Damped nonlinear Ginzburg-Landau equation with saturation.
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Abstract

We study the complex Ginzburg—Landau equation posed on possibly unbounded domains,
including some singular and saturated nonlinear damping terms. This model interpolates between
the nonlinear Schrédinger equation and dissipative parabolic dynamics through a complex time-
derivative prefactor, capturing the interplay between dispersion and dissipation. Under suitable
structural conditions on the complex coefficients, we establish the existence and uniqueness of
global solutions. The analysis relies on the delicate proofs that the maximal monotone operator
theory can be adapted to this framework, even for unbounded domains.
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1 Introduction

The complex Ginzburg-Landau equation constitutes one of the most fundamental models in the
theory of nonlinear dissipative systems. Originally introduced in the context of superconductivity,
it describes the evolution of a complex order parameter whose modulus represents the density of
superconducting electron pairs, while its phase encodes macroscopic quantum coherence. Beyond this
original setting, Ginzburg-Landau type equations arise naturally in nonlinear optics, laser dynamics,
superfluidity, Bose-Einstein condensation, chemical reactions, and pattern formation in systems far
from thermodynamic equilibrium (see, for instance, the pioneering work of Ginzburg and Landau [25]
in 1950 in superconductivity, the monographs by Kuramoto [26], Temam [35] and Levy [27] and some
survey papers as, e.g., Battogtokh and Mikhailov [5], Aranson and Kramer [3]).

From a physical point of view, the relevance of the complex Ginzburg-Landau equation lies in its
ability to capture the coexistence and competition between diffusion, dispersion, nonlinear amplifica-
tion, saturation and dissipation. This mixture of mechanisms makes it a universal amplitude equation
governing the modulation of instabilities near criticality and the emergence of coherent structures such

as vortices, defects and spatio-temporal patterns.

From a mathematical perspective, the equation provides a paradigmatic example of an infinite-
dimensional dissipative dynamical system. As emphasized in the monograph of Temam [35] (see
also Ginibre and Velo [23] 24]), it plays a central role in the development of the theory of global

attractors, asymptotic compactness and long-time dynamics for nonlinear evolution equations.

In several recent works (see, e.g., [11]), the strong stabilization of a damped nonlinear Schrédinger
equation with saturation effects was established on unbounded domains. That analysis demonstrates
that suitably chosen nonlinear damping mechanisms can overcome dispersive effects even in the ab-
sence of compactness properties typically available in bounded domains. Such results are particularly
relevant for physical systems modeled in open space, where boundary confinement cannot be assumed.
The main goal of this paper is to extend the general approach taken in the theory presented in [I1]
in order to extend previous results in the literature on complex Ginzburg-Landau equation in which
the saturation term is understood as an absorption term (see, e.g., Antontsev, Dias and Figueira [I]

and [16], [7, [18, 19, 20]).

The damped nonlinear Schrodinger equation may be viewed as a limiting or simplified model within
the broader Ginzburg-Landau framework. Introducing a complex coefficient in front of the time
derivative allows one to interpolate continuously between purely dispersive Schrodinger dynamics and

purely dissipative parabolic dynamics. This observation motivates the extension of the stabilization



theory developed in [I1] to the complex Ginzburg-Landau equation posed on general domains Q C RY

(possible unbounded), with boundary 052,

e—ie% — Au+alu|" ™y 4 bluP " u + yu = f, in (0,00) x Q, (1.1)
ujpn = 0, on (0, 00) x 09, (1.2)
u(0) = ug, in Q, (1.3)

where 6 € (f%, g), 0 <m < 1andab,y € C. Here we write, for generality p € (1,00) but the

physically more often case considered in the literature corresponds to p = 3.

For 0 € [—%, g] and m > 0, we introduce the following set of complex numbers:
Cy(m) = {z € C; Re(ze!%) > 0 and 2v/mRe(zel?) > |1 — m| \Im(zei0)|}. (1.4)

In the particular cases in which m € {0, 1}, the set Cp(m) becomes,

Cy(0) = {z € C; Re(ze'?) > 0 and Im(ze'?) = O}, (1.5)
Cy(1) = {z € C; Re(ze) > O}, (1.6)

and actually,
Cy(0) = {z € C; 3u > 0 such that z = ue*ia}. (1.7)

We note that if 0 = g, 0<m<1,ac€ Colm),b=0~v=—-V( € LL.(KR) and f €
L}, ([0,00); L*(€2)), then equation becomes

loc

i%; + Au+V(z)u —alu| =™y = —f. (1.8)

It follows that the nonlinear Schrédinger equation ((1.8) is a limit case of the Ginzburg-Landau
equation (1.1]), in terms of 6. But the Ginzburg-Landau equation (|1.1)) may also be considered as an

intermediate equation between the nonlinear Schréodinger equation and the nonlinear heat equation

% — Au+alu|~ ™y = f,

by taking # =0, a € R and b = = 0 in (L.1). In this last case, a € Cy(m) only means that a is a

positive real number.

We point out that the analysis of the complex Ginzburg-Landau equation on unbounded domains

presents several intertwined difficulties. The complex prefactor e~ in front of the time derivative
breaks both the purely Hamiltonian structure of Schrédinger-type equations and the gradient-flow

structure of parabolic equations.



The strategy of the proof relies on the use of suitable energy methods, sharpening the ones presented
in the monograph [2]. Those methods capture the effective dissipation induced by the nonlinear terms,
combined with refined energy estimates adapted to unbounded domains. Singular nonlinearities with
0 < m < 1 require weak formulations and truncation arguments to control the dynamics near vanishing
amplitudes. In a different paper, [I3], we will prove the strong stabilization of solutions in a finite

time under suitable conditions.

The nonlinear terms appearing in the complex Ginzburg-Landau equation introduce amplitude-
dependent dissipation that becomes particularly effective in regimes where linear mechanisms fail.
The singular term |u|_(1_m)u acts as a strong damping mechanism near low-amplitude states, sup-
pressing residual oscillations and preventing the persistence of small-amplitude coherent structures.
From the physical point of view, this term can be interpreted as a saturation or threshold effect that

inhibits the survival of weak excitations.

The complex prefactor e~ plays a fundamental role in shaping the dynamics. For 6 # 0, the system
no longer conserves energy in the Hamiltonian sense, and the interaction between dispersive and dis-
sipative components leads to a gradual relaxation toward equilibrium. This behavior is characteristic

of systems far from equilibrium, where dissipation and dispersion coexist and compete.

In this paper, existence and uniqueness of the solutions are obtained under the assumption that
a € Cy(m), while for the equation (1.8)), they are proved in the series of papers [6] 8, @, 10, [TT] under

the assumption that —a € C(m), where
C(m) = {z € C; Tn(z) > 0 and 2v/mIm(z) > (1 — m)|Re(z)|}.
We note that assuming a € C'z (m) is equivalent to assuming —a € C(m).

The organization of this paper is the following. Section [2| presents the statements of the main results
concerning the existence and uniqueness of the solutions. Before to entering into the detailed proofs,
we collect in Section [3] a set of notations and some basic results of Functional Analysis which will be
used in this paper. Although several other alternatives are possible, in our approach to the proofs of
the existence of solutions we will use the abstract theory of maximal monotone operators, according
the well-known theory mainly developed by Haim Brezis and improving the results presented in
Okazawa and Yokota [3T]. Section {|contains the detailed definition of the operators we will consider
proving their monotonicity and the range properties which show that they are maximal monotone
operators. Finally, in Section [b, we present the proofs of the results concerning the existence and

uniqueness of the solutions.



2 Existence and uniqueness of the solutions

Our main assumptions concerning the existence and uniqueness of the solutions are the following;:

Assumption 2.1. We assume the following.

Q is any nonempty open subset of RV, (2.1)
T T

*5 <f< 5, (22)

m € [0,1] and p € (1,00), (2.3)

a € Cg(m) and b e Cy(p) U {0}, (2.4)

v € C with Re(vel?) > 0, (2.5)

where Cjy is defined in (|1.4]).
Definition 2.2. Let ¢ C RY be an open subset and let u € L{ _(&). A function U is said to be

U
Jul’

a saturated section associated to u if U € L*(0), ||U||p~p) < 1 and U =
where u # 0.

almost everywhere

Now, let us define the notion of solution.

Definition 2.3. Assume (2.1) and (2.3)). Let 6 € [0,27], a,b,v € C, f € LL ([0,00);L2(Q)) and

loc

ug € L2(Q). Let us consider the following assertions.

1. Let X, = L™TH(Q) N LPT(Q). For ¢ = m or ¢ = p, we have that

q+1

we LI ([0,00): HH(Q) N X)) N Wil ([0,00); H* + X5, (2.6)

loc loc
2. For almost every ¢t > 0, Au(t) € H*.

3. (a) If m > 0 then u satisfies (1.1)) in 2’((0, 00) x ).
(b) If m = 0 then there exists a saturated section U associated to u such that the pair (u,U)
satisfies

_p0u
e ig ¥

i Au+alU+bluP~'u+yu=f, in 2'((0,00) x Q). (2.7)

4. We have that u(0) = ug, in L?(9).

We shall say that u is a strong solution if u is an H?-solution or an Hg-solution. We shall say that u
is an H2-solution (respectively, an H}-solution) to 7, if u satisfies the Assertions with
H = L*(Q) (respectively, with H = H}(Q)).

We shall say that v is an L2-solution or a weak solution to f if there exists a pair,

(tUn, fr)nen C C([0,00); L*(€)) x Li, ([0, 00); L*(€2)), (2.8)



such that for any n € N, u,, is an H?-solution to (1.1)—(1.3) where the right hand side of (1.1)) is f,,
and if

72
w, C([0,T];L7 (%)) w and f,
n—oo n—oo

L'((0,T);L* ()
— (2.9)
for any T > 0. Sometimes, we shall write (u, f), (u,U) or (u,U, f) to designate a solution with the

obvious meanings.
Remark 2.4. Below are some comments about Definition 2.3l

1. If a € Cy(0) then by (T.7)) there exists p > 0 such that a = pe™'. It follows that (2.7) may be
rewritten as,

—ig U

5 Au+ pe U +blulP'u+yu = f, in 2'((0,00) x Q). (2.10)

2. The assumption (2.6)) is made to have that any solution belong to C/([0,00); L?(€2)). Indeed, we
have by [8, Lemma A.4] and [I1, Theorem 5.3] that for any ¢ € [0, o],

1, 4+1

LI ([0,00); HY () N Xnp) N Wi, ([0,00); HHQ) + X7, ) = C([0,00); LA(R)),

loc loc

and then any strong solution belongs to C'([0,00); L*(£2)). As a consequence, (2.8) and 4] of
Definition [2.3| make sense and any weak solution also belongs to C([0, 00); L?(2)).

3. Assume m = 0. Let (u,U) be a weak solution. It is clear from (2.7) that if w is unique in
2'((0,00) x ) then so is U.

4. We easily deduce from Definition [2.2] and (2.9)) that if u is a weak solution then each term of
equation (L.1)) belongs to .@’((O, 00) X Q), except possibly blu[P~1u. It follows that the existence
of a strong solution implies the existence of a weak solution when b = 0. Otherwise, we have to

show that blu[P~1u € 2'((0,00) x Q).

The goal of the next result is to clarify in which way the weak solutions satisfy the equation
in the unsaturated case and without the presence of the superlinear term (m # 0 and b = 0). This
permits to give a result without assumption on the parameters 6, a and v. Note that if § = £7
then equation becomes the nonlinear Schrodinger equation and we recover the result by [10]
(Proposition 2.5). Nevertheless, in the presence of this superlinearity and in the unsaturated case
(b# 0 and m # 0), we may give a sense to the equation better than in 2’((0,00) x 2) with the
additional assumptions (2.2), and (2.5). A weaker statement holds in the saturated case. See
Theorems and below.



Proposition 2.5 (The unsaturated case). Let Q2 C RY be an open subset, § € [—%, g] ,0<m <1,

a,7€C,b=0 and f € L{,([0,00); L*(2)). Let u be a weak solution to (L.1)). Let (un, frn)nen be any

loc

sequence of H?-strong solutions to (1.1)-(1.2) satisfying (2.9). Then,
u € Wi ([0,00); H72(Q) + L7 (Q)), (2.11)

and u solves in L ([0, 00); H2(Q) + L%(Q)) and so in 2'((0,00) x Q). In addition,

loc

w W (0,1):H2(Q)+ L () w. (2.12)

n—roo

for any T > 0.

Proposition 2.6 (Uniqueness and continuous dependance). Let Assumption be fulfilled, let
ffelLl ([0,00); L3()) and X = H{(Q) N L™TH(Q) N LPTH(Q). Finally, let 1 < g < 0o and let

loc

u,@ € LT ([0,00); X) N W7 ([0, 00); X*) = C([0, 00); L*(2)), (2.13)

loc

be solutions in 2'((0,00) x Q) to,

e u, — Au+ alu| =A™y + blulP " u + yu =,

e 00, — A+ ala|" ™+ blaP a4 ya =

respectively. Then,
t
[u(®) = @)l L20) < llu(s) — uls)llr2) + / 1f(o) = f(o)l|L2(e)do, (2.14)

for any t = s > 0. Finally, (2.14]) also holds true for the weak solutions.

Remark 2.7. If m = 0 then it is understood in Proposition that |u|~(*"™wy = U, where U is a

saturated section associated to u.

Theorem 2.8 (Existence and uniqueness of L2-solutions). Let Assumption be fulfilled and
let f € L ([0,00); L*(2)). For any uo € L*(Q), there exists a unique weak solution to (1.1)—(1.3).

loc

Theorem 2.9 (Properties of the L2-solutions). Let Assumptz’on be fulfilled, let ug € L?(12),
fe L?OC([O, 00); LQ(Q)) and u be the unique weak solution to (1.1)—(1.3) given by Theorem Then,

u € L}, ([0,00); Hy (), (2.15)

loc

we LPF([0, 00); L™ Q) N LY ([0, 00); LPTH(Q)), (2.16)

loc loc



and for any t > s > 0,

t t t
1 i m i
1) =@y + <050 [ 17u(0) 2 oydo+ Re(ae®) [ (o), gy do+ Re(be) [ (o)1 o

t t
+Re(’ye19)/||u(a)||2LQ(Q)doS §||u(s)||2L2(Q)+Re el? //f(o’,m)u(a,m)dxda ,
s s Q
(2.17)

Finally, setting Yy, , = HE(Q) N L™THQ) N LPTY(Q), if m > 0 and if (un, fn)nen is any sequence of

H?-strong solutions to (1.1)-(1.2) satisfying [2.9) then,

u e Wi (10,00); Y5 ,). (2.18)

aun Llloc([oﬂooxyy:;,p)w 8u

-Vl vy 2.19

ot n—s00 ot’ ( )
u satisfies (1.1) in L%OC([O,OO);Yn:’p) — 2'((0,00) x ). (2.20)

Due to the lack of separability of L*°(2), we encounter some difficulties about the measurability of
the saturated nomnlinearity U : [0,00) — L>°(£2). To avoid this, we introduce a sequence (Y},)nen,
of L'-approximating sequence of RNP-spaces: (Y;,)nen, is a sequence of Banach spaces such that for
any n € Ng, 2(Q) — Y,, < Y11 — LY(Q) with dense embeddings, Y,, is separable and reflexive
when n > 1, Y, # Yar1 # LH(Q) and for any £ € Yo, |l < £, and i [[fllv, = [1f]12+(0-

This sequence exists with the help of [II, Lemma 5.8]. For more details, see [I1], Section 5].

Theorem 2.10 (The saturated case). Let Assumption be fulfilled withm = 0, let ug € L(£2), let

fe L ([0,00); L3()) and let (u,U) be the unique weak solution to (L.1)~(1.3) given by Theorem
Let (Ye)een, be any L'-approzimating sequence of RNP-spaces. Finally, let (un, U, fn)nen be any

sequence of H?-strong solutions to (1.1)-(1.2) satisfying [2.9). Then for any ¢ € N,

ue Wi ([0,00); 27 ), (2.21)

aun Ll((07T);Z;,p)w au
_ 2.22
ot n—soo ot’ (2.22)
(u,U) satisfies (L) in Ly, ([0,00); Z7,) < 2'((0,00) x ), (2.23)

for any T > 0, where Z;,, = Hg () N Y, N LPT(Q). In addition,
L ((0,T)X2)wx

Un U, (2.24)

n—o0
for any T > 0. Finally there exists Ny C (0,00) with |No| = 0 such that for any t € (0,00) N N§,

+1

u'(t) € H-HQ) + L¥(Q) + L7 (). (2.25)

In particular, equation (1.1)) makes sense in H—1(Q) + L>°(2) + L%(Q)7 for almost every t > 0.



Remark 2.11. Below are some comments about Theorem 2.101

1. If |Q] < oo then the spaces Z;,, may be replaced with H~'(Q) + LP#(Q) See the end of the
proof of Theorem for the details.

2. Whether or not u’ : (0,00) — H~}(Q) + L>=(Q) + L (€2) is measurable is an open question.
3. It follows from the properties of (Y7)sen, that for any ¢ € Ny,
Ul Lo ((0,00)5v;) < U Los((0,00)x02) < 1

Theorem 2.12 (Additional regularity of the weak solutions). Let Assumptz'an be fulfilled,
let f € L2 ([0,00); L3()), let ug € H{(Q) and let u be the unique weak solution to (1.1)-(L.3)) given
by Theorem[2.8l Then we have that,

u € CW([0,00)§H6<Q))’

(2.26)
([0, 00); L*(2)).

Ay € L?

loc

In addition, for anyt > s > 0.,

t t
1
V(O30 + <056 [ 180(0)Ex(aydo < [Tu()Eae) + g [ 170 Bagder (227

+1 pt1

Case m > 0. Then u € Wb?([0,00); L2(Q) + L™ (Q) + L7 (R)) and u satisfies in

ot 2, ifb=0
Q)+ L7 (Q) whereq:{p:l’ ifb£0.

Case m = 0. Assume further that |Q] < oo, let g be as above and let U be the saturated section

m+1

([0,00); L*(€2) + L™

Lq

loc

associated to w. Then

w e Wh1([0,00): L2(Q) + L5 (), U € Li% ([0, 00); L*(Q)), (2.28)
and u satisfies in L ([0,00); L*(Q) + L%(Q)) Finally, the map t — ||u(t)||%2(m belongs to
Wl

loc

([0 00); ]R) and for almost every t > 0,

1d i m
S Uy + 03 O V()32 + Relae) fu(t) 7%,

. _ . (2.29)
+ Re(be) a0, o) + Relre)[u(®)iao) = Re | & [ f(t.0)ulEm)de |

Theorem 2.13 (Existence and uniqueness of Hg-solutions). Let Assumption be fulfilled

and assume that one of the following assumptions holds.

b=0, (2.30)
p(N—2) <N +2, (2.31)
9] < o0, (2.32)



If m = 0 then assume further that |Q)] < co. Finally, let

f € L ([0,00); L)) N Ly 7 ([0700);H*1(Q)+L

loc

w (Q)+ L7 (Q)). (2.33)
For any ug € H}(Q), there exists a unique H}-solution u, and u satisfies (2.6]) with

q=m, if " or " is satisfied,

qg=1p, if (2.32)) is satisfied.

Finally, u is also a weak solution, the map t — ||u(t)||2L2(Q) belongs to W, 1([O 00);R) and (2.29)

loc

holds for almost every t > 0.

Theorem 2.14 (Existence and uniqueness of H?2-solutions). Let Assumption be fulfilled
and f € I/Vlicl([O 00); L2()). Then for any up € HE(Q) N L*™(Q) N L*(Q) with Aug € L*(S2), there
exists a unique H?-solution u to (L1)~(L.3). Furthermore, u satisfies (L.1) in Li2,([0,00); L*(2)) and
the following properties.

1. We have that,

u € C([0,00); H3 (Q)) N W5 ([0, 00); L2(2)) N LS, ([0, 00); L2P(€2)),

loc

and, in addition, if m > 0 then u € LS, ([0,00); L*™(2)). If m = 0 then the saturated section
U associated to u satisfies (2.28)).

2. We have Au € Cy([0,00); L*(Q)) and,

[u(®) = u(s)llz2(0) < lluellpoe (5,020 [t = 51, (2:34)

IVu(t) — Vu(s)|| L2) < Mt — 5|7, (2.35)
t

el e 0,01522(00) < lle™ P AG w0 = F(O)]22(e) +/O I (o)l 2(ydo, (2.36)

foranyt = s >0, where M? = 2||wy|| oo ((s5,0): 12 (2)) | AU oo ((5,0): 12 (02)) and €7 AFtug = —Aug +

aluo™ M ug + blug|P " ug +yuo (67 Aup = —Aug 4 a2 Ly 20y + bluo [P uo + yuo, if m = 0).

\u0|

8. The map t — |[u(t)[|72(q, belongs to W22 ([0,00); R) and (2:29) holds for almost every t > 0.

loc

4. The map t — ||Vu(t)\|%2(m belongs to VV&)’(?O([O,OO);R) and

d
aHVU(t)II%z(m +cos 0| Au(t)|[720) < —51FOl720);

Cos 9

for almost every t > 0.

10



5. If f € WH((0,00); L%(2)) then Au € L>((0,00); L*(Q)) and
u € Cy([0,00); Hy (€2)) N WH((0, 00); L*(2)) N L ((0, 00); L* (),
S L‘X’((O, oo);L2m(Q)), ifm>0 and U € LOO((O,OO);LQ(Q))7 if m =0,
where U is the saturated section associated to u.
Remark 2.15. Theorem [2.14] appeals to some comments.
1. Since f € WL ([0,00); L2(Q)) < C([0, 00); L*(R)), estimate with f(0) makes sense.

2. By Holder’s inequality, Hu||’£ﬁ1(m < ||u|\’£2p(m||u||,;z(g) and then u € C([0,00); LPT(2)).

Futhermore, if v is also an H2-solution then by Holder’s inequality,

e~ = ool s < C (ulhs @y + ol ) Tu = vllrss o,

p+1

so that |u[P~'u € C([0,00); L7 ().

3. In the same way, if m > 0 then u € C([0, 00); L™+(Q)) and |u|™ 'u € C([0,00); L™ o (Q)) (I8
Lemma A.1]). Therefore, |u(. )H%Q(Q) € C'([0,00); R) and (2.29) holds true for any t > 0. We
then infer by the equation that

%ec ([0, );L?(Q)+L”‘J1(Q)+L”%l(n)),

u e CH[0,00); H1(Q) + L%

p+1

H(Q) + L (@),

4. Due to the regularity of H?solutions, it follows that u satisfies (2.6) with ¢ =m and ¢ = p

Remark 2.16. All the results in this section remain valid without the presence of the superlinear
term b|u|P~!u, which amounts to taking b = 0. In this case, one must ignore all Lebesgue and Sobolev

spaces that involve p. In particular, if u is a strong solution in the sense of the Definition then

(2.6) reads:

1, m+l m41

we L ([0,00): HY (@) 1 L1 (Q) AW ™ (0,00): HY + L (), (2:37)

loc loc
as in the series of papers [6} [8, 9] 10} [T1].
3 Notations and some results of Functional Analysis

We collect here some notations that will be used along with this paper. Throughout this section, X
is a real Banach space, Q is an arbitrary open subset of RY and I is an interval. The set of positive

integers is denoted by N, and Ng = N U {0}. Unless if specified, all functions are complex-valued and

11



all the vector spaces are considered over the field R. For 1 < p < oo, p’ is the conjugate of p defined by
% + % = 1. X* is the topological dual of X and (., .)x+ x € Ris the X* — X duality product. The
scalar product in L?(2) between two functions u, v is, (u,v)r2(q) = Re [, u(x)v(z)dz. For p € (0, oc],
u € L} ([0,00); X) means that u € LY ((0,00); X) and for any T > 0, w1 € LP((0,T); X).

loc loc
In the same way, we will use the notation u € Wl’p([O,oo);X). If p € (0,00 and r = 0 then

loc
3

L7(Q) = L®(Q) and W7 (Q) = WH(Q). L°(Q) is the space of measurable functions u : @ — C
such that |u| < co, almost eveywhere in (2. The Lebesgue measure of a measurable set A C RY will be
denoted by |A|. Cy(I; X) is the space of continuous functions from I to (X, (X, X*))(= Xy ). Finally,
we denote by C auxiliary positive constants, and sometimes, for positive parameters a1, ..., a,, write
as C(ay,...,ay,) to indicate that the constant C' depends only and continuously on ay, ..., a, (we will

use this convention for constants which are not denoted merely by “C”).

Throughout this paper, we shall always identify L?(Q) with its topological dual. Let us recall some
important results of Functional Analysis that we will use without necessarily referring to them. Let
FE and F be locally convex Hausdorft topological vector spaces. If E — F with dense embedding then
F*— E* and forany L € F* and « € F, (L,z)g+ g = (L,x) p+ . Moreover, if E' and F are Banach
spaces then so are ENF and E+ F and if ENF' is dense in both E and F' then (ENF)* = E*+F* and
(E+F)*=E*NF*. If 2() — X with dense embedding then L} ([0,00); X*) < 2((0,00) x Q).
Let p € [1,00). If X is separable then so is LP(I; X), and if X is reflexive then LP(I; X )* = LP (I; X*).
Let X < Y be Banach spaces and u € Cy(I;Y). Assume that there exist C' > 0 and a null set Ng C I
such that for any t € I'\ Ny, u(t) € X and |Ju(t)||x < C. If X is reflexive then for any ¢t € I, u(t) € X,
lu®)|lx < C and u € Cw(l;X). Let u € C%, 1 < p < o0, and (up)nen C LP() be bounded. If
Up — U, a8 N — 00, a.e. in ), then u € LP(Q) and u,— u, as n — 0o, in LP(Q)y, if p < oo, and in
L% () s, if p = co. Finally, we recall that an operator (A4, D(A)) on L?(Q2) is maximal monotone if,
and only if, it is m-accretive. For more details, see Bergh and Lofstrom [14], Brezis [I5], Droniou [21],

Edwards [22], Strauss [33] [34], Treves [36] and Bégout [1].

4 Maximal monotone operators

Throughout this paper, we shall use the following notations and conventions. Let m > 0. Since
|[2|7(0=™)z| = |2|™, we extend by continuity at z = 0 the map z — [z|7(1"™)z by setting
|z\_(1_m)z =01if m > 0 and z = 0. To solve (|1.1), we rewrite the equation as % + Aj'u = f,
where A7 is defined below, and use the theory of maximal operators in L?(2). But the nonlinearities
Ju|~('=™)y, and |u[P~'u do not belong to L?(€). To this end, we regularize the damping term around

u = 0 and truncate the superlinearity for large values of u. As a consequence, we define the operators
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below. Let ¢ >0, p > 1 and M > 0. For u € L°(2), we define
g7 () = (fuf +)7 = u, mte >0,
W () = [ulP "Ml uycary + M2l sy,
o) = o A0,
Obviously, for any e >0, M >0 and u € LO(Q) g2(u) = h};(u) = u. In all this section, we suppose

. and . Let a, b6 € C,0<m <1, p>1and e > 0. Let us define the following operators
on LQ(Q).
Vue D(L) ¥ {u e HH(Q); Aue L*(Q)}, Lu=—’Au+ ey,

D(B™) :L2(Q), e>0orm=1, D(A™) = D(L), £ > 0,

Vu € D(B™), BMu = ae'® g™ (u) + bel? Al (u), Vu € D(A™), A™u = Lu + BMu,

D(BY) = L*(Q),

Vu € D(B), Bju = {U € L%(Q); U is a saturated section associated to u},
D(A9) = D(L) N L?(9),

Vu € D(AY), AJu = {Lu+ ae’U + be'? g (uv); U € Bju},

D(A™) = D(L) N L2™(Q) N L?(Q), m > 0,

Vu € D(ARY), A'u = Lu + ae® g (u) + be'? gf (u).

We begin by establishing some preliminary lemmas on the monotonicity of the functions defined at

the beginning of this section.

Lemma 4.1. Let0<m<1,p>1,e>0 and M > 0. Then,
g7 Wby € C(L2(Q): LA()) N C(H' () H' () N C(HY(Q); HY ().
In addition, for any u € H*(Q),

Vg (u) = (m — DRe(@Vu)([ul? + €)= u+ (juf2 + €)™ Vu, (4.1)
Vh?v[(u) = Vgg(u)ﬂ{‘uKM} =+ Mp_1VuIL{‘u|>M}, (4.2)

almost everywhere in Q, where Vgb(u) in ([4.2) is given by ({.1)) with m =p and e = 0.
Remark 4.2. Let p and M be as in the lemma. For z € C, we set

hhp(z) = 12/P 2L ey + MP 7 20 5 0y
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Since hY, is globally Lipschitz continuous, we would like to prove (4.2)) with the help of the theory of
Nemytskii superposition operators. But the set on which h%,, seen as a function from R? to R?, is

not C! is infinite, since it is {|z| = M }. Therefore, the formula
Vit (u) = DRE, (u)Vau,
is not valid and we have to proceed in another way.

Proof of Lemma Let m,p,e and M be as in the lemma. A straightforward calculation shows
that for any u,v € L°(Q),
192" (u) = g2 ()] + [P () = PR ()] < C(M, p,m,€)|u - vl,

so that g™, nh, € C(L*();L*(Q)). Let uw € H'(Q). By Meyer-Serrin’s Theorem and the partial
converse of the dominated convergence Theorem, there exist (up)neny C H1(Q) N C®(Q) and T’ €

L?(;R) such that

H'(Q a.e.in Q e.in Q a.c.
Up 2O, Uy Up =0, Vuy, 2225 Yy and for any n € N, [Vau,| < T. (4.3)
n—roo n—oo n— oo

Let n € N. A straightforward calculation gives that Vg (u,), Vi, (u,) € L?(2) and

m—3

Vg™ (u,) = (m — DRe(Tn Vun) ([tn]® +€)" 2 wn + (Jun|* +¢) T Vg, (4.4)

(p — DRe(@, V) [un [P3uy + |[un P71 Vg,  if ju,| < M,
Vi, (un) = (4.5)
MP= Y u,, if |, | > M.

m

We use , the dominated convergence Theorem, and we let n " 0o in . ‘We then obtain that
g™ HY(Q) — H*(2) and (4.1). Now, let us recall that if v € H(2) then [v| € H'(Q;R), V|v| = 0,
a.e. in {|v| = M}, and thus Re(tVv) = |v|V|v| = 0, a.e. in {|v| = M} (see, for instance, Theorem 6.17,
p.152, in Lieb and Loss [28]). It follows that,

Vh’]\)/[(un) = Vgg(un)]l{\un|<M} + Mp_1Vun]l{‘un|>M}, (4.6)

Using , and the dominated convergence Theorem, we may let n * co in . We get that
R, (u) € H'(Q) and (4.2). With the same arguments, we show that g, hh, € C(H'(Q); H'(Q)).
Now, let us show that hh, € C(H}(Q); Hj(€2)). Let u € H} (). It is enough to swow that hf,(u) €
H{(Q). Let (pn)nen C Z(2) be such that ¢, — u, as n — oo, in Hg(Q). Since (hh;(¢n))nen C
H'(Q) and supp hh;(pn) is compact for any n € N, it follows that (hh;(pn))nen C H () and, by
continuity, that hf,(u) € H}(Q) and Ak, (¢n) — hh,(u), as n — oo, in H}(2). We show in the same
way that g7 € C(Hg(Q); H§(€2)). This ends the proof of the lemma. O

14



Lemma 4.3. Let ¢,¢ > 0 and let Q' C RY be measurable (not necessarily open). Assume that there

exists A : HY (') — HY(Y') such that for any u € H' ('),
VA(u) = (¢ — DRe(@Vu)(|u® + &)= u+ (ju]> + €)= Vu, (4.7)
almost everywhere in ', where both terms belong to L?(Y'). Then,

|1 — q|Re /Vu.VA(u)dx > 2./q |Im /Vu.VA(u)dx , (4.8)

Q/ 194

for any u € H* ().
Proof of Lemma Let the assumptions of the lemma be fulfilled. We have by (4.7) that,
2 — _
€ _ 1 _ )
¢ f/w VA /‘V“‘ ([u* +2) — (1~ QRe(@Vu) aVu

q )

(Jul? + )"

Using that |Vu|?|u|? = |Re(uVu)|? + |Im(uVu)|?, we get that

2 T2 & @V 2
Re(I) =« /(Wm,ngj_k/qme(uVuﬂ —|—|(m(uVu)| de.

[ul? +e)=* S (Jul? + )"
Im Re(aVu).Im( ELun) d
(lul?+¢e)=

In particular, this gives the result if ¢ = 0, so that we now assume that g > 0. By Young’s inequality,

2|Re(uVu)| [Im(@Vu)| < /g |Re(@Vu)|* + |Im(u\/§u)|2

It follows that,

2,/q |Re(TVu)] |Im(uVu)|
2, (1) < 1 - |/ e

da < [1 - qRe(I),

3—q

|/q|Re (uVu \2 + [Im(aVu)|?

(lul*+e)=
which gives (4.8]). O
The lemma below concerns the accretivity of the operators defined at the beginning of this section.

A part of these results (estimate (4.10) below) can be found in Pazy [32] (proof of Theorem 3.6,
p-215-216; see also Okazawa [30]), but for the sake of completeness, we give the full proof.

Lemma 4.4. Let m >0,e>0, M >0, p>1 and u € D(L).

L aein {u#0}. IfUAu € LY(Q) then

1. Suppose m = 0. Let U € L}, () be such that U = ]

Re (—Au)Udz | > 0. (4.9)
/
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In particular, if a € Cy(0) then Re (aew /(—Au)de) > 0.
Q

2. Assume that m > 0. If u™Au € L*(Q) then we have

|1 — m|Re (/(—Au)gg)"(u)dx) > 2y/m (Im (/(—Au)gg)"(u)dx) : (4.10)
)

Q

If a € Cy(m) then Re (aew /(—Au)ggl(u)dx) > 0.

Q

3. Assume that m € [0,1]. We have,

(1 —m)Re (/(—Au)g;”(u)dz) > 2y/m |Im (/(—Au)gg”(u)d:z:) . (4.11)
Q

Q

If a € Cy(m) then Re (aeia /(—Au)gé”(u)dac) > 0.

4. We have,

(p— 1)Re ( / (-M)h@@)@;) > 25 [Im ( / (_Au)hgg(u)dx) . (4.12)
Q Q

If b € Cy(p) then Re (beie /(—M)h%(u)dx) > 0.

Q
Proof. We first establish (4.11) (and so m < 1). By Lemma we may apply Lemma with
g=m, ¥ =Q and A = ¢, from which (4.11)) follows since

/(fAu)de = /Vu.de.

Q Q

Letting € N\, 0 in with the help of the dominated convergence Theorem, we obtain for
0 < m < 1. We continue with the proof of . Still by Lemma we may apply Lemma with
qg=p, QY =Qn = {|Ju| < M} and A = hl,. It follows that

(p—1)Re (/ Vu.Vh’&(u)dx) =(p—1)Re < Vu.Vgh(u)dz + MP~? / |Vu|2dx>
Q Qum Q5

> 2/pIm (/Q Vu.Vgh(u)dz + MH/Q |Vu|2dx> =2,/pIm (/Q vuv%(u)dx> ,

M
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from which (4.12)) follows since by Lemma

/ (—Aw)hE (w)dz = | Vu.VAE, (u)da.
Q

Q
With the help of the dominated convergence Theorem, we let M 7 oo to the above and we get (4.10)
for m > 1. Now we turn out to the proof of the last inequalities of Properties Let a € Cp(m)

and let I be the integral in (4.10). We have by (4.10) that,
2v/mRe(ae’T) = 2¢/mRe(ae'?)Re(I) + 2¢/mIm(ae')Im(T) > 0,

which is the last inequality of Property [2l The last inequalities of Properties are obtained in the
same way. To conclude the proof of the lemma, it remains to establish Property Assume that

m = 0 and let U be as in the lemma. Set w = {u # 0}. Since u € D(L) then u € H2 (Q) and it

loc

follows that Au = 0, a.e.in w®. It follows that the integrals in (4.9) and (4.11)) are the same if we
replace 2 with w. Then, applying (4.11)) applied with m = 0, and using Lebesgue’s Theorem, we let
e \(0in (4.11)) and obtain (4.9), while the last inequality is obvious. O
Lemma 4.5. The operator (L, D(L)) is mazimal monotone on L?(2).

Proof. By (2.2), (2.5) and the Lax-Milgram Theorem, L is monotone and R(I + L) = L*(Q). O

Lemma 4.6. Let (0 <m <1 ande >0) or (m >0 and e =0), and let u,v € L} (Q) be such that
(97 (u) — g7 (v)) (w—=v) € L*(). If a € Cy(m) then we have,

Re aew/(g;”(u)—g;n(v))(m)dx > 0.
Q

Proof. Let u,v € L} () be such that (g7 (u) — g™ (v)) (v —v) € L*(2), and let I be the integral in

loc

the lemma. We have by Liskevich and Perel’'muter [29, Lemma 2.2] (m > 0 and € = 0), [J, Lemma 5.6]
(m €10,1] and € > 0) and (2.4) that 2/mRe(ae’T) = 2\/m (Re(ae'”)Re(I) — Im(ae*?)Im(I)) and

2/m (Re(ae')Re(I) — Im(ae'?)Im(I)) > (2v/mRe(ae'?) — |1 — m| [Im(ae'?)|) Re(I) > 0.
Hence the result. O

Lemma 4.7. Letp > 1 and M > 0. Let for z € C, ¢pp(z) = |z\p_1z]l{‘z|<M}—|—Mp_1z]l{|z|>M}. Then
for any (21, 22) € C2,

(0~ DRe ((6ar(21) — oar(22)) (7T 22)) 2 2vB|Im ((onr (1) — dnr(22)) (T 22))|. (4.13)

In addition, if b € Cy(p) then for any u,v € LL () such that (kh,(u) — hh;(v))(u —v) € L*(),

Re | bel? / (hh,(u) — hh,(v)) (w—v)dz | >0, (4.14)
Q
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Proof. Let the assumption of the lemma be fulfilled. We begin by proving (4.13)). This result is ob-
vious if 2120 = 0 or if |z1], |22] = M. If |z1],|22] < M then (4.13]) due to Liskevich and Perel’muter [29]
Lemma 2.2]. So, without loss of generality, we may assume that 0 < |2z3| < M < |21]. Let,

_ |m(Za)

Zy = (ba(21) — du(22)) (21 = 22) and Fu(t, s,0) Re(Zn)

(By [0, Lemma 5.3], Re(Zyr) > 0.) Setting t = |z1], s = |22] and 8 = Arg(Z122), we have to show that,

— 1)2
Fur(t,s,0? < =1, 4.15
ultos. 0 < £ (1.15)
We have that,
5 t282(MP~1 — sP71)2(1 — cos? ) def A(1 — cos?0)
FM(t,S,G) - 2 = 2
(MP=142 + spF1) — ts(MP=1 4 sP=1) cos ) (B — Ccos?)
where we have used that Re(z1z3) = tscosf and Im(Z7z2) = tssinf. We claim that
t2 2 Mp—l _ op—1)\2
Far(t5,0)2 < 15 ) (4.16)

(12 — s2)(M2r—2¢2 — g20)’

We write 0 = cos @ and g(o) = Fi(t, s,0)%. Note that since t > M > s > 0 and Re(Zy;) > 0, we have

A >0, and B— Co > 0, for any o € [—1,1]. Since, n?ax ]g(o) =g (%) = ﬁ, it follows that,
oe[-1,1

sup F.(t,5,0)% < 32%02, which gives (4.16)). Moreover, by Cauchy-Schwarz’ inequality, we have,

0€R

2 2

p—1 p—1\2 M M
—(M @ :18)2 ) = /O‘p_QdO‘ = /ap_%a_%da
N ! 2 WY (=2 _ 4—2 2 _ 2
< /U2p—1da/a_3daz (M - s)(s =~ t7) < s (M2P_2t2—82p).
4p 4pt2s?
S S

Putting together (4.16)) with above, we get (4.15) and then (4.13). Now we turn out to the proof of
[#.14) by using (4.13). Let (21,22) € C2. We have that,

2y/pRe (b (Prr(21) — dni(22)) (71 — 22))
=2/ (Re(beie)Re ((q&M(zl) — d)M(zQ)) (zl — zg)) — Im(be'?)Re ((QSM(zl) — ¢M(22)) (zl — 22)))
> (2\/]3Re(bei0) —(p— 1)|Im(beie)|) Re ((QSM(zl) — d)M(zQ)) (21 = 22)) >0,

from which we get (4.14]). O

Now, Let us prove the monotonicity of the operators introduced at the beginning of this section.

Lemma 4.8. Let (m,p) € [0,1] x (1,00) and (a,b) € Co(m) x Cy(p). Then (A", D(AF")) is monotone.
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Proof. If m > 0 then the result comes from Lemmas [£.5] and 1.6l Now, assume that m = 0. Since
a € Cy(0), we have by that a = e~ for some positive real number p. Let uy,us € D(A9)
and (V1,V2) € AQu; x AJus. Then for each j € {1,2}, there exists U; € Blu; such that V; =
Luj 4+ pU; + bel g8 (u;). By accretiveness of the operator L (Lemma |4.5) and Lemma

(Vi = Va,ur —u2)r2() = u(Ur — U, ur — uz)r2(q)-

By [I1, Lemma 6.1], we have for any n € N that Re (meB —Us)(ur — uz)dx> > 0. The result

follows from Lebesgue’s Theorem. O

Proposition 4.9. Let M > 0, (m,p) € [0,1] x (1,00), (a,b) € Cy(m) x Cy(p) and € > 0. Then the

operators (A™, D(A™)), with m < 1, and (A}, D(A})) are mazimal monotone on L?().

Proof. Let u,v € L?(2). By Lemmas and the operators (B™, L%(Q)) and (B}, L*(Q))
are monotone. In addition, B, B} € C(L*(2);L*(Q)) (Lemma and we then deduce that
(B™,L*(Q)) and (B}, L?*(Q)) are maximal monotone (Brezis [I5, Corollary 2.5, p.33]). With the
help of Lemma and Brezis [15, Corollary 2.7, p.36], we obtain the desired result. O

Proposition 4.10. Under Assumption the operator (A", D(AJ")) is mazimal monotone.

Proof. By Proposition we may assume that m € [0,1). In addition, by Lemma we only have
to show that R(I + AJ") = L?(Q2). Let F € L?(Q2). We proceed with the proof in four steps.
Step 1: Let € > 0. There exists u. € D(A") satisfying,

—el? Au. + ae g7 (ue) + be?hP_, (ue) + veus + ue = F, in L*(Q). (4.17)

Since (A™, D(A™)) is maximal monotone (Proposition [4.9), we have R(I + A™) = L*(Q).
Step 2: The family (uc)eso is bounded in H}(Q), and the families (Au.)-~0, (97 (ue))eso and
(he-1(ue))eso are bounded in L?(€2). In addition, there exist a u € D(AZ') and a decreasing sequence

(eén)nen C (0, 1) converging toward 0 such that,

7'(Q)

Ue, — U, (4.18)
n— o0
U, 2w, (4.19)
m -@/(Q) m
gt (ue,) — 9% (u), m >0, (4.20)
2'(Q
W (ue,) S22 gh(u). (421)
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Let e > 0 and Q. = {\us\ < 5*1} . We take the L2-scalar product of (4.17) with u.. We get,

cos 9||Vu5||%2(9) + Re(aeie)/ . - de + Re(bew)/hg,l(ug)u?dx
J (up+ o

+ (Re(ve?) + 1) [lue| 720y = Re/FiTedx,
Q

Applying Cauchy-Schwarz’ and Young’s inequalities to (4.22)), we obtain that
cos QHUEH%'&(Q) + Re(ae'?) / ———dx
Q
i +1 —(p—
+ Re(bel®) (Jluz 254, o) + e~V uclBags) ) < IF 1320,
Repeating the process with —Au,, we get with the help of Lemma [£.4] that
cos 0| Aue|[72(q) < IF(1Z2(q)-

Taking the L2-scalar product of (4.17) with ¢™(u.), we obtain,

Ro [0 [ (- dua)gluias | + Re(ao)gt"(ue) o, + Re (06 [ 12, ()i
a Q

_ 2
_’_(Re(,yele) + 1) /(|u|2|u_:|5)2dx = Re /ng (ue)dz

Since Re(bel?) > 0 and

p+1 2
/h_1 ue ) g (ue)da —/ [ue] — e dx4e 1)/L_d:r>0
( o (

Juc]? + )" |uel? +¢) 2

e

we get from (4.24)), (4.25) and the Cauchy-Schwarz and Young inequalities that

sup [|g2" (ue) || L2() < oo
e>0

It then follows from the equation (&.17)), (#.23)), (4.24) and (4.26)) that,

sup ”hg—l(ue)”L?(Q) < Q.
e>0

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

By (4.23) and (4.24)), there exist u € D(L) and a decreasing sequence &, \, 0 satisfying (4.18)—(4.19).
D a.e.in . . . 2

By (4.19), we have that hsgl (ue,) — gb (u), which gives with (4.27) that u € L*(Q2) and (4.21]).

Note that if m = 0, we have shown that u € D(L)N L?*(Q) = D(AY) and Step 2 is ended. Assume

m > 0. By (4.19), we have that

gl (ue,) 22y g (),
n—oo
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By (4.26) and (4.28), we obtain that u € L?™(Q) and (4.20)), so that u € D(AZ).

Step 3: If m = 0 then there exists U € Bju such that, renumbering the sequence if necessary,

0 7'(Q)
9e, (ue,) ——=U.

" n—00
We have for any n € N, g2 (ue, )|y < 1. Then, renumbering the sequence if necessary, there
exists U € L>(Q) such that [|U| <) < 1 and g2 (u.,)— U, as n — oo, in L°(Q)y.. Hence,
92 (uc,) — U, as n — oo, in 2'(). By ([.19), ¢¢ (ue,) — g§(u), as n — oo, a.e. where u # 0.
It follows from [12, Lemma 6.1] that U = gJ(u), a.e. where u # 0. Finally by Step 2, (¢2(ue))eso is
bounded in L?(€2). It follows that U € L*(Q2) and ¢2 (u,) —— U, in L*(Q)y,. Hence, U € Bju.

. n—oo

Step 4: Conclusion.
By (4.17) and Steps 2 and 3, if m = 0 then U € Bu and —e'® Au+ae'®U +bel® |u[P~tu+~elPutu = F,
in 2'(Q), so in L?(2), since (u,U) € D(AS) x Bdu. In other words, u € D(AJ) and (I + AJ)u > F. In
the same way, if m > 0 then by Step 2, u € D(AZ') and (I + AJ")u = F, in L?(). O

5 Proofs of the theorems of existence and uniqueness

Proof of Proposition Let (u, f) be a weak solution and let (uy,, fn)nen be a sequence of strong
solutions to ([1.1)) satisfying (2.8)—(2.9). By Remark each u, satisfies (2.37) with H = L*(Q).
Set Y = H2(Q) N L7 (). Then Y* = H~2(Q) + L= (), and by [8, Lemma 6.2], we have for any
T >0,

A, COTIZE, Ny and g () ST, gy (5.1)

It follows from the equation satisfied by each wu,, (2.9) and (5.1) that for any 7" > 0, (up)nen is a

Cauchy sequence in Wl’l((O,T); Y*), so that (2.5) hold true. We use (2.9), (2.12)) and (5.1 to pass
to the limit in the equation satisfied by each u,. Then, u satisfies (I.1]) in L} ([O7 00); Y*). O

loc

Proof of Proposition The embedding in (2.13) comes from [8, Lemma A.4] (1 < ¢ < o0) and
[T, Theorem 5.3] (¢ =1 or ¢ = c0). We make the difference between the two equations satisfied by u
and @, respectively. It follows that u — U satisfies the equation obtained in L{, ((0,00); X*). We take

the X* — X duality product with e™"(u — @). By [8, Lemma A.5], [IT, Theorem 5.3, Lemma 6.1],
Lemma [£.6] and Cauchy-Schwarz’ inequality, we get,

1d - ~ ~
5&”“ — 720y < I = fllzz@lle — @l 2 (),

almost everywhere on (0, c0). Integrating over (s, t), we obtain (2.14)). Finally, we note that the strong
solutions satisfy (2.13]) with ¢ =m + 1 or ¢ = p + 1, and that (2.14]) is stable by passing to the limit
in C([0,T]; L*(2)) x L'((0,T); L*(£2)), for any T > 0. By using (2.9), we then deduce that (2.14) still

holds true for the weak solutions. O
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Proof of Theorem Let the assumptions of the theorem be fulfilled. With the help of Propo-
sition we may apply Barbu [4] Theorem 4.5, p.141] (and also Vrabie [37, Theorem 1.7.1, p.23]).
It follows that there exists a unique u € Wli)fo([o 00); L2(Q2)) satisfying u(t) € D(AF') and in
L?(Q2), for almost every t > 0, u(0) = ug and - This last estimate yields . Let us take the
L2-scalar product of with e 4. Since u € W ([0, 00); L*(£2)), we may apply [8, Lemma A.5]

loc

to obtain (2.29)), for a.e.t > 0. By (22.29)), the Cauchy-Schwarz inequality and integration, we get that

t
VE >0, u(®)llz2e) < lluollz2(e) +/Hf(8)||L2(Q)ds, (5:2)
0

cos B Fu(t) 3y + Re(ae) Ju(t) 751 oy +Relbe) [u(t) 241,
< (Jue ()2 + 1F @) L2e0) @) 20
for a.e.t > 0. We have by (5.2)—(5.3) that, u € L ([0, 00); H} (©2) N L™F1(Q2) N LPF1(€2)) and that u

is an H2-solution. In particular, u € Cy ([0, 00); H} (£2)). Now, we take the L*-scalar product of (L.1)
with —e~" Au. Using Lemma and Cauchy-Schwarz’ inequality, we get that

(5.3)

cos 0| Aull 2 ) < (lluellp2) + 1f112 @) » (5.4)

a.e.on (0,00). Therefore, there exists C' > 0 such that for a.e.t > 0, ||Au(t)||z2(q) < C, and since
Au € Cyw([0,00); H71(Q)), we infer that Au € Cy([0,00); L*(2)). Taking the L?-scalar product
of with e ¥gf (u), we obtain,

Re /utgg(u)dm + Re | € /(—Au)gé’(u)dx + Re aew/ggl(u)gg(u)dx
) ) o)

+ Re(be) ] Py + (Rer?) +1) [ fu o =Re | o [ f(0)f(u)da
Q

But Re(ae'?) > 0 and [, g ( u)gh (u)dz = Jo lu/™Pdz. We then deduce from the above estimates and

the Cauchy-Schwarz and Young inequalities that

()1 720y < C (lue(®)l2() + 1 (Ol 220 - (5.5)

for a.e.t > 0. In particular, u € L2, ([0, 00); L*P(2)) and we infer with the help of (L.1) that if m > 0
then u € Lg2 ([0,00); L2™(Q)), and if m = 0 then the saturated section U asssociated to u satisfies
(2.28)). Since we have for any t > 0,

IVut)Zai@) < lu®)llzz@)lAu)llLz (), (5.6)

we get (2.35) with the help of (2.34) and (5.4). In particular, u € C([0,00); Hg(f2)). Taking the
L?-scalar product of (I.1)) with —e~ Aw, it follows from [8, Lemma A.5], Lemmaand the Cauchy-
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Schwarz and Young inequalities that for almost every ¢ > 0,

1d
§&|\Vu(t)||%2(m + cos 0| Au(t)[|72 ()
1 cosf
< F@Ollz2@ 1 Au®)llz2@) < m”f(t)ﬂizm) + == 1Au®)]72(0),
from which we get Property [4} It remains to prove Property [5l This comes from (1.1)), (2.36)), (5.2
and (5.4)—(5.6)). This ends the proof of the theorem. O

Lemma 5.1. Let Assumption be fulfilled, let (u, ) and (un, fn)nen satisfy (2.9), where (un, fn)nen
((tnys Upy fr)nen, if m = 0) is any sequence of H?-strong solutions to (1.1)-(1.2). Then u is a weak
solution to (1.1))—(1.2) and satisfies (2.15)), (2.16) as well as

u, ——u, in L*((0,T); Hol(Q))W, (5.7)
n—0o0

Auy — Au, in L*((0,T); H (), (5.8)

n—roo
a1 at1

ga(up) mgg(u), in L'« ((0,T);L = (Q))_, ¢>0, (5.9)
L°°((0,T) X 2) wx

Uy, —— U, ifm=0, (5.10)

n—r-o0
ou,, ou . ,

for any T > 0 and g € {m,p}, where U is the saturated section associated to u when m = 0. Finally,

u satisfies (2.17)), for s =0 and any t > 0.

Proof. Let (u, f) and (uy, fn)nen be as in the statement of the lemma. Let T > 0 and ¢ € {m, p}.
By (2.9) and the diagonal procedure, there exists a subsequence (un, )ren C (Un)nen satisfying

LN CLOLI N (5.12)

k—o0
from which we get

a.e.in (0,00)xQ
g(q)(u"k) k gg(u)v q> 07 (513)

—00
L ifm =0, (5.14)

Up, ae.inw
U, =
" g, | koo |l

where w = {(t,z) € (0,00) x Q;u(t,z) # 0}. By (2.29), we have for any n € N,
1 T T T
lun(D)e + cos0 [ [Fun(0)Fadt+ Reae®) [ (0251t + Re(be) [ (0)155%, e
0 0 0

T T
: 1 : -
+R€(Ve‘9)/||un(t)||%2dt= §||un(0)||2L2 +Re | e // fo(t, @) un(t, ) dzdt | . (5.15)
0 0Q
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We infer with the help of (2.9) and Cauchy-Schwarz’ inequality that

(un)nen is bounded in L*((0,T); H} (), (5.16)
(un)nen is bounded in LI ((0,T); LIT(Q2)), (5.17)
(98(tn))nen is bounded in L% ((0,7); L7 (), ¢ > 0. (5.18)

We claim that u satisfies ((2.15), (2.16)), , (5.8), (5.9) and

Vi, —— Vu, in L2((0,7); L3(2))", (5.19)
n—oo
T 1 T 1
| 1t e < timint [ 05 (5.20)
for the whole sequence. Indeed, first of all, since for any r € [1, 00),
L7((0,T); L" () = L"((0,T) x ©), (5.21)

we have by (5.12), (5.17), (5.21) and Fatou’s Lemma that u satisfies (2.16) and (5.20)). Next, we

notice that

C([0,T); L*(Q)) = 2'((0,T) x Q), (5.22)

and that the spaces involved in and are reflexive and also continuously embedded in
2'((0,T) x ). We deduce from (2.9), and that holds true and, for a subsequence,
that u satisfies and . But if does not hold for the whole sequence, by density of
Lz((O,T);LQ(Q)) in LQ((O,T);H*I(Q)), we obtain, for a subsequence, that u,—u, as n — oo, in
L2((0,T); L2(Q))W, which contradicts (2.9). Hence holds for the whole sequence, from which
and follow. In addition, if does not hold for the whole sequence then by , there
exists a sequence (n¢)sen C N for which we have that g§ (un,)==g{ (1), as £ — oo, in LT ((0,T)x€Q) .
Still by and the diagonal procedure, there exists a subsequence (ng,)jen C (n¢)een such that
Un,, — U, as j — 00, a.e.in (0,00) x Q, and so we have gg(umj) — gd(u), as j — oo, a.e.in
(0,00) x Q. This yields, with that gg(uwj) — g(u), as j — oo, in LITH((0,T) x Q) , a
contradiction. Therefore holds true. Hence the claim. Moreoever, comes from and
(5.22). Finally, by , , and the weak lower semicontinuity of the norm, we obtain
for any t =T > 0 and s = 0, with the help of . Now, assume that m = 0 and let us establish
for a subsequence. Since sup,,cy [|[Unl| Lo ((0,00)x0) < 1, there exists U € L>((0,00) x Q) such
that, renumembering (n)gen if necessary, we have
L% ((0,T) X ) e

U, ———— 1. (5.23)

k— 00

By (5.14) and (5.23)), we get that U is a saturated section associated to v ([I2, Lemma 6.1]). Now,
we return to the general case m € [0,1]. Using (2.9) and (5.8)—(5.11) with the sequence (ny)ren in
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(5.23) to pass to the limit as k¥ — oo in the equation (L.1)) satisfied by (un, )ren, we obtain that (u, f)
(or (u,U, f), if m = 0) satisfied (L.I) in 2’((0,00) x €2), so that u is a weak solution to (L.I)—(L2).
Finally, assume that m = 0. Writing that for any n € N,

=0 = (G = T ) = (B = A 4 0lgh0) = () + 20— 02) = (= )

and passing to the limit in 2’((0,00) x €2), we again obtain thanks to (2.9), (5.7)-(5.9) and (5.11)),
that Up —— U, in &' ((0,00) x ), and therefore (5.10) is also true. The proof is ended. O

Proof of Theorem Apply the densities of 2((0,00); L2(2)) in L ([0, 00); L*(2)) and 2()

in L?(Q2), Theorem Proposition completeness of C([0,77]; L?(2)) and Lemma O

Proof of Theorem Let (u, f) be a weak solution and let (u,, fn)nen be a any sequence of
H?2-strong solutions to satisfying 7. We first establish . By Lemma
holds on any time interval [0,T], T > 0. Let t > s > 0. For o > 0, let g(0) = f(o +s) and let (v, g) be
the weak solution to such that v(0) = u(s). By uniqueness of weak solutions, v(c) = u(c+s), for
any o > 0. Applying on the time interval [0,¢ — s] to (v, g), we obtain the general case (2.17)).
By Lemma it remains to prove 7. Let T > 0 and let v € L™ ((07 T); YmJ,). It follows
from (L.1), (2.9), and that

. _ip Oun,
lim <e ‘ ot 7v> = <AU7U>L1((O,T);H—l),L"C((O,T);H&)
LY((0,T);Y5, ) Lo ((0,7):Yom,p)

n— 00
m,p

(bgpy (u), v) 1

— {agg"(u),v) L1((0,T);L » ),L>°((0,T);Lr+1)

Ll((O,T);LmT+1 ),Lo0((0,T);Lm+1) -

= (YU, V) L1 ((0,1);:L2), L ((0,7):L2) T {f5V) L1((0,7):L2), Lo ((0,T); L)

from which (2.18)—(2.20) follow, by embedding L' ((0,T); Yn*%p) — 2'((0,T) x Q) and (5.11). O
Proof of Theorem Let (u,U, f) be a weak solution and let (u,, Up, fn)nen be any sequence

of strong solutions to (I.1)) satisfying (2.8)—(2.9). Let (Y2)¢en, be any L'-approximating sequence of
RNP-spaces ([T1, Lemma 5.8]). Let T > 0 and let £ € N. Since Y, < L'(Q) with dense embedding,
it follows that

L>((0,T);Yy)) = L*((0,T);Yy)) < L' ((0,T); L* () =2 L' ((0,T) x Q), (5.24)

with dense embeddings. By duality, since Y} is reflexive, we obtain that

L®((0,7) x Q) < L'((0,7);Y2))" = L=((0,7); Yy") — L*((0,T); Yy), (5.25)
L'((0,7);Y/))" 2 L%((0,T); Ye). (5.26)

It follows that for any v € L>((0,7);Y;) and n € N,
(Un = U0} e 0,1y x. 21 (0.1 x0) = Un = Us0) 110,17, % (0,172 (5.27)
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from which we deduce that with the help of (5.10) that

LY((0,T):Y))w
U, — """y (5.28)

n—o0

Using (5.8), (5.9), (5.11)), (5.28) and that for any 7' > 0, L' ((0,T); Zé‘p) — @/((0 T) x ), we prove
(2.21)—(2.23)) in the same way as for Theorem Finally, (2.24) comes from (5.10)), and (2.25)) comes
from the equation (l.1) and Lemma Notice that 2(Q2) — Y, with dense embedding and that

Y} < Yy, so that (2.21)(2.23) hold true for £ = 0. Finally, if |2| < co then H} (Q)NL(Q)NLPH(Q) =
HY(Q) N LPTL(Q), which is reflexive and separable. In this case, the above arguments work for

H () N LP(Q) in place of Z,,. O

Proof of Theorem u Let ug € H}(Q) and f € L ([0, 00); L?()). Let u be the unique weak
solution to given by Theorem. Let (¢n)nen C 2(Q) and (fr)nen C 2((0,00); L2(€2))

be such that ¢, #) ug and fp, % f, for any T > 0. For each n € N, let (uy, f,) be the

unique H? solutlon to such that u,(0) = ¢, given by Theorem By Proposition we
have for any T > 0,

L2 E H™?
Un, —>C([O7T]7L () u, Vun clorin @) Vu and Aun CUOTRIT () Au. (5'29)
n—> 00 n—->00 n—»ro0

Since each u,, satisfies Property [] of Theorem we get after integration that for any n € N and
t>0,

t t
1
VOl 0 + cos6 [ [18ua(5) Exrds < [Vl + g [ 1n(@lagards. (530
0 0

We infer with the help of (5.29) and (5.30) that for any T' > 0, (un)nen and (Auy,)nen are bounded
in C([0,T]; H}(Q)) and in L?((0,T); L*(£2)), respectively. It follows from (5.29) that for any T > 0,

u € Cy([0,00); Hy()) and Au € L, ([0, 00); L*(%)), (5.31)
Un ——u, in L>®((0,T); Hy () (5.32)

YV, (t) — Vu(t), in L*(Q)N, vt € [0,T], (5.33)
Auy —— Au, in L*((0,7); L*(Q)) . (5.34)

n—oo

Using (5.33)), (5.34), and the weak lower semicontinuity of the norm to pass to the limit in (5.30), we
obtain (2.27) with s = 0, for any ¢ > 0. Now, we fix s > 0. Let (v, f(. + s)) be the weak solution
to (1.1) such that v(0) = u(s). By uniqueness of weak solutions, v(t) = u(t + s), for any ¢ > 0. We

then obtain the general case (2.27). Now, if m > 0 then by (2.16), (5.31)) and (1.1)), we get that
m41

u € WH([0, 00); L2(Q) + L5 (Q) +LPTJ§1(Q)) where ¢ is as the statement of the theorem. Finally, if
m = 0 and | < oo then U € L*((0,00) x Q)) — L% _([0,00); L*(£2)), so that U : [0,00) — L?()

loc
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is measurable and satisfies (2.28]). Using again (2.16)), (5.31)) and (1.1]), we get the desired regularity
for u which allows to apply [8, Lemma A.5], from which ([2.29) follows. O

Proof of Theorem Let the assumptions of the theorem be fulfilled. Let ug € H}(Q2) and let
u be the unique weak solution to . 11.3) given by Theoremm We begin with the case b = 0. By
(2.16), (2.26), (2.28)) and (1.1, we have that u € Wlo’c w ([0 00); X*), where X = H}(Q)NL™(Q).

Hence u satisfies (2.6 with ¢ = m and is an H}-solution. If we have (2.31]) with m > 0 then by (2.26)
and Sobolev’ embedding, we have for any T > 0,

mt1
/ Iob @) | at = / eIy dt < CON DTl 5 100

while if = 0 then U € LS, ([0, 00); L*(2)) by (2:28). Hence with (2.16)), (2.26) and (L.I), u satisfies

[2.6) with ¢ = m and is an H}-solution. Now, assume that we have (2.32). If m > 0 then we have by
Holder’s inequality that

mptl
/ o ) st = [ [t arde <

+1
/ Ol it |
0, T)xQ2

for any T' > 0, while if m = 0 then U € LIOC([O,OO);LQ(Q)) by . We infer with , ,
) and , that u satisfies with ¢ = p and is an Hg-solution. So, in these three cases,
u is an H&—solution, which is unique with the help of Proposition It remains to show that the
map t — ||u(t)||%2(m belongs to V[/'lic1 ([0,00); R) and that holds for almost every ¢ > 0. Let
Y = HY(Q) N L™TH(Q) N LPTH(Q). By the regularity of u, we may take the Y* — Y duality product
of with e u. Then [8, Lemma A.5] gives the desired result. O

s 3

Remark 5.2. The assumptions f € LE ([0, 00); L*(2)) in Theorem and (2.33) in Theorem

may be replaced with

f € Llloc ([07 00)7 H&(Q))>

Fe b (10,00); HY(Q) N Lz (10,00); H™Y(Q) + L™ () + L™ (),

loc

respectively, as for the H{-solutions of the Schrédinger equation in [9) 10} [I1] (which corresponds to

9 =+% in (L.1)) . In this case, (2.29) is no more valid and (2.27) has to replaced by

1
IV =y + 050 [ 1 4u(@) 2 oydo
(5.35)

t t
1
< S IVus)llzz o) + \IVU(S)I\L2(9>+/||f(0)||L2<Q)d0 /Hf(a)\lm(mda

27



for any ¢t > s > 0. In addition, the regularity of w is no more Wﬁ)f but WI})’Cl, and the equation is
no more satisfied in L2 . but in L] . We proceed as follows. We use the notation of the proof of
Theorem [2.12 but with the assumption that (f,)nen C 2((0,00); H}(Q)) with f, % 1,
for any T > 0. Taking the L?-scalar product of with —e™%Aw,,, we obtain for anynn € N and
a.e.t >0 ([8, Lemma A.5] and Lemma [4.4),
1d
2dt

[Vun (B)lI2(0) + cos Ol Aun )17y < IV fa(®)llz2() [Vun )l 20, (5.36)

from which we get,
t
[Vun(t)|22@) < VenllL2) +/\|an(8)HL2<md8, (5.37)
0
for any n € N and ¢ > 0. Putting in and integrating the result, we get

t
1
1T 0y + €056 [ 180 (5) s
0 (5.38)

t t
1
< IVl + (190l + [ 1) lzords | [ 1ol zaiords,
0 0

for any n € N and ¢ > 0, instead of (5.32)). Finally, we proceed as in the proof of Theorem to
obtain ([5.35), whereas the proof of Theorem is unchanged. In the same way, we get from (5.37)
that

t
[Vu(®)| L2y < [IVu(s)llr2(o) +/\|Vf(0)IIL2<Q)dU7 (5.39)
for any t > s > 0.
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