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1 Introduction

In this paper, we consider two-player nonzero-sum continuous-time stopping games in which

the payoff for every player ¢« = 1,2 is defined by
Ji(x> Ti’ Tj) =E; [ILTiSTj e_rTiRi(XTi) + :H'Tj<Ti e_rTjGi(XTj)]a
where j = 3 — 7 and

(i) X := (X¢)i>0 is a continuous homogenous linear diffusion defined on an open interval

7 C R and satisfying Xy = z;
(i) 7¢ and 77 are stopping times of the filtration of X chosen by players i and j, respectively;
(iii) » > 0 is a constant discount rate;

(iv) the reward functions R’ and G* are continuous functions such that R* < G* on Z and

whose discounted values at X; satisfy limit and integrability conditions when ¢t — oc.

The assumption R' < G reflects a second-mover advantage for every player ¢ = 1,2 and is
typical in the stopping games referred to as wars of attrition in the biology and economics
literature (see [17, 28, 29, 36, 37, 47] for examples of such games under Brownian uncertainty).
In line with this terminology, a game satisfying assumptions (i)—(iv) is referred to in what
follows as a linear Brownian war of attrition (IBwa). The main goal of this paper is to show
that any 1Bwa admits a (pure- or mixed-strategy) Markov-perfect equilibrium (Mpe), to be
defined below. To this end, we bring to bear new topological methods for the analysis of
continuous-time stopping games.

A pair of stopping times (7!,7%) is a pure-strategy Nash equilibrium for the 1Bwa
with initial condition z € Z if J'(z,7%,77) = sup, J'(x,7,77) for every player i = 1,2.
A pure-strategy Markov-perfect equilibrium (Mpe) is a pair of Markovian stopping times
(characterized as hitting times of a closed subset of Z) that induces a pure-strategy Nash
equilibrium for every initial condition. Markov-perfectness requires that the continuation
equilibrium following any history only depend on payoff-relevant variables (Maskin and Tirole
[44]) and rules out noncredible threats (Selten [55], Riedel and Steg [52]).

The existence of pure-strategy Mpes for 1Bwas can be established under a variety of

additional assumptions on the reward functions R’ and G°.

1. It follows from very general results of Cattiaux and Lepeltier [11] and Lepeltier and
Etourneau [40] that a pure-strategy Mpe exists under the additional assumption that

the processes (e 7"'G*(X}))i>0, ¢ = 1,2, are supermartingales.
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2. De Angelis, Ferrari, and Moriarty [15] prove the existence of a pure-strategy Mpe in
trigger strategies under geometric conditions on the functions R, i = 1,2. Similar

results have been derived by Attard [2] and Martyr and Moriarty [43].

3. Ekstrom and Villeneuve [21] and Ekstrom and Peskir [20] prove the existence of a

pure-strategy Mpe in the zero-sum case where R' = —G7, i = 1, 2.

In the absence of such additional assumptions, a pure-strategy Mpe may not exist—we
provide a simple explicit counterexample in Section 7. Notice in that respect that, according
to very general results by Lepeltier and Maingueneau [41] (in the zero-sum case) and
Hamadene and Zhang [31] (in the nonzero-sum case), a 1Bwa always admits a pure-strategy
Nash equilibrium. However, the strategies constructed in, e.g., [31] are not Markovian, and
the resulting equilibrium is typically not subgame-perfect in the sense of Riedel and Steg
[52], so that some player has to make a noncredible threat off the equilibrium path.

To recover the existence of an Mpe, we follow the classical approach in game theory:
we extend the class of strategies by allowing players to use mixed strategies. In the present
context, this amounts to considering randomized stopping times—whereby, loosely speaking,
players choose a distribution on the set of stopping times.

Randomized stopping times have been considered for a long time in the theory of optimal
stopping (see, e.g., Baxter and Chacon [4], Meyer [46], El Karoui, Lepeltier, and Millet [24])
and in the analysis of stopping games (see, e.g., Touzi and Vieille [57], Riedel and Steg
[52], Laraki and Solan [38], Laraki and Solan [39], De Angelis, Merkulov, and Palczewski
[16]). The difference between these and the present paper is one of focus: we are ultimately
interested in the existence of Mpes of IBwas. Therefore, whereas the games we consider
form a more modest class, our equilibrium concept is more demanding. Correspondingly,
instead of allowing for general randomized stopping times in possibly very general stochastic
environments, our analysis focuses on Markovian randomized stopping times for continuous
homogenous linear diffusions.

For this specific class of environments, Décamps, Gensbittel, and Mariotti [17] derive from
a representation result for multiplicative functionals due to Sharpe [56] that any Markovian
randomized stopping time can be represented by a pair (p,S), where S is a closed subset
of Z and p is a locally finite measure on Z \ S such that the conditional survival function
Ay—that is, the probability to stop strictly after ¢ conditionally on (X)scjoq—writes as
A =Terge” Jr\s 1Y M4 where LY is the local time of X at (y,t) and 7g is the hitting time by
X of S. The set S is the region of immediate stopping and p is a (possibly singular) intensity

of stopping outside of S. Equivalently, the pair (u, S) can be seen as a nonnegative measure
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on Z that explodes on S. This allows one to identify the set of Markovian randomized
stopping times with the set M(Z) of nonnegative (but not necessary locally finite) regular
Borel measures.

Building on this representation theorem, [17] offers a detailed analysis of mixed-strategy
Mpes of the IBwa under assumptions on reward functions that are special cases of those
introduced in [11] and [15]. In this context, it can be shown that, if players are asymmetric,
then all mixed-strategy Mpes of the IBwa involve strategies with discrete intensity measures
of stopping whose supports consist of two intertwined sequences of randomization thresholds,
generating singular conditional survival functions. These randomization thresholds and the
players’ equilibrium value functions are semi-explicitly characterized as the solutions to a
variational system.

An open question is whether the existence of an Mpe for the IBwa can be established with
no assumptions on reward functions besides assumptions (i)—(iv) above and, correspondingly,
without the luxury of variational methods. The present paper answers this question in the
positive by relying instead on topological methods.

To this end, the standard approach requires (A) endowing M(Z) with a convenient
topological structure, and (B) checking that the best-reply correspondence is sufficiently
well-behaved to apply an appropriate fixed-point theorem. However, an immediate difficulty
in the implementation of this approach is that M(Z) lacks a natural convex structure,
reflecting the possibility that a player may stop with infinite intensity on some subset S
of Z. This prevents us from using Kakutani’s [34] fixed-point theorem or its extension by
Glicksberg [30] to compact convex subsets of a locally convex Hausdorff topological vector
space. We show that this lack of convexity can be overcome by invoking a more powerful
result, namely, a special case of the Eilenberg-Montgomery fixed-point theorem [22, Theorem
1] that applies to (non necessarily convex) compact absolute retracts. (The topological
notions involved in the statement of this theorem are recalled in Section 2.6.)

To carry out the two-step program (A)—(B), we establish a number of new topological
properties of the set of Markovian randomized stopping times and of the best response
correspondences that may be of independent interest.

(A) Our first main result, Theorem 2.9, defines a topology ¥ on M(Z) that extends
vague convergence of locally finite measures, and establishes that (M(Z),d) is a compact
absolute retract. The proof consists of two steps that can be sketched as follows. (1)
The first step is relatively standard and consists in showing that (M(Z),?) is metrizable
and compact (Proposition 4.1). As a by-product, we obtain that the topology induced



by ¥ on the subset Myo(Z) C M(Z) of locally finite measures coincides with the usual
topology v of vague convergence. (2) The second step is more challenging, and involves
more advanced tools. By Step 1, one can identify M,.(Z) with a metrizable convex subset of
the locally convex Hausdorff topological vector space of linear functionals on C(Z) endowed
with the vague topology; this, in turn, implies that (M)..(Z), v) is an absolute neighborhood
retract. The bulk of the proof then consists in proving that one can continuously deform
any measure m € M(Z) into the null measure 0 € M,.(Z) in such a way that, except
perhaps for the initial point m, the whole path of this deformation is included in M,(Z).
This shows at once that (M(Z), ) is contractible and that it includes (Mo.(Z),v) as an
homotopy-dense absolute neighborhood retract (Proposition 6.6). As (Miee(Z),v) is an
absolute neighborhood retract, this in turn implies that (M(Z), ) is a contractible absolute
neighborhood retract, i.e., an absolute retract, establishing Theorem 2.9.

(B) To prove our second main result, Theorem 2.10, which establishes that any 1Bwa
admits an Mpe, we first show that, if player j stops according to a Markovian randomised
stopping time m? € M(Z), then player i has a pure-strategy best reply that consists in a
Markovian stopping time (Proposition 3.1). This best reply is perfect in that it remains
optimal regardless of the initial condition. We further characterize the set of perfect best
replies in M(Z) to player j’s Markovian randomized stopping time m’ (Proposition 3.3), and,
among those, the set of pure-strategy best replies, whose associated optimal stopping regions
form a lattice (Lemma 3.2). This part of our analysis falls in the domain of the general theory
of optimal stopping. We next introduce a correspondence ® whose values are subsets of the
perfect best-reply correspondence and that is more amenable to topological methods than the
latter. Our key results about @ is that it has a closed graph (Proposition 5.2) and contractible
values (Proposition 6.7), from which the existence of an Mpe follows by a direct application
of the Eilenberg-Montgomery theorem, establishing Theorem 2.10. The intermediary results
proven along the way have independent interest for a class of optimal stopping problems that
can be studied in its own right, in which the decision maker must choose an optimal stopping
time anticipating that his reward function may jump upward according to a Markovian
randomized stopping time. Special cases of such models have been considered in the real-
option literature on investment under technological and cash-flow uncertainty (see, e.g., [13,
32, 47]), in which good news, in the form of technological breakthroughs, arise with constant
intensity. Our analysis of perfect best replies generalizes the insights of that literature to a
state-dependent intensity of technological breakthroughs. It notably entails that the lattice

of optimal investment regions varies upper hemicontinuously (in the Painlevé-Kuratowski



sense) with respect to the measure m € M(Z) associated with a Markovian randomized
breakthrough time (Corollary 5.4)."

We hope that our general approach can be extended to cover a wider range of games
and environments. This issue is discussed at the end of the paper, where a generalization of
Theorem 2.10 to more than two players is presented in Theorem 8.1.

In contemporaneous independent work, Christensen and Schultz [12] derive an analogous
existence theorem for Mpes of IBwas using a different method. They first consider a family
of auxiliary games in which the players are only allowed to stop over increasingly finer finite
subsets of the state space Z. In these discretized games, the best-reply sets are convex and
the existence of an Mpe can be directly proved using Kakutani’s fixed-point theorem [34].
The existence of an Mpe for the primary game is then obtained as the limit of a convergent
sequence of Mpes of these auxiliary games. The analysis requires the introduction of two
distinct topologies. The first one allows one to use Kakutani’s fixed-point theorem in the
auxiliary discretized games. The second, based on the distribution of stopped processes,
defines an appropriate notion of convergence allowing one to pass from a sequence of Mpes
of the discretized games to an Mpe of the primary game.

By using the Eilenberg-Montgomery fixed-point theorem, our approach is more direct,
avoids convexity issues, and only requires us to define a natural topology under which the set
of Markovian randomized stopping times, identified to M(Z), is a compact absolute retract.
Interestingly, when the discretization is locally finite, the topology used in the auxiliary
games introduced by [12] actually corresponds to the restriction to a finite or countable
subspace of the state space of the topology we define on M(Z).

To the best of our knowledge, [12] and the present paper are the only papers proving
the existence of an Mpe in the IBwa under weak assumptions on the reward functions. Our
approach and that in [12] are complementary in that the method of proof in the latter paper
enables one to show that some Mpe of the continuous-time game can be obtained as the
limit of a sequence of Mpes of suitably discretized games. Whether this is the case of all

Mpes remains an open question.

Tt should be noted that not every optimal stopping model with good news fits into our framework. Such
is for instance the case of the incomplete-information model of Décamps, Gensbittel, and Mariotti [18], in
which good news arise when X exceeds a threshold value whose value is ex-ante unknown to the decision
maker. The corresponding randomized stopping time is not Markovian, reflecting that the decision maker
learns about the unknown threshold value over time. As a result, the appropriate state variable for optimal
stopping is X together with its running maximum.



2 Model and Main Results

2.1 A Brownian Model of the War of Attrition

Consider a one-dimensional time-homogeneous diffusion process X := (X;):>o defined on the
canonical space (2, F,P,) of continuous trajectories with Xy = = under P,, that is solution

in law to the SDE
dX, =b(Xy) dt + o(Xy)dW,, t>0, (2.1)

driven by some Brownian motion W := (W;);>¢. The state space for X is an interval
7 := (o, ), with —oo < a < § < 00, and b and o are continuous functions, with ¢ > 0 on
Z. We assume that a and g are natural endpoints for the diffusion. Therefore, X is regular
on Z and the SDE (2.1) admits a weak solution that is unique in law.

The process X is defined on the canonical space (€2, F) of continuous trajectories endowed
with the usual family of shift operators (;);>. Let P, be the law of the process X with initial
distribution p € A(Z), where A(Z) is the space of probability measures on the Borel o-field
B(Z). We denote by (F?)¢>0 the natural filtration (o(X;s < t))i>0 generated by X, and we
let FY, := 0(U; F7)- For each p, we denote by F£ the completion of F, with respect to
P,, and, for each ¢ > 0, we let F/' be the augmentation of F, by the P,-null, F%-measurable
sets. The usual augmented filtration (F;)¢>o is then defined by F; := HEA(T) Fiforallt >0
and it is right-continuous (see, e.g., [51, Chapter III, §2, Proposition 2.10]). As usual, we
say that a property of the trajectories w € 2 is satisfied a.s. if, for each x € Z, it is satisfied
for P -a.e. w € €.

The game is played as follows. Player 1 chooses a stopping time 7! and player 2 chooses
a stopping time 72 in the set 7 of all stopping times of (F;);>0. Both players discount future

payoffs at a constant rate » > 0. For each i = 1,2, the expected payoff of player i is?

Ji(x,7,17) = E, [Liyj e R(X,e) + Lyisrs ™ Gi(XTj)]. (2.2)
For each i = 1,2, we assume
A0 The functions R’ and G* in (2.2) are continuous on Z and R’ < G".

For each i = 1,2 and every function f = R’, G*, we assume

Al E,[sup;sqe ™| f(Xy)]] < oo for all z € 7.

2By convention, we let e "7 f(X,) := 0 on {7 = oo} for any Borel function f and any random time 7, see
Assumption A2 below.



A2 lim; e f(X;) =0 as.

Assumption Al guarantees that the family (e”"7 f(X;)),e7 is uniformly integrable, that is,
the process (e 7" f(X;))i>o is of class (D).

A game satisfying the above assumptions is hereafter generically referred to as a 1Bwa.

2.2 Randomized Stopping Times

In this section, we briefly recall some definitions and results that are standard in the
literature; we refer to [17] for the missing proofs. For every player i = 1,2, consider the
enlarged probability space (', F%) := (Q x [0,1], F ® B([0,1])), endowed with the product
probability P! := P, ® A, where X\ denotes Lebesgue measure.

Definition 2.1. For eachi = 1,2, a randomized stopping time for player i is an FQB([0, 1])-
measurable function v : QF — R, such that, for A-a.e. u* € [0, 1], v(-,u’) € T. The process
[ = (T%);>0 defined by

I(w) = /[ | Lyiuy<edu’,  (w,t) € Q xRy, (2.3)
0,1

is the conditional cumulative distribution function (ccdf) of the randomized stopping time +'.

Likewise, the process A* := (A});>o defined by
Nj(w) = 1-Ti(w), (w.t) €QxR,,
is the conditional survival function (csf) of the randomized stopping time ~'.

We denote by 7, the set of randomized stopping times. The process I'* defined by (2.3)

takes values in [0, 1] and has nondecreasing and right-continuous trajectories.

Lemma 2.2 ([17, Lemma 2]). The ccdf process T is (F;)i>o-adapted and, for Py -a.e. w € €,
Ti(w) =Pl <t|F)(w)

forallz € T andt > 0.

By convention, we let I'j_ := 0 and thus Aj_ := 1. This allows us in what follows to
interpret integrals of the form f[o 3 -dI' or f[o . dA! in the Stieltjes sense for any ccdf I

and any csf A’. Notice for further reference that, for any sufficiently integrable process Z,

/ strg:rgZOJr/ Z,dI.
[0,7) (0,7)



If the players use randomized stopping times ' and ~2, then their expected payoffs are
defined on the product probability space Q x [0, 1] x [0, 1] with canonical element (w, u', u?),

endowed with the product probability P, := P, @ A ® \. Specifically, we have

J(x, 7", 7%) =Ky | Licy e’”iRi(Xvi) + 1isqi e’iji(Xw') ,

L—

where 71 = v} (w,u!) and 7? = 72(w, u?), reflecting that player 1 and player 2 use the
independent randomization devices u' and u?, respectively. The next lemma shows that we

may equivalently work with the family of ccdf processes I'.

Lemma 2.3 ([17, Lemma 3]). If the players use randomized stopping times with ccdfs T
and T2, then their expected payoffs write as

Ji(x,T1,T?) =E, { / e " RY(X,)A]_ Al + / e "G X, )ALATY | (2.4)
[0,00)

[0,00)
Moreover, any nondecreasing, right-continuous, (F)i>o-adapted, [0,1]-valued process T is

the ccdf of the randomized stopping time ' defined by
A (u') :==inf {t > 0: T > u'}.

2.3 Markovian Randomized Stopping Times
We now recall the definition of a Markovian randomized stopping time used in [17].

Definition 2.4. A randomized stopping time for player i = 1,2 with csf A': Q@ xR, — [0, 1]
1s Markovian if, for allz € Z, 7 € T, and s > 0,

AL, =AL(Aof,) on {1 < o0} Py-a.s. (2.5)

Processes satisfying (2.5) are known as multiplicative functionals of the Markov process
X, see, e.g., [9]. Combining a result in [56] with the classical representation result for additive
functionals of regular diffusions [10, Part I, Chapter II, Section 4, §23] yields the following

representation result.

Theorem 2.5 ([17, Theorem 1]). For each i = 1,2, A* : Q x Ry — [0,1] is the csf of
a Markovian randomized stopping time for player @ if and only if there exists a closed set

St C T and a Radon measure® j* on T\ S such that, for allx € T and t > 0,

i - i LY ' (dy)
Ny = Lyay, @ st W g s

3 A Radon measure on a locally compact Hausdorff space E is a nonnegative Borel measure that is
locally finite (in the sense that every point of E has a neighborhood having finite measure), inner regular
with respect to compact sets, and outer regular with respect to open sets (see, e.g., [25, Chapter 7, §1]).
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where Li := lim. g %Ef(f Ly—eyre)(Xs)0?(Xs) ds is the local time of X at (y,t), and Tgi =
inf{t > 0: X; € S} is the hitting time by X of S*. In particular, the mapping t — A& is

continuous on [0, 7gi) Py-a.s.

In the following, we refer to a Markov strategy as a pair (u,S), a cedf T, or a csf A’
based on the relations established in Theorem 2.5. Three special cases discussed in [17] are

worth mentioning.

1. The pure stopping case: If u* = 0, then the Markov strategy (0, S?) is just the hitting
time g by X of S°.

2. The absolutely continuous case: If u* = ¢* - \, then, from the occupation time formula

[51, Chapter VI, §1, Corollary 1.6],

i - i LYg'(y)dy _ — [T g} (Xs)o2(Xs) ds
At_]]‘t<7'sie fz\s 19'(y) _ﬂt<7—s'e fog( )o?(Xs) .

k3

This absolutely continuous strategy therefore amounts for player ¢ to conceding with

intensity \'(X;) := ¢*(X;)o?(X;) outside S"*.

3. The singular case: If, e.g., u* = a'd,, where a® > 0 and d,: is the Dirac mass at

' € T\ S, then
—alLy'

i __
At - 1t<‘rs¢ €

Such discrete singular strategies are the building blocks of all mixed-strategy Mpes in

the model studied in [17, Theorems 2-3] when players are asymmetric.

2.4 Markov-Perfect Equilibrium and Properties of Best Replies
We recall the definition and some properties of best replies.

Lemma 2.6 ([17, Lemma 4]). For each x € Z and for any pair of randomized stopping times
with ccdfs (T, T?), J' (2, T, T9) < sup,icy J'(x, 7, 17).

Definition 2.7. For eachi = 1,2, (', S") is a perfect best reply (pbr) for playeri to (u?, S7)
and J'(-, (17, S7)) is player i’s best-reply value function (bruf) to (u?,S7) if

Ve eI, Ji(x, (4,8, (W, 9) = T (z, (1, ) = sup J'(z,7", (1, 7).
TieT

The set of pbrs of player i against (u’,S7) is

PBR' (i, S7) :={(u', ") : Ve € T, J'(x, (1", 57), (1, §7)) = J'(z, (1, 57))},



and the pbr correspondence is defined by
PBR((4",8"), (42, 5)) = PBR(1%, §%) x PBR(4", 5"). (2.6)

A Markov-perfect equilibrium (MPE) is a profile ((u', S*), (1%, S?)) of Markov strategies such
that, for each i = 1,2, (', S") is a pbr for player i to (u’/,S7).

When no confusion can arise as to the strategy of player j, we write J° instead of
Ji(-, (1, 87)). Tt follows from Definition 2.7 that a pair of Markovian randomized stopping

times is an Mpe if and only if it is a fixed point of the pbr correspondence, i.e.,
((u',8%), (4, 5%)) € PBR((u', S%), (117, 5%))).
The following proposition provides useful general properties of pbrs and brvfs.
Proposition 2.8. Given (u?,S7), the corresponding brof J satisfies
(a) R' < J* on T;
(b) J' =G on S7;
(¢) for each x € S7, if Gi(x) > R(z), then J* > R on a neighborhood of x.
Furthermore, if (ut, S%) is a pbr to (u?,S7), then
(i) S'NSTN{G" > R'} = 0
(ii) S C S :={J' = R'};
(i4i) supp ' \ S7 C S* and supp i NS C {J' = G'};

(iv) (0,5") is also a pbr to (7, S?); more generally, (', S*) is a pbr to (u/,S7) for any
Radon measure ji' on T\ S* such that supp ji' C S*U S7.

Except for point (c), the proof of Proposition 2.8 essentially follows along the lines of
[17, Proposition 1], and is therefore postponed to the Appendix. Notice that points (i)—(iv)

assume that a pbr to (u/, S7) exists.

2.5 Main Results

We are now ready to state our two main results, Theorems 2.9 and 2.10.
Let M(Z) be the set of nonnegative, regular, but non necessarily finite measures m :
B(Z) — [0,00]. Our first main result, which may be of independent interest, introduces a

convenient topological structure on M(Z).
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Theorem 2.9. Let 9 be the coarsest topology on M(Z) such that

1. for all a,b € TN Q such that a < b, the mapping M(Z) — [0,00] : m — m((a,b)) is

lower semicontinuous (lsc);

2. for all a,b € TN Q such that a < b, the mapping M(Z) — [0,00] : m — m([a,b]) is

upper semicontinuous (usc).
Then (M(Z),9) is a compact absolute retract.
Our second main result encapsulates our central existence claim.

Theorem 2.10. Any [Bwa admits an MPE.

Notice that the Mpe whose existence is asserted in Theorem 2.10 may well have to
involve randomized stopping times. Indeed, we provide in Section 7 an example of a |Bwa

that admits no pure-strategy MPE.

2.6 An Overview of the Argument

The proof of Theorem 2.10 is based on a fixed-point theorem for correspondences applied to
a slightly modified version of the pbr correspondence (2.6). In this section, we outline the

main steps of the proof, emphasizing the central role played by Theorem 2.9.

An Alternative Representation of Markov Strategies First, it is useful to identify a
pair (i, S), where S C Z is a closed set and p is a Radon measure on 7\ S, with a measure in
M(Z) that is identically co on S. Precisely, given such a pair (u,.S), let m : B(Z) — [0, oo]
be the measure defined by

wA) ifANS=0
m(A)._{OO tans 2o ASBD. (2.7)

That m is regular and, hence, belongs to M(Z), follows directly from (2.7) and from p being
a Radon measure on Z \ S. Conversely, given m € M(Z), let e(m) be the explosion set of

m, defined as
e(m) :={x €Z:V¥e >0, m(N.(z)) = o0},
where N.(z) := (z — e,z +¢)NT.

Lemma 2.11. For each m € M(Z), the set e(m) is closed and m|z\¢m) s a Radon measure
on I\ e(m). Moreover, if A € B(Z) is such that ANe(m) # 0, then m(A) = co.

11



Proof. First, if z,, — x with z,, € e(m) for all n > 0, then, for each € > 0, |z,, — z| < § for

any sufficiently large n, so that
m(Ne(x)) = m(Ng (xn)) = oo,

proving that e(m) is closed. Next, by definition, every point = € Z\ e(m) has a neighborhood
with finite m-measure, which implies the second assertion. Finally, the last assertion is a

direct consequence of the regularity of m and of the definition of e(m). The result follows. [J

Using Lemma 2.11, we can define a mapping

m = (i, S) == (Mm|n\e(my, e(m))

that associates to each m € M(Z) a pair (p, S) such that S is a closed subset of Z and p is
a Radon measure on Z \ S. By (2.7), this mapping is one-to-one and onto, which allows us
to identify a pair (u,.S) with the corresponding measure m, and thus the set of Markovian

randomized stopping times with M(Z). With some abuse of notation, we will accordingly

write (u, S) € M(Z).

A Fixed-Point Theorem Proving that an Mpe exists in any 1Bwa requires applying an
appropriate fixed-point theorem to the pbr correspondence. The main difficulty is that the
domain M (Z) of this correspondence is not convex for the two natural vector-space structures
we can think of. First, the set of csfs (or ccdfs) associated to Markovian randomized

% Second, because we allow the measures in M(Z) to take the

strategies is not convex.
value oo on compact sets, M(Z) is not a subset of the vector space of signed locally finite
measures. Therefore, we cannot easily apply standard results such as Glicksberg’s [30]
infinite-dimensional generalization of Kakutani’s [34] fixed-point theorem, which requires
a convex structure. Our proof is instead based on a more general fixed-point theorem due
to Eilenberg and Montgomery [22].°

Let us first recall the definition of an absolute retract appearing in Theorem 2.10 as well

as the definition of a contractible space appearing in the fixed-point theorem we will use.

Definition 2.12. A metric space (E,d) is an absolute retract (AR) if, for any continuous

map [ : E — E' into a metric space (E',d’) such that f is an homeomorphism between E

4This can be seen by considering the average of the csfs associated to the hitting times 7,, and 7, for two
points  # y in Z: the average csf jumps from 1 to % at 7 = T, A 7y, which contradicts (2.5) applied at 7
with s = 0.

®Debreu [14] and Reny [49] use this theorem to prove the existence of a social equilibrium in an abstract
economy and of a pure-strategy equilibrium in a class of static Bayesian games, respectively.
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and f(E) and f(F) is closed in E', there ezists a continuous map g : E' — f(F) such that
forallx € f(E), g(x) =z (i.e., f(E) is a retract of E').

Definition 2.13. A metric space (F,d) is contractible if there exists a continuous map
H:Ex|0,1] - FE and xo € E such that H(-,0) = Idg and H(-,1) = zq (i.e., the identity

map is homotopic to a constant map).
The following result is a corollary of Eilenberg—Montgomery’s fixed-point theorem.

Theorem 2.14 ([45, Theorem 14.3]). If (E,d) is a compact AR and ® : E — E is a

correspondence with a closed graph and nonempty contractible values, then ® has a fized

point, i.e., there ezists e* € E such that e* € ®(e*).

The importance of Theorem 2.9 is now clear. Theorem 2.5 and Lemma 2.11 enable
us to identify the set of Markovian randomized stopping times with M(Z), and Theorem
2.9 shows that M(Z) is a compact AR. This provides in turn the required foundation for
applying Theorem 2.14.

The Main Steps of the Proof The remainder of the paper is organized as follows:

1. In Section 3, we show that there exists a pbr to any Markovian strategy (Proposition
3.1) and we provide a characterization of pbrs (Proposition 3.3). We also introduce a
correspondence ® in (3.13)—(3.14) whose values are subsets of the pbr correspondence

(2.6), and to which we will eventually apply Theorem 2.14.

2. In Section 4, we show that the topology ¥ on M(Z) is compact and metrizable and
extends the classical vague topology for Radon measures to the whole set M(Z)
(Proposition 4.1). We also show that convergence for this topology implies almost

sure weak convergence of the associated csfs (Proposition 4.3).
3. In Section 5, we show that the correspondence ® has a closed graph.

4. In Section 6, we prove Theorem 2.9 and we show that the correspondence ® has
contractible values. Except for the tools from general topology we use, the proof is
relatively elementary, and is based on classical convolutions and orthogonal projections.

Applying Theorem 2.14 to ® finally concludes the proof of Theorem 2.10.

5. In Section 7, we present an example of game which does not admit any Mpe in pure
stopping times, but admits an Mpe in randomized stopping times that has a similar

structure as the Mpes identified in [17] in a more specific framework.
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6. Finally, in Section 8, we present a generalization of Theorem 2.10 to 1Bwas with more
than two players, in which the game is over as soon as one player stops and the players’
rewards do not depend on who stops first. We also discuss extending our analysis to

more general classes of games and environments.
3 Existence and Characterization of Pbrs
3.1 Existence of Pure Pbrs
Let us fix (17, S7) € M(Z) and consider the following optimal stopping problem:

J'(x) = sup J'(z,y", (1, 87)) = sup J'(z, 7", (1, 57)), w €T, (3.1)

YETr TieT
where the second equality follows from Lemma 2.6. Our goal is to characterize the Markovian

randomized stopping times that are optimal in (3.1) for all , which by Definition 2.7, are

the pbrs to (17, 57). By (2.4), we have
Ve T, Ji(x, 7, (1, 87)) = Bu [Yyd],
where
Y, = /[O )e”Gi(XS) Al + e "RY(X,)AL, t>0. (3.2)
t

Notice that Y = Yoo = f[o 00) e " G'(X,)dl¥. Therefore, the study of player i’s brvf to
(u?,S87) is tantamount to the study of problem

TeT

and falls into the general theory of optimal stopping, from which we will borrow several

results below. It follows from Proposition 2.8 and S* = {J’ = R’} that

S9N S' Cc{G"=R'} and $7\ S' C {G' > R'}. (3.4)
Notice that the set S* may be empty. We now prove that a pure pbr exists.
Proposition 3.1. S° is closed and (0, S?) is a pbr to (17, 57).

Proof. The proof consists of five steps.
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Step 1 Observe first from G* > R' that the process Y := (Y});>0 defined in (3.2) has
caglad and lsc trajectories; specifically, the only potential discontinuity is at 7¢; whenever
Tgi < 00. Observe also that the value function of problem (3.3) is not modified if we replace

Y with its right-continuous modification Y, defined by
Y= v, = / eI GHX) AT + e RI(X)AL, > 0. (3.5)
[0,1]
Indeed, Y > Y and thus

J'(x) < sup E, V7], (3.6)
TET

and the reverse inequality follows from the fact that, by dominated convergence,

E,[V,] = lim E,[Y,,

1
n—oo n

. (3.7)
Notice that Y has cadlag and usc trajectories. These remarks lead us to consider the problem

J'(x) = sup E,[Y7]. (3-8)

By Assumption A1, the processes Y and Y are of class (D). Therefore, J* is analytically
measurable [24, Proposition 2.4], and thus universally measurable. In particular, for each 7 €
T, J{(X,) defines a random variable on 2. For each x € Z, let Z* denote the Snell envelope
of Y on the stochastic basis (€, F, (F;)i>0, Pz). It is known (see [19, Appendix 1, §22] and
[23, Theorem 2.28 and Proposition 2.29]) that Z% is a strong optional supermartingale of
class (D) with almost surely cadlag paths and that

VT €T, Z2 = esssup E,[Y,|F,].

p=>T, pET

Using the same argument as in (3.6)—(3.7) with conditional expectations, one can check that

Z* is also the Snell envelope of Y.

Step 2 We first claim that the Snell envelope Z7 is indistinguishable under P, from the
process Z defined by

7, = / T GH(X,) AT + A e i(X), ¢ 0. (3.9)
(0,7]
First, it follows from [24] that, for every stopping time 7 of the canonical filtration (F?);>o,

ZF = 7. Py-as. (3.10)
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The proof of (3.10) is detailed in the Appendix for the sake of completeness. Given (3.10),
to prove that Z* and 7 are indistinguishable, it is sufficient to show that Z has cadlag
trajectories. To this end, we prove that J* is continuous on Z \ S7.

As for the continuity of J* on Z\ S7, let x ¢ S’ and, for each n € N, consider the
(F?)¢>0-stopping time 7,, defined as the first exit time by X of an interval (z — §,x +¢,,) for
an arbitrary sequence €, — 0 in R, and a fixed § > 0. We have Z& = Ji(x) P,-a.s., and, as
Z* is P,-a.s. right-continuous and of class (D),

J'(z) =77
= lim E,[Z] ]

n—oo

= lim E,[Z, ]

n—oo

— lim E, [ / e GH(X,) dTY + Aine_”"ji(XTn)},
0.72]

n—oo
where the third equality follows from (3.10). Using that J(X,,) = Ji(z + &,) on {X,, =

x + &, }, we have, for some constant C' > 0,

< CE, [TV +1x, —4—s — 0.

E, { / e G X,) Al + AL e (X, )} — J(z +en)
[0,75]

This implies that lim,, . J(z + ,) = J(x), and thus that J® is right-continuous at z as
the sequence (g,),>0 in R, is arbitrary. The proof of the left-continuity of J* on T\ 7 is
similar and is thus omitted.

The continuity of J* on Z \ S’ implies that Z has cadlag trajectories, with a single
potential discontinuity at 7g;. Therefore, the processes Z* and 7 are indistinguishable. The
claim follows. As the Snell envelope is defined up to an evanescent set, for all x € Z, 7 is
the Snell envelope of Y on the stochastic basis (€2, F, (F;)s>0, Pz). We will use this fact in

the subsequent steps.

Step 3 We now prove that S is closed. Consider a sequence (z,),>0 in S* converging
to x € Z. We need to show that € S°. If z ¢ S7, then x € S' as J' is continuous on
Z\ S7 by Step 2. If z € S7, then it must be that G*(z) = R'(x); otherwise, by Proposition
2.8(c), there would exist a neighborhood of 2 which does not intersect S°, a contradiction.
By Proposition 2.8(b), Ji(z) = G*(z) as € S7. Thus J'(x) = G'(x) = R(x), which implies
that = € S*. This concludes the proof that S is closed.

Step 4 We next claim that 7g: A 7gs is optimal for (3.8). As Y has usc trajectories and is
of class (D), it follows from [23, Theorem 2.41] that

T* ::inf{tZO:Z:Yt}
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is the smallest optimal stopping time for (3.8). In turn [23, Theorem 2.31], the optimality
of 7* in (3.8) is equivalent to the facts that:

o Zisa martingale up to 7*;

=Y,

.
N)

Let us focus on the second condition. From (3.5) and (3.9), Z; = Y, is equivalent to
M[J(Xy) — Ri(X,)] = 0.
Recalling that inf {t > 0: AJ = 0} = 74, we deduce that
=inf{t >0: J(X;) = R(X))} AN Tss = 75 A Tgs a.s.
The claim follows.

Step 5 We finally prove that 7g: is optimal for (3.3). For each = € Z,

[Yz-]

2]

. { e G X,)dIMY 4 A e Ji(XT*)}
0,7

J(x)

T

8

E
E
E

=E,

Lo <rg; /[0 ]e”Gi(XS)ngJFAJT'SZ,e”TsiRi(XTSZ.)
Tgi

[ e AL e R
[0 TSZ}

+ ﬂTgl =T

SJ

where the first and second equalities follow from the optimality of 7* in (3.8), and the fourth
equality follows from J {(Xry) = R(Xr,) as S? is closed.
Let us examine the three terms in the last expression separately. For the first one, using

that A7 is continuous on [0, 7g,), we obtain

Lrgi<rg [ /[0 ]e‘”Gi(Xs) dr’ + A%i e TS R"(XTSZ.)]
7T§i

=1

Tgi <’TS]'

/ e G (X,) AT + AL e RI(X )]
[0, Tgl)

= 1rary, Yroi:
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For the second one, using that G* = R’ on S7 N S?, we obtain

Lrgi=rg; [ / e GH(X) AT + A e R%(XTSJ]
[077—?7;}
Bt /[ >G<X>dr+<A—A>G<X>+AR<X>]
Tgi

/ e "G X,) dIY + A%Fe_”@' R(X.,)
L [0,75:)

Y,

Tgi .

1

T5i=Tgj

=1

T5i=Tgj

For the third one, using that A’ = 0 on [rg;,00), we obtain
:H'T@' >Tgj [/[; ] e_TSGi(XS) drg + Az'sj e s RZ (X’st )]
7Tsj

Lo, /[0 e Gi(X,) dIY

7Tsj]

= Lo o, [ / e "G X,) dTY + A%ﬁe_”@' RZ‘(XTW)]
[0,75:)
=1

T3i>Tgj YT@' :

Gathering these three equalities, we obtain:

Jz(x> = El‘ [(ﬂT§i<TSj + :H'Tgi:TSj —I— ]]-T§i>TSj)YT§i:| = E.Z’ [Yrgi}a

from which it follows that 7g: is optimal in problem (3.3) and thus that (0,S5%) is a pbr to
(4, S7). Hence the result. O

It follows from this result and the definition of S that S is the largest set on which it
is optimal for player ¢ to stop in a pbr to (¢/,S7). Equilibrium may however require that
player ¢ stop on a smaller set, and possibly mix on the complement of this set. Thus we

need to characterize all pbrs to (17, .57), a task to which we now turn.

3.2 Characterization of Pbrs

Define the set
= {S" C T closed : (0,5 is a pbr to (u?, S?)}. (3.11)

The characterization of pbrs relies on the following lemma.
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Lemma 3.2. The set ¥ is a nonempty lattice, with smallest element S* and largest element

St and
Y ={S"CZT closed: S" C S" C §'}.

Proof. By Proposition 3.1, S* € X7, so that ¥ is nonempty. Moreover, by Proposition 2.8(ii),
every element of ¥ is a subset of S*. Now, let S C S* be closed and recall that R* = G on
S7 NS by (3.4). We have a.s.

~

’TS'

_ / e MGHX,) D] 4 AL e T T(X)
[0,74:]

/ e G (X,) AT + A e RY(X, )

[0, Tsl]

—rst ) dl—\g + AZ-S, 76—1”7'51' Rz (XTSi )

[OT

Y,

St

(3.12)

where the first equality follows from (3.9)—(3.10), the second equality follows from X, € S
and the third equality follows from the fact that either AFJT'SZ_ = 0 or 7qi = Tgj, the latter
implying that R'(X, ) = G"(X-,) as in the proof of Proposition 3.1. The remainder of the

proof consists of two steps.

Step 1 We first show that X! is stable by intersection, i.e., that, given two subsets S* and
Si of ¥V, the stopping time Tgingi = Tsi V Tgi is optimal in (3.3). By [23, Theorem 2.31], it
is sufficient to prove that YTsimgi = Z\Tsimgi and that Z is a martingale up to 74;~g:;. The first

property follows from (3.12). As for the martingale property, because Zisa supermartingale,

we only need to verify that for each x € Z, E, [ZTS%@} =E, [20]. We have

= Ex Tgi :H-Tgi <Tgi + ZTgi ]]-Ts,\i >TSi:|

'STSZ‘ + ZT§Z 1T§1 >Tsi]

where the second and fourth equalities follow from the fact that Zisa martingale up to 7g:
and 7g;, respectively. We conclude that 74,5 = 7gi V 75, is indeed optimal in (3.3) and thus

that S'N 5% € .

Step 2 Now, let us define S* := Ngies: S°. Because 7\ S is the union of the open sets

Z\ S for S* € X', which admits a countable subcover as any open subset of the real line is a
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Lindelof space, there exists a sequence (S?),>o in X’ such that St = ﬂnZO S¢. As a result, S
is the intersection of the nonincreasing sequence of closed sets (Sy,)n>0 := (()—; Sp)nz0 in 2.
The sequence (7g; )n>0 is nondecreasing, and thus lim,,_,., 75 is well-defined. We claim that
Tgi = limy, oo 7g: . It is clear that 7g: > lim,, o 7g; . If this limit is infinite, then the equality
holds. If this limit is finite, then Xy, .. 7o belongs to S* and thus Tgi < limy, o0 7gi , SO
that the equality again holds. The claim follows. Because 7g is optimal in (3.3), it follows
from (3.12) that Ji(z) = E, [ETA.} = E,[Yz ] for all n > 0. On the other hand, (3.12)
~ S;L " —. ~
implies Z., = Y, a.s. and we conclude that J'(z) = E, [ZTSZ.] = E,[Ys] by dominated
convergence using that Y is left-continuous. In particular, S° € %% and S° is the smallest
element of ¥, It follows that X! C {S° C Z closed : S* C S* C S°}. To prove the reverse
inclusion, it suffices to notice that, if S* C S* C S, then (3.12) implies eri =Y, and that

Zis a martingale up to 7g: as it is a martingale up to 74 > 7g:. The result follows. O]
We are now ready to characterize the set of pbrs to (u/, 7).

Proposition 3.3. (u?,S%) is a pbr to (u7,57) if and only if S C S* C S* and u* is a Radon
measure on I\ S* that is concentrated on (S*\ S%) U S7.

Proof. If (u%,S) is a pbr to (u/,S7), then, by Proposition 2.8(iv), (0,S?) is also a pbr to
(@, S7) and thus S € ¥, which proves the inclusions by Lemma 3.2. The second point
follows directly from Proposition 2.8-(iii-iv). Conversely, if S* € S? C S’ and p' is a Radon
measure on Z \ S° that is concentrated on (S*\ S*) U S7, then (0,S%) is a pbr to (17, 57) by
Lemma 3.2, and (p, S%) is a pbr to (u/, S7) by Proposition 2.8-(iv). Hence the result. [
3.3 The Correspondence ¢

We now consider a correspondence ®' whose values are nonempty subsets of the values of

PBR'. Specifically, for each (u7,S7) € M(Z), let
(1!, 87) = {(u",S") € M(T): S € S" C S" and ' is concentrated on S*\ S'}. (3.13)

We will apply the fixed-point Theorem 2.14 to the correspondence ® : M(Z) x M(Z) —
M(Z) x M(Z) defined by

O((u', 51, (1*, 5%)) i= @' (1%, 5%) x @*(u, S"). (3.14)

Our approach is justified by the fact that ®' takes values in the set of pbrs of player i, as

the following result shows.
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Lemma 3.4. For all (17, 57) € M(I),
(!, 87) = {(', ") € PBR'(/, &) : p'(8” N {G" > R'}) = 0} (3.15)

Proof. Let (', S") € ®(1?, S7). By Proposition 3.3 and Definition 3.13, we have ®*(u/, S7) C
PBR(17,57). By (3.4), S9N S* C {G' = R}, and thus

WS N{G > RY) = 4i(8 NS N {G > R} = 0.

Conversely, let (u,S") € PBR' (17, S7) such that p'(S? N {G* > R'}) = 0. By Proposition
3.3, 8" ¢ S" ¢ S and g is concentrated on (S\ SY) U S7. By (3.4), 7\ S* C §'n
{G" > R'}, and thus

ST\ S < (ST N {G > R'}) = 0.

Hence, i’ is concentrated on S\ S, so that (u?, S") € ®'(y?, S7). The result follows. O

4 A Compact Topology on M(Z)

Recall that M(Z) denotes the set of nonnegative regular measures m : B(Z) — [0, c0], i.e.,
such that

m(A) =inf {m(0): A C O, O open} =sup{m(K): K C A, K compact}, A€ B(Z).

The proof of the following result follows along more or less standard lines (see, e.g., [35,

chapter 4]) and is therefore postponed to the Appendix.

Proposition 4.1. The topology 9 on M(Z) defined in Theorem 2.9 is metrizable and

compact. Moreover,
1. for every open set O C I, the mapping M(Z) — [0,00] : m — m(O) is lsc;
2. for every compact set K C I, the mapping M(Z) — [0, 00] : m +— m(K) is usc;
3. a sequence (my)n>0 converges to m if and only if

e for every open set O such that O Ne(m) # 0, m,(O) — oc;
o letting Ly(m) == [; ¢dm, Lg(m,) — Lg(m) for all ¢ € CI(T\ e(m)).

Remark 4.2. Observing that m(e) = 0 for any m € Mioe(Z), the second part of point (3)
implies that the topology induced by ¥ on Mo.(Z) coincides with the usual vague topology
(see, e.g., [35, Chapter 4]).
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The next result is very important as it will allow us to prove convergence of expected

payoffs under appropriate assumptions.

Proposition 4.3. Suppose that (., Sn) — (1,.S) in M(Z), and let A", A denote the csfs
associated with (p,, S,) and (u, S), respectively. Then

YVt # 1, A} = Ay a.s.
Proof. For each t > 0, we have
A? — ]1t<7's e fz\sn LY pn(dy) and At — ]lt<7—s e fz\s L{ #(dy)' (41)

Recall that by convention A” = A, := 0, so that A", A define for each w € ) the survival

function of a probability measure on [0, 00]. Let x € Z. We distinguish two cases.

Case 1: t < 7¢ Notice that there exists a set {2; of P,-probability 1 such that, for each
w € Qq, the mapping (t,y) — Li(w) is continuous (see, e.g., [51, Chapter VI, §1, Theorem
1.7]). Define M; = max; ., X; and m; = miny ., X,. Using the occupation time formula

[51, Chapter VI, §1, Corollary 1.6]), for every interval A C Z,

t
/ 14(X.,)o%(X,) ds = / 1y(y) LY dy Py-as.
0 T

Therefore, there exists a set €2, of P,-probability 1 such that the above equality holds for all
A with rational endpoints. Now, notice that {t < 7s} = {[m, My] C Z\ S}. Fixw € Q1N
such that 7¢(w) > 0. Then, for t < 7¢(w), we have, for every interval A C T\ [my(w), M(w)]

with rational endpoints,

0= / 14(X.(@))o? (X, (w)) ds = / 14(y)LY(w) dy

as X5 € [my, My for all s € [0,¢]. Using the continuity of y — Lj(w), we deduce that
L{(w) = 0 for all y € T\ [my(w), My(w)], and therefore that y — L}(w) is a continuous
function with compact support Ky(w) C Z\ S. Now, for each n > 0, let m,, denote the
measure in M(Z) associated to (i, S,). Because the restriction of m,, to Z \ S converges
vaguely to p by Theorem 4.1(3), K;(w) N S, = () for any sufficiently large n, and thus the
restrictions of u, and m, to Kt( ) coincide. As a result, for each w € Q; Ny N {t < 75},

Jrgn LE (W) ta(dy) = [ ) LY W) a(dy) = [ie, ) L8 (@) w(dy) = [7 g LY (w) p(dy) and thus
A} (w) — At( ) by (4.1).
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Case 2: t > 7¢ We first claim that, for each z € Z, letting 7, denote the hitting time of

z, we have, for every event A € F,.
P.[L; >0,t > 7, Al =P, [t > 7., A].

First, because t — L7 is a strongly additive functional of the diffusion process X [10, Part I,
Chapter II, Section 2, §13, and Section 4, §21], we have, with P,-probability 1 on {7, < t},

Li(w) = L7, () (W) + Li_; () (Or. () (W) = Li_. () (Or. ) (W)
Then, denoting by Qa copy of the canonical space endowed with the probabilities I@’y =P,
fory € Z,

P.[L; > 0,t > 1, A| = E, [IP’Z [Lf_Tz(w)(d;) > 0]Lisr (wyla(w)] =P, [t > 7., A],

where the first equality follows from the Markov property, and the second equality follows
from the fact that P,[L{ > 0] =1 for all y € Z and t > 0 (see, e.g., [51, Chapter VI, §2,
Proof of Proposition 2.5]). The claim follows. Now, if ¢ > 7g, then it must be that either
Xy =zifx e Sor X, € {a,b} C Sifx ¢S, where (a,b) denotes the largest open interval
containing x in Z \ S. We claim that

P, [LtXTS > 0,t > 75] =P, [t > 73]

Ifz €S, X;, =2 and 79 = 0, so both sides are equal by the same reasoning as above. If
x ¢ S, we have, again by the same reasoning,

P, [LtXTS >0,t>715] =P, [LY > 0,t > 7, Xry = a] + P, [L) > 0,t > 7, X, = b]
=P, [t > 71, Xog =a| + Pt > 7, X7y = D)
=P,[t > 75].

The claim follows. Let €3 be a set of P,-probability 1 such that L;X s ) (w) > 0 for all

we BNt > 15} Forwe Q3N NQN{t > 75}, the mapping y — L}(w) is
continuous, vanishes outside of [my(w), M;(w)], and LtXTs “) (w) > 0. By continuity, it must
be that m;(w) < X o(w) < M(w), and there exist e(w),n(w) > 0 such that L}(w) > n(w)
for all y € (X, (w) — e(w), Xrg(w) + e(w)) C [my(w), My(w)]. Because (pn,Sn) — (1,5)
and X, (w) € S, it must be that m, (X, (w) — e(w), X;s(w) + £(w))) — o0, where m,,
denotes the measure in M(Z) associated to (i, S,). Notice that 1,.,; () # 0 if and only
if S, N [my(w), My(w)] = 0, which implies (X,4(w) — e(w), Xrg(w) + e(w)) C Z'\ S, and
M (Xrg(w) —e(w), Xog(w) + e(w))) = pin((Xrg(w) —e(w), Xrg(w) + (w))). We deduce that

0 < AP(W) = Licry o Inse B < o ((ng (0)-0) Xrg @4() _y
which concludes the proof because Ai(w) = 0 by (4.1) as t > 7¢(w). Hence the result. O
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5 Closedness of the Graph of ¢

We will use the following classical result.

Theorem 5.1 ([7, Theorems 5.1 and 5.4]). Let E be a Polish space and (v,)n>0 @ sequence
of probability measures on E that converges weakly to v. Suppose that f : E — R is a
measurable function such that v(D) = 0, where D is the set of discontinuity points of f, and

that the variables of law v, o f~1 are uniformly integrable, i.e.,

lim sup/ | f(@)| 1) >m Vn(dx) = 0.
E

M—>oon20
/fdun—>/fdy.
E E

Proposition 5.2. The correspondence ® defined by (3.14) has a closed graph.

Then

The following result then holds.

Proof. Because ® is defined as a cartesian product, it is sufficient to prove that, for each
i =1,2, ' has a closed graph in M(Z) x M(Z). Because M(Z) is metrizable, it is sufficient
to prove that the graph of ®° is sequentially closed. Let us therefore consider a sequence
(e, S2Y, (12 ,57) )0 in M(Z) x M(Z) such that, for each n > 0, (u!,S’) € ®(ul,S7).
Assume further that this sequence converges to a limit ((u!, S?), (12, S?)). We need to prove
that (u?, S?) € ®'(u?, S7) or, equivalently, by Lemma 3.4, that (u’, S?) is a pbr to (u’, S7)
such that x*(S7 N {G" > R'}) = 0.

By Proposition 4.3, for each t # 7g:, Al,, = A} a.s., where the processes A" and A/, are

the csfs associated to (u’, S%) and (pf), S?), respectively. Recall also that

Ji(x, T T9) = K, { / e " RY(X,)A]_ Al + / e "GN X,)A! dF{}, (5.1)
[0,00)

[0,00)
Ji(z, T8 T9) =R, [ / e " RY(X;)A,_ dLY, + / e”Gi(Xt)AfmdFi;,t]. (5.2)
[0,00) [0,00)

The remainder of the proof consists of three steps.

Step 1 We first prove that S° N S7 N {R' < G'} = (. Hence suppose, by way of
contradiction, that z € SN SY N{R' < G'}. For each n > 0, because (u!,S’) € ®* (1, S?),

n’ n

we have Ji(y, (17, 57)) = Ri(y) for all y € St Usupp g, and therefore stopping immediately

n? n

gives a weakly larger payoff than never stopping, i.e.,

Pf@)zﬁy[ /[ TG = ) (5.3)
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Now, because z € S* and m!, = (pn, S,) — (1',S"), for each ¢ > 0 we have m,((z —
e,x +¢€)) — oo, and there exists N(¢) > 0 such that m,((z — e,z 4+ ¢)) > 0 and thus
(r — e,z +¢) Nsuppm, # 0 for all n > N(g). Hence, because suppm,, = S’ U supp p,, for
all n > 0, there exists a sequence z,, — x such that for each n > 0, x,, € S’ U supp p!, and
thus satisfies (5.3). Fix some € > 0 such that G* > R(x) +¢ on [z — ¢,z +£]. By the above
reasoning, we can assume that z,, € (x — e, + ¢) for n large enough.

Next, observe that the mapping [0,00] — R : ¢ = e "G*(X;), which is a.s. equal to 0 at
oo by Assumption A2, is a.s. continuous and bounded, and that the sequence of probabilities
on [0, oo] with csfs (AJ),>¢ converges weakly to the probability v with csf A’ by Proposition
4.3. Therefore, we can apply Theorem 5.1 with £ = [0, co] to obtain

/[ )e*”Gi(XS) dry, — e SGYX,)dIY aus.
0,00

[0,00)

Using Assumption Al and z € S7, we conclude by dominated convergence that
kn(x) =E, [/ e "G (X,) dFZl,s:| —E, [/ e G (X,)dIY | = G'(x).
[0,00) [0,00)

It follows that k,(zr) > Ri(x) + € for n large enough. Let 7 denote the exit time from
(x — e,x 4+ ¢€) and 7, the hitting time of z. Using the Markov property and (2.5) as in the
proof of Proposition 2.8(c), we deduce that

a[[_ereman]
[0,00)

—E,, { / ¢ PG (X) AT  + Ly er A{W_ e " kn (1) + Lrer, / ¢ G X,)dIY,
[0,72AT)

[r,00)
> [R'(7) + €] By, [1,,cr e ™| + E,, [ILKH / e—TSGi(XS)dPgS]. (5.4)
[r,00)

Again, as in the proof of Proposition 2.8(c), there exists a constant C’ > 0 such that

< C'P,, [T < 7). (5.5)

E,, [L% / e—TSGi(XS)drg‘w}
[r,00)

We deduce from (5.3) applied to x,, and from (5.4)—(5.5) that
R'(x,) > E,, [/ e "G (X,) dF{hs} > [R'(z) + €] By, [1r,cre” ] — C'Py, [7 < 7).
[0700)
The right-hand side of this inequality converges to R'(x)+¢ as n — oo, whereas the left-hand

side converges to R(x), a contradiction. We conclude that SN S7 N {R' < G'} = 0.
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Step 2 We now prove that p'(S7 N {R" < G'}) = 0. Suppose, by way of contradiction,
that p(S? N {R" < G'}) > 0. Then there exists z € S/ N {R* < G'} such that every
neighborhood O of x is such that p*(O) > 0. Because x ¢ S* by Step 1, it must be that
[z — e,z +¢] NS = ( for any sufficiently small ¢ > 0, and thus p'([z — &, 2 + ¢]) < oo.
Because (yf),S%) =m!, — m' = (u', 5%), it follows that

limsupm’, (v — e, +¢]) <m'([xr —e,v+¢]) = p'([r — &, 2+ ¢]) < o0,

n—oo

so that S’ N[z — e,z + &] = () for n large enough. We deduce that

liminf p! ((x — g,z + ¢€)) = liminf m!,((z — &, + €))
n—oo n—o0
> mi((z — 2,24 ))
= p'((z —e,z+e))

> 0.

As this is true for any sufficiently small € > 0, there exists a sequence x,, — x such that for
all n, x,, € supp pi. Because (1, S)) € ®'(ul, S?), we have R'(x,) = J'(x,, (u?, S7)). Thus,
for any large enough n, inequality (5.3) holds with y = x,,, which leads to a contradiction as

in Step 2. We conclude that p*(S7 N {R' < G'}) = 0.

Step 3 We finally prove that (u’, S%) is a pbr to (17, S7). By Assumptions A1-A2, the
random function f : [0, 00]*> — R defined by

f(t, t/> = ﬂtgt’ e_TtRl (Xt) + 1t’<t e_’/‘t’Gl (Xt/),
with f(oo,00) := 0, is a.s. bounded, and the set of discontinuities of f is the set
{(t,t) € [0,00)* : RY(X;) < G'(X;)}.

Letting /) and v denote the probabilities on [0, co] with csfs A? and A’ respectively, and
similarly for player j, we have

/ ft, )V @vi(dt,dt’) = / e TRY(X,)A]_ A + / e GHX ALY, (5.6)

[0,00] [0,00) [0,00)
Because S' N S7 N {R" < G'} = (), the probability v' ® v? does not charge the set of
discontinuities of f; indeed, the conditional probability that ¢’ = t given ¢ is 0 unless t = 7g;,
the probability that t = 7g; is 0 unless 7qi = 7g;, and it cannot be that 7¢i = 74, and
R(X,,,) < G'(X,,,). Proposition 4.3 thus implies that the sequence (v}, ® v})n>0 converges
weakly to ' ® /. We can thus apply Theorem 5.1 to obtain
/[ . ft, ) v @vl(dt,dt’) — ft, )V @i (dt,dt’) a.s.
0,00

[0,00]
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By Assumption Al, the random variables (f(t,t'))¢)ejo,0c2 are uniformly integrable. As a
result, the sequence of random variables ( f[o w2 f (t,t") v @ vi(dt,dt’)),>o is also uniformly
integrable. Therefore, the above convergence also holds in expectation, which leads by

(5.1)-(5.2) and (5.6) to
J'(z, T8 7)) — J' (2, T, 1Y),

Let now 7 € T be an arbitrary stopping time for player 7 such that 7 # 7¢; on R'(X,) <
G'(X,) a.s. Replacing A’ and A’ in the preceding proof by A; = 1;.,, we obtain

Jz, 7, T70) — J'(z,7,T7).
Because, for each n > 0, (i, S?) € PBR'(1,, S7), we have, for each x € Z,
S, 7, T9) < J(x, T}, T7).

Taking the limit on both sides, it follows that, for each 7 € T such that 7 # 74, a.s. and for
each z € 7,

J(z,7,T9) < J'(z, ", TY). (5.7)

To conclude, notice that a stopping time 7 such that 7 = 7¢; and RY(X,) < G*(X,) with
positive probability cannot be optimal, as player 1 would prefer, conditionally on this event,
to wait indefinitely so as to let player j stop first. Hence, (5.7) holds without restriction for
all 7 € T. We conclude that (%, S") € PBR! (17, 57) and therefore that the graph of ® is

closed. Hence the result. [

Proposition 5.2 has an important corollary, which pertains to pure pbrs as defined by
(3.11). As explained in the introduction, the optimal stopping problem of a decision maker
7 whose reward function may jump upwards according to a Markovian randomized stopping
time m’ is of independent interest. According to Proposition 3.1, this problem admits an
optimal stopping time and, according to Lemma 3.2, the corresponding optimal stopping
regions forms a lattice. We now study how this set varies with m?.

To this end, we may identify the family C of all closed subsets S C Z with a subset of
M(Z) by identifying S with the measure mg associated to the pair (0,5). Recall that a
sequence (S,),>0 of closed sets converges to S in the Painlevé-Kuratowski sense (.5, o S

hereafter) if:

(i) For each x € S and every open neighborhood O of x, O N S,, # () for any sufficiently

large n;
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(ii) For each x ¢ S, there exists an open neighborhood O of = such that O N S,, = @ for

any sufficiently large n.
(See, e.g., [5, Section 5.2]). The following result then holds.
Lemma 5.3. C is closed in M(Z) and S,, — S in C if and only if SnP—I><S.

Proof. The proof relies on the characterization given in Proposition 4.1(3).

Assume that mg, — m in M(Z). Then [, ¢dmg, € {0,00} for all ¢ € C(Z), and hence
m must vanish on e(m)°. It follows that m = me(,) € C.

Assume that S, — S in C. First, for every open set O such that O NS # (), we must
have O N S, # 0 for any sufficiently large n as mg, (O) — oo. Second, for each = ¢ S,
one can find ¢ € CH(Z \ S) which is positive on some open neighborhood O of z. Because
J;odmg, = [;¢dmg = 0, it must be that O N S, = (@ for any sufficiently large n. We
deduce from this that .S, P—I>{ S. The proof of the converse is similar and is thus omitted. The

result follows. m
Thanks to Lemma 5.3, we deduce from Proposition 5.2 a stability result for pure pbrs.

Corollary 5.4. The correspondence of pure pbrs of player i, defined by
M(T) - M(T) : m? — X(m?) :={S € C:mg € PBR'(m’)},
has a compact graph and hence is upper hemicontinuous.

Proof. Notice that any pure pbr of player i against a measure m? € M(Z) belongs to ®*(m/)
by Proposition 2.8(ii). We deduce that X¢(m?) = C N ®*(m?). As C is closed, we can then
apply Proposition 5.2. The result follows. n

Remark 5.5. Given a sequence (m),so with limit m? in M(T), let S’ and S* denote
the largest closed sets in ¥'(m?) and X'(m?), respectively, as in Lemma 3.2. The sequence
(S!)ns0 admits a convergent subsequence with limit S € X' (m?), but we can only conclude

in general that S C S'—unless Y'(m?) is a singleton, in which case we have an equality.

6 Contractibility and the AR Property

The aim of this section is twofold. First, we establish in Proposition 6.6 that the space
(M(Z),9) is contractible, which, together with Proposition 4.1, completes the proof of
Theorem 2.9. Second, we establish in Proposition 6.7 that the correspondence ® defined
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in (3.13) has contractible values, which together with the results of the preceding sections
completes the proof of Theorem 2.10. Both proofs rely on an explicit construction of a
contraction of the space M(Z) using convolutions.

Let us first introduce more tools from general topology of metric spaces.

Definition 6.1. A metric space (E,d) is an absolute neighborhood retract (ANR) if, for any
continuous map f : E — E' into a metric space (E',d") such that f is an homeomorphism
between E and f(E) and f(FE) is closed in E', there exists an open set U such that f(F) C U
and a continuous map g : U — f(E) such that for all v € f(E), g(x) =z (i.e., f(E) is a
retract of some neighborhood U ).

From Definition 2.12, it is clear that an AR is an ANR, and we have the following

characterization of ARs.

Proposition 6.2 ([45, Theorem 8.2]). (E,d) is an AR if and only if it is a contractible
ANR.

This equivalence is useful as there are sufficient conditions for a metric space to be an

ANR. The first one can be stated as follows.

Proposition 6.3 ([45, Proposition 8.3]). A metrizable convex subset of a locally convex

Hausdorff topological vector space is an ANR.

The second sufficient condition we will use states that the closure (in the strong sense of

homopotopy-denseness defined below) of an ANR is still an ANR.

Definition 6.4. Let (E,d) be a metric space and A C E. A is said to be homotopy-dense
in E if there exists a continuous map H : E x [0,1] — E such that H(-,0) = Idg and
H(E x (0,1]) C A.

Proposition 6.5 ([53, Corollary 6.6.7]). Let (E,d) be a metric space and A a homotopy-
dense subset of E. Then E is an ANR if and only if A is an ANR.

The first main result of this section can be stated as follows.
Proposition 6.6. There exists a continuous map H : M(Z) x [0,1] — M(Z) such that
1. for each m € M(Z), H(m,0) =m and H(m,1) = 0;

2. for all e € (0,1] and m € M(Z), H(m,e) € Mio(I).
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Before proving Proposition 6.6, let us first show how this result enables us to complete

the proof of Theorem 2.9.

Proof of Theorem 2.9. By Proposition 4.1, M(Z) is compact and metrizable. Proposition
6.6 implies that M(Z) is contractible and that Mi..(Z) is homotopy-dense in M(Z). The
topology induced by ¥ on M,.(Z) coincides with the topology of vague convergence by
Proposition 4.1(3), and thus M..(Z) can be identified with a convex subset of the vector
space of linear functionals on C'(Z) endowed with the vague topology. Therefore, M,.(Z) is
a convex subset of a locally convex Hausdorff topological vector space and is metrizable. We
deduce from Proposition 6.3 that Mj,.(Z) is an ANR. Because M,.(Z) is homotopy-dense
in M(Z) and an ANR, we conclude by Proposition 6.5 that M(Z) is an ANR. As M(Z) is

also contractible, we conclude from Proposition 6.2 that it is an AR. Hence the result. [J
Let us come back to the proof of Proposition 6.6.
Proof of Proposition 6.6. The proof consists of two steps.

Step 1 We first show that it is sufficient to prove the result for Z =R. Let ¢ : Z — R
denote a Cl-diffeomorphism and assume that a function H satisfying properties 1 and 2

exists with Z = R. Define
H(m,e):=H(moy " e)ot, (m,e)e M(T)x0,1],

where m o ¢~! denotes the image of the measure m by 1, defined for each B € B(R) by
mo 1y Y(B):=m(y ! (B)), and v o ¢ the image of the measure v by ¥ ~!, so that

V(m, e, A) € M(T) x [0,1] x B(T), H(m,t)(A) = H(m o', &)(1(A)).

We just need to check that H is continuous and satisfies Properties 1 and 2 in Proposition
6.6. Property 1 is immediate and Property 2 follows from the fact that 1) preserves compact

sets. To prove continuity, it is sufficient to prove that the mappings
M(I) = M(R):m—=morp™" and M(R) = M(Z): v+ vo)

are continuous. As the arguments for the two mappings are similar, we only consider the
first one. Thus suppose that m,, — m in M(Z). If O is open in R, then ¢~(O) is open in
Z and

lim inf m,, 0 ¢ ™1(O) = liminf m,,(v"1(0)) > m(¢~1(0)) = m oy *(0).

n—00 n—oo
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Similarly, if K is compact in R, then ¢)~!(F) is compact in Z and

lim sup m,, 0 ¥~ (K) = limsupm, (67 (K)) < m(~(K)) = m o 7 (K).

n—o0 n—o0

We conclude that m, o ™! — m o~ in M(R), as desired. Notice for later use that, by
choosing v as a C'-diffeomorphism, we ensure that, if, for some € € [0,1], H(mo ¢! ¢) is

absolutely continuous with respect to Lebesgue measure, then so is H (m,e).

Step 2 We now prove the result for Z = R. Define, for all (m,e,z) € M(R) x (0,1] x R,

iz = min{ [ o= pymian, 5 (6.1)

where p. is a continuous function with compact support [—¢, ] defined by

1
pe(z) = — max{l - M,O}, r € R.
£ 5

One can easily verify the following properties for all € € (0,1] and ¢ € (0,1):

1
0< Pe < g ]]-(75,5)7 /

pe(z)de =1, lim||ps — pelloc =0, pc > Lceee)  (6.2)
R d—e

Define then, for all (m,e) € M(R) x (0, 1],
H(m,e) .= (1 —¢)h(m,e,.)- A,

where A denotes Lebesgue measure, and H(m,0) := m. Notice that, for all (m,e) € M(R) x
(0, 1], the measure H(m,¢) is absolutely continuous with respect to Lebesgue measure and
has a bounded density, so that H(m, &) € Mjee(R).

Because H(-,0) = Idyp@r) and H(-,1) = 0, we only need to check that H is jointly

continuous on M(R) x [0,1]. Thus consider a sequence (g, m,) — (¢,m) in M(R) x [0, 1].

Case 1: ¢ > 0 With no loss of generality, we can assume that ¢, > 0 for all n > 0.

Denoting d(., C') the usual distance to a set C' in R, define the sets

E*(m,e) :={z € R:d(z,e(m)) > e},
E~(m,e) :={z € R:d(z,e(m)) < e},
E°(m,¢e) = {z € R:d(x,e(m)) = ¢}.

We examine these three sets separately in cases numbered 1.1, 1.2, 1.3, respectively.
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Case 1.1 For each x € E*(m,¢), we have d(z,e(m)) > ¢, so that p.(z—-) € CH(R\ e(m)).
It then follows from Proposition 4.1(3) that

/R ool — ) ma(dy) — / pelz — y) m(dy) < oo,

Moreover, p., (x — ) = p-(x — -) uniformly, and, any sufficiently large n, all the supports of
these functions are contained in a compact subset K of R\ e(m). As limsup,, . m,(K) <

m(K) < oo and € > 0, we have, by (6.2),

/R 9o (& = 1) = pe(& = 1)| Ma(dy) < [19en, — pellow mn(E) = 0.

This implies

[ pecta = wmatan) = [ pute = pymian)
and therefore, by (6.1),
h(my, en, ) = h(m, e, ),
as desired.

Case 1.2 Theset E~(m,e) = e(m)+(—¢,¢) is open. Let € E~(m,¢) and z € e(m) such
that |z — z| < e. Letting ¢ € (‘xs;z‘, 1), we have, by (6.2),

(1-¢

3

pg(l' — ) > ]]-(x—ca,x—i-ca)'

For any sufficiently large n, ||p: — pc, ||« < ¢, and thus

(1 —2¢)
€

Pen (LL’ - ) > ]l(x—ce,ac—kca)‘

Using that z € (z — ce, x + ce) Ne(m), we have lim,,_,o m,((z — ce, 2 + c£)) = 0o and thus

1-—2c

mp((x — ce,x 4 ce)) — 0.

[ pente =y matan) >

It follows that, for any sufficiently large n, h(m,e,,z) = 8% by (6.1). On the other hand,
Jg p=(@ —y) m(dy) = oo, so that h(m,e,z) = % by (6.1) again, and we conclude that

h(my,en, ) = h(m, e, ),

as desired.
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Case 1.3 Observe first that the set E°(m,¢) is countable and thus has Lebesgue measure
0; indeed, e(m)° is open and thus is a countable union of disjoint open intervals, each of
which contains at most two points in E°(m,¢). Given ¢ € CF(Z), thanks to the analysis of

Cases 1.1 and 1.2, we can apply the bounded convergence theorem to deduce that
Lol (mn,e) = [ o). en)de — [ ota)htm.e,a)dz = Lo(H(m.).
Because e(H(m,e)) = (), we conclude by Proposition 4.1(3) that
H(my,e,) — H(m,e),
as desired.

Case 2: ¢ =0 For each n such that ¢, = 0, we have H(m,,0) = m,, so we may assume
with no loss of generality that e, > 0 for all n. To prove that H(m,,e,) — H(m,0) = m,
we use Proposition 4.1(3). We check each property in turn.

Property 1 Given an open subset O of R such that O Ne(m) # (), we have to prove
that lim, . H(mp,£,)(0) = oo. Let us fix some ¢ € (0,1), and let z € O N e(m) and
d > 0 be such that (z —d,z +d) C O. There exists some ngy such that, for each n > no,
(y —cen,y+cep) CO forally € (z—0,2+0). By (6.1)—(6.2), we have

Hmn,22)(0) = (1— 2,) /R Lo(@)h(my, n, 7) da

_a —5n)/]10(x) min{/RpEn(aj—y)dmn(y),E%} dz

> (1—an)/Rllo(x)min{1;Cmn((x—c€n,x+nc€n)),ELQ}dx. (6.3)

n

In turn, letting A, :=={z € O : (1 — ¢)m,((x — cep, x + ce,)) < i}, we have

(1—e) /}R Lo(z) min { L (@ = conyz+ cen)), eiQ} dz

n n

1—e¢,

_ /Rﬂo(x) min{(1—c)mn((x—cgn,x+csn)),i}dx

En

_l-e /R {]1,4”(9:)(1 ) mn((z — cen, @ + con)) + 1O\An(x)ﬂ do

En n

1—¢,

- { /R /R 14, (2)(1 = ) o—cep aeeny () M (dy) da + } MO\ Anﬂ

En

_l=e UR@ — )MAn N (y — cen, y + cep)) mn(dy) + gi A0\ An)l, (6.4)

gn n

where the last equality follows from Fubini’s theorem. Suppose, by way of contradiction,

that, along some subsequence, H(m,, e,)(O) is bounded above by a constant M. Then, from
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(6.3)—(6.4), it must be that 1= A(O\ 4,) < M. Because (y — ¢y, y + ce,,) C O, we deduce
that, for each n > ng in the subsequence and each y € (z — 0,z + 9),

MAL N (Y — cen,y+cen)) = AM(y — cenyy +cen)) — A(O\ A,) N (y — cen,y + ce4))

2
n

£

> 2ce, — M

> Cen
for any sufficiently large n. It follows from (6.3)—(6.4) that, along this subsequence,
H(myp,e,)(0) > (1 —e,)e(l —c)my((z — 6,2+ 9)) — oo,
a contradiction. We conclude that H(m,,,¢e,)(O) — oo, as desired.

Property 2 Given ¢ € CH(R\ e(m)), we have to prove that Ly(H (my,e,)) — Ly(m). Let
K :=supp ¢ and, for each z € R, K, := K 4 [—x,z]. Because K is a compact subset of the
open set R\ e(m), there exists § > 0 such that K5 Ne(m) = (). Because lim,,_,o, m, = m,

we have limsup,,_, . m,(Ks) < oo, and hence limsup,,_, . m,(K.,) < co. Moreover,

H (o, 2,)(K) < / / pen(@ = ) ma(dy) d

/ / pe, (T — y) dzm,(dy)

< /R k., (y) /R pe, (z — y) dzm,(dy)
= mp(Ke,),

where the first inequality follows from (6.1), the first equality follows from Fubini’s theorem,
the second inequality follows from the definition of p., and the last equality follows from

(6.2). We deduce from this that limsup,,_, ., H(mp,e,)(K) < 0o. Now, recall that

Lo(H(mne) = [ satm.zyn)do = [ otwmin{ [ (o= yymaan), 5 fao

By (6.2), for sufficiently large n,

/Rpen($ —y)mp(dy) < imn((x —En, T +&n)) < imnu(é) <

n n e
for all x € K, where the last inequality follows from limsup,,_,., m,(Ks) < oco. Therefore,

for any sufficiently large n, we have, by Fubini’s theorem,

Ly(H(mn,€4)) / oz / p=, (@ = y) My (dy) da

= [ [ ¢t =) dm,ay)



_ / / O+ y)p-, () dum, (dy).

Using that [, p., (u) du = 1, we obtain

| Lo (H (mn, €0)) = Lo(ma)| =

/R / [+ ) — S()]pe, () duu iy (dy)
< / / 6+ y) — 3(y) | pen () dum,(dy)
- /K / 160+ ) — 3(1)pe, () du s (dy)

< w¢(5n)mn(K€n)

— 0, (6.5)

where, recalling that ¢ € C(Z \ e(m)) and thus is uniformly continuous, w, denotes the
modulus of continuity of ¢. As m,, — m and supp ¢ Ne(m) = 0, we have Lg(m,) — Lg(m)
by Proposition 4.1(3). From this and (6.5), we conclude that

Lg(H(my,en)) — Lg(m),
as desired. Hence the result. O

Because the correspondence ® defined by (3.14) and characterized by (3.15) has nonempty
values by Proposition 3.1 and a closed graph by Proposition 5.2, and because M(Z) x M(Z)
is a compact AR as the product of two compact ARs [45, Exercise 8.4], the following result

enables us to apply Theorem 2.14 to ® and thereby to complete the proof of Theorem 2.10.
Proposition 6.7. The correspondence ® has contractible values.

Proof. Recall that ® take values in M(Z) x M(Z) and that, denoting m* € M(Z) the

measure associated to the pair (u?, S%), we have
V(m',m?) € M(Z) x M(T), ®(m',m?) = &' (m?) x &*(m").

Because the product of two contractible spaces is contractible, it is therefore sufficient to
prove that, for all i = 1,2 and m? € M(Z), ®'(m’) is contractible in M(Z). The measure
m? being fixed, we have, by (3.13),

' (m?) ={m e M(T):S" Ce(m)C S, m(Z\S") =0},

where S* and S? are the closed subsets of Z defined in Section 3. The open set O = T \ S"

can be written as a countable union O = |J,~, Oy of disjoint open intervals O, C Z. For
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each k > 0, let F}, := S*N Oy, which is closed in Oy. Every measure m € ®'(m’) can in turn

be written as

m:m—i-ka, (6.6)

where m is defined by

e Joo if AN S # ()
m<A>_{o ifANS =0’ A4 € B,

and, for each k& > 0, my, is the restriction of m to Oy that we identify with a (not necessarily

regular) measure on Z through the formula
mip(A) =m(ANOg), AecB(I).

Reciprocally, given any sequence (my)g>o of regular measures on Oy, formula (6.6) defines a
regular measure on Z.

The proof consists of two steps. In Step 1, we prove that the contraction H constructed in
Proposition 6.6 can be modified to obtain, for each k£ > 0, a contraction of the set of measures
in M(Oyg) concentrated on Fy. To do so, we simply compose, up to a diffeomorphism, H
with the projection on Fj. In Step 2, we paste together a family of such contractions using

(6.6) to obtain a contraction of ®(m/).
Step 1 We first prove that, for each k£ > 0, the set
C = {m S M(Ok) : m(Ok \ Fk) = 0}

is contractible for the topology induced by ¥ on M(Oy.). Notice that Cj is closed in M(Oy)
as the mapping m — m(Oy \ F},) is Isc and nonnegative. Fix some k > 0 and let ¢y, : O — R
be a Cl-diffeomorphism. Then the map ¢ : M(O;) — M(R) defined by

Dr(m) =mot, me MOy,

is a homeomorphism (see the proof of Proposition 6.6). Letting ﬁk = ¢(F)) and ék =
Q/ﬁ\k(Ck), consider then the map py : R — F, defined by

pk(x):max{yeﬁk:|x—y|: inf |$—z|}, z € R,
Zeﬁk

which is a right-continuous version of the orthogonal projection on ﬁk The map py is
nondecreasing and continuous outside of an at most countable set Dy. It is easy to verify

that for any interval U C R, p; '(U) is an interval and that

PN (U) =p, (UN F,) and PN (U)N F,=UnNF,.
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Define a map Hy, : M(R) x [0,1] — M(R) by
Hy(m.e) = H(m.e)op",  (m.e) € M(R) x [0,1],

where H : M(R) x [0,1] — M(R) denotes the contraction of M(R) explicitly constructed in
Step 2 of the proof of Proposition 6.6. By construction, I/-jk(m, 0) = mop; ' and flk(m, 1)=0
for all m € M(R). In particular, Hy,(m,0) = m for all m € C}. Therefore, to prove that H,
is a contraction of 6k, we only need to check that it is jointly continuous on 6k x [0,1] and
takes values in Cj. Thus consider a sequence (my,, €,) — (m, ) in Cj, x [0, 1]. We distinguish

two cases.

Case 1: € > 0 With no loss of generality, we can assume that ¢, > 0 for all n > 0. First,
let U C R be an open interval. Then p,*(U) is an interval, whose interior we denote by U’.

For each n > 0, we have
Hy.(m,2,)(U) = H(mp, e,) (07 2 (U)) = H(myg, e,)(U"),

where the second equality follows from the fact that H(m,, ¢,) is absolutely continuous and
that p,'(U)\ U’ consists of at most one point, which, whenever it exists, is the left-endpoint

of p,gl(U ). Using that H is continuous, we conclude by the same argument that

lim inf Hy(my, £,)(U) > H(m,e)(U') = Hy(m,e)(U). (6.7)

n—oo
Next, let K C R be a compact interval. Then p,gl(K ) is an interval, but it is not necessarily
bounded. However, because the measures m,, belong to (?*k, using the definition of H and

letting Gy be the convex hull of F, + [—1, 1], we have H(my,,)(R\ Gx) = 0 and therefore
H(my, &) (py " (K)) = H(mn, e,) (p; " (K) 0 Gy)

for all n > 0. We claim that p, ' (K) NGy is a (possibly empty) bounded interval. That it is
an interval follows from the fact that it is the intersection of two intervals. Now, suppose,
by way of contradiction, that it is not bounded. Then there exists an unbounded monotone
sequence (Z,,)m>o in py ' (K) N Gy. With no loss of generality, assume that this sequence is

increasing. Because py(z,,) € K for all m > 0, we have, for any sufficiently large m,
pr(xy) =2 :=max KN F\k and (2, 2,,) N ﬁk = 0.

Letting m — oo, this implies (z*, 00) N F, = 0 and in turn that Gy C (—o0,z* + 1], a
contradiction as z,, € Gy for all m > 0. The claim follows. Define K’ as the closure of

p; H(K) N Gy, we have

~

Hk(mm 5”)(]{) - H(mm 5n>(pl;1(K) N Gk) - H(mm 5”)(K,)7
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where the second equality follows from the fact that H(m,,¢,) is absolutely continuous and
that K’ \ (p,'(K) N Gy) is finite. Using that H is continuous, we conclude by the same
argument that

lim sup Hy,(mn, £,)(K) < H(m, e)(K') = Hy(m, )(K). (6.8)

n—o0

It follows from (6.7)—(6.8) that Hy is continuous at (m, ).

Case 2: ¢ =0 For each n such that ¢, = 0, we have Hy(m,,,0) = m,, so we may assume
with no loss of generality that ¢, > 0 for all n. First, let U C R be an open interval. Then

p; H(U) is an interval, whose interior we denote by U’. As in Case 1, we have

lim inf Hy,(my,, e,)(U) > H(m,0)(U") = m(U").

n—o0

Notice that p,'(U) \ U’ consists of at most one point, which, whenever it exists, is the
left-endpoint of p,'(U) and does not belong to F,. Thus m(U") = m(p,*(U)) as m is
concentrated on Fj. Using the properties of pr and the fact that m € @, it follows that

m(U') = m(py (U)) = m(U N Fy) = m(U).
We conclude that

lim inf Hy(my, £,)(U) > m(U') = m(U) = Hy(m, 0)(U). (6.9)

n—oo

Next, let K C R be a compact interval, and let K’ be the closure of p;'(K) N Gy. As in

Case 1, we have

limsup Hy,(mn, e,)(K) < H(m, 0)(K') = m(K').

n—oo

Using the properties of p; and the fact that m € @k, we have
m(K) = m(K N Ey) = m(p;"(K)) = m(pg (K) N G).

Because G}, is a closed interval, any point in K’ \ (p;'(K) N Gj) must be an endpoint of
p;, ' (K) which does not belong to p, ' (K) and thus cannot belong to Fy. Tt follows that

m(K) = m(p,zl(K) NGr) = m(K').

We conclude that

lim sup Hy,(m, £,)(K) < m(K') = m(K) = Hy,(m,0)(K). (6.10)

n—oo
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It follows from (6.9)—(6.10) that Hy, is continuous at (m, 0).

The analyses of Cases 1-2 above imply that i k1S a contraction of 6k Define then
Hi(m,e) := Hy(mow ' e)othy, (m,e) e Cy x [0,1].
By composition, H} is continuous and, from the properties of H k, we have
Vm € Cy, H;(m,0) =m and Hj(m,0) = 0.
Hence Hj is a contraction of CY, as desired.

Step 2 We now prove that ®‘(m/) is contractible. Define the map H* : ®(m’) x [0,1] —
@' (m’) by

H*(m,e) :==m+ »_ Hi(m, ), (m,e)€d(m’)x[0,1], (6.11)

where M and the measures (my)g>o are defined in (6.6) and, for each k£ > 0, H} is the map

constructed in Step 1. We only need to prove that H* is continuous; indeed, that
Vm € ®(m?), H*(m,0) =m and H*(m,1) =m

follows directly from (6.6), (6.11), and the properties of the maps H;. Thus consider a
sequence (my,, €,) — (m, ) in ®(m’) x [0,1]. Notice first that, for each k& > 0, the sequence

(Mg n)n>0 converges to my, in M(Oy), so that
Hi(mgn, €n) — Hy(mg,€).
First, let U be an open subset of Z. If U N S* # (), then
H*(myp,e,)(U) =00 = 00 =H"(m,e)(U).
If UNS" =), then U is the disjoint union of the open sets U N Oy, and we have

liminf H*(my,,e,)(U) = h%r_l)g)lf ZHk(mn,én)(U N Oy)

n—o0
k>0

> Z lim inf H} (Mg, €,)(U N O,)

n—00
k>0

> Z H; (my,e)(UNOy)

= H"(m,e)(U).
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Next, let K be a compact subset of Z. If K N S* # ), then
H*(my,e,)(K) = 00 = 0o = H"(m,e)(K).
If KNS =0, then K is the disjoint union of the compact sets K N Oy, and we have

lim sup H*(my, £,)(K) = limsup ZH,:(mn,gn)(K N Oy)

< Zlim sup Hy (M, €n) (K N Oy)
k>0 00"

<> Hji(my,e)(K N Oy)

k>0

— H*(m,¢)(K).

It follows that H* is continuous at (m,e). Hence the result. O

7 An Example
We consider in this section the diffusion X with state space Z = (0, 1) solution of the SDE

This process satisfies the assumptions of Section 2 and is a martingale appearing in filtering
equations (see, e.g., [42]) that satisfies X, = limy o, X; € {0,1} a.s. We let the discount
rate r be equal to 0. In order to satisfy Assumption A2, the payoff functions R and G?,
1 = 1,2, must converge to 0 at both boundaries 0 and 1.

The payoff functions, which we consider as functions on [0, 1] equal to 0 at 0 and 1, are

represented in Figure 1. Assumption Al is satisfied as all these functions are bounded.

Gl

oI~ +
N

Rl
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Figure 1: The players’ payoft functions.

We shall not give explicit formulas for these functions, as this does not help for the proof.

The properties of these functions that will be useful are the following:
1. For R', R?, G*, and G? are symmetric around 3;

2. G'>R' on (0,1), R* <0 on (O,%) U (%, 1), and R' > 0 on (%,%),

3. G' is decreasing on [, 5], and G*(3) > R'(3) > G'(3);

=~

. G*> R?on (0,1), and G? is concave on (0,1) and constant on [¢, 2];

5. R? is strictly concave and C? on (0, 5], (R?)'(

The central result of this section can then be stated as follows.

Proposition 7.1. Consider the [Bwa with underlying diffusion process solution to (7.1) and

payoff functions illustrated in Figure 1 and satisfying Properties 1-5. Then,
(i) there exists no pure-strateqgy MPE;

(ii) the randomized stopping times (', S*) := (ady, D) and (1*, S*) == (0, (0, 2*]U[1—2", 1))

form an MPE, where x* is the unique solution in (1, 5) of G*(x*) = R*(3) and

(R?)'(z*)
G2(3) — R*(z7) — (R?) (27)(

=
)
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To prove the Proposition 7.1(i), we will use a semi-harmonic characterization of best
replies that can be found in [3], proven in a more general framework. To deduce the
statement below from [3], we use that the fine topology associated to X coincides with the
usual topology in (0, 1), that all points of (0, 1) are regular for X, and that super-harmonic

functions are just concave functions because X is a martingale and r = 0.

Theorem 7.2 ([3, Theorem 5.3]). Let J' denote the pbr value function to some pure strategy
(0,57). Then J' is continuous and is the pointwise minimum of the family of continuous
functions u : (0,1) — R satisfying R* < u < cavG*, u = G* on S?, and u is concave on each
connected component of (0,1) \ S?, where cav G" is the smallest concave function bounded

below by G°.

Notice that, for one-dimensional continuous diffusions, the characterization given in
Theorem 7.2 has a local character, in the sense that the restriction of J* to any connected
component (a,b) of (0,1)\ S? is the smallest concave function bounded below by R’ that is
equal to G' at a and b (where, if a = 0, this equality means that the limit at O+ is 0, as
implied by the inequalities R' < u < cav G together with the fact that cav G*(0) = 0, and
similarly if b = 1).

Proof of Proposition 7.1. (i) Suppose, by way of contradiction, that a pure-strategy Mpe
((0,S1),(0,5?)) exists. We will use Theorem 7.2 several times during the proof, as well as
the fact that, if (0, S?) is a pbr to (0, 57), then S C S = {J’ = R’} (Proposition 2.8), where
J', J? are the players’ equilibrium brvfs.

We first claim that
St c [}, 2. (7.3)

Let © € (0,3). If 2 € 52, then = ¢ S as J'(x) = G*(x) > R'(z) on (0,1). If z ¢ S?, let

(a,b) denote the connected component of (0,1) \ S? containing . By Theorem 7.2, J' is

concave on (a,b), bounded below by R!, and equal to G' at a and b. As G > 0, if follows

that J'(z) > 0 > R'(z) and thus z ¢ S'. A symmetric result holds for (2,1). Hence (7.3).
We next claim that

The proof of (7.4) is similar to that of (7.3) and is thus omitted.

)
Now, we claim that, if S* = S* N[5, 2] # 0, then it must be that

], SQ = (O,I'o] U [ZL’l, 1) (75)

(e[}

(xo, 1) € [§.5] % [,



Let zp := minS? € [%,%] Using (7.2) along with the fact that R? is strictly concave

and increasing on [, 1], we obtain that the mapping = — R*(z) + (R?)'(z)(z0 — ) is
decreasing on [§, 1], and satisfies R*(1/4) 4+ (R?)'(1/4)(z0 — 1/4) < G*(2/3) = G*(2) and

G*(29) = G*(1/3) < R*(1/6) + (R*)'(1/6)(20 — 1/6), where we have used that G? is constant

1

on [%,2]. It follows that there exists a unique point zy € (3, 3] such that

Rz(l’o) + (RQ),(ZL‘())(Z() — $0) = Gz(ZO).
By Theorem 7.2, the restriction of J2 to (0, z)] is the smallest concave function bounded

below by R? and bounded above by G? which is equal to G? at 0 and at z,. It follows
that J2 = R? on [0, 7o) and that J?(z) = R%(z¢) + (R?)'(z0)(x — x¢) for all € [z, 20).

A symmetric argument on the interval [21,1) with z; := maxS' shows that there exists
zy € [3,2] such that J?> = R* on [z1,1] and J%(z) = R*(x) + (R?)(21)(x — 1) for all

x € [z, 7). Finally, it must be that J2 = G? on [z, z1]: first, on [z, 1], J? < G?, with
equality on S!, and G? is constant; second, J? is concave on any connected component (a, b)
of (20,21) \ S* and equal to G? at a@ and b. Therefore J? is constant on any such interval,
and thus J2 = G2 on [z, z1]. Hence (7.5).

Now, if (7.5) holds, then it must be that S' = (). Indeed, any continuous function that
is equal to G on S? and is concave on (xg,7;) is strictly larger than R!, so that J' > R!
using again Theorem 7.2. Because S' # ) implies (7.5), we deduce that it must be that
St = 0. We deduce from this that S* = (0,3] U [3,1), and hence that J'(3) = G'(3) =
G(
G(

) because = 0 and X is a martingale such that X, € {0,1} a.s., a contradiction as

) = G(2) < R'(3) and J' > R'. We conclude that no pure-strategy Mpe exists.

Wi wiN

(ii) Let J* denote the brvf to (u’, S7) for the randomized stopping times defined in the
statement of the proposition. First, we easily see that J! is equal to G' on S? and is constant
and equal to R'(1) on [z*,1 — z*]. It follows that S' = {3}. To show that (0,S) = (0,0)
is a best reply to (0, S?), just note that the expected payoff from not stopping starting from
any point in (2*,1 — z*) is equal to G*(z*) = G'(1 — 2*) = R'(3) because r = 0 and X is a
martingale such that X € {0,1} a.s. From Proposition 2.8(iv), we conclude that (0, 0/5%)
is a pbr to (0,5?%) for any nonnegative .

Notice then that o > 0. Indeed, R? is strictly concave and increasing on (i, %], so that

(R?)'(x*) > 0 and

R*(2*) + (R?) («") (5 —2") < R*(1) + (R (15 — 1) < R*(D) + (B ()(E — 1) = G*(3)
by (7.2) as G*(3) = G*(3). Let us prove that (0,5?) is a pbr to (ad1,0). By Proposition
3.3, it is sufficient to prove that J? is equal to R? on S? and is strictly larger than R? on
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(z*,1 —z*). Let w?: (0,1) — R be equal to R? on 5? and such that

w(w) = R (") + (RY)'(a")(z —2%), @ €[a", 5],

wiz) =R*(1—a2")+ (R*)(1 -2z — (1—2%)], ze€[i1—2a".

YU (£,1) and piecewise C2, and

Notice that w? > R? on (z*,1 — z*), that w? is C! on (0, 3

1
2

that w? is solution to the variational system

(
w?)” =0 on (27, %) U (%, 1—z%),
(0,z)U (1 —2",1),

o[G*(3) —w?(3)] + 3AW?)(3) =

Proceeding along the same lines as in [17, Lemma A.4], the proof that J? = w? now follows
from a standard verification argument based on the Ito—Tanaka—Meyer formula. First, let

us observe that for 7 € 7 and denoting by L the local time of X at %, we have

J(x, (pt, SN, 1) = E, [Rz(XT)Ai + /[0 | G*(X,)A! dLS] (7.6)
Applying the It6-Tanaka—Meyer formula to the process (Ajw?(X;));>o yields
wt) = M6 - [ atenyant = [ alwon) ax,
3, MExi - s S aw) [ Aar. (1)

Because (w?)” < 0on (0,1)\ {z*,1,1 — 2*}, with equality on (z*,1 —z*)\ {3}, we have

_ / ALY (X X2(1 — X,)ds > 0, (7.8)
[0,7)

From the last line of the variational system for w? and the properties of L, we have

-5 aw) [

(0,7)

AgdLS:a[c:?(;)_w?(%)}/ ALdL,

(0,7)

= / aG*(X,)ALdL, — / allw?(X,)dL,
[0,7)

(0,7)

~ [ erxyart + / W?(X,) dA. (7.9)
[0,7) [0,7)
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We deduce that

(o) 2 B[kt + [ @rxgar]

[0,7)

>E, {AiRQ(XT) + G*(X,) drl}

0,7) ’

= J*(z, (pu*, SY), 1), (7.10)

where the first inequality follows from (7.7)—(7.9) along with the fact that the stochastic
integral in (7.7) is a centered integrable variable as X is a bounded martingale, the second
inequality follows from the fact that w? > R? on (0, 1), and the equality follows from (7.6).
Taking the supremum over 7 € T in (7.10) yields w? > J2. It is easy to check that the above
inequalities turn into equalities when 7 = 7g2, which concludes the proof that w? = J2.

Hence the result. O

Let us conclude this section by explaining why the pure Nash equilibria constructed
using the method of Hamadene and Zhang [31] need not be Markovian. In our example, the
algorithm in [31] actually stops after two iterations and leads to the following equilibrium:
Assume first that player 1 never stops. Then, as shown in the proof of Proposition 7.1, a
pure best reply of player 2 is to use the hitting time 7¢2 with S? := (0, %] U [%, 1). In turn,
facing the strategy (0, S?), a pure best reply of player 1 is to use the hitting time 741, where,
letting J* denote the brvf of player 1 against (0, 5?), S* := {J' = R'} is a nonempty subset
of (%, %), see again the proof of Proposition 7.1. Define then the stopping time

1 _
T = ]lTsl<Ts2 Tq1 + ILTSQ<731 0.

This strategy consists for player 1 in stopping in S! if X did not visit S? before, and to
never stop if X visits S? before S (one could say that player 1 threatens to play oo if player
2 does not stop in S?). On the one hand, 7! is a best reply to 7g: as it gives the same
payoff to player 1 as 751 against 7¢2. On the other hand, whereas, as shown in the proof of
Proposition 7.1, 742 is not a best reply to 741, it turns out that 7¢2 is a best reply to 71 and
that (71, 7¢2) is a Nash equilibrium. Indeed, when facing the strategy 7!, player 2 will not
stop if St is reached before S? as G? > R?, and player 2 will not stop before X reaches S! or
S? as this would give him a strictly smaller payoff than playing 7¢-. However, if X reaches
S? before S*, player 2 believes that player 1 will never stop in the future, and thus the best
player 2 can do is to play a best reply against the stopping time oo, that is, to stop in S2.
Notice that we may reverse the roles of the players in this construction and obtain another

Nash equilibrium in which player 2 plays a non-Markovian strategy.
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8 Discussion

In this section, we briefly discuss the scope and limits of our analysis.

8.1 More General Classes of Games

Extending our analysis to 1Bwas with I > 2 players presents two difficulties.

First, the game may continue after one of the players has decided to stop—think, for
instance, of firms sequentially exiting from an industry. Then the state of the game should
comprise, besides the current value of X, also the identities of the remaining players. This
calls for a recursive construction of an Mpe, starting from continuation games where only two
players remain. At a minimum, we would have to verify that the continuation-equilibrium
value functions of the remaining players satisfy the analogues of A0-A2. To add to the
difficulty, an equilibrium-selection problem may arise because these value functions need not
be uniquely determined.

Second, even if the game is over as soon as one player has decided to stop, the players’
rewards may still depend on who stops first—e.g., because of externalities among players.
This suggests that the very formalization of the IBwa should be amended, because, accounting
for join stopping decisions, up to 2 Zi[:l (f ) = 2(2f — 1) different reward functions may have
to be defined. The main simplification compared to the previous case is that these reward
functions would be exogenously given, rather than being endogenously determined as part
of a continuation Mpe.

Despite these difficulties, it should be noted that, in both cases, the challenge is less
conceptual than computational. In particular, the characterization of Markovian randomized
stopping times in Theorem 2.5 and our topological methods are likely to prove useful for
equilibrium analysis. We leave these extensions for future work.

To conclude our discussion of the I-player 1Bwa, consider finally the case where the game
is over as soon as one player has decided to stop and the players’ rewards do not depend
on who stops first. An example is Bliss and Nalebuft’s [8] model of private provision of a
public good, in which everyone benefit from provision but only the person who takes the
initiative has to pay the cost (see also Bensoussan and Friedman [6, §1, Remark]). As we
now show, this gives the I-player 1Bwa the structure of an aggregative game (Selten [54]),
which enables us to directly generalize Theorem 2.10.

Specifically, consider a [-player IBwa in which the expected payoff of every player i is
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given by
Ji(w, 7, (79),40) = Es [Li At € TTRX ) Lrisp e T NAT G (X Tj)}, (8.1)
where the functions R' and G* in (8.1) satisfy A0-A2. The following result then holds.

Theorem 8.1. Any [-player [Bwa with payoffs (8.1) admits an Mpe.

Proof. Let N=! denote (I — 1)-dimensional Lebesgue measure. For each i = 1,...,I and
Mae. (W) € (0,171 A\, 477 (,w!) € T. As the players’ randomization devices are

independent, the corresponding conditional survival function is given by

1
N {(w) s € (0,171 247 (u?) > ¢ for all j # i}] = H/ i (uiysty du? (8.2)
j#i 70
=[x
J#
= H |:]1t<T5j e Jrvsi LY w2 (dy)
J#

-1 - fI\U].# SJ L% Zj;éi 1 (dy)
— 4i<T j € 9
Ujzi 8

the third equality follows from Theorem 2.5, and the fourth equality follows from the fact
that, if t < 7, s, then L} =0forally € J,,; 57 We can identify (3, p/,J;; S7) with
a measure m,; ss),,, € M(Z) defined by

J

LAY AN, ST =0
m(,uj,Sj)]-7g1- (A) = Z_y;é’uu ( ) . U_y;él - ’ A = B(I)
00 1fAﬂU#iSJ7é@

By construction, e(m ss,.,) = U, e(m’). It follows from (8.2) that a necessary and
sufficient condition for (u, S?) to be a best reply to (u?, S7);.; in the I-player 1Bwa is that
(', S") be a pbr to m,s gy, in the 2-player IBwa. Now, defining ®* as in (3.13) for every
player i, consider the correspondence ®; : M(Z)! — M(Z)! defined by

@1((/1’,5’){:1) =X @’(m(u@sj)#i), (/LZ,SZ)Z-I:l € M(I)I.
i=1
It is sufficient to prove that ®; has a fixed point. By Proposition 6.7, ®; has contractible
values. Hence, by Theorem 2.14, we only need to check that the graph of ®; is closed. To

this end, it is sufficient to prove that the summation mapping

1

M(I) = M(T) : (m), — Zm (8.3)
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. . . . . . . I . I .
is continuous—i.e., that, if, for each i = 1,...,I, m!, = m’, then ) ., m} — > ., m'. We

use Proposition 4.1. First, let O be an open set such that O Ne(3_, m?) # 0. We have

I
Oﬂe(Zmi>:Oﬂ
=1 7

I I
e(m') = J[ONe(m")]

-1 i=1

so that O N e(m?) # O for some i. Tt follows that m?(0) — oo and thus Y>1_, m? (0) — oco.

Second, for each i = 1,...,I, Ly(m:) — Lg(m?) for all ¢ € CH(Z \ e(m’)). Hence, for each

¢ € CH(T\ 6(25:1 m')) = CI (T \ Uf:l e(m')), we have Lqﬁ(zilﬂ m,) = 21‘1:1 Lg(m;,) —

S Lg(m') = Ly(3>1_, m?). We deduce from Proposition 4.1 that the summation mapping

(8.3) is continuous, as desired. Hence the result. O

Extending our analysis beyond games with a second-mover advantage raises challenges
that are of a more conceptual nature. As pointed out by Fudenberg and Tirole [26] in
the deterministic case and Riedel and Steg [52] in the stochastic case, the main challenge
when there is a first-mover advantage lies in the treatment of coordination failures, which
arise for instance when two firms simultaneously attempt to invest on a market that can
profitably support only one of them. These authors argue that accounting for the risk
of simultaneous moves while preserving a notion of subgame-perfectness in the spirit of
[55] requires a modification of the very concept of a strategy and of how strategy profiles
determine outcomes. A plausible conjecture is that, in the case of a game with symmetric and
sufficiently regular reward functions R and G, the existence of an Mpe can be established by
pasting together Mpes in Markovian randomized stopping times (in attrition regions where
G > R) with Mpes in generalized mixed strategies in the sense of [52] (in preemption regions
where R > (). How to extend this construction to the case of asymmetric reward functions

remains an open question.

8.2 More General Environments

Extending our analysis to more general Markov processes X or more general payoff functions
presents several difficulties.

There is a vast literature on the relation between additive or multiplicative functionals
of general Markov processes and measures (see, e.g., [50], [27], and the references therein).
However, in order to extend our analysis to other classes of processes X, we first have
to identify the relevant space of measures, then to find a compact topology which makes
this set an absolute retract, and finally to prove the closedness of the graph of best replies

for this topology. Each of these steps can be very challenging and such extensions are
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left for future research. To illustrate the fact that our analysis has to be adapted to each
class of processes without entering too much into technicalities, let us consider examples
of randomized stopping times in the three most natural cases: nonhomogeneous problems,
linear diffusions with jumps, and multidimensional continuous diffusions.

Notice first that the definition of Markovian randomized stopping times given in Section
2 does not depend on which Markov process X we consider.

If X is a nonhomogeneous diffusion, or if the stopping game has a finite horizon T, or
if the rewards are time-dependent, the natural concept of a (nonhomogeneous) Markovian
randomized stopping time will be that of a multiplicative functional of the space-time process
(Zy, Xy) with Z, = Zy + t taking values in [0, 00) x Z. To any positive measure p on [0, 00),
we can associate a multiplicative functional of the process Z; (and thus also of (Z;, X;))
through the relation

AY(Z) = lim e~ Jzo.zru A >0,
ul0

However, if we consider a decreasing sequence ¢, | t*, the sequence A% does not converge
to A% if Z, = t*, showing that Proposition 4.3 does not hold if we use the usual vague
convergence of measures. The topology has to be adapted to take care of the specific behavior
of Z,.

If X is a homogeneous diffusion with jumps, the csf of a Markovian randomized stopping

time can have several discontinuities as, for example, in

A(X.) 1= lim 0<81:[t+uF(Xs_,Xs), t>0,
where F'is a measurable map from Z xZ to [0, 1] that is identically equal to 1 on the diagonal.
In this case, depending on the distribution of jumps of X, several functions F' may lead to
equivalent csfs (i.e., which coincide a.s.). Therefore, it is clear that any measure representing
this strategy will depend on the distribution of the jumps of X.
If X is a standard Brownian motion of dimension d > 2, given a nonnegative Borel
function f :R% — R, one may define a randomized Markovian stopping time by

Ay :=1lim e ()Huf(XS)ds, t>0.
ul0

Using the theory of Revuz measures (see [27, Example 5.1.1]), this strategy is naturally
associated to the absolutely continuous positive measure m := f - Ay where \; stands for

the d-dimensional Lebesgue measure. Given a countable dense subset S of R¢, one may
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construct® a function f such that for every open set U C R, fU f(x)dx = oo, while

Ay =0 P,-as. if and only if x € S,
Ao =1 P,-as. if and only if = ¢ S.

Moreover, for all z ¢ S, we have P, [Vt > 0, A; > 0] = 1. Therefore, the set S on which one
stops with probability 1 is not closed and polar (i.e., for all z € R? P, [3t > 0: X, € S] =0).7
Extending formally the definition of e(m) we used on M(Z) to positive measures on R? gives
e(m) = R? with m = f - A4, and we check easily that m is not outer regular with respect to
open sets. The set of measures we consider and the chosen topology has thus to be adapted
when X is a multidimensional diffusion, which seemingly requires to take care of the many
subtleties appearing when going from dimension 1 to higher dimensions in the study of
additive functionals or in potential theory. Notice finally that the proof of Proposition 4.3,
which is crucial to prove the closedness of the graph of the best reply correspondence, relies
on the existence and properties of local times of X at every point of Z, whereas such local

times are known not to exist for multidimensional Brownian motion.

6See [1, Proposition 1.3 and Remark 1.4] for the construction of f and [27, theorem 5.1.4 and Example
5.1.1] for the properties of A, which are proved in [27] for the additive functional A; = —log(A¢).
"However, S is finely closed (see, e.g., [27, Appendix A.2] for the definition of the fine topology).
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Appendix
A.1 Proof of Proposition 2.8

Point (a) follows from the fact that stopping immediately is suboptimal in problem (3.3).
Point (b) follows from the fact that, for z € S7, the payoff of player i is G*(z) if he does
not stop immediately and R'(z) < G'(x) otherwise. Let us now prove point (¢). Under the
stated condition, by continuity, there exist C' € R and ¢, > 0 such that

Yy € [z =6,z +0], G'(y) >C > R'(y) +e. (A1)

Using that 7° = oo is suboptimal in problem (3.3), we have for all y € [z — §, z + §], letting

7, and 75 denote respectively the hitting time of x and the exit time of [z — J, z + J]:

J'(y) > E, / e "GY(X,) ng}
L/ [0,00)

_E, / e’”SGi(XS)drg}
L/ [0,7]

Y A g I g ey
[0,72] [0,72]

> CE, e 1,,r] + E, {Lmé / e”Gi(Xs)ng], (A.2)
[0,72]

where the second inequality follows from the fact that f[o ] dlV =1 when 7, <ococasz € 9.

Consider the last term on the right hand side of (A.2). We have

E, [ﬂ [ emien drf;]
[7-6771]

_E, [n [|Gi<Xm>|<rg T )AL /( o7 =) |G(X,)| d(TY o eﬂ;)H

TéaTz]

B[ L, [ iG] o0,)|
[75,7z)

where the first equality follows from (2.5), and the second equality follows from the facts
that '/ — _=A_ - A7 and that A/ is continuous except at 7g; where it jumps to 0.

TS— TS—

Using this result, we have, for some constant C" > 0,

E, {Lmé / e’“SGi(XS)drg]
[0,72]

<[l [ TGN 4B L [ G ar)
[0,7’5)

75 77'90}

< s (GBI 4B Lo, [ IGO0 AT 00
[z—6,z+46] [75,7<]
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< sup |G'E 1, +E, {me Ex,, {Sup e”|Gi(Xt)\H
[z—6,z+46] t>0

< C'Py 1w > 74, (A.3)

where the third inequality follows from the Markov property, and the fourth inequality
follows from assumption Al along with the fact that X,, € {z — d,2 + §} P, -almost surely.
From (A.2)-(A.3), we deduce that

J'(y) > CE,[e”"™ 1, o] — C'P, 1, > 75].

The above lower bound is a continuous function of y that is equal to C at x and to —C" at
2 — 6 and = + &. Therefore, by (A.1), there exists §' € (0,4) such that Ji(y) > R(y) for all
y € [x — ¢,z + §']. This proves (c).

Finally, points (i)—(iv) can be proven exactly as in [17, Proposition 1|. Hence the result.

A.2 Proof of Equation (3.10)

For the sake of completeness, we show how to deduce (3.10) from the arguments in [24].
Recall that Z* is the Snell envelope on the stochastic basis (€2, F, (Ft)t>0, P.) of the process
Y defined by

Y, = / e G (X,) Al + Al e T RI(X,), ¢ >0,
0.

and that Z is defined by

7y = / e TG X,) dIY 4+ A e TH(X,), t>0.
[0.]

First, it is clear that 7 >Y. Then, recall that (see [24, Lemma 3.4 and the references
therein], noticing that we work on the smaller canonical space of continuous trajectories),
for every stopping time 7 of (F});>o and every stopping time p of (F}, )¢>o such that p > 7,

there exists an F? ® F2 measurable random variable U : Q x © — [0, oo such that
o U(w,w)=0if 7(w) = 0o or if Xo(©) # X, (w);
e for cach w € Q, U(w,-) is a stopping time of (F7, )e>o;
o for all w € Q such that 7(w) < 00, p(w) = T(w) + U(w, O (w)).

We deduce that, on the event {7 < oo},

E,[7,|F,] = E, { /[ ERCICSELER it d
0,p

7]
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_E, { / e TG (X,) dTY + / e G (X,) T + Al e P RI(X,) ]
(0,7] (7.p]
_ / e TG (X,) AT + A e, [ / TG A o0,),
[0,7] (0,U(w,07 (w)
+ (N }
(

U(UJ,QT (w))

0 f,) e TVl >R1(XT+UM 0| F

= / e G X,) AV 4+ A e TR, { / e "GN (X,) d(TY 0 6,),
[0,7] [0,U(w,0+(w)

+ (Mg oy © ) €U0 <w>RZ(XT+Uw9 0 |-

IN

/ T GH(X,) dTY 4 A o J(X,),
[0,7]

Z,,
where the third equality follows from (2.5) and the decomposition of stopping times, the
fourth equality follows from the fact that AJ = 0 whenever IV o §, has a jump at time
0 by (2.5), which allows us to replace the integral over (0,U(w,6.(w))] by an integral over
0,U(w, 6, (w))], and the inequality follows from the Markov property. We deduce that E,[Y,|
F] < 7. as it is an equality on {7 = oco}. Because for each x € Z, every stopping time in
T is P,-a.s. equal to a stopping time of (F,)i>o [33, Lemma 1.1.19]), we deduce that, for
every stopping time 7 of (F})s>o,
7 = esssup E,[Y,|F,] < Z
p>1, pET
To prove the reverse inequality, it is sufficient to prove that E,[Z,] < E,[Z%]. By [24,
Proposition 2.4],
W€ M@, [ T(w)r(dy) = sup B, [T
z

peTO

where 7 denotes the set of stopping times of the canonical filtration (F?);>o. Let © denote

the finite measure on Z defined by

e T14(X7)], A€ B(I).

Whenever v # 0, define the probability v = ﬂ&). Then, denoting by € a copy of the

canonical space endowed with the probabilities Ip’y =P, for y € Z, we have

MMWﬂMhLﬂW@mwawmm:w&wwﬁﬂm.wa

pETO peTO
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We deduce that

E.[Z,] < sup E, [ e G X,) Al + A e Ry, [Yp}}
[0,7]

peTO
= sup E, { e SGYX,)dlY + A e R, { / e G (X,) ATV 0 0,),
peTO [0,000+]
(Azog o 97) o (po0r) i (XT-i-pOGT) ]_—T}}

= sup E, {/ e G X,)dIY 4 A e TR, {/ e GYX,) d(IY 0 0,),
[0,7] (0,p06+]

peETO
# (K, 08¢ PR X )| 7
— sup E, { / TGHX,) A 4 AT, TR )
peETO [0,7+p00,]
= sup Ew [Y7'+p007']
peTO
< E.[Z7],

where the first inequality follows from (A.4), the first equality follows from the strong Markov
property, the second equality follows from the fact that A = 0 whenever I'V 0§, has a jump
at time 0, which allows us to replace the integral over [0, po8,] by an integral over (0, po0,],

and the third equality follows from (2.5). This concludes the proof of (3.10).

A.3 Proof of Proposition 4.1

It is hereafter assumed without explicit mention that M(Z) is endowed with the topology
1. The proof consists of three parts.

Metrizability We first prove that M(Z) is metrizable. By Urysohn’s metrization theorem
(see, e.g., [25, Theorem 4.58)), it is sufficient to check that M(Z) is Hausdorff, regular, and
second countable.

First, we check that M(Z) is second countable. By definition, the topology ¢ has a
countable subbasis of neighborhoods defined by all the sets U, V' of the form

U=Upe:={me M) :m((a,b)) >c} and V =V, 4:={m &€ M(Z) : m([a,b]) < d}

for all a,b € ZNQ, ¢ € [0,00) NQ, and d € ((0,+00) N Q) U {oc}. Therefore, M(Z) is
second countable.

Next, we check that M(Z) is regular. To this end, let B be a nonempty closed set in
M(Z) and m € M(Z) \ B. We have to prove that B and m have disjoint neighborhoods.
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The complement B¢ of B is open and thus
B = (ﬂ og) and B =) (U(og)0>,
a \k=1 a \k=1

where o ranges through an arbitrary countable set, and each Of is of the form U,V above.
In particular, there exists a such that m € ()2, Of and B C B* := | J;2,(0g)¢. Therefore,
it is sufficient to prove the claim for B* instead of B. Thus assume that B = [J;_,(Ox)".
In turn, it is sufficient to prove the claim for each (Of)¢ and then take the union of the
neighborhoods of each set (Og)¢, and the (finite) intersection of the neighborhoods of m.
Thus assume that B = O¢ with O of the form U,V above. We accordingly distinguish two

cases, depending on the form of O.

Case B = U° with U = U,;. Let 6 > 0 such that m((a,b)) > ¢ + 25. There exists
(a',b") C (a,b) such that m((a’,0’)) > ¢+ 26 by inner regularity, so that Uy 425 is an open
neighborhood of m. On the other hand Vi, .45 is an open neighborhood of B as

Vv e B, v([d,b]) <v((a,b)) <c<c+d.
To conclude, notice that Vi 5 and Uy o425 are disjoint.

Case B =V with V =V,;, Notice that m ¢ B is equivalent to m([a,b]) < d, so that
m([a,b]) < oo. There exists (a’,b') D [a,b] such that m([a’,0]) < d by outer regularity.
Thus let d’,d” such that m([a/,b']) < d < d’ < d, and observe that B C U,y 4o whereas

m € ‘/a',b’,d’- To conclude, notice that %/717/7(1/ and Ua’,b’,d” are diSjOiIlt.

Therefore, M(Z) is regular.
Finally, we check that M(Z) is Hausdorff. As M(Z) is regular, it is sufficient to prove
that singletons are closed. Let my € M(Z) and consider the closed set

C(mo)
= ﬂ ({m € M(Z) : m((a,b)) <mp((a,b))} N {m € M(Z) : m(|a,b]) > my([a, b])})

a,beINQ
If m # my, then there exists an interval (a,b) C Z such that m((a,b)) # mo((a,b)). By
inner regularity, we can assume that a,b € Q. If m((a,b)) > mo((a,b)), then m ¢ C(my).
If m((a,b)) < mo((a,b)), then, by inner regularity, there exists an interval [a/,b'] C (a,b)
such that ', € Q and m([a',0]) < mo([a,b]), so that m ¢ C(mg). We conclude that
C(mp) = {mo} and hence that singletons are closed. Therefore, M(Z) is Hausdorff.

The proof that M(Z) is metrizable is now complete.
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Proofs of Assertions 1-3 We prove each assertion in turn.

(1) Any open set O C Z can be written as O = [, O, for some nondecreasing sequence
(On)n>0 such that each O, is a finite disjoint union of open intervals with rational endpoints.
The mapping m +— m(0,,) is Isc as a finite sum of Isc mappings, and the mapping m +— m(O)
is Isc as the supremum of Isc mappings.

(2) Any compact set K C T can be written as K = (1,5, K, for some nonincreasing
sequence (K,),>o such that each K, is a finite disjoint union of compact intervals with
rational endpoints. The mapping m — m(K,) is usc as a finite sum of usc mappings, and
the mapping m +— m(K) is usc as the infimum of usc mappings.

(3) Suppose that m,, — m in M(Z). If O Ne(m) # O with O open, then m(0) = oo,
and thus m,,(O) — oo by point (1). Now, let ¢ € CI(Z \ e(m)), with support K. Because
m(K) < oo, by outer regularity, there exists a compact neighborhood K’ of K such that
m(K") < oco. Then, by point (2), limsup,, . m,(K’') < m(K’) < co. The restrictions of the
measures (my,),>o to the open set O := int K" are therefore locally finite for any sufficiently
large n, and by [35, Lemma 4.1(iv)], converge vaguely to the restriction of m to O, which
implies Ly(m,) — Lg(m).

Conversely, suppose that the sequence (m,,),>0 in M(Z) and the measure m satisfy the
properties that, for every open set O such that O Ne(m) # 0, m,(O) — oo, and that, for
each ¢ € CH(T \ e(m)), Lg(my,) — Lg(m). We want to prove that m, — m in M(Z).
Let a,b € ZNQ. If (a,b) Ne(m) # O, then, by the first property, liminf,, .. m,((a,b)) =
oo = m((a,b)). If (a,b) Ne(m) = 0, let (¢x)r>0 be a nondecreasing sequence of continuous
functions with compact support in (a,b) with pointwise limit 1¢,p). Then, by the second

property, we have, for each k,

liminf m,,((a,b)) > lim Ly, (my,) = Ly, (M),

n—o0 n—oo

and thus, by monotone convergence,

lim inf m,((a, b)) > m((a,b)). (A.5)

n—300
If [a,b] Ne(m) # 0, then limsup m, o ([a,b]) < oo = m([a,b]). If [a,b] Ne(m) = 0, then
m([a,b]) < oo, and there exists a’,b" such that [a,b] C (a’,V') and m((a’,b")) < oo by outer
regularity; in particular, (a/,b') Ne(m) = 0. Let (¢x)r>0 be a nonincreasing sequence of
continuous functions with compact support in (@', ¥’) and pointwise limit 1j,5. Then, by the
second property, we have, for each k,

lim sup my,([a, b]) < lim Ly, (my,) = Lg, (M),

n—o0 n—o0
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and thus, by bounded convergence,

lim sup my([a, b]) < m([a,b]). (A.6)

n—0o0

We conclude from (A.5)-(A.6) that m,, - m in M(Z).

Compactness We finally prove that M(Z) is compact. As M(Z) is metrizable, it is
sufficient to prove that it is sequentially compact, i.e., that any sequence (m,),>o has a

convergent subsequence. The proof consists of three steps.

Step 1 Let B = {0y, Os,...} denote a countable basis of open sets for Z. If lim sup,,_,., my,
(O1) = oo, then we extract a subsequence (m.),>o such that lim,, ., m.(0;) = oo, otherwise
we let (ml),>0 := (My)n>0. Assuming that the subsequence (mF),sq for some k > 1 is
constructed, if limsup,_,., m*(Ory1) = oo, then we extract a subsequence (mr*1),sq of

mE ) ps0 == (mF)n=0. By

(mF),>0 such that lim, ., m*™1(Oy11) = oo, otherwise we let (
diagonal extraction, we obtain a subsequence (m?),>o of (my,)n>o such that, for each k > 1,
either lim,, o, m(Ox) = oo or limsup,,_,. m;(Ox) < co. Now, for all x € Z, let D, := {k >

1 : 2 € O}, and notice that {z} = (,cp. Ok. Define then
S—{xEI Vk e D,, hmm (Oy) = }

We claim that S is closed. Indeed, let (z,),>0 be a sequence in S with limit = € Z. For
each k € D,, we have z, € Oy for any sufficiently large p and thus £ € D,,. Therefore,
lim,, o m}(Ox) = oo for all k € D,, which proves that = € S. The claim follows.

Step 2 Let (K}),>0 be an increasing sequence of compact sets such that (=, K, = T\ S.
We claim that limsup,,_, ., m (K,) < oo for all p > 0. Indeed, each x € K, is such that there
exists k € D, such that limsup,,_,.. m}(Of) < co. These open sets form an open covering

of K,, and we may therefore extract a finite open cover (Oy,, ..., Oy, ). We conclude that

lim supm;, (K,) < hmsupZm (Oy,) < thsupm (Oy,) <

n—oo n—oo n—oo

The claim follows. Because limsup,,_, . m,(K;) < oo, the restriction of m’ to K is a finite
measure for any sufficiently large n. By [35, Theorem 4.2], it admits a subsequence that
converges weakly to some finite measure p; on K. Iterating the process and using diagonal

extraction, we can extract a subsequence (m**),>o of (m?),>o such that, for each p > 0,

the sequence of the restrictions of the measures (m}*),>o to K, converges weakly to some

8 A sequence a finite measures (Vn)n>0 on some metric space E converge weakly to v if f g ¢®dvn — f g Odv
for every bounded and continuous function ¢ : E — R.
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finite measure 1, on K,. By construction, the measures (f,),>0 are consistent in the sense

that there exists a Radon measure p on Z \ S whose restriction to K, is p, for all p > 0,

k%

V>0 to I\ S converges

and therefore the sequence of the restrictions of the measures (m

vaguely to pu.

Step 3 Define m € M(Z) such that e(m) := S and m|z\¢(m) := p- Then, by Assertion 3,

the subsequence (m}*),>¢ constructed in Step 2 converges in M(Z) to m. Hence the result.

n

o8



References

1]

[10]

[11]

[12]

Albeverio, S., and Z.M. Ma (1992): “Additive Functionals, Nowhere Radon and Kato
Class Smooth Measures Associated with Dirichlet Forms,” Osaka Journal of Mathemat-
ics, 29(1), 247-265.

Attard, N. (2017): “Nash Equilibrium in Nonzero-Sum Games of Optimal Stopping for
Brownian Motion,” Advances in Applied Probability, 49(2), 430-445.

Attard, N. (2018): “Nonzero-Sum Games of Optimal Stopping for Markov Processes,”
Applied Mathematics and Optimization, 77, 567-597.

Baxter, J.R., and R.V. Chacon (1977): “Compactness of Stopping Times,” Zeitschrift
fur Wahrscheinlichkeitstheorie und verwandte Gebiete, 40, 169-181.

Beer, G. (1993):  Topologies on Closed and Closed Convexr Sets. Dordrecht:

Springer—Science+Business Media.

Bensoussan, A., and A. Friedman (1977): “Nonzero-Sum Stochastic Differential Games

7

with Stopping Times and Free Boundary Problems,” Transactions of the American

Mathematical Society, 231(2), 275-327.

Billingsley, P. (2013): Convergence of Probability Measures. New York: John Wiley &

Sons.

Bliss, C., and B. Nalebuff, B. (1984): “Dragon-Slaying and Ballroom Dancing: The
Private Supply of a Public Good,” Journal of Public Economics, 25(1-2), 1-12.

Blumenthal, R.M., and R.K. Getoor (1968): Markov Processes and Potential Theory.

New York: Academic Press.

Borodin, A.N.; and P. Salminen (2002): Handbook of Brownian Motion—Facts and

Formulae. Basel, Boston, Berlin: Birkhauser Verlag.

Cattiaux, P., and J.-P. Lepeltier (1990): “Existence of a Quasi-Markov Nash
Equilibrium for Non-Zero Sum Markov Stopping Games,” Stochastics, 30(2), 85-103.

Christensen, S., and B. Schultz (2024): “On the Existence of Markovian Randomized
Equilibria in Dynkin Games of War-of-Attrition-Type,” https://arxiv.org/abs/
2406.09820.

29


https://arxiv.org/abs/2406.09820
https://arxiv.org/abs/2406.09820

[13]

[14]

[15]

[16]

[17]

[20]

[21]

[22]

23]

Chronopoulos, M., and A. Siddiqui (2015): “When Is It Better to Wait for a New
Version? Optimal Replacement of an Emerging Technology under Uncertainty,” Annals

of Operations Research, 235(1), 177-201.

Debreu, G. (1952): “A Social Equilibrium Existence Theorem,” Proceedings of the Na-
tional Academy of Sciences, 38(10), 886-893.

De Angelis, T., G. Ferrari, and J. Moriarty (2018): “Nash Equilibria of Threshold Type
for Two-Player Nonzero-Sum Games of Stopping,” Annals of Applied Probability, 28(1),
112-147.

De Angelis, T., N. Merkulov, and J. Palczewski (2022): “On the Value of Non-Markovian
Dynkin Games with Partial and Asymmetric Information,” Annals of Applied Probabil-
ity, 32(3), 1774-1813.

Décamps, J.-P., F. Gensbittel, and T. Mariotti (2023): “The War of Attrition
under Uncertainty: Theory and Robust Testable Implications,” https://hal.science/
hal-03816389v3.

Décamps, J.-P., F. Gensbittel, and T. Mariotti (2025): “Investment Timing and
Technological Breakthroughs,” Mathematics of Operations Research, 50(2), 1418-1513.

Dellacherie, C., and P.-A. Meyer (1982): Probabilities and Potential B, Theory of Mar-
tingales. Amsterdam: North-Holland.

Ekstrom, E., and G. Peskir (2008): “Optimal Stopping Games for Markov Processes,”
SIAM Journal on Control and Optimization, 47(2), 684-702.

Ekstrom, E., and S. Villeneuve (2006): “On the Value of Optimal Stopping Games,”
Annals of Applied Probability, 16(3), 1576-1596.

Eilenberg S., and D. Montgomery (1946): “Fixed Point Theorems for Multi-Valued
Transformations,” American Journal of Mathematics, 68(2), 214-222.

El Karoui, N. (1981): “Les aspects probabilistes du controle stochastique,” in FEcole
d’Eté de Probabilités de Saint-Flour IX, 1979, Lecture Notes in Mathematics, Vol.
816, ed. by P.J. Bickel, N. El Karoui, and M. Yor. Berlin, Heidelberg, New York:
Springer-Verlag, 73-238.

60


https://hal.science/hal-03816389v3
https://hal.science/hal-03816389v3

[24]

[25]

[26]

[27]

[28]

[29]

[31]

[32]

El Karoui, N., J.-P. Lepeltier, and A. Millet (1992): “A Probabilistic Approach to the
Reduite in Optimal Stopping,” Probability and Mathematical Statistics, 13(1), 97-121.

Folland, G.B. (1999): Real Analysis: Modern Techniques and their Applications. New
York: John Wiley & Sons.

Fudenberg, D., and J. Tirole (1985): “Preemption and Rent Equalization in the
Adoption of New Technology,” Review of Economic Studies, 52(3), 383—401.

Fukushima, M., Oshima, Y., and M. Takeda (2011): Dirichlet Forms and Symmetric
Markov Processes. Berlin, New York: De Gruyter.

Georgiadis, G., Y. Kim, and H.D. Kwon (2022): “The Absence of Attrition in a War of

Attrition under Complete Information,” Games and Economic Behavior, 131, 171-185.

Gieczewski, G. (2025): “Evolving Wars of Attrition,” Journal of Economic Theory, 224,
105967.

Glicksberg, I.L. (1952): “A Further Generalization of the Kakutani Fixed Point
Theorem, with Application to Nash Equilibrium Points,” Proceedings of the American

Mathematical Society, 3(1), 170-174.

Hamadene, S., and J. Zhang (2010): “The Continuous Time Nonzero-Sum Dynkin
Game Problem and Application in Game Options,” SIAM Journal on Control and
Optimization, 48(5), 3659-3669.

Huisman, K.J., and P.M. Kort (2004): “Strategic Technology Adoption Taking into
Account Future Technological Improvements: A Real Options Approach,” Furopean

Journal of Operational Research, 159(3), 705-728.

Jacod, J., and A.N. Shiryaev (2003): Limit Theorems for Stochastic Processes. Berlin,
Heidelberg, New York: Springer-Verlag.

Kakutani, S. (1941): “A Generalization of Brouwer’s Fixed Point Theorem,” Duke
Mathematical Journal, 8(1), 457-459.

Kallenberg, O. (2017): Random Measures, Theory and Applications. Cham: Springer.

Kwon, H.D., and J. Palczewski (2024): “Exit Game with Private Information,” Math-
ematics of Operations Research, forthcoming, DOI: 10.1287/moor.2022.0285, https:
//arxiv.org/abs/2210.01610.

61


https://arxiv.org/abs/2210.01610
https://arxiv.org/abs/2210.01610

[37]

[41]

[42]

[44]

[45]

[46]

Lambrecht, B.M. (2001): “The Impact of Debt Financing on Entry and Exit in a
Duopoly,” Review of Financial Studies, 14(3), 765-804.

Laraki, R., and E. Solan (2005): “The Value of Zero-Sum Stopping Games in Continuous
Time,” SIAM Journal on Control and Optimization, 43(5), 1913-1922.

Laraki, R., and E. Solan (2013): “Equilibrium in Two-Player Non-Zero-Sum Dynkin
Games in Continuous Time,” Stochastics, 85(6), 997-1014.

Lepeltier, J.-P., and E. Etourneau (1987): “A Problem of Non-Zero Sum Stopping
Game,” in Stochastic Differential Systems: Proceedings of the IFIP-WG 7/1 Work-
ing Conference FEisenach, GDR, April 6-13, 1986, Lecture Notes in Control and
Information Sciences, Vol. 96, ed. by H.J. Engelbert and W. Schmidt. Berlin, Heidelberg:
Springer-Verlag, 310-315.

Lepeltier, J.-P., and E.M. Maingueneau (1984): “Le jeu de Dynkin en théorie générale
sans 'hypothese de Mokobodski,” Stochastics, 13(1-2), 25-44.

Liptser, R.S., and A.N. Shiryaev (1977): Statistics of Random Processes: 1. General
Theory. New York: Springer-Verlag.

Martyr, R., and J. Moriarty (2021): “Nonzero-Sum Games of Optimal Stopping and
Generalized Nash Equilibrium Problems,” SIAM Journal on Control and Optimization,
59(2), 1443-1465.

Maskin, E., and J. Tirole (2001): “Markov Perfect Equilibrium: I. Observable Actions,”
Journal of Economic Theory, 100(2), 191-219.

McLennan, A. (2018): Advanced Fized Point Theory for Economics. Singapore:
Springer-Verlag.

Meyer, P.-A. (1978): “Convergence faible et compacité des temps d’arrét d’apres Baxter
et Chacon,” in Séminaire de Probabilités XII. Université de Strasbourg 1976/1977,
Lecture Notes in Mathematics, Vol. 649, ed. by C. Dellacherie, P.-A. Meyer, and M.
Weil. Berlin, Heidelberg, New York: Springer-Verlag, 411-423.

Murto, P. (2004): “Exit in Duopoly under Uncertainty,” RAND Journal of Economics,
35(1), 111-127.

62



[52]

[53]

[54]

Murto, P. (2007): “Timing of Investment under Technological and Revenue-Related
Uncertainties,” Journal of Economic Dynamics and Control, 31(5), 1473-1497.

Reny, P.J. (2011): “On the Existence of Monotone Pure-Strategy Equilibria in Bayesian
Games,” Fconometrica, 79(2), 499-553.

Revuz, D. (1970): “Mesures associées aux fonctionnelles additives de Markov. I.” Trans-

actions of the American Mathematical Society, 148(2), 501-531.

Revuz, D., and M. Yor (1999): Continuous Martingales and Brownian Motion. Berlin,
Heidelberg, New York: Springer-Verlag.

Riedel, F., and J.-H. Steg (2017): “Subgame-Perfect Equilibria in Stochastic Timing

Games,” Journal of Mathematical Economics, 72, 36-50.
Sakai, K. (2013): Geometric Aspects of General Topology. Tokyo: Springer.

Selten, R., (1970): Preispolitik der Mehrproduktenunternehmung in der Statischen The-
orie. Berlin, Heidelberg, New York: Springer-Verlag,

Selten, R. (1975): “Reexamination of the Perfectness Concept for Equilibrium Points

in Extensive Games,” International Journal of Game Theory, 4(1), 25-55.

Sharpe, M.J. (1971): “Exact Multiplicative Functionals in Duality,” Indiana University
Mathematics Journal, 21(1), 27-60.

Touzi, N., and N. Vieille (2002): “Continuous-Time Dynkin Games with Mixed
Strategies,” SIAM Journal on Control and Optimization, 41(4), 1073—-1088.

63



	Introduction
	Model and Main Results
	A Brownian Model of the War of Attrition
	Randomized Stopping Times
	Markovian Randomized Stopping Times
	Markov-Perfect Equilibrium and Properties of Best Replies
	Main Results
	An Overview of the Argument

	Existence and Characterization of Pbrs
	Existence of Pure Pbrs
	Characterization of Pbrs
	The Correspondence 

	A Compact Topology on M(I)
	Closedness of the Graph of 
	Contractibility and the AR Property
	An Example
	Discussion
	More General Classes of Games
	More General Environments
	Proof of Proposition ??
	Proof of Equation (??)
	Proof of Proposition ??


