifying
restrictions used in this paper, the special-regressor estimator developped by Lewbel (2000)
can be directly obtained without optimization and is root-n consistent. The implementation
of the estimation method is quite simple. It only requires the estimation of a conditional
density and a linear regression. Honoré and Lewbel (2002) extends this method to estimating
binary choice models using panel data and allowing for individual effects. Recent empirical
applications of this estimation method include Anton, Fernandez-Sainz and Rodriguez-Poo
(2001), Lewbel, Linton and McFadden (2001), Maurin (2002), Lewbel (2003).

The paper is organized as follows.

Section 2 provides the equivalence result between the set of latent models satisfying
uncorrelated instruments, partial independence and large support conditions and the set of
random variables (y, z, v, z) such that the conditional probability of success Pr(y = 1| v, z, 2)
increases from 0 to 1 when v varies over its support.

Section 3 shows that uncorrelated instruments and partial independence alone are not
sufficient for identification of 5. We propose an alternative to the large support assumption
for obtaining just identification of 5. The only condition that Pr(y = 1 | v,z, 2) should
satisfy is to be monotone in v.

In Section 4, we state the semi-parametric efficiency bound and the efficiency comparison
between two estimators using estimated or true density functions.

Section 5 provides extensions of the equivalence result to ordered choice models and

Section 6 concludes. All proofs are in Appendices.

2 The Set-up and the Equivalence Result

Let the “data” be given by the distribution of the following random variable where, for
simplicity, we only consider random samples and we do not subscript individual observations
by i:

w=(y,v,x,2)

Variable y is the binary variable, v is the continuous regressor, x are the “structural” ex-
planatory variables and z are the instruments. At this point, explanatory and instrumental

variables cannot be distinguished since no model has been written so far. Their respective
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role in the latent model will be clarified below. We first introduce some regularity conditions

on the distribution of w. They will be assumed valid in the rest of the text.

Assumption R(egularity):

R.i. (Binary model) The support of the distribution of y is {0,1}

R.ii. (Covariates & Instruments) The support of the distribution of (x, z) is a compact
set S, C RP x R?. The dimension of the set S, . is r < p+¢q where p4¢g—r are the potential
overlaps and functional dependencies.? The probability measure, dF ,, is supposed to be
absolutely continuous with respect to a product of Lebesgue and discrete measures so as to
allow continuous, discrete or mixed regressors. Finally, rank(E(2'x)) = p.

R.tii. (Special Regressor) The support of the conditional distribution of v conditional on
(x,2) is |ur, vy| almost everywhere (a.e.) F, .. Moreover, v, < 0 < vy and vy, and vy can
be infinite. The conditional distribution is denoted F,(. | z,2) and is defined a.e. F, .. It
is absolutely continuous with respect to the Lebesgue measure and its density f(v | z, 2) is
continuous and bounded away from zero except possibly on the boundary of the support of
v.

R.iv. (Functional independence of v and (x, z)) There is no subspace of vy, vg[x S, . of

dimension strictly less than r + 1 which probability measure, (F,(. | z, z).F} .), is equal to 1.

The first two assumptions define a binary model where there are p explanatory variables
and ¢ instrumental variables (assumption R.ii). According to assumption R.ii, we could
denote the functionally independent description of (x,z) as u and this notation could be
used interchangeably with (z, z). Denoting (z, z) as u may lead to less ambiguous arguments
below at the cost of an additional notation. We prefer to stick to the more parsimonious
notation (z,z). Assumption R.iii defines what the continuity of the special regressor v
means. The support of v might be made dependent on (z,z) with no loss of generality.
Assumption R.iv avoids the degenerate case where v and (z, z) are functionally dependent.

We now consider two possible formulations of the distribution of y conditional on v and
(x,z) and show that they are equivalent. The first formulation is a semi-parametric latent

index binary model as Lewbel (2000) and Honoré and Lewbel (2002) set it up. The second

2With no loss of generality, the p explanatory variables = can partially overlap with the ¢ > p instrumental
variables z. Variables (z,z) may also be functionally dependent (for instance z, 22, log(z),...). A collection
(21,.,xk) of real random variables is functionally independent if its support is of dimension K (i.e. there is
no set of dimension strictly lower than K which probability measure is equal to 1).



one is a non-parametric binary model. Let us start with the latent binary model:
y=1(zf+v+e>0), (LV)

where 1(A) is the indicator function that equals one if A is true and zero otherwise and
£ € RP the vector of coefficients of interest. The distribution of the random error e satisfies

the following properties as in Lewbel (2000):

Assumption L(atent)
(L.1) (Partial independence) The conditional distribution of e given covariates x and

variables z is independent of the special regressor v:

F. |v,x,z)=F.( |z 2)

The support of € is denoted €. (z, z) and its distribution function F.(. | z, z) is supposed to
be absolutely continuous. Denote f.(. | x, z) its density function.

(L.2) (Large support) The support of —z — ¢ is a subset of v, vg|.

(L.3) (Uncorrelated instruments) The random shock ¢ is uncorrelated with variables z:
E(#¢)=0.

Regarding (L.1), it should be noted that Powell (1994) discusses partial independence
assumptions (calling them exclusion restrictions) in the context of other semiparametric
models, i.e. without combining them with (L.2) or (L.3). Generally speaking, partial in-
dependence assumptions are akin to exogeneity assumptions and arise in many economic
models. For example, in a labor supply model where ¢ represents unobserved ability, partial
independence is satisfied by any variable that affects or correlates with labor supply deci-
sions but not ability, such as government benefits. In consumer demand models where ¢
represents unobserved preference variation, prices satisfy the partial independence condition
when goods are homogenous and markets are competitive. In contingent valuation studies,
where ¢ still stands for unobserved taste variations, v can be the bid that is determined by
experimental design, and so may be constructed by the researcher to satisfy the necessary
exclusion and support restrictions. Lewbel et al. (2001) provide an empirical application for
this case. Other empirical applications using the partial independence assumption include
Maurin (2002) who estimates an education production function using date of birth (within
the year) as special regressor v. Date of birth within the year significantly influences chil-

dren’s outcomes in primary school. Given that this variable is plausibly independent from
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children’s unobserved ability, partial independence is plausible too. Cogneau and Maurin
(2003) study demand for education in primary schools in Madagascar, using the same special
regressor. Lewbel (2003) studies the probability of obtaining a university degree using the
cost of attending a local public college (relative to local unskilled wages) as special regressor.
Anton et al. (2001) use individual’s age as special regressor in a duration model.

As it turns out, the partial independence assumption provides an economically interesting
identifying exclusion restriction. In his recent contribution, Lewbel (2000) constructs an
estimator of # by combining partial independence, with uncorrelated instruments and large
support assumptions. The scope of this method and whether it provides (over) identification
of B are unclear, however. The next section describes the class of binary phenomena that

may actually be analyzed through this set-up.

2.1 The Equivalence Result

Consider (3, F.(. | x,z)) a latent structure satisfying partial independence, support and
moment conditions (L.1 — L.3) and denote Pr(y = 1 | v,z,2) the conditional distribution
generated by (3, F.(. | z,z)) through the binary transformation (LV). The following lemma
shows that this conditional distribution necessarily increases from 0 to 1 when v varies over

its support.

Lemma 1 Under partial independence (L.1) and large support (L.2) conditions, we neces-
sarily have:

(NP.1) (Monotonicity) The conditional probability Pr(y; = 1 | v,x, z) is increasing and
absolutely continuous in v a.e. F, .

(NP.2) (Support) There exist (a.e. F ) two values vi(x, z) and vy (x, z) (possibly infinite)

in [vr,vy| such that:
Pr(y,=1|v,2,2)=0 Pr(y;=1|vp,z,2)=1
Proof. See Appendix A.1. =

Condition (NP.1) is a direct consequence of the fact that v is an exogenous regressor
affecting positively the propensity of success (y = 1). As for condition (N P.2), it is a direct
consequence of the large support hypothesis, which implies that the propensity of success of
persons with the lowest (largest) v is always negative (positive) regardless of their unobserved

and observed characteristics.



Summing up, if we denote:
Mpyp ={Pr(y =1 | v, z, 2) satisfying monotonicity (/NP.1),and support (NP.2) conditions}
and,
My ={Pr(y =1|wv,x,2) generated through (LV) by some (5, F.(. |z, 2)) satisfying (L.1-L.3)}

we have just proved that M C Myp. Let us analyse the condition under which Myp C
M.

Lemma 2 Let Pr(y = 1| v,x, z) be a conditional probability satisfying monotonicity (N P.1)
and support (N P.2) conditions. Any latent model (3, F.(. | x, z)) satisfying (L.1 — L.3) and
generating Pr(y = 1| v, x, z) through transformation (LV) necessarily satisfies the following

moment conditions:

E(+%).6 = B(2'§) 1)
where

is the transform of y introduced by Lewbel (2000).
Proof. See Appendix A.2. m

When there exist as many instruments as explanatory variables (¢ = p), condition (1)
defines a unique parameter 3, and Myp C M. In contrast, when there are more instru-
ments than explanatory variables (¢ > p), it can happen that condition (1) has no solution,
as in the usual linear model. To address this issue, we have to complete the setting by the

following regularity condition:
(R.v) The distribution of w = (y, v, x, z) is such that condition (1) has a solution.

Under (R.v), this solution is unique, Myp C M, and, taken together, Lemmas 1 and 2

prove our first basic result:

Theorem 3 Under regularity conditions (Ri-Rv), the set of latent models defined by condi-
tions (L.1 — L.3) and transformation (LV) is one-to-one with the set of conditional probabil-
ities satisfying (NP.1 — NP.2).



Put differently, any statistical model in M yp is generated by a unique structural model
in M, and reciprocally, any structural model in M, generates a unique statistical distrib-
ution of the binary outcome satisfying (N P.1 — N P.2). Conditional on (NP.1 — NP.2), the
parameters of interest of the structural model are just identified, in that they are defined by

a unique functional of the joint distribution of the data.?

2.2 Discussion

Theorem 3 sheds some light on the deep nature of the partial independence hypothesis
(L.1). This theorem shows that combining (L.1) with a large support assumption such as
(L.2) and an uncorrelated-error condition such as (L.3) is exactly what is needed to overcome
Manski’s underidentification result, according to which an uncorrelated-error restriction (i.e.
E(2’e) = E(v'e) = 0) or even a mean-independence restriction (i.e. E(e | z,v) = 0) is
not sufficient for identifying § whatever conditions on the support of (v,z) are adopted
(see Manski, 1988). Adding (L.1) to (L.2) and (L.3) provides a framework where [ is
just identified. Adding (L.1) to (L.3) only would not be sufficient as shown in Section 3,
while adding more than (L.1) to (L.2) and (L.3) would generate testable overidentifying
constraints.*

It should be noted that the partial independence assumption is closely connected with
the control function assumption used by Blundell and Powell (2004). Transposing Blundell
and Powell’s model in our notations, split up regressors = = (z1,y2) into a set of exogenous
regressors, z1, and a set of endogenous regressors, y,. The complete list of instruments
comprises v and z = (21, 22) and the model is y = 1(v + 218, + Y25 + € > 0). Write also an
auxiliary first-stage regression defining the error term, u =y, — E(y2 | v, 2).

With these notations, Blundell and Powell ’s identifying assumption can be written

F.(.|y2,2,v) = F.(. | u, z,v) = F.(. | u),

3 Apart from over-identifying restrictions provided by surpernumerary instruments, Powell (1994) proposes
a definition of semi-parametric (versus non-parametric) modelling that exploits the distinction between just-
identification and over-identification. According to Powell (1994), a model can be said to be “non-parametric”
whenever the parameters are just identified, i.e., defined by a unique functional of the joint distribution of
the data. In that specific sense, our model is non-parametric.

4For instance, strengthening (L.3) into a mean-independence restriction E(e | z) = 0 generates additional
restrictions. It is a conjecture that most results derived in this paper, can be extended to this case in the
way they are in the usual linear model.



while the partial independence assumption used in this paper is,
Fc Ly 2,0) = (. |10 2) = Bl | u+ By | v,2), 2).

Consequently, Blundell and Powell’s model requires a stronger exclusion restriction if £(ys |

v, z) does not depend on v but the models are generally not nested.” Other differences are
that the control function approach requires the endogenous regressor ys to be continuous,
but it requires neither that regressor v should be continuous nor a large support assumption.

Regarding the comparison with quantile independence assumptions, it should be noted
that the quantile independence assumes that one quantile of ¢ is independent of all covariates,
whereas the partial independence assumption used in this paper is equivalent to assuming
that all quantiles of ¢ are independent of one covariate. In this crude sense, both assumptions
seem comparably restrictive.

Another difference is that partial independence yields just identification of 5 while quan-
tile independence imposes testable overidentifying restrictions®. Also, the partial indepen-
dence hypothesis makes it possible to estimate the distribution of the unobserved residuals
while the quantile independence assumption does not. This property may be of particular
interest for evaluating the impact of the covariates on the probability of observing y = 1
(Lewbel, Linton and McFadden, 2001). The price to pay is that partial independence requires
conditions on the support of the covariates that are stronger than the conditions required
under quantile-independence. As shown by Horowitz (1998), a sufficient support condition
for estimating [ under quantile-independence is that, for a set of = of positive mass, v + =3
takes both positive and negative values when v varies over its support. It is weaker (and in
some cases strictly weaker) than (L.2) which implies that v + 25 takes both positive and
negative value for any x when v varies over its support. Lastly, it should be noted that the
endogeneity of covariates can be also accomodated in a quantile independence setting (Hong

and Tamer, 2003) so that the two methods are on par in this respect.

5 Although as pointed out by a referee, the partial independence assumption could be rewritten so that
¢ and v are independent conditionnaly to y2, 21 and E(ys | z,v) (instead of z9). It is then strictly weaker
than Blundell and Powell’s.

6Namely, the hypersurface in the space of covariates describing the conditional quantile of the dependent
variable is linear.
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3 Unrestricted Support and Identification

Generally speaking, the main potential obstacle to empirical application of the latent model
under consideration is not so much the partial independence assumption as such, but the
accompanying large support assumption. As shown by the equivalence result, this assump-
tion restricts the domain of application of the latent model to binary phenomena such that
the probability of success varies from 0 to 1 when v varies over its support’.

The identification of structural parameters in binary choice models can be lost when
the support of the regressors is not sufficiently rich. This is true when one uses the index
sufficiency but all regressors are discrete or when uses the quantile-independence models
(Horowitz, 1998) and it remains true under the partial independence hypothesis. Assuming
existence of large- support, continuous regressors is thus not uncommon in the literature
on semiparametric limited dependent variable models (see e.g., Han, 1987, Cavanagh and
Sherman, 1998, Manski, 1975, 1985, Horowitz, 1992).

In this section, we maintain (L.1) (and (L.3)), but we relax the large support assumption.
In such a case, the conditional distribution Pr(y = 1 | v, z, 2) obtained through (LV') still
satisfies (N P.1), but does not satisfy (N P.2) anymore. More specifically, in the absence of
any restrictions on the support of €, the only restriction on Pr(y =1 | v, z, 2) is that it should
be zero or one when v is +o00. If vy = 400 and Pr(y =1 | vy, x,2) < 1 (or if v, = —o0
and Pr(y = 1 | vg,z,2) > 0), no latent variable model in M, can lead to the conditional

probability function. It is the reason why we shall exclude this case by setting:
(NP.2') limy 0o Pr(y =1|v,2,2) =1 and lim,, o Pr(y =1 v,x,2) = 0.

Observe also that when the support of v coincides with the real line (i.e., vy = 400
and v, = —oo) (NP.2') implies (NP.2). Cases of interest are therefore v, > —oo or/and
vy < 400, conditions that we shall assume in this section.

In the remainder of the section, we consider statistical models satisfying (N P.1) — (N P.2')

and we seek the conditions under which the parameters of the latent model 3 are identi-

"The large support assumption is quite natural in many settings though. For instance, it seems a plausible
assumption for events that necessarily take place within a specific period of the life-cycle. When y describes
such phenomena as primary-school attendance, school-leaving, leaving parental home, the entry into (or the
exit from) the labor market (for male workers), age is the foremost candidate to be the special continuous
regressor, v, and the large support restriction is satisfied. Young enough children have never attended
primary-school and old enough children have all attended primary school for instance (in developed countries
at least).
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fied. We first show that the combination of assumptions of partial independence (L.1) and
uncorrelated-error (L.3) alone is not sufficient for identifying (. Secondly we present a set of
additional identifying restrictions leading to exact identification. It is shown that it preserves

the validity of Lewbel’s estimation procedure.

3.1 The Necessity of Additional Identifying Restrictions

Consider a conditional distribution Pr(y = 1| v, z, 2) satisfying the monotonicity condition
(NP.1) and condition (N P.2"). Assume that this conditional probability is the image of a
latent model (3, F.(. | =, z)) which satisfies partial independence (L.1). By definition, for

any v in |vg,vy[, we have:

Priy=1]|v,z,2) = / fe(e | x, z)de

vtz f+e>0,6€Q:(x,2)

and thus:

Prly = 1|v,z,2)—Prly=1]|vp,x,2) =

—(vp+zp)
— / " fele | x,2)de = F.(—(vp + 2B) | x,2) — F.(—(v+ 26) | x, 2).
—(v+zp)

Thus, for any ¢ in | — (vg + x5), —(vr, + x)[, we have necessarily,

0
fele |z, 2) = g Pr(y =1]v,2,2)| (510 - (3)

In contrast to the large support case, the support of ¢ (conditional on = and z) is not
necessarily included in | — (vy + z8), —(vp + 26)] and f.(¢e | =, 2) has no non-parametric

counterpart for ¢ in
B(x) =] — 00, —(vg + zB)[U] — (v, + x3), +00.
The only restrictions on the distribution of ¢ in B(z) are the following:®

Pr{ie < —(vg+2zf)|z,2}=1-Pr(y=1|vg,x,2) (4)
Pr{ie > —(vp+2B)|x,2} =Pr(y=1]vp,x,2)
Hence, any latent model (5, F.(. | z,z)) satisfying (L.1) and generating function Pr(y =

1 | v,x,z) through (LV) necessarily satisfies conditions (3) and (4). Conversely, any la-
tent model (5, F.(. | x,2)) satisfying (L.1) and conditions (3) and (4) generates function

8 As the distribution of ¢ is absolutely continuous, the use of large or strict inequalities is equivalent.
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Pr(y = 1| v,z 2) through (LV'). From this, it follows clearly that the partial independence
hypothesis is not sufficient for complete identification of F.(. | x, z), even when 3 is known.
Under (L.1), the only restrictions on F.(. | x,z) when ¢ is in B(x) are given by condi-
tion (4), which means that the distribution of € conditional on ¢ € B(z) is left completely
unidentified.

In settings like index sufficiency models, the identification of the distribution of error
terms is not a necessary condition for identifying parameter 3. It is in the present setting
since condition (L.3) used as an identifying restriction is a moment condition that uses the
distribution of random shocks over its whole support. Specifically, if S represents the set of

observationally equivalent values of the parameter,
S = {BeRP|IF(. |=x,z) satistying (L.1) and (L.3)
s.t. (B, F.(. | x,2)) generates Pr(y =1|v,z,2)}

the next proposition states that the size of .S is unbounded. It contains an infinite number
of elements which value may be chosen arbitrarily differently from the value that § would

take if the large-support assumption was true.

Proposition 4 Consider Pr(y = 1| v, x, 2) satisfying (NP1), (NP2)', but not (NP2). For
any Ao > 0, there exists a latent model (B, F.(. | z,z)) such that
(1) (B, F:(. |z, z2)) satisfies (L1), (L3) and generates Pr(y = 1| v, xz, z) through (LV).
(i) (5 = 5)'(B = Bo) = Ao,

where By is the value associated with the moment condition E(z'z).0, = E(2'y).

Proof: See Appendix B.1.

To probe the meaning of Proposition 4, let us interpret x5 + ¢ as the willingness to pay
for an object, v as (minus) the unit price of this object and y as the decision to buy it.
When the support of v is not large, the most extreme values of the willingness to pay 3+ ¢
are such that we cannot observe prices (—v) which separate individuals whose willingness
to pay is larger than the price (they buy the object) from those whose willingness is smaller
(they do not buy). This is the reason why the tails of the distribution of zf + ¢ are not
identified and Proposition 4 shows that without additional assumptions on these tails, (3 is
not identified.

In the remainder of this section, we explore an alternative route for restoring identification

by the way of an additional assumption on the tails of the distribution of ¢ (i.e., € in B(z)).
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3.2 Generalizing the Special Regressor Estimator

It should be noted that the set B(x) is the union of two subsets, Br(z) = {¢ : etvg+z < 0}
and Bg(z) = {e: e+ vy + 28 > 0}. An individual in Bp(x) always responds y = 0, even
when —v is minimum (—vg). Symmetrically, an individual in Bg(z) always responds y = 1,
even when —v is maximum (—vy). The set Br(x) may be interpreted as the subset of certain
failure and, Bg(z), the subset of certain success. By construction, the data do not provide
any information on the distribution of the propensities of success in Br(x) and Bg(z). The
next proposition shows that identification is restored provided that some balance may be

assumed between these two distibutions.

Proposition 5 Assume vy < +oo, vy > —oo and consider Pr(y = 1 | v,z,2) satisfying
(NP.1) and (NP.2"). Let S C RP be the set of parameters [3 such that there exists a latent
model (B, F.(. | x, z)) satisfying (L.1), (L.3) and generating G through (LV). S is reduced to
a singleton and E(Z'z).0 = E(2'y) if and only if

E(Z'y;, Wy, > 0}) = E(2'y;, H{y,, > 0}) (5)

where y; = (v 4w +¢) is the propensity of success for individuals with the smallest v and
where y; = —(x + vy + €) the propensity of failure for individuals with the largest v.

Under (L.1), (L.3) and (5) the moment condition (E(Z'z).0 = E(2'y)) provides ezact
identification of (.

Proof. See appendix B.2. =

One of the simplest assumption we can think of, that implies this condition, is that
propensities of success y; within the certain-success subset Bg(x) and propensities of failure
ys., within the certain-failure subset Br(z) are identically distributed. If this condition is
valid, the special regressor estimator is unbiased. Alternatively, it is always possible to
choose conditional distributions for y; —and y; when they are positive, such that equation
(5) is satisfied. It is however impossible to tell from the data whether symmetry of the tails
or an alternative restriction verifying (5) is verified. All restrictions on the distribution of ¢
satisfying (5) are observationally equivalent and all lead to the exact identification of f.

If either vy or vy, is infinite?, condition (5) cannot be satisfied. Let vy = +oo (say), then

the absence of bias means that £(z'y; 1{y; > 0}) should be set to zero which is impossible

9but not both. If both vy and vy, are infinite, we are back to the case described as restricted support (1),
condition (L.2). Theorem 3 applies.
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since By; 1{y; > 0} > 0. Nevertheless as shown in Appendix B.2, the bias may affect the

intercept term only.

Proposition 6 Assume vy = +o0o, v, > —oo and consider Pr(y = 1 | v,x,z) satisfying
(NP.1) and (NP.2"). Let S C RP be the set of parameters 3 such that there exists a latent
model (B, F:(. | x, z)) satisfying (L.1), (L.3) and generating Pr(y = 1| v, z, z) through (LV)
and let Sy = {(By,....5,) € RP"' st 5, € R, (By,...,8,) € B} where (3, is the intercept
coefficient. Sy is reduced to a singleton if there exists a constant o independent from z such

that
E(y,, Ky, >0}t [2) =« (6)
where y; = (v + vy +¢) represents the propensity of success for individuals with the lowest

possible v. Under (L.1), (L.3) and (5) the moment condition (E(z'z).p = E(Z'y)) provides

exact identification of B apart from the intercept coefficient.

Proof. See appendix B.2. =
The long version of this paper (Magnac and Maurin, 2003) reports Monte-Carlo experi-
ments which show that the estimator developed in this sub-section (i.e., when (L.2) is not

satisfied) performs quite well in medium-sized samples.

4 Information and Asymptotic Properties

Identification is not the only concern when choosing among different estimation methods,
information also is. In this section, we establish the semi-parametric efficiency bound of
regular estimators of parameter § under partial-independence and uncorrelated instruments.
The bound is valid regardless of whether the support of v is large or not, provided the
regularity conditions (R) hold true.

Before moving on to the proof of these results, it should be noted that they correspond to
a different setting and are different from the seminal results in Cosslett (1987). Specifically,
he assumes that the error terms have a zero median and are independent of regressors. Under
these assumptions, he derives the semi-parametric efficiency bound of the parameters, except
the intercept which cannot be estimated at a root-n rate. As we use a moment condition
instead of a median condition on the error term, a root-n consistency result for all estimators

can be obtained.
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In our set-up, the only identifying restriction is given by the moment condition (1) and
one possible source of difficulty comes from the relationship between the unknown non-
parametric component of y (i.e., f(v | x,2z) ) and the density function with respect to
which the moment restriction (i.e., E(z'[§ — xf]) = 0) is defined. Given this relationship,
the general framework investigated by Chamberlain (1992) needs to be amended and the
semi-parametric efficiency of estimators has to be checked by hand.

The special regressor estimator proposed by Lewbel (2000) is constructed by using the
empirical counterparts of the moments in equation (1). Under regularity conditions provided
by Lewbel (2000), this estimator is root-n consistent and asymptotically normal. Our deriva-
tion of the efficiency bound shows that it is not possible to construct an estimator which
is more efficient than the special regressor estimator under assumptions (L.1), (L.3) and a
large or restricted support assumption. The specific moment estimator of 5 proposed by
Lewbel is semi-parametrically efficient.

In the large support case, the regularity conditions under which the special regressor
estimator is root-n consistent, and asymptotically normal, are given in Lewbel (2000), Ap-
pendix B, Conditions B1-B6 and Condition B7 or B7’ depending on whether the support of
¢ is bounded. It is easy to check that Conditions B1-B6 and Condition B7’ remain applica-
ble!” when the large-support assumption does not hold and that - under these conditions-
the proof of root-n consistency and asymptotic normality still holds true too. In particular,
Condition B7’ imposes conditions either on the rate at which Pr(y = 1| v, z, 2) tends to 0
or 1 when | v |— oo or on the support of v which are easy to satisfy when the large support
assumption does not hold true any more!?.

In the remainder of this section, we first establish the efficiency bound. Next, we show
that it is more efficient to use an estimate of the conditional density function when con-

structing gy rather than the true value of the density when the latter is known.

4.1 The Semiparametric Efficiency Bound

The estimate is based on the unconditional moment conditions:

E[m(y,v, z, 2 8y)] = 0. (7)

0n contrast, condition (B7) is not applicable when (N P2) does not hold true. As a matter of fact, it
assumes that the support of v.is large.

1 Condition B7’ ensures that asymptotic trimming leads to an asymptotically equivalent estimator (see
also Lewbel, 1998, Appendix B). As the proof of asymptotic properties is only a little more than the original
we do not repeat it here.
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where the function of interest is:

y— 1(” > 0) /T~
( ) ol 2.2) ) [ ]
From regularity conditions (R.i — v),
E[mm/] = Qq

is of full rank, ¢. It is because E [mm'] = E(2'2.E [(§ — ) | 2]) and because E [(§ — x3)* | 2] #
0 on a set of positive measure F, ..
Observe that the moment conditions are linear. If f(v | z,z) were known, the semi-

parametric efficiency bound for estimating solutions of unconditional moment restrictions

would apply (Chamberlain, 1987). The GMM efficiency bound would be:
(E(2'2)Q  E(<'7)) 7,

and the efficient estimate would then be obtained as usual. In our case however, the density
f(v | z,z) is unknown. Results reported by Chamberlain (1992) cannot directly be applied
because the unknown non parametric component is also a density function with respect to
which the unconditional moment restriction is taken.

For simplicity, we shall consider an estimation in two steps. First, we begin with the
estimation of parameter 7o = E(2'x).5,. Second we estimate parameter (3, using minimum
distance and the first-step estimate of my. In the first step, the unconditional moment

restriction that we consider is:
B3y, v,z 70)) = B(z'§ = m0) = 0. (8)

The efficiency bound and variance-covariance matrices for 3, are derived next as in Newey
and McFadden (1994), for instance. Namely, if V; is the variance-covariance matrix of what-
ever estimate of my then, under the usual regularity conditions, the variance-covariance

matrix of the corresponding estimate of 3, is given by:
(B(2'2).V.LE(Z2)) ™!
The bound for V. is described by the following result.
Proposition 7 The semiparametric efficiency bound for estimating mq is:
B((G— E(f | v,2,2) + E (7 | 2,2) — 6,)%2).
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Proof. See Appendix C.1. =

For the paper to be self-contained, Appendix C.2 provides the variance-covariance of
Lewbel’s estimator (as derived by Lewbel, 2000) and proves that it actually attains the
previous bound. Under (L.1-L.3), it is not possible to be more efficient than Lewbel’s
estimator.

It should be emphasized that the special regressor estimator remains efficient when the
large support hypothesis (L.2) is replaced by a symmetry assumption such as condition
(5). As a matter of fact, the derivation of the semi-parametric efficiency bound and of
the variance-covariance of estimator does not depend on the specific assumptions made on
bounds. Whether conditions (L.2) or (N P.2) are satisfied or not, the same properties apply
to Lewbel’s estimate. It is consistent and semi-parametrically efficient under the conditions
of Propositions 5 or 6.

If one is ready to lose some efficiency then - in the asymmetric case described by Propo-

sition 6 - one can always use the symmetrical trimming proposed by Powell (1986).

4.2 Plugging-in the True or Estimated Conditional Density?

In this section, we assume that the conditional density f(v | z, z) is known. It may correspond
to the case where v is under experimental control or the case where one has access to
additional external information on the distribution of v (through census information for
instance). In such a case, we can consider two different transformations, 7 = (y — I(v >
0)/f(v | z,2) or (y — I(v > 0))/f(v | ,2) when constructing the linear regression that
leads to the estimation of 3, where f(v | z,z2) is the true distribution and ]/C\(U | z,2) an
estimate of f(v | x, z). It was conjectured in Lewbel (2000) (and confirmed by Monte-Carlo
experiments) that the estimate of 3 obtained with 3 and the true value of the density actually

has a larger asymptotic variance than the estimate obtained with ¢ and the estimated value

of the density. We now offer a proof for this conjecture:

Theorem 8 The estimate of 7y defined by the unconditional moment condition (8) (i.e.

E(2'§ — mo) = 0) has a strictly smaller variance when the estimated f(v | z,z) is used to

transform the dependent variable than when the true density is used.

Proof. See Appendix C.3. =
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Replacing the nuisance parameter — the conditional density — by an estimate is more
efficient than replacing it by its true value. Hirano, Imbens and Ridder (2003) report similar
results in the context of treatment models where the nuisance parameter is the inverse of a
propensity score, in a set of moment restrictions. They show that using an estimate of the
score leads to more efficient estimation of treatment parameters than using the true score.
They interpret the estimator with the estimated score as an empirical likelihood estimator
where the information about the nuisance function has been efficiently incorporated. The-
orem 5 can also be understood by using broadly similar arguments to the ones presented
by Crépon, Kramarz and Trognon (1998). Consider two sets of moment conditions. The
first set depends on parameters of interest and nuisance parameters while the second set of
moment conditions depend on the nuisance parameters only. The efficient GMM estimates
can be derived from the first set of conditions when nuisance parameters are replaced by
their estimated values using the second set of conditions. In contrast, GMM estimates when

parameters are replaced by their true values are not generically efficient.

5 Extensions

Lewbel (1998, 2000, 2003) use the special regressor hypothesis to estimate the structural
parameters of other linear latent variable models, y = L(xz(3+¢€), such as the ordered discrete
choice model with constant thresholds or the censored regression model. One obvious issue
is whether the equivalence results given by Theorem 3 can be extended to these models. In
some interesting cases the answer is positive. In other cases, the special regressor setting
imposes testable restrictions on the set of statistical phenomena that are generated by the
latent structure.

To illustrate the generalization of Theorem 3, we consider the most straighforward ex-
tension of binary responses which are ordered choice models. Assume that the support of
y is now S, = {0,1,..., K} (K > 1). The discussion will be split into two according to two
definitions of ordered choice models. In the first one, each individual is defined by an ordered
set of propensities (i.e., y},.,y}) and his/her response (y € {0,1,..., K}) depends on how
propensities compare with a given cost variable v. In the second model, each individual is
defined by one specific propensity y* and his/her response depends on how this propensity
compares with an ordered set of thresholds ay(v). A straightforward extension of theorem

3 only holds in the first case while structural parameters are overidentified in the second
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model.
5.1 Ordered Choices: First Model
Consider the following definition for latent ordered choice models.

Definition 9 Latent ordered discrete choice models are characterized by a set of ordered
latent random variables {y7, .,y } where y; > y;, . By convention define yj , = —oo. The

observable model is given by:

[
[~

I(v+y;>0,0+yi, <0), (LV1)

>
Il

1

[
]~

I(=yr <v < =Ypga)-

T

1

We consider linear latent models such as:
Vk=1,., K Yp = B + €k,

where every random shock €1, ., ek satisfy (L.1 — L.3).

This model is a straighforward generalization of (LV). When K = 1, the two models
coincide. Such an ordered choice model may typically be used for analyzing consumer be-
havior. Suppose that the observed variable y records the number of units of a good that is
bought by consumer i when the offered unit price is (—v), the latent variables, y;, stand for
the willingness to pay for an additional unit of this good when the number of units bought is
k — 1. If marginal utility is decreasing, then the marginal-unit willingness to pay is decreas-
ing which justifies the ordered choice setting. The fact that an entire array of unobserved
components affects willingness of pay is due to individual differences in the relations between
marginal utility and quantity purchased.

One of the nice consequence of the setting given by (LV'1) is that it is equivalent to a

system of K binary latent models given by:
ye = 1(=yk <v), (LV1K)

For instance, y1, is the indicator of purchase (any quantity), y, is the indicator of 2 or more

units purchased and so on y; is the indicator that more than k units were purchased:

yr = I(y > k).
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Reciprocally:
K
Yy = Z Y-
k=1
Let M, be the set of latent ordered discrete choice models which elements {(5;, F%, (. |

x,z)),k =1,..., K} satisfy partial independence, support and moment conditions (L.1— L.3)

and the additional inequality restrictions across alternatives:

Yr = 10y + ek > Byt + Ehtr1 = Yiya (9)

Those inequalities translate into restrictions on the joint distribution of (ej,er41). Let
Qk(z, 2) be the support of ¢, as defined in the first section. The support of (e1,.,6x) is

therefore:
QB,z,2) ={(e1,.,ex) € U X .. x Qi | VE; 28, + e > 201 + €pi}

The consequences in terms of non-parametric predictions are now straightforward. They
consist in (N P.1) and (N P.2) for any choice k. Inequalities (9) in the latent model translate
into:

Y = H{— (28 +er) <v} > H{—(20)1q + Ehy1) <V} = Y1

with some strict inequalities for a positive mass of v. Thus:
E(yk ’ v, T, Z) = Gk<U,.I, Z) > Gk—l—l(U?x? Z) = E(yk+1 | v, T, Z)

which is a sensible assumption in most cases. For instance, the probability of buying more
than £ units is decreasing with k. Those inequalities do not translate into restrictions on the
marginal distributions of €, but only on the joint distribution of (ey,ex41) and their joint
distribution is underidentified. Only the marginals are.

We can now summarize these results. Let the set M7 of latent ordered models be given
by parameters (3, ., 3x) € R, distribution functions (f1(e1 | @, 2), ., fx(ex | ©,2)) € DX, a
family of set (3, z, z) C RE, and the transformation (LV1) such that they verify (L.1—L.3).
Let the set M ypoc given by:

Mnpoc = Mnyp(yr) x .. X Myp(yk)

that satisfy (NP.1) and (N P.2) and where Vk; Gy (v, 2, 2) > Gii1(v, z, 2). Then:
Theorem 10 M7, is one-to-one with Mypoc-
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5.2 Ordered Choices: Second Model

Let us now consider the following semi-parametric latent model which is defined with respect

to the unobserved heterogeneity component:

y =3 Tox(v) < 26+ ¢ < apa(v), (1V2)

where the thresholds o (v), k =1, ..., K + 1, satisfy,
a1(v) = —v < ag(v) < ... < ag(v) < agi1(v) = 400, (10)

while e satisfies (L.1), (L.2) and (L.3).

This model also is a direct generalization of (LV'). When K = 1, the two models coincide.
The 23 + € may be interpreted as a propensity to respond as in (LV), but the response has
now several possible levels of intensity. The ay(v) thresholds may be interpreted as the cost
of responding with intensity k. The only structural assumption about these costs is that
they increase with the intensity of the response.

Such a model may describe for instance the performance of young children when starting
school where y* represents their (latent) schooling ability (plausibly dependent on family
inputs) and the ay(v) the set of thresholds (plausibly dependent on v being the birthdate
within the year) imposed by the educational system for deciding who has to be held back
(y = 0), who has to be on time (y = 1) and who has to be ahead (y = 2) at school.'?

Let M7 ¢ be the set of latent ordered discrete choice models which elements (3, F.(. |
x,z),ar(v), k =2, ..., K) satisfy independence, support and moment conditions (L.1 — L.3).
Consider also a statistical model F'(y | v,x,2) on S, such that Pr(y; > 1 | v, z, z) satisty
conditions (NP.1 — NP.2) and assume that there exists a latent ordered choice model (3,
F.(. |z, 2),04(v), k=2,...,K) in M} e which image is F/(y | v, z, 2).

Let us denote Gy(v,z,2) = P(y =0 | v, z, 2). By definition, —Gg belongs to M} p. Thus,
using Theorem 3, we can exactly identify the parameter of interest § and the distribution of
errors €. In particular, we necessarily have f.(. | z,2) = 2% (— (28 +¢), x, z).For any k > 1,

ov
define now Gy(v,x,z) = P(y < k | v,z, z). We have,

12Maurin (2002) uses the binary approach to estimate the probability to be held back using v = day-of-
birth within the year as a special regressor and interpreting x5 + € as schooling abilities. —as(v) can be
interpreted as the ability threshold (defined by the educational system) above which children can be ahead
at school.
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—af+ou(v) —zf+ag(v) —9G,
Gr(v,x,2) = / dF (e |z, 2) = / 5 (—(z8+¢€),2,2)de

o0 —00

= Go(—ax(v),z, z).

It therefore yields:
ar(v) = =Gyt (., 7, 2) o Gi(v, 7, 2).

Thus F(y | v, 7, 2) is the image of an element of M 5, only if Gy (., 7, 2) oGy (v, 7, z) do not
depend on x and z. Put differently, a monotone ordered discrete phenomena can be analyzed
as a structural ordered choice model that satisfies the partial independence hypothesis only
under the testable assumption that Gy o G does not depend on z and z. Note finally that
inequalities described by (10) translate into the same inequalities on functions Gy that we
had in the previous subsection and which are adapted to the present setting. They do not
affect our argument.

Therefore, the ordered discrete choice models with fixed thesholds (i.e., ax(v) — ag(v) =
v) are not one-to-one with the monotone discrete models. The partial independence hy-
pothesis makes it possible to identify very easily the structural parameters that characterize
these ordered choice models, but this assumption also implies (testable) restrictions on the

set of discrete monotone phenomena that can be analyzed with such models.

6 Conclusion

The first contribution of this paper is to characterize the conditions on binary data under
which the identifying assumptions proposed by Lewbel (2000) are justified: E(y | v,x) is
monotone in v and vary from 0 to 1 when v varies over its support. Second, it is shown
that the uncorrelated-error, partial independence and large-support assumptions lead to the
exact identification of the structural parameters of the binary response model. We also prove
that the large support assumption — which might be unadapted in some instances — can be
replaced by an alternative credible restriction which is the conditional symmetry of the tails
of the error distribution. Furthermore, we show that Lewbel’s moment estimator attains the
semi-parametric efficiency bound in the corresponding class of latent models. We propose
an extension to ordered choice models. All in all, Lewbel’s moment estimator is shown to

be consistent in a fairly wide class of binary choice models. This class includes all monotone
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binary data where the probability of success varies in an interval which is strictly included
in [0, 1].

It would be interesting to extend our results to other settings, such as the analyses of
truncated regressions (Khan and Lewbel, 2003), treatment effects (Lewbel, 2003) or panel
data (Honoré and Lewbel, 2002). We are currently exploring another route by relaxing the
assumption that partial independence holds with respect to a regressor which is continuous
(Magnac and Maurin, 2004). We consider that v is discrete or has been discretized and show

that bounds of a convex set containing 3 are identified.
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Appendices

A Proofs of Section 2

A.1 Proof of Lemma 1

Write:
Pr(yi:”@,%z):/ dF.(e| z,z)

zB+v+e>0,e€0Q:(,2)

As dF.(e | x,z) > 0 and F. is absolutely continuous, the first conclusion follows.
Second, for almost any (z, z), the support of —z5—¢ is a subset of |vy,, vy [ that we denote
Jui(x, 2), v (2, 2)[. Suppose first that both bounds are finite. We have for all € € Q.(z, 2):

v <z, 2) < (B +¢) <wvplz,2) <vg
and therefore for all € € Q.(x, 2):
vz, z) +2B+e<0 wvp(z,2)+a2B8+e>0

The second conclusion follows. If bounds are infinite then the expressions in the Lemma
should be replaced by suitable limits.

A.2 Proof of Lemma 2

Consider G(v,z,z) = Pr(y = 1 | v,z, 2) satisfying (NP.1) and (NP.2). According to the
support condition (N P.2), there exists (a.e. F,.) two values v;(x, z) and vy,(z, 2) in Jvg, vy|
such that G(v(z, z),x,2) = 0 and G(v,(x, 2),x,2) = 1. Assume that there exists (3, F.(. |
x,z)) in M such that G(v,x, z) is its image throught the transformation (LV). Define the
support of the random variable ¢ as:

Q. (z, 2) =] — (vp(z, 2) + 28), —(vi(z, 2) + x2P)]| (A1)

which is a subset of | — (vyg +xf), —(vr, + )| By definition of (LV), (8, F.(. | z, z)) satisfies,

—(vi+zpB)
Gloss) = [ felmade= [ T fe|w)de
v+xB+e>0,e€Q(,2) —(v+zpB)
= 1—-F(—(v+2xp) |z, 2).
which implies for any ¢ € Q.(z, z) that:
oG
fele |z, 2) = —(—(zB + ¢),x, 2). (A.2)

ov
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The % function is defined almost everywhere (F,) since (a) by the monotonicity assumption
(NP1), G(v,x, z) is absolutely continuous in v €vr, vy[ (Billingsley, 1995) and (b) v varies
continuously (R.iii, R.iv).

Furthermore, condition (L.3) implies:

0 = E(¢)
_ Eggwa/sﬁxs|ﬁzﬁk)

oG
= —Em(z’/(xﬁ + v)%dv

= —E(Zx)8— Ex,z(z'/’l}((;—fdv) (A.3)

where the notation F, . means that the expectation is taken with respect to the subscript
variables only (if there is some ambiguity) and the integrals are taken on the support of
each variable. Because of R.iii, E(z'z) is of rank equal to the dimension of 5. The previous
equation therefore uniquely defines 3 in the usual sense when some linear restrictions are
overidentifying (rigorously defined in R.v).

Thus if (B8, F.(. | x,z)) exists, it is defined by (A.1), (A.2) and (A.3). Reciprocally,
consider (3, F.(. | z,2)) in M} which satisfies (A.1), (A.2) and (A.3). Its image through
(LV) is G(v, x, 2).

Finally, we have:

vy 0
v%dv = / v%dv—l— v%dv
0 a'U

vL

:@@m@@—my—éwmm%@—mm

UL

+ [WG(v, z, 2)]° —/ G(v,z, z)dv
- —/W«xu%@—1@>owm

= — /UH(E(y | v,2,2) — 1(v > 0))dv

vL

::_/ B | v,2, 2).dFy(v | 7,2) = —E(j | 2, )

v,
and therefore (also Lewbel, 2000, page 115):

E. (¢ v%dv) = —E('y)

which completes the proof.ll
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B Proofs of Section 3

B.1 Proposition 4

Consider G(v,z,z) = Pr(y = 1 | v, xz, z) satisfying NP1, NP2’ but not NP2. The purpose
is to show that G may be generated by a latent model with an arbitrarily large 3 .

Fix 8. Chose F.(. | z, z) satisfying partial independence and conditions (3) and (4). By
construction, the latent model (3, F.(. | z, z)) satisfies (L.1) and generates G (v, z, z) through
(LV'). The only remaining restriction on [ is given by the moment condition (L.3):

0 = E(Ye) = E%Z(z'/edF(s | z,2)) (B.4)
—(vp+zB)

= E(z’/ edF(e |z, z))+ E(z’/ edF(e | z,z))
c€B(x) —(vg+xB)

Thus, using the fact that f.(c | z,2) = 2¢(—e — ) for € €] — (vy + 28), —(vr + zB)[ we
have,

, , [ oG
0 = E(z edF(e |z, 2)) — E(z (xf 4+ v)—dv)
e€B(x) vL v
VH VH
= E(Zel{e € B(x)}) — E(Z’xﬁ/ a—de) — E(z’/ va—de) (B.5)
o, OV o OV
The last term can be expressed as in the proof of Lemma A.2:

H0G e 0G ° oG
—dv = —d —d
/v v@v v /0 U@v v+ ULvaU v

— [0(G(v,z,2) — 1) — /0 G, 2) — 1)

L

—I—[UG(v,x,z)]gL—/ G(v,x, z)dv

- <b(vH,vL,x,z) + /UH(G(U,x,Z) —1(v > 0))dv>
= —(b(UH,UL,x;Z)+E<g | CL’,Z))
where:

b(vg,vp,z, 2) = —([v(G(v, x, z) — 1)|;" ++ vG(v, x, z)]o ) =vg(1-G(vy,x, 2))+v.G(v, x, 2)

UL

is a function of conditional probabilities at the bounds (and can be infinite). Note that it is
equal to zero when G(vg,x,z) =1 and G(v,x, z) =0 (i.e., under NP.2).
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The moment condition given by equation (B.4) can be written as:

0 = E({el{e € B(x)}) — E(z'2{G(vy,z,z) — G(vg,x,2)}) (B.6)
+E(2'b(vg,vp, x,2)) + E(2'))
= F(el{e € B(x)}) + E(Zx{1-G(vy,z,2) + G(vr,x,2)})3
+E(2'b(vy, v, @, 2))
—E(z'x)B + E(2'])

It should be noted that if the support condition (N P.2) was true, we would have G(vy, z, z) =
1, G(vg,x, z) = 0 (therefore b(.) = 0) and B(x) = (). The last line of condition (B.6) would
give Lewbel’s moment condition back (i.e., E(z'z)5 = E(Z'g)).

Given that (NP.2) does not hold, either v;, or vy are finite. Suppose that vy < oo so
that —(vy + z68) — to(x, z) belongs to B(z) for any measurable function #o(z,z) > n > 0.
Choose the conditional distribution of ¢ in B(x) such that there is a mass 1-G(vy, z, 2)
in a small neighboorhood of —(vyg + xf3) — to(z, 2) and a mass 1-G(v,z, 2) in a small
neighboorhood of — (v, +xz () included in B(x) (possibly a mass 0 at —oo because of (N P.2)).
As these neighboorhoods can be chosen arbitrarily small, we can consider that all the mass
is concentrated at two points in B(x), —(vyg + 28) — to(z, 2) and —(vy + x3). Using this
specific distribution of ¢, condition (B.6) may be rewritten, after some manipulation,

E(Z'z)(B = o) = —E("to(, 2))
where [, is the value of the parameter associated with the moment condition E(2'z).5, =
E(Z'y).
As E(Z'z) is full rank (R.i7) then, for all Ay, there exists ty(z, z) such that (5 — 5,) (5 —
Bo) = Ao which concludes the proof.

B.2 Proposition 5 and 6

Equation (B.6) proves that the special-regressor estimator is biased except if:

E(Zel{e € B(x)}) + E(Z'x{1-G(vy,z,2) + G(vy,x, 2)})3
+E(Z'b(vg,vp,x,2)) = 0

E(Zel{e < —(vg +2p)}) + E(Z'el{e > —(vy + 20)})
E(Z(xf 4+ vg){1-G(vy,x, 2)} + E(Z' (20 + vp){G(vp, z,2)} = 0

—

E(Z(zf+vg +e)l{e < —(vg +28)}) + E(Z' (28 + vy +e)1{e > —(vp, + 20)}) =0
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which is equivalent to:
—E('y;, Ky, > 0}) + E(2y;, H{yy, > 0}) =0

where y; = — (2 + vy +¢) and y; = 28 + v +¢c. It proves Proposition 5.
If vy = +oo and using the support condition (N P.2), the bias is characterized by the
quantity:
!k *
E(Z'y,, Hy,, > 0})

If the conditional mean is independent of z :

E(y,, Hyy, >0} | 2) =«

then the constant only in 3 is biased. B

C Proofs of Section 4

C.1 Proof of Proposition 7

C.1.1 Preliminaries

We begin by introducing some notations and by presenting the main result of Severini and
Tripathi (2001). In the following, we will apply this result to derive the efficiency bound for
estimating .

Firstly, the density function (with respect to products of Lebesgue and counting mea-
sures) of the random vector w = (y, v, x, 2), as defined by regularity conditions R, is rewritten
as:

fly,v,z,2) = fly|v,zxz2).f(v]zz2).f(z,z2)
= iy |v,z,2) 00|, 2).05(z, 2)

The “structural” parameter of interest is 7(¢,, ¢5,7) = E(2'7). The “reduced form” func-
tionals describing the random variable are ¢,, ¢,, ¥ which are assumed to belong to the
following sets:

¢ = {¢1 : {Ov 1}X}/UL7UH[XS$,Z — R, Z Qﬁ(y | U,J}7Z) - LQﬁ(y ’ U,JJ,Z) > O}

y=0,1

(I)Q = {¢2 € L2<S$7Z>7 ¢g<$,2)dl’d2 = 1,¢§(£B,Z> > Oa
Sm,z

¢3(x, z) is bounded}

U = {¢ € L*(Jug, vyl), / V(v |z, 2)dv = 1,¢*(v | z,2) > 0,

lvrve|

Y*(v | x,z) is bounded and continuous}
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where all assumptions are derived from the regularity conditions (R.ii and 4ii).

In the remainder, E will denote ®; x ®; x ¥ and linT(E, (¢, $3, ")) the space tangent
to E at the true value (¢(1], ¢8, Q/JO). This tangent space is the smallest linear space which is
closed in the L2—norm and which contains all (¢,, ¢y, ?) € L*(Fyjpz,2-Fojz.-Fy ») that are
tangent to E at (¢, dy,¢"). A vector ¢ is said to be tangent to E at ¢, = (¢, ¢5,1°) if
there exists a to > 0 and a curve t — ¢, from [0, %] into E which reaches (¢?, ¢5, ") at
2550~ ] =)

As shown in Severini and Tripathi (2001), linT(E, (¢°, ¢5,%")) is the product of the
following subspaces:

inT(®1, %) = {¢, € L*({0,1} x]vg, v [xS,..), Z &y | v,x,2).0, =0 ae. Jog,vp[xS,.}

y=0,1

t = 0 and such that ¢ is the slope of ¢, at t = 0 (i.e. ltiftr)l |

1inT (®y, ¢9) = {dy € L*(S,..), PYodrdz = 0}
S:r,,z

linT (W, ¢°%) = {4 € L (]UL,UH[XSJ;,Z),[ [QMJOdv =0ae S;.}

Following Severini and Tripathi (2001), for any ((bl, gbz,zb) and (gﬁ;, qﬁ;, w/) elements of the
tangent space, the Fisher information inner product on the tangent space will be denoted
< .,.>p (and the corresponding norm ||.|| ) with,

< (b1 D), (B ) 5= 4 By (1)) +AE, . ( [ [W’dv>+4 [ ubtuds

y=0,1

H By, Ggy V) H < (1, 09, 1), (61, Dy 1) >

Since the tangent space is a closed subspace of L2(Fy|v,mﬁz.Fv|xﬁz.Fx,z), the tangent space with
this inner product is a Hilbert space. Hence, the Riesz-Frechet theorem implies that for any

continuous linear functional L on (linT'(E, (¢, ¢9,9°)), < .,. >p) there exists a unique [* in
linT(E, (67, #3,v°)) such that for any [ in linT(E, (¢9, ¢9,1°)), we have L(l) =< I,1* >p .
The [* vector is called the representer of L .

For any arbitrary ¢ € R%we will consider p: £ — R,

P61, 63, 0) = (1, 63 0) = . 3 / Sy —1(0 > )2 2dvdndz  (C.7)

y= 01 LUH[XSZZ

To simplify the problem, the usual strategy is to compute first the efficiency bound for
estimators of the scalar p(¢[1), ¢8, wo). As c is arbitrary, it is straightforward to deduce the
efficiency bound for estimators of 7.

To implement this technique, the issue is to prove that p is pathwise differentiable at
(¢), 5,4°), to prove that the pathwise derivative of p(¢;,dy,10) at (¢, ¢3,4°) (denoted
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Vp,) is a continuous linear functional, to find ¢* = (¢7, @5, ") the representer of Vp, and to
compute ||¢*|| . Severini and Tipathi (2001) show that the lower bound for the asymptotic
variance of root-n consistent regular estimators of p(¢!, ¢, 1°) is actually || (¢F, #3, ¥*)]|| » ,i-e.,
the Fisher information norm of (¢7, ¢3,1") the representer of Vp,.

C.1.2 The representer of Vp, and the efficiency bound

For some ty > 0 let p(t) : t — (¢qyy Doy, ¥4) be a curve from [0, %] into E such that o(?)
reaches (¢7, ¢9,1°) when ¢t = 0, and has a tangent vector ¢ = (¢,,,,%) at (¢t = 0). By

definition ¢ corresponds to the slope of p(t) at t = 0 (i.e., H M — ‘ ,—0 when t | 0
L

).
Consider Vp, : linT(E, (¢?,¢9,v4°)) = R with

Voolbn b ) = ¢ 3 / (5= 1(0 > 02102 + 00X dvdrdz  (C.8)

y01 UL’UHXSZZ

By construction Vp, is clearly such that M —Vpo(¢)| — 0 when t | 0 for

any ¢(t). Hence, p is pathwise differentiable at (¢, #3,%") and its derivative is the linear

functional Vp,.
We now search for the Riesz-representer of Vp,, i.e. the vector (¢7, ¢3,1¢™) in the tangent
space such that, for any (¢, ¢5,%) in the tangent space.

VPO(¢17¢2a@Z)) =< (g.blaébZaqvb)? (¢T7¢;a¢*> >F

First, notice that V,oo(gbl, by, zZJ) can be rewritten:

Voo(or, &9, 00) =2¢ Y / 15; ~ 0))¢2(¢g)2]¢1¢9dvdxdz

3=0,1 Jor,wa[x

/ by Z / 0> 0) 292 dvdads

y=0,1 Jvr,wel

Hence, we have,

VP0(¢1> ¢2a =2 Z z'[§¢2(¢g)z]dvdmdz)¢l¢?

y=0,1 vL:UH[XSac,z

]

Comparing this expression with the expression of < (¢, gz52, V), (qbl, ¢5,0") > and using the
fact that fs ¢0¢2da;dz =0 and Zy 0.1 ¢0¢1 = 0 for any ¢1 and ¢2 in the tangent space, we
can sce that any (¢%, ¢, ") such that,

/] [ y¢ (¢1) ]dv)q§2¢2dmdz

zz y=0,1
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* 1 ~
¢1(y | U,x,Z) = §C,Z/y¢? + A1<$,U,Z)¢?

* 1 / ! ~
Go(, 2) = 5¢ (ZE(j |, 2) ¢34+ Az
P*(v|z,z)=0
for some function A;(z,v, z) and some intercept As, is such that
< (él? ¢27 Qﬂ), (¢>{7 ¢;7 W) >F: Vpo((bla ¢27 W

To determine A;(x,v,z) and Ay, we impose that (¢7, ¢5,1™) belongs to the tangent space,
ie, [g 9¢sdrdz = 0 and > y—01 ?)(y | v, 2, 2).¢7 = 0. These two conditions imply,

1 1 1
Aj(x,v,2) = —§C,E (2'y | v,x,2) and Ay = —ic'.E (2'y) = —50'.7r0.

Thus, we necessarily have,

1
Oy | v,w,2) = 52 (G = E (7| v,2,2))é1
1
03w, 2) = 5 (ZE (| #,2) = m0) 5

V(v |x2)=0
We have just found a vector (¢7, ¢35, 1) in the tangent space which satisfies Vpo((bl, by, w) =<

(dy, by, ), (0%, %, 00%) >p for any (¢, ¢y, 1) in the tangent space. Using again the Riesz-
Frechet theorem, this result proves that the linear operator Vp, is continuous and that
(], &5, 1") is its representer.

As shown in Severini and Tripathi (2001), the efficiency bound is thus:

ol + ezl = B

+d . E(Z(E (7| z,2) — 28,)%2).c
= JEZ @G- E@f|v,z,2)+E(j]| 2 2) —28y)%2).c

where we used that 7o = E(z'z).53,. Thus, the semi parametric efficiency bound at  is:
0

E((§—E | v,0.2)+ B (§ | 2,2) - 28,)°2).
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C.2 The variance-covariance of Lewbel estimate

As in Newey (1994), consider the estimation of the parameter of interest 7, = E(z'y) on any
differentiable path indexed by t and where ¢ = 0 gives 7. For simplicity, denote u is the
functionally independent representation of (x, z):

[ ,y—1{v>0}
T = /z DR fi(e, v, u)dedvdu

Therefore:

Ty = /z'(y —1{v > 0}) fi(e | v, u) fi(u)dedvdu

Under regularity conditions given by Newey (1994), formal differentiation with respect to ¢

yields:
omy , P
2 /z (y — 1{v > 0})@@:(6 | v, 2, 2) fi(w, 2))dedvdu
— /z/(y — 1{v > 0}) (% In fi(e | v,u) + %ln ft(U)) fole | v, u) fo(u)dedvdu
Ot s y—1{v >0} (0 5
T = E R e e+ )
/~ 0 0 o
= F lz y. (a In fi(e,v,u) — Eln fi(v,u) + alnft(“))]

= E[3.5(,v,u)] - E [z'gj.% In ft(v,u)} +F {z’g.% In ft(u)]
= FE[Z9.5(,v,u)] — E[ZE(G ]| v,u).S(v,u)] + E[ZE(g | v).S(u)]

where S(e,v,u) = 2 1n fi(¢,v,u) is the score of the model evaluated at the true value (re-
spectively S(v,u) = 2 1In f;(v,u) and S(u) = 2 In fy(u). As for any function ¢(v, ) :

E(¢<U7 U)S(Ua u)) - E(¢(U7 U)S(é‘, v, u))
we therefore have:

o =BG EG 0w+ B | 0)-SE v )

and the variance covariance of 7 is the variance of ¢:
q=72"(7—E@|v,u)+ B | u)— b))

since Fq = 0 and where we used that 7o = E(2'z)5, B
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C.3 Theorem 8

When f(v | z, 2) is unknown and estimated, Lewbel (2000) and Appendix C.2 shows that the
variance-covariance matrix of the estimator of mg is the variance-covariance of the random
variable:

q:ZI(g—E(:lj ’ U>$7z)+E(g ’ xa'Z)_mﬁO)

When f(v | z, z) is known, the variance is the usual GMM variance-covariance matrix of:

do = Z/(ﬂ — )

Note that it is the same variable y which is used here since we deal with asymptotics and

~

f(v| z,2) is consistent for f(v | z,z). Denote:

Mo =19 — x@o
and write:
q= 2/(770 - E(770 | ’U,w,Z) =+ E(no | .YI,Z))
Consider:
n=mny—E(mp|v,z,2) + E(ng | v, 2)

so that we can write:
Vo = E(Z' . E((no)? | v, 2, 2).2)

Vg=E(ZE((n)?*|v,z,2).2)
Some algebra yields:

E((n)® | x20)=E[(n—E(ng|v,2,2)+ E(ny | 2,2)" [ 0,2, 2]
= E[(no)* + (E(no | v, 2,2))* + (E(ng | 2,2))* | v, 2,2]
—2E[noE(mng | v,2,2) | v,@,2] + 2E [ngE(no | z,2) | v, 2, 2]
—2E(ng | v, 2, 2)E(ny | 2, 2)
= E[(no)* |v., 2] — (B | v,2,2))* + (E(ng | 7, 2))”
Therefore:
A=V —Vq=E( [(E(n ]|z 2)*— (Eng|2.2))°] 2)
As we can write:
En | x,2z,0) = E(ng | 2, 2) +m

where E(n, | xz,z) = 0, we have:

E(ny | z,2,v)* = E(ny | ©,2)* + (1) + 2E(n, | =, 2)m,
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and therefore:

A = Vg —Vg=E(" [(m)"+2mE(ng | z,2)] .2)
E(Z.(n)%2) + 2E(z . E(ny | z, 2).2)
= E(Z.(n)%2) +2E(Z . E(n, | 2,2)E(ny | z,2).2)
= E(.(m)*2)

is a semi-definite positive matrix.
Finally observe that:

G(v,z,z) — 1{v > 0}
fw]z,z)

is strictly positive if v varies over its support and G is continuous. If F(2'z) has full rank,

E((m)*|2) =V %)

A is definite positive.
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