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Abstract

We consider a mixed stochastic control problem that arises in Mathematical Finance
literature with the study of interactions between dividend policy and investment. This
problem combines features of both optimal switching and singular control. We prove
that our mixed problem can be decoupled in two pure optimal stopping and singu-
lar control problems. Furthermore, we describe the form of the optimal strategy by
means of viscosity solution techniques and smooth-fit properties on the corresponding
system of variational inequalities. Our results are of a quasi-explicit nature. From a
financial viewpoint, we characterize situations where a firm manager decides optimally
to postpone dividend distribution in order to invest in a reversible growth opportu-
nity corresponding to a modern technology. In this paper, a reversible opportunity
means that the firm may disinvest from the modern technology and return back to its
old technology by receiving some gain compensation. The results of our analysis take
qualitatively different forms depending on the parameters values.
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1 Introduction

Stochastic optimization problems that involve both bounded variation control and/or opti-
mal switching are becoming timely problems in the applied probability literature and more
particulary in Mathematical Finance. On one hand, the study of singular stochastic control
problems in corporate Finance originates with the research on optimal dividend policy for
a firm whose cash reserve follows a diffusion model, see Jeanblanc and Shiryaev [11] and
Choulli, Taksar and Zhou [3]. On the other hand, the combined singular / stopping control
problems have emerged in target tracking models, see Davis and Zervos [6] and Karatzas,
Ocone, Wang and Zervos [12] as well as in Mathematical Finance from firm investment
theory. For instance, Guo and Pham [10] have studied the optimal time to activate produc-
tion and to control it by buying or selling capital while Zervos [18] has applied this type of
mixed problems in the field of real options theory. Finally, the theory of investment under
uncertainty for a firm that can operate a production activity in different modes has led to
optimal switching problems which have received a lot of attention in recent years from the
applied mathematics community, see Brekke and Oksendal [2], Duckworth and Zervos [8],
Ly Vath and Pham [13].

In this paper, we consider a combined stochastic control problem that has emerged in a
recent paper by Décamps and Villeneuve [5] with the study of the interactions between div-
idend policy and investment under uncertainty. These authors have studied the interaction
between dividend policy and irreversible investment decision in a growth opportunity. Our
aim is to extend this work by relaxing the irreversible feature of the growth opportunity. In
other words, we shall consider a firm with a technology in place that has the opportunity to
invest in a new technology that increases its profitability. The firm self-finances the oppor-
tunity cost on its cash reserve. Once installed, the manager can decide to return back to
the old technology by receiving some cash compensation. The mathematical formulation of
this problem leads to a combined singular control/switching control for a one dimensional
diffusion process. The diffusion process may take two regimes old or new that are switched
at stopping times decisions. Within a regime, the manager has to choose a dividend policy
that maximizes the expected value of all payouts until bankruptcy or regime transition.
The transition from one regime to another incurs a cost or a benefit. The problem is to
find the optimal mixed strategy that maximizes the expected returns.

Our analysis is rich enough to address several important questions that have arisen
recently in the real option literature . What is the effect of financing constraints on
investment decision? When is it optimal to postpone dividends distribution in order to
invest? Basically, two assumptions in the real option theory are that the investment decision
is made independently of the financial structure of the investment firm and also that the cash
process generated by the investment is independent of any managerial decision. In contrast,
our model studies the investment under uncertainty with the following set of assumptions.
The firm is cash constrained and must finance its investments on its cash benefits, and the
cash process generated by the investment depends only on the managerial decision to pay
or not dividends, to quit or not the project. Our major finding is to characterize the natural

!See the book of Dixit and Pyndick [7] for an overview of this literature.



intuition that the manager will delay dividend payments if the investment is sufficiently
valuable.

As usual in stochastic control theory, the problem developed in this paper leads via the
dynamic programming principle to a Hamilton Jacobi Bellman equation which forms in this
paper a system of coupled variational inequalities. Therefore, a classical approach based
on a verification theorem fails since it is very difficult to guess the shape of both the value
function and optimal strategy. To circumvent this difficulty, we use a viscosity solution
approach and uniqueness result combined with smooth-fit properties for determining the
solution to the HJB system. As by product, we also determine the shape of switching
regions. Our findings take qualitatively different forms depending on both the profit rates
of each technology and transition costs.

The paper is organized as follows. We formulate the combined stochastic control prob-
lem in Section 2. In Section 3, we characterize by means of viscosity solutions, the system
of variational inequalities satisfied by the value function, and we also state some regularity
properties. Section 4 is devoted to qualitative results concerning the switching regions and
in Section 5 we give the quasi-explicit computation and description of the value function
and the optimal strategies.

2 Model formulation : a mixed switching/singular control
problem

We consider a firm whose activities generate cash process. The manager of the firm acts in
the best interest of its shareholders and maximizes the expected present value of dividends
up to bankruptcy when the cash reserve becomes negative. The firm has at any time the
possibility to invest in a modern technology that increases the drift of the cash from pg to
p1 without affecting the volatility . This growth opportunity requires a fixed cost g > 0
self-financed by the cash reserve. Moreover, we consider a reversible investment opportunity
for the firm : the manager can decide to return back to the old technology by receiving
some fixed gain compensation (1 — \)g, with 0 < A < 1.

The mathematical formulation of this mixed singular/switching control problem is as
follows. Let W be a Brownian motion on a filtered probability space (2, F,F = (Ft)t>0, P)
satisfying the usual conditions.

- A strategy decision for the firm is a singular/switching control o = (Z, (7,)n>1) € A
where Z € Z, the set of F-adapted cadlag nondecreasing processes, Zy- = 0, (7,)n is an
increasing sequence of stopping times, 7, — 00. Z represents the total amount of dividends
paid until time ¢, (7,) the switching technology (regimes) time decisions. By convention
regime ¢ = 0 represents the old technology and ¢ = 1 the modern technology.

- Starting from an initial state (z,7) € R x {0,1} for the cash-regime value, and given a
control o € A, the dynamics of the cash reserve process of a firm is governed by :

ClXt = Mltdt+Uth—dZt—th, Xo— = T, (21)



where :

Iy = E (i]‘TQnSt<7_2n+l +(1 _i>1T2n+1§t<T2n+2)v IO* =1 (2-2)
n>0

K = Z (gi,l—i1¢2n+1§t<mn+2 + gl—i,i172n+2§t<7-2n+3) )
n>0

with

0<pwo<m  o>0,
gor = 9g>0, gio=—-(1-XNg<0, 0<A<L1.

(Here we used the convention 79 = 0). We denote by (X, I*) the solution to (2.1)-(2.2)
(as usual, we omit the dependance in the control o when there is no ambiguity). The time
of strict bankruptcy is defined as

T = T% = inf{tzo LX< 0},

and we set by convention Xf’i = X%’i for t > T. Thus, for t € [T A7an, T ATont1), the cash
reserve X% is in technology i (its drift term is j;), while for ¢ € [T A7op41, T ATonta), X%*
is in technology 1 — 4 (its drift term is uj—;). Moreover,

Z‘,i .’,U,’i —_ . .
T/\TZn+l - (T/\T2n+1)* gl,l—’L on {7-2”_1’_1 < T}

T, o x,i N B
TATon+2 X(T/\T2n+2)7 Jr-ii on {T2n+2 < T}'

i
/ e_ptdZt
0

Here, we used the notation : f0T7 e PldZ; = f[o ) e PtdZ;. Notice that v; is nonnegative,

The optimal firm value is

vi(x) = 816131[3
(63

, z€R,i=0,1. (2.3)

and v;(z) = 0 for x < 0. Since T = T%* is obviously nondecreasing in z, the value
functions v; are clearly nondecreasing.

3 Dynamic programming and general properties on the value
functions

We first introduce some notations. We denote by R®® the cash reserve in absence of
dividends distribution and in regime i, i.e. the solution to

dRY" = pdt + odWy, Rg’i = . (3.1)

The associated second order differential operator is denoted L; :

1
Lip(z) = m<p’(w)+§02<p”(9:)-



In view of the dynamic programming principle, recalled below (see (3.20)), we formally
expect that the value functions v;, ¢« = 0, 1, satisfy the system of variational inequalities :

min [pvi(z) — Livi(z),vj(x) — 1, vi(z) —vi—i(z — gin—)] = 0, x>0, i=0,1.(3.2)

This statement will be proved rigorously later by means of viscosity solutions. For the
moment, we first state a standard comparison principle for this system of PDE.

Proposition 3.1 Suppose that @;, i = 0,1, are two smooth functions on (0,00) s.t. p;(0T)
= limg o @i(z) > 0, and

min [p(pz(x) - Ez‘/)z("r)v 90;('%') -1, (pl(x) - (Pl—i(x - gi,l—i)] > 0, 2>0,1=0, 17(33)
where we set by convention p;(x) = 0 for x < 0. Then, we have v; < ¢;, i = 0,1.

Proof. Given an initial state-regime value (z,1) € (0, 00) x {0, 1}, take an arbitrary control
a=(Z,(m),n>1) € A and set for m > 0, O, = inf{t > T A7y, : X' >m or X' <
1/m} / oo a.s. when m goes to infinity. Apply then It6’s formula to e*ptgoi(Xf’i) between
the stopping times T'A 7o, and 7 2n41 : = T' A Tont1 A Oy . Notice that for T'A 7, <t <

Tmon+1, X; ' stays in regime i. Then, we have

— T,0
e PTm,2n+1 (pl( X i
Tm,2n+1

. Tm,2n+1 .
= e_p(TAm")%(Xﬁmn) +/ e P (—ppi + Ligs)(X]")dt
T N1on

Tm,2n+1 R Tm,2n+1 R
w [ ergxeaw - [ ez
T ATon TATon
D DR P16 O B vl p (3.4)
T/\7—2n§t<7—m,2n+l

where Z€ is the continuous part of Z. We make the convention that when 7' < 7,,, (T'A6)~
= T for all stopping time 6 > 7, a.s., so that (3.4) holds true a.s. for all n,m (recall
that ¢;(X7") = 0). Since ¢; > 1, we have by the mean-value theorem ¢;(X;"") — ¢;(X,2")
< X' =X = —(Zy — Z-) for T A7 <t < Tip2nt1. By using also the supersolution
inequality of ¢;, taking expectation in the above Itd’s formula, and noting that the integrand
in the stochastic integral term is bounded by a constant (depending on m), we have

) . Tm,2n+1
Bl D] < B, )] <[ [ eraz]

Tm,2n+1 TATon
-E > e (2, — Z,) |,
TNATon St<7_m,2n+1

and so

T NTon

E[e—p(T/\TQn)%(Xx,i )} > E

Tnz,zm-l ot I i
€det+€pm’”+g0i(X, )

T/\TQn Tm,2n+1

By sending m to infinity, with Fatou’s lemma, we obtain :

E [T o X71))]

T NTon

(T/\T2n+1 ) - .
> E /ﬁ e PdzZ, + e T (x ) (3.5)

TAT:
T ATon ( ntl



Now, as ¢;(x) > ¢1-i(x — gi1—;) and recalling X7\ )i

ATont1 — “M(TATong1)™ —gi,1—i On {TQn—‘rl <
T}, we have

i X Tarni)-) = P1=iX(Fnry, 1y~ — Gil—i)
= (’Olii(Xécj’}/\TQn_,'_l)) on {72n+1 < T} (36)

Moreover, notice that ¢; is nonnegative as ;(0%) > 0 and ¢} > 1. Hence, since ¢1_;(X (xTZ Aty +1))
= cpi_l(Xgi’i) =0 on {T < 79n41}, we see that inequality (3.6) also holds on {T" < 79,41}

and so a.s. Therefore, plugging into (3.5), we have

E ey (Xin, )] 2 E

(T/\Tgn+1)7 .
/ e—ptdZt_|_e—p(T/\Tgn+1)%017i(X:D,z ) .

TATon+1
T NTon "

Similarly, we have from the supersolution inequality of ¢q_; :

—p(TAT2n41) (X T
E [e " S01_1(‘XT/\‘F2n+1) > E TATont2
TATon+1

(T/\Tzn+2)7 .
/ e_ptdZt+€_p(T/\7—2n+2)g0i(Xx’z ) )

By iterating these two previous inequalities for all n, we then obtain

pi(z) > E

(T/\Tgn ) - .

(T/\Tgn)_
/ e_ptdZt
0

since ¢; is nonnegative. By sending n to infinity, we obtain the required result from the

Y

E , Vn >0,

arbitrariness of the control a. O

As a corollary, we show a linear growth condition on the value functions.

Corollary 3.1 We have,
vo(z) < m—i—&, vi(z) < x—}—&—l-(l—)\)g, x> 0. (3.7)
p P
Proof. We set po(z) =z + “7,1, p1(z) = o+ “—pl + (1 —=MX)g, on (0,00), and ¢;(z) = 0 for x
< 0. A straightforward computation shows that we have the supersolution properties for
Vi 1= 0, 1:
min [PSOO(CU) - [’0900(:5)7906('%) -1, @O(x) - g01($ - g)] > 0, >0,
min [pp1(x) — Lip1(2), ¢ (2) = 1,01(z) —po(z + (1= N)g)] > 0, =>0.
We then conclude from Proposition 3.1. O

The next result states the initial-boundary data for the value functions.

Proposition 3.2 1) The value function vy is continuous on (0,00) and satisfies

vo(07) = li?olvg(x) = 0. (3.8)
2) The value function vy satisfies
(0% = limu() = wl(l-Ag). (3.9)



Proof. 1) a) We first state (3.8). For & > 0, let us consider the drifted Brownian R®!,
defined in (3.1), and denote 6y = inf{t >0 : R{"" = 0}. It is well-known that :

E| sup R''| — 0, as z]0. (3.10)
0<t<6o
We also have
sup Rf’l | 0, as. as x]0. (3.11)
0<t<6y

Fix some r > 0, and denote 0, = inf{t >0 : Rf’l = r}. It is also well-known that
Pl6p>0,] — 0, as x]|O0. (3.12)

Let a = (Z,(7n)n>1) be an arbitrary policy in A, and denote n = T A 0, = T4 A 6.
Since o < p1 and go1 > 0, go1 + g10 > 0, we notice that Xf’o < Rf’l -7, < Rf’l for all ¢
> 0. Hence T < 0y, Z; < Rf’l for t < T, and in particular Z,- < Rﬁ’l. We then write :

T n- T
E / e ”dz,| = E / e PdZy| +E |1rsy, / e PtdZ,
0 0 n
.
< E[Z,-]|+E |E |15, / e P dZ| Fy-
n
-
< E[RY+E |1756,E / e P dZy| Fy-
< Emﬁ}+EPD%aWwd&fﬂ, (3.13)

where we also used in the second inequality the fact that on {T" > n}, n = 6,, and 6, is

a predictable stopping time, and in the last inequality the definition of the value function
vg. Now, since vy is nondecreasing, we have UO(X;ELO) < wvg(r). Moreover, recalling that T

< 6y, inequality (3.13) yields

0 < vlz) < E| sup Ry

0<t<6o

+up(r)Plly > 6,] — 0, as x|0, (3.14)

from (3.10)-(3.12). This proves vy(0") = 0.

b) We next prove the continuity of vy at any y > 0. Let a = (Z, (7)n>1) € A, XY be the
corresponding process and T' = TY%% its bankruptcy time. According to (3.10) and (3.12),
given a fixed r > 0, for any arbitrary small ¢ > 0, one can find 0 < § < y s.t. for 0 < x < 9,

E | sup Rf’l

0<t<6o

+vo(r)P[0y > 0] < e,

Then, following the same lines of proof as for (3.13)-(3.14), we show

T
/ 6_ptdZt
0

E < e (3.15)




for any 0 < z < ¢ and stopping time 6 s.t. Xé”o < z. Given 0 < x < §, consider the
state process X¥~%0 starting from y — x in regime 0, and controlled by . Denote 6 its
bankruptcy time, i.e. 6§ = T¥~#0% = inf{t > 0 : X/"™° < 0}. Notice that X? " =
Xty’o—a:fortg 6 < T, and so

Xg’o = Xg_x’o—i—:c < z.

0—
= E [/ e_ptdZt
0

< oy —z) +e.

From (3.15), we then have
T- T-
/ 6_ptdZt / 6_ptdZt
0 0

From the arbitrariness of «, and recalling that vy is nondecreasing, this implies

E +E

0 < w(y) —wly—z) < e

which shows the continuity of vg.

2) Given an arbitrary control a = (Z,(7,)n>1) € A, let us consider the control & =
(Z,(fn)n>1) € A defined by Z = Z, 7 = 0, 7 = Tp_1, n > 2. Then, for all z >
and by stressing the dependence of the state process on the control, we have X} 1a
XPHATNg0e g 0 < t < ToLE = T+1-Ng.0a We deduce

(Tat,l,&)— R (Tx-&-(l—k)g,O,a)—
vi(z) > E / e PdZ,| = E / e Pz, |,
0 0
which implies from the arbitrariness of « :
vi(z) > wvolz+(1—AN)g), x>0. (3.16)

On the other hand, starting in the regime i = 1, for x > 0, let & = (Z, (7,)n>1) be an
arbitrary control in A. We denote Ty = T A7 = T%* A 7, and we write :

T T, T
E / €_ptdZt / €_ptdZt 1T>71 / €_ptdZt
0 0

T1
The first term in the r.h.s. of (3.17) is dealt similarly as in (3.13)-(3.14) : we set
Ty A 6, with 0, = inf{t >0 : Rf’l = r} for some fixed r > 0, and we notice that th’l
R{" — 2, < Ry for t < 7. Hence Tt < 0 = inf{t > 0 : Ry = 0}, and Z,_ < Ry}’
supg<s<g, Ry Then, as in (3.13)-(3.14), we have :

T
/ €_ptdZt
0

For the second term in the r.h.s. of (3.17), since there is a change of regime at 7, from i =

|

= E +E (3.17)

IA

E < E| sup R[4+ v1(r)Plly > 6,]. (3.18)

0<t<by

1 to ¢ = 0, and by definition of the value function vy, we have :

T T
E |1rss / e ?dz,| = E / e PtdZ,
71 T1

1T>T1]E ]:T1




< E[lpsre Mog(X5)]
< E[lrsnuo(X" + (1= )g)|
< E |v ( sup RPN 4+ (1— A)g)] . (3.19)

0<t<0o

Here, we used in the second inequality the fact that XZ' = X™! 4+ (1 — A\)g on {ry < T},
1

and in the last one the observation that Xf’l < Rf’l for t < 71, and 74 = 17 < 6y on
{m < T}. Hence, by combining (3.16)-(3.17)-(3.18)-(3.19), we obtain :

vo(z + (1 = A)g)

1
sup Ry
0<t<6o

< '01(1') < E +’U1(T)P[00 > 97,] +E

Vo ( sup RI 4 (1 — /\)g>] .
0<t<6o

Finally, by using the continuity of vy, the limits (3.10)-(3.11)-(3.12), as well as the linear
growth condition (3.7) of vy, which allows to apply dominated convergence theorem, we
conclude that v1(0") = vo((1 — N)g). 0

Remark 3.1 There is some asymmetry between the two value functions vy and vy. Ac-
tually, vg is continuous at 0 : v9(0") = vo(0~) = 0, while it is not the case for vy, since
v1(07) = vo((1 — N)g) > 0 = v1(07) : When the reserve process in regime 0 approaches
zero, we are ineluctably absorbed by this threshold. On the contrary, in regime 1, when the
reserve process approaches zero, we have the possibility to change of regime, which pushes
us above the bankruptcy threshold by receiving (1 — \)g. In particular, at this stage, we
do not know yet the continuity of v; on (0,00). This will be proved in Theorem 3.1 as a
consequence of the dynamic programming principle. In the sequel, we set by convention
v;(0) = v;(0F) for i = 0, 1.

We shall assume that the following dynamic programming principle holds : for any (z,4)
€ Ry x {0,1}, we have

(TAOATL)™
/ e_ptdZt
0

L —P(TAOATY) <v,~(X§ﬁ9)1TAe<ﬁ + vl_i(Xff)lnsmﬂ(320)

(DP) vi(z) = supE
acA

where 6 is any stopping time, possibly depending on o € A in (3.20).

We then have the PDE characterization of the value functions v;.

Theorem 3.1 The value functions v;, i = 0,1, are continuous on (0,00), and are the
unique viscosity solutions with linear growth condition on (0,00) and boundary data vy(0)
=0, v1(0) = vo((1 — X)g) to the system of variational inequalities :

min [pvi(x) — Livi(z),vi(z) — 1,v(x) — v1_i(z — gi,l,i)] = 0, >0,7=0,1(3.21)

Actually, we prove some more regularity results on the value functions.



Proposition 3.3 The value functions v;, i = 0,1, are C* on (0,00). Moreover, if we set
fori=0,1:

Si = {z>0 :v(x) = v1—i($—gz‘,1—z‘)}
D; = {z>0 :vj(2) =1},

]

Ci = (0,00)\ (SiUDi),
then v; is C2 on the open set C; Uint(D;) of (0,00), and we have in the classical sense
pvi(x) — Livi(x) = 0, z€C;.

Remark 3.2 From the variational inequality (3.21), and since the value functions v;, i
= 0,1, are C! on (0,00), we have v} > 1, which implies in particular that v; is strictly
increasing on (0, 00).

The proofs of Theorem 3.1 and Proposition 3.3 follow and combine essentially arguments
from [10] for singular control, and [14] for switching control, and are postponed to Appendix
A and B.

S; is the switching region from technology ¢ to 1 — ¢, D; is the dividend region in
technology 4, and C; is the continuation region in technology ¢. Notice from the boundary
conditions on v; that S; may contain 0. We denote S = S; \ {0}.

4 Qualitative results on the switching regions

4.1 Benchmarks

We consider the firm value without investment/disinvestment in technology i = 0 :

, (4.1)

. Ty
Wolz) = ElégE [/0 e PtdZz,

where Ty = inf{t > 0 : X; <0} is the time bankruptcy of the cash reserve in regime 0 :
dXt = ,U,()dt—FO'th - dZt, Xof = X.

By convention, we set Vo(a:) =0 for z < 0. It is known that Vp, as the value function of a
pure singular control problem, is characterized as the unique continuous viscosity solution
on (0, 00), with linear growth condition to the variational inequality :

min p%—ﬁof/o,f/o'—l = 0, x>0, (4.2)
and boundary data
V(0) = 0

10



Actually, Vp is C? on (0,00) and explicit computations of this standard singular control
problem are developed in Shreve, Lehoczky and Gaver [16], Jeanblanc and Shiryaev [11],
or Radner and Shepp [15] :

fo(x) -
Vo(z) = (@) 0=z <o

T —To+ 'MT?, x > g,
where

_ 1 +3\2

fO(x) _ emgz_emoz’ - — ln((m0)2> ’
mgy — My (myg)
and my; <0< mS’ are roots of the characteristic equation :
L 5
p — tom — 50 m~ = 0.

In other words, this means that the optimal cash reserve process is given by the reflected
diffusion process at the threshold Zy with an optimal dividend process given by the local
time at this boundary. When the firm starts with a cash reserve x > &y, the optimal
dividend policy is to distribute immediately the amount x—2Z( and then follows the dividend
policy characterized by the local time.

As a second benchmark, we consider the firm value problem in technology i = 1 with
nonnegative constant liquidation value L to be fixed later :

T
wh(z) = supE [/ e PtdZ; + e_pTlL] ,
ZeZ 0
Ty = inf{t >0 : X; <0} is the time bankruptcy of the cash reserve in regime 1 :
dX; = ,uldt + odWy — dZ;, Xo- = =

By convention, we set wlL () = 0 for x < 0. Again, as value function of a pure singular
control problem, wlL is characterized as the unique continuous viscosity solution on (0, c0),
with linear growth condition to the variational inequality :

min [pwlL — Lywl | (wh) — 1] = 0, >0, (4.3)
and boundary data
L _
wy(0) = L. (4.4)

Actually, wF is C? on (0, 00) and explicit computations of this singular control problem are
developed in Boguslavskaya [1] :
oIf L > %,then:

wh(z) = =+ L, z>0.

The optimal strategy is to distribute the initial cash reserve immediately, and so to liquidate
the firm at X; = 0 by changing of technology to regime ¢ = 0 and receiving L.

11



oIfL<”1 then

1—LR( L
/ = -+ Lh X 70 <zx<zx
wi(z) = e fl( )+ L) 0 wsa (4.5)
T — x + %, T > :nlL,
with
fl(CU) — emfz o emfav7 hl(.’lf) _ emfx7
m; < 0 < m], the roots of the characteristic equation :
_ 1y 5
p— pam 20 m = 0,
and a:f the solution to
h (z) — N
@A) —ME@AE | e m (16)
fi(z) fi(z) P
The optimal cash reserve process is given by the reflected diffusion process at the threshold

azf with an optimal dividend process given by the local time at this boundary. When

the firm starts with a cash reserve z > ¥, the optimal dividend policy is to distribute
immediately the amount x — z¥ and then follows the dividend policy characterized by the
local time. In the sequel, we shall denote

Vi = wF and & = 2 when L =V((1—\)yg).

L = Vp((1 — \)g) is the minimal received liquidation value when one switches to regime 0
at x = 0 and do not switch anymore.

Remark 4.1 Tt is known (see e.g.[1]) that V5 and w! are concave on (0,00). As a con-
sequence, Vo and wlL are globally Lipschitz since their first derivatives are bounded near
zZero.

Remark 4.2 We have vg > Vp and vy > V; on (0,00). This is rather clear since the class
of controls over which maximization is taken in Vo and Vl is included in the class of controls
of vg and v1. This may be justified more rigorously by a maximum principle argument and
by noting that vy and vy are (viscosity) supersolution to the variational inequality satisfied
respectively by 9y and ‘71, with the same boundary data.

We first show the intuitive result that the value function for the dividend policy problem
is nondecreasing in the rate of return of the cash reserve.

Lemma 4.1

12



Proof. We set wi(z) = Vi(z — (1 — N)g) for z > (1 — \)g. From (4.3), we see that 1
satisfies on [(1 — A)g, 00) :

wi(@) = Vi@—(1-Xg) > 1
(pw1 — Lowr)(x) = (p—L1Vi+ (11 — po)Vi)(z — (1 —N)g) > 0,

since p; > po and Vi is increasing. Moreover, w1((1—=N)g) = Vl(O) = V()((l —A)g). By
standard maximum principle on the variational inequality (4.2), we deduce that w; > Vp
on [(1 — A)g,00), which implies the required result. O

The next result precises conditions under which the value function in the old technology
is larger than the value function in the modern technology after paying the switching cost
from the old to the modern regimes.

Lemma 4.2 Suppose that Vo((1 — N)g) < %. Then,
N N . . H1 — Ho N N
Vo(z) > Vi(x —g), Vx>0, ifand onlyif — < 21+ g — Zo.

Proof. Similar arguments as in Lemma 2.1 in Decamps and Villeneuve [5]. o

Remark 4.3 Recalling that Vg and V; are increasing and concave, the above Lemma shows
also that if % > I7 + g — %o, then there exists Zg; > ¢ s.t.

max (Vo(:c), ‘71(33 - g)) = { V:{Z(i),g) i i 231

4.2 Preliminary results on the switching regions

In this section, we shall state some preliminary qualitative results concerning the switching
regions.

Lemma 4.3 Ifx € S; then x — gj1-; ¢ S1-i.
Proof. Since v;(x) > v;(x — Ag) for every x > 0 and ¢ € {0, 1}, we have for z € S;,
vi—i(® — gii—i) = vi(x) > vi(r —Ag) = vi(T — gij1—i — G1—is)-
Therefore, z — g; 1—-; ¢ S1—; for z € S;. O
Let us recall the notation S} = S; \ {0}. We have the following inclusion :
Lemma 4.4 §7 C D;.

Proof. We make a proof by contradiction by assuming that there exists some z € S\ D;.
According to Proposition 3.3, we have v((z + (1 — X)g) = v{(z) > 1, and so =z + (1 — \)g
¢ Dy. Applying Lemma 4.3 with ¢ = 1 implies  + (1 — \)g € Cy. Therefore,
pui(x) — Livi(z) = pvi(z) — Lovi(x) + (o — p1)vy ()
= puo(z + (1= XN)g) = Lovo(x + (1 = A\)g) + (1o — pu)vy ()
= (po — p1)vy(z) since x4+ (1—N)ge€Co
< 0

13



which contradicts Theorem 3.1. O

We now introduce the following definition.

Definition 4.1 y is a left boundary of the closed set D; if there is some § > 0 such that
y — € does not belong to D; for every 0 < e < 4.

Lemma 4.5 Let y > 0 be a left boundary of D;.

- If there is some € > 0 such that (y —€,y) C C;, then vi(y) = Hi
p
- If not, vily) = .
p

Proof. Since y is a left boundary of D;, there is some £ > 0 such that (y —e,y) C C; US,;.
Therefore, two cases have to be considered.

* Case 1. If (y—e,y) C C;. Then, according to Proposition 3.3, v; is twice differentiable at
z, for y — e < © < y and satisfies v}(xz) = 1 and v} (z) = 0. Therefore, we have

0,2
0 = puile) = Lovile) = pui(a) — pevi(a) — 2ol (a).

By sending z to y, we obtain that v;(y) = %
* Case 2 : If not, there is an increasing sequence (yy), valued in S;, and converging to y
which therefore belongs to S;. We then have v;(y,) = vi—i(yn — ¢i,1—) and also v;(yn) > 1
for n great enough since y is a left boundary of D;. Thus, y, — ¢i1—i ¢ Di—;. Moreover,
according to Lemma 4.3, we also have y,, — g;1—; ¢ S1—; and therefore, y, — g 1—; € C1—;
or equivalently

pv1—i(Yn — gin—i) — L1-v1—i(Yn — gin—i) = 0.

By letting n tends to oo, we obtain vi_;j(y — ¢i,1—i) = F17i Since y € &;, this implies
p

vi(y) = vi—i(y — gin—i) = mp—i-

O

The next result shows that the switching region from modern technology ¢ = 1 to the

old technology ¢ = 0 is either reduced to the zero threshold or to the entire state reserve
domain R4, depending on the gain (1 — \)g for switching from regime 1 to regime 0.

Proposition 4.1 The two following cases arise :
(i) Ifvo((1 — N)g) < 2L then & = {0}.

(ii) If vo((1 — N)g) > "L then S = Dy = R,

p

14



Proof. (i) Assume vo((1 — A)g) < %

We shall make a proof by contradiction by considering the existence of some z¢ € S7. By
Lemma 4.4, one can introduce the finite nonnegative number

x=inf{y >0 :[y,z0] C D1}.

Hence, x is a left boundary of D;. Moreover, Lemma 4.5 gives v;(x) = — or —.
p

1. We first check that x > 0. If not, we would have: vi(y) = y + vo((1 — \)g) for any
0 < y < zg. But, in this case, we have for 0 < y < xo,

pu1(y) — L1v1(y) = p(y +vo((1 = N)g)) — 1.

Therefore, under the assumption (i), pv1(y) — L1v1(y) < 0 for y small enough which
is a contradiction.

2. We now prove that vy (x) = ﬂ. To see this, we shall show that the closed set D is
p

an interval of Ry. Let a,b € D; with a < b, we want to show that (a,b) C D;. If not,
from Lemma 4.4, we can find a subinterval (¢, d) with ¢,d € Dy and (¢,d) C C;. But,
for ¢ < x < d, we have

o
0 = pue) ~ Lna(e) = porla) - prvf(a) — %o (a).
By sending z to ¢ and d, we obtain that vi(c) = vi(d) = M1 Shich contradicts the

fact that vy is strictly increasing. Since Dj is an interval of R, we have x = inf D;.
Thus, recalling that x > 0, we can find from Lemma 4.4, some ¢ > 0 such that
(x —&,x) C Cy, and deduce from Lemma 4.5 that vi(x) = m
3. We now introduce

z=inf{y > x|y € Si}.

Observe that Z+ (1 —\)g € Dy. Moreover, according to Lemma 4.3, Z+ (1 —X)g ¢ Sp
and thus a left neighbourhood of Z 4+ (1 — A)g belongs to Cy. We first prove that
Z 4 (1 — \)g cannot be a left boundary of Dy. On the contrary, we would have from
Lemma 4.5,

vi(T) = wE+1-Ag) = — < — = u),
o
which contradicts the fact that vy is increasing. Therefore, Z 4+ (1 — \)g €Dy, and we
can find y < Z such that y + (1 — \)g is a left boundary of Dy. Hence,
01(@) = w@+(1-Ng) =2—y+vly+(1-ANg) < z-y+uvly).

Since the reverse inequality is always true, we obtain that y € S; which contradicts the
definition of Z. We conclude that Z cannot be strictly positive, which is a contradiction
with the first step. This proves finally that xg € S7.
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(ii) Assume that vo((1 — X)g) > HL et y be a left boundary of D;. We shall prove that
p

y necessarily equals zero. If not, according to Lemma 4.5, vi(y) < m < v1(0) where the

second inequality comes from the hypothesis and (3.9). Since the function vy is strictly
increasing, we get the desired contradiction. Therefore, D; = [0,a]. It remains to prove
that a is infinite. From Lemma 4.4, the open set (a,00) belongs to C; if a < co. Using
the regularity of v; on C1, we get by the same reasoning as in the proof of Lemma 4.5 that

vi(a) = ﬂ, which gives the same contradiction as before. Hence, D; = [0,00). We then

have for any = > 0,
vi(z) = z+v((l—A)g) < volz+(1—A)g).

Since the reverse inequality is always true by definition, we conclude that S; = [0,00). O

The next proposition describes the structure of the switching region from technology
= 0to i =1, in the case where the growth rate 1 in the modern technology ¢ = 1, is large
enough.

Proposition 4.2 Suppose that

Ml;m) > @1 4+g—do, and Vo((1—-N)yg) < %

Then, there exists xjy, € [g,00) s.t.
So = [xo1,00)-

Proof. We first notice that S§ # (. On the contrary, we would have vy = Vo, and so VO(J:)
> vi(x — g) > Vi(z — g) for all &, which is in contradiction with Lemma 4.2. Moreover,
since vi(x — g) = vo(x) > 0 for all x € S, we deduce that S§ C [g,00) and so

x5 = InfS) € [g,00).

Let us now consider the function

vo(z), r < Ty
wol\T =
o) {mx—g), v > .

We claim that wq is a viscosity solution, with linear growth condition and boundary data
wo(0T) =0, to

min [pwo(z) — Lowo (), wy(z) — 1, we(z) —vi(z —g)] = 0, =>0.
For x < x;, this is clear since wg = vg on (0, zf;). For x > z{;, we see that wj, > 1 and

pwo — Lowy = (pv1 — Lyv1 + (p1 — MO)UD@ - 9)
> (1 — po)vi(z —g) > 0.

Hence, the viscosity property is also satisfied for x > ;. It remains to check the viscosity
property for = zf5;. The viscosity subsolution property at x{j; is trivial since wop(xf;) =
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vi (28, — g). For the viscosity supersolution property, take some C? test function ¢ s.t. z;
is a local minimum of wy — ¢. From the smooth-fit condition of the value function vy at the
switching boundary, it follows that wg is C! at xf;. Hence w}(zf;) = ¢'(x§;). Moreover,
since wo = vo is C? for z < x5, we also have ¢ (x5,) < wi (25 ) := limg s w” (). Since
pwo(x) — Lowo(z) > 0 for z < z;, we deduce by sending x to x{; :

pwo(zy) — Lop(z) = 0.

This implies the required viscosity supersolution inequality at x = ;. By uniqueness, we
conclude that wg = vp, which proves that S§ = [z, c0). ]

5 Main result and description of the solution

We give an explicit description of the structure of the solution to our control problem,
which depends crucially on parameter values.

5.1 The case : V,((1—\)g) > %

Theorem 5.1 Suppose that Vo((1 — \)g) > %. Then, we have vo(z) = Vo(z) and v (x) =
Vole +(1=Ng) =2+ (1 —N)g—zo+ %. It is optimal to never switch from regime 0O to
regime 1. In regime 1, it is optimal to distribute all the surplus as dividends and to switch
to regime 0.

Proof. Under the condition of the theorem, and since vy > Vp, we have v((1 — \)g) > “—pl.
By Proposition 4.1, this implies S; = D; = Ry. Recalling also the boundary data v;(0) =
vo((1 —A)g), we get vi(z) =z + vo((1 — A)g) for > 0. We next prove that the region S;
is empty. To see this, we have to prove that for > g, vo(x) > v1(z — g). Let us consider
for x > g the function 6(z) = vo(z) — (x — g+ vo((1 —N)g)). Since A > 0, we have 6(g) > 0.
Moreover, ¢'(z) = vy(z) —1 > 0. Thus, 6(z) > 0 for z > g which is equivalent to S = 0.
As a consequence, vg is a smooth solution of the variational inequality

min [pv(z) — Lov(z),v'(z) — 1] =0,

with initial condition v(0) = 0. By uniqueness, we deduce that vy = Vo. To close the proof,
it suffices to note that Vo((1—\)g) > % implies that (1—\)g > &¢. Therefore, vo((1—A)g)
_ _ _ Ho

=1 =Ag—zo+ 2. O
5.2 The case : V,((1—\)g) < =

First observe that in this case, we have

w((1-2g) < B
o)
Indeed, on the contrary, from Theorem 5.1, we would get vy = ‘70, and so an obvious

contradiction Vo((1 — \)g) > “—pl with the considered case. From Proposition 4.1, we then
have & = {0} so that v; is the unique viscosity solution to

min [,01)1 — Livg,v] — 1] = 0, >0,
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with the boundary data v1(0) = vo((1 — A)g). Therefore, vy is the firm value problem in
technology ¢ = 1 with liquidation value vo((1 — \)g) :

vi(z) = supE

-
/ 1 e Ptz + e Mg (1 — Ng) |, (5.1)
ZeZ 0

The form of v; is described in (4.5) with liquidation value L = vo((1 — A)g) : we denote z
= z¥ the corresponding threshold.

A
A~

Remark 5.1 Since v; and Vj are increasing with vy (x1) = Vi(21) = “—pl, we have z1 < 2.

Notice that the expression of vy is not completely explicit since we do not know at this
stage the liquidation value vo((1 — A)g). The next result give an explicit solution when

LI < ) 4 g — do.
p
Theorem 5.2 Suppose that
Vo((1—X)g) < % < %Jrﬁ:wg—:ﬁo. (5.2)

Then vy = Vi and vi = V4. It is never optimal, once in regime i = 0, to switch to regime
1 = 1. In regime 1, it is optimal to switch to regime O at the threshold z = 0.

Proof. From Lemma 4.1 and Lemma 4.2, and recalling the variational inequalities (4.2)
and (4.3), we see that Vp and V; are viscosity solutions to

min {pffo(x) — LoVo(z) , Vi(z) =1, Vo(x) — Vi(z — g)] = 0, z>0,
min |pVi(2) = L1V (), V{(@) = 1, Vi(2) = Vo(z + (1= N)g)| = 0, @>0,

together with the boundary data V5(0T) = 0 and V3(07) = Vo((1 — \)g). By uniqueness to
this system of variational inequalities, we conclude that (vg,v1) = (ffo, Vl) O

In the sequel, we suppose that

M1 — Mo

’ > 1+ g— Zo. (5.3)

From Proposition 4.2, the switching region from regime 0 to regime 1 has the form :
S = {2>0 :w(r) = vz —g)} = [r4,0),

for some xfj; € [g,00). Moreover, since 1 < #; (see Remark 5.1), the above condition (5.3)

implies & 1;“ % > 1 4+ g — Tg. By same arguments as in Remark 4.3, there exists some Zg;
> g s.t.

. ) _ { Vo(z), x<7n

max (Vo(l’),vl(w_g) (x —g), =>ZTn
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Following [5], we introduce the pure stopping time problem

vo(r) = supE [e*p(”\TO) max (V()(Rf}?To),vl(Rx’o g))} : (5.4)

TNTH -
T€T

where 7 denotes the set of stopping times valued in [0, co]. We also denote & the exercice
region for 7 :

& = {x >0 :7p(x) = max (Vo(x),vl(x — g))} .

The next result shows that the original mixed singular/switching control problems may
be reformulated as a coupled pure optimal stopping time and pure singular problem.

Theorem 5.3 Suppose that

Vo((1 - \)g) < % and ‘“;“0 > &1+ g — do. (5.5)

Then, we have

and vy given by (5.1). Moreover,

~

& = {O§x<£01 ;vo(x):%(x)}u[xgl,oo).

Proof. The proof follows along the lines of those of Theorem 3.1 in [5]. We will give only
the road map of it in our context and omit the details.

Let us first note that the process (e*p(t/\TO)vo(Rf/’\qfo
inates the function maX(Vo,vl(. — g)). Therefore, according to Snell envelope theory, we

))t>0 is a supermartingale that dom-

have vy > 0.

To prove the reverse inequality, it is enough to show that (, > 1 (see Proposition 3.4 in [5])
and to use the uniqueness result of Theorem 3.1. To this end, we will precise the shape of
the exercise region &. According to Lemma 4.3 by Villeneuve [17], Zo; does not belong to
&o. Thus, the exercise region can be decomposed into two subregions

oo = {x < Zop : vo(x) = f/o(x)}

and
Eo1 = {l‘ > Ty : Uo(l’) = ’Ul(l‘ — g)} .
Two cases have to be considered :

Case (i). If the subregion &y is empty, the optimal stopping problem defined by vy can be
solved explicitely, and we have, see [5] Lemma 3.3,

v(xg —9) T <y

vi(x —g) x> x;.

The smooth-fit principle allows us to conclude that of, > 1 since v} > 1.
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Case (ii). If the subregion &y is non empty, we can prove using the arguments of Proposition
3.5 and Lemma 3.4 in [5] that

& = [0,a] U [x5y,00),
with a > Zg and the value function vy satisfies
vo(x) = Ae™T 4 Be™ " for € (a,x5;)-

The smooth fit principle gives @)(a) = Vj (a) > 1 and @) (x;) = v} (x5, —g) > 1. Clearly, Ty
is convex in a right neighbourhood of a since Vp is linear at a. Therefore, if vy remains convex
on (a,zf;), the proof is over. If not, the second derivative of vy given by A(mg )2€m§ 4
B(mg)?*e™0 ® vanishes at most one time on (a,zf,;), say in d. Hence,

1 = h(a) < (%) (x) < T(d) for = € (a,d),
and
1< haiy) < Bh(a) < 5h(d) for = € (d, ),

which completes the proof. O

Notice that the representation (5.1)-(5.4) of pure optimal singular and stopping prob-
lems for v and vg is coupled, and so not easily computable. We decouple this representation
by considering the sequence of pure optimal stopping and singular control problems, start-
mgfromVl( ) = — V; and VO( ) = Vo:

VO(k) (x) = sggE [efp(T/\TO) max (%(Rf}?ﬂ]), ‘A/l(kfl)(Rf}?To — g))} , k>1,

-
V(@) = swpE [/ ertaz, + e (1 )\)g)], k> 1.
ASYA 0

The next result shows the convergence of this procedure.
Proposition 5.1 Under the conditions (5.5) of Theorem 5.3, we have for all x > 0 :

lim Vo( )( ) = vo(x), lim Vl( )( ) = vi(z).

k—o0 k—oo

o7 (k)

Proof. We will first prove that the increasing sequence (%(k), V1"’) converges uniformly
on every compact subsets of R,. To see this, we will apply Arzela-Ascoli Theorem by first
proving the equi-continuity of the functions Vi(k). Let us first remark that the functions ‘71(k)
are Lipschitz continuous uniformly in & since they are concave with bounded first derivative
(see Remark 4.2) independently of k. Let us also check that the functions VO(k) are Lipschitz
continuous uniformly in k. Using the inequality max(a,b) — max(c,d) < max(a — ¢,b — d),
and by setting

k— T
Aa,y) = max (Vo(R20r) = Vo(REn ), ViV (R —9) = VD (BE, — )
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we get by recalling also that Vj is Lipschitz (see Remark 4.2) :
%57 @) =)l < supE [ A,y
TeT
KosupE [e*p(”\TO) |R™ RY? |]

ATy AT
TET TAL0 TAZ0

IN

Kolw = y|sup E e~ g7 A Ty + oW |
TeT
< Kilz -yl

According to Corollary 3.7, the set {(Vo(k) (x), Vl(k) (x)),k € N} is bounded for every = > 0.
(k))

Therefore, Arzela-Ascoli Theorem gives that the increasing sequence (Vo(k), Vl
uniformly on every compact subset of Ry to some (VO(OO), Vl C>o)).

converges

On the other hand, for a fixed k, (Ao(k), Vl(k)) is the unique viscosity solution with linear
growth to the system of variational inequalities

Fo(k) (uo, ug, uy ) = min (puo — Loug, ug — max(%, Vl(k_l)(. — g))) =0,

Fy(ug,u),uf) = min (pu1 — Liug,u) — 1) =0,

with initial condition ug(0) = 0, u(0) = V™ (1 — A)g).
Since Vl(k_l) converges uniformly on every compact subset of R, the Hamiltonian Fék)
converges to Fy on every compact subset of R x R x R, with

Fo(u,v',u") = min (pu — Lou,u — max(Vp, V(. — g))) = 0.

According to standard stability results for viscosity solution, see for instance Lemma 6.2
page 73 in Fleming and Soner [9], the couple (f/b(oo), Vi C>o)) is a viscosity solution of the
system of variational inequalities

min (pV5® — LoV, Vi — max(Vo, Vi*(. = g))) = 0, (5.6)
min (pV = £,07%, (V) 1) = o, (5.7)

with initial conditions V;°(0) = Vg°((1—\)g) and Vg°(0) = 0. By uniqueness to the system
(5.6)-(5.7), we conclude that Vi = 5y = vy and V®° = v;. O

We will close this section by describing the optimal strategy. According to Proposition
5.1, the value functions can be constructed recursively starting from (Vo, Vl) Two cases
have to be considered :

Case A : 170(1)((1 —N)g) = Vo((1 = A)g). Then we have

W@ = swE

.
/ ertdz, + eV (1 - )\)g)]
0

= supE
VAV A

= Vi(x).

T X
/ e PdZ; + e PV ((1 = N)g)
0
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Therefore, we deduce by a straightforward induction that the sequence ( Ao(k))k is constant
for £ > 1 and the sequence (Al(k))k is constant for £ > 0. Therefore, we deduce from
Proposition 5.1 that vg = Vo(l) and v; = Vl.

In regime 0, the optimal strategy consists in computing the optimal thresholds a and x{j;
associated to the optimal stopping problem ‘70(1). It is optimal to switch from regime 0 to
regime 1 if the state process R" crosses the threshold z{; while it is optimal to pay dividends
and therefore abandon the growth opportunity forever if R® falls below the threshold a. At
the level a, it is too costly to wait reaching the threshold z{j; even if the growth option is
valuable. The shareholders prefer to receive today dividends than waiting a more profitable
payment in the future.

In regime 1, the optimal strategy consists in paying dividends above z; and switching
to regime 0 only when the manager is being forced by its cash constraints.

Case B : Ao(l)((l —N)g) > Vo((1 = A)g). Let us introduce the sequence

o) = swpE [ NOEREY, —g)] k21,

-
Hgk)(x) — ;LelgE [/0 1 efptdZt 4 e*PTlgék’)«l _ )\)g)] . k> 1.

starting from égo) =V} and ééo) = Vp. Proceeding analogously as in the proof of Proposition

(k) (o) gloo)y

5.1, we can prove that the sequence (Hék),ﬁl ) converges to (6, solution of the

system of variational inequalities :
min (p05° — Lol 05 — 07°(. — 9)) = 0,
min (pf5° — £26%,(67) —1) =0,

with initial conditions §5°(0) = 65°((1 — A)g) and 63°(0) = 0.
Note that the function égo corresponds to the managerial decision to accumulate cash
reserve at the expense of shareholder’s dividend payment in order to invest in the modern
technology.

The key feature of our model in case B, which has to be viewed as the analogue of
Proposition 3.5 in [5], can be summarized as follows :

* If the net expected value evaluated at the threshold %y dominates the firm value
running under the old technology that is (980 (Zo) > VO(J%O) then the manager postpones
dividend distribution in order to invest in the modern technology and thus vy = 98"
Moreover, in regime 1, the manager always prefers to run under the modern technology
until the cash process X} reaches zero forcing the manager to return back in regime 0 with
the value ég"((l — \)g), that is v; = 65°.

* If, on the contrary égo(i'o) < Vo(&o) then the manager optimally ignores the strategy
ég" . Several situations can occur. For small values of the cash process (X < a), the
manager optimally runs the firm under the old technology and pays out any surplus above
#o as dividends. For high values of the cash process (X > x3;), the manager switches
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optimally to regime one. For intermediary values of the cash process (a < X} < x§; ), there
is an inaction region where the manager has not enough information to decide whether or
not the investment is valuable.

We summarize all the results in Synthetic Table 1 and Figure 1.

Synthetic table 1

£y, (a-21)9) Vo(a-a)g)<ta<to g g%, &>ma{vo((l—i)g),ﬂ+§<1+g—f<oJ
P p_P p P
Vo(X)=Vo() vo(x)= Vo () vo(x)= 5 (0
V00 =X+ L= A)g - %y L2 vi(x) = Vy(x) vi(x) = V7" (x)
Switch continue <« dividends
1 X|1 | X
)21
Switch Switch
See figure 1
. continue | H‘dividends 0 continue ‘ <« dividends y
% -9 %
Figure 1
] continue ‘ dividendf X
switch X
continue dividends continue switch
—
0 1 1 1 X
(-2)g %, a X,
CASE A:V\"((1-1)g)=V"((1- 1)g)
1 continue | dividends | continue ‘ dividends
switch % switch X
0 continue switch' vl di‘vidend‘s C t‘inue SWitCh' )
. Contin. .
. % X, & (-2g X;,
CASE B *:v(;>((1—/1A)g)> vi(1-21)g) CASE B:00(%,)< V" (%,)
05" (Ro) > V" (Ro)
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5.3 Computational Aspects

In the following lines, we briefly describe a way of computing the free boundary points that
characterize the optimal stopping strategy.

Case A In that case, the function Vj is given by formula (4.5) with L = V((1 — \)g) and
the optimal threshold Z; is implicitely given by Equation (4.6) that can be solved using a
standard Newton method. To figure out the optimal thresholds a and x{; of Regime 0, we
have to solve the following system where (a,z{;, B, C') are unknown:

Be™ia 4+ Cle™o a = Vo(a)
Be™s %1 4 Cle™o T = ‘71(1:81 )
m(J{Bemg“ + mg Ce™o @ =Vj(a)
m(J)rBemggc(*’1 +my Cemo o = V(a5 — g)

Case B The computation of the optimal thresholds in that case is more involved and relies
on the computation of the approximating thresholds associated to the sequence (éék), é&k))
At the time step k, the function égk) is given by formula (4.5) with L = éék)((l —A)g). The

optimal threshold :fzgk) associated to the value function éik) is then given by Equation (4.6).

In Regime 0, the optimal threshold xgi) associated to the value function é((]k) can be figured

out using the smooth fit principle, that is,

Aende’ = g f))
mg Aemiai = (61D (aff)

Appendix A : Proof of Theorem 3.1

We divide the proof in several steps.

Proof of the continuity of v; on (0, c0).

We prove that vy is continuous at any y > 0. We fix an arbitrary small € > 0. Applying the
dynamic programming principle (DP) to v;, there exists a control o = (Z, (7)n>1) € A
S.t.

IN

E

uly) - g

(’T1/\T)7 1
/ e_ptdZt + e_p(Tl/\T) (Ul (X% )1T<T1 + UO(X$£1)1T1§T> ’
0

= E

T1

(7‘1/\T)7
/ e Pt dZ; + e PN Dy (XY )1, <1 | (A1)
0

with T = T%1 the bankruptcy time of the process X%, and since v; (X:%l) = 0 for X:Z’F”1
< 0.

For any 0 < = < y, let # = TY~%1% be the bankruptcy time of the process X¥~%1* We
notice that § < T and XY~%1@ = X¥1L* _ g for all 0 < t < §# < T. Applying the dynamic
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programming principle (DP), we then have

(9/\T1)7
Ul(y _ H?) Z E / e_ptdZt + 6—9(9/\7'1) (,Ul(Xfey—:ml)19<Tl + UO(qu-/l_Ll)lﬁSO)]
0

v
&=

(9/\T1)7
/ e_ptdZt + 6_p(9/\Tl)U0(X$1_I’1)17-189
0

[ (Tl/\T)7 (T/\T1)7
> E / e PtdZ, + e P Dy (X1, o | — E / e 'dZy
L 0 ONT1
+ E [6—0(9A71)U0(X71{1—$71)1T1Se _ e—P(TATl)UO(Xgl,l)lTlST} (A.2)

Notice that 6§ — T as x goes to zero. Hence, by the continuity of vy and the dominated
convergence theorem, one can find 0 < §; <y s.t. for 0 <z < 4§ :

E [e—p(e/\n)vo(Xg;x,l)lTlSG _ G*P(T/\H)UO(X‘Iyl,l)lTIST} > _g' (A.3)

We also have

(T/\Tl)_ .
E /0 e "dZy| > —E [Zirnr)- — Zonn]
AT1

From the dominated convergence theorem, one can find 0 < dy < y s.t. for 0 < x < ds :

(T/\7'1 ) -
/ e_ptdZt
0

AT1

9
—-E > —— A4
> -5 (4.4)

Plugging inequalities (A.3) and (A.4) into (A.2), we obtain for 0 < z < min{d, d2}

(riAT)~ T 2e
0

3

Using the inequality (A.1), and recalling that v; is nondecreasing, this implies
0<wvi(y) —vily—z) <e,

which shows the left-continuity of v;. By proceeding exactly in the same manner, we may
obtain for a given y > 0 and any arbitrary € > 0, the existence of 0 < § < y such that for
all 0 < x <9,

O<uvi(y+z)—vi(y) <e

which shows the right-continuity of v;. O
Proof of supersolution property.

Fix i € {0,1}. Consider any Z € (0,00) and ¢ € C?(0,00) s.t. T is a minimum of v; — ¢
in a neighbourhood B.(T) = (T —&,T +¢) of T, T > ¢ > 0, and v;(T) = ¢(z). First, by
considering the admissible control @ = (Z,7,,n > 1) where we decide to take immediate
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switching control, i.e. 71 = 0, while deciding not to distribute any dividend Z = 0, we
obtain

Vi (E) > vi—l(f - gi,l—l)' (A5)

On the other hand, let us consider the admissible control & = (Z ,Tn,m > 1) where we
decide to never switch regime, while the dividend policy is defined by Zy = n for t > 0,
with 0 < 7 < e. Define the exit time 7. = inf{t > 0, X' ¢ B.(z)}. We notice that 7. < T.
From the dynamic programming principle (DP), we have

TeAh . _—
o) = 0@ > E [/ efptdZt + ep(rsAh)vi(XZj\h)}
0
TeAh . _ .
0

Applying It6’s formula to the process e*'mfcp(X;E l) between 0 and 7. A h, and taking the
expectation, we obtain

o TeNh .
B [orempazi] = @k [ e ot (k]
FE LD e (X - (X (A7)
0<t<t:Ah

Combining relations (A.6) and (A.7), we have
TeAh . TeAh ~
B[ oo - et | [T eraz)
0 0

E| Y e e(x?) - o(x2)| = o (A8)

0<t<t:Ah

x Take first n = 0. We then observe that X is continuous on [0, 7. A h] and only the first
term of the relation (A.8) is non zero. By dividing the above inequality by h with h — 0,
we conclude that

(pp — Lip)(T) = 0. (A.9)
* Take now 1 > 0 in (A.8). We see that Z jumps only at t = 0 with size 7, so that
TeAh .
— Z, — —

B[ e op - L)t~ (ol =) — ol 20 (A.10)

By sending h — 0, and then dividing by n and letting n — 0, we obtain
' (T) —1>0. (A.11)

This proves the required supersolution property

min [(pp — Lip)(@), @' (@) — 1,0i(T) — v1-4(T — gin—s)] = 0. (A.12)
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Proof of the subsolution property.

We prove the subsolution property by contradiction. Suppose that the claim is not true.
Then, there exists Z > 0 and a neighbourhood B.(Z) = (Z —¢,T +¢) of Z, 7 > ¢ > 0, a C?
function ¢ with (¢ — v,)(Z) = 0 and ¢ > v; on B.(T), and 1 > 0, s.t. for all x € B.(Z) :

pp(x) — Lip(x) >, (A.13)
¢(z) =1 >n, (A.14)
vi(z) —vici(z —g,,.) > (A.15)

For any admissible control a = (Z, 7,,n > 1), consider the exit time 7, = inf{t > 0, X' ¢
B.(z)}. We notice that 7. < T. Applying Itd’s formula to the process e ?'o(X") between
0 and (7. A71)~, and by noting that before (7. A71)~, X** stays in regime 7 and in the ball
B.(Z), we obtain

E e ) (X0 )] = e@ +E

(TeAT1

(TenT1)™ . .
/0 e P (—pp(X") + ﬁw(Xf’z))dt]

(TeNT1) ™ .
| [T ez
0

+E| Y e PoX) — o(X2N]| - (A.16)

0<t<TeAT1

From Taylor’s formula and (A.14), and noting that AX?" = —AZ, for all 0 < t < 7. A 1y,
we have

PXP) = (X[) = AXTT QX+ 2AX)
< —(1+nAz, (A17)

(@ =@ > E

Plugging the relations (A.13), (A.14), and (A.17) into (A.16), we obtain
(TeANT1) ™ 3 .
[T ez e
0
(TeNT1)™
+n | E / e Pt
0

(TeNTL) ™
/ e_”tdZt .
0
E

(TenT1)™ _ . _ .
/ e_ptdZt + e—pTg SO(X,IQ_:7Z)1TE<T1 + e_pTl W(Xjf)lTlﬁTs
0 1

(TeNT1) ™
+n | E / e Pt : (A.18)
0

+E

v

(TeATL)™
+ E / €_ptdZt
0

Notice that while Xff € B.(z), X" is either on the boundary dB.(Z) or out of B.(T).
However, there is some random variable v valued in [0,1] s.t.

X0 = X4 yAXE
= X" —yAZ. € 9B.(%).
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Then similarly as in (A.17), we have
p(X0) — p(X%) < —4(1+m)AZ,. (A19)
Noting that X = X&' 4 (1 — 4)AZ,._, we have
vi(XM) > wi(XE) + (1-9)AZ,. (A.20)
Recalling that (X)) > v;(X ™), inequalities (A.19) and (A.20) imply

P(X ) > vi( X2 + (1 +n)AZ,,

Plugging into (A.18) and using (A.15), we have

(TeAT1)™ . .
vi(T) > E [/ e PtdZ, + e o (X0 ) iy + €M o ( X5 ) 1 <o,
0

+nE

TeAT1 (TenT1)™
/ e Pt + / e_ptdZt +e M 1y <r T 'Ye_pTEATlAZTs Lr<n
0 0
+E[e " AZ 1 cr)]. (A.21)

We now claim that there exists a constant ¢, > 0 such that for any admissible control

TeANT1 (TE NAT1 ) -
E / e Pdt + / e PdZ; + e MM lny <, + e T AL L cr, | 2 ¢ (A22)
0 0

The C? function ¢ () = ¢, [1 — @;72@2}, with

satisfies

{min{—,mb—!—ﬁz'@b—f—l,l—@b,a—d"i’l} > 0, onB.(3), (A.23)
e .

Applying It6’s formula, we then obtain

0<c, = ¢(f) < E |:€_p(7—5/\T1)/lz)(X(f’i )}

(TeNT1)™

Te\T1
+E [ / eptdt] + E (A.24)
0

(TeNT1)™
/ 67pt dZt
0

Noting that ¢'(z) < 1, we have

PXT) —p(X0) < (X2 - X)) =4AZ,

Te - Te
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Plugging into (A.24), we obtain
. Te AT1
0<e¢, < E [e_ple(Xff)lﬁgTE} +E [/ e_ptdt]
1 0
(TeNT1)™
/ €_ptdZt
0

Since 9 (x) < 1 for all x € B.(T), this proves the claim (A.22).
Finally, by taking the supremum over all admissible control «, and using the dynamic

+E +E[ve P AZ 1rcr] (A.25)

programming principle (DP), (A.21) implies v;(Z) > v;(Z) + nc,, which is a contradiction.
Thus we obtain the required viscosity subsolution property :

min [(p — Li0)(T), ¢(F) — Lvi(T) — vi (T — gi-1)] < 0. (4.26)
Od

Proof of the uniqueness property.

Suppose u;, ¢ = 0,1, are continuous viscosity subsolutions to the system of variational
inequalities on (0, 00), and w;, ¢ = 0,1, continuous viscosity supersolutions to the system
of variational inequalities on (0, 00), satisfying the boundary conditions u;(0") < w;(07),
1 = 0,1, and the linear growth condition :

|ui(z)| + |wi(z)| < C1 + Cex, VYa € (0,00), i =1,2, (A.27)
for some positive constants C7 and Cy. We want to prove that
u; <w;, on (0,00),1=0,1,

Step 1. We first construct strict supersolutions to the system with suitable perturbations
of w;, 1 =0,1. We set

hi(x) = A; + Bix + Cx%, >0,

where
mbB1+Co?+1 C (B m\> C (B 1o\ > i n
Ay = CL_ ok} LT (Z0 ok 0 0
0 ; +o @ p +o g + wo(07) + w1 (07),
3 g
A = Ag+og+?
1 0+29+)\7
2
By = 3’31:2+X’
1
c = -
Ag

We then define for all v € (0, 1), the continuous functions on (0,00) by :

w] = (1 —y)w; +~vhi, i=0,1.
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We then see that for all v € (0,1),i =0, 1:

w)(z) —wl_y(z—g,,.) = (1—7)[wi@) —wi-i(e —g,,_,)] +7[hi(2) = hii(z — g,,_,)] |
> [(QCQM_Z- +Bi — Bi_j)v+ A — A — 09314 + B1—igi,1_l} :
> ’yg, i=0,1. (A.28)
Furthermore, we also easily obtain
hi(x)—1 = B;+2Cx—1>1. (A.29)

A straight calculation will also provide us with the last required inequality, i.e.
phi(x) — Lihi(x) > 1. (A.30)
Combining (A.28), (A.29), and (A.30), this shows that w] is a strict supersolution of the

system : for ¢ = 0,1, we have on (0, c0)

7 7

min |pw] (z) — Liw] (), w]'(z) — 1, w](z) —w] | (z — gmﬂ,)] > ~ymin{1, %} = 0.(A.31)
Step 2. In order to prove the comparison principle, it suffices to show that for all v € (0, 1):

max sup (u; —w;) <0
i€{071}(0,+£)o)(1 =0

since the required result is obtained by letting v to 0. We argue by contradiction and
suppose that there exist some v € (0,1) and i € {0,1}, s.t.

0 := max sup (u; —w])= sup ui—w? > 0. A.32
Jhax, (O7+Oo)( j—w;) (Ovm)( ) (A.32)

Notice that u;(z) — w] (z) goes to —co when z goes to infinity. We also have lim+ ui(z) —
z—0

lim_ w] (z) < ( lim, w;(z) — A;) < 0. Hence, by continuity of the functions u; and w],

z—0 z—0

there exists zg € (0, 00) s.t.
0 = u;(zo) — w; (o).
For any € > 0, we consider the functions
Cc(z,y) = wilx) —w(y) — ¢e(z,y),
belwy) = gl -zl + o le - P,

for all z,y € (0,00). By standard arguments in comparison principle, the function ®.
attains a maximum in (z.,y.) € (0, 00)?, which converges (up to a subsequence) to (xq, zg)
when ¢ goes to zero. Moreover,

=0. (A.33)
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Applying Theorem 3.2 in [4], we get the existence of M., N. € R such that:

(pt’:"ME) S J27+ui<x8)7
(QEaNs) € J2’_w;y(ys),

o™ [=

)

and
(]\045 135 ) < D?¢e(2e,ye) + e(D*(ze,y:))?,
where
pe = Dadelaeye) = (oo~ ) + (ac — w0)’
g = —qube(we,ye):é(we—ye),
D?¢e(e,ye) = < e _$f)2+% ~: ) .

(A.34)

By writing the viscosity subsolution property of u; and the viscosity supersolution property

(A.31) of w], we have the following inequalities:
: 1 3 L 5
min § pu;i(ze) — g(xs —Ye) + (e — 20)” ) pi — 57 M,
1
<€(x6 - ys) + (:L'E - -730)3> -1, uz((xs) - ul*i(xf - gi,lz‘)} <

i 1
min { o] ) = 2 (o = e = 507

g
<2
—~
<
™
~—
|

g

|
—
—

8
™
&
=

l
~—
——
v

We then distinguish the following three cases :

x Case 1: ui(xe) —ur—i(xe — g,,_;) < 0in (A.35).
From the continuity of u; and by sending € — 0, this implies

ui(zo) < ur—i(To —g;,_,;)-
On the other hand, from (A.36), we also have
w (ye) = wi_y(xe — g,,;) 26,
which implies, by sending € — 0 and using the continuity of w; :
w; (x0) = w;_;(x0o — g,,_,) + 0.
Combining (A.37) and (A.38), we obtain

0= ’U,Z(xo) - wg(x()) < ul—i(mo - gi,l—i) - wivfl(x() - gi,l—i)
< -3
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which is a contradiction.

* Case 2: (L(zc — ye) + (= — 20)®) — 1 < 0 in (A.35)
Notice that by (A.36), we have

1
g(wﬁ_ys) —1 265

which implies in this case
(ze — 370)3 < -

By sending ¢ to zero, we obtain again a contradiction.

* Case 3 pui(ze) — (2 — ye) + (2e — 20)3) s — 30° M. < 0 in (A.35)
From (A.36), we have

1 1
pw;Y(yE) - g(xe - ya)ui - 502]\75 > 9,

which implies in this case

p (ui(ze) — w] (ye)) — pi(we — x0)* — %UQ(ME - N.) <=4, (A.39)

From (A.34), we have

1 3
502(M8 —N;) < 502@5 —20)” [1 + 3e(xe — 20)] -

Plugging it into (A.39) yields

3
p(ui(we) = w] (ye)) < pi(we — w0)* + 0™ (@ — w0) [1 + 3e(we — 20)] = 0.
By sending ¢ to zero and using the continuity of u; and w;, we obtain the required contra-

diction : pf < —§ < 0. This ends the proof. O

Appendix B : Proof of Proposition 3.3

C' property

We prove in three steps that for a given i € 0,1, v; is a C! function on (0,00). Notice
first that since v; is a strictly nondecreasing continuous function on (0,00), it admits a
nonnegative left and right derivative v, (z) and v, (z) for all z > 0.

Step 1. We start by proving that v} (z) > v/ " (z) for all z € (0, 00).

Suppose on the contrary that there exists some xo such that v] ™ (zg) < U£+(l‘0). Take then

1+

some ¢ € (v} (z),v;" (x)), and consider the function

pla) = i) + gl — o) + - — 20)%,
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with ¢ > 0. Then zg is a local minimum of v; — ¢;, with ¢'(x¢) = ¢ and ¢"(z¢) =

m |

Therefore, we get the required contradiction by writing the supersolution inequality :

o? o?

0 < pui(zo) — pi' (x0) — 390"(930) = pvi(To) — piq — 50

and choosing € small enough.

Step 2. We now prove that for i = 0,1, v; is C* on (0, 0)\S;.

Suppose there exists some zg ¢ S; s.t. v} (w0) > v} (x0). We then fix some ¢ €

(v/ " (20), v} (x0)) and consider the function
1 2

p(x) = vi(wo) + q(z — m0) — 2*6(95 — 9)”,
with & > 0. Then g is a local maximum of v; — ¢, with ¢/(zg) = ¢ > 1, ¢"(20) = —1.
Since z¢ ¢ S;, the subsolution inequality property implies :

o2
pvi(wo) — piq + 5% = 0,

which leads to a contradiction, by choosing ¢ sufficiently small. By combining the results
from step 1 and step 2, we obtain that v; is C! on the open set (0, 00)\S;.

Step 3. We now prove that v; is C! on (0, 00).

From Step 2, we have to prove the C'! property of v; on SF. Fix then some x¢ € S} so that
vi(zo) = vi—i(xo — gin—i). Hence, zg is a minimum of v; — v1—;(. — g;,1—i), and so

V)" (20) — vy 4(z0 — gin—i) < v} (wo) — vy, (w0 — gi1i). (B.1)

Now, from Lemma 4.3, o — g;,1—; belongs to the open set (0,00)\S1—;. From step 2, v;_; is
C! on (0,00)\S1_4, and so vlf_i(:no —Gii—i) = v/f_i(xo —gin—i). From (B.1), we thus obtain
- +
v (w0) < vj (20),
which is the required result, since the reverse inequality is already satisfied from Step 1.

C? property

We now turn to the proof of the C? property of v; on the open set C; U int(D;) of (0, c0).
Since it is clear that v; is C? on int(D;) (where v, = 1), we only have to prove that v; is C?
on C;. By standard arguments, we check that v; is a viscosity solution to

pvi(x) — Livi(x) =0, x €C;. (B.2)

Indeed, let T € C; and ¢ a C? function on C; s.t. T is a local maximum of v; — ¢, with v; (7) =
(7). Then, ¢'(T) = vi(T) > 1. By definition of C;, we also have v;(Z) > vi_i(x — gi1-;)
and so from the subsolution viscosity property (A.26) of v;, we have

pp(T) — Lip(T) < 0.
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The supersolution inequality for (B.2) is immediate from (A.12).
Now, for any arbitrary bounded interval (x1,x2) C C;, consider the Dirichlet boundary
linear problem:

pw(x) — Liw(z) =0, on (r1,z2) (B.3)

w(zy) = vi(z1), w(z2) = vi(x2). (B.4)

Classical results provide the existence and uniqueness of a smooth C? function w solution
on (x1,z2) to (B.3)-(B.4). In particular, this smooth function w is a viscosity solution
to (B.2) on (z1,22). From standard uniqueness results for (B.3)-(B.4), we get v; = w on
(w1, 22). From the arbitrariness of (z1,22) C C;, this proves that v; is smooth C2? on C;. O

References

[1] Boguslavskaya E.: “On Optimization of dividend flow for a company in a presence of
liquidation value”, Working paper. http://www.boguslavsky.net/fin/index.html

[2] Brekke K. and B. Oksendal (1994) : “Optimal switching in an economic activity under
uncertainty”, SIAM J. Cont. Optim., 32, 1021-1036.

[3] Choulli T., Taksar M. and X.Y. Zhou (2003) : “A diffusion model for optimal dividend
distribution for a company with constraints on risk control”, SIAM J. Cont. Optim.,
41, 1946-1979.

[4] Crandall M., Ishii H. and P.L. Lions (1992) : “User’s guide to viscosity solutions of
second order partial differential equations”, Bull. Amer. Math. Soc., 27, 1-67.

[5] Décamps J.P. and S. Villeneuve (2007) : “Optimal dividend policy and growth option”,
Finance and Stochastics, 11, 3-27.

[6] Davis M.H.A. and M. Zervos (1994) : “A Problem of Singular Stochastic Control with
Discretionary Stopping”, Annals of Applied Probability, 4, pp.226-240.

[7] Dixit A. and R. Pindick (1994) : Investment under uncertainty, Princeton University
Press.

[8] Duckworth K. and M. Zervos (2001) : “A model for investment decisions with switching
costs”, Annals of Applied Probability, 11, 239-250.

[9] Fleming W. and M. Soner (1993) : Controlled Markov processes and viscosity solutions,
Springer Verlag.

[10] Guo X. and H. Pham (2005) : “Optimal partially reversible investment with entry
decision and general production function”, Stochastic Processes and their Applications,
115, 705-736.

[11] Jeanblanc M. and A. Shiryaev (1995) : “Optimization of the flow of dividends”, Rus-
sitan Math. Survey, 50, 257-277.

34



[12]

[13]

[14]

[17]

[18]

I. Karatzas, D. Ocone, H. Wang and M. Zervos (2000) : “Finite-Fuel Singular Control
with Discretionary Stopping”, Stochastics and Stochastics Reports, 71, pp.1-50

Ly Vath V. and H. Pham (2007) : “Explicit solution to an optimal switching problem
in the two-regime case”, SIAM J. Cont. Optim., 46, 395-426.

Pham H. (2005) : “On the smooth-fit property for one-dimensional optimal switching
problem”, to appear in Séminaire de Probabilités, Vol. XL.

Radner R. and L. Shepp (1996) : “Risk vs. profit potential : a model of corporate
strategy”, Journal of economic dynamics and Control, 20, 1373-1393.

Shreve S., Lehoczky J.P. and D. Gaver (1984) : “Optimal consumption for general
diffusions with absorbing and reflecting barriers”, SIAM J. Cont. Optim. , 22, 55-75.

Villeneuve S. (2005) : “On the threshold strategies and smooth-fit principle for optimal
stopping problems”, preprint GREMAQ Toulouse University.

M. Zervos (2003) : “A Problem of Sequential Entry and Exit Decisions Combined with
Discretionary Stopping”, SIAM Journal on Control and Optimization, 42, 397-421.

35



