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COUPLINGS OF BROWNIAN MOTIONS WITH
SET-VALUED DUAL PROCESSES ON RIEMANNIAN
MANIFOLDS

BY MARC ArRNAUDON, KoLEnk CouLIBALY-PASQUIER

& Laurent MicLo

Asstract. — The purpose of this paper is to construct a Brownian motion (X¢):»o taking
values in a Riemannian manifold M, together with a compact set-valued process (D¢)¢>0 such
that, at least for small enough #P-stopping time 7 > 0 and conditioned by ZP, the law
of X+ is the normalized Lebesgue measure on D,. This intertwining result is a generalization of
Pitman’s theorem. We first construct regular intertwined processes related to Stokes’ theorem.
Then using several limiting procedures we construct synchronous intertwined, free intertwined,
mirror intertwined processes. The local times of the Brownian motion on the (morphological)
skeleton or the boundary of each D; play an important role. Several examples with moving
intervals, discs, annuli, symmetric convex sets are investigated.

Risumic (Couplage des mouvements browniens avec des processus duaux & valeurs ensembles
sur des variétés riemanniennes)

L’objectif de cet article est de construire un mouvement brownien (X¢);>o & valeurs dans
une variété riemannienne M conjointement avec un processus a valeurs ensembles (D¢);>0, de
telle sorte qu’au moins pour tout temps d’arrét 7 > 0 assez petit dans la filtration T engendrée
par (D¢)¢>0, la loi de X; conditionnée par fT_’? est la mesure riemannienne conditionnée sur D.
Ce résultat d’entrelacement est une généralisation du théoréme de Pitman. Nous commencons
par construire des processus entrelacés réguliers par le biais du théoréme de Stokes. Puis en uti-
lisant différentes procédures de limites, nous construisons des processus entrelacés synchrones,
libres et miroirs. Les temps locaux du mouvement brownien sur le squelette (morphologique)
ou sur la frontiére jouent des roles importants. Nous étudions plusieurs exemples consistant en
des intervalles, des disques, des anneaux et des ensembles convexes symétriques.
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1. INTROI)UCTION AND MAIN RESULTS

Markov intertwinings were introduced by Rogers and Pitman [20] to give a direct
proof of the famous relation between the Brownian motion and the Bessel-3 pro-
cess due to Pitman [18]. These relations were next used by Yor and his coauthors
(see e.g. [23, 6]) to get identities in law and by Diaconis and Fill [9] to construct
strong stationary times. For a historical account of the subsequent development of
the Markov intertwining technique, consult for instance Pal and Shkolnikov [17].

At an algebraic level, a Markov intertwining relation is a (directed) weak similar
relation, from a Markov semi-group (P;);>0 on a measurable state space (M, M) to
another Markov semi-group (P;)¢>0 on a measurable state space (M, M), consisting
of a Markov kernel (called the link) A from (M,M) to (M, M) such that

(11) Vt}O, PtA:APh

in the sense of the composition of Markov kernels. Depending on non-degeneracy
properties of A, such a relation is more or less strong. Especially when Markov semi-
groups are described by their generators, (1.1) is often replaced by

(1.2) LA = AL,

where L and L are respectively the generators of (P;);>¢ and (P;);>0. But then one
has to be more careful with the meaning of generators (e.g. in the sense of martingale
problems) and their domains, in particular the domains are transported via (1.2).

To be more useful from a probabilist point of view, it is convenient to convert (1.2)
into a coupling between (X;);>0 and (X;);>0, two Markov processes respectively
associated to L and L (called the dual and primal processes), so that the following
relations hold for the conditional laws:

(13) Vt > 0, L(Xt|Y[07t]) = A(Yt, )

In addition, one asks that (X;)¢>0 can be constructed from (X;);>0 in an adapted
way, meaning
(1.4) V20,  L(XpqlX) = L(X0,0X0.1)-

Yor was wondering about such couplings between some piecewise linear Markov
processes and squared Bessel processes, in order to simplify his approach to certain

properties of the former processes similar to those of the latter, see the end of the
introduction of [23].
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Such couplings are crucial for the constructions of strong stationary times, as
explained by Diaconis and Fill [9] in a discrete time and finite setting. More pre-
cisely, in this situation X is an ergodic Markov chain with invariant probability 7
and X is a Markov chain absorbed in a unique point. A strong stationary time 7
for (X;)¢>0 is a finite stopping time for (X;);>o (and some independent randomness)
such that 7 and X, are independent and X, is distributed according to w. Taking
into account (1.3) and (1.4), one can see that the absorption time for (X;);>o is a
strong stationary time for (Xi;):>o.

Strong stationary times are important for two reasons (cf. Diaconis and Fill [9]):

— They enable to sample ezxactly the invariant probability 7, contrary to the usual
approximations provided by Monte Carlo techniques.

— They provide a probabilistic alternative to functional analysis approaches for
the quantitative investigation of convergence to equilibrium. More precisely, for any
strong stationary time 7, we have

vt >0, s(L(Xy),m) < Plr > 4],
where the separation discrepancy s(u, ) between two probability measures p and 7
is defined by

s(p,m) = ess:up( - Z—'::)

(where dp/dm is the Radon-Nikodym density). The separation discrepancy dominates
the total variation norm and gives positivity properties of p with respect to 7. In the
context of convergence to equilibrium, it is very difficult to estimate the discrepancy
of s(L£(Xy),m) via functional inequality techniques (see e.g. the book [5] of Bakry,
Gentil and Ledoux).

In the objective of constructing strong stationary times via intertwining duality,
there are particular dual processes (X;);>o which are taking values in M, the set
of measurable subsets of M, but in general M is only a subset of M, consisting in
some regular subsets. The absorption set is the whole set M. The heuristic goal of
intertwining duality is then to construct random subsets X; C M such that X; is
already at equilibrium in X, for all ¢ > 0, in such a way that X is itself Markovian
and ends up covering the whole state space M.

In the diffusion context, set-valued intertwining dual processes started to be con-
structed in Fill and Lyzinski [11] and [15]. In [8], set-valued dual processes for diffu-
sions on Riemannian manifolds were identified as stochastic perturbations of mean-
curvature flows. But the coupling of primal and dual processes were not considered
in [8] and this is our present goal, mainly for Brownian motions on Riemannian mani-
folds. As we will see, there are numerous ways to construct such couplings (this is true
in more general contexts, see [16] for the diversity of such couplings in a finite frame-
work), but none of them is immediate and they are related to fine geometric features
of the evolving subsets, such as their skeletons. We are thus to consider synchronous
intertwined, free intertwined, mirror set-valued intertwined dual processes.

JEP — M., 2024, lome 11
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The reader must be warned that, as it stands now in the context of multidimen-
sional diffusions, the set-valued dual processes are not defined up to the absorption
time (except in symmetric settings), and as a consequence the same will be true for
our couplings, which will be defined only up to some positive stopping times. We hope
to investigate this point in future works, to end the construction of strong stationary
times for Brownian motion on compact Riemannian manifolds, which remains our
remote motivation. Other motivations for the couplings of primal and dual processes
in the context of diffusions can be found in Machida [13] and [16].

Let us now present more precise definitions. Here the state space M is a d-di-
mensional complete Riemannian manifold. Denote respectively by p, p and y, the
Riemannian distance, the Lebesgue measure on M and the corresponding (d — 1)-
Hausdorfl measure. The main objective of this paper is to construct couplings of
primal diffusions processes with their set-valued dual intertwined processes. This will
partially solve Conjecture 6 in [8] in the case of Brownian motion (X;);>0 and sto-
chastic modified mean curvature flow (D;);>0 (which were generically denoted (X):>0
above). This conjecture says that an intertwined construction in the sense of Defini-
tion 1.1 is always possible.

Derintrion 1.1, Consider a Markov process D = (Dy);¢[o,7], With values in compact
subsets of M and continuous with respect to the Hausdorff topology, and where 7 is
an a.s. positive stopping time in the filtration .#? of D, serving as a lifetime for D.
We say that a Brownian motion X = (X;);>0 in M and D are intertwined when for all
bounded .# P-stopping time 7/ smaller than 7, conditioned on ff,) , X7 has uniform
law in D, (and in particular X, € D,.). More generally, for any .% P-stopping time 7
smaller than 7, we say that X and D are 7-intertwined when X and (Dy)c(o,7 are
intertwined.

This is a generic definition, below stronger topologies on subsets of M will be
considered. Note that the above lifetime is not necessary the explosion time, i.e., the
exit time from all compact sets for the considered topology. In the infinite dimensional
state space of D, compactness does not seem an appropriate notion.

Also notice that 7-intertwining prevents (X;);>o to have a lifetime smaller that 7.
So we will never have to consider the lifetime of (X;);>o0.

Our main results are Theorems 2.8, 2.12, 3.5 and 4.1 presenting such joint con-
structions of the primal Brownian motion (X};):>o and the dual domain-valued (D;);>0
processes. The coupling of Theorem 2.8 which is proved to be intertwined in Theo-
rem 2.12; consists of the infinite-dimensional stochastic differential equation (2.6),
based on a function f : (z,D) — f(x,D) which is a deformation of the signed
distance from x € M to the boundary of the domain D (see Assumption (2.2) for
the precise requirements). Theorem 3.5 is obtained by specifying some functions f
approximating the distance to boundary. Given the trajectory (X;)¢>o of the Brown-
ian motion, we construct the domain evolution (D;);>¢ using the local time of (X};);>0
on the skeletons of (D;):>0 and the mean curvatures of the normal foliations of these

JE.P — M., 2024, tome 11
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domains (see (3.19)). Functions f approximating the null function lead to Theo-
rem 4.1, where the prominent role is played by the local time at the boundary. This
situation is in some sense opposite to the previous one, since the driving Brownian
motion of (D;);>o is now independent from (X;);>o, while it is as correlated as it
can be in Theorem 3.5. These theoretical results are illustrated by the fundamental
examples of Section 5. First we recover the intertwining relation between the real
Brownian motion and the three-dimensional Bessel process. Next we deal with rota-
tionally symmetric manifolds. Finally we present the application of our results to
symmetric convex domains in the plane, even if the detailed proofs are deferred to [2].

To come back to our initial motivation, assume that (X;):>0 and (D;);>¢ are inter-
twined, where the lifetime 7 is the hitting/covering time by D of the whole state
space M. If furthermore 7 is finite (typically true when M is compact), then the
Riemannian measure can be normalized into a probability (called the uniform distri-
bution, which is invariant and reversible for the Brownian motion (X;);>0) and 7 is a
strong stationary time for (X;);>o. In this situation, the tail distributions of 7 provide
quantitative estimates for the speed of convergence of the Brownian motion toward
equilibrium, in the separation sense. These estimates will need geometric ingredients
such as Ricci bounds and it will be interesting to see how they will enter the game.

The needs for couplings between primal and dual processes of a Markovian inter-
twining relation is illustrated by [3], where strong stationary times 7,, are constructed
for the n-dimensional sphere (when the subset-valued dual is starting from a single-
ton), satisfying

and for any r > 0,

lim P[Tn > (1 _’_r)ln(n)} = lim P[Tn <(l-r)

n—oo n n—00

2. INTERTWINED DUAL PROCESSES: EXISTENCE IN CONNECTION WITH
STOKES’ FORMULA

In this section we make a construction of intertwined processes (X;)¢>0 and (Dy)i>0
based on the Stokes’ Formula (2.1) below. Consider a compact domain D in M with
C? boundary. Let f : D — R a C? function such that Vf|sp = NP the normal
inward vector on boundary. Then by Stokes’ formula, for any C? function g : D — R,

2.1 — dy = Vi —-NPVdu= Afd Vg, V1) du.
(2.1) /aDg/i /8D9<f, ) dp /Dgfqu/l)(g,fﬂl

For a € (0,1), denote by 2%+ the set of compact connected subsets D of M with
C?*2 boundary. It will be more convenient to work with this state space (endowed
with its natural topology) than with the larger one considered in Definition 1.1. Let
us even restrict it further:

We fix a point 0 € M for convenience.

JEP — M., 2024, lome 11
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Derinirion 2.1, For a given a € (0,1), ¢ > 0, we denote by F*¢ the set of
D € 2?7 such that

— D C B(o,1/¢) the Riemannian ball centered at o with radius 1/¢;

— p(0D,S(D)) > e, where S = S(D) is the skeleton of D (see appendix A for
details);

— p(dD, S°**(D)) > e, where S°*(D) is the outer skeleton of D, i.e., the skeleton
of (D)<

— the coefficients of the a-Hoélderianity of the second fundamental form of 9D are
bounded by 1/e.

The set F*¢ will serve as the state space of the set-valued process (5,5),56[0776] and
7. € (0, +00] will be the exiting time from F*:. This process will be a diffusion, i.e., a
Markov process with continuous trajectories (for the topology inherited from 2%+),
and its generator £ will be defined later in (2.8). We extend the trajectory (lN)t)te[OJE]
by taking D, = ETE for any t > 7.. It amounts to imposing that % vanishes outside
Fe. Tt is possible to define in the same way (ﬁt)te[o,fr) on D?t (which coincides
with Uz~ oF*¢), where 7 is the exiting time from D*+%. But it will be more convenient
for us to work with a process with an infinite lifetime (to be able to apply Proposition
D.3 in Appendix D) and whose set of values has a boundary which is well-separated
from the skeleton.

Let 3 € {0,a}. For Dy € D**# and § > 0 small enough, a -neighborhood of Dy
is defined as follow:

(22)  VEP(Do) i= {intlexpon, (), S € C*@D0), | fllcassom) < o,
where for f € C?*#(9Dy)

expop, (f) = {exp, (J(x)NP (@), € DD, )

(exp being the exponential map in M), and int(expyp, (f)) is the relatively compact
open subset of M with boundary expyp, (f)-

Let n(0Dg) > 0 be the maximal radius for a tubular neighborhood of 9Dg
on which the signed distance to dDg is regular. Alternatively, n(0Dg) is the dis-
tance between dDg and the union of inner and outer skeleton of Dy. Notice that
0 < n(0Dg) guarantees that all elements of \7?5 (Do) are regular deformations of
Dy. Also notice that all elements D of F*¢ have n(0D) > e. The map which to
{re C**P (D), [ fllcz+6(apy) < 8} associates D € V§+B(D0) via (2.2) is one-to-one
since for such a D, the corresponding function f is characterized by the fact that at
a point z of 0D which projects onto mw(z) € 0Dy, f(mw(z)) is the signed distance from
0Dy to z, positive when z € Dy. This is a particular case of [7, Th. 1.5].

We identify two domains D1, Dqy EV?Fﬁ (Do) with the functions fi, fo € C**8(0Dy)
such that D; = int{expyp,(f1)} and Dy = int{expyp,(f2)} and we define a local
distance

(2.3) dg.py(D1, D2) := || f1 — fallc2+6aD0)-

JE.P — M., 2024, tome 11
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AssumrTioN 2.2
— The function

fMx3F¥* —R
(2, D) — f(xz,D) = f7(x)
is a C?* function in the two variables (the differential in D is in the sense of Fréchet
with respect to the above local Banach structure defined by the distances dq,p). The
functions f satisfy
VA2l <1,
and coincide with the signed distance to the boundary pgD (positive inside D and
negative outside) in a neighbourhood of D. The functions fP have bounded Hes-
sian, uniformly in D € F%°. Furthermore, we assume that the coeflicients of the

a-Holderianity of Hessf” are uniformly bounded over <.
— There exists a positive integer m and a C' map

Oc: M x F¢ — T(TM @ (R™)*)
(z,D) > o.(x, D) = oP(z) € L(R™, T, M),

where T'(TM ® (R™)*) denotes the set of sections over M of TM ® (R™)* and
L(R™, T, M) is the set of linear maps from R™ to T, M, such that the linear map

oP(z) :RxR™ — T, M
(wo, w) — woV [P (x) + o2 () (w)
satisfies

Ve € D, oP(cP)*(x) =1dr, -

Remark 2.3. The first condition of Assumption 2.2 implies that
VfPlap = (Vpgp)lop(= NP) and
AfPlap = (Apjp)lap(= —h"),

where h? stands for the mean curvature on 0D: at € D, h”(z) is the trace of the
second fundamental form of D, it can alternatively be described as the sum of the

(2.4)

principal curvatures in 2-planes directions containing N (z). The sign convention is
that A > 0 when D is convex. It also implies that the functions fP are uniformly
Lipschitz and have uniformly bounded Laplacian. Also, for fixed x € 0D, varying D
successively along a field K normal to the boundary dD and along N for the second
derivative:

(Vf(z,), K)(x) = —=(NP(z), K(z)) and
Vdf(z,-) (NP, NP) =0,

where Vdf (z,-) is the Hessian of f in the second variable.

JEP — M., 2024, lome 11
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The second condition of Assumption 2.2 implies that for all v € T, M,

lull® = {u, VP (2))® + Y (u, 02 (@)(ed)
i=1

for eq,...,e, an orthonormal basis of R™. In particular, if z € 9D, taking u =
VfP(z) = NP(x), we get since |[NP(z)|| = 1:

(2.5) 0=(VfP(x),07 (2)(er)), i=1,...m.

Prorosition 2.4. — Assumption 2.2 can always be realized, with any o € (0,1) and
e>0.

Proof. — We begin with remarking that for D € F*¢, p(dD, S(D)) > e. In particular,
the distance to D is C?T on D, = {x € M, p(x,0D) < €}. Let h. be an odd
smooth nondecreasing function from R to Ry such that h.(r) = r for r € [0,e/2],
he(r) = (3/4)e for r > € and ||h.||oc < 1. Then fP := h. o p}, satisfies all the
requirements of the first condition of Assumption 2.2. Then for constructing o? we
proceed as in [4, Prop. 3.2], where m + 1, Vf? (cP(e1),...,0P(emn)) here is denoted
m, o1, (02,...,0,) there. The wanted regularity in D is easily checked. O

Let (Wy)i>0 and (W{™);>0 two independent Brownian motions with values respec-
tively in R and R™.
The equation we are interested in writes in It6 form for all y € 0D;:

dXy = (VfP(X,) dWy + o4 (Xy) dW)™)
dODy(y) = NP (y) (dW; + (%th (y) + AfP(Xy)) dt),

started at a compact domain Dy with C?*® boundary and X such that £ (X,) =
U (Do), where % (Dy) is the uniform probability measure on Dy. This assumption is
essential and will be made all along the paper. The notation d0D;(y) = (d0D:)(y)
stands for an infinitesimal move of the boundary 0D, at point y and is rigorously
presented in Appendix B, see (B.3). The second equation in (2.6) and (2.7) below are
stochastic differential equations in 22*<, and a geometric way to represent stochastic
partial differential equations locally defined in C*2+%([0, 00) xdDy). Similar equations
can be found in [12, App. A.2].

In fact, as in Definition 2.1, the evolution equation (2.6) is implicitly considered
only up to the a.s. positive exit time 7. of F*¢ for some fixed « € (0,1), € > 0, after
which the process is assumed not to move.

(2.6)

In (2.6), the processes (Dy)¢>0 and (X¢)>o are fully interacting, since the evolution
of one of them depends on the other one. In particular, they are not Markovian by
themselves in general.

Another subset-valued process (ZN)t)@o will be interesting for our purposes. It is
a solution to the evolution equation

~ ~ 5 — 15 9D (9D
(2.7) ¥t <7, Vy € 0Dy, dOD,(y) = NPt (y) (th + <§th (y) — M) dt),

JEP — M., 2024, tome 11
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where (Wt)t20 is a real-valued Brownian motion and where 7. is the exit time from
Fe,

Notice that the equation for (5,5),520 does no longer depend of (X¢);>o0, so if the
solution is unique, (Et)t>0 will be Markovian. It is [8, Eq. (44)] (up to a time scaling
by 2). Theorem 40 of [8] (where (44) has been rewritten as (79)) proves local existence
of a solution. The second term in the right of (2.7) is the one of mean curvature flow
(with 1/2 in front of it). The first term is a stochastic perturbation, uniform in the
normal direction. The equation for stochastic front propagation in [12] has exactly
these two terms. The last term in our equation is also uniform in the normal direction.
It can be seen as a conditioning which prevents the solution to implode. One of the
main goals of this article will be to prove that the solution to the second equation
n (2.6) has same law as the solution to (2.7).

Tueorem 2.5. — Fiza € (0,1) and e > 0. Then (2.7) admits a unique global solution.
In particular the process (Di)i>o is Markovian.

Proof. The proof is a consequence of[8, Th. 22]. It can be found in Appendix C. O

To describe the generator £ of (515)@0 we must introduce the following notations.
For any smooth function k& on M, consider the mapping F}, on D2+ by

VD e DM, F(D) ::/ kdp.
D

For any k,g € C>*°(M) and any D € D** define

—~ BD
(2:8) ZIRID) = w2 T - ]

(2.9) PP FND) = [ kda [ gdu
oD oD

Next consider 2l the algebra consisting of the functionals of the form § =
f(Fkyy .o, By, ), where n € Zy, ky, ...k, € €°(M) and f : R — R is a €°° mapping,
with R an open subset of R" containing the image of D**® by (Fy,, ..., F},). For
such a functional §, define

w’P((Vk,NP)),

(2.10) Z] Z@kal,..., ZIFy) + Z 0jf(Fiys ooy Fio, )T (P, Fi -

j,le1,n]
To two elements of A, § = §f(F,, ..., F,) and & = g(Fy,, ..., Fy,,), we also associate
(2.11) o886l = > Of(Fry, . Fr,)00(Fgy, oony Fy, )T 51 Fi,, Fy ).
1€[n],j€[m]

Remark 2.6. — To see that the above definitions are non-ambiguous, since a priori
they could depend on the writing of § € 2 under the form f(Fy,, ..., Fj, ) and similarly
for &, see [8, Rem. 2]. More generally, the forms of (2.10) and (2.11) are consequences
of the diffusion feature of .:?z: for more on the subject, see e.g. the book of Bakry,
Gentil and Ledoux [5].
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Remark 2.7. — In the above considerations, % was defined on D2+ but from now
on, # will stand for the restriction of this generator to F*¢ and will be zero on
D2t F€, in accordance with Definition 2.1. Similarly, all stochastic differential
equations will be valid only up to the stopping time 7. (which was defined after
Definition 2.1) or 7. (defined after (2.7)).

The interest of Assumption 2.2 comes from the following result:

Turorem 2.8. — Let (x,D) — fP(x) and (z, D) — oP(x) satisfy Assumption 2.2.
Then equation (2.6) has a solution (X¢, Dy), started at Do € F ¢, Xo ~ % (Dy).

Proof. — We begin to prove the existence of a diffusion with modified drift, and then
we will get the result by change of probability. The modified equation writes

40D, (y) = N7 (y) (¥, + (Gh" (y) - ‘W) ).

1P (0Dy)

(2.12) dX, = (Vfo(Xt){th - ( (Do)

+ AfP (Xt)> dt}
+oli(X,) thm) :

for (/W\t)t20 and (W{™);>o independent Brownian motions. Notice that the first equa-
tion is the same as (2.7). Thus due to Theorem 2.5, (Dy)¢>0 is a diffusion process with
generator .Z. Then given (D;);>0, the equation for (X;):>0

1P (8Dy)
(D)

can also be solved, since the coefficients in front of th and dW;™ are Lipschitz,
oP(aP)*(x) = Idr,pr and AfP is bounded and uniformly Hélder continuous (due
to Assumption 2.2). Notice that X; remains in D;, since when X; € dD;, we have,
using (2.5) which yields on boundary (NP¢(X,), ol (X;)dW;™) = 0,

ax, = (V2 (X)) [aW - ( +AFPUXD) di] + ol (X dW")

d(php, (X0)) = (Vo dX,) — %th (Xy) dt — (dOD,(X:), NPe(X,))

1
= (NP1(Xy),dXy) — gth (X¢) dt — (dODy(X), NP* (Xy)) =0,
where we used (2.12) and (2.4). We also have no covariation since the martingale part
of dOD; acts on the normal flow only, and any normal flow
r— D(r):={x e M, pT(z)=>r}

satisfies pgD(r) (x) = pgD(O) (x) —r for x € D(0) and |r| small, (see Appendix A).
Once we have a solution to (2.12), make by Girsanov theorem a change of proba-
bility such that (W;, W{™);>0 is a Brownian motion where

W, =W, — /Ot(% + AfD: (XS)) ds.

We get a solution to (2.6) in the new probability. O
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Prorosirion 2.9. Let (Dy)i>0 satisfy

ddD,(y) = NP+ (y) (th + (%th (y) + bt) dt), Yy € dD,

for some Brownian motion (Wi)i>o and some adapted locally bounded real-valued
process by. Let p; = uPt be the Lebesgue measure on D, and hy = ﬁDt =% (D;) =
uP /u(Dy). Denote by p, = pP* the Lebesque measure on dDy and &, = poPt =
wOP Ju(Dy). Let k be a smooth function of M. Then

(2.13) dpa (k) = — g, (k) AW, — % (2besae (k) + py ((dk, NP1))) dt
and
(214) dp,(K) = (~m(k) + T(K)E(OD) AW, — 2, ({dk, NP)) di
+ (,(OD) + bi) (1 () + 1, (VE(ODy)) d.
In particular, if by = —@,(0D;) we get
(2.15) a7, (K) = (-, (k) + m(R)E(OD,) AW, — i, ({ak, NP")) dr.

Proof. — Let us first work at fixed time ¢ > 0. Denote D = D; and adopt the
corresponding notations presented in Appendix A. For k a smooth function on M
and r € R sufficiently close to 0 so that 0D(r) (defined in (A.3) and (A.4)) is a
smooth manifold without boundary, let

F(r,k) = / kdpu.
D(r)

We have

rei = [ (| " k() ) e R ds) uta)

with 7(y) the hitting time of S(D) by the inward normal flow started at y (defined
in (A.1)) and (s)(y) = 1(0,5)(y) = exp,(sN,) defined in (A.5). The mapping h”
is defined in (A.7) and is an extension of the mean curvature on the boundary 9D:
it corresponds to the mean curvature for the foliation induced by the dD(r), r € R
sufficiently small. With this formulation we can differentiate with respect to r, to
obtain

Fink == /aD k(6 (ry))e I MO0 9 y(dy).
Differentiating again we get
k) == /aD ((dk, D,p(r, ) — (k) (1(r, y))) e~ I h7 W ds ().

In particular,

F'(0,k) = —u(k) and F"(0,k) = w(kh — (dk, N)).
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This allows us to compute
1
d(F(Wy, k) = F' (W, k) dW; + §F”(Wt, k)dt
and then, since dW; and (d0D;, NP¢)(-) differ only by a finite variation process

dps (k) :/3D —k(y)<d8Dt(y)7ND‘(y)>+%(th‘ = (dk,N"")) (y) , (dy).
This yields

Q)= [ () (~dW, — bede) — Sk, NP () ()
0Dy

which gives (2.13). In particular, taking k¥ = 1 we obtain
(2.16) dp(Dr) = p1y(0D¢)(—dWy — by dt).

Now we can compute

dri, (k) = d( pe (k) )

1(Dy)
= lejt)dut(k) - ulztl(?]:))z’ dp(Dy) + M’”Etgf))g D.)), — ﬁdw-(’f)aﬂw-)%
=y (1Dt)dﬂt(k) - M’g’:;? du(Dy) + u‘zt[()]:))g w(dDy)?dt — ﬁut(k)ut(aDt)dt

1
= — 11y (k) (dW; + by dt) — §Et(<dk> NPY) dt + 11, (k)i (0Dy) (AW + by dt)
+ 7y (k) (9D,)? dt — i, (k) (9Dy) dt.
This yields (2.14).

Denote 7. the exiting time of (D¢);>o from F*°. As in Definition 2.1 we stop
(Xt, Dt)t}O at Te-

Prorosition 2.10. — Any solution of equation (2.6) stopped at 7. is a Markov process
solution to a martingale problem associated to a generator £ acting in the following
way: for any g,k smooth functions on M and

FD)= | k.
we have for (z, D) € M x Fo<,
(2.17)  ZL(gFy)(w, D) = —g(x)AfP (x)u” (k) - %g(x)uaD(<Vk7ND>)
+ 3FD)Ag(a) — 1P (K)(Vg, VTP 2.
Proof. — From (2.6) and (2.13) with by = AfP*(X;) we have

dFy(Dy) = — p?Pr (k) (dW; + AP (Xy) dt) —%;f”’t (Vk,NP0)) dt.
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This implies that
Z(F) (e, D) =~ (R)AFP () — 3P (VK NP)),
and the covariation of g(X;) and Fy,(Dy) is T »|g, Fi|(X¢, Dy) dt with
Lol Fil(s, D) = ~u”P (K){V, V) o).
Consequently, using
2(gF)(z, D) = g(2). 2 (Fi)(z, D) + Fi( D)3 Ag(e) + T 2lg, Bil(z, D),
we get (2.17). O

It is possible to extend the description of .Z to more general functions on M x F*¢
(it vanishes on its complementary set), by replacing F} in (2.17) by a mapping §
from 2, as presented before Theorem 2.8.

Let (Z)t>0 be the Markovian semi-group associated to the processes (X¢, Dy)i>0
solution to (2.6) stopped at 7.. This semi-group is associated to .Z in the weak sense
of martingale problems, as described in Appendix D.

Let (lN)t)t>0 be a diffusion process with generator 7z stopped outside F*¢, started
at 50 = Dg (due to Theorem 2.5, this process can be obtained as a solution to the
evolution equation (2.7)), 74 its law at time ¢ and let

v(dD,dz) := v,(dD)% (D)(dx).
Prorosition 2.11. — We have for all smooth functions g,k on M :
(2.18) i (9Fk) = (L (gF)).

Proof. — Integrating (2.17) in 2 with respect to the uniform law 7? := % (D) in D
yields

(219) — 7" (9A5°) WP () — S5 (9)u”” (VE,NP))
+ S E(D)A” (8g) — u”P (ME”((V, V17)).

By Stokes theorem,
i (gAfP +(Vg, V[P)) =" (¢(V P, -NP)) = —n""(9),
so the expression (2.19) writes
_ 1_ 1 _
H(D) = P (R)E" (9) — 5" (9)u"” ((Vk, NP)) + S Fi(D)Ti” (Ag).
On the other hand,

vi(gFr) = e[ [g] ],

which implies that
(2:20) Owi(gFy) = 0 (T (9) Fi) = 0 (L (57" (9) Fr)).
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By (2.15),
Z (17" ()) = — 3B (V9. NP))
so, taking into account (2.9),
Z (" (@)Fy) = B (0 Z(Fy) + B Z (57 (9) +T 7 [17(9), Fi]
=% (g >{zﬁf’t< B (0Dy) — 5u?P(Vh NP b = 2P ()P (Vg, N1
— (=" (9) + B (9)m""" (9Dy)) 1™ (k)
= ST (P (VK NP%)) = P (WP (Vg N0)) + 527 (g)u ()
But 71 (Ag) = ~5*7 (Vg N7) and Fi(Dy) = uP*(k), s0

Z
(

H(Dy) = £ (1" (9)Fr),
which together with (2.20) proves (2.18). O
Turorem 2.12. — Let (x, D) — fP(x) and (z, D) — oP(z) satisfy Assumption 2.2.
Consider a solution (Xi, D), to equation (2.6) started at Do € .F %=, Xo~% (Dy).

Then for allt > 0, (Dy, X;) has law v, implying that (X, )i>0 and (Dy);>0 are T--inter-
twined. Moreover (Dy)i>o s a diffusion with generator £ .

Proof. — Let us now prove that for any ¢ > 0, &, transports vy into vy, where
(Z4)1>0 is the semi-group introduced after the proof of Proposition 2.10. Consider
the map

G(g,k,t)(s) = vs (Pi—s(9Fk)), s€[0,t].
We compute

G(g,k, t)/(s) = (0svs) (P1—s(gF))) — vs (Ot P4—s(gFY))
V(LD s(gF)) — s (L Py s(gFr)) =0

where we used Proposition 2.11 in the first term of the second line, and Proposition D.3
in Appendix D to justify the differentiations (as well as the fact that

gﬂt—s(‘ng) = t@t_sg(ng)

is bounded to be able to use differentiation under the integral v,). So we get
G(g,k,t)(0) = G(g, k,t)(t) which rewrites as

Vo P (9Fk) = ni(gFk),

More generally, by similar arguments, we can replace in this formula Fj by any
mapping § from 2[. This in turn implies that vy, = v;.

To finish, by iteration, we see that if X ~ @”° then (D;);>0 has the same finite
time marginals as (Dt)t>0, proving that (Dy);>o is a diffusion with generator Z. 0O
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3. INTERTWINED DUAL PROCESSES: A GENERALIZED PITMAN THEOREM

In this section we will consider the case where P is the distance to boundary.
It is not covered by Section 2 since distance to boundary is not smooth, it is singular
on the skeleton of D. We will make an approximation of it, and then go to the limit
in law.

Let (Wt)t>0 be a real-valued Brownian motion and (50,90 be the solution of (2.7)
started at 50, with driving Brownian motion (Wt)@().

Assumprion 3.1. — Fix o € (0,1) and € > 0. There exists a closed bounded subset
Fe of F¢ in which the process (Et)t20 a.s. takes its values, such that the map
D > S(D) is continuous from F*¢ with the C2 metric to K(M), the set of compact
subsets of M endowed with the Hausdorff metric. Moreover, Brownian motions with
probability one never hit the singular part of S (Et)

Consecrure 3.2. — We conjecture that Assumption 3.1 is always realized, for any
a€(0,1),e >0, Dy € Fe.

Notice that [1, Th. 1.1] proves the first part of the conjecture, i.e., the continuity of
D+ S(D), in the case where M = R? endowed with a possibly varying Riemannian
metric. All examples in Section 5 together with the study of the motion of the skeleton
in Appendix B make us believe that Conjecture 3.2 is true. In particular, Section 5.4
provides a large class of examples in R? which do not reduce to finite dimensional
processes, some of them having infinite lifetime. They are characterized by the fact
that the motion of skeleton can be explicitly described. The considered skeletons have
sufficient number of symmetries. For simplicity we considered n-branches skeletons,
but we could consider trees with as many ramifications as we want. We could also
replace R? by the hyperbolic plane or the two dimensional sphere, as well as dimen-
sion 2 by higher dimension. All these situations would furnish true infinite dimensional
set-valued processes, some of them with completely describable skeleton.

However a better knowledge of skeletons is necessary to solve the conjecture in the
general situation. We believe that the process (S (ﬁt))t>0 takes its values in a set of
regular stratified spaces, and that it has absolutely continuous variation in this space.

Let us begin with some preparatory results. To describe the approximation of
p(x,0D) we are interested in, let us introduce some notations.

— Let (z,D) — {.(x,D) = (he o pap)(xz) where he = 1 in [0,e/2], he = 0 in
[3¢/4,00) and h. is smooth and nonincreasing in [0,00). When D is fixed by the
context, we will denote ¢ (x) := ¢.(x, D).

— For any 6 € (0,¢), let ¢5s : Ry — R be a nonnegative function with support
in [0,4], such that the mapping R 5 u — ¢5(|u|) is smooth and [, @s(|ul) du =1
(in the sequel, | - | will stand for the usual Euclidean norm or for the Riemannian
norm on any tangent space of M, depending on the context).

— Let g5 be a smooth, 1-Lipschitz and odd function defined on R, with gs(r) = r
on [0,e/4], 0 < gs(r) < r for any r > 0, and gs(r) = csr on [3¢/8,00), for an
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appropriate constant ¢ < 1 very close to 1 that will be defined below in (3.2).
We write ps(z,0D) = gs(p(x,0D)).
The approximation of p(x,dD) we choose is
(3.1) fs(x,D) ="L.(x,D)ps(x,0D) 4 (1 — lc(, D))/ ws(|v|)ps(exp, (v), D) dv
T, M

(where dv stands for the Lebesgue measure on T, M).
Define

e(0) = sup{[[|(V exp)(u)lll, = € B(o,1/¢), u € Bx(0,6) C T, M},

where Vexp(u) : T,M — Texp, (uyM is the covariant derivative of exp with respect
to the base point, || - || is the operator norm, when 7;, M and Ty, (4)M are endowed
with their Euclidean structures, and B,(0,d) is the open ball in T, M with center 0
and radius §. Recall that ¢ is fixed as in Assumption 3.1. The previously mentioned
constant c; is given by

(3.2) cs = e 1(8) (1 — 6|V 1le|o0).

Notice that ¢s does not depend on D and is as close as we want to 1. More precisely,
we have

Lemma 3.3, — There exists two constants C1,Cy > 0, depending only on €, such that
for & > 0 sufficiently small,

0 < e(d) —1<C1é,]es — 1] < CY6.

Proof. — The inequalities of the first line are well-known properties of the exponential
mapping. The second bound follows, since ||Vil:|lco = ||hL]|c is independent of D
(and of order 1/¢). O

From the second bound, we can and will assume that the function gs is furthermore
chosen so that gs(r) converges uniformly to r on compact sets of R, as well as the
corresponding derivatives up to order 2 as d Y\, 0. In addition, we choose § > 0
sufficiently small so that the map (z,y) — exp; !(y) is well-defined and smooth in the
d-neighborhood the diagonal of B(o,1/¢) x B(o,1/¢). Then, for any « € M, we can
rewrite (3.1) under the form

fs(x, D) = L. (x,D)ps(x,0D)
+(1— (. D)) /M wo(| exp3 (4))ps (4, OD) J expy ™ ()dy,

where J exp, ! is the absolute value of the determinant of the Jacobian of exp;!(-).
The interest of all these preparations is:

Prorosition 3.4
For all § > 0 sufficiently small, the function (z,D) — fs(x, D) := fP(x) has the
following properties

— fs5 satisfies the conditions of Assumption 2.2;
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— there exists C1 > 0 such that VD € ¢ and x € D, we have

- th~e differential and the Hessian of fs with respect to the second variable D satisfy
VD € F*¢ Vo € D\ S(D), for all vector fields K normal to 0D:

(3.4) (dafs(z, D), K) < Cy||K|l and |[|[Vadafs(z, D) (Nop, Nop)| < Ca

for a Cy not depending on x, D, 6. The second term is the second derivative along the
tnward normal flow on D.

Proof. — We first prove ||d; fs(x, D)|| < 1, d1 denoting the differential with respect
to the first or the z variable. For z € B(o,1/¢e) we have

dy fs(x, D) = L (x, D)dyps(x,0D)

-t o) ([ pallubpstenp.u,00) o)

@

*dl(2, D) / wo([ul) (p5(z, D) — ps(exp, (), D)) du.

Notice that if 2’ is close to x and vy 4 : T, M — T M is the parallel transport along
the minimal geodesic from x to z’, then

/ o([ul)ps(expys (), OD) du = / 08([1])5 (€xDy0 (1,0 (1), OD) s
T, M

TeM

Taking the differential with respect to 2’ at ' = = and using V,/|z/=3%5,,» = 0 by
definition of parallel transport yields

i ([ esttuostexp.uopyan) = [ pslluaps((7 exp)w,0D)

If p(x,0D) < /2 then 4. (x,D) =1, VLl (xz,D) =0 and
ld1f5(z, D)|| < Le(x, D)lld1ps(z,0D)[| < 1.

If p(x,0D) > /2 then for ¢ < ¢/8, we have p(exp,,(u), D) > 3¢/8 for u € T, M with
|u| < 6. It follows

ldy.fo(, D)I| < Le(x)e™"(8) (1 — 8l drle o)

HO= @) [ pallued (7 exp)(w)] du

T, M

T [l o) ] oo / s (ul)6 du

< 1.
It is easily checked that the function f;5 satisfies the other properties of Assumption 2.2.
Let us check that it also satisfies (3.3).
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We have

~ (1~ (2, D)) / es([ul) (ps(exp, (w), D) — ps(x, D)) du,

W M
which implies
|f5(x, D) — ps(x,0D)| < 6.
On the other hand,
|9, 0D) — py(2,0D)| < (1 — c3) max (2/z, 3¢ /8) < C’

for some constant C7” > 0 (depending on ¢). This yields (3.3) with C; =1+ CY{".
For proving (3.4), we take a vector field K (y) = k(y)N(y), y € D and compute

{da2p(z,0D), K) = (=N(P(2)), K(P(z))) = —k(P(z)),
where P(z) is the projection of x onto 9D, and
Vngp(J?, 8D) (NHD,NBD) =0.

Remarking that ||d2l. (2, D)|| is bounded by ||AL||o0, we get (3.4) via a straightforward
computation. O

Tarorem 3.5. — Fiz Dy = 50 € Fo¢ and let Xo ~ % (Dy). Under Assumption 3.1,
there exists a pair (X, Dy)iso of Te intertwined processes in the sense of Defini-
tion 1.1, such that the process (Dy)i>o satisfies

1
(3:6) dOD(y) = NP () ((dXe, NP/ (X)) + (557 () = b (Xe)Lp, s, (X)) d
— 2sin(05(X,)) dLS* (X)).
Here 0%t (x) = /2 — ¢t (x), ¢t (x) being the angle between the orthogonal line to Sy
at x and any of the two minimal geodesics from OD; to x € Sy (recall Sy is the

regular skeleton of Dy, see Appendiz A). In other words 65 (x) is the smallest angle
between Sy and the geodesics. The process Lt is the local time of X; at S; := S(Dy):

1 t
St :
(3.7) L; (X)=glg})%/0 Lix,esmy ds,

SB being the thickening of the regular part of Sy in normal direction, of thickness (3
in both directions.

Remark 3.6. — Compared to Section 2 with fP replaced by distance to boundary
pap, we have outside the skeleton S

Vpon(e) = NP(x) and Apop(x) = —hP()
and we will see that on the moving skeleton S; = SP+:

“Npap, (X,) dt” = —2sin(0% (X)) dL7* (X).
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Proof. Under Assumption 3.1, Proposition 3.4 allows us to construct for each § > 0,
intertwined processes (X7, D?)¢ started at (X3, D3) = (Xo, Do), associated with the
functions féD , stopped at Tf , the exit time from F*°. We have from Equation (2.6)

(38) 40D} () = NP () (W7 + (Sh7F ) + AFP (X)) )

for some Brownian motion W/. On the other hand, from Proposition 2.11 and (2.1),
(D?); satisfies equation (2.7):

5 —~ s aD? )
D}w) = NP ) (a7 + (571 )~ £ ar)

=5 s . .
where W} is the #P" —Brownian motion

oD? )
(3.9) WS = aw? + AfP (X, dr 4 2100
w(D7)

A remarkable fact about all (X7, D?);>¢ is that their marginals are constant in
law: for the second marginal we use Proposition F.2 which states that the martingale
problem associated to Zis well posed, and this implies uniqueness in law. Notice that
also ((D?)¢=0,7°) is constant in law since 72 is a functional of (D?);>o independent
of §. As a consequence, the family

(3'10) ((va D?’ Wtév Wt(sa Wt&m)t207 TS)

dt.

is tight (in (3.10) the Brownian motions (W});>o and (Wt‘s’m)@o are the ones defined
by equation (2.6)). Denote by

(3.11) ((XnDt, Wt,Wnth)t;o,Ta)

a limiting point. Let us prove the intertwining.
Using Proposition 2.11, for any smooth functions g and k on M, for any ¢ > 0,

Elg(X?)Fi(D})] = E[Elg(X))Fu(D)).7P"]]
F,(D})
Fi(DY)

— E[% (D)(9) Fy(D)] = E| Fu(D})|

and passing to the limit yields the intertwining.
This property of (D¢, W?)i>0 being constant in law passes to the limit, and we
have

a0D(y) = N7 (4) (d, + (507 (0) - ‘iD((Da)m) ).

We need to work with real-valued processes: we have from (2.16), for all § > 0,

tdu(D}) 5 ! 5 e
(3.12) /0 1(@D?) = -W; —/0 Ay f5(X, D) ds.

This together with (3.9) yields

s 4 S
(3.13) doD] (y) = N7 (y) (- Z‘(L gggi + %th (y)at).
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Again by constancy in law:

—Z’éggi% + %th (v) dt).

So to prove our result we only need to prove that

dODy(y) = NP (y)(

(3.14) /O Z’Za(gzi =W, + /O hPe(X,)ds + /O 2sin (0% (X,)) dL5*(X)

and that
t

(3.15) Wt:/ (NP:(X,),dX,).
0

Let us prove (3.15). In all this paragraph we consider M as isometrically embedded
in some Euclidean space. In particular we are allowed to integrate vector quantities.
We use the fact that dX? ® dW} converges in law to dX; ® dW; (where ® stands
for bracket of semimartingales). But dX? ® dW} is equal to V,f5(X?, D?)dt. Then
by Lemma G.1 applied to Vi f5(X?, D?) (which is uniformly bounded) and U =
{(z,D), x ¢ S(D)} defined in (G.1) we see that the integral of Vfs(X?, D?)dt
converges to the one of NP¢(X;)dt. But almost surely NP¢(X;) has norm 1 dt-a.e.,
implying that dW; = (NPt (X;), dX;).

Let us now establish (3.14). It will be a consequence of the convergence as § — 0
of (f5(X7,D}))ezo0 to (p(Xe,0D¢)ixo.

Write the It6 formula for f5(X?, DJ):

(316) d (75(X7, DY) = {da f5(X7, DY), dX7) + L fo(XP, D) i

1
+ (daf5(X7, DF), dOD}) + 5 Vada f5(X7, D})(dOD7, dOD;) dt
+(Vadi f5(X7, D7), dOD;} ® dX7).

From Proposition 3.4, possibly by extracting a subsequence,

(3.17) (F5(X7, D)) 1oy~ (p(X1,0D1)) 1 -

From (3.5) we get for i = 1,2,
difé(xa D) - dip5($7 aD)

— —dile(z, D) / es(ful) (ps(exp, (u)).0D) = pil. OD)) du

+ =@ D) [ eallul) (dips(exp, (). OD) - dips(z,0D) du.
T M

From this we see that dyfs(-, D) converges, locally uniformly outside S(D), to
d1p(-,0D) with respect to the distance dy of Appendix G. We obtain, with
Lemma G.1, possibly by again extracting a subsequence, that

t t
g1y ([@neonaxs) L ([lpx.on).ax)
0 0 >0

>0
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More precisely, we have a sequence of martingales converging in law to a martingale M;
which is a Brownian motion by [25, Th.3]. For identifying the limiting martingale,
we use the convergence of (dy f5(X?, D%),dX?) ® dX? to dMy ® dX obtained again
by [25, Th. 3] (here again we use an isometric embedding of M). But Lemma G.1
proves that the limit is equal to V1p(Xs,0D;) ds, yielding (3.18).

Next we prove that

(3.19) (/Ot<d2fa(X§,Df3>,daD2>> é(/0t<d2p<xs,aDs),daDs>>

t>0 t>0

The argument is similar except that as we see with (3.8), the drift part of d9D? is
not well controlled as X{ approaches the skeleton. So one cannot proceed exactly the
same way. But fortunately, for x outside a 3e/4-neighbourhood of 9D and outside
S(D), we have

(3.20) (dafs(z, D), Nl|op)
— ca/T . s (Ju)) (=N (P(exp,(u)), N (P(exp,(u))) du = —cs,

where ¢s is defined in (3.2). This together with (3.13) suggests to write
[ arsixt,9.a008) = ([ taasstxs, 09000 s [ 4% o )
—cs /Ot<NDg,d8D§).
The second line clearly converges. The right hand side in the first line can be written
[ Tt (ass (58 D2+ o a0

with (2, D) — le(x, D) == (he o psp)(z) where h. = 1 in [0,3¢/4], h. = 0 in [g, 00)
and h. is smooth and nonincreasing in [0, 0c).

With this last integral we can proceed as for (3.18), after passing to the limit, and
since lims_,g cs = 1, we get (3.20).

Similarly we obtain the two following convergences for the second derivatives:

2y ([ Vo f5(X?, DI)(d0D, DY)

>0

t

Z, < / Vadap(Xs,0D,) (N(P?P+(X,), N(P?P+ (X)) ds) =0,
0 >0

where P9Ps(X,) is the orthogonal projection of X on D, (which is defined ds-almost

everywhere),

(3.22) ( / ' (Vads f5(X2, D), dOD} de>>)

>0

t
Z, </ (Vadip(Xs, OD,), dOD, ®dXs>) =
0

t>0
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since dip(Xs,0D5) = +(NPs(Xy),-) which implies that the covariant derivative in
the second variable with respect to NP is equal to 0. On the other hand, by the
It6-Tanaka formula (see Proposition E.1 in Appendix E using that p(x, 0D) is almost
everywhere the minimum of two smooth functions) together with Assumption 3.1
which allows to only consider the regular skeleton, together with Theorem B.1 which
says that the latter has absolutely continuous variation (useful for the term dL?* (X)),
we have

(3.23) d(p(X¢,0Dy))
= (d1p(Xy,0Dy),dX;) — %th (X)) 1p,s,(X¢) dt + (dap(Xy, 0Dy),dODy)
+ 040 —sin (0%(X,)) dLY* (X).
Using (3.16), (3.17), (3.18), (3.19), (3.21), (3.22), (3.23) we obtain that

t
(3.24) ( /0 AJAX&D?)ds) )
t=0

=

Z, (/Ot —hP*(X,)Lp, s, (Xs) ds — /Ot 2sin (6% (X)) dL" <X))

t>0

It remains to pass in the limit as § goes to zero in (3.12), to deduce (3.14). O
Remark 3.7. From (3.23), it can be deduced that
d(p(X¢,0Dy))
1 .
= 5 (WP"(X0)1p,<s,(Xy) = WP (POPH(Xy))) dt + sin (6% (X)) dL7" (X).
Indeed, (3.15) implies that
(dip(Xy,0Dy), dXy) = dWy
and due to (3.19), we have
(d2p(X1,0Dy), dOD;) = lim (ds p(X?,0D?),doD?)
—
1
= lim —dW; — (Auf5(PPP!(X]), Df) + ShPE (POPE(XF)) ) dt,
5—0 2

where we used (3.12) in conjunction with (3.13).
Taking into account (3.24), we identify the last limit with

—dW, + (th (X)1p,s,(X:) — %h(PaD‘ (Xt)))dt +2sin (05 (X)) LS (X).

4. INTERTWINED DUAL PROCESSES: DECOUPLING AND REFLECTION ON BOUNDARY

In this section we consider another canonical and extremal situation, the case
where fP vanishes almost everywhere. More precisely, it is the limiting situation
where fP is constant outside a e-neighbourhood of the boundary. This situation is
completely opposite to the one of Section 3 where the coupling is maximal.
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Turorem 4.1. There exists a pair (Xi, Di)i>o0 of To-intertwined processes in the
sense of Definition 1.1 satisfying

(4.1) ddD(y) = NP (y) (th + %th (y)dt — dLIP" (X)),

where (X;)i>0 15 a M-valued Brownian motion started at uniform law in Dy, (Wy)i>o0
is a real-valued Brownian motion independent of X;, (LIP* (X))o is the local time
of (Xi)i>0 on the moving boundary (0Dy)¢>o.

Remark 4.2. — Equation (4.1) can be considered as a limiting case of (2.6). Here
Assumption 3.1 is not needed since the morphological skeleton of D does not play a
role, and the map D — 9D is already sufficiently regular.

Proof. The proof is quite similar to the one of Theorem 3.5, but with another
family of functions f, namely fP := hs o pgp where hs is defined in the proof of
Proposition 2.4: hs is a smooth nondecreasing function from [0, 00) to R4 such that
hs(r) =r for r € [0,0/2], hs(r) = (3/4)d for r > ¢ and ||hj|| < 1. But here, as € is
fixed, we will let § N\, 0. Again we construct for each § > 0, an intertwined processes
(X2, D?)>0 stopped at 2. Again all (X7, D{);>o are tight, and a limiting process
(X, Dt)i>0 stopped at 7. provides an intertwining. The proof of (4.1) goes along the
same lines as the one of (3.6). O

We end this section with another canonical construction, where the functions f2
approximate —pgp.

Tueorem 4.3. — Under Assumption 3.1, there exists an intertwining (X, Di)i>o
stopped at T, satisfying
1
dOD(y) = NP (y) (= (dXe, NP (X)) + (5h7 () + P (X0)Lp, s, (X)) dt
+2sin(05 (X)) dLS* (X)) — 2d L7 (X)) .

Proof. — Tt is completely similar to the ones of Theorems 3.5 and 4.1. g

5. SOME FUNDAMENTAL EXAMPLES

5.1. REal. BROWNIAN MOTION AND THREE-DIMENSIONAL BEssel procrss. — We come
back to the case where M = R. Assume that the Brownian motion X starts from 0
(to respect rigorously the above framework, X should start from the uniform distri-
bution on Dy := [—¢,¢] and next we should let € go to 04). Due to the invariance
by symmetry of (3.6), for any ¢ > 0, D; remains a symmetric interval, let us write it
[~ Ry, R¢]. In this simple setting, we have NP¢(.) = —sign(-) on R~ {0}, h”* = 0 and
Sy = {0}, for any ¢ > 0. Thus (3.6) writes

(51) th = SigH(Xt)dXt + 2st,
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where (Lt)¢>0 is the local time of X at 0. Namely we get that
¢
Vt}O, Rt:/ Slgn(XS)dXS+2Lt: |Xt‘+Lt
0

by Tanaka’s formula. It is well-known that (R;):>0 is a Bessel process of dimension 3
(see e.g. [19, Chap. 6, Cor. 3.8]). In particular the signed distance pth to 0Dy (chosen
to be positive inside D;) is given by

Yt 2 07 pth (Xt) = min(Xt + Rt7 Rt — Xt)

But except at time ¢ = 0, this quantity is always positive: a.s. X; never touch the
boundary of D; for ¢ > 0. Indeed, if for some ¢t > 0 we have |X;| = R;, we deduce
that L; = 0, namely a contradiction, since Xy = 0.

In particular, we see that the intertwining coupling we have constructed is different
from the one proposed by Pitman [18], which is a.s. touching (the upper) boundary
repeatedly. Instead we end up with the intertwining dual constructed in [16] via
stochastic flows. It is mentioned there how to deduce the classical Pitman’s dual, via
Lévy’s theorem.

Here is an alternative approach. While Equation (5.1) is obtained from approxi-
mating z +— |r — x| outside an e-neighbourhood of 0 when D = [—r,r]| by smooth
functions fP satisfying Assumption 2.2, we are able to recover Pitman theorem by
rather approximating « — —x in D = [—r, 7] outside the only e-neighbourhood of —r.
In the limit of (2.6) as e goes to zero, on the one hand we have

Tix,#Rr,ydR: = d X4,
on the other hand we have X;+ R; > 0, so that X; + R; is the solution to the Skorohod
problem associated to 2.X;. We get

Rt+Xt :2Xt—2 min XS,

0<s<t
which is equivalent to
Ry = Xy — 2 min Xj;.
0<s<t
The answer to the question: what would be a symmetric construction with local
time at the two ends of [— Ry, R;] is given by Theorem 4.3. We obtained intertwined
processes with

t
Ry = — / sign(X,) dXs — 2LY(X) + 2LY(R — X) + 2LY (R + X).
0

5.2. BROWNIAN MOTION AND DISKS IN ROTATIONALLY SYMMETRIC MANIFOLDS. — This is
the simplest example since the skeleton is never hit by the Brownian motion. Consider
a complete d-dimensional manifold with d > 2, rotationally symmetric around a point
0 € M. Denote by (r,0) polar coordinates with r(z) = p(o, z) and

ds® = dr? + f*(r) d©?
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the metric in polar coordinates. Then the radial Laplacian is

0? 0
A, = ——= +b(r)=— with b= (d—1)(Inf).
G g with b= (= 1(in )
We will investigate set-valued processes (D; = B(o, Rt))t>0 where B(o,r) is the
open geodesic ball centered at o, with radius r. The skeleton of B(o, R;) is the point o.
Let (X¢);>0 be a Brownian motion in M satisfying Xy ~ % (D) for some Dy =
B(o,19). Denote by p; := r(X;) the radial part of X;. Then

1
dpy = dBy + ib(m) dt, po ~ 27 ((0,70)),

where (B;)¢>0 is a real Brownian motion and

f(r)
U (dr) = == dr.
(dr) o [f(s)ds

The evolution equation (3.6) for D; shows by symmetry that for all ¢ > 0, D,
B(0, R;) for some real-valued process (R;);>0. Moreover it writes

1
dpy = df; + §b(ﬂt) dt,

(5.2) 1
Prorosition 5.1. — The system of equations (5.2) has a solution up to explosion time
of (Rt

P = inf{t > 0,R; ¢ (0,00)},
which satisfies for all t < 77,
(5.3) 0 < pt < Ry.

The corresponding set-valued process (Dy = B(o, Rt))i>0 s solution to equation (3.6),
and in particular, for all FP -stopping time T,

L(XNFP)=w(D,;) as well as L(p-|.FL)=27((0,R,)).
Proof. — We only have to check (5.3). By (5.2),

AR = po) = 5 o) — RO

which vanishes on {R; = p;}, and since b is smooth, if pg < Ry, then p; < R; for all
times. O

5.3. BROWNIAN MOTION AND ANNULUS IN 2-DIMENSIONAL ROTATIONALLY SYMMETRIC MAN-
rroLps. — Let M be a complete 2-dimensional Riemannian manifold, rotationally
symmetric around a point o € M. Denote by (r,0) polar coordinates with r(z) =
p(o,z) and

ds® = dr? + f*(r) 6
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the metric in polar coordinates. Then the radial Laplacian is

02 0

A= COE +b(r)=— with b= (Inf)".

or

FO<r™ <rT, let
Ar=rt)y={ze M, r <r(x)<rt} if r~<rt, A ,rN) =0

)

the closed annulus delimited by the radius r~ and r+.
In the following we will investigate set-valued processes D; = A(R;,R;). The
skeleton of A(R; , R}) is the circle

1
S; = C(o,R?) with RY:= 5(R; + R).

Let X; be a Brownian motion in M satisfying Xo ~ % (Do) for some Dy = A(rg , 1 ).
Denote by p; == r(X;) the radial part of X;. Then

1
dpy = By + Sb(p) dt,  po ~ U ((rg ),

where (8¢):>0 is a real Brownian motion and

2 (ry i) ) = — L.
5 7(s)ds

The evolution equation (3.6) for (Dy)¢>o shows by symmetry that for all ¢ > 0,
D; = A(R;, R]") for some real-valued processes R, < R;". Moreover it writes

. 1
dp; = sign(p; — RY) dW; + Qb(pt) dt,

) dR; = dW; + {—%b(Rf) + sign(p; — R?)b(pt)} dt + 2Lf$ (p),
' ARy = —dW, + [—%b(Rt‘) — sign(ps — Rg)b(pt)] dt — 2L (p),
R =1 (R +RY),
and these equations imply
dRY = —% [b(Rf) + b(R;)] dt.
Prorosition 5.2. — The system of equations (5.4) has a solution up to explosion time
P =inf{t > 0,(R;,R;") £ (0,00)?},
which satisfies for all t < 77,
R, <p <R

The corresponding set-valued process (Dy = A(R; , Ry ))is0 is solution to equa-
tion (3.6), and in particular, for all FP-stopping time T,

LXNFP) =% (D) aswell as ZL(p,|FL) = % (R7, RE)).
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Proof. — Fix e > 0 and a € (0,1). We will first solve the system of equations until
the exit time 7. and then let € \, 0. Let us construct functions f£(x) which satisfies
equation (3.1). It will be easier here because there is no need of functions ¢, and gs.

For ¢ € (0,¢), let ¢5 : R — R be the function with support equal to [—4/2,6/2],
satisfying for —§/2 < r < §/2:

5/2
ps(r) = C(lé)exp(—(émi_ﬂ) with - (9) = /5/2 eXP(_m) -

and let

signg : R — R r
T}—>71+2/ ws(s)ds.

—o0

The functions ¢s and signs are both smooth and Lipschitz, and they respectively
approximate g and sign. For 0 < r~ < rT satisfying r™ — r~ > 2¢, defining
r®:=2(r~ +rt), forz € A(r=,rT) let

FACTT @) = fla,r ) = g(r(2),

T

with g(r) = g(r,r,r") = / —signg(s —r°) ds.

Clearly f(z,r~,r™") is 1-Lipschitz in the first variable. A computation shows that

0

87"*9(7"77"_’7“-"_) :/ ()05(1]) dv and 87"*9(7"77“_’7“-"_) = _/ 905(1]) d’l},

—€

and thus g and f are 1-Lipschitz. Then the vector N := Nj(,- ,+) is equal to
—Lir(@)=r+} O+ + Lip(@)=r—1O0r—,
so that
(VFf,N)y=1 and Vdf(N,N)=0.

This yields an elementary proof of the properties of Proposition 3.4. We can use
Theorem 3.5 to solve equation (5.4) until the stopping time ..

We are left to prove that 7. 77 a.s. as € \, 0. This is a direct consequence of the
fact that the volume of A(R; ,R;) is a time changed Bessel process of dimension 3
(by [8, Th. 5]), proving that A(R; , R;") cannot collapse onto its skeleton. O

Remark 5.3. — After the hitting time of 0 by R, , the processes can continue to
evolve under the regime of Section 5.2.

We recover from Proposition 5.2 a result from [15] stating that ([R;, R} ])i>0 is an
intertwining dual process for the real diffusion (p:)¢>0. In particular, we deduce that
if (p¢)i>0 is positive recurrent and if +oc is an entrance boundary, then ([R; , B} ])i>0
reaches [0,4o0c] in finite time and this finite time is a strong stationary time for
(pt)t>0, see [15] for more details.
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5.4. BROWNIAN MOTION AND SYMMETRIC CONVEX SETS IN R2, In this section we take
M = R? endowed with the Euclidean metric. For any integer n > 2, let G,, the group
of isometries of R? generated by the rotation of angle 27/n and the symmetry with
respect to the horizontal axis. Consider a smooth strictly convex bounded set ﬁo cM
with smooth boundary, stable by the action of G,,. Let us investigate the evolution
of (Dy)i>0 solution to (2.7). Notice that it is the first example where we really have
to deal with infinite dimensional processes. By conservation of the convexity by the
normal and mean curvature flows, ﬁt will stay convex. It will also stay symmetric.
All the results of this subsection are proved in [2].

ProposrTion 5.4. Assume that its skeleton has the form 50 = Gnﬁo, ﬁo being an
horizontal interval Hy = [0, Zo] x {0} for some o > 0 (an ezample of such a set when
n = 2 is the interior of an ellipse, the skeleton being the interval between the two
foci). The skeleton of Dy always takes the form Sy = GnHy with Hy = [0, %] x {0} an
horizontal interval.
The right endpoint (Z4,0) in the horizontal axis of the skeleton S, satisfies
=~ 20( AN
% _ P ((xtéO)JJt) (th)N(gt)7

yr being the point of 81~)t in the horizontal line with the greatest abscissa, and the
second derivative being calculated with curvilinear coordinates on dD,. Notice that
(hP+)"(5¢) < 0, proving that the process S(Bt) is monotonically decreasing.

Let us return to the general situation of G,,-symmetric (Et)t>0 The investigation
of the lifetime of the solution to (2.7) is not easy. In [2] we prove that the lifetime
is the time when Dt meets its skeleton St We have no example where Dt meets its
skeleton St in finite time. The next proposition yields examples where the lifetime is
infinite, together with nice properties related to the symmetry group G,.

Prorosition 5.5
(1) The process (u aDt(aﬁt)/u(ﬁt))(KK
(2) Define the entropy Entt as the integral of p+ log p; with 1 respect to the curvilinear

abscissa in 8Dt, p+ being the curvature of OD,. Assume Sy is Gn -symmetric with
> 3. Then the entropy process (Entt) ~ 1s a supermartingale.

~ 15 a supermartingale.

0<t<F

(3) Assume §0 is Gn—symmetric with n > 7. Then T = oo a.s. Consequently,
when Sy is Gp-symmetric with n > 7, Equation (4.1) for the decoupled (X¢, Di)i>0
provides an intertwining with mﬁmte lifetime. If moreover the skeleton Sy of Dy has
the form Sy =G Ho, H, being an horizontal interval Hy = [0, z0] x {0} for some
zo > 0, Equation (3.6) for the full coupled (X, D)0 provides an intertwining with
infinite lifetime.

APPENDIX A. AN INTEGRATION BY PARTS ON DOMAINS WITH BOUNDARY

Our goal here is to obtain an extension of Stokes’ formula on a domain with a
smooth boundary, for functions which degenerate on the skeleton. We take the op-
portunity to recall this notion, as well as related geometric concepts.
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Let M be a d-dimensional Riemannian manifold and D C M a compact and
connected domain with smooth boundary 9D. For y € 9D, let N(y) be the inward
normal vector. Denote by S’ the inward (morphological) skeleton of D: S’ is the set
of points in D such that (i) the distance to D is not smooth and (ii) there are points
around them where the distance to dD is smooth with a non vanishing gradient.
Denote

(A1) 7(y) = inf{t > 0, exp,(tN(y)) € S'}.

Let S be the set of regular points of S’, which we can describe as follows: if x € S,
then there exists a unique pair (y1,y2) of distinct points from 9D such that

(A2) x = exp,, (T(y1)N(y1)) = exp,, (T(y2) N (y2)).

We have 7(y1) = 7(y2), and for ¢ = 1,2, the differential at (7(y;),y;) of the map
Ry x 0D > (t,y) = exp,(tN(y)) is nondegenerate. The set S is a codimension 1
submanifold of M and S’ \ S has Hausdorfl dimension smaller than or equal to d — 2.
It is the union of the focal set which is the set of points x = exp, (7(y)N(y)) such that
(t,y") = exp, (tN(y')) is degenerate at (7(y),y), and the union of the sets defined
like S but with strictly more than two points y1, y2, y3,... For r > 0, let

(A.3) D(r)y={2ze D~ S, pap(z) =1},

where p is the Riemannian distance. The set D(r) is a (possibly empty) manifold
with smooth boundary dD(r) on which one can define an inward normal N(y) and
an orientation by parallel transporting oriented basis of 9D along normal geodesics.
So we have for all y € D\ S": N(y) = Vpap(y).

We will also need the sets D(r) for all » € R. We will let for r < 0

(A.4) D(r)={z € M, p'gD(z) >},

where pgD is the signed distance to 9D, positive inside D, negative outside D.
Define for s,t € R
Y(s,t) : 0D(s) — OD(t)
y — exp,, ((t — s)N(y))

and ¥ (t) = ¥(0,t). We will indifferently write ¢(t)(x) = ¢(t, z). The function (s, t)
is not defined for all points of 9D(s) because we ask 9 (s,t)(y) € dD(t), nor is N(-).
However for |s| and |¢| small it is a map, defined for all y € 0D(s), and is is also a
diffeomorphism with inverse (¢, ).

We have for 0 < s < ¢, ¥(t) = ¥(s,t) o1p(s), which implies

(A.6) det T (t) = det Tep(s,t) x det T(s).

(A.5)

Notice that thanks to the orientation of the sets 9D(r) we get an orientation of DS’
by adding N as first vector to oriented basis, consequently det T'% is well defined and
always positive. It is well-known that

(A7) 2|, aetTu(s, ) = ~hiy),
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where h(y) is the inward mean curvature of dD(s) (the minus sign of the right-hand
side of (A.7) insures that h is non-negative on 0D(s) when D(s) is convex). This
together with (A.6) yields

d
2|, detTo(t)(y) = —h (¥(s)(y)) det T (s)(y)
and consequently, using 1(0) = id and det T¢(0) =

det T(t) —exp(/ —h (¢ d).

Denote by p the volume measure of D and by u the volume measures of the manifolds
0D(s) and of S. Then

(A8) WD) = [ w@p() ar
But forr >0
u(@D(r)) = /d et o) ) ().
with convention det T (r)(y) =0 if r > 7(y). We get
w@rw) = [ exp< / (s () ds) Lo rtoy 1(d),

which yields with (A.8)

n(D) = /6D </()T(y) exp <— /0 h(¥(s,y)) d8> dr) w(dy).

More generally, for a measurable function g : D — R bounded below,

/ngu = /8D (/Or(y)g(w(n y))exp<— /Orh(w(say))dS) dr) w(dy).

Applying this formula to the function gh which we assume to be bounded below or
integrable, we get by integration by parts

/Dgh dp = /aD (/OT(y) -9 (¥(r,y)) d% exp (— /O h(¥(s,y)) dS) dr) w(dy)
= /BD {—g (1(r,y)) exp (— /OT h(1(s,y)) d8>];(y) w(dy)

(] ™ g N (0 ) o~ [ vt as) ar) utan)

- /a o) ) - /3 () e ) 8y ay)

—|—/D<dg,N> du.

p:0D — 8
y — (1(y),y).

Define the map
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For z = ¢¥(7(y:),y:) € S (i = 1,2) define 6(z)€ (0, 7/2] the angle between the vector
N((r(yi)—,yi)) and the skeleton S. In the sequel we assume that 6(z) # 7/2 (the
case 0(z) = m/2 is simpler to deal with and Proposition A.1 is always valid). Notice
that this angle does not depend on 4, this is a consequence of z € S staying at the
same distance to y; and yo by infinitesimal variation. For later use, let also 6(z) = 0
when z € 8"\ S. Let us prove that for z = ¥ (7(y;),v:)) € S,

(A.9) det T (7(y:),y:) = sin(p(y;)) det To(y;), i=1,2.
Set y = y1. Let e; = N(y), ef = N(¥(7(y)—,y)), N¥(2) the normal to S at z such
that (N9(2),ef) > 0, let €’ = (e3,...,eq) be a family of orthonormal normalized

vectors in T,0D such that letting e; = V7(y)/||V7(y)| (we have V7(y) # 0, since
0(z) # 7/2), ' := (ea,e”) is an orthonormal basis of T,,0D, let (e)” = (e%,...,¢€3)
be an orthonormal basis of T,¢(Vect(e”)), let e5 such that ()" := (e5,...,e5) is an
orthonormal basis of 7,S. Finally let e§ € T, M be such that (e§, N(z)) < 0 (¢} and
N*(z) are not orthogonal, since §(z) # 7/2) and (e7, €}, (¢)") is an orthonormal
basis of T, M. Figure 1 shows the configuration of e, N°(z), e5 and e on an example
of dimension 2.

oD

Ficure 1. The vectors e, N¥(2), e5 and €f.

In the sequel we will denote for instance

Tp(e2)

Te(e)=| = |,

To(ea)

so that (T'p(e’), (e¥)’) will be the matrix of all scalar products. We have
(To(e), (%)) = (dr, &) (0 (1(y), ), (%)) + (T ('), (%))
_ (<dT’ e2)(0), €5) + (Th(ez), €5) (Te(ea), (65)”>>
(dr, ") (0, e5) + (T(e”), e3) (Ty(e"), (%))

Let us simplify and make more explicit this expression. We have (dr,e”) = 0. Also
e L (e%)" and e5 L (e%)" so e5 € Vect(ef,e)) and more precisely

e5 = cos(0(z))ef + sin(A(z))el.
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On the other hand T (e’) L ef which implies
(Tw(e), e5) = sin(0(2) (T ("), €3).
Also (9s1),e5) = cos(0(z)). We arrive at

62,62 6”763
det<T<P(€/)7(65)'>=Sin9(z)det<< (Ty(ea), ef)  (Tu(e") >)

Tp(ez), (e)") (Teh(e"), (€%)")

cosf(z) de {dr, e2) 0
 cosB(z) det <<Tw<e2> (5)") (T(e"), eS)“>)

(
= sin0(z) det T + cos 0(2)(dr, e3) det(Tep(e”), (e5)").
For the last equation we used the fact that det T = det(Ty(e’), (€9, (e¥)"” )) since €’

and (€9, (e%)") are orthonormal bases. Note that by definition, (T4 (e"), ) = 0, so
we also get det T = det(T(e”), (e%)") x (T (ez),e§). On the other hand, we have

(dr,es) = (T(ez), €5) cot 0(2).
Indeed, note that
0= <TL,0(€2),NS> = (dr, eq) <ef,NS> + <Tz/1(eg)7 NS>
= (d, e5) sin(6(z)) — cos(8(z)) (T (ez), eg>,

where the last term is obtained by taking into account that T4 (eq) is parallel to €5.
This is the change of length of the geodesic needed to stay in S. We obtain

det T = sin 0(z) det T + cos 6(z) cot O(z) det T
_ sin®6(z) + cos? 6(2)
B sin 0(z)

det T.

This yields (A.9).
We arrived at

[ abdn= [ gyt~ [ gwir).n) detTo(r().) udy)
D oD oD
+/D<dg7N> dp.
This yields with (A.9)
/ghdu:/ g(y)ﬁ(dy)*/ 9(p(y)) sin0(p(y)) det To(y) w(dy)
D oD oD
Jr/}j(dg,N) dp.

Using the change of variable y — ¢(y) and the fact that all z € S is equal to p(y;),
1 = 1,2, we obtain the key formula

Prorosition A.1. With the above notations, for any smooth function g defined
on D such that gh is integrable or bounded below, we have:

[ ahdi= [ g utdn) =2 [ g)sin0) utdz) + [ (@o. )
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AprenDIX B. MovinG sETs

In this section we describe how to move a domain with smooth boundary by defor-
mation of its boundary. We also investigate the deformation of its skeleton. The
deformation we will consider will have a general absolutely continuous finite variation
part, together with a very specific martingale part and singular finite variation part.
First we introduce some notation.

For a domain Dy with smooth boundary Dy and a > 0, define the map 1 = 0
by

Y (—a,a) x 0Dy — M

(s,y) —> exp, (sN(y)) .

Here N = NP0 is the inward normal defined in Section A. We take o sufficiently
small so that ¢ is a diffeomorphism on its range which we will call Dy ,. Consider a
moving domain ¢t — D; started at Dy. We assume that the deformation is sufficiently
regular so that for all ¢ > 0, we can write D; as

Dy = {([f:(y), 7o ()], 9), y € dDo}

with 7p, (y) defined in (A.1), ¥ ([f:(y), 70, (¥)], y) = {d(s,9), s € [fe(y), 7D, (y)]}, and
t — fi(y) a semimartingale with values in (—«, o), smoothly depending on y. In par-

ticular, the skeleton Sj of Dy satisfies Sj C D;. In other words, D, is the union of rays
U([fe(y), 7D, (y)], ) orthogonal to 9Dy at y (notice that all ¥([fi(y), 7D, (y)),y) are
disjoint). Alternatively, D; is also the interior of the set expyp, (f) described in (2.2)
with f; instead of f. Also, in the special case where the real valued semimartingale
t— fi(y) = f: does not depend on y, then we have

(B.1) Dy = Do(f2),

where Dg(r) is defined in (A.4). In this situation, the skeleton is not moving, at least
as long as 9D, remains smooth (i.e., until D; hits the inner skeleton Sj, or the outer
skeleton of Dy), and ¢t — f; can be allowed to be a semimartingale with singular
continuous drift.

When t — f;(y) depends on y the situation is more complicated and we like to use
a more convenient and intrinsic description of the motion of D;. More precisely, we
will describe it by the motion of its boundary via semimartingales (Y;(y))¢>0 indexed
by y € 0Dy, satisfying Yy(y) = y and the It6 equation in manifold with respect to
the Levi Civita connection V

(B.2) dYi(y) = d¥Yi(y) = NP (Y () (HP (Vi) dt + dzt),

where HPt is a smooth function on dD; (which later on will be chosen to be hPt /2,
where hP* is the mean curvature of 0D;) and (z¢)¢>0 is a real valued continuous semi-
martingale. Recall that formally dV Y;(y) is a vector which writes in local coordinates
(y',...,y") with the Christoffel symbols I} , :

AVVily) = (4% (9) + 5T (V) 0V (), YE ) ) DiVi),
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where D;(Y;(y)) is the vector 9/0y’ taken at point Y;(y). Since the semimartingale
(#t)t>0 does not depend on y, the Ité equation is equivalent to the Stratonovich one:
indeed, using (B.1) the It6 to Stratonovich conversion term is

| |
5 Vo i@nan N () dze = 5Vnou v N () d(z,2)e = 0

since NP¢(Y;(y)) is the speed at time a = 0 of the geodesic a — ¥ (a, Y;(y)).

We assume that Equation (B.2) has a strong solution for all times, possibly by
stopping it, and that a.s. for all times the map 3’ — Y;(y') is a diffeomorphism from
0Dg to OD;. Since dY;(y) represents the motion of 9D;, writing Y;(y') = y and using
the diffeomorphism property, equation (B.2) rewrites as

(B.3) ddDy(y)=dY:(y') = NP (y) (H"* (y) dt + dz).

In other words, our equations are driven by two vector fields (H” (y) NP (y)),ecop and
(NP(y))yeoap, and the stochastic part is in front of the second one. All the set-valued
processes considered in this paper satisfy this assumption.

We can obtain the random functions f; : 9Dy — R from the semimartingales
(Y:(v'))1>0 with the following procedure. The orthogonal projection m; : D, — 9Dy
is a diffeomorphism, and by definition of v, we have

Yt(y/) = ¢(ft(7rt(yt(yl))’ Wt(yt(y,)))v
yielding

flm (M) = (71), V()

with (1), the first coordinate of ¢)~!. Writing y = 7;(Y;(y')) and using the diffeo-
morphism properties, we get

fiy) = (1), (77 ().

Consequently, the real-valued semimartingale (f;(y)):>0 solves the Stratonovich equa-
tion

odfy(y) =T (v™1), (edmy ' (y)),

which is impossible to work with. This is why we will always consider the formula-
tion (B.3).

Let us now investigate the motion of the skeleton S; under this motion of D;.
First we remark that by local inversion theorem, at regular points of the skeleton, the
variation in Stratonovich sense is linear and the sum of all variations of the concerned
point at the boundary. As we already remarked, the motion dz; does not change Sy, so
this together with the linearity just mentioned implies that we have a finite variation
of the skeleton.

Recall the situation of (A.2) in Section A. We consider a domain D, x € S, y1,y2
the two elements of 0D such that exp, (7(y1)N(y1)) = exp,, (T(y2)N(y2)), with
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7(y1) = 7(y2). For i = 1,2, we will consider a variation of the minimal geodesic from y;
to x, represented by a Jacobi field J; satistying J;(0) € T,, M, Ji(1) = Jao(1) € T, M,

Ji(0) = XiN () + J;-(0),  J(0) = \iN (i) + (J;7)'(0),
with J:- orthogonal to N(y;). The motion of S corresponding to the motion of 7
and yo will be represented by Ji(1). Since S has a boundary, the observation of the
orthogonal part to S of J1(1) is not sufficient.

Let +; be the projection on M of J;. It is the geodesic in time 1 from y; to x
(as usual in the computations of Jacobi fields, the speed is not normalized). Denote
N;(x) = 4:(1)/||%:(1)]]- Recall that the angle between N;(x) and T,.S is 6(z) € (0, 7/2].
We will also let

(B.4) NS (@) = ——

=— (N — N. .
2sin 0(x) (N () 2(2))
Figure 2 shows the configuration of the points z,y;,y2 and the vectors Ny(x), Na(z),

N7 (). The vector Ny (z) is is the normal vector to S at point z, in the same side
as Ni(z).

Ficure 2. The points x, %1, y2 and the vectors Ny (z), No(z), NP (x).

We will consider variations of geodesics with same final value:
Ji(1) = Jo(1) = ANP (2) + J{ (1)

for some A\ € R, where JI (1) € T,.S. Writing AN (z) = W(Nl(x) — Na(x)),
we have

(D) M) = 52 (1= cos20(a)) + (T (1), M)
= Asin@(z) + (J{ (1), Ny(z))
and
(), o) = 5 (1 cos(26(0) + (I (1) Nati)

= —Asinf(z) + (JT (1), Na(2)).
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On the other hand we require that the variation of length of the two geodesics are
the same. This writes as

{(J1(1), Ni(2)) = (J1(0), N(y1)) = (J2(1), Na(2)) = {J2(0), N(y2))
or
Asinf(z) + (J7 (1), Ni()) — A = —Asin6(z) + (J] (1), Na(z)) — Ao,

which finally, with (J{ (1), N1(z) — Na(x)) = 0, yields A = (A} — A2)/2sinf(x), so the
normal variation of S is given by

/\1—)\2 S

Ny ().

(B.5) (J1(1), N (2)) N (z) = 2sin0(z) !

Next we will compute the tangential displacement J7'(1) of x in S. As we will see
later, we will only need a Jacobi field .J; such that Ji-(0) and (Ji-)’(0) are known and
J1(0) = M N(y1), ie, Ji-(0)=0.

So we know Ji-(1): and
Jir(1) = 7 (1,0,(J1)(0) ,

where J(1,u,v) is the value at time 1 of the Jacobi field J with J(0) = v and J'(0) = v.
From

J(1) = JT () + (1 (1), NS (@) N (@),
Ji(1) = Ji(1) + (J1(1), N1 (2)) N1 (),
we get
(B.6) I (1) = T (1) + (Ji(1), No(a) Na (@) = (Ja(1), N7 (2)) N7 ().
On the other hand we have
(J1(1), Na(2)) = (Ji" (1), Na(x)) + (J1(1), N1 (2)) (N1 (2), Na()),
(J1(1), Na(2)) = (J1(1), N1 (2)) — (A1 — A2),
where the second equation is a direct consequence of (B.5). Subtracting the second
equation to the first one yields
(1= cos(20())){J1 (1), Ni(x)) = (Ji (1), Na(@)) + A1 — Ae.

Replacing (J1(1), N1(z)) in (B.6) and after simplification, using (B.4) and (B.5), we
finally obtain the horizontal displacement

(J1)(1) = Ji-(1) + (2(Ji-(1), Na(2)) N1 () + (M = A2)(N1(2) + No(z))).

4sin® 0(z)
We are now in position to write the motion of the skeleton S; when the motion

of the boundary is given by (B.3). For x € S; with corresponding points y; and s

in 0Dy,

1

(B.7) dSi(z) = 505 (@)

(HP(y1) — HP* (y2)) N{* () dt,
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which has finite variation. Observe that, as already mentioned, the term dz; disap-
pears.

Here we wrote dS;-(z) for the normal variation of the regular skeleton. But as we
already remarked, since S; is not a closed manifold, it can expand via the motion of
its boundary. So we have to investigate the horizontal motion dS7 (z).

Notice that Ji-)'(0) is the perpendicular part of the time derivative of the speed
at y; of the geodesic in time 1 from y; to z. So from equation (B.3) we deduce the
rotation

(J1)'(0) dt = ps(y1) VNP (1) = —ps(y1) VHP* (y1) dt.

(in the right-hand side the gradient corresponds to the tangential gradient on 0Dy,
recall that HP* is only defined on this hypersurface).
We conclude that the horizontal displacement of z is J{ (1) dt

1
4sin? 0S¢ (x)

+ (HP () = HP (12)) (NP (@) + N7 (@) )

(B8) JL(1)dt = Ji-(1) dt + (207 (1), NP @) NP ()

where Ji-(1)=J(1,0, —ps(y1)VHP*(y1)). Again the process z; does not play a role.
To summarize, we have the following result for the evolution of S;:

Turorem B.1. When Dy evolves as (B.3)
(B.9) doDy(y) = NPt (y)(HP (y) dt + dz),

the regular skeleton Sy has the normal evolution (B.7)

(5.10) ds (o) = T L) (D o) - (o)

and the tangential evolution (B.8) which can be rewritten as

(BA1) dST(x) = ps(Jit(1)) dt

(_ (Ji (1), N (@) | HP*(y1) — H' (y2)
2sin 65t () 4sin? 05: (z)

YD (@) + NP (@),

where ps denotes the orthogonal projection on T'S, Ji-(1)=J(1,0, —ps(y1)VHPt (31)),
and y1, yo are defined in Figure 2.

Remark B.2. The points y; and y» do not play the same role in Theorem B.1.
As formula (B.10) is symmetric in y; and ys, formula (B.11) is not. The reason is
that if we assume the motion of y; to be normal to the boundary 0D; and to have
speed given by (B.9), the motion of y2 has no reason to be normal to the boundary:
J3-(0) does not vanish.
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ArpENDIX C. D0ss-SUSSMAN REPRESENTATION OF IT0’s EQuUATION (2.7)

In this section we adapt the results of [8] to our notations. Let the stochastic mean
curvature flow be a solution of:

1
(C.1) VEe[0,7), ¥y eChy  dOD(y) = (AW + ShP (y)dt) NP (),

where C; := 0Dy, starting at Dy. Notice that contrarily to [8] we don’t have a term /2
in front of the Brownian motion, this explains the fact that we have put a normaliza-
tion factor 1/2 in front of the mean curvature term.

Let 0G; be a solution of

(C.2) Go = Dy,
' O = g, —w, (£)NC(z), Vtel0,8),VaedG,

for some £ > 0 small enough, where « is defined by
1
Vr>0,YDeD, Ve el,  ag,(z)= §h‘1’(c”’)(wc,T(ax)),

and ¥(C,r) is the normal (exterior) flow starting at C' at time r (cf. [8, Chap. 3 & 4]
for the notations).

Similarly to the proof of [8, Th.17], we show that D; = U(G;, —W,;) is a solution
of the stopped martingale problem associated to the generator (D, L ) where for f €
C>®(M) and Fy(D) = [}, fdu, v = —N is the exterior normal

LF (D) := %/aDWf, vydp=F ;D).

Recall that the equation (C.2), is in fact a quasiparabolic equation with coefficients
that depend on trajectory of the Brownian motion (the meaning is trajectory by
trajectory). Similarly to [8, §4.1], we show that the solution of (C.2) have a regularity
clte/22te for all a < 1.

Prorosition C.1. — Let G, be a solution of (C.2). Then 0Dy = U(0Gy, —Wy) is a
solution of (C.1) in the Ito sense.

Proof. — Let x € U(0G:, —W;), we have:
d
AV (0Gy, —Wi)(x) = T W (oc, —ww,) (&aGt) (T~ 1(DGy, —W,)(z) dt
— V‘I’(aG“Wt)(x)th
1
= (Wi + GhTOG T (@)t ) NVOG T (),

where in the first equality we use the Itd formula, the fact that ¢ — 0G; is of class
Cc'e/2 (a2 /d?r)¥(x,r) = 0, and in the second equality we used [8, Lem. 13], i.e.,
0Dy is a solution in the Itd form:

dODy(x) = (dW, + §h?P (2)dt) NOP« (z),
(C.3)
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O

Prorosition C.2. — Conwversely, if 0Dy is a solution of (C.3) then 0G; = ¥ (0D, Wy)
is a solution of (C.2).

Proof. — Let x € 90U (0D, Wy)
AV (9D, Wy)(2) = T1¥ (op, .w,) (0dDDy) () + v¥ OP=W) (2)d W,

1
=T10op,.w, ((AW; + §haD‘dt)N3Dt)(x)
_ N‘I’(aDt,Wt)(m)th
1 .
_ (gh"D‘(\IJ‘l(c’)Dt, W,)(z)) NGt (x)dt)

1
= ShM G (W96, ~ W) () N7 (),

where we use that in this case, the Stratonovich differential is equal to the Itd’s
one (cf. Appendix B), i.e., oddD;(x) = dOD;, and (d?/d?r)¥(x,r) = 0. So G, is a
solution of (C.2). O

By the uniqueness of the solution of (C.2) (cf. [8, Th.22]) and the fact that it is
adapted to the filtration of B we deduce that the solution of (C.3) is unique and is a
strong solution. Similarly we have the uniqueness of the solution of

p(0Dy)

w(Dy)

Moreover, since we could also make a change of time in the It equation, Equation (2.7)
has a unique strong solution.

40D () = (d1W, + 7P (x)d ~ at) NOP* ().

AppPENDIX D. WEAK SEMI-GROUP THEORY IN THE MARTINGALE PROBLEM SENSE

This theory has been developed in several books, see for instance Stroock and
Varadhan [22] or Ethier and Kurtz [10]. Here we present a minimal version suitable
for our purposes.

Let V be a measurable state space and consider €2 a set of trajectories from R to V.
The canonical coordinates on  are denoted by the Xy, for ¢ > 0: for w € Q, X;(w) is
the position at time ¢ of w. The set Q is endowed with the sigma-field generated by
the X, for t > 0. Our first assumption is that the mapping

OX Ry 3 (w,t)— Xi(w) eV

is measurable, which usually means that “Q is not too big”.
For t > 0, we define
Fi=0(Xs : s €][0,¢]).
For t > 0, we will also need the time shift ©; associating to any w € € the trajectory
©(w) defined by
Vs >0, Xs(01(w)) = Xope(w).
We assume that ©,(Q2) C Q.
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A given family P := (P,),cv of probability measures on 2 is said to be Markovian
if for any « € V and any t > 0, the image by ©; of P, conditioned by F; is Px,.
In particular, it is assumed that P has the regularity of a Markov kernel from V to Q.

From now on, we suppose that a Markovian family P is given. Let B be the space
of bounded and measurable functions defined on V. The semi-group P = (P})i>0
associated to IP is the family of operators acting on B via

Vi>0,VfeB,Vrev, Py[fl(x) = E;[f(X)].
The Markovianity of P implies at once the semi-group property
Vs, t >0, PP = Py,

and in particular the elements of P commute.
A subclass R of “regular” functions that will be important for our purposes is that
defined by

R = {fe B:VxeV, tlirgl+Pt[f}(x) = f(m)}

Exceptionally in the above limit, we assumed that ¢ > 0 (i.e., not only that ¢t > 0),
so that, by definition, for any f € R and z € V, Fy[f](z) = f(x).
Let us observe that R is left stable by the semi-group:

Lemva D1, — For any t > 0, we have PR] C R. Thus for any given f € R and
x €V, the mapping
Ry >t — R[f](z)

is Tight continuous.
Proof. — Indeed, fix t > 0 and f € R, we have for any z € V and s > 0,
P[P fl](x) = B[Ps[f]}(x) = Ea [Ps[f](Xe)]]-

We have, for any s > 0, || Ps[f]||, < ||f|l., (where |||, stands for the supremum
norm on B) and since f € R, we get everywhere

lim Po[f](X¢) = f(X0).

s—04

Dominated convergence implies that
Jim B, [P[f(X0)] = B/ (X0)] = P,
as desired. |

The generator L associated to P is the operator
L:DL)— R

defined in the following way: the space D(L) is the set of functions f € R for which
there exists a function g € R such that the process M9 := (M), defined by

Ve 0, MIY = f(X) - F(Xo) - / 9(X,) ds

is a martingale under P,, for all x € V.
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Let us remark that g is then uniquely determined. Indeed, we have for any x € V'
and t > 0,

E.[f(X,)] - E[f (Xo)] — E [ / Cg(x.) dS] 0.

Using Fubini’s lemma (applicable due to our measurability requirement on 2) and
taking into account the definition of P, we get

PfI(@) - Polfl(x) - / Py[g)(x) ds

namely, recalling that we required that g € R,

0,

(D.1) g = Polg] = lim 1/0 Py[g)(z)ds = lim Blf](z) — f(z)

t—04 t

(we came back to the usual convention that ¢ > 0 in the above limit) and as a by-
product, we are assured of the existence of the latter limit.

We define L[f] := g and M/ := M/9. The differentiation property (D.1) can be
extended into

Lemva D.2. — Forany f € D(L), x € V and t > 0, we have
(D-2) P [f](x) = RIL[)(2).
Proof. — For any f € D(L), z € V and ¢, s > 0, we have

E.[M{,, - M{] =E, [E.[M{,, - M{|5)]| =o.

We compute that

t+s
M., Mf = [(Xi10) — F(X)) — / Lf)(X,.) du,
so that

B, (M, ~ M{] = P f)e) = PUA) = [ Pral2)) du

Since L[f] € R, the mapping [0, s] 3 u — Py, [L[f]](x) is right continuous, accord-
ing to Lemma D.1, and the same argument as in (D.1) enables to conclude that (D.2)
holds. O

We can now come to the main goal of this appendix:

Prorosirion D.3. — For any t > 0, D(L) is stable by P, and on D(L) we have
LP, = P,L.

Proof. — Fix f € D(L) and z € V, the assertion of the lemma amounts to checking
that the process N = (Ny)s>0 defined by

(Voo = (Pt[ﬂ(Xs) - P - [ " PILIAI(X.) du)

s>0

is a martingale under P,.. Consider s’ > s > 0, we have to prove that

(D.3) E.[Ny — No|F] = 0.
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The left-hand side is equal to

B, [ RICC) - RUICE) = [ PILIAICG) du

3.

—E, [Pt (Xems00.) = Rlfl(Xoc0) - [ B (X 0 ©,) du

.|

where y = X,. By Fubini’s lemma, the previous right-hand side can be written as

_E, [Pt[fwxs/_s) - AU - [ RN du] ,

0

’

B, [AU7)(Xo-0)) - B, [PUACK0)] - | R B (X)) du

/

= Prvwal(y) — PAAI) - / P L) () du

Taking into account (D.2), the last integral is equal to

| 0Pl du = P (110) = PAA)
which ends the proof of (D.3). O

The advantage of the above approach is that it is quite sable by optional stopping,
as it is the case for martingales. Let us succinctly give a simple example in the spirit
of Section 2.

Assume that in the above framework, V' is a metric space, endowed with its Borel
measurable structure, and that € is the set of continuous trajectories (R4, V). Fur-
thermore, we suppose that P is Fellerian, in the sense that it preserves C,(V'), the
set of bounded and continuous real functions on V.

Let be given A C V' a closed set. We consider 7 the hitting time of A:

r=inf{t >0 : X; € A} € Ry U{+o0}.
Define the “new” process X = ()N(t)t>0 via
VE20,  Xi=Xinr

and for z € V, let @z be the image of P, by X , it is still a probability measure
on C(R4, V). All notions corresponding to P := (P,).cv, which is still a Markovian
family, receive a tilde. It appears without difficulty that R is the set of functions f € B
such that there exists f € R with f coinciding with f on V'~ A. The domain D(L) is
the set of f € R such that there exists f € D(L) with f coinciding with f on V \ A.
In addition, we have

L[f](z) when x & A,

0 when x € A.

veeV, Lif]z) = {

This expression does not depend on the choice of f, due to the fact that P is a
diffusion, i.e., that Q@ = C(Ry, V), which implies that L is a local operator (see for
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instance [21, Th. 7.29], the authors are working with Euclidean spaces, but the result
can be extended to metric spaces).
According to (D.2) and Proposition D.3, we get

VfeDI),VeeV,Vt>0,  8P[fl(x)=BLIfli(x) = LIR[f]](2).

Such relations are not so obvious if we had chosen to work in a Banach setting
(cf. e.g. the book of Yosida [24]), considering for instance semi-groups acting on the
space Cp(V) (endowed with the supremum norm), since in general L would not nat-
urally take values in Cy (V).

AppPEnDIX E. AN [TO0-TANAKA FORMULA

Let M be a d-dimensional Riemannian manifold and D C M a compact and
connected domain with C? boundary 0D, and S be the regular skeleton of D, and
p4p the signed distance to D, which is positive inside D and negative outside D.
The notations will be the same as in Appendix A.

Prorosirion E.1. — Let X; a Brownian motion in M. We have the following It6-
Tanaka formula:

Ao (X0) = (NP(X,),dX,) — ShP(X,)dt —sin (6°(X,)) dLF(X),

in the above formula, NP (z) = Vpi,(z) and —hP(z) = Ap},(x) for x ¢ S, and
define to be 0 elsewhere, Ly (X) is the local time defined as in (3.7).

Proof. — The formula is a consequence of the Itd formula outside the skeleton. Since
the non regular part of the skeleton has Hausdorff dimension smaller than or equal
to d — 2, it is not visited by the Brownian motion. So we only focus on the regular
skeleton. For all € S, the distance to the boundary is the minimum of two C?
functions f, g defined on some neighborhood U of © in M. The function f (resp. g )
is the distance function to a piece of 9D containing y; (resp. y2) as in (A.2). We have
locally,
N 1 1
Pop=FNg= §(f+9) - §|f—9|-

Using It formula and Tanaka formula we have
A (X)) = 3 (A0 +9)(X)di + (V(] +9)(X0),dX,))
— 5 (siEn((f — (X))~ )(X0) + L ((F — 9)(X)):
where

LOF((f - 9)(X)) = lim ~ / ooy ((f — 9)(X)d{(f — 9)(X), (f — 9)(X))s.

e—=0t €

Since locally S = {f — g = 0} and p(S) = 0, we have

1 1
dpip(Xe) = §]1Xt¢SAP§D(Xt)dt + 1x,¢s(Vpip(Xy),dXy) — idL(t)’Jr((f - 9)(X))).
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After changing the role of f and g we get

1
(E1) dpfp(Xe) = §1Xt¢SApgD(Xt)dt
1
+ 1x,¢5(Voap(Xi), dXt) — §dL?((f - g)(X)),

where
t

LY(f - 9)(X)) = lim %1[_5,5](0“ —X)V(f = 9)I*(Xs) ds.

e—=0t Jo

In Appendix A it is shown that for z € S, [|[V(f — g)(z)|| = 2sin (6%(z)). Using the
flow (d/dt)y(t) = =V (f — g)(v(t))/IIV(f — 9)(+(t))||” that starts at y € U, we get

g
e M |f—gly) el < {y € M« ldsW)l < 5 gms oy

where dg is the distance to S. On the other hand, using the minimal geodesic from .S
toy € U we get

{ye M : |ds(y)| <e} C{ye M : |f—gl(y) <2esin (05(P5(y))) +0(e) }.

Hence

+o(e)},

dL((f = 9)(X))) = 2sin (07(X,)) L7 (X)).
Together with (E.1), this yield the proposition. O

Arprenpix F. UNIQUENESS IN LAW OF £ DIFFUSION

Let us consider the following generator % of a stochastic modified mean curvature
flow. The action of this generator and its carré du champ on elementary observables
are defined as follows. For any smooth function £ on M, consider the mapping Fj on
D2+ defined by

VD ¢ Dt Fy(D) = /Dkdu.
For any k,g € (M) and any D € D2+,
ZIRID) = ~5u®” (VK NP)) = Fy su(D),
L Z{Fk, Fgl(D) = /aDkda/angg-

Note that .2 has the same carré du champ as the carré du champ associated to .
From now the generator .# is defined as in (2.10).

Prorosition F.1. — The martingale problem associated Zis well-posed.

Proof. — We have already shown the existence result in [8], so it remains to prove the
uniqueness in law. Let us first consider the two-dimensional Euclidean case, namely
M = R?. For all A € R and for any function ky € vect(e**, e*?) we have 3 Aky(z,y) =
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(A2/2)kx(z,y). Let fr((z,y), D) := kx(z,y)Fk, (D), for (z,y) € R? and D € D?*e.
This function satisfies the following property:

Z \(@,9), D) = ka(@,y) L Fy, (D) = ka(@, ) Fyan, (D) = ka(@,y)Faz (D)

A2 1 1
= Ek,\(%y)FkA (D) = iAk,\(:c,y)FkA (D) = iAf,\((x,y),D).

Let (X¢)i>0 be a R%-valued Brownian motion that starts at Xo = (z1,72) € R? and
(ﬁt)t>0 a .7 diffusion that starts at Dy independent of (X;);>0. Even if we stop the
diffusion, we can assume that its lifetime is infinite and we add indicators as described
in Appendix D. For all 0 < s < t, we have

~m 1 - . R .
df\(Xi—s, Ds) = —iAf,\(Xt_s, Dg)ds + L fx(Xi—s,Ds)ds = 0.
Hence for all A € R we have
(F.1) E[fx(X:, Do)] = E[fr(Xo, Dy)].

Since the left hand side of the above equation does not depend on the z diffusion,
we get that for any . diffusion (D,);>0 that starts at Dy:

E[f(Xo, Dy)] = E[fx(Xo, Dy)],
and so B
E[Fy, (Dy)] = E[Fy, (Dy))]-

In order to apply [10, Th. 4.2], we have to show that the above equation character-
izes the law of the one-dimensional distribution, i.e., we have to show that (Fy,) is
separating in the space of probability measures on D?T. This is equivalent to sep-
arate domains. Let A, B € D?** such that F, (A) = Fj,(B) for all A € R and
kx € (e* eMY), we have for all \:

/Akx(fv,y)du:/lgkx(z,y)dﬂ-

After successive derivations in A and evaluation at A = 0, we get for all n € N

/x"du:/ x"du, /y"du:/y"du.
A B A B

The above computations could be done also for FI;AI,M = eMPTA2Y gince %A%h,)\z =
(A2 + )2)/2k\, A,, and after derivations in A1, A2 and evaluating at (0,0) we get that

for all n,m € N:
/ xny'fﬂdu — / mny"”du,
A B

hence, using the boundary regularity, we get A = B.

We could also apply Stone-Weierstrass’ theorem to the function algebra generated
by the mappings (z,y) — eM* and (z,y) > e*2Y.

The proof is the same for all Euclidean spaces. If M is a compact manifold let

f)\i(X’D) = k)\l(X)Fk/\L(D)’
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where )\; is an eigenvalue of %A and k; is the associated eigenfunction (respectively
the Neumann eigenvalue). By the same computation as above (F.1) is also valid for
the boundary reflecting Brownian motion), to get the conclusion we have to show that
(Fk,, )i separates domains. Since (ky,); is an orthonormal basis of L?(u) we get that
if A, B € D>t be such that for all i,

Fkxi (A) = Fkki (3)7

i.C., <]]-A7k)\,:>L2 = <]]-B7k>\,->L27 then ]]-A Z ]]-B hence A = B.

For the complete manifold M, let 2 be an exhaustion of M with a regular bound-
ary such that Dy C g, and stop the 7 diffusion when it hit 2 and use the above
result for the manifold with boundary €y, we get the result by localization. |

Prorosition F.2. — The martingale problem associated to £ is well-posed.

Proof. — Let Dy be a . diffusion that starts at Dy, defined on (2,57, Q). We first
recall that there exist an enlargement of the probability space such that it carries a
one dimensional Brownian motion B such that for all k € C*°(M)

(F.2) Fo(Dy) = Fu(Dy) + /Ot ZIF)(D,) ds + /Ot VT 2[Fy, F](Dy) dBs,

where /T ¢[Fy, Fi|(D) := [, kdo, this is actually [8, Prop. 53]. Note that this pro-
cedure of enlargement ([19, Chap. V, Th. 1.7]) could be done by gluing the same inde-
pendent Brownian motion for each (2, 52, Q). We denote by (ﬁ, f}D, @ the enlarged
probability space. Since .Z is an h-transform of 92/”\, namely

__ T A, F
ZLNFy) = LFy] + M,
Fy
equation (F.2) becomes in a differential form

dFy(Dy) — ZF)(Dy)dt = (/ kda) (dBt + Mdt).
oD

w(Dy)
Let
¢, u?P+(0D,) t 0D (9D, )N 2
e[ ) [y
Py, = Mt@m-

Using the Girsanov transform, D; is solution of the 2 martingale problem on the
probability space (2, FP,P). Since Q = M 1P we get the uniqueness in law of the .#
diffusion by Proposition F.1. a

ApPPENDIX G. CONVERGENCE IN LAW: A KEY LEMMA

This Appendix is devoted to the adaptation to some domain-valued sequences of
processes, of [25, Lem. 4], which states stability of some time integrals under conver-
gence in law.

JE.P — M., 2024, tome 11



CoUPLINGS OF BROWNIAN MOTIONS WITH SET-VALUED DUAL PROCESSES 51()

Lemva G.1. Let F := F%¢. We endow the set € ([O7 o0), M x §) of continuous
paths with the two dissimilarity measures dg, § € {0,a}, defined as:

dg ((z', DY), (2%, D)) = sup p(at (1), z%(t)) + sup dy z(D(t), D*(1)),

where, for two domains D and D',
d D,D")Ndg.p(D',D) A if H(D,D') <
d,B <§(D’ D/) = { ﬁ7D( ) B’D ( ) € Zf ( ) €

€ otherwise.
Here H(D, D') is the Hausdorff distance between D and D' and the distance dg p is
defined in (2.3).
Let (XP, D' 7 i0=(X?", D" 79%) 50 a subsequence of (3.10) converging in law
to the limit defined in (3.11) for the product of do and the Euclidean distance in R.
Let fu : (x, D) fu(2, D) and f : (x, D) f(z, D) be maps on M X .F F with values

in some Fuclidean space, and U an open set in M x F for dy. Assume that:

(i) the random variables [ |fn (XD, D™)[P ds are uniformly bounded in probability
for somep > 1,

(ii) in the open set U, the functions f,, converge locally uniformly to f with respect
to dgy, and are dy-continuous,

(iii) for a.e. t 20, (X3, D) € U.

Then (X[, D}, fot fn(XT,D2)ds),. , converges in law to (Xy, Dy, fot f(Xs,Ds)ds)

t=0 t=>0
for (da, |- 1)
Remark G.2. — In the applications we will always take
(G.1) U={(z,D)e Mx.F, zcD~S(D)},

which is easily seen to be dg-open thanks to Assumption 3.1 on Z.

Proof. — We will follow the proof of [25, Lem. 4], but with several differences due to
infinite dimensional spaces. Set for n € N, ¢ > 0,

(G.2) / fo(X™ DM ds, Ay = /Otf(XS,Ds)ds

Condition (i) implies that the processes A™ are tight. To get the conclusion it is
sufficient to show that all the converging subsequences have the same limit. So assume

that

n n n ‘Z
(X3¢ DYy AY )0 — (X, Dty ar) o,

and let us prove that (a;)¢i>0 = (At);5o. By Skorohod theorem we may realize all
processes

(tha Dy, A}, Xy, Dy, at)t>0
on the same probability space (€2,.%,P) in such a way that
(G.3) (Z{")t=0 == (X", D', AY) 50 a8, (X+, Dy, at)e=0 =: (Zt)e>o0-

This means that Z}" — Z; a.s. uniformly in ¢ > 0.
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Fix w € Q. Let ¢ > 0 be such that (X;(w), Dy(w)) € U. For some ¢’ > 0 we have
(Xs(w),Ds(w)) € U for all s € [t — &', ¢+ €']. The set

S = {(Xs(w),Ds(w)), se[t—&,t+}
is dn-compact in M x i so it has a d,-neighbourhood V included in U of the form
V= {(:c,D) e M x 7, d,((z,D),S) < 5}

for some small enough ¢” > 0. For n sufficiently large, (X' (w), Dy (w)) € V for all
s € [t —&',t +£']. On the other hand V is bounded for the distance d,,. This implies
by Arzela-Ascoli theorem that it is compact for the distance dy. We have the two
following facts, the first one being an assumption on the f, and f, the second one
being a consequence of the dp-compactness of V'
(a) fn — f as n — oo uniformly in (V,dp);
(b) f is uniformly continuous in (V, dp).
Then
Sup | fu(X2(w), D)) = (X, (@), Do(@))
sE[t—e,t+e]
< sup [fu(X{ (W), DY (W) — f(XE (w), DY (w))]
sE€t—e,t+e]
+ osup  [f(X](w), DY (w)) = f(Xs(w), Ds(w))]-
sE[t—e,t+e]
Both terms in the right converge to 0, the first one by (a) and the second one by (b).
So we have by (G.3) and the above calculation
{ (Ag(w))se[t—s,t—i-s] - (aS(W))se[t_57t+5]v
((A?(w))/:fn(X:(W)7 D?(w)))se[tfg’tﬁ»g] — (f(X5<w)7 D‘s(w>))s€[t7€,t+€]7

both uniformly in s € [t—e, t+¢]. This implies that as(w) is differentiable in (t—¢, t+-¢)
with derivative f(X;(w), Ds(w)) and in particular at ¢.
We have that for all ¢ > 0, (Xy(w), Di(w)) € U a.s.. So for all t > 0,
d
aat( w) = f(X¢(w), Di(w)) a.s.

This implies that w a.s.

(G.4) %at( ) = f(X¢(w), Dt(w)) for ae. t.

On the other hand we know by [14, Th. 10] that (a;):>0 is absolutely continuous:

(G.5) / 0u(

By Lebesgue theorem, w a.s., for a.e. t >

t+e
(G.6) lim — /t_ [05(w) — £e(w)| ds = 0.

Equalities (G.4) and (G.5) imply that w a.s.

t+e
lim i/ ls(w)ds = f(X¢(w), Di(w)) for a.e. t.
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On the other hand

t+e t+e
1/ (o) — G(w) ds <i/ 13(w) — o(w)| ds,

% t—e A 2e t—e
so (G.6) implies that w a.s. for a.e. t > 0
1 t+e
. lim — = .
(G.7) lim - /t  tw)ds = 4(e)

Consequently, using (G.4) and (G.7), we get w a.s. for a.e. t = 0
b(w) = f(Xi(w), Di(w)).

Integrating we get w-a.s. for all t > 0

¢
) = Aiw) = [ £ (), Du) ds
0
This together with (G.2) proves the lemma. O

REFERENCES

[1] P. ALBano — “On the stability of the cut locus”, Nonlinear Anal. 136 (2016), p. 51-61.
[2] M. Arnaupon, K. CourisarLy-Pasquier & L. MicLo — “The stochastic renormalized mean curvature
flow for planar convex sets”, 2023, arXiv:2303.07921.
, “On the separation cut-off phenomenon for Brownian motions on high dimensional
spheres”, Bernoulli 30 (2024), no. 2, p. 1007-1028.
[4] M. Arnaupon & X.-M. L1 — “Reflected Brownian motion: selection, approximation and lineariza-
tion”, Electron. J. Probab. 22 (2017), article no. 31 (55 pages).
[5] D. Bakry, I. Gentin & M. Lepoux — Analysis and geometry of Markov diffusion operators,
Grundlehren Math. Wissen., vol. 348, Springer, Cham, 2014.
[6] P. Carvona, F. Perir & M. Yor — “Beta-gamma random variables and intertwining relations be-
tween certain Markov processes”, Rev. Mat. Iberoamericana 14 (1998), no. 2, p. 311-367.
[7] V. Cervera, F. Mascaré & P. W. Micuor — “The action of the diffeomorphism group on the space
of immersions”, Differential Geom. Appl. 1 (1991), no. 4, p. 391-401.
[8] K. CouriBarLy-Pasquier & L. MicLo — On the evolution by duality of domains on manifolds, Mém.
Soc. Math. France (N.S.), vol. 171, Société Mathématique de France, Paris, 2021.
[9] P. Diaconis & J. A. FiLL — “Strong stationary times via a new form of duality”, Ann. Probab. 18
(1990), no. 4, p. 1483-1522.
[10] S.N. Ermier & T. G. Kurrz — Markov processes, Wiley Series in Probability and Math. Statistics,
John Wiley & Sons, Inc., New York, 1986.
[11] J. A. Fiue & V. Lyzinski — “Strong stationary duality for diffusion processes”, J. Theoret. Probab.
29 (2016), no. 4, p. 1298-1338.
[12] P. Gassiar, B. Gess, P.-L. Lions & P. E. Soucanipis — “Long-time behavior of stochastic Hamilton-
Jacobi equations”, J. Functional Analysis 286 (2024), no. 4, article no. 110269.
[13] M. Macuipa — “A-linked coupling for drifting Brownian motions”, 2019, arXiv:1908.07559.
[14] P-A. Mever & W. A. Znexe — “Tightness criteria for laws of semimartingales”, Ann. Inst. H. Poin-
caré Probab. Statist. 20 (1984), no. 4, p. 353-372.
[15] L. MicLo — “Strong stationary times for one-dimensional diffusions”, Ann. Inst. H. Poincaré
Probab. Statist. 53 (2017), no. 2, p. 957-996.
, “On the construction of measure-valued dual processes”, Electron. J. Probab. 25 (2020),
article no. 6 (64 pages).
[17] S. Par & M. Sukornikov — “Intertwining diffusions and wave equations”, 2013, arXiv:1306.0857.
[18] J. W. Prrman — “One-dimensional Brownian motion and the three-dimensional Bessel process”,
Advances in Appl. Probability 7 (1975), no. 3, p. 511-526.
[19] D. Revuz & M. Yor — Continuous martingales and Brownian motion, third ed., Grundlehren
Math. Wissen., vol. 293, Springer-Verlag, Berlin, 1999.
[20] L. C. G. Rocers & J. W. Prrvan — “Markov functions”, Ann. Probab. 9 (1981), no. 4, p. 573-582.

JEP — M., 2024, lome 11


http://arxiv.org/abs/2303.07921
http://arxiv.org/abs/1908.07559
http://arxiv.org/abs/1306.0857

599 M. Arnauvpon, K. A. Courisary-Pasquier & L. MicrLo

[21] R. L. Scuirtine & L. Partzscin — Brownian motion, second ed., De Gruyter Graduate, De Gruyter,
Berlin, 2014.

[22] D. W. Stroock & S. R. S. Varapuan — Multidimensional diffusion processes, Classics in Math.,
Springer-Verlag, Berlin, 2006.

[23] M. Yor — “Intertwinings of Bessel processes”, Tech. report no. 174, Department of Statistics, Uni-
versity of California, Berkeley, CA, https://digitalassets.lib.berkeley.edu/sdtr/proof/
pdfs/174.pdf, October 1988.

[24] K. Yosipa — Functional analysis, Classics in Math., Springer-Verlag, Berlin, 1995.

[25] W. A. Zuexe — “Tightness results for laws of diffusion processes application to stochastic me-
chanics”, Ann. Inst. H. Poincaré Probab. Statist. 21 (1985), no. 2, p. 103-124.

Manuscript received 2gth June 2022
accepted 7th February 2024

Marc Arvaupon, Univ. Bordeaux, CNRS, Bordeaux INP, Institut de Mathématiques de Bordeaux,
UMR 5251,

F-33405, Talence, France

E-mail : marc.arnaudon@math.u-bordeaux.fr

Url : https://www.math.u-bordeaux.fr/~marnaudo/

Kovéuk CouLisary-Pasquier, Institut Elie Cartan de Lorraine, UMR 7502, Université de Lorraine
and CNRS,

Boulevard des Aiguillettes, 54506 Vandoeuvre-les-Nancy, France

E-mail : kolehe.coulibaly@univ-lorraine.fr

Url : https://iecl.univ-lorraine.fr/membre-iecl/coulibaly-kolehe/

Laurent Micro, Institut de Mathématiques de Toulouse, UMR 5219, & Toulouse School of Economics,
UMR 5314, CNRS and Université de Toulouse,

1, Esplanade de I’Université, F-31080 Toulouse Cedex 06, France

E-mail : laurent.miclo@math.cnrs.fr

Url : https://perso.math.univ-toulouse.fr/miclo/

JE.P — M., 2024, tome 11


https://digitalassets.lib.berkeley.edu/sdtr/proof/pdfs/174.pdf
https://digitalassets.lib.berkeley.edu/sdtr/proof/pdfs/174.pdf
mailto:marc.arnaudon@math.u-bordeaux.fr
https://www.math.u-bordeaux.fr/~marnaudo/
mailto:kolehe.coulibaly@univ-lorraine.fr
https://iecl.univ-lorraine.fr/membre-iecl/coulibaly-kolehe/
mailto:laurent.miclo@math.cnrs.fr
https://perso.math.univ-toulouse.fr/miclo/

	1. Introduction and main results
	2. Intertwined dual processes: existence in connection with Stokes' formula
	3. Intertwined dual processes: a generalized Pitman theorem
	4. Intertwined dual processes: decoupling and reflection on boundary
	5. Some fundamental examples
	Appendix A. An integration by parts on domains with boundary
	Appendix B. Moving sets
	Appendix C. Doss-Sussman representation of Itô's equation (2.7)
	Appendix D. Weak semi-group theory in the martingale problem sense
	Appendix E. An Itô-Tanaka formula
	Appendix F. Uniqueness in law of L diffusion
	Appendix G. Convergence in law: a key lemma
	References

