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Abstract

I study nonlinear income taxation in a dynamic environment where
individual labor supply is subject to frictions, e.g., hours constraints
within firms. Specifically, consistent with the empirical evidence, agents
incur a fixed cost of adjusting their hours of work in response to wage
or tax changes. This generates an endogenous extensive margin of labor
supply, conditional on participation. I derive a formula that charac-
terizes the optimal long-run progressive tax schedule in this economy,
and show in particular that the standard frictionless models, which ig-
nore the lumpiness of labor supply, underestimate the long-run costs of

raising tax progressivity.
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Theoretical models of optimal labor income taxation typically assume that
labor supply can be adjusted costlessly and optimally on the intensive margin
in response to wage or tax changes: a 1 percent increase in the marginal tax
rate induces an € percent decrease in hours of work or gross income. Given this
simple modeling of labor supply, optimal tax rates are then determined by the
trade-off between their effect on government revenue (including these behav-
ioral losses driven by the elasticity ¢) and their effect on welfare, measured by
the marginal utility of consumption (normalized by the shadow value of public
funds, also called marginal social welfare weights). Even models of taxation
that incorporate explicitly an extensive margin of labor supply typically con-
sider the binary decision of whether to participate in the labor force, keeping
the assumption that conditional on participation, hours are either exogenously
fixed or fully flexible on the intensive margin.

One of the most common criticisms of this framework is that this modeling
of labor supply is unrealistic. A large (and growing) body of empirical evidence
shows that the adjustment of labor supply in response to productivity, wage
or tax changes, is subject to substantial frictions. The empirical literature
(e.g., among others, Altonji and Paxson (1992), Chetty, Friedman, Olsen, and
Pistaferri (2011)) finds that workers face hour constraints set by firms and
must change jobs in order to adjust their hours of work. This entails large
fixed (search) costs. The presence of such fixed adjustment costs generates
endogenously an extensive margin of labor supply conditional on participation,
where the thresholds of adjustments (i.e., their timing and size) are chosen
optimally by the agent.

Despite this empirical evidence, there is little theoretical work that explic-
itly incorporates such labor supply adjustment frictions into models of income

taxation. The reason (besides tractability concerns) is that it is commonly
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believed, perhaps loosely, that in the long-run, when individuals have had the
time to fully adjust their labor supply, the effects of a tax change should be
accurately captured by the standard frictionless optimal tax formulas, where
€ is interpreted as a long-run labor supply elasticity; in other words, there
may exist short-run adjustment frictions and sluggish responses to taxes at
the individual level, but they become irrelevant in the long-run.

The question I address in this paper is whether long-run optimal taxes, in
a dynamic model with lumpy individual labor supply, differ from those derived
in the standard frictionless model with intensive margin behavior, and if so,
what are the theoretical forces that determine optimal policy in the frictional
economy.’ The main result is that the long-run effects of non-linear taxation
are not correctly captured by the frictionless tax formulas in the presence of
fixed costs at the micro level. I derive novel formulas for long-run optimal
taxes with lumpy labor supply and show that the frictionless tax formulas
implicitly make an implausibly strong assumption about the effects of wage
changes on optimal individual behavior.

I set up a dynamic model in which individuals choose their labor supply
as a function of their stochastic idiosyncratic wage shocks and the non-linear
tax schedule. In order to adjust their hours of work in response to wage or
tax changes, they must pay a fixed cost. This fixed adjustment cost can be
thought of as the cost of searching for a new job in an economy where hours
are constrained within the firm, and is assumed proportional to the worker’s

foregone utility of consumption from the search activity. Once they decide

In this paper I call “long-run” the time until the new steady state of the economy
is reached after a tax change, which is driven by the time it takes for workers to react
and adjust their labor supply. This should be thought of as a horizon of, say, five to ten
years. I am not concerned with “very” responses to taxes which would take into account, for
instance, distorted human capital accumulation of future generations — a problem analyzed
by Stantcheva (2015), Findeisen and Sachs (2015), Badel and Huggett (2015).
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to pay the fixed cost, i.e., to start searching for a new job, they receive a
job offer (a costless adjustment opportunity) at an exogenous Poisson rate,
which captures in a reduced-form way the frictions on the demand side of the
labor market. Several assumptions allow me to keep the model analytically
tractable: the utility function has no income effects; the wage follows a random
growth process; the nonlinear tax schedule has a constant rate of progressiv-
ity; individuals are born (or enter the labor force) and die (or retire) at an
exogenous Poisson rate; and they cannot save or borrow. As a result, hours of
work evolve in a lumpy manner at the individual level: workers remain inac-
tive, that is they keep the same job, until their productivity (or wage) is such
that their optimal desired labor supply is far enough from their current, actual
labor supply; at this point, which I characterize analytically, they decide to
pay the fixed cost and start searching for a new job.?

The government chooses the tax schedule given this optimal individual
behavior. Its objective is to maximize a long-run utilitarian social objective
(the sum of individual value functions, weighted by the stationary distribution
of agents), subject to a budget constraint. In the frictionless model, the op-
timum tax schedule is characterized by sufficient statistic formulas standard
in the public finance literature. In the frictional model, I show two results.
First, the long-run effect on social welfare of a uniform increase in marginal
tax rates is given by the same formula as in the frictionless environment; this
neutrality result formalizes the intuition described in the third paragraph and
justifies the use of the frictionless intensive margin model for the analysis of

long-run (linear) taxation. Second, the long-run effect on social welfare of an

2For salaried workers, an alternative setup would place the fixed cost on income rather
than hours of work. All the results of this paper would continue to hold in this model, see
Werquin (2014) for details.



increase in the progressivity of the tax schedule is not accurately captured by
the frictionless formula: it depends on several new (extensive margin) labor
supply elasticities and marginal social welfare weights. The main force is the
following. An increase in progressivity reduces the volatility of the income
process, as higher incomes are taxed at a higher rate. This indirectly reduces
the option value of waiting to adjust labor supply in response to wage changes.
The lumpiness of labor supply generates extensive margin effects on welfare
unless these two effects exactly cancel out. In other words, the frictionless
tax formula implicitly makes a strong assumption about the effect of taxes
on the option value, namely, that it is exactly as large as their effect on the
volatility of income shocks. However, the option value effect is typically negli-
gible relative to the direct volatility effect of raising progressivity: individuals
adjust their labor supply whenever their current hours of work are 10 percent
away (say) from their optimum, and this value is hardly affected by taxes.
Relative to the benchmark (frictionless equivalent) case where the two effects
exactly cancel out, an increase in progressivity leads to a wider dispersion of
individual incomes around their desired frictionless values, which adversely af-
fects welfare. I show numerically in a calibrated version of the model that the
magnitude of these effects can be large (the true welfare effects of raising taxes
differ by up to 7 percent from those computed using the frictionless formulas),

and is larger for smaller values of the labor supply elasticity .

3There is another, “composition” effect of raising progressivity that is not captured by
the frictionless formulas: the presence of adjustment frictions implies that individuals who
earn the same income differ in their utility, as the least productive of them (i.e., those
with a lower wage) are working more hours to earn the same income; this non-degenerate
distribution is itself endogenous to the tax schedule. By treating the population earning a
given income as a representative agent, the frictionless model thus ignores this endogenous
heterogeneity and miscalculates the welfare effects of perturbing taxes.
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Related literature. This paper is related to three distinct strands in the
literature. First, it is motivated by the large empirical literature that points
to the presence of frictions in the adjustment of labor supply. Altonji and
Paxson (1992) show that changes in labor supply preferences have a much
larger effect on hours of work when individual change jobs, suggesting that
hours are constrained within firms and adjusting behavior entails substantial
fixed costs. Other papers have similarly argued that labor supply is subject to
fixed adjustment costs,’ e.g., Cogan (1981), Altonji and Paxson (1988), Dick-
ens and Lundberg (1993), Holmlund and Séderstrém (2008), Chetty, Guren,
Manoli, and Weber (2012), Gelber, Jones, and Sacks (2013). Two closely re-
lated papers to mine are Chetty, Friedman, Olsen, and Pistaferri (2011) and
Chetty (2012), who argue that adjustment frictions (in particular, fixed costs)
can reconcile several puzzles observed in the large literature that estimates la-
bor supply elasticities (see, e.g., Saez, Slemrod, and Giertz (2012) and Keane
and Rogerson (2012) for surveys), e.g., the wide range of empirical elasticity
estimates (from 0.1 to 1 for the micro Hicksian elasticity), or the fact that
larger tax changes generate larger responses. My contribution is to incorpo-
rate explicitly these fixed costs into a theoretical dynamic model and derive
the consequences for long-run optimal income taxes.

Second, this paper relates to the optimal taxation literature. The litera-
ture on the sufficient statistic approach to optimal taxation (e.g., Saez (2001),
Golosov, Tsyvinski, and Werquin (2013), Hendren (2014, 2015), Jacquet and
Lehmann (2015), derive optimal tax formulas for a large class of underly-
ing functional forms for the utility function, the sources of heterogeneity, etc,

but generally assumes that labor supply is set optimally. Recently, Chetty,

4Other types of fixed costs than hour requirements within firms can also be present,
e.g., the cognitive cost of paying attention to a tax change.
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Looney, and Kroft (2009) and Farhi and Gabaix (2015) have extended these
results to cases with boundedly rational agents, but in static settings. My
focus is instead on the long-run effects of taxes in a dynamic environment,
when individuals have had the time to adjust their behavior in response to the
tax change.

This paper also relates to the literature on extensive margin labor supply re-
sponses to taxes: Saez (2002), Rogerson and Wallenius (2009), Shourideh and
Troshkin (2009), Chone and Laroque (2010), Ljungqvist and Sargent (2011),
Jacquet, Lehmann, and Van der Linden (2013), study optimal taxation models
where individuals face a fixed cost of working, leading to binary participation
decisions and an intensive margin of hours. Alvarez, Borovickova, and Shimer
(2015) model labor supply in a similar way as I do in this paper, although
they consider only one adjustment (participation) threshold and do not focus
on optimal taxation. My paper can be seen as a generalization of their in-
sights, by deriving tax formulas that account for the many more (endogenous)
extensive margins of labor supply observed in practice, conditional on partici-
pation. It would be straightforward to include an explicit participation margin
in my setting (similar to Alvarez, Borovickové, and Shimer (2015)), although
empirically the long-run responses to taxation seems to be driven mostly by
hours worked conditional on employment (see Davis and Henrekson (2004),
and Chetty, Guren, Manoli, and Weber (2012) for analyses of labor supply
across countries with different tax regimes).

Finally, the technical tools that I use to model lumpy individual behavior
are those developed in the impulse control literature originally developed to
analyze operations research questions. Dixit and Pindyck (1994) and Stokey
(2008) summarize many references and applications of these models to eco-

nomics, primarily for monetary and investment topics. To cite only a few re-
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cent papers, Caplin and Leahy (1991), Bertola and Caballero (1990), Grossman
and Laroque (1990), Caballero and Engel (1999), Alvarez and Lippi (2014),
and Alvarez, Bihan, and Lippi (2014), have made important economic con-
tributions to this literature, on which this paper builds. I contribute to this
literature by studying long-run optimal policy in this class of models.” Finally,
in public finance, there is a rich literature on investment in the presence of
adjustment costs: Hall and Jorgenson (1967), Summers (1981), Abel (1983),
Auerbach and Hines Jr (1987), Auerbach (1989), Auerbach and Hassett (1992).
[ bring this literature to the study of labor supply, since labor supply (and not

just capital) adjustment costs are important.

The structure of the paper is as follows. Section 2 sets up the environment
and describes the maximization problems of the individual and the govern-
ment. Section 3 analyzes the optimal individual behavior. Section 4 charac-
terizes the aggregate steady-state of the economy. Section 5 derives the main
formulas for optimal taxes. Section 6 calibrates the model and runs numerical
exercises. Section 7 concludes. The proofs of all the results and additional

details are gathered in the Appendix.

5This paper finds that non-linear policy tools interact with fixed adjustment costs to
yield long-run aggregate real effects on welfare. This is in contrast with many papers with
indivisibilities or fixed costs at the micro level, where the aggregate economy behaves as a
frictionless (representative agent) model (e.g., Caplin and Spulber (1987), Rogerson (1988)).
I show in this paper that this insight holds only if the available policy instruments are linear.
This insight could be applied more generally to models with fixed costs and non-linear policy
instruments, beyond the taxation framework.
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1 Environment

There is a continuum of mass one of individuals in the economy. Time is

continuous.

Preferences. Individuals have the following Greenwood, Hercowitz, and
Huffman (1988) utility of consumption ¢ and hours of work (labor supply)

h, with isoelastic disutility of labor:

Ulc,h) = S (c Lh”l/s) H, (1)

1—y ' 141/

with v € [0,1). They discount the future at rate p;. They are born (or enter
the labor force) and die (or retire) at an exogenous and constant Poisson rate

pa. Tdenote g (z) = (1 —~) " z'™.

Technology. Individual productivity 6 is exogenous. The production func-
tion is linear in the labor input, so that workers’ wages w; are equal to 6,

for all t > 0. An individual’s log-wage (i.e., log-productivity) at birth, wy,

is drawn from a normal distribution f,, (-) with mean m,, and variance s2.
The idiosyncratic wage w; then evolves stochastically over time according to

a geometric Brownian motion with drift u,, and volatility o,,:
dInw; = pydt + o, dWy, (2)

The reduced-form equation (2) for the exogenous wage process can be micro-
founded.® A large empirical literature” estimates wage specifications of this

form and its findings are consistent with the presence of a unit root in the

6See, e.g. Gabaix, Lasry, Lions, and Moll (2015) and the references therein.
"See Meghir and Pistaferri (2011) for a survey.
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wage process wy.?

Budget constraint and taxes. An individual with wage w who works
h hours earns taxable labor income y = w x h and pays taxes T (y) to the
government. [ assume that she cannot save or borrow, so that her consumption
equals her net income, ¢ = y —T (y). The tax-and-transfer system is restricted

within a class of two-parameter tax schedules, defined as

y' P, (3)

with 7 € R and p € (—o0,1). If p = 0, the income tax schedule is linear with
constant marginal tax rate 7. If p € (0,1), the ratio of the marginal tax rate
to the average tax rate is 7" (y) /[T (y) /y] > 1, so that the tax schedule is
progressive; if p < 0, the tax schedule is regressive. The parameter p is the
coefficient of marginal rate progression.” It is equal to the elasticity of the

net-of-tax rate with respect to taxable income,

din(1-T"(y))
dlny '

p:

This functional form for the tax schedule approximates extremely accurately
the U.S. tax system.!’ Figure 2 in the Appendix plots this tax function cali-
brated to the U.S. tax code (p = 0.151).

8The results of this paper would not be affected if wages were allowed to jump. This
extension (letting jumps be drawn from a double-Pareto distribution) would also make the
wage process consistent with the evidence presented in Guvenen, Song, Ozkan, and Karahan
(2015), who find that the distribution of income growth rates dInw; has Pareto tails.

9See Musgrave and Thin (1948). Recent papers by Benabou (2002) and Heathcote,
Storesletten, and Violante (2014) study optimal taxes using this functional form assumption.

10See Figure 1.(a) in Heathcote, Storesletten, and Violante (2014). They fit this tax
function to the PSID data and find an R? equal to 0.96.
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Individual problem. In a frictionless environment, individuals choose their
labor supply h; optimally and costlessly at every instant t. A worker with

current wage wy solves

V* (wg) = max E, [/ e~ lerteiyy (wihy — T (wihy) , he) dt | (4)
0

{ht}tZO

subject to (2). The solution to this problem gives the agent’s frictionless,
or desired, labor supply {h;},.,, consumption {c;},5,, and value function
V* (wp).

I now suppose that in order to adjust their labor supply from h to A/,
individuals must pay a fixed utility cost & > 0, which can be interpreted as
the search cost of finding a new job.!'! After paying this fixed adjustment
cost, a job offer arrives at rate ¢ > 0, at which time the agent can costlessly
and optimally adjust her hours; intuitively, g captures in a reduced-form way
the frictions on the demand side of the labor market.'? I assume that & is
proportional to the utility from the foregone (frictionless) disposable income
due to the search activity, which is itself proportional to the instantaneous
utility g (¢§):**

+
Kk =Fk x E, / e~ PP (e RY)dt| = K x g (c]), (5)
0

with k > 0 and 7 is the Poisson random time at which a job offer is received

after paying the fixed cost at time 0 (the second equality is proved in the

HSee the empirical evidence presented in, e.g., Altonji and Paxson (1992) and Chetty,
Friedman, Olsen, and Pistaferri (2011).

12Tn this paper I focus on the labor supply effects of taxation, and thus assume that g is
exogenous to taxes.

13 Assuming v < 1 in (1) ensures that the fixed cost k is strictly positive and increasing
in income.
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Appendix). When x > 0 and ¢ = oo, the environment reduces to an (S, s)*
model. When x = 0 and ¢ < oo, it becomes a model a la Calvo (1983).'

In this frictional environment, individuals decide when and by how much
to adjust their labor supply as their wage evolves. They can choose their
hours optimally and costlessly at birth. I define an impulse control policy p
as a sequence of stopping times (at which the fixed adjustment cost is paid)
0 <1 <...<7 <...adapted to the filtration {F;} generated by W,
and a sequence of random variables (the jumps in log-hours upon receiving
an adjustment offer) Ag, Ay,..., A;, ..., constructed inductively as follows.
Let 19 = %9 = 0 and {%;},5, be a sequence of i.i.d. random variables with
exponential distribution & (¢), i.e., P(3; > t) = e % for all t > 0. For all i > 0,
A; € R is measurable with respect to the minimum o-algebra F= , + of events
up to time t; + 1;, and T4 > T; + T;. [ denote by P the set of such impulse
control policies p.

An individual with current wage wy who just received an adjustment offer

chooses hours hy and a stopping time t; > 0 (the next time at which he will

14Gee Dixit and Pindyck (1994) and Stokey (2008), and the references therein.

15Tn a previous version of this paper (Werquin (2014)), I considered salaried workers
instead, and assumed that the total taxable income y, rather than hours h, is subject to
the fixed adjustment cost. In this case, w and h are interpreted respectively as productivity
and effort, and their product y is the agent’s effective labor supply, or income. As the
individual becomes more productive and stays in her current job (w increases and y remains
constant), she needs to provide less effort (h decreases) to produce the required amount
y. She adjusts her income upwards (resp., downwards) when she becomes so productive
(resp., unproductive) that she spends most of her time idle (resp., when she must provide
too much effort) to produce y. The results of the paper are unaffected by this alternative
specification.
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pay the fixed cost) to solve:

V(wy) = max [E
(wo) max, By

. 67(p1+p2)-[1 K"Tl + e—(,01+02)('f1+:f1)]> (le—f—%l) }d%] 5

(6)
subject to (2). An individual is “inactive” if she has not yet paid the fixed
adjustment cost since she started working at her current job, and is “search-
ing” otherwise. Let V;(w,h) and V; (w,h) denote the corresponding value

functions.

Government’s problem. The government chooses the tax schedule (7, p)
to maximize long-run utilitarian social welfare'® over all living individuals,
subject to a budget balance constraint with an exogenous revenue requirement
R. Assuming their existence, let ffl,’h (-,+) and f3 , (+,-) denote the stationary
joint densities of wages w and hours h for inactive and searching individuals,

respectively. The government solves:

maxg, ) /O N /0 N > Ve (w,h) fo, (w, h) dwdh (7)

z€{i,s}

s.t. / / > T(wh) fi, (w, h) dwdh > R. (8)

0 0 ze{i,s}
Let A denote the marginal value of public funds, i.e. the Lagrange multiplier
associated with the budget constraint (8), #Z (T') denote tax revenue, i.e. the
left-hand side of (8), and # (T') denote social welfare expressed in monetary

units, i.e. the maximand in (7) normalized by .

Due to the assumption of exponential deaths, individuals receive equal weights inde-
pendently of their age.
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2 Individual behavior

Frictionless model. The first-order conditions of the frictionless problem
(4) imply that the individual’s optimal labor supply h; at each instant ¢ is
an increasing function of her wage w; and her net-of-tax rate (1 — 7" (w;h})).
The frictionless taxable income y; = w;h; and disposable income ¢} are then
given by the following expressions as functions of the labor supply elasticity

and the parameters of the tax schedule:

e 14¢
yi = (=T () wy ™ = (1= 7)™ w, ™,
% * * 1 1+¢ (lff’)& (9)
c; =Y, _T(yt) = Tp(l_»r)prpg w, +pe

Equations (9) imply that the effects of taxes on frictionless incomes at each

time ¢ are given by

dlny* ¢ and dlny*__ €
din(1—7) 1+pe’ dp 14 pe

Iny*. (10)

The interpretation is as follows. The behavioral change in income y* following
a tax increase (both in 7 and p) is determined by the elasticity e. If the baseline
tax system is linear, i.e. p = 0, (10) implies immediately that the elasticity of
labor income y* with respect to the net-of tax rate 1 — 7 is equal to . If the
baseline tax system is non-linear, i.e. p # 0, a change in the marginal tax rate
T’ (y*) induces a direct reduction of labor income y* by &, which triggers in
turn an indirect change d (7" (y)) = T" (y) dy in the marginal tax rate faced

by the individual, due to the non-linearity of the tax schedule, and hence a
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further income adjustment. Therefore

dIny* € €

dln(l _ T (y*)) - 147" (y*) 17?7{*/‘@/*) - 1 —|—p5' (11)

Thus the effect on income of a perturbation of the parameter (1 — 7) is equiva-
lent to uniformly perturbing by the same amount the net-of tax rates (1 — 7" (y)),
while a perturbation of p is equivalent to perturbing the marginal tax rates at
each income level by an amount proportional to log-income.

Equations (9) imply moreover that taxable and disposable incomes evolve

according to random growth processes with endogenous drifts and volatilities:

. 1+¢
dlny; = p,dt + o, dWV,, with  {u,,0,} = i {ttw, 0w}, (12)
1+e¢

14 pe

dlnc; = pdt +o.dWy, with  {pe, 0.} = (1 —p) {fhws o } -(13)

These expressions show that a higher rate of progressivity of the tax schedule

lowers the drift and the volatility of both the taxable and the disposable income

processes,
dnfll loyly e g odmdd oy 1o 1we g
dp 1+ pe dp 1—pl+pe

Intuitively, individual income responses to increases in wages are attenuated
by the fact that higher incomes pay higher marginal tax rates if the tax sched-
ule is progressive, so that tax progressivity dampens the volatility of income
fluctuations. A uniform change in the marginal tax rates (i.e., a change in 7),
on the other hand, does not affect the volatility of the income processes since
all incomes are shifted by a proportional amount.

I assume that p = p1 + p2 — (1 =) pe — & (1 —7)? 02 > 0, which ensures
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that lifetime utility is finite. The value function V* (y) of an individual with

income y is given by (see Appendix):

. 1 14pel—71 ,_
V) = 2o (TSI, (15)

Note that p depends on the growth rate of (the utility from) consumption,
so that the relevant discount rate to compute the present value of utility is

endogenous to taxes.

Frictional model. To analyze the frictional problem (6), introduce the labor
supply deviation ¢, defined as the log-difference between the actual and the

frictionless hours of work h and h*,
¢ =In(hy) —In(hy) =In(y) —In(y;). (16)

While the individual remains inactive, d; evolves according to

. 1—pe
doy = — dIn h] = psdt + osdWy, with  {us, 05} = —% {thw, 0w},
(17)

and when she adjusts her labor supply from A to A’ at time T, it jumps from
0z~ to 0z~ + (Inh' —1Inh).

We can replace the state variables (w, h) by either (y*,d) or (y,d) in the
individual’s problem. I denote accordingly the utility and value functions by
U (y*,0), V. (y*,0) for x € {i, s}, and the value function of an individual with
actual, rather than frictionless, income y as V, (y,0) =V, (ye‘é , (5). I finally
denote by V (y, §) the average (over employment states ) welfare of individuals

with states (y, ) (see Appendix for a formal definition).
In the Appendix I show that the utility function can be written as U (y*,0) =
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u(0) x g (c*), where u (9) is (approximately) quadratic around the frictionless
optimum ¢ = 0.!” The homogeneity of the utility function and of the fixed ad-
justment cost (5), along with the random growth processes for the frictionless
disposable income (13), allow us to crucially reduce the dimensionality of the

state space.'®

Proposition 1. The policy functions and the value functions of inactive and
searching individuals with frictionless taxable income y* and labor supply devi-

ation & are homogeneous of degree one in the utility of frictionless consumption
g(c"):

1—7
L—p

V. (4",6) = v, (6) x g ( y*“—p)) e {is), (18)

for some functions v;,vs : R — R.

Proof. See Appendix. The value functions v; (), vs (§) are defined formally in
(42) and plotted in Figure 3. O

An implication of Proposition 1 and equation (15) is that the value func-
tions V, (y,d) of individuals with income y and deviation § can be expressed
as the value V*(y) that the planner would compute for an individual with
income y wrongly assuming that the world is frictionless, times a correction
factor 0, () which depends only on her (unobservable) labor supply deviation
0. Unlike in the frictionless environment, where there is a representative agent

at each income level y, there is now a heterogeneous population of individuals

who earn the same income y but reach different levels of utility, because their

1"Because the exact expression (derived in the Appendix) for the function u (§) is not
well defined for ¢ far away from 0, I assume for simplicity that the utility loss from failing
to optimize is given by its quadratic approximation for any § € R. Alternatively we can
keep the exact expression if v = 0, and add curvature to the social welfare function to give
the government a redistributive motive; none of the qualitative results would be affected.
18See Alvarez and Stokey (1998) for a general analysis of this property.
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wage-hour bundles (i.e., their deviation §) and their employment state x (inac-
tive or searching) differ.!” This heterogeneity is summarized by the functions
0, (0) which are strictly decreasing in ¢ (individuals who work less but earn
the same income are better off) and are endogenous to tax policy (see Figure
4 and Appendix for details).

I now analyze the solution to the impulse control problem (6). Define a
“{é, 0", 5}—policy”, where § < 6* < 8, as follows. For any labor supply h, the
individual remains inactive as long as the state process d; is in (é, 5). When
d; hits or is below & or above 4, she pays the fixed cost & and waits until
she receives an adjustment opportunity, which occurs at the random time
T ~ E(q). She then adjusts the state to ¢*, so that hours jump from h to
h' = hexp (5* — 5:57).

To find the solution to the individual’s problem and characterize her opti-
mal labor supply behavior, guess that the optimal control is a { 5,0%,0 }—policy.
The value of inaction v; (§) must satisfy the following Hamilton-Jacobi-Bellman

equation within the inaction region: Vo € (é , 5),
1
Lv; (6) — pv; (6) = —u (d), where Lv = 50?11” + (s + (1 — ) o.08] V', (19)

which has a standard asset pricing interpretation (see Appendix), subject to

the following boundary conditions: (i) value-matching,
v; (6) =vs (6) — K, and v; (8) =uv,(d) — &, (20)

which impose that at the time the agent decides to pay the fixed cost and search

19A key friction in this paper is that the government is restricted to using a tax 7' () on
observed incomes y, and hence cannot differentiate between various individuals who earn
the same amount but have different wage-hour pairs and employment states.
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for a new job she is indifferent between doing so and remaining inactive; (i)

smooth-pasting,
v; (07) =0l (67) =0, (0), and v (67) =} (d7)=.(d), (21)

which impose that at the time the agent decides to pay the fixed cost the
marginal value and the marginal cost of starting to search are equal; and (7i7)
optimality,

vi (67) =0, (22)

which imposes that the value function at the optimal adjustment target 0* is
maximized. The value of searching v, (§) is equal to the sum of: the flow utility
from the time at which the fixed cost is paid until the adjustment occurs; and

the expected value of returning to 0*. That is, for all § € R, letting T ~ £ (q),

do =10

5
vs (0) = Ey /0 e~ PEPtTT (yx 6,) dt + - j_ qvi (0%).  (23)

Equation (44) in the Appendix gives a closed-form expression for v (9). T also
show a heuristic derivation of this system of equations (19)-(23), and provide
detailed interpretations.

The following proposition shows under which conditions the {é, (5*,5}—

policy described above is the solution to the individual’s problem:

Proposition 2. Suppose that there exist 6 < 0* < & and v; € C'(R) N
C? (]R\ {é, 5}) that solve the system of equations (19) to (23). Suppose more-

2ONote that equations (19) to (23) define a free-boundary problem, as the boundaries
of the inaction region are part of the solution @i71}5,§, 5*,5). For any set of three fixed
(potentially suboptimal) thresholds § < §* < 4, equations (19), (20) and (23) define a
fixed-boundary problem which can be solved in closed-form by integrating the second-order
differential equation and inverting the linear system of two equations and two unknowns
formed by the boundary conditions.
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over that the following quasi-variational inequalities hold: Lvs — pvs < —u for
all § € R\ (é, 5) and v; > vy — Kk for all § € (é, 5), and that the technical con-
dition (48) in the Appendiz is satisfied. Then v; and vs are the value functions
of inactives and searchers, respectively, and the optimal impulse control policy

15 the {é, 6*,5}-p0licy.
Proof. See Appendix. n

Individual labor supply behavior is depicted graphically in Figure 1. The
variable on the z-axis is the individual’s frictionless labor supply A*, and that
on the y-axis is her actual labor supply h. In the frictionless environment, labor
supply would evolve along the 45°-line. In the frictional environment, labor
supply is lumpy: an inactive individual moves along a horizontal (red) line,
that is, her actual labor supply h stays constant while her desired labor supply
h* tracks the evolution of her productivity. When she reaches the (optimally
chosen) boundaries of her inaction region (the thick blue lines h* = e~°h or
h* = e~°h), she starts searching and, as soon as she receives an offer, she
adjusts (up or down) to the new labor supply level on the central blue line

h = e hx
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Figure 1: Optimal labor supply behavior
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The optimal labor supply adjustment behavior { 5,0%,0 } is not affected by
the parameter 7 of the tax schedule, while a lower progressivity p increases

the size of the inaction region:

dIn{|d],d} B dIn{|d],d}
m—(}, and d—p<0

This is because a decrease in p acts as a positive volatility shock (see equation
(14)), i.e., it increases the volatilities o,, 05 of the income and the deviation
processes. This in turn raises the option value of waiting to adjust labor supply,
and therefore widens the optimal inaction region. Intuitively, a less progressive

tax schedule magnifies the unexpected shocks to the wage, which raises the
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incentives for the individual to keep her current job and wait to observe the
evolution of her productivity before carrying out the costly adjustment, in
order to save on new search costs.

It follows that a lower rate of progressivity has an ambiguous effect on the
frequency of adjustment of labor supply: on the one hand, the higher volatility
of the deviation process makes current labor supply diverge from its frictionless
optimum at a faster rate, so that individuals reach more quickly the bound-
aries of their inaction region; on the other hand, the inaction region is wider,
which tends to make them adjust less often. Importantly, there is no reason
to expect a priori that the (direct) volatility-dampening effect of progressivity
has exactly the same magnitude as the (indirect) option value effect on the
boundaries of the inaction region; in fact, the reduction in the volatility of
income typically vastly dominates the option value effect.?! Another way to
express this heuristically is to say that an individual adjusts her labor supply
in response to productivity changes whenever her current hours of work are 10
percent (say) away from their optimum amount, and this maximum tolerated
deviation is hardly affected by taxes. On the other hand, progressivity has a
large dampening effect on the volatility of income fluctuations. The discrep-
ancy between these two opposing forces plays a crucial role in the optimal
taxation analysis of Section 4.

Figures 3 and 4 in the Appendix show the optimal thresholds §,6*, 9, the

value functions v; (§),vs (§) and v; (§), 05 (6), and their responses to a change

21Hence a less progressive tax schedule increases the frequency of adjustment. This result,
which I show numerically in Section 5, is common to all the papers in this literature, see
e.g. Vavra (2014) (with the exception of Bloom (2009), because he focuses on the impact
effect of shocks, rather than on the long-run effects). Theoretically, Dixit (1993) shows in
a simple version of the model that the option value effect is several orders of magnitude
smaller than the direct volatility effect. The optimal taxation formulas I derive in Section
4 hold of course for any relative value of these two opposing forces.
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in progressivity.

3 Aggregation

In this section I characterize the long-run wage and income distributions ob-

tained by aggregating the optimal individual policies described in Section 2.

3.1 Stationary wage distribution

A variable = has a double-Pareto-lognormal distribution (DPLN) (or Inz has
a Normal-Laplace distribution) with parameters (ry, 7y, m, s?) (where r; < 0 <

o) if its density is given by

f:c (ZL‘) _ ‘7’1| ) {eér%s2—r1m$r1 1(I> (lnx -—m + 7"18)
S

|7“1| + 72 (24)
+62r252,r2m$r2 lq)c (lnx——m + T‘QS) } )
S

The double-Pareto-lognormal distribution closely approximates the actual wage
and income distributions observed empirically.?” In particular, the DPLN dis-
tribution exhibits power-law behavior in both tails, with Pareto coefficients on
the right and left tail respectively given by (ry,rs), that is,

folw) ~ wl and f(z) ~ whh (25)

z—0 T—00

Define, for any = € {w,y,¢,d} and p > 0,

o M pz o 2p o e pz o 2p
rl’ng—g— 04+%, and TQm:U—va 04—1—03 (26)

22Gee, e.g., Reed (2003), Reed and Jorgensen (2004), Toda (2012).
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The following proposition shows that the wage distribution converges to a

DPLN stationary distribution:

Proposition 3. The distribution of wages w converges towards a unique sta-

tionary distribution f,, (-) which is double-Pareto-lognormal with parameters

2
w

P2

(rf2,, 5% M, s2) , where r2 182 are defined in (26) and m,,, 52 are the mean

and variance of the log-wage distribution at birth.”?
Proof. See Toda (2012). O

The aggregation of the random growth individual wage processes naturally
generates the wage distribution’s Pareto tails,”* which is one of the most ro-
bust empirical stylized facts (as well as an important determinant of optimal
taxes, see Saez (2001)). The smaller the Pareto coefficient (in absolute value)
}rffw|, the thicker the right tail, the more unequal the distribution. A higher
drift u,, and volatility o, and a lower death rate py, lead to a more unequal

distribution.

3.2 Stationary income distributions

I now characterize the stationary joint distributions f{ s and fii . s of fric-
tionless taxable incomes Iny* and labor supply deviations ¢ for inactive and
searching individuals, respectively. Denote by fi, fo their partial derivatives
with respect to the first and second variables, and by fi1, fi2, foo their second
partial derivatives. We have f* =0 for all 6 < § and § > §. Moreover, for all
Iny* € R,all o € (¢, 5*)U(5*,5) if f=f" andalld € ]R\{é,g} if f = f*, these

23The frictionless taxable and disposable incomes y*, ¢* are also log-normally distributed
at birth with respective mean and variance (m,, s,) and (m., s.) and follow random growth
processes (12,13) from then on. Hence their stationary distributions fy -, fe« are also double-
Pareto lognormal with respective parameters (rf?y, Thos My, 85) and (rffw Th Me,s s2).

24Gce, e.g., Nirei and Souma (2007), Gabaix (2009).
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distributions are the solutions to the following Kolmogorov-forward equations

(KFE):

1 1
0=—(p2+qlps) f— pyfi+ psfo+ §U§f11 + §U§f22 — 0405 f12, (27)

where I;s is equal to one if f = fj . ; and zero if f = fliny*,&' The boundary
conditions and the derivation and interpretation of these equations, which
equate the inflows and outflows at any (Iny*,d) € R? are laid out in the

Appendix.

Proposition 4. Assuming their existence, the stationary distributions ff, . s
and [« 5 of inactive and searching individuals are the solution to the Kolmogorov-
forward partial differential equations (27) subject to the boundary conditions
(49), (50), (51), (52), (53), (54), and (55) in the Appendiz. If ¢ = oo the
stationary distributions of tazable and disposable incomes f,, f. have Pareto

right and left tails with respective coefficients (rffy,rgfy) and (r'ffc, r52).
Proof. See Appendix. O

Ignoring the search period for simplicity (¢ = oo), Proposition 4 shows
that the Pareto coefficients of the tails of the taxable and disposable income

distributions are given in closed form by

_ldpe o

1+ pe
P2 P2
{rl,y7 2y - 1+€ Tl,w7r2,w ’ and {TIC’TZC}_

—p 1 iy Tl,w7r2,w
(28)

These expressions show that the labor supply elasticity € and the progressiv-
ity p determine the amount by which inequality in exogenous productivities
(measured by the Pareto coefficient r{%) translates into inequality in tax-

able and disposable incomes. The distribution of taxable income y is more
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unequal (thicker tail) than the wage distribution, because wage differences
are amplified by the labor supply responses due to the positive elasticity .2
Moreover, both the before-tax and (more strongly so) the after-tax income
distributions become more equal when the tax schedule is more progressive:
dipln |7"l1),25‘ > d 1p |7‘ | > 0.2° Figure 5 in the Appendix summarizes these
results graphically and plots the stationary distributions of wages w, incomes
y,c, and labor supply deviations 9, as well as the effects of taxes on these

distributions.

4 Optimal taxation

In this section, I analyze the effects of taxes on long-run social welfare (com-
parative statics across steady-states) in order to characterize the optimal tax
schedule, that is, the solution to the government’s problem (7,8), given that in-
dividual labor supply is characterized by Proposition 2. Before deriving these
formulas, I formally define and characterize two sets of key variables for the
analysis of tax policy: the labor income elasticities and the marginal social

welfare weights.

4.1 Labor income elasticities

I first define the (Hicksian) frictionless intensive margin labor income elastic-
ity, €* (y*), as the elasticity of an individual’s frictionless taxable income y*

with respect to the net of tax rate (1 —7"(y*)). We saw in Section 2 that

25This is consistent with the ﬁndings of Krueger, Perri, Pistaferri, and Violante (2010).
*Note also that (% < r{% < r{%, if p > 0and {2 < 72 < r{?, if p <0, with strict
inequalities if p # 0, so that the distribution of frlctlonlesb dlbposable income is less unequal
than the distribution of desired taxable income if and only if the tax schedule is progressive.

26



this elasticity is constant accross individuals and is given by the (normalized)

structural elasticity parameter e.

Definition 1. The frictionless intensive margin labor income elasticity is de-

fined as
dIny*

W) = Mo T ) 11e

) vy* € R—i—» (29)

where the second equality follows from equations (10) and (11).

In a frictionless world (k = 0), this variable €* (y) would be equal to the
response of the individual’s true income to a change in marginal tax rates. It
could be estimated empirically by observing the magnitude of the change in
income following a change in statutory net-of-tax rates (see, e.g., Gruber and
Saez (2002)). However, when the adjustment of labor supply in response to
tax changes is frictional (k > 0), the individual elasticity of actual (observed)
income is not well defined: it is in general equal to zero, if the agent has not yet
adjusted her income in response to the tax change, and is infinite at the time of
adjustment since a small tax increase then induces a discrete jump in income.
In this environment we can nevertheless define and observe empirically the
long-run elasticity of aggregate labor income with respect to a uniform change

in net-of-tax rates (that is, a change in (1 — 7)). Formally,

Definition 2. The macro labor income elasticity E is defined as

dhl fooo yfy (y) dy

E =
dln(1—71)

where f, (-) is the stationary density of incomes.

The following proposition proves a neutrality result that characterizes the
relationship between the frictionless individual elasticity and the macro elas-

ticity:
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Proposition 5. The frictionless intensive margin elasticity and the macro

elasticity are equal, that is,

Proof. See Appendix. ]

Proposition 5 shows that in the frictional model, the long-run aggregate
income elasticity E is equal to the elasticity of frictionless individual income

*

g*, even though there is always (even in the steady-state) a non-degenerate
distribution of individuals with actual incomes y at each frictionless level y*.
Intuitively, in the long-run, individuals have had the time to fully adjust their
behavior to the new tax schedule and even though they almost never actually
earn their desired income y*, the individual errors wash out in the aggregate:
after the tax change, individuals revolve around their new optimum which
is € percent away from the previous one, so that the aggregate (log-)income
distribution is uniformly shifted by . In other words, in the case of a uniform
increase in the net-of-tax rates (i.e., a change in the parameter 7), the economy
behaves in the long-run as if there were a representative frictionless agent at
each income level.>”*® Note in particular that this result allows us to recover

empirically the structural parameter € when individual labor supply is lumpy.

Next, I define three extensive margin labor income elasticities as the ef-

2TThis neutrality result is related to those of Caplin and Spulber (1987) and Rogerson
(1988) who build models where frictions at the micro (individual) level are irrelevant at the
macro (aggregate) level.

28This neutrality result formalizes the intuition (explained in the Introduction of this
paper) that the standard frictionless model should be interpreted as the long-run outcome
of an environment with sluggish adjustments in the short-run. Of course this result depends
on the assumptions I have made in the previous sections about individual behavior. It
should be interpreted as follows: the assumptions of my model are giving the strongest
possible chances to the frictionless model’s tax formulas (39), (40) to capture the long-run
effects of taxation in the frictional environment.
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fects of changes in the adjustment thresholds §, 8, on the stationary income

distribution.

Definition 3. The extensive margin labor income elasticities E (y), E* (y),

and Z (y) are defined as

81nfy (y)

_ dln f, (y)

dln|d*| '

8lnfy (y)
dlnd

|(]

2" (y) and E (y) (32)

where f, (-) is the stationary density of incomes.

These elasticities capture the effects of percentage variations in the inaction
thresholds on the number of employed workers at income y. The definition
of these elasticities is similar to the participation elasticities in, e.g., Saez
(2002); the key difference is that in Definition 3 the income thresholds are not
exogenously given as in the case of a binary participation decision, but instead

are endogenously and optimally chosen by the individual.

4.2 Marginal social welfare weights

The social welfare effects of taxation can be characterized using the notion of
marginal social welfare weights.?” In the standard frictionless static model with
a utilitarian social objective, the social weight at income y is defined as the
individual’s marginal utility of consumption normalized by the shadow value of
public funds, A7t¢,”,* and represents intuitively the increase in social welfare,
expressed in terms of public revenue, of distributing an additional unit of
consumption uniformly among individuals who earn income y. In this section
I define formally and generalize to the dynamic and frictional environment the

relevant notions of marginal social welfare weights.

29Gee, e.g., Saez and Stantcheva (2016) for a recent general exposition.
39Note that these marginal social welfare weights are endogenous.
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First consider, in the frictionless model, the effect of giving an additional
marginal consumption stream {¢},., to an individual with current income
y, where ¢, evolves stochastically according to the same process (13) as the
frictionless disposable income ¢;. The frictionless social weight w* (y) is defined
as the change in the individual’s value function (and hence, in utilitarian social

welfare) due to this additional consumption stream:

1 d 00 (hy)tHie
* = E —(p1+p2)t * P S 2 dt‘ _
w (y) N dég OI/O € “(Ct“t 1+1/e Yo=Y

where A\* is the marginal value of public funds in the frictionless model. A

)

co=0

(33)

closed-form expression for w* (y) is derived in the Appendix.

Now, in the frictional model, giving individuals with income y the addi-
tional marginal consumption stream {¢;},., defined above has different welfare
effects depending on their deviations ¢ (i.e., their wage-hours bundles) and em-
ployment states x € {i, s}. Since the income tax system treats all individuals
with the same income identically, we define the average social weight at income

y, w (y), as follows:

Definition 4. The static intensive margin social weight w (y) is defined as

o) =3 )% [ 000.0) fay (1) db (31)

where w* (y) is the corresponding frictionless welfare weight defined in equation
(33), v (y,0) is the average (over employment states x) welfare of individuals
with income and deviation (y,d), defined formally in equation (43), fs5, =
f§|y + f(;s‘y is the total density of deviations conditional on an actual income y,

and A is the marginal value of public funds in the frictional model.
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Second, we saw that a permanent change in progressivity affects the drift
and volatility of the consumption process, and hence the discount rate p used
to compute welfare. I thus define the dynamic intensive margin social weight
w (y) as the welfare effect of a percentage decrease in p. In the frictionless

model, this is given by
ey 1OV (y)

(35)

for which a closed-form expression is given in the Appendix. Similarly, in the

frictional model I define:

Definition 5. The dynamic intensive margin social weight w (y) is defined as

o) =30 W) x [ 000.0)fa, (61y) db (36)

Third, I define the extensive margin social weights Q (y), Q* (y), Q (y) as
the effects of changes in the thresholds §, %, on total welfare at the income

level y:
Definition 6. Let {0;},_,., = {0,6%,0}. The eatensive margin social weights
{Q; (1) }1cics = {2 (1) . Q" (y) , Q2 (y) } are defined as

1 [ 9ln fys (y,0) - ,
Qi(y)zx/ na‘];n—ig)lf(y,(g)f(gy(ﬂy)d& Vie{1,2,3}, (37

where V (y, §) is defined in equation (43).
Finally, the equilibrium composition of each income group y, summarized
by the value functions v (y, d), is endogenously affected by progressivity, which

in turn has an effect on social welfare. I thus define the composition margin

social weight € (y) as:
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Definition 7. The composition margin social weight (y) is defined as

~ 1)1|U(y7 ) (9] ’U(y)(;)a I]y _
Q J— (S

(38)

—0o0

Jdlny
op

1 OE[©(0)|y]y )+
by Op . v

where is given by (10). In particular, when ¢ = oo, € is simply equal to
(y), that is, the effect of progressivity on the average welfare at

income y.

4.3 Tax reforms and optimal tax schedule

In this section I derive the first-order social welfare effects of two “local tax
reforms” of a given baseline (potentially suboptimal) tax system 7" an (in-
finitesimal) perturbation of the parameter 7 by d7, and a perturbation of the
progressivity p by dp. In the former case, this implies that the tax liabil-
ity at income y, T (y) = i%;yl_p, is replaced by the perturbed tax liability
T (y) + U, (y)dr, and in the latter case by T (y) + ¥, (y) dp, where for all

yeR-‘m

(o= )

I <lnx - ﬁ) z'=Pf, (x)dx

y' P
2 =rf, (x)dx’

and V¥, (y) = ;

V- (y) = =
0

where f, (z) denotes the stationary density of incomes given the baseline tax
schedule (7,p). The denominators of these expressions are simply a normal-
ization ensuring that in the absence of any behavioral responses (i.e., if all
individuals earned the same taxable income before and after the tax reform),
the total (“statutory”) additional tax revenue collected would be 1 (in monetary
units, say dollars).

I denote the corresponding first-order social welfare changes by I'; and T'p,
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defined as

I lim W (T + V.dr) — W(T), and T, — Jim dW (T + U,dp) — # (T)
dT—0 dr dp—0 dp

I

where # (T) denotes the social welfare when the tax schedule is 7 (see (7)).
Formally, this is the Gateaux derivative of social welfare with respect to the tax
reforms U, and V¥, or simply the derivatives d# /dr and d# /dp, normalized
as explained above.?! The optimal tax schedule (7%, p*) is then characterized
by imposing that the first-order welfare effects I'- and I, are equal to zero.
The following proposition characterizes the welfare effects of the perturba-

tion W .

Proposition 6. The first-order social welfare effects of uniformly perturbing

the marginal tax rates of any baseline tax schedule T are given by:*

rr=1- /0 Y (y) %‘P’T (y) fy (y) dy — /0 " w () Y (y) fy (y) d?(/?;g)

In particular, the optimal taz schedule (7*,p*) satisfies I'; = 0. In the fric-
tionless model, the same equation holds, except that the marginal social welfare

weights w (y) are replaced by their frictionless counterparts w* (y).
Proof. See Appendix. n

The interpretation of equation (39) is as follows. The first and second terms

on the right hand side measure the actual change in government tax revenue

31See details in Golosov, Tsyvinski, and Werquin (2013).

32This equation can be thought of as pinning down the marginal value of public funds
A given a tax schedule (7,p). Intuitively, A (the Lagrange multiplier associated with the
constraint (8)) is equal to the social value of redistributing a dollar of tax revenue through
an decrease in 7 by dr, i.e., through a uniform increase in the net of tax rates (taking into
account the behavioral responses that this perturbation induces).
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of a one-dollar statutory increase in taxes through a uniform perturbation of
the marginal tax rates, taking into account the induced change in individual
behavior. The additional tax liability levied at the income level y after the tax
reform is implemented is given, to a first order in d7 — 0, by ¥, (y) dr, and the
marginal tax rate changes by ¥/ (y) dr. The first term in the right hand side
of (39) is the mechanical effect of the perturbation, i.e., the statutory increase
in government revenue absent behavioral responses. It is equal to one (dollar)
by construction of the normalization of the magnitude of the perturbation
V.. The second term in the right hand side of equation (39) is the behavioral
effect of the perturbation. The increase dI" = V' (y)dr in the marginal
tax rate of an individual with income y induces her to decrease her taxable

income by

T, (y)e* (y)dT'. This behavioral income response generates a loss
in government revenue proportional to the marginal tax rate 77 (y). Summing
over individuals using the density of incomes f, (-) yields the total revenue
loss, i.e. the second term in (39). Finally, the third term in (39) is the welfare
effect of the perturbation, expressed in monetary units. An increase in the
tax liability of individual y by dT' = ¥, (y) dr directly reduces her utility and
hence social welfare by w (y) x dT, by construction of the marginal social
welfare weights (33).

This equation (39) has a structure that is identical to the “sufficient statis-
tic” formulas derived by, e.g., Saez (2001), Golosov, Tsyvinski, and Werquin
(2013), Hendren (2014, 2015), Jacquet and Lehmann (2015), to characterize
the optimal tax systems in frictionless models. Note in particular that all

the variables other than the marginal social welfare weights in equation (39)

(elasticities, tax schedule, income distribution) are empirically observable.**

33Using the formula I'; = 0 to characterize the optimum tax schedule requires evaluating
these endogenous variables at the optimum. Strictly speaking, the values estimated given
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Proposition 6 extends the neutrality result of Proposition 5. Its main
insight is that the long-run effects on social welfare of a uniform change in
marginal tax rates are the same as we would calculate by assuming that the
economy is frictionless and has a representative agent at each income level y.
In particular, as in Proposition 5, the relevant elasticity is the individual fric-
tionless elasticity €* (y) defined in (29). In short, the frictions at the individual
level wash out in the long-run of the aggregate economy.**

The next proposition characterizes the welfare effects of perturbing the

progressivity p of the tax schedule. It is the main theoretical result of the
paper.

Proposition 7. In the frictionless model, the first-order social welfare effects

of perturbing the progressivity of any baseline tax schedule T are given by:
=1 / 77— e dF, - /oo ww, + P ap (40)
R ey ! L

In the frictional model, these effects are given by:

o Yy o dinp .
r,=1- T'——¢e"V dF, — v dF, + A
o [ e [ fons e

o 3 |o’i|| o 3 d1n|0|
/ Z “”dFJr/ Z d5Q+QdFy,
—1 0

(41)

[

where {5i}1gi§3 = {é, 5*75}7 {Eihgigs = {§7 B, }: {Qi}1gz’§3 = {Q, Q, Q};

the current tax code (in particular, the current U.S. income distribution) can only be used
to quantify the welfare effects of local tazx reforms, as explained above.

34There is one difference, however, between the frictionless and the frictional versions of
the optimal tax formula (39): the frictional marginal social welfare weights w (y) must be
computed by taking into account the non-degenerate distribution of utilities E [ (y, d) |y]
within income groups. In general this correction term varies with income y, so that the
schedule of frictional social weights is not perfectly homothetic to the schedule of frictionless
weights, and the effective redistributive tastes of the government have to be adjusted relative
to a model with a representative agent at each income level.
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dln ¥ -
and A = % Ik (T’y — %ﬁ:y) 0dF, 5. In particular, the optimal tax sched-

ule (7%,p*) is fully characterized by (8), (59), and I'), = 0.

Proof. See Appendix. n

The first result of Proposition 7, equation (40), characterizes the effects of
an increase in progressivity (and in particular, the optimal tax schedule) in
the frictionless model. Its interpretation is identical to that of equation (39),
except that the welfare effect depends in addition on the social weight & (y).*
It has the same structure as the standard sufficient statistic formulas in static
models.

The second, and most important, result of Proposition 7 is the derivation
of equation (41) which characterizes the long-run welfare effects of raising
progressivity in the frictional model. The first line of this expression is the
same as the frictionless formula (40), replacing the social weights with their
frictional counterparts w (y) , @ (y) (and with the exception of the unimportant
term A).?° The presence of the second line implies that the frictionless formula
does not correctly account for all of the long-run effects of nonlinear taxes.
The novel effects are: (i) behavioral (revenue) effects driven by the extensive
margin labor income elasticities Z (y), Z* (y), E (y); (i) welfare effects driven

by the extensive margin social weights £ (y), Q* (), Q (y); and (7ii) a welfare

35These social weights are absent from expression (39) and of the optimal tax formulas
derived in standard static models. This highlights the need to properly microfound the
“long-run” as the steady-state of a dynamic economy (rather than simply applying the
static formulas) to capture the full welfare effects of permanent changes in taxes.
36This term appears because because a change in progressivity affects the relative pro-
cesses driving the frictionless income variables {1, 0y, my,s,} (with elasticity %;y) and
dlnos

the deviation (or hour) variables {ug,o(g,é, 5*,5} (with elasticity T); this decoupling
affects the long-run density of incomes, see Appendix for details. If the fixed adjustment
cost were on income y rather than hours h (see footnote 15), the volatility of deviations
os would always be equal to (minus) that of frictionless incomes o, and this term would
disappear from the optimal tax formula (41); see the earlier version of this paper (Werquin
(2014)). Moreover, this term has negligible magnitude in practice; see Section 5.
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effect driven by the composition margin social weight € (y).>" The extensive
margin terms arise because of the endogenous lumpiness of labor supply, and
the composition term arises because of the endogenous heterogeneity within
income groups.*®

Importantly, the extensive margin elasticities E; (y) and social weights
Q; (y) in (41) are multiplied by the terms (dlg—fi‘ - dIZ—‘If‘S‘>. This means that
the standard frictionless optimal tax formula (40) amounts to implicitly mak-
ing an (implausibly strong) assumption on behavior: namely, that raising the
progressivity of tax schedule shrinks the inaction region, i.e. lowers the option
value of waiting to adjust labor supply, by the same amount as it reduces the
volatility of income shocks. If this does not hold, then the frictionless optimal
tax formula miscalculates the welfare effects of the extensive margin nature of
labor supply adjustments.? This condition is satisfied in the case of a uniform
change in marginal tax rates, because 7 affects neither the volatility nor the
optimal inaction region; this explains the neutrality results of Propositions 5

and 6. In general, however, this condition is violated: the non-linearity of the

policy instrument (here, the progressivity of the tax schedule) interacts with

37Note that while the intensive margin elasticities are multiplied by the marginal tax rate
T’ (y) to obtain the behavioral (revenue) effect of the tax change, because an infinitesimal
change in income dy reduces tax revenue by T (y)dy, the three extensive margin terms
(corresponding to the three variables §, 6%, of discrete adjustment), on the other hand, are
multiplied by the average tax rate T (y).

38This is a stronger result than those in the literature that analyzes optimal policy in
static models with an extensive margin or fixed costs (e.g., Saez (2002), Chetty, Looney, and
Kroft (2009), Chetty, Friedman, Olsen, and Pistaferri (2011)). In these models a fraction of
the population finds it optimal to adjust their labor supply in response to the tax change,
while the rest of the population doesn’t. This is occuring in my dynamic model only in
the short-run: eventually individuals will all optimally adjust their behavior to the new tax
code as their characteristics evolve over time.

39The frictionless tax formula would also be correct if the effects of locally varying the
thresholds of the inaction region had a second-order effect on the density of incomes and
deviations at each income level, so that the extensive margin elasticities 2; and social weights
Q; would be equal to zero. I do not have a sharp theoretical result proving that this is not
the case, but it does not seem to be happening numerically.
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the lumpiness of individual behavior to generate long-term real effects of tax
changes.

We can already anticipate the direction of these effects. In general, the nar-
rowing of the inaction region due to a higher progressivity is vastly dominated
by the decrease in the volatility of incomes. Intuitively, taxes hardly affect the
tolerance of individuals for deviations of their labor supply away from their op-
timum (they will adjust when their hours are 10 percent away, say, from their
optimum, regardless of the progressivity), while progressivity does dampen the
volatility of income fluctuations by a first-order amount. Thus, relative to the
frictionless benchmark where the two effects exactly compensate each other,
raising p is equivalent to a wider dispersion of individual incomes around their
desired values. This in turn adversely affects welfare, so that the extensive
margin effects on welfare 2, 2*, Q will tend to reduce the gains (or increase
the losses) of raising progressivity. I analyze the quantitative magnitude of the
novel effects of equation (41) in Section 5, and show that this negative effects
on welfare is the dominant force. In particular, the composition effects (com-
ing from the endogeneity to taxes of the average utility within the population
earning income y, which is no longer a representative agent when labor supply

is frictional) play a less important role in practice.

5 Quantitative analysis

In this section I calibrate the model analyzed in the previous sections, and
evaluate quantitatively the welfare effects of raising the progressivity of the
U.S. tax schedule (equation (41)) and the errors made by wrongly assuming a

frictionless economy.
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5.1 Calibration

I calibrate the marginal tax rates and the rate of progressivity (7,p) of the
tax schedule in the U.S. using the empirical estimates from PSID data of
Heathcote, Storesletten, and Violante (2014): 7 = —3 and p = 0.151.7%4 1
take a coefficient of risk aversion’” v = 0.9 and a discount rate p; such that
(14 p1 + p2)~" = 0.95 (see below for the calibration of p,). In an environment
closely related to this paper’s model, Chetty (2012) finds a value for the struc-
tural parameter ¢ = 0.33 from a meta analysis of the elasticities estimated in
the literature.”® T use this value for the baseline calibration and show how the
results are affected when ¢ = 1.

The Pareto coefficients and the mean and variance of the U.S. income distri-
bution are observable and lead to (rf?, %%, my, s,) = (—1.9,1.4,10.46,0.43).**
The volatility of idiosyncratic wage risk ‘75 in my model corresponds to the vari-

ance of the permanent component of the individual log-income process in the

40T his value of p implies that earning twice as high a gross income leads to a 15.1 percent
decrease in the net-of-tax rate.

4IThese parameters yield a value for total U.S. government revenue R = $2.33tn for a
population of 320m. I keep this value constant throughout the numerical analysis, so that
whenever I vary the progressivity p I adjust 7 in order to keep the revenue R unchanged.

42Recall that the theoretical analysis requires v to be strictly below 1. Even though
allowing for v > 1 would be more realistic, this assumption is not crucial, since the goal of
this section is to compute optimal tax rates relative to those in the frictionless model. The
optimal progressivity would be higher with a higher risk aversion in the frictionless model,
but here I focus on the difference between the frictionless and the frictional formulas.

43There is substantial controversy in the literature about the value of the observed taxable
income elasticity €. The micro literature typically finds values lower than 0.3, while the
macro literature and some structural estimates find it to be closer to 1. See Saez, Slemrod,
and Giertz (2012) and Keane and Rogerson (2012) for an overview of the two strands.

Y“For the Pareto coefficients, see, e.g., Reed (2003), Reed and Jorgensen (2004), Toda
(2012). For the mean m,, and variance s of the density of incomes at birth, I use E [Iny] =
10.3 and V[lny] = 1. In the frictionless model, we have E[lny] = m, — ry*% - ’I";% and

VIny] :s§+r;§+r;§.
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literature (e.g., Meghir and Pistaferri (2004, 2011)); I take o, = 0.01.*>%° The

p2 p2 P2 P2
parameters (uw,aw,mw, sw,er,rQ,w) and (,uc,ac,mc, 36,7’170,7“276) are then ob-

tained from the relationships 7% +r}?% = U%y and rp*ry%, = —%%, which pin

down the drift u, and the death rate po,*” and equations (13) and (28).

The fixed adjustment cost x and the arrival rate of costless adjustment
opportunities g are calibrated using the average duration of searching for a
new job (I take t; = ¢~' = 1 month) and the average duration of a job, which
I take equal to t;+t, = 5 years. For e = 0.33 (resp., € = 1),  obtain x = 0.0038
(resp., & = 0.015), which implies that the cost of searching for a new job, k,
is equal to 1.2 percent (resp., 5.1 percent) of the average total (frictionless)
utility received during the duration of the search, and an individual starts
searching when her hours are approximately [§| = § ~ 9 percent (resp., 20
percent) away from their optimal value and she then adjusts to 6* = —0.1

percent below her current optimal value.

5.2 Numerical results

In this section, I compute I', in formula (41), i.e., the revenue and social
welfare effects, expressed in dollars, of a $1 statutory increase in tax revenue
through an increase in the rate of progressivity in the U.S. economy calibrated
in Section 5.1. The advantage of using a tax reform (around the U.S. tax
code) rather than an optimal tax approach for quantitative purposes is that

the endogenous variables that appear in the formula can all be easily evaluated

45See also Jones and Kim (2014), for an estimate in a frictionless model similar to this
paper and further references to the empirical literature.

467f the analysis were extended to allow for jumps in the wage process, the corresponding
parameters could be calibrated from Guvenen, Song, Ozkan, and Karahan (2015) who find
that the distribution of earnings growth rates is double-Pareto.

4"Note that this leads to a negative drift of income u,, but the growth rate p, + %05 is
positive.
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empirically given the actual U.S. data, without the need to extrapolate their
values at the optimum tax schedule.®

The extensive margin elasticities <%}lé‘ — %275') {E(y).E(y)} are plot-
ted in Figure 6 in the Appendix for ¢ = 0.33 (left panel) and ¢ = 1 (right
panel). Figure 7 plots the revenue effects of the tax reform disaggregated by
income for ¢ = 0.33 and ¢ = 1 in the frictionless and the frictional models,
that is, =1 %\I/; +T Zi’zl %WEZ-. The elasticities E; are non-negligible
(of the order of 0.1 to 0.3 in absolute value). However the revenue effects are
nearly identical in the frictionless and the frictional models at every income
level. This is because the extensive margin elasticities are bounded, while the
increase in progressivity induces an unbounded increase in marginal tax rates

W’ and hence an unbounded intensive margin effect.

Figure 8 plots the welfare effects of increasing progressivity disaggregated

by income for ¢ = 0.33 and ¢ = 1, that is, — |w¥, + dg;pd:] +30 %}Wﬂﬁ—
Q. These effects are large for the smaller value of the labor income elasticity
e = 0.33, and almost zero for the larger value ¢ = 1. The composition effects
(captured by the welfare weight Q) play little role in the discrepancy between
the two curves in the left panel. Instead, the extensive margin effects on wel-
fare tend to reduce the gains of raising progressivity, as explained in Section 4.
Thus, ignoring the stickiness in the labor supply decisions of individuals leads
to substantially mis-estimating the welfare costs of raising the progressivity of
the tax schedule. These effects disappear as the labor income elasticity gets
higher, in which case the standard intensive margin welfare effects dominate
the extensive margin effects.

I finally sum these welfare effects over the whole population to obtain the

48This is strictly speaking what the “sufficient statistic” approach of Chetty (2009) allows
us to do.
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full right hand side of (41). For ¢ = 0.33, in the frictionless model the total
behavioral (revenue) loss of a $1 statutory increase in p is ¢11.10, and the
total welfare loss is ¢83.12.%° The frictional effect of perturbing progressivity
on revenue is 2.25 percent away from this frictionless effect (the behavioral
loss is ¢0.25 higher), and the frictional effect on welfare is 7.3 percent away
from the frictionless effect (the welfare loss is $6.05 higher), which is a sizeable
error. In contrast, when ¢ = 1, the total behavioral revenue response of an
increase in p is ¢33.44, and the total welfare loss is ¢66.80,°° and the frictional
effects of perturbing progressivity are 0.46 percent and 0.75 percent away from
the frictionless effects on revenue and welfare, respectively; the static model’s

calculations are very accurate in this case.

6 Conclusion

This paper analyzes the effects on nonlinear income taxation in a model where
individual labor supply is subject to fixed adjustment costs. Several long-
run effects arise, captured by novel elasticities and marginal social welfare
weights. This paper can be seen as a generalization of the optimal taxation
models studied by, e.g., Saez (2002) and Jacquet, Lehmann, and Van der
Linden (2013), who derive optimal tax formulas in static models with a 0-1
decision whether to participate in the labor force. Here, I derive a tax formula
where the extensive margins of adjustment arise endogenously and optimally

conditional on participation because of the fixed cost of adjusting labor supply,

49Note that the sum of the two is lower than the mechanical effect $1, implying that the
U.S. tax code is not progressive enough for the parameters of the calibration. The optimum
rate of progressivity is increasing the risk aversion v and decreasing in the elasticity e.

50Note that the sum of the two is slightly larger than the mechanical effect $1, implying
that the U.S. tax code is slightly too progressive for this higher value of the labor income
elasticity.
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consistent with a large body of empirical evidence. I show that the nonlinearity
of the policy instruments interacts with the lumpiness of individual behavior
to yield long-run real effects on social welfare, an insight that can be applied
more generally to other settings than income taxation.

The results of this paper rely on several simplifying assumptions that al-
low the model to be analytically tractable (e.g., specific utility function, wage
process, tax schedule, fixed cost proportional to utility, no savings and bor-
rowings). Most of these assumptions were made to allow for a reduction in
the dimensionality of the state space, leading to a sharp characterization of
individual behavior (Proposition 2 and Figure 1).

On the theoretical side, it should be possible to substantially generalize
the results of this paper by directly postulating a given shape (not necessarily
a cone) for the individual inaction region. This would allow in particular
an analysis of the effects of general non-linear income tax schedules. Note
that a mechanism design approach would in addition allow taxes to depend
on the time at which the individual adjusted her income, and the size of
the corresponding jump (for instance, if productivity has a drift, this would
give information about how far a given individual is from its optimum labor
supply).

On the quantative side, it would be valuable to estimate numerically the
novel effects highlighted theoretically in this paper in a more sophisticated
structural model, allowing for, e.g., savings and borrowings, life-cycle labor
supply decisions, non-proportional fixed adjustment costs, transitory as well
as permanent wage shocks, more general non-linear taxes and transfer pro-
grams, and other dimensions of labor supply adjustment choices (e.g., job
satisfaction). Such a model would also provide realistic estimates of the speed

of adjustment of the economy in response to tax changes, and hence allow
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us to infer the long-run elasticities from the empirically observed short-run
elasticities in the presence of sluggish individual adjustments to tax changes.

I leave these investigations for future research.
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Income Taxation with Frictional Labor Supply
Online Appendix

Nicolas Werquin

A Appendix

A.1 Proofs and additional results for Sections 1 to 3
Tax system

The tax schedule (3), calibrated to the U.S. tax code, has a rate a progressivity equal to p = 0.151.
This means that the net-of-tax rate decreases by 15% when gross income doubles. Figure 1.(a)
in Heathcote, Storesletten, and Violante (2014) fits this tax function to the U.S. tax-and-transfer
system using PSID data and finds an extremely good fit (R? = 0.96). Figure 2 shows this tax
schedule for p = 0.151 and p = 0.156. The right panel zooms in at the bottom of the income

distribution, where marginal and average tax rates are negative.

Figure 2: Tax and transfer schedule
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Individual behavior and welfare: frictionless model

I first derive the properties of individual welfare in the frictionless model. I show the second equality
in equation (5), i.e., that the average expected frictionless utility during the search period (and hence
the fixed cost k) is proportional to the instantaneous utility of frictionless consumption. I also
compute the value function in the frictionless model, i.e., equation (15), which is also proportional

to the current utility of consumption. I finally derive the marginal social welfare weights (33).

Proof of equations (5), (15), and (33). The expected frictionless utility from time 0 to the
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random time T ~ &£ (¢) is then equal to

N 1—~
T 1 1 %\ 1+1/e
k =k x Eq / P R — o — <yt> dt
0 11—+ 1+1/e \wy

5 1_|_p5 1_7 -AE _(
_ E p1+p2)t Y dt
() | [ ey

where the equality follows from the first-order conditions (9). Moreover, equation (13) shows that

c* follows a geometric Brownian motion, which implies

d () = | (1= ) e 5 (1= 202 g )t + [ = ) 0 g )

and hence g (c}) = g(cf) e(t=VHet+ =Wt Using the facts that W, ~ N (0,¢) and E [eX] =
P2 X o N (,0?), we thus obtain

(14pe\'TT
nzm( ) g (cp) Eo

1—y oo T
" (1 +p€> 9(cp) / ge / e~ (prtpa— (e 3 (1= ad)t g2
0 0

7 Ltee 1=y
14-¢

pr+peta—(1—y)pe—5(1—7)

."E
/e(p1+p2(17)uc§(17)203)t
0

2 29 (CED )
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which proves equation (5).

Similarly, the individual frictionless value function is given by

o wy 1+1/e\ 177
P (y) - e—(pl—&—pz)ti c— 1 yft /e " y— y* (U} )
0 1y \ " 1+1/e \wy 0

<1+p€>1_7 oo (Hpec*)l_7 o0
) gy [/ e~ ()= dt} A D / e~ (P42 —(=ue=3(1=7)%02)t.
1—7 0 -~ 0

from which equation (15) follows.

Finally, let ¢ follow the same geometric Brownian motion process as ¢ (equation (13)), which
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1+ps *

implies that + ¢ also follows the same process. The same steps as above imply

1 d o0
w* (y) :Fdiéo (EO [/0 e~ (p1tp2)t,, (Ct +é— / ht)1+1/a> dt| yo = y])
¢o=0
1 *
1d %(ﬂ’f%ﬂo
Atdéo | pr+pr— (1 =) e — 3

I4pe\ 7 (1=7\ 7, —
1 () () v

A*p1+p2—(1—7)uc—%(1—7)203’

which gives a closed-form expression for the static marginal social welfare weights in the frictionless

setting. Moreover,

o () = —L VW) L
A* Jlnp )\*p1+p2—(1—7),11@_%(1_7)2027

which gives a closed-form expression for the dynamic marginal social welfare weights in the friction-

less setting. 0

Individual behavior and welfare: frictional model

I now derive the properties of individual welfare in the frictional model. I show the homogeneity of
the utility function and the value functions V, (y*,0) (Proposition 1), and define the value functions
Ve (y,9) (i.e., the welfare of individuals with actual, rather than frictionless, income y, deviation 4,
and employment state z) and V (y, ) (i.e., the average welfare of individuals with actual income y

and deviation ).

Proof of Proposition 1. Substituting y* for w using the optimality condition (9) into the flow
utility U (y — T (y) , £) yields

I [1_7( *)1—19]1_7>< <y>1_p_ 1—p <y)1+1/a -
l—~|1—p 4 y* 1+1/e \y*

1 1—71 #y1—p 1= (1-p)s 1-p (1-1-1)6 1_7_ *
1—7[1—;9(‘1/) ] ‘ 1+1/e° =9(c) xuld),

which implies that the flow utility U (y*,0) is homogeneous in the utility of frictionless dispos-
able income ¢*. A second-order Taylor approximation of the function u (4) around the frictionless

optimum § = 0 shows that the utility loss from failing to optimize is locally quadratic,
14+pe\' 7 1 1\
d) ~ 1—=-(1- 1— 1+-]0°.
u()5—>0<1+5> 2( 7 (1=p) +€
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The value function V; (y*,d) of inactive individuals is equal to

* o — 1—7 *1— _ "
Vi (Y5, 00) :H_ltaltx Eg [/0 e (01+P2)tg <1_pyt1 p) w(8;) dt + e (pr1+p2)T1 {Vs (yT175T1) — K1, }] ’

subject to the laws of motion (12) and (17), where 11 is the optimal stopping time at which the
individual starts searching by paying the fixed cost. The value function Vs (y*,d) of searchers is

equal to

1 .
Vs (Y0, 00) = max Eo [/ e~ PPN (yx 5,) dt + e (PP, (?J%:(S%)] ,

T 0

subject to the laws of motion (12) and (17), where 7 is a stopping time with an exponential distribu-
tion with parameter ¢, and 5_’% is the optimal deviation that the individual chooses upon reception of
an adjustment opportunity at time T. From these equations we can write a sequential formulation

vl‘ (y* 75)

of the value functions V; and V, and obtain that (177 ; p) = v, (9) for = € {i, s}, where
=Y

-
v; (80) = max E, /0 ¢~ (Prtp2=(I=mpe)t+(1=7)0ecWey (5, dt

te (Prp2—(1=7)pe)T1+(1=7)oeWr, {vs (0z,) — ,i}}
s (42)

<
vs (6p) = max Eg / e~ (1o (I=mpe)tr(1=7)0cWey, (§,) dt
oz 0
x

te~(PrHp2=(1=Mue) TH1=7)o Wz, (5;)} :

Proposition 1 follows.
These results imply that the value functions V, (y,0) (for an actual income y) are equal to

Ve (y,0) = V* (y) X 0 (6), where the value functions 9; (8), 0, (8) are given by

. 1+ pe LAEEPRRON
Ux(é):p<1+€> e (1-p)Q1 7)5,01(5),

for x € {i,s}. I finally denote by V (y,6) and o (y,d) the the value functions averaged over the

employment state (inactive and searching), that is,

;,5 (y7 6)
;75 (y7 5) + fysyé' <y7 5)

f;,é (y’ 5)

i ,and V(y,0)=V*(y)v(y,6),
05 W, 0) + f35 (0,0) (y:8) = V* ()9 (y.9)

(43)

5 ys 5 denote the stationary joint densities of inactive and searching individuals at income

v (y> 5) = (6)

+ U5 ()

where fé

and deviation (y, J). O

Next, I characterize the solution to the individual’s impulse control problem (Proposition 2). As

a first step, I calculate explicitly the value of searching vs.
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Closed-form expression for (23). 1 show that

.
0, (5) =Eo [ / eI (g 5,) dt 6y = a]

+po+ +po+
ffooo |:€T§,16 e H{CESO} + erf,lé " qxﬂ{x>0}] u (LL' + (5) dx

)

2 1
%&e(lw)(ug) (rg};pﬁq _ Tf};pﬁq)
where rix, rf  are defined in (26). We have, letting T ~ &€ (q),

, T

Eo

.’t ~
/o e Ptelly (cF)u (8) dt + e~ P HP)Tg (ck) o (5*)]

00 t
=g (CS) / qeintO |:/ e*(ﬂl+PQ*(17’Y)Mc)S+(17'y)O'cWSu ((55) ds
0 0

[

+ e~ (Prrp2=(1=Nne)t+(1-7)ocWe,, (5*)} dt.

Using Fubini’s theorem, the fact that W, ~ N (0,t), and the quadratic approximation u (6) = ag +
a10+az6%, we obtain that the stochastic integral (for fixed t) is equal to, with §s = &g + s+ osWs:

t
Eq [/ e*(Pl+P2*(1*’Y)#c)86(1*’7)0cwsu(58)(13
0
1 1
:EOQ ((1 — 'y) 0085 + M6)2 (2 —e Pt (p2t2 + 2pt + 2)) + ; (ao + a1d0 + 0@58) (1 — e’pt)
1
+ 7 (o (ps + (1 =) 0c05) + 202 4 20 (s + (1 — ) 0c0s) &) (1—e P (pt+1)).

Integrating over the stopping time ¢ then yields:

o) t
/ ge TE, {/ e~ (Prtp2—(1=r)pc)s (1=7)ocWs | (0s) dS} dt
0 0

o o + (1 —7)o.0
:< 2 )584‘( 1 +2a2ﬂé ( ’Y)Q c 6>60
p+q p+q (p+4q)

( a0, (u5+(1—7)ac05)+a22(u5+(1—7)Uc05)2+(p+q)0§)_

1
p+q (p+a) (p+a)°

Straightforward algebra finally shows that the right hand side of (44) is equal to this expression.
(Formula 44 is obtained by solving directly the HJB equation for searchers with the relevant bound-

ary conditions at +00.) Finally the value of returning to 6* (assuming that the optimal impulse
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control policy is the { 6,6%,0 }—policy, see below) is given by

B ety (.5

_ / * e E, (et 0=y, ()] dt = wil&) _—
0 pr+petqg—(1—7)pe—35(1—7)0?

which is the second term of equation (23). O

I now define the operators £, M : C? (R) — C° (R) by

£0(8) =g + (1 — ) 0es) ! (8) + =02 (8),

2
Mo () = sup v (8') + 95 (6) — k.

P+ qscr

The following Verification Lemma provides sufficient conditions for optimality and characterizes the

optimal policy.

Lemma 1. Suppose we can find a function v : R — R that satisfies:

veCR)NC?(R\ D), where D={§ €R:v(5) > Muv ()}, (45)
Lo (§)+u(d) < pv(d), V6 € R\ ID, with equality in D, (46)
Muo (6) < v (d), Vo e R. (47)

Suppose moreover that v has locally bounded derivatives near 0D and for all te T, p € P, dg € R,
E [e—<m+m>f o @)+ [ e (55);6175} <. (48)
0

Then v (6) = v; () and Mv (§) = vs () for all 6 € R, where v; and vs are the value functions (42).
Moreover, if {0(5’%*) : T € T} is uniformly integrable the optimal impulse control policy p* € P is
given by: for all j > 1,

x - * ~ P x / pi_q
t; = inf {t >T g+ To1:0, ¢ D} , and A = gllgév (6") —wv (5rj;+“tj> ,

where 5:“1 1s the process resulting from applying p;- = (f{, e 7:;?_1, A (T),. .., A;f_l (%j_1)> to .
Proof. Fix an impulse control policy p = ({'cj,Aj (%j)}j>1) € P. By condition (i) and Theorem

2.1. in Qksendal and Sulem (2005), we can assume that v € C2 (R). Hence using condition (iv) we

can apply the localized version of Dynkin’s formula (Theorem 1.24. in @ksendal and Sulem (2005)
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modified to take into account the discounting) to get, for j > 0,

B [ef(pﬁpz)(rjﬁj)g (Ci:ﬁ%j) v (5Tj+%j>} —E |:€_(PI+P2)Tj+1g (ﬁjﬂ) v (51].“)}

Tjt+1
=—g(c)E / ! e~ (P1tp2—(1=7)pe)t+(1—7)o W (—pv (&) + Lo (6;)) dt
T]'-l-:fj
> g()E /T]'Jr1 e—(m+p2—(1—v)uc)t+(1—v)athu(5t)dt 7
T]'+7A'j

where the inequality follows from condition (47), and it becomes an equality if p = p*. Moreover,

we have

E [ei(pﬁm)rjﬂg (Cikfj+l> v (5Tj+1)}

_E |:e*(P1+P2)(Tj+1+%j+l)g (C*, . ) v ((5Tj+1+.%;+1 +Ajn (%j+1)>]

Tj+1+T541

>g (CS){ E |:€*(Pl+P2*(1*7)HC)T]’+1+(1*7)0cWTj+1U (5Tj+1)]

—E [6_(01—'—”_(1_7)%)(.{”14—%"“)+(1_7)UCWTJ'+1+T1+1] sup v (5,) }
§’'eR

=g (Czk]) E |:67(p1+P27(1*'Y)NC)TjJrl‘f’(l*'Y)UcWTjJrl (1} (5‘Ej+1) — Mv (5-;3.“) -+ @5 (5Tj+1) — Ii):|
>g(ct)E [6—(;)1+p2—(1—v)uc)Tj+1+(1—v)aCer+1 (9 (0c,0,) — n)} ,

where the last equality follows from condition (iz). Both inequalities become equalities if p = p*.

Thus, we obtain, summing the previous equations from j =0to j =N > 1,

g (i) v () —E {e*(Pl+P2)(TN+1+'AEN+1)g (ciNH”NH) v ((5@“1)}
N Tt

Z/ e~ (Prtp2—(1=)pe)t+(1=y)o W, (04) dt
-

=0 i+

N
T Z o (Prtp2—(1=Ve) T +(1=p)ocWr, (85 (5,,,) — H)]

>g(cy) E

N

TN+1+IN+L (p1+p2)t +p2)T
—_ %
_E / e~ (p1p2)t g (cx) E o~ (p1+p2 kg (CT]-+1> :
0
jZO

(with equality if p = p*), where the equality follows from (44). Now, as N — oo, we have 1y — o0
so that the second term on the Lh.s. of the previous equation converges to zero. Therefore we

obtain

o0

V(y8,50) >E / (p1+pz)tU y 510 Ze pl+P2)TJ+1HT ,VpeP

0 =
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with equality if p = p*. (We restrict the set P of admissible controls to those p that satisfy
E [ fooo e~ (p1tp2)t ‘u ((5%J )‘ dt] < 00.) But the right hand side is the lifetime utility of an individual at
birth, after dp has been chosen, under the control policy p (see (6)). This concludes the proof. [

Condition (47) is the Hamilton-Jacobi-Bellman Quasi-Variational Inequality (QVI), (46) is the
value-matching QVI, and (45) is the smooth-pasting property.”’ The optimal policy is such that
that the agent remains inactive when the state process ¢ stays within the continuation region D,
and starts searching (by paying the fixed cost) when it attempts to leave D. By Proposition 1, this
solution coincides with the optimal value functions and control policy if v, satisfies (46) on (é, 5),
(47) on R\ (8,6), and (48). In the case where paying the fixed cost leads to immediate adjustment

(i.e., ¢ = ), we can verify these conditions directly:

Corollary 1. Let ¢ = oo, so that vs(6) = 0. Suppose that there exist (é, 5*,5) such that the
function v; : R — R solves the differential equation problem (19), (23), (20), and the conditions
(21) and (22) hold. Suppose finally that v} (§) > 0 (resp., v} (d) < 0) on an interval 6 € (4,9 + ¢€)
(resp., § € (5 — €, 5)) Then v; (0) is the value function of the individual’s problem and the optimal
individual policy is characterized by the control band {é, 5*,5}.

Proof. To prove that the conjectured policy is indeed optimal, we need to show that if the value
function satisfies (19,20,21,22,23), then it satisfies the assumptions of the Verification Proposition 1
and the quasi-variational inequalities (46,47). If ¢ = oo, then the technical conditions required for
the Verification theorem 1 to hold are simpler (see Richard (1977)): v’ must be absolutely continuous
and bounded and v” must be in L? (R); these are easily verified. It remains to check that the QVI
are satisfied.

First, I show that the lower bound of the conjectured inaction region is non-positive, § < 0,
and the upper bound is non-negative, § > 0, so that the argmax of the flow utility « (§) lies within
the inaction region. Note first that v” (6%) > 0, v” (67) < 0 and v” (6*) < 0, where the first two
inequalities follow from the continuity of v" and the assumption that v > 0 (resp., v < 0) in a
neighborhood to the right of § (resp. to the left of §). Define the first and the last inflection points
of v on [§,6*] by We know that such values exist in [§,8*], because v” (6%) > 0 and v/ (6*) = 0
Since u,v,v’ € C*((8,0*)), the HIB equation (19) implies that v” is continuously differentiable.
Taking left derivatives of the HJB and evaluating at 0}, yields

02‘%1/” (637) =pv' (037) — ' (037) = pv' (8%) — ' (63;) = —u' (63y),
where the inequality follows from the definition of 8}, and v” (6*) < 0. Since v (6},) < 0, we
obtain —u/ (0},) < 0. But u is concave with a unique global maximum at § = 0, hence 6}, < 0 and
u' (0) > u' (63,) for all § < 0%,

Second, I show that the conjectured value function v is unimodal, that is, v (J) is strictly
increasing on (4, 6*) and strictly decreasing on (6*,4). If 65, = &},, then v’ (§) > 0 for all § € (4, 6%).

®!See Bensoussan et al. (1982).
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Suppose that 6%, < 6%, and there exists § € (§,6*) such that +/ (§) < 0. Then there exists § €
(05,,6%,) which is a local minimizer of v/, with v’ (5) < 0 and v 5*> > 0 . Taking left derivatives

in the HJB equation (19) and evaluating at 0 yields:

) o2 .
u/<(5>:—;(1_p)2v (5 )+pv (5 )<o.

But we saw above that «' (05,) > 0, which implies v’ (8) > 0 since § < 03y and w is strictly concave
and unimodal, a contradiction.

I now show that the conjectured value function satisfies the QVI (47), i.e., Lv (§)—pv (§)+u (6) <
0 for all § € R. The HJB equation (19) and a symmetry argument imply that it is sufficient to
check this inequality on (—o0,d). Fix § < J. We have

[Lv (0) — pv (8) + u ()]
=[Lv (07) = pv(8) +u(d)] — p (v (8) = v(9) — [us + (1 = 7) oeos] (v/ (8) — ' (9))

Lo (W0 = (51) + (W) —u (@)

The HIB equation (19), the value-matching condition (20) and the smooth-pasting conditions (21)
imply that the first line of the right hand side is equal to zero. Moreover, we saw above that
0" (8) =0 < v” (87) and u (8) < u(d), which concludes the proof.

Finally, I show that the conjectured value function satisfies the QVI (46), i.e., Mv (§) —v (§) <0
for all § € R, where Muv (§) = v (0*) — k. For 6 € R\ (4,0), this QVI is satisfied with equality by
construction. For § € (4,6*), we saw that v’ (§) > 0 which implies Mv () < v (d), and a similar
argument applies for § € (5*, 5). O

I now provide an intuitive derivation of the QVI of Proposition 1, i.e., of the HJB equation and

the value-matching and smooth-pasting conditions.

Heuristic derivation of equations (46) and (47). Suppose that an optimal policy p* exists.
If the individual adopts an arbitrary control for an infinitesimal amount of time and then switches
back to the optimal control p*, then the resulting value function cannot be better than the optimal
one. If the individual is currently inactive, there are only two possible choices of control during that
infinitesimal period: not impose any control (QVI (47)), and pay the fixed cost to begin a search
period (QVI (46)). Finally, one of the two quasi-variational inequalities must hold with equality,
since one of these two choices of control must be optimal.

Consider an inactive individual with frictionless income and deviation (y;,d;), who remains
inactive during the time interval [t, ¢ + At) for some small At > 0, then reverts back to the optimal

policy p*. Her value function V (y}, ;) satisfies

1-— pgAt

* > *
V(yz,0t) 2U (g, 0¢) At + T At

Eo [V (yi + Ay™, 60 + Ad)]
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where A§ = —%AIH y*. Multiplying by (1 + p1At), substracting (1 — p2At) V (v, d:) and di-
viding by At on both sides, we obtain, letting At — 0,

Eq¢ [dV (y*,0)]

Using [t6’s formula and the laws of motion of y; and &, we find

E; [dV (yf,d 1 L 0V o 1 .
—t[ Cgft t>]=<ﬂy+20§> 7"‘#574‘50;(%)2

827)} + 1 2827)} + *827]}
oy 270057 TV gyas

Since the value function is homogeneous in g (¢*), we can replace V (y/, 6;) with g (¢f) v (d,) in the
resulting equation and divide through by g (¢f) to obtain pv (d;) > Lv (d;) + u (d¢).
Next suppose that the individual pays the fixed adjustment cost at time ¢, and hence becomes

a searcher. We have
V(yt,00) > Vs (i, 00) — kg (cf) -

Dividing both sides by ¢ (cf) and using the expression derived above for vs(d), we thus obtain
(Y ((St) Z MU (516)

We can similarly derive heuristically the smooth-pasting conditions. O

The interpretation of the HJB equation (19) is as follows. Interpreting the entitlement to the
flow of disposable incomes and deviations as an asset, and Vs (y*,d) as its value, we can write:
E¢ [dVi (y*,0)]

(o1 + p2) Vi (y",8) = U (y",8) + —=—= 220,

The left hand side gives the normal return per unit time that an individual, using (p1 + p2) as the
discount rate, would require for holding this asset. The right hand side is the expected total return
per unit time from holding the asset. The first term is the immediate payout or dividend from the
asset. The second term is its expected rate of capital gain or loss. The equality is a no-arbitrage
condition, expressing the investor’s willingness to hold the asset. Using It6’s formula, we can express
the second term in the right hand side as a function of the first and second partial derivatives of
the value function V; and the drifts and volatilities of the income and deviation processes. We
then obtain the HJB equation (19) for v; (0) using the homogeneity of the value function shown in
Proposition 1.

Feng and Muthuraman (2010) provide an algorithm to compute numerically the optimal indi-
vidual policy solution to (19,20,20,22), which is easily extended to this paper’s environment.

Figure 3 shows the value functions v; (0) and vs (9) of inactives (in blue) and searchers (in red)
along with the optimal thresholds d,d%, 4, as well as the function v, (§) — # (dashed red), which

illustrates the value-matching and smooth-pasting conditions.
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Figure 4 shows graphically the value functions v; (9) , 05 (§) conditional on (actual) income y (left
panel) and the effects of perturbing the progressivity of the tax schedule on the optimal inaction
region and on the value of inactives 0; (right panel). These figures show that (both inactive and
searching) individuals with higher deviation but the same income are worse off (i.e., individuals who
work more hours but earn the same income, and hence have a lower wage, reach a lower level of
utility), and that within the inaction region the value of searching is always strictly higher than the
value of inactivity. The right panel shows that as the progressivity of the tax schedule decreases,

the inaction region widens, and the distribution of individual utilities v; (-) adjusts endogenously

Figure 3: Value functions v; (9),vs (6)

Optimal impulse control policy and value functions
T
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Log-labor supply deviation.
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Figure 4: Value functions conditional on observed income © (¢) and effects of progressivity p
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I now characterize the stationary income and deviation distributions, assuming their existence.
I derive the KFE equations (27) and show that their boundary conditions are the following. First,

the density functions fﬂl y+0 and fi . 5 are continuous in 0* and { 6,6 } respectively: for all u € R,

By s (:07) = fiye s (w07 for 6 € {8,076} (49)

Second, the boundaries § and & are absorbing for ffny* s5» S0 that there is no mass of inactive

individuals at the edges of the inaction region: for all u € R,

fliny*,& (U,é) = fliny*,(i (u> 5) =0. (50)

Intuitively, this is because individuals who reach a boundary of their inaction region immediately
start searching and leave the inaction state. Third, the density of searchers in a given job converges

to zero as  — +oo: for all u € R,

o
li - —5,8)=0. 51
5—&1100 flny 0 (U os > ( )
Fourth, total flows in and out of §, §*, § must balance, which yields three functional equations linking
the density functions fﬁly*ﬁ and fl‘;y*’(s. Letting f”” denote the function %ff + f3 for x € {i, s},

these conditions write: for all u € R,

Fru,6 ) = fi (u,67) = fé (p2finyg (W) + afiy (w)), (52)
f (w, 6+)+f5(u 67 = f*(u,87) = 0, (53)
Fru )+ 1% (u,67) = f* (u,67) = 0. (54)

These equations equate the inflows and outflows of individuals going from one state (inaction,
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search, non-participation) into another, following a change in their wage and hence desired hours,
the reception of a new job opportunity, or a “birth”. Finally, a normalizing condition imposing that
the total mass of individuals in the population is equal to 1 completes the full characterization of

the economy’s steady-state:

/ / [ e (0 0) + £ s (u, )] duds = 1. (55)

Proof of Proposition /. To derive the KFE equations (27) that must be satisfied by the station-
ary joint distributions ffn .y and ffny*’(;, discretize the processes (Iny*,d) on a two-dimensional

grid with size (Ah, llf_ll/’sAh). In the time unit At, Iny* moves up by Ah = oyV At and § moves
1—

I_HI;eAh with probability % (1 + %’Ah) The balanced flow equations for ffn y+5 at point
(u,8) € R x {(8,6") U (6*,0)} write:

down by

; 1 2 i 1—p
Finye,s (u.8) = (1 = p2AAt) { 2 <1 ! é“) g (“ CARIT T 1/6Ah>
+1 1- M Ap fi u+ Ah,§ — L=p Ah
2" o2 )y RS VE '

Taking a second-order Taylor expansion in Ah of this equation around 0 and rearranging terms
easily yields (27). We also have f} yoo=0if 0 ¢ (é, 5). The balanced flow equations for fj . s at
point (u,d) € R x {(foo,é) U (é, 5) U (5, oo)} write identically, except that the right hand side is
multiplied by the probability (1 — gAt) of exiting the search region in [¢,t + At) due to the arrival
of an adjustment opporturnity.

The boundary conditions (50) to (54) can be derived as follows. The balanced-flow equation for

fy s at the point (u,d) writes:

i < 1 Hy i N l—p
Finye s (u:0) = (1= paAAt) {2 <1 - U;Ah) Finy 5 (u + ARG — 1/6Ah) } :
A first-order Taylor expansion in Ah around 0 yields f{ .y (u, 5) = 0, and similarly f{ - (u,9) =

0. Similarly, the balanced flow condition at the boundaries +oo for f;} 5 Writes

5£Iinoo f7 (u, 5)’}1 constant = 0-

((1-p)e

Noting that the condition “A constant” is equivalent to “ -

Iny* 4+ ¢ constant”, we obtain (51).
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The balanced-flow equation for ffn ,+ 5 at the point (u, d*) writes:

% *) __ _ 1 @ i — * 1—]7
f(u,0%) =(1 pgAt){ 5 <1+U2Ah)f <u Ah,§ +1+1/€Ah>

Yy
I SR NN A RN (e AN
2 ol ’ 1+1/e
1
+ (1 — p2At) (qAt) { 5 (1 + Z;’Ah) Zfs (u— Ah,0)
Y 5eg
1 p
+2<1—03Ah>2ﬁ(u+m,5)}
Y 0eg

N -1
#0280 ({80) g ().

where G denotes the grid of ¢ and finy; denotes the density of frictionless log-incomes at birth.

Taking a first-order Taylor expansion in Ah around 0 using

s * l1—p - s *
%flny*,é (lny 75) Ah—)Ol <1+ 1/5Ah) flny* (lny )

yields (52). Finally, the balanced flow condition at the boundary 4 for f; y* 5 Writes:

2 (u,0) = (1 = p2AAt) (1 - qAt) { % <1 + ’(;‘gm) f? <u ~ AR+ 11+_17/7€Ah>

)
t (1o Pan) o (s Abs— 2P Ap
2 ol ’ 1+1/e
1 H : s 1-p
1—pAt)S = (1 —ZZAh) f Ah, 6 — Ah | 3.
- man {5 ( ) (e ana - L2 an) )

A first-order Taylor expansion in Ah yields (54). Equation (53) is obtained similarly.
Note that changing variables and defining the density

i L—p 4 l1—p
g" (u,8) = mflny*,é (U - T/a‘é’ 5>

implies that ¢* satisfies the PDE
1 4 4 . _
50(%952 + usgy — p2g' =0 on R x {(é, ) U (5*, 5)} .

Imposing the boundary conditions above on the explicit solution to this differential equation yields,
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after tedious algebra and letting A = §* — § and A = 6 — %,

; f (’LL + ijé) 6*7’1 5(5 ) 6*72 5(5 9) e’ 6(5 5) e’ 6(6 5)
finys (0, 0) = 1 | ereh — emrasend slss1t = mx om0
7 (u n 1Ir_11/755> e(Tf?5+qH(_w7§]+r;”26+qﬂ(é,oo))(5—§) e(Tf?qﬂ(_m,gl+r§?5+qﬂ(3,oo))(576)
i (40 =g e A A ana

where the function f (-) satisfies the normalization (55) and the integral equation

_ P2 _ P2 02’ P2 A 1+1
(e "B 2 A) (e 1a5A—eT275A) {i?flnyg (u— + /6(5*>

f(u) =

— + ...
P2 P2 P2 P 2 2
67"2,5A€_’"1,6é - 6_7"2,6é " de B 7"(2)5

for all © € R. Now suppose ¢ = oco. The functional equation satisfied by f is simpler:

r 1+1/e r 1+1/e ¢
02p02(S 1;r11/)e f <u + 1_1/) Q) f (u + 1_]/) (5)
Y f —
In ( ) = P2 A P2 A
7"526 — ¥ ¥ e _ oA A 2l _ grisd
P2 P2 P2 A P2
P2 7“275é _ P2 TTsA p2 T s P2 s A
[ T2 T1.6€ Tt LW 1 N < 1+1/e *>
P 2 b .
e’ ?6A e’ 2 A e SA er12 A 1— P

~ 1—p P2
Letting f (u) = eT™1/="1:8"g (u), it is easy to check that the solution g (u) to the equation converges

to a constant as u — oo. This implies that

, 5 .
flzny* (u) - /5 flll'ly*,(s (u, 5) d(s u:OO e Ly

i.e., that the stationary income distribution has a Pareto right tail with coefficient 77> e O

Equation (27) has the following interpretation. At a given point (Iny*, d), the density is reduced
by the agents who move away from there, and is increased by those who move there from a former
deviation ¢, following an increase (resp., decrease) in their wage if 6’ > § (resp., ' < §). These flows
occur both because of the drift p,, (second and third terms of (27)) and the volatility oy, (fourth to
sixth terms of (27)) of individual productivities. Moreover, the distribution loses mass at the death
rate po, plus the hours adjustment rate g for the searchers. In the steady-state, these flows in and
out of (Iny*,d) must balance on net and are thus equal to zero. Note that these equations do not
hold at 6* for ff’n e and at {é, 5 } for fp e where the inflows from births and from endogenous
adjustments produce kinks in the densities.

The top two graphs of Figure 5 show the distribution of taxable incomes (left panel) and dis-
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posable incomes (right panel), and how they change when the tax schedule goes from the U.S. rate
of progressivity to a linear tax rate. The mean and variance of both distributions are lower when p
is higher; the tails are thinner, to a much larger extent in the case of the disposable income distri-
bution than of the pre-tax income distribution. The bottom left panel of Figure 5 shows the wage,
taxable income and disposable income distributions in log-log scale. This representation illustrates
clearly the fact that those distributions all have left and right Pareto tails, corresponding to the
asymptotic straight lines whose slopes are equal to the Pareto coefficients. The smaller the slopes
in absolute value, the more unequal the distribution: the wage (or productivity) distribution is the
most equal, the taxable income distribution is the most unequal (due to the positive labor supply
elasticity); the inequality of disposable incomes is smaller than that of taxable incomes and closer
to that of wages due to the positive rate of progressivity. Finally, the bottom right panel of Figure
5 shows the inactive individuals’ stationary distributions of deviations § conditional on income y

for several values of y, along with the boundaries of the optimal inaction region (é ,0%, 5).

Figure 5: Stationary income distributions
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A.2 Proofs and additional results for Sections 4 and 5

I first derive the formulas (39) and (40) characterizing the optimal taxes in the frictionless model.

Proof of equations (39) and (40). Consider a perturbation (dr, dp) of the baseline tax system.
The first-order change in the tax liability at income y is, to a first-order in (d7,dp) (ignoring the
term o (d7,dp)),

l—p—dp 1—p
= 1 _— _— p = oo
1_py dT—i-(ny 1—p) l_py dp = 0; (y) dr + 0, (y) dp,

and the first-order change in the marginal tax rate at income y is
T'(y) = T'(y) =y Pdr + (1 = 7)y P Inydp = 9, (y) dr + 9, (y) dp.

Thus, letting f, (y) denote the stationary density of incomes, we have

o0 T' (y) 5 , 1 l+el—7_.4_ £
[ - - s e ] = S TR ) - e
o0 T , 11— B
[ o) - s e )| Sy = TR ) - By
1+e1-— _
1+;€1—;E [yl Flny].

In the frictionless model, the income distribution f, (v) is double-Pareto-lognormal with param-

P2 ,.P2 2 _ 1+e eln(l—7) 1+e .
eters (rlvy,rzy,my, sy), where m, = mw + e TipeSw- We can thus derive

Tipe and s, =

directly formulas (39) and (40). The parameters of the economy are affected by the perturbation

in the following way:

dm,, _ 1 € d 5 B R G
dr  1—71+pe’ dr yrFy Oy Ty Toy f = 5
€
@ p2 . p2 | _ _ e p2 P2
a {my,sy,uy,ay,rw,rm} = T5.e { My, =Sy, — by, ay,rLy,rQ’y}.

Thus the density of incomes satisfies, letting ®; = ® (hlyS;Tny + 72 sy) for i € {1,2} with similar
y Y
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. 7 1(,.P2)2.2_ P2
definitions of ®¢ and ¢;, and e; = ww(r )’s

= T,y Yy ri,ymy
r1% 4757
p2 | ,.p2
‘ler2y 1(rf2 )282_szm 2 _q ;(sz)252_rpzm P2 1
fy(y) T qe2Viy) Ty Ty y T Py 4 e2\2y) Ty T2y Mg 2y (I)2 ,
"t
p2 | .p2
dfy (y) 1 € ‘le

Toy 1(,.p2\2.2_, P2 P2 1
65(7"1 y) SyTTy™My "1y (P2 B
dr 1—71—1—]95‘ { y [1y U @1}

2
_|_e%(r2pr) sf/*Tg?ymyyrg?y [7"2 yq)c ! 802:| } )
y
7’p2 T’p2 2
dfy (y) _ € ’ Ly| 2y {eé(’"f?y) Si_rf?ymyyrf?y_l [(1 + 7%, In y) ¢ +1In ?/(’Dl]
dp 1+ pe ‘Tf?y + ré?y ) Sy

1(,.P2\2.2_ . P2 r2 _q o (p2
+62(T2,y) Sy Tay My g2y [(1 + T2?y In y) D5 — lny 5
The first-order change in tax revenue due to a perturbation dr in the frictionless model,

given by
dx* _d o0 1—7 —p
dr dT{/O <y ﬁ@/ )fy( )dy}

1~ /00 1—7 .\ dfy (y)

- d oyt ) YAy
1_p/0 y Ly (y) dy + ; <y U W
l+el—171

1-p
1—71+pel—p [y }’

(1) .
ar 0 18

1 € 1
E
1—71+pe vl +

where the last line is obtained by integrating by parts to compute the integrals of the form
I e(rig—1+e)Iny = 5, Pidy with ry 5 +a < 0. Similarly, the effect of a perturbation dp is given
by

dy

dx* /OO< L 1—7 4, 1-7 4 ) o0 L—7 1\ dfy (v)
= —— y' P+ —y'" Py f ydy+/ y— ——y' P )
dp Jo l-pl—p 1—p v @) 0 1—p dp
1 1-—7 5
- E[y/ P — — Ryl
e e e

l+el—7 1—p
1+psl—p [y lny]’

again integrating by parts to compute the integrals of the form fo e iy

71+0‘)1nylny$<pidy. Note
that a different way of showing these results is to use the KFE characterization of the income
distribution to deduce that

,T+dT — 1 € T € dr d
Ty (y)d‘r—)0< +1—|—p51—7‘)f << l4+pel—7 y) +oldr),

_€ g 1+—£5d
P () = <1 + 7 +p6dp) yme= Y (y T p) +o(dp),

dp—0

which mean that the individuals with income y before the perturbation dr (resp., dp) end up
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1+pe 1—7
Iy () dy (vesp., fy TP () dy = 17 (y)dy). It is then straightforward (with a change of variables in

the integral) to obtain the formulas above:

dz* 1 € dr o 1l—7—dr _ € dr

= — 1 N P ’7'+d7' 1 _
dr dT{( +1+p€1—7>/0 <y 1—p y )fy <<+1+p€1_T>y>dy %}
1 € dr & 1+e dr ©1—-7 4_
= — T d D FT d
(h{< 1+m¢—7>ﬂ;y@(w y+<r+m1—T)A 1—p? f?@)y}

and similarly for a perturbation dp.

earning y' = (1 - £ di) y (resp., vy = yl_ﬁdp) after the perturbation, so that f;*dT (V) dy =

The first-order change in the government objective due to a perturbation d7 in the frictionless

model is given by:

W:i{/wwy)mywy}

;T{/ -t
11< ai{ 1 )(171—5;0516[7) } )_V
_ { S
11
1—

1—
=) —Wgwfﬁﬁwww@_ﬁ W@h@ﬂ*
p+B—(L=)pe—5(1—
Tl"(ﬂﬁ_ yl‘p)l_7
B (- Npe—5(1-7) 02
=— /Oo (ﬁ’f)ﬂ (%yl_p) B y' P
0 p+HB—(1—Npe—32(1—7)2c2l-p
— [ o ) fy
0

}fy (y) dy
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and similarly for a perturbation dp:

X

dp dp

ayw>(T) 1 {/OO 177( T+e 1—(p-‘:dp)
0

- 2
48— (=) (1- 5 Edp) pe — £ (1= 7)? (1 - L 2dp) o2

X [P (y) dy — 9 (T)}

2
L[ imake s (=) pe+ (1 =7)0?)
L=plape ™ p+B—(1=7)pe—3(1-9)0?

o v (1 22 mydp) 2 %yl‘p)H
R e YRS g P

——x [Cwmo,wwma-x [ fl;’“*mfy(y)dy

(y)dy—W*(T)}

We finally obtain the optimal tax schedule by imposing that

AV At
Cdr dr  dp dp ’

which proves formulas (39) and (40) in the frictionless model. O
Next I first formulas (31) and (39) in the frictional model.

Proof of Propositions 5 and 6. | show that a perturbation dr of the tax schedule has the fol-

lowing first-order effects on the density functions in the frictional model: for all u, d,

Z‘T+dT _ € dr
e, (s = (14— T e (1 S AT Y5 (56)
Sy WO T Ldpel—7)7v0 ltpeli—1)"°%)

for x € {i,s}. To see this, consider the functions

€ dr
9" (u.0) = f“’é( 1+p51—7-’5>‘

I show that ¢°, ¢° satisfy the KFE and boundary conditions that define the functions S

fli;r?, respectively, which will imply the result. First, note that i, oy, us, 05,8, 8%, 6 do not depend

on 7. We have, for all u € R, all § € (§,0*)U ((5*,5) ifx=1d,and all 6 € R\ {Q,g} if z = s, letting

) ‘r+d‘r d
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€ dr
1+pe 1—77

U =u-+

1 1
— (B+qlys) g (u,6) — pygr (u, 8) + pisga (u,8) + ~ongiy (u,6) + 505922 (u, 6) — oyo5912 (u, 6)
2 2
- (5 +qlys) fie s (@,0) = py0r fi e 5 (@,0) + ps2 fir . 5 (1, 9)
1 N
a11flny 6( 6) + 205822f1ny 0 (u 6) - O'yO'(SalZflny 6( 6) = O’

where the last equality follows from the KFE solved by fffl;* s> evaluated at (,d). Next, note that

the density of incomes at birth satisfies

rdr 1 fﬁ(uflf?ln(lf‘rfdﬂf%;amw>2 . € dr
f ( ) Y = flnyo U .

Inyg sy\/ﬂe +1—|—p€1—7’

Thus we have

s < s S— 1_p s s T i S— 1_p i -
07 (0:3) = 91 (0.87) = {0 (08 (00) 05 (0.3)) = (o (05) = 1 0ah ()
N 1_]) s, T NN S,T N
81fny 5( ) 81fny 6( 0~ ) 1_|_1/€ (82 Iny*,6 (u’5+) _82flny*,5 (u’(s )>
. F 1-p
(81flny 6(“ 0" ) 1+1/€ 2flny 6(

where the last equality follows from equation (54) satisfied by Jiny 50 evaluated at (,9). The

corresponding equation (53) for ¢, ¢° is shown in the same way. Similarly,

gi (’LL, 5*+) - g’i‘ (uv 6*_) ! —P (g ( 5*+) - gé (ua 6*_)) - 205 (/Bfl;ya (ﬂ) + qu’T (ﬂ))

1+1/e
A ok A ok— 1 —Pp @7 A ok A ok—
_alfny 0 (U,(S ) 81fny 0 (u,5 ) - m (62flny*,5 (u’5 ) 82fny ,0 (u’5 )>
2 N S,T (5
= oar (Bfis @ + 0 @) =0,

where the last equality follows from the third conservation law satisfied by fL 5 evaluated at
(i, 9). Fin‘ally check the other boundary conditions: we have g¢* (u, 5) = fliﬂ;*,é (ﬂ, 5) = 0 and
similarly ¢' (u,d) = 0, where the last equalities follow from the corresponding boundary conditions
of f*. Similarly, we have, for all h € R,

) 1+1/e e dr 1+1/e
1 - — fS w — e
im g¢° <h T 55) Jihy ’5<h+1+p€1—7' 1 5,5) 0

Finally, we have [ [* {g¢'+ g°} (u,0) dudd = 1, which completes the proof that g* = fl THdr

p Iny*,6
S, 7+dT
and ¢° —fny 5
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Equation (56) implies that, for x € {i, s}, for all v, 4,

x,7+dT x, 7+dT _ px,T € dr _ px,T € dr
R @00 =R =00 = s (v 11y~ 08) = Kl (04 i)

and thus the following relationship between the marginal densities of income given taxes 7 and

T + d7 holds:
) = [ AT @0+ R w0 }as

& i € dr ST € dr o € dr
—/ {flny,(S (U+l+p€1_7_75>+flny,6 <'U+1+p61_7_,5>}d5—f1ny <U+1—|—p€1—7'>.

—0o0

We therefore find, with the same change of variables as in the previous proof:

d%_i o0 u_].*’T 1 )u
i L p>ﬁ»<> 3
1 ©/(, l—7-— dT —p € dr
:dr{/_w<e I )flny< 1—|—p61—7'>du_%}

ee 1 1 1
:/ (—1_;: e’ + re e(l_p)“) Jiny () du
o0 pel—71 1—pl+pe

€ 1 1 1+€E[y1_p}.

= — E —_—
l4+pel—r71 [y“—l—pl—i-pe

Note that the same computations (keeping only the term e* in the integral) imply that %E ly] =

-7 fpe ﬁE [y], proving equation (31). Finally,

aw
o = dr {/ / Vi (e* 6)f1ny 5(u J) dud5+/ / Vs (e* 5)f1ny 5(u 6)dud5}

*T+d7’ v — 15\ _ oy (0 B o (7
Z dT/ / V Tipe 1 ) % (e )}Ux(é)flnm(vﬁ)dvdé

ze{i,s}
— A [T 0o ) £,y
This concludes the proof of Proposition 6. O

I finally prove equation (41).

Proof of Proposition 7. Suppose first that the following assumption (*) holds:

. - (1 l+e .z s (p +dp) .
{5,5,5}(p+dp)—<1 1_p1+p6dp>{57575}—0 {0.67,0}.
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Then the perturbation dp affects the densities of income as follows
sovdo 5y (14 5 gp) (14 21Ty
flnyts(u ) (+1+p€p +1_p1+p€p X ...
1 1+ (57)
€ €
1 R
(e ) (o 515) )

=9" (u,0),
1—p1l+4pe 9" (u,9)

for = € {i,s}. To see this, I show that g', g° satisfy the KFE and boundary conditions that define
the functions fZ p+dp and f; s,p+dp

ny*6 respectively.
For any 4, u, let 6=

1-— %11:;adp) d, 5= (1 — ﬁ ll_l-_i-;adp) 0,and 4 = (1 + 1fp£dp> u. First,
we have, for all u € R, all § € (é,é*) (5*,5) if z =14, and all5€R\{§ 5} ifex=s

_<B+qﬂfs)gx_ <1_

€ 1 1 €
—d 1- d 1-— d 5
1+ pe )Mygl+1+ ( 1—p p)( 1+ pe p),uygz
2
1 £ 2 1{1-p 1 2 £ 2
—|1- d 2+ [ —= 1———d 1-— d 242
+2< 1+ pe P> Uy911+2<1+;> < 1=y P> ( 1+ pe p) Ty922

1—p 1 e 2,
1-— d 1-— d T
1+;< 1-p p)< 1+ pe p) 712
€ 1 1+e¢ %,(p) afllr)ly*ci 1-p afllr)ly*ci
=1 dp ) (1+-— d — Ifs) frooe s — : :
( Jr1+p<€ p)( Jr1—pl+p€ p){ (5t alye) fges = H

R S
2

10_2 flny 0 _1_1 1_p 0202f£1y*,6 . 1_p02a2f1€1y*,5

2°Y 9 9 1_‘_% v 925

14+ 17" 9o0u "

(a3)

where the last equality follows from the KFE solved by ff e evaluated at (u 5) Thus ¢* satisfies
the KFE of f5% for all § € (4,6%)

(6*,0) if v =i and 6 € R\ {4,0} if 2 = s, i.e. the same
domains as those of f£ % Next, we have, for 6 € {9,4},
151/z (95 (u:07) = g3 (u,07))
(gl (1.87) = 1 (1 )b 5))
N < gu \"°
-t (1— ) (e i) (1 ) {2 () - 25
() (1 i) {2 (o) - e (u) ) o

1-— d

g7 (u,0%) = gf (w,07) = ——F (1 : )

0
+ 1/e (

14 1+e dp af;’]@)/*,a (a 5+> B 6f1€}{€;*,6 <A A_)
1—pl+pe ou ’
of, .
Ol )
1—pl+pe P 00 “ }
where the last equality follows from the corresponding conservation law satisfied by f; e evaluated
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t (&,5), and, noting that

2
B Co(1- el ap)s2 <u7<171fpfdp)my)
e ( T+pe p) y
(1 — —Hapgdp) syV2m

€ 1 1+4¢ §(p+dp) .
+q(1+ dp) (1+—— d / P (4.8) ds,
q( 1+ pe p>< 1—pl+pe p) (p+dp) Tty 5< )

B (u) + g fih P (u) =

we obtain

o 007 = () = T (1 12 ) (6 () — g (0.67)

2
(1_11—1—5;;;6( { A +q/ Jiye s (@ }

1—p 14pe 1+pe

2 i-p
. g 1+e¢ f]ny O [~ x4 aflny*,d A Sk—
_<1+1+p£dp> <1+1—p1+p5 ){ (u,é >_ ou <u,6 )

1_]9 € 1+e aflny 0 N fln O [ A fx—
- 1 d 1+-— d o) — RYLI (g, b
1+1/5< +1~|—p5 p> < +1—p1+p5 p){ 09 (u’ ) o) (u’ )
1 2 { B g immy)?
Y

(1-12) (1 riedp) (1- 1+€p5dp)2 o8

where the last equality follows from the corresponding conservation law satisfied by ff;l v evaluated

+ (Iflsr{;?,* (ﬂ>} =0,

at (d, 5*) The remaining boundary conditions are proved similarly, which concludes the proof.

Note that equation (57) implies

(p+dp) _ 9 (p+dp ( _6 5) — (1 3 d 1 1 1+¢ d e lnydp
fos (Y, 0) =€ °f,. ye -, +1+p€P +71—p1+p5p eltr
el il g (o st o[ o (1 LT ) 5),
’ -Pp be

Second, I compute the effect of a perturbation dp on government revenue:

d# d & 1—7
dp:dp{/o (yl_plp>fp() }
0o 1 1—7 1 o0 1—7 4_
:/0 <lny— 1—p> ﬂyl pfff (y)dy + dp/o <y - ﬂyl p) {ngrdp (y) — fﬁ (y)}dy

The first term in the right hand side is the standard mechanical effect M of the perturbation,

as in the frictionless model. I now decompose the second integral into three parts: % =M +
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dflp (Bl + By + Bg), where

00 00 2
_ € —£_dp pp 1+-—=—dp 5
By = T 1+ d THpe e 1+ dp)é) —
' /0 /_oo (y){< L+pe p) ! fy"*(‘” < 1+ pe p) )
= Tys 5)}dyd5

oo o £ €
b :/ / T (y) <1 oy dp) <1 + 1 1te dp) e Tipe Inydp [1; 11++P571+P6]6dp X ...
0 Jooo 1+ pe 1—pl+pe

X s < (1+ o) oyt [ 52 - 1+ps]5dp (1 + %11:8 dp> 5)
: —pl+pe

2
€ ) 1+ d €
— 11 d T4pe P fP TP 1 dp | d | pdydd
<+1+p5 p) o f%‘s(y ' (+1+pe p) >}y
0 [0 1 1+4¢ In vd
Ba = p+dp 1 € d 14— d 1+€nyp
3/0/_00(){f (y,0) — (+1+p€p T ) e

Xe[ﬁlﬁs_lwg]adpf 6(1+ﬁp5dp)1ny+[l%pll++;g_l+pe]5dp 4L 1+edp 5) Yayds
Y, 1—pl+pe '

and I compute each term in turn.

[B1] : We have

e ((11fps“‘ydp>y1—;<1gf+pf>1nydp>yl"’) 12 () dy
_ o _1 Tlp) .
[ (- =2) wa

et [ - =)y ) g ) dy

___¢€ T
_1+p5dp/0 myap(y)fﬁ(y)dy,

which is the standard behavioral effect found in frictionless models.
[Ba] : We have

By = / / { ( 1+pedpe_[ﬁ%_ lfm]‘sdp> -T (ylfﬁpfdp) } 55 (y,9) dydd

1+¢ € ., i
- <1—p1—|—p5 1—|—pe>dp/0 T(?/)[/_Oo5f5|y(5|y)d5]yfy(y)dy

We can show that this term is related to the elasticity of income with respect to a proportional

change in the parameters Y = {y,, oy, my, sy} (which all have elasticity —%pe with respect to p),
. < . 1-F, Oln(1—F; 01
keeping the parameters D = {5, 05,0,0%,8} constant, i.e., yfy%l(f)’) n(aln{{’(y)) ‘]D) = Sme.
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[Bs] : We have

m= [ [T { is’5}<y,6>—f5,5<y,5>}dyda
Ofys (Y:0) | [z o\ Ofys (y, ) Ofys (y,9)
// {5 5) s + (- 0) 95" +(5-9) a5 }dy‘w
ol Lo 5 ¢ R (i) 2 o

where the first equality follows from the observation that the KFE and boundary conditions defining
the density fi? +dp (u,9) is solved by the function

ny*,4
€ 1 1+-¢ 5,0%,8
) (14 L2 ) 0 (.5,
1+ pe 1—-p1l+4pe

where the r.h.s. is the density given the progressivity p and the parameters

fm’??p (u,0) = <1 +

- 1 1—|—5 " -
{3,640} = <1+1_p1+p5dp> {8(p+dp),8" (p+dp) .5 (p+dp)}.

which implies that

zptdp 5y — (1 € 4 1 1 1+€d e wdp
fys " (y,0) <+1+p€p o)

Y% e[TIp 11;;5571+€pa]5dpfm7{§’g*7g} ( (1+ 1+psdp> Iny {% 11;;55 1+P6]6dp <1 + 71 1 te dp) 6)
y,6 1—pl+pe

and leads to the expression above after a change of variables. Gathering all the terms, we obtain

A% /OO( 1 )1—7’ -
= = Iny— —— P d
i~/ ol pel g fy (y) dy

1 1+-¢ 5 e«
- (1_p1+p€— 1+pg>/0 T (y)yE[3 |y] fy (y) dy

s 0

_1+ps
3
dn|d;|  dlnlos|\ _
| (T )= wa

[
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Third, I compute the effect of a perturbation dp on the government objective:

% i
D> { [ vwe 6>fy,§’<y,6>dyd5}

zedi, }
1=y

e 1—
2 (e R
-4 P (y,0) f, 5 (y,6) dydd
dp 0 o p1+p2—(1— ) - % (1 ’Y)Q ‘73 w0

I now decompose the integral into three parts: % = i (W1 + Wy + W3 + Wy), where

1—y
_1 (14(ptdple _1-7 ,1-p+dp
o oo 11—~ ( 1+4e€ l—p—dpy
Wy =
0 —o0

2
prtpa—(1- )(1—%1I§Edp)uc L0 (1 5 tndp) o2
el—T1
1—p
7 be

1 (14p
1—7 14+¢

p1+p2—(1—

T 1
P

() 7)o } v” (y,0) fy.s (4, 0) dydo

1 1+p5 1— yl p)
- 1+€ 1-p _ 1+—=S—dp 15
Wo = / / 7 P (y THps P <1 + dp) 5) X
oom+pz—(1—7)uc—%(1—7)20§ 1+ pe

2
€ —E—d 1+ 5—d € —
X (1 + 1 +p5dp) y T+pe pf; (y T+pe p7 (1 + il +p5dp) 5) _ P (,y7 6) f;(s (y7 5)}dyd(5

s
1+P 1—-7,1—p

1—v

Ty ) e 1 1

oL L S el i)
o prtp2—(1=7)pc—5(1—7)" 02 top e

1 1+e¢ In yd I:L Lte }Jdp
1+ dp (1 + dp | eTFre V9P| T=5 THpe ~ TH0e X ...
1+ 1—pl+4pe

. X f5,6 (e(1+1+11 d )lny+[1 p1++p6 1+pi}6dp (1+ L 1+e d )5)

1—p1+pe
—of [y e (14 dp|é) 1+
v (y P a( 1 pe 1

dp) yTre P (e (14 = ap)s) Sayds
p)y P fW;(y pet, +1+p€p Y

_|_

1+p€1—77-y1 p

1+s 1—p _ d +d;

W4—/ / = 0T (y,8) F57 (y,6) —
o 1+ p2— (1 =7) pe — 3 ( 1*

< 1 1+¢ 1 1+4¢
— o [y TEeE (14— dp)d) (1 dp) (14— dp | eTFiE MV
Y (y ’ 7(—~_1—171—|—;175p +1+p5p +1—p1+p€p e

X e{ﬁﬁfﬁ]édpfp e(1+1+5?dp) lner[ﬁ 114;*—175671;1)5}&11) 1+ L l+e dp ) dyd§
y,8 ’ 1—pl+pe

and I compute each term in turn. First, we easily find

Wi = [ o, e+ 2o w)] 0 dn

which are the standard (static and dynamic) terms already present in the frictionless formula. Next,
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we have

1—
l1+pe 1—71 lfp) v

i e ﬁ 1+¢ lfpy
WsZ/ / T X ...
0 Joswprtp2r—(1=7)pre—5(1—7) 02

1
2
.><{ ~(=ddpy (ye T Pédp ) o ( y,5)} ? s (y,9) dydd

()
// 32/ p1+p2— (1 — )ucf%(lfy) o2 v(y,0) ¢ fys (v, 0) dyds

__ |t 1+e € =0V (y,9)

Finally, we have

1—v

et ) p+dp
W47/ /oopl+p? (1 ’Y)/ic_%(l— )Uc (yv){f+ (y,9) —

_ (1 + 1_;_5 dp) eﬁpslnydpe[ﬁﬁfﬁ]édpfgé (e(lJrl-%—Epsd )lny+[1 5 TTe 1-!—5176}6‘117’6) }dyd(S
pe '

1+p5 177'y17p)1_’y
,'y 1+s 1-p p+dp 14+-—5_dp »
y,0 y TTFErE Y g y,9) dydd

:/0 /m,;p (.6) Z {(3131\)61-\ ~ dl;pag) alngﬁ;y, )f(;‘y (6|y)} () dyds

86;€{8,6%.5}
0o oo _ dln P (y,d) € 0ln? (y,0)
P —
+/0 /,OOV (y’é){ op 1+pslny dlny o Oly) fu () Ay,

where the first equality uses the fact that f§|y @ly) = f§|y (6]y) = 0, and the second equality is

obtained similarly as the extensive elasticity term on government revenue above.

dp dp

O

Figure 6 plots the extensive margin elasticities (M — M) Z (y) and (dcllrf — %) =(y)

for ¢ = 0.33 (left panel) and € = 1 (right panel).

Figure 6: Extensive margin elasticities: ¢ = 0.33 and e =1
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Figure 7 plots the revenue effects of the tax reform disaggregated by income, that is,

~T' (y)

ye* (y)
1-T"(y)

3

U () + T (y) |

=1

[7s]
dp

allnM
_ 1981

m

for e = 0.33 (left panel) and € = 1 (right panel) in the

Revenue effects

frictionless and the frictional models.

Figure 7: Revenue effects of tax reforms
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Figure 8 plots the welfare effects of increasing progressivity disaggregated by income for ¢ = 0.33

and € = 1, that is, — [w (y) ¥p (y) + dil#d) (y)] + >
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Figure 8: Welfare
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