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Abstract

My thesis aims to understand the impacts of search frictions generated by the recent de-

velopment of digital technology, and provide some practical policy implications. The first

chapter analyzes the impact of social media on the spread of fake news when the search costs of

consumers to find their favorite news are reduced by social media, and then the thesis studies the

effects of price transparency in online markets in the second chapter. The third chapter analyzes

a monopoly firm’s optimal information revelation strategy and return policy when consumers

can choose to either buy immediately without knowing their exact match value or search to learn

the exact match value.

The first chapter studies a search model to frame the recent debate about social media and

fake news. Social media websites have not only helped consumers to find their favorite news

but have also enabled fake news producers to spread their stories more easily and widely. This

chapter proposes a search model to study the effect of a social media website on the spread of

fake news, and its influence on consumer surplus. More specifically, we study the effect of a

lower search cost induced by the social media website. We consider a setting where one unit of

consumers search sequentially on the social media website to read at most one news. Assume

consumers cannot distinguish between true and fake news, and fake news producers are able to

produce stories that are good enough to attract consumers. We find that a lower search cost leads

to more fake news consumption, but higher consumer surplus.

The second chapter is motivated by the fact that the recent development of price comparison

websites has led to increasing price transparency but no quality transparency, and it studies the

effect of price transparency (without quality transparency) in a setting with competition among

online sellers who compete on price and quality, by comparing situations where consumers learn

no information and only price information before searching. We find that price transparency

leads to lower prices, and a lower price is always linked to a lower quality. Price transparency

also improves consumer surplus. However, price transparency sometimes results in excessive

competition on price, if retailers can improve quality with relatively low quality but they did not

do that due to the fierce price competition, the efficiency loss can be very large and lead to lower

total welfare.
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The third chapter analyses a monopoly firm’s optimal information revelation strategy and

return policy when consumers can choose to either buy immediately without knowing their exact

match value or search to learn the exact match value. By paying a return cost which is chosen by

the firm, each consumer can return the product and obtain a refund. We find that if the firm is able

to give consumers any form of match information, the firm will simply inform each consumer

whether or not their match value is above a threshold. This strategy is used as a search deterrence

tool, and consumers will just buy directly without knowing the exact match value. The optimal

return policy is the one that makes no consumer choose to return the product. The consumer

surplus is decreasing in search cost, whereas the total welfare is increasing in search cost. The

total welfare reaches the socially efficient level when search cost is large enough, though the

consumer surplus is zero in this situation.
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❢♦r❝❡ ❜❡❤✐♥❞ t❤❡ r❡❝❡♥t s♣❛t❡ ♦❢ ✇❤❛t ❇✉③③❋❡❡❞ ❝❛❧❧❡❞ ✬❤②♣❡r♣❛rt✐s❛♥✬ ❢❛❦❡ ♥❡✇s✱ ✐♥✈❡st✐❣❛t✐✈❡ r❡♣♦rt✐♥❣ ❜②

t❤❡ ●✉❛r❞✐❛♥✱ ❲✐r❡❞✱ ❛♥❞ ♦t❤❡r ♦✉t❧❡ts r❡✈❡❛❧❡❞ t❤❛t ❢r♦♠ ▼❛❝❡❞♦♥✐❛ t♦ ❈❛❧✐❢♦r♥✐❛✱ ♣r♦✜t ✇❛s t❤❡ ♣r✐♠❛r②

♠♦t✐✈❡✳
✹❙❡❡ t❤❡ ❛rt✐❝❧❡ ✏❍♦✇ ❋❛❝❡❜♦♦❦ ♣♦✇❡rs ♠♦♥❡② ♠❛❝❤✐♥❡s ❢♦r ♦❜s❝✉r❡ ♣♦❧✐t✐❝❛❧ ✬♥❡✇s✬ s✐t❡s✑ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✷

https://trends.google.com/trends/explore?date=all&q=fake%20news
https://www.theguardian.com/technology/2016/aug/24/facebook-clickbait-political-news-sites-us-election-trump


♠✉❝❤ ❡❛s✐❡r t♦ ♣r♦❞✉❝❡ r❡❝❡♥t❧②✱ t❤❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❛s s✐♠♣❧❡ ❛s ❛❞❞✐♥❣ ❛ ❢❛❦❡ st♦r② t♦ ❛

♣✐❝t✉r❡ ♦r ❛ ✈✐❞❡♦ ✭❈❧❛r❦❡✱ ✷✵✶✻✮✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❢♦❝✉s ♦♥ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡ r❡❞✉❝❡s t❤❡ ❝♦st ♦❢

❝♦♥s✉♠❡rs t♦ s❡❛r❝❤ ❢♦r ♥❡✇s ♦♥ t❤❡ ✇❡❜s✐t❡✳ ❚❤❡ t❡❝❤♥♦❧♦❣② ✐♠♣r♦✈❡♠❡♥t ❤❡❧♣s ❝♦♥s✉♠❡rs

t♦ ✜♥❞ t❤❡✐r ❢❛✈♦r✐t❡ ♥❡✇s ♠♦r❡ ❡❛s✐❧②✱ ❜✉t ❛❧s♦ ❤❡❧♣s t❤❡ s♣r❡❛❞ ♦❢ ❢❛❦❡ ♥❡✇s ❛t t❤❡ s❛♠❡

t✐♠❡✳ ❲❡ ✜♥❞ t❤❛t ✇✐t❤ ❛ ❧♦✇❡r s❡❛r❝❤ ❝♦st✱ ❝♦♥s✉♠❡rs r❡❛❞ ♠♦r❡ ❢❛❦❡ ♥❡✇s ✐♥ ❡q✉✐❧✐❜r✐✉♠

❜✉t ❝♦♥s✉♠❡r s✉r♣❧✉s ❜❡❝♦♠❡s ❤✐❣❤❡r✳

■♥ ♠♦r❡ ❞❡t❛✐❧✱ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✳ ❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢

♠❛✐♥str❡❛♠ ♥❡✇s ♦✉t❧❡ts ✇✐t❤ ♠❡❛s✉r❡ λa✱ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡♠ ♣r♦❞✉❝❡s ❛ tr✉❡ st♦r②✳ ❚❤❡r❡

✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ r✐s❦ ♥❡✉tr❛❧ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ✇✐t❤ ♠❡❛s✉r❡ +∞ t❤❛t ♣♦t❡♥t✐❛❧❧② ✇❛♥t

t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t✳ ❋❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ✐♥❝✉r ❛ ✜①❡❞ ❝♦st K t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t ❛♥❞ ❝❛♥

✇r✐t❡ ❛ ❢❛❦❡ ♥❡✇s st♦r② ✇✐t❤ ③❡r♦ ♠❛r❣✐♥❛❧ ❝♦st ❛❢t❡r t❤❡② ❡♥t❡r t❤❡ ♠❛r❦❡t✳ ❇♦t❤ ❛✉t❤❡♥t✐❝

♥❡✇s ♦✉t❧❡ts ❛♥❞ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ♣✉❜❧✐s❤ t❤❡✐r ♥❡✇s st♦r✐❡s ♦♥ ❛ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡✱

❛♥❞ ♦♥❧② ♥❡✇s ✐s ❝✐r❝✉❧❛t❡❞ ♦♥ t❤❡ ✇❡❜s✐t❡✳ ❇❡❝❛✉s❡ t❤❡ ❢♦❝✉s ♦❢ t❤✐s ♣❛♣❡r ✐s ♥♦t ❛❜♦✉t

❛✉t❤❡♥t✐❝ ♥❡✇s ♦✉t❧❡ts✱ ✇❡ ✐♥t❡♥t✐♦♥❛❧❧② s✐♠♣❧✐❢② t❤❡ ♦✉t❧❡ts✬ ♣r♦❜❧❡♠✿ t❤❡ ❛✉t❤❡♥t✐❝ ♥❡✇s

♦✉t❧❡ts ❛r❡ ❡① ❛♥t❡ ✐❞❡♥t✐❝❛❧✱ t❤❡② ❝❛♥ ♦♥❧② ♣r♦❞✉❝❡ tr✉❡ ♥❡✇s ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡s❡ ♥❡✇s

st♦r✐❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛♥ ❡①♦❣❡♥♦✉s ❝♦♥t✐♥✉♦✉s❧②

❞✐✛❡r❡♥t✐❛❜❧❡ ❞✐str✐❜✉t✐♦♥✳ ❲❡ ❛❧s♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡ ❜②

❛ss✉♠✐♥❣ ✐ts ❜❡❤❛✈✐♦r ✐s ❡①♦❣❡♥♦✉s✳

❚❤❡r❡ ✐s ❛❧s♦ ❛ ✉♥✐t ♠❛ss ♦❢ ❝♦♥s✉♠❡rs✱ ✇❤♦ ❛r❡ ✐♥t❡r❡st❡❞ t♦ r❡❛❞ ❛t ♠♦st ♦♥❡ ♥❡✇s

st♦r②✳ ❈♦♥s✉♠❡rs s❡❛r❝❤ s❡q✉❡♥t✐❛❧❧② ♦♥ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡✱ t❤❡② r❡❛❞ t❤❡ t✐t❧❡ ❛♥❞

❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♥❡✇s st♦r②✱ ❜✉t ❝❛♥ ♦♥❧② ❧❡❛r♥ ✐ts s✐❣♥❛❧ ❜❡❝❛✉s❡ t❤❡② ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤

❜❡t✇❡❡♥ tr✉❡ ❛♥❞ ❢❛❦❡ ♥❡✇s✳ ❋❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❝❛♥ ✇r✐t❡ ❛ st♦r② t❤❛t ❧♦♦❦s ❧✐❦❡ ❛♥

❛✉t❤❡♥t✐❝ ♥❡✇ st♦r② ✇✐t❤ ❛♥② ✈❛❧✉❡✳ ❚❤❡ ✈❛❧✉❡s ♦❢ ❛✉t❤❡♥t✐❝ ♥❡✇s ❛r❡ ✈❡rt✐❝❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞✳

❚❤❡ ✈❛❧✉❡ ♦❢ ❛ st♦r② ✐s ❡q✉❛❧ t♦ ✐ts s✐❣♥❛❧ ✐❢ ✐t ✐s tr✉❡✱ ✇❤✐❧❡ ❢❛❦❡ ♥❡✇s ❤❛s ③❡r♦ ✈❛❧✉❡✳

❈♦♥s✉♠❡rs✬ ♦♣t✐♠❛❧ str❛t❡❣② ✐s ❛ ♠②♦♣✐❝ st♦♣♣✐♥❣ r✉❧❡✱ t❤❡② st♦♣♣✐♥❣ s❡❛r❝❤ ✐❢ t❤❡② ✜♥❞ ❛

st♦r② ✇✐t❤ ❛♥ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❤✐❣❤❡r t❤❛♥ s♦♠❡ ❧❡✈❡❧✱ ❛♥❞ t❤❡♥ t❤❡② r❡❛❞ t❤❡ st♦r②✳ ❚❤❡

r❡✈❡♥✉❡ ♦❢ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❝♦♠❡s ❢r♦♠ ❛❞✈❡rt✐s❡♠❡♥ts✱ ✐❢ ❛ ❝♦♥s✉♠❡r ❞❡❝✐❞❡s t♦ r❡❛❞ ❛

❝❡rt❛✐♥ ♥❡✇s st♦r② ❛♥❞ ❝❧✐❝❦ t❤❡ ❧✐♥❦ ♦❢ t❤❡ st♦r②✱ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛ ✇❡❜s✐t❡

t❤❛t ❜❡❧♦♥❣s t♦ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r✱ t❤❡ ♣r♦❞✉❝❡r ♦❢ t❤❡ st♦r② t❤❡♥ ❡❛r♥s ❛ ❣✐✈❡♥ ❛♠♦✉♥t

✸



♦❢ ♠♦♥❡②✳ ❍❡♥❝❡✱ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs✬ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❛ttr❛❝t ❛s ♠❛♥② r❡❛❞❡rs ❛s ♣♦ss✐❜❧❡✳

❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❣❛♠❡✱ t❤❡ ♣r♦❞✉❝❡rs ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t ♦♥❡ ❜② ♦♥❡✱

❛♥❞ ❡✈❡r② ♣r♦❞✉❝❡r ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❞❡❝✐s✐♦♥ ♦❢ t❤❡✐r ♣r❡❞❡❝❡ss♦rs✳

❲❡ ✜♥❞ t❤❛t ✇❤❡♥ s❡❛r❝❤ ❝♦st ✐s ❧♦✇❡r✱ ❝♦♥s✉♠❡rs r❡❛❞ ♠♦r❡ ❢❛❦❡ ♥❡✇s✱ ❜✉t ❝♦♥s✉♠❡r

s✉r♣❧✉s ✐s ❤✐❣❤❡r✳ ■♥ t❤✐s ❝❛s❡✱ ❝♦♥s✉♠❡rs st♦♣ s❡❛r❝❤ ❧❛t❡r✱ ❛♥❞ s♦♠❡ tr✉❡ ♥❡✇s t❤❛t ❝♦♥✲

s✉♠❡rs ✇♦✉❧❞ ❧✐❦❡ t♦ r❡❛❞ ❜❡❢♦r❡ ✇✐❧❧ ♥♦t ❜❡ r❡❛❞ ♥♦✇✳ ❇❡❝❛✉s❡ ❢❛❦❡ ♥❡✇s ❝❛♥ ♠✐♠✐❝ ❛♥②

tr✉❡ ♥❡✇s✱ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs t❤✉s st✐❧❧ ❝❛♥ ♠❛❦❡ s✉r❡ ❛♥② ♦❢ t❤❡✐r st♦r✐❡s ❝❛♥ ❛ttr❛❝t

❝♦♥s✉♠❡rs✳ ❚❤❡r❡❢♦r❡✱ ❛ ❧♦✇❡r s❡❛r❝❤ ❝♦st ❧❡❛❞s t♦ ♠♦r❡ ❢❛❦❡ ♥❡✇s ❝♦♥s✉♠♣t✐♦♥✳ ❍♦✇❡✈❡r✱

❝♦♥s✉♠❡rs ❛r❡ st✐❧❧ ❜❡tt❡r ♦✛ ✇✐t❤ ❛ ❧♦✇❡r s❡❛r❝❤ ❝♦st ❜❡❝❛✉s❡ t❤❡② ❜❡♥❡✜t ❞✐r❡❝t❧② ❢r♦♠ t❤❡

❧♦✇❡r s❡❛r❝❤ ❝♦st✱ ❛♥❞ ✇❡ ✜♥❞ t❤❛t t❤✐s ❞✐r❡❝t ❡✛❡❝t ❞♦♠✐♥❛t❡s✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ❢❛❦❡ ♥❡✇s

♣r♦❞✉❝❡rs ✇✐❧❧ ♥♦t ❛❧✇❛②s ♣r♦❞✉❝❡ ✈❡r② str✐❦✐♥❣ ♥❡✇s✳ ❚❤❡② ✇❛♥t t♦ ♠❛❦❡ s✉r❡ t❤❡✐r ♥❡✇s

❧♦♦❦s ✐♥t❡r❡st✐♥❣ ❡♥♦✉❣❤ t♦ ❛ttr❛❝t ❝♦♥s✉♠❡rs✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡② ❛❧s♦ ✇❛♥t t❤❡✐r st♦r✐❡s

t♦ ❜❡ ❝r❡❞✐❜❧❡ ❡♥♦✉❣❤✳

■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ❝♦♥s✉♠❡rs

✇❤♦ ❤❛✈❡ ❞✐✛❡r❡♥t s❡❛r❝❤ ❝♦sts✳ ❲❡ ✜♥❞ t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ♦♥❧②

♥❡❡❞ t♦ ♠❛❦❡ s✉r❡ t❤❡ ❢❛❦❡ st♦r✐❡s ❛r❡ ❣♦♦❞ ❡♥♦✉❣❤ t♦ ❛ttr❛❝t ❧♦✇ s❡❛r❝❤ ❝♦st ❝♦♥s✉♠❡rs✱

t❤❡♥ ❛❧❧ t❤❡ ❤✐❣❤ s❡❛r❝❤ ❝♦st ❝♦♥s✉♠❡rs ❛r❡ ❛❧s♦ ✇✐❧❧✐♥❣ t♦ r❡❛❞ t❤❡s❡ ❢❛❦❡ st♦r✐❡s✳

✶✳✶ ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❚❤❡r❡ ✐s ❛ ❣r♦✇✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ❢❛❦❡ ♥❡✇s ❛♥❞ ♠✐s✐♥❢♦r♠❛t✐♦♥✳ ▼♦t✐✈❛t❡❞ ❜② t❤❡ ✷✵✶✻

♣r❡s✐❞❡♥t✐❛❧ ❡❧❡❝t✐♦♥✱ ❆❧❧❝♦tt ❛♥❞ ●❡♥t③❦♦✇ ✭✷✵✶✼✮ st✉❞② t❤❡ ✐♥❝❡♥t✐✈❡s ♦❢ ❝❡rt❛✐♥ ♦✉t❧❡ts t♦

♣r❡s❡♥t ♠✐s❧❡❛❞✐♥❣ ♥❡✇s✳ ❆❝❡♠♦❣❧✉✱ ❖③❞❛❣❧❛r✱ ❛♥❞ ❙✐❞❡r✐✉s ✭✷✵✷✶✮ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ t❤❛t ❝❛♥

❣❡♥❡r❛t❡ ❛ ✈✐r❛❧ s♣r❡❛❞ ♦❢ ♠✐s✐♥❢♦r♠❛t✐♦♥ ❞r✐✈❡♥ ❜② ✉s❡r s❤❛r✐♥❣ ❜❡❤❛✈✐♦r ♦r ❡♥❞♦❣❡♥♦✉s ❡❝❤♦

❝❤❛♠❜❡rs✳ ❖✉r ✇♦r❦ ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ t❤❡ ❧❛r❣❡ ❜♦❞② ♦❢ ❡❝♦♥♦♠✐❝ r❡s❡❛r❝❤ ♦♥ ❜✐❛s❡❞ ♥❡✇s✳

❋♦r ❡①❛♠♣❧❡✱ ❇❡s❧❡② ❛♥❞ Pr❛t ✭✷✵✵✻✮✱ ❛♥❞ ●❡♥t③❦♦✇ ❛♥❞ ❙❤❛♣✐r♦ ✭✷✵✵✻✮ st✉❞② str❛t❡❣✐❝

r❡❛s♦♥s ❢♦r ♠❡❞✐❛ ❜✐❛s✳ ◆♦♥❡ ♦❢ t❤❡s❡ ♣❛♣❡rs ❝♦♥s✐❞❡rs t❤❡ ❡✛❡❝t ♦❢ ❛ ❧♦✇❡r s❡❛r❝❤ ❝♦st ♦♥

t❤❡ s♣r❡❛❞ ♦❢ ❢❛❦❡ ♥❡✇s ❛♥❞ ❝♦♥s✉♠❡r ✇❡❧❢❛r❡✳

❖✉r ♠♦❞❡❧ ♦❢ s❡❛r❝❤ ❜✉✐❧❞s ♦♥ t❤❡ ❝❧❛ss✐❝ ✇♦r❦s ♦❢ ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✶✾✾✾✮ ❛♥❞

❲♦❧✐♥s❦② ✭✶✾✽✻✮✳ ■♥ t❤❡✐r ♠♦❞❡❧s✱ ❡❛❝❤ ✜r♠ ♥❡❡❞s t♦ ❝❤♦♦s❡ ❛ ♣r✐❝❡ t♦ ♠❛①✐♠✐③❡ ✐ts ♣r♦✜t✳

❲❤❡r❡❛s ✐♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ♣r✐❝❡ ✐s ❣✐✈❡♥ ❡①♦❣❡♥♦✉s❧②✱ ❛♥❞ t❤❡ ♣r✐❝❡s ❛r❡ ♥♦t ♣❛✐❞ ❜② ❝♦♥✲

✹



s✉♠❡rs✱ ❡❛❝❤ ♣r♦❞✉❝❡r t❤❡r❡❢♦r❡ tr✐❡s t♦ ♠❛①✐♠✐③❡ t❤❡ ❞❡♠❛♥❞✳

✷ ❆ ❇❡♥❝❤♠❛r❦ ▼♦❞❡❧

❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♠❛✐♥str❡❛♠ ♥❡✇s ♦✉t❧❡ts ✇✐t❤ ♠❡❛s✉r❡ λa > 0✱ ❛♥❞ ❡❛❝❤ ♣r♦❞✉❝❡s ❛

tr✉❡ st♦r②✳ ❚❤❡ ❜❡❤❛✈✐♦rs ♦❢ ♠❛✐♥str❡❛♠ ♥❡✇s ♦✉t❧❡ts ❛r❡ ❡①♦❣❡♥♦✉s✳ ❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠

♦❢ r✐s❦ ♥❡✉tr❛❧ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ✇✐t❤ ♠❡❛s✉r❡ +∞ t❤❛t ♣♦t❡♥t✐❛❧❧② ✇❛♥t t♦ ❡♥t❡r t❤❡

♠❛r❦❡t✳ ❆ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r ✭❤❡✮ ✐♥❝✉rs ❛ ✜①❡❞ ❝♦st K t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t ❛♥❞ ❝❛♥ ✇r✐t❡

❛ ❢❛❦❡ ♥❡✇s st♦r② ✇✐t❤ ③❡r♦ ♠❛r❣✐♥❛❧ ❝♦st ✐❢ ❤❡ ❡♥t❡rs✳ ❇♦t❤ ❛✉t❤❡♥t✐❝ ♥❡✇s ♦✉t❧❡ts ❛♥❞

❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ♣✉❜❧✐s❤ t❤❡✐r ♥❡✇s st♦r✐❡s ♦♥ ❛ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡ ♦❢ ✇❤✐❝❤ ❜❡❤❛✈✐♦r

✐s ❛❧s♦ ❡①♦❣❡♥♦✉s✱ ❛♥❞ ♦♥❧② ♥❡✇s ✐s ❝✐r❝✉❧❛t❡❞ ♦♥ t❤❡ ✇❡❜s✐t❡✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ ✉♥✐t ♠❛ss ♦❢

❝♦♥s✉♠❡rs✱ ✇❤♦ ❛r❡ ✐♥t❡r❡st❡❞ t♦ r❡❛❞ ❛t ♠♦st ♦♥❡ ♥❡✇s st♦r②✳ ❆ ❝♦♥s✉♠❡r ✭s❤❡✮ ❝❛♥ ♦♥❧②

✜♥❞ ♥❡✇s ♦♥ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡✳

❚r✉❡ ♥❡✇s st♦r✐❡s ❛r❡ ✈❡rt✐❝❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞✱ t❤❡✐r ✈❛❧✉❡s ❛r❡ r❡❛❧✐③❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②

❛❝r♦ss ❛✉t❤❡♥t✐❝ ♥❡✇s ♦✉t❧❡ts✱ ❛♥❞ ❛r❡ r❛♥❞♦♠❧② ❞r❛✇♥ ❢r♦♠ ❛♥ ✐❞❡♥t✐❝❛❧ ❞✐str✐❜✉t✐♦♥ F (v)✳

▲❡t v ≥ 0 ❛♥❞ v < +∞ ❜❡ t❤❡ ❧♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ v✳ ❆ss✉♠❡ t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f(v) ❡①✐sts ❛♥❞ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s✳ ❲❡ ❛ss✉♠❡ t❤❡ ❢❛❦❡ ♥❡✇s

♣r♦❞✉❝❡r ❝❛♥ ✇r✐t❡ ❛ st♦r② t❤❛t ❧♦♦❦s ❧✐❦❡ ❛♥ ❛✉t❤❡♥t✐❝ ♥❡✇ st♦r② ✇✐t❤ ❛♥② ✈❛❧✉❡✳

❚❤❡ ❝♦♥s✉♠❡r s❡❛r❝❤❡s s❡q✉❡♥t✐❛❧❧② ♦♥ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡✱ ❛♥❞ ❡❛❝❤ s❡❛r❝❤ ✐♥❝✉rs

❛ ❝♦♥st❛♥t s❡❛r❝❤ ❝♦st s > 0 ✇❤✐❝❤ ✐s ❛❧s♦ ❤♦♠♦❣❡♥❡♦✉s ❢♦r ❡❛❝❤ ❝♦♥s✉♠❡r✳ ❚❤❡ ❝♦♥s✉♠❡r

r❡❛❞s t❤❡ t✐t❧❡ ❛♥❞ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♥❡✇s st♦r②✱ ❜✉t ❝❛♥ ♦♥❧② ❧❡❛r♥ ✐ts s✐❣♥❛❧ v s✐♥❝❡ s❤❡

❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ tr✉❡ ❛♥❞ ❢❛❦❡ ♥❡✇s✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ❛ st♦r② ✐s ❡q✉❛❧ t♦ ✐ts s✐❣♥❛❧ ✐❢

✐t ✐s tr✉❡✱ ✇❤✐❧❡ ❢❛❦❡ ♥❡✇s ❤❛s ③❡r♦ ✈❛❧✉❡✳ ❲❡ ❛ss✉♠❡ r❡❛❞✐♥❣ ❛ ♥❡✇s st♦r② ✐s ❝♦st❧❡ss✱ ❛♥❞

t❤❡ ❝♦♥s✉♠❡r ❤❛s ❛ ③❡r♦ ♦✉ts✐❞❡ ♦♣t✐♦♥✳

❚❤❡ r❡✈❡♥✉❡ ♦❢ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r ❝♦♠❡s ❢r♦♠ ❛❞✈❡rt✐s❡♠❡♥t✱ ❛♥❞ ❤❡ ❡❛r♥s π ♦♥❝❡

❛ ❝♦♥s✉♠❡r r❡❛❞s ❤✐s st♦r②✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❣❛♠❡✱ t❤❡ ♣r♦❞✉❝❡rs ❝❤♦♦s❡ ✇❤❡t❤❡r t♦

❡♥t❡r t❤❡ ♠❛r❦❡t ♦♥❡ ❜② ♦♥❡✱ ❛♥❞ ❡✈❡r② ♣r♦❞✉❝❡r ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❞❡❝✐s✐♦♥ ♦❢ t❤❡✐r ♣r❡❞❡❝❡s✲

s♦rs✳

❚❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛s ❢♦❧❧♦✇s✳ ❆t t❤❡ ✜rst st❛❣❡✱ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❞❡❝✐❞❡

✇❤❡t❤❡r ♦r ♥♦t t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t ♦♥❡ ❜② ♦♥❡✳ ❆t t❤❡ s❡❝♦♥❞ st❛❣❡✱ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs

✺



✇❤♦ ❡♥t❡r❡❞ t❤❡ ♠❛r❦❡t ❝❤♦♦s❡ ❛ s✐❣♥❛❧ ❢♦r ❡❛❝❤ ♦❢ t❤❡✐r ❢❛❦❡ st♦r✐❡s✳ ❚❤❡♥ tr✉❡ ❛♥❞ ❢❛❦❡

♥❡✇s st♦r✐❡s ❛r❡ ♣✉❜❧✐s❤❡❞ ♦♥ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡✳ ❆t t❤❡ t❤✐r❞ st❛❣❡✱ ❝♦♥s✉♠❡rs ❝❛♥♥♦t

♦❜s❡r✈❡ t❤❡ t♦t❛❧ ♠❡❛s✉r❡ ♦❢ ♥❡✇s✱ t❤❡② ❢♦r♠ ✭r❛t✐♦♥❛❧✮ ❡①♣❡❝t❛t✐♦♥s ❛❜♦✉t t❤❡ ♠❡❛s✉r❡ ♦❢

❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ st♦r② ♦❢ ❛ ❝❡rt❛✐♥ s✐❣♥❛❧ ✐s tr✉❡✳ ❚❤❡② t❤❡♥

s❡❛r❝❤ s❡q✉❡♥t✐❛❧❧② ♦♥ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡ ❛♥❞ ♠❛❦❡ t❤❡✐r r❡❛❞✐♥❣ ❞❡❝✐s✐♦♥s✳ ❆❢t❡r t❤❛t✱

❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ♦❜t❛✐♥ r❡✈❡♥✉❡ ❢r♦♠ ❛❞✈❡rt✐s❡♠❡♥ts✳

✷✳✶ ❊q✉✐❧✐❜r✐✉♠ ❆♥❛❧②s✐s

❲❡ ✜rst s♦❧✈❡ ❢♦r t❤❡ ❝♦♥s✉♠❡r✬s ♦♣t✐♠❛❧ str❛t❡❣②✳ ❋♦❝✉s ♦♥ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡

❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t ✐s P❡r❢❡❝t ❇❛②❡s✐❛♥ ❊q✉✐❧✐❜r✐✉♠ ✭P❇❊✮✳ ▲❡t λf ❞❡♥♦t❡ t❤❡ ♠❡❛s✉r❡ ♦❢

❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs t❤❛t ❡♥t❡r t❤❡ ♠❛r❦❡t✱ ❛♥❞ ❧❡t G(v) ❞❡♥♦t❡ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r✬s

s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥✳

❲❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❡q✉✐❧✐❜r✐❛ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ G(v) ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t②

❢✉♥❝t✐♦♥ g(v)✱ ❛♥❞ t❤❡ ❝♦♥s✉♠❡r ❤❛s ❝♦rr❡❝t ❜❡❧✐❡❢s ❛❜♦✉t G(v) ❛♥❞ λf ✳
✺ ■❢ t❤❡ ❝♦♥s✉♠❡r

✜♥❞s ❛ st♦r② ✇✐t❤ s✐❣♥❛❧ v✱ s❤❡ ❜❡❧✐❡✈❡s ✐t ✐s tr✉❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② P (v) ✇❤❡r❡

P (v) =
λaf (v)

λaf (v) + λfg (v)
.

❚❤❡♥ ❧❡t w(v) ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ st♦r②✱ ✇❤❡r❡

w(v) = vP (v).

❇❡❝❛✉s❡ t❤❡ ❝♦♥s✉♠❡r ✐s r✐s❦ ♥❡✉tr❛❧✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❛ st♦r② ✐s ❛❧s♦ t❤❡ ❝♦♥s✉♠❡r✬s

❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ r❡❛❞✐♥❣ t❤❡ st♦r②✳

❍❡♥❝❡✱ ❢♦r ❛♥② ❣✐✈❡♥ ❜❡❧✐❡❢ ❛❜♦✉t λf ❛♥❞ G(v)✱ t❤❡ ❝♦♥s✉♠❡r tr❡❛ts ❡❛❝❤ st♦r② ❛s ❛

♣r♦❞✉❝t ♦❢ ✈❛❧✉❡ w(v)✳ ❚❤❡ ❝♦♥s✉♠❡r ❛❧s♦ ❤❛s ❛ ❜❡❧✐❡❢ ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ w(v) ❜❡❝❛✉s❡

v ❢♦❧❧♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ µF (v) + (1 − µ)G(v)✱ ✇❤❡r❡ µ = λa/(λa + λf ) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t ❛ r❛♥❞♦♠ st♦r② ✐s tr✉❡✳ ❋r♦♠ ❲❡✐t③♠❛♥ ✭✶✾✼✾✮✱ t❤❡ ❝♦♥s✉♠❡r✬s ♦♣t✐♠❛❧ s❡❛r❝❤ r✉❧❡

✐♥ t❤✐s ❡♥✈✐r♦♥♠❡♥t ✐s st❛t✐♦♥❛r②✱ s❤❡ ✉s❡s ❛ ♠②♦♣✐❝ str❛t❡❣② ❛♥❞ ♥❡✈❡r ❣♦❡s ❜❛❝❦ t♦ ❛♥②

♣r❡✈✐♦✉s❧② s❡❛r❝❤❡❞ st♦r②✳

✺■♥ ❡q✉✐❧✐❜r✐✉♠✱ G(v) ✇✐❧❧ ♥❡✈❡r ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛s s♦♠❡ v✳ ❖t❤❡r✇✐s❡✱ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ t❤❡ st♦r✐❡s

♦❢ t❤❡s❡ s✐❣♥❛❧s ❛r❡ ❢❛❦❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ ❛♥❞ ♥❡✈❡r r❡❛❞ t❤❡♠✳

✻



▲❡t w∗ ❞❡♥♦t❡ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✇❤❡r❡ t❤❡ ❝♦♥s✉♠❡r st♦♣s s❡❛r❝❤✐♥❣ ✐❢ s❤❡ ✜♥❞s ❛

♥❡✇s st♦r② ✇✐t❤ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❤✐❣❤❡r t❤❛♥ w∗✱ ✐t ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

st♦♣♣✐♥❣ r✉❧❡
∫ v

v

max {w(v)− w∗, 0} d [µF (v) + (1− µ)G(v)] = s, ✭✶✮

s✐♥❝❡ t❤❡ ▲❍❙ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ w∗ ❛s ❧♦♥❣ ❛s w∗ < maxv∈[v,v] w(v)✳ ❙✉♣♣♦s❡ t❤❛t t❤❡

❝♦♥s✉♠❡r ❤♦❧❞s ❛ ❜❡st st♦r② ✇✐t❤ ❡①♣❡❝t❡❞ ✉t✐❧✐t② w∗✱ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ✉t✐❧✐t② ❢r♦♠ s❡❛r❝❤✐♥❣

♦♥❡ ♠♦r❡ st♦r② ✐s max {w(v)− w∗, 0} ✐❢ t❤❡ ♥❡✇ st♦r② ❤❛s ❛ s✐❣♥❛❧ v✳ ❍❡♥❝❡✱ t❤❡ ▲❍❙ ✐s t❤❡

❡①♣❡❝t❡❞ ✐♥❝r❡♠❡♥t❛❧ ✉t✐❧✐t② ❛♥❞ ✐t ♠✉st ❡q✉❛❧ t♦ t❤❡ s❡❛r❝❤ ❝♦st ✇❤❡♥ w∗ ✐s t❤❡ ❝♦♥s✉♠❡r✬s

♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡✱ ✐✳❡✳ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡✳ ❙✐♥❝❡ t❤❡ ❡①♣❡❝t❡❞ ✐♥❝r❡♠❡♥t❛❧ ✉t✐❧✐t② ✐s

❞❡❝r❡❛s✐♥❣ ✐♥ w∗✱ t❤❡ ❝♦♥s✉♠❡r s❤♦✉❧❞ st♦♣ s❡❛r❝❤✐♥❣ ✐❢ t❤❡ ❜❡st st♦r② s❤❡ ❤♦❧❞s ✐s ❧❛r❣❡r

t❤❛♥ w∗ s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✐♥❝r❡♠❡♥t❛❧ ✉t✐❧✐t② ♦❢ ♦♥❡ ♠♦r❡ s❡❛r❝❤ ✐s ❧❡ss t❤❛♥ t❤❡ s❡❛r❝❤

❝♦st✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

◆♦t❡ t❤❛t t❤❡ w∗ ❞❡✜♥❡❞ ✐♥ ❝♦♥❞✐t✐♦♥ ✭✶✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥s✉♠❡r✬s ❜❡❧✐❡❢s ❛❜♦✉t λf

❛♥❞ G(v)✳ ❲❡ ♥❡❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r✬s ♣r♦❜❧❡♠ ❛t t❤❡ ✜rst st❛❣❡ t♦ ✜♥❞ t❤❡

❡q✉✐❧✐❜r✐✉♠ w∗✳ ❚❤❡ ♣r♦❞✉❝❡r✬s r❡✈❡♥✉❡ ❝♦♠❡s ❢r♦♠ ❛❞✈❡rt✐s❡♠❡♥t✱ ❤❡ t❤✉s ✇❛♥ts t♦ ♠❛❦❡

s✉r❡ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ r❡❛❞ ❤✐s ❢❛❦❡ ♥❡✇s st♦r② ✐❢ s❤❡ ✜♥❞s ✐t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥

❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ♦❢ ❝♦♥s✉♠❡rs ❛♥❞ ♣r♦❞✉❝❡rs✳✻

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛✱ ❛ ♣r♦✜❧❡ {G(v), w∗, λf}

✐s ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ v ≤ w∗ ⇒ g(v) = 0✳

✭✐✐✮ v > w∗ ⇒ w(v) ≥ w∗✳

✭✐✐✐✮ w∗ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♥❞✐t✐♦♥ ✭✶✮✳

✭✐✈✮ ❚❤❡ ♠❡❛s✉r❡ ♦❢ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ✐♥ t❤❡ ♠❛r❦❡t ✐s λf = π
K
− λa [1− F (w∗)]✳

❚❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r ♠❛♥❛❣❡s t♦ ♠❛❦❡ s✉r❡ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ r❡❛❞ ❤✐s st♦r② ♦♥❝❡ s❤❡

✜♥❞s ✐t ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠✳ ❚♦ ❞♦ t❤❛t✱ t❤❡ ♣r♦❞✉❝❡r ✭✐✮ ♥❡✈❡r ✇r✐t❡s ❛ ❜♦r✐♥❣ st♦r② t❤❛t

♥♦ ❝♦♥s✉♠❡r ✇♦✉❧❞ ❧✐❦❡ t♦ r❡❛❞ ❡✈❡♥ ✐❢ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ t❤❡ st♦r② ✐s tr✉❡✱ ❛♥❞ ✭✐✐✮ ♥❡✈❡r

✻◆♦t❡ t❤❛t λf ✐s ♥♦t ❛ str❛t❡❣② ♦❢ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs✱ ✇❡ ♠✐s✉s❡ {G(v), w∗, λf} t♦ ❞❡♥♦t❡ ❛ ♣r♦✜❧❡ ♦❢

str❛t❡❣✐❡s✳

✼



45◦

v

w(v)

v

w∗

✭❛✮ ❇♦r✐♥❣ ❢❛❦❡ ♥❡✇s

45◦

v

w(v)

v

w∗

✭❜✮ ❚♦♦ ♠✉❝❤ ❝♦♥❝❡♥tr❛t✐♦♥

❋✐❣✉r❡ ✶✿ ◆♦♥✲❡q✉✐❧✐❜r✐✉♠ s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥ ✭❢❛❦❡ st♦r✐❡s ✐♥ r❡❞ ✐♥t❡r✈❛❧ ✇✐❧❧ ♥♦t ❜❡ r❡❛❞✮✳

❝♦♥❝❡♥tr❛t❡s ♦♥ ❝❡rt❛✐♥ s✐❣♥❛❧s t♦♦ ♦❢t❡♥ ❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ♠❛② ✜♥❞ t❤❡ st♦r② s✉s♣✐❝✐♦✉s

♦t❤❡r✇✐s❡✳ ❚❤❡s❡ ❛r❡ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❢❛❦❡ ♥❡✇s ✇✐t❤ s✐❣♥❛❧s ❧✐❡s ✐♥ t❤❡ r❡❞ ✐♥t❡r✈❛❧s ✐♥ ✜❣✉r❡ ✶ ✇✐❧❧ ♥♦t ❜❡

r❡❛❞✳ ■❢ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥s✉♠❡r ✐s w∗✱ s❤❡ ♥❡✈❡r r❡❛❞s ❛♥② ♥❡✇s st♦r② ✇✐t❤

s✐❣♥❛❧ v < w∗ ❡✈❡♥ ✐❢ s❤❡ ❜❡❧✐❡✈❡s t❤❡ st♦r② ✐s tr✉❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ♣r♦❞✉❝❡r

❝♦♥❝❡♥tr❛t❡s ♦♥ ❝❡rt❛✐♥ s✐❣♥❛❧s t♦♦ ♦❢t❡♥✱ t❤❡ ❝♦♥s✉♠❡r ❡①♣❡❝ts t❤❛t t❤❡s❡ st♦r✐❡s ❛r❡ t♦♦

s✉s♣✐❝✐♦✉s ❛♥❞ ✇✐❧❧ ♥♦t r❡❛❞ t❤❡♠✳

❋r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✱ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✇❡ ♠✉st ❤❛✈❡

max{w(v)− w∗, 0} =







w(v)− w∗ v ≥ w∗

0 v < w∗

,

❛♥❞

∫ v

w∗

g (v) dv = 1.

◆♦t❡ t❤❛t µ = λa/(λa+λf )✱ ❛♥❞ s✉❜st✐t✉t❡ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ❛❜♦✈❡✱ t❤❡ st♦♣♣✐♥❣ r✉❧❡ ❝❛♥

t❤✉s ❜❡ s✐♠♣❧✐✜❡❞ ❛s

µ

∫ v

w∗

(v − w∗) dF (v) + (1− µ)(−w∗) = s. ✭✷✮

❚❤❡ ❡q✉❛t✐♦♥ ❤❛s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❡①♣❧❛♥❛t✐♦♥✳ ❙✉♣♣♦s❡ t❤❡ ❝♦♥s✉♠❡r ❤♦❧❞s ❛ ❜❡st st♦r② ♦❢

❡①♣❡❝t❡❞ ✈❛❧✉❡ w∗✳ ❚❤❡♥ ❢♦r ♦♥❡ ♠♦r❡ s❡❛r❝❤✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② µ✱ s❤❡ ✇✐❧❧ ✜♥❞ ❛ tr✉❡ st♦r②✱

❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ✐♥❝r❡♠❡♥t❛❧ ✉t✐❧✐t② ✐s
∫ v

w∗
(v − w∗) dF (v)❀ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − µ✱ s❤❡ ✇✐❧❧

✽



✜♥❞ ❛ ❢❛❦❡ st♦r② ❛♥❞ r❡❛❞ ✐t✱ t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦st ♦❢ r❡❛❞✐♥❣ t❤❡ ❢❛❦❡ ♥❡✇s ✐s ♥♦t r❡❛❞✐♥❣

t❤❡ tr✉❡ ♥❡✇s ♦❢ ✈❛❧✉❡ w∗✳

◆♦t❡ t❤❛t t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✐s ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥ ❜② ❝♦♥❞✐t✐♦♥ ✭✷✮ ❢♦r ❛♥② ❣✐✈❡♥

λf ✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ✇❛②s t❤❡ ♣r♦❞✉❝❡r ❝❛♥ ♠❛❦❡ s✉r❡ G(v) s❛t✐s✜❡s ❜♦t❤ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞

✭✐✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r ❝❛♥ ❝❤♦♦s❡ ❛ str❛t❡❣② G(v) s✉❝❤

t❤❛t ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ṽ✱

w(v) =







v ✐❢ v < ṽ,

ṽ ✐❢ v ≥ ṽ.

❈❧❡❛r❧②✱ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ w∗ < ṽ✳✼

◆♦t❡ t❤❛t t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ w∗ ❞❡✜♥❡❞ ✐♥ ❝♦♥❞✐t✐♦♥ ✭✷✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥s✉♠❡r✬s

❜❡❧✐❡❢ ❛❜♦✉t λf ✱ ❛♥❞ w∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ λf ✳ ❚♦ ✜♥❞ ♦✉t t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡✱

✇❡ ♥❡❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❡♥t❡r✐♥❣ ❞❡❝✐s✐♦♥ ♦❢ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳

◆♦t❡ t❤❛t ❡✈❡r② ❝♦♥s✉♠❡r ✇✐❧❧ r❡❛❞ ❛ st♦r②✱ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ st♦r✐❡s

♦♥ t❤❡ ✇❡❜s✐t❡✱ ❛♥❞ t❤❡② ✇✐❧❧ ❦❡❡♣ s❡❛r❝❤✐♥❣ ✉♥t✐❧ t❤❡② ✜♥❞ ❛ st♦r② ✇✐t❤ ❛♥ ❡①♣❡❝t❡❞ ✈❛❧✉❡

❤✐❣❤❡r t❤❛♥ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡✱ t❤✉s✱ t❤❡ t♦t❛❧ ❞❡♠❛♥❞ ✐s ♦♥❡✳ ❆♥② ❢❛❦❡ ♥❡✇s st♦r②

❧♦♦❦s ❧✐❦❡ ❛ st♦r② t❤❛t ✐s ✐♥t❡r❡st✐♥❣ ❛♥❞ ❝r❡❞✐❜❧❡ ❡♥♦✉❣❤ t♦ ❛ttr❛❝t ❝♦♥s✉♠❡rs✱ ✇❤✐❧❡ ♦♥❧② ❛

♣r♦♣♦rt✐♦♥ 1−F (w∗) ♦❢ tr✉❡ ♥❡✇s ✐s ❣♦♦❞ ❡♥♦✉❣❤ t♦ ❛ttr❛❝t ❝♦♥s✉♠❡rs✳ ❚❤❡ ❞❡♠❛♥❞ ♦❢ t❤❡

❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r ✐s t❤✉s 1
λa[1−F (w∗)]+λf

✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r✬s ♣r♦✜t ✐s

π

λa [1− F (w∗)] + λf

−K.

❋r♦♠ ❝♦♥❞✐t✐♦♥ ✭✷✮✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ w∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ λf ✱ t❤❡ ♣r♦❞✉❝❡r✬s

♣r♦✜t ✐s t❤✉s ❞❡❝r❡❛s✐♥❣ λf ✳ ◆♦t❡ t❤❛t t❤✐s ❡①♣r❡ss✐♦♥ ✐s tr✉❡ ♦♥❧② ✐❢ w∗ > 0 ❜❡❝❛✉s❡

❝♦♥s✉♠❡rs ✇✐❧❧ ♥♦t s❡❛r❝❤ ✐♥ t❤❡ ✜rst ♣❧❛❝❡ ♦t❤❡r✇✐s❡✳✽ ❲❡ t❤✉s ❛ss✉♠❡ π
K

✐s ♥♦t t♦♦ ❧❛r❣❡

✭✐✳❡✳ λf ✐s ♥♦t t♦♦ ❧❛r❣❡✮ s✉❝❤ t❤❛t t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ w∗ ✐s ♣♦s✐t✐✈❡✳ ❲❡ ❛❧s♦ ❛ss✉♠❡

t❤❡ ♣r♦✜t ✐s ♣♦s✐t✐✈❡ ✇❤❡♥ λf = 0 ✭✐✳❡✳ π
K

✐s ♥♦t s♦ s♠❛❧❧✮ s✉❝❤ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ λf ✐s

♣♦s✐t✐✈❡✳

■♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❦❡❡♣ ❡♥t❡r✐♥❣ t❤❡ ♠❛r❦❡t ✉♥t✐❧ t❤❡ ♣r♦✜t ❜❡❝♦♠❡s

✼❆❝t✉❛❧❧②✱ t❤✐s str❛t❡❣② ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❢♦r ❛♥② s❡❛r❝❤ ❝♦st s✳
✽❲❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r t❤❛t w∗ ✐s t❤❡ ❡① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s✳

✾



③❡r♦✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❡❛s✉r❡ ♦❢ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs t❤❛t ❡♥t❡r t❤❡ ♠❛r❦❡t ✐s

λf =
π

K
− λa [1− F (w∗)] . ✭✸✮

❋✐♥❛❧❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ w∗ ❛♥❞ λf ❛r❡ ❞❡✜♥❡❞ ❜② ❝♦♥❞✐t✐♦♥ ✭✷✮ ❛♥❞ ✭✸✮ ❥♦✐♥t❧②✳

❇❡❢♦r❡ ✇❡ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✐s ❛

✉s❡❢✉❧ st❡♣ t♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❛♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛✳

❈♦r♦❧❧❛r② ✶✳ ❚❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ w∗ ✐s t❤❡ s❛♠❡ ✐♥ ❡❛❝❤ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ w∗

✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st s✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ◆♦t❡ t❤❛t ❛♥② ❡q✉✐❧✐❜r✐✉♠ G(v) ♠✉st s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ w∗ ❛♥❞ λf ❛r❡ ❞❡✜♥❡❞ ❜② ❝♦♥❞✐t✐♦♥ ✭✷✮ ❛♥❞ ✭✸✮

❥♦✐♥t❧②✳ ❋r♦♠ ❝♦♥❞✐t✐♦♥ ✭✸✮✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ st♦r② ✐s tr✉❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s❡r✈❛t✐♦♥

✈❛❧✉❡ w∗✿ µ(w∗) = λa
π
K
+λaF (w∗)

✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜②

µ(w∗)

∫ v

w∗

(v − w∗) dF (v) + [1− µ(w∗)] (−w∗) = s,

❜❡❝❛✉s❡ µ(w∗) ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ t❤❡ ▲❍❙ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s t❤✉s ❛❧s♦ ❞❡❝r❡❛s✐♥❣ ✐♥

w∗✳ ❆♥❞ w∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s s✐♥❝❡ t❤❡ ❘❍❙ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ s✳

❚♦ ✉♥❞❡rst❛♥❞ ✇❤② t❤✐s ✐s t❤❡ ❝❛s❡✱ r❡❝❛❧❧ t❤❛t G(v) ❛♥❞ g(v) ❞✐s❛♣♣❡❛r ✐♥ ❜♦t❤ ❝♦♥❞✐t✐♦♥

✭✷✮ ❛♥❞ ✭✸✮✳ ❚❤❡ ❝♦♥s✉♠❡r r❡❛❞s ❛♥② ❢❛❦❡ ♥❡✇s st♦r② s❤❡ ✜♥❞s✱ s♦ t❤❡ ❡①t❡♥t t❤❛t ❢❛❦❡ ♥❡✇s

❤✉rts t❤❡ ❝♦♥s✉♠❡r ✐s t❤❡ s❛♠❡ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡r❡❢♦r❡✱ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✐s ❛❧s♦ t❤❡

s❛♠❡ ❛♠♦♥❣ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛✳

❚❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ w∗ ❝❛♥♥♦t ❡①❝❡❡❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ v ♦❢ t❤❡ s✉♣♣♦rt ♦❢ F (v) ❛s

❧♦♥❣ ❛s λf > 0✳ ❲❤❡♥ s = 0✱ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ ❦❡❡♣ s❡❛r❝❤✐♥❣ ✉♥t✐❧ s❤❡ ✜♥❞s t❤❡ ♥❡✇s st♦r②

✇✐t❤ t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ✐s ❡q✉❛❧ t♦ t❤❡ s✐❣♥❛❧

✇❤❡♥ v < w∗✱ ❛♥❞ t❤❡♥ ❦❡❡♣s ❝♦♥st❛♥t ❛t w∗ ❢♦r v ≥ w∗✳ ❆♥❞ t❤✐s ✐s t❤❡ ♦♥❧② ❡q✉✐❧✐❜r✐✉♠

♣r♦✜❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❡❛❝❤ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❆ ❧♦✇❡r s❡❛r❝❤ ❝♦st ❧❡❛❞s t♦✿

✭✐✮ ♠♦r❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❡♥t❡r✐♥❣ t❤❡ ♠❛r❦❡t✱ ❛♥❞ ♠♦r❡ ❢❛❦❡ ♥❡✇s ❝♦♥s✉♠♣t✐♦♥❀

✭✐✐✮ ❜✉t ❤✐❣❤❡r ❝♦♥s✉♠❡r s✉r♣❧✉s✳

✶✵



❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ ❞❡♠❛♥❞ ♦❢ ❡❛❝❤ ♣r♦❞✉❝❡r ✐s 1
λa[1−F (w∗)]+λf

= π
K
✳ ❚❤❡ ❛♠♦✉♥t

♦❢ ❢❛❦❡ ♥❡✇s ❝♦♥s✉♠♣t✐♦♥ ✐s t❤✉s

λf

λa [1− F (w∗)] + λf

=
λfK

π
.

❇❡❝❛✉s❡ ❛ ❧♦✇❡r s❡❛r❝❤ ❝♦st ❧❡❛❞s t♦ ❛ ❤✐❣❤❡r w∗ ❛♥❞ t❤✉s ❛ ❤✐❣❤❡r λf ✱ t❤❡ ❛♠♦✉♥t ♦❢ ❢❛❦❡

♥❡✇s ❝♦♥s✉♠♣t✐♦♥ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ s✳ ▲✐❦❡ ❛ st❛♥❞❛r❞ s❡❛r❝❤ ♠♦❞❡❧✱ t❤❡ ❡① ❛♥t❡ ❝♦♥s✉♠❡r

s✉r♣❧✉s ✐s ❡①❛❝t❧② t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✇❤❡♥ t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡ ♦♣t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ❝♦♥s✉♠❡r

s✉r♣❧✉s ✐s ❤✐❣❤❡r ✇✐t❤ ❛ ❧♦✇❡r s❡❛r❝❤ ❝♦st ❡✈❡♥ ✐❢ ❝♦♥s✉♠❡rs r❡❛❞ ♠♦r❡ ❢❛❦❡ ♥❡✇s✳

❲❤❡♥ s❡❛r❝❤ ❝♦st ✐s ❧♦✇❡r✱ t❤❡ ❝♦♥s✉♠❡r ❜❡❝♦♠❡s ♣✐❝❦✐❡r ❛❜♦✉t t❤❡ ❡①♣❡❝t❡❞ q✉❛❧✐t② ♦❢

♥❡✇s✳ ❙❤❡ t❤✉s ✐❣♥♦r❡s s♦♠❡ tr✉❡ ♥❡✇s t❤❛t s❤❡ ✇♦✉❧❞ r❡❛❞ ✇❤❡♥ t❤❡ s❡❛r❝❤ ❝♦st ✐s ❤✐❣❤❡r✱

❜✉t st✐❧❧ r❡❛❞s ❛♥② ❢❛❦❡ ♥❡✇s s❤❡ ✜♥❞s✳ ❍❡♥❝❡✱ ✐t ❜❡❝♦♠❡s ♠♦r❡ ♣r♦✜t❛❜❧❡ ❢♦r ❢❛❦❡ ♥❡✇s

♣r♦❞✉❝❡rs✱ ❛♥❞ ♠♦r❡ ♣r♦❞✉❝❡rs ❛r❡ ✇✐❧❧✐♥❣ t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥s✉♠❡r ✐s

❜❡tt❡r ♦✛ ❜❡❝❛✉s❡ t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝t ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❧♦✇❡r s❡❛r❝❤ ❝♦st ❞♦♠✐♥❛t❡s t❤❡

♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ ♠♦r❡ ❢❛❦❡ ♥❡✇s✳ ❚♦ ✉♥❞❡rst❛♥❞ ✇❤②✱ s✉♣♣♦s❡ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ❜❡❝♦♠❡s

✭✇❡❛❦❧②✮ s♠❛❧❧❡r ✇❤❡♥ s❡❛r❝❤ ❝♦st ✐s s♠❛❧❧❡r✱ t❤❡♥ t❤❡ ❛♠♦✉♥t ♦❢ ❢❛❦❡ ♥❡✇s ❝♦♥s✉♠❡❞ ✐♥

❡q✉✐❧✐❜r✐✉♠ ✐s ✭✇❡❛❦❧②✮ s♠❛❧❧❡r t❤❛♥ ❜❡❢♦r❡✳ ❇✉t t❤❡ ❝♦♥s✉♠❡r t❤❡♥ ✇❛♥ts t♦ s❡❛r❝❤ ♠♦r❡

❛♥❞ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ❜❡❝♦♠❡s ❤✐❣❤❡r ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❧❡ss ❢❛❦❡ ♥❡✇s ❛♥❞ s❡❛r❝❤ ❝♦st ✐s

s♠❛❧❧❡r✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❛♥❛❧②③❡s t❤❡ ❡✛❡❝t ♦❢ ♠♦r❡ ❛✉t❤❡♥t✐❝ ♥❡✇s ♦✉t❧❡ts ❛♥❞ ❛ ❧♦✇❡r π
K
✳

▲❡♠♠❛ ✶✳ ❲❤❡♥ λa ✐s ❤✐❣❤❡r✱ ♦r π
K

✐s ❧♦✇❡r✱ ❝♦♥s✉♠❡r s✉r♣❧✉s ❜❡❝♦♠❡s ❤✐❣❤❡r✳

❆s ✐t ✐s ✇❡❧❧ ❦♥♦✇♥✱ s♦♠❡ ♠❛✐♥str❡❛♠ ♥❡✇s ♦✉t❧❡ts ❤❛✈❡ t❤❡✐r s♦❝✐❛❧ ♠❡❞✐❛ ❛❝❝♦✉♥ts ❛♥❞

♣✉❜❧✐s❤ s♦♠❡ s❡❧❡❝t❡❞ st♦r✐❡s✳ ❈♦♥s✉♠❡rs ❛r❡ ❜❡tt❡r ♦✛ ✐❢ ♠♦r❡ ♦✉t❧❡ts ❤❛✈❡ t❤❡✐r ❛❝❝♦✉♥ts ♦r

❡❛❝❤ ♦❢ t❤❡♠ ♣✉❜❧✐s❤❡s ♠♦r❡ st♦r✐❡s ♦♥ s♦❝✐❛❧ ♠❡❞✐❛✳ ❚❤✐s ✐♥❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡

❝♦♥s✉♠❡r ✜♥❞s ❛ tr✉❡ ♥❡✇s st♦r② ❛♥❞ t❤❡r❡❢♦r❡ ❞❡❝r❡❛s❡s t❤❡ ♣r♦✜t ♦❢ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs✳

❆♥♦t❤❡r ✇❛② t♦ ✜❣❤t ❢❛❦❡ ♥❡✇s ✐s t♦ ♠❛❦❡ ✐t ❤❛r❞❡r ❢♦r ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs t♦ ❡♥t❡r

t❤❡ ♠❛r❦❡t✳ ❚❡❝❤♥♦❧♦❣② ❝♦♠♣❛♥✐❡s ❛r❡ tr②✐♥❣ t♦ ❜❧♦❝❦ t❤❡✐r r❡✈❡♥✉❡ ❢r♦♠ ❛❞✈❡rt✐s❡♠❡♥ts✳

❋♦r ❡①❛♠♣❧❡✱ ❋❛❝❡❜♦♦❦ ❤❛s ♣✉t ✐♥ ♣❧❛❝❡ ❛ ♣r♦t♦❝♦❧ t♦ ❞r②✲❝✉t ❛♥② r❡✈❡♥✉❡ t❤❛t ❤❛s ❜❡❡♥

❛❝❤✐❡✈❡❞ ❜② s♣r❡❛❞✐♥❣ ❢❛❧s❡ ♥❡✇s✳ ❆♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ ♦♣t✐♦♥ ✇✐❧❧ ❜❡ ♣r♦❤✐❜✐t❡❞✳

❆♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ ♦♣t✐♦♥ ✇✐❧❧ ❜❡ ♣r♦❤✐❜✐t❡❞✳

✶✶



✸ ❍❡t❡r♦❣❡♥❡♦✉s ❙❡❛r❝❤ ❈♦sts

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ❝♦♥s✉♠❡rs h ❛♥❞

l ✇✐t❤ s❡❛r❝❤ ❝♦st sh ❛♥❞ sl✱ r❡s♣❡❝t✐✈❡❧②✳ ❆ss✉♠❡ 0 < sl < sh✱ ❛♥❞ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t②♣❡ i

❝♦♥s✉♠❡rs ✐s γi ❢♦r i ∈ {h, l}✱ γh + γl = 1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛ ✉s❡❢✉❧ ✜rst st❡♣ ✐♥ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛✳

❈♦r♦❧❧❛r② ✷✳ ■❢ G(v) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ γl = 1✱ ✐t ✐s ❛❧s♦ ❛♥ ❡q✉✐❧✐❜✲

r✐✉♠ s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ γh = 1✳

❚❤❡ ♠♦❞❡❧ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✇❤❡♥ ❡✐t❤❡r γh = 1 ♦r γl = 1✳

❍❡♥❝❡✱ t❤❡ ❧❡♠♠❛ ✐♠♣❧✐❡s t❤❛t✱ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✱ ✐❢ G(v) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ s✐❣♥❛❧

❞✐str✐❜✉t✐♦♥ ✇❤❡♥ s = sl✱ ✐t ✐s ❛❧s♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ s = sh✳ ❚♦

✉♥❞❡rst❛♥❞ ✇❤②✱ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ G(v) ♥❡❡❞s t♦ s❛t✐s✜❡s

❼ v ≤ w∗ ⇒ g(v) = 0✱

❼ v > w∗ ⇒ w(v) ≥ w∗✱

✇❤❡r❡ w∗ ✐s t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡✳ ❇❡❝❛✉s❡ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st✱

t❤❡s❡ t✇♦ ❝♦♥❞✐t✐♦♥s ♠✉st ❤♦❧❞ ✇❤❡♥ s = sh ✐❢ t❤❡② ❤♦❧❞ ✇❤❡♥ s = sl✳

❆t t❤❡ t❤✐r❞ st❛❣❡✱ ❜♦t❤ t②♣❡s ♦❢ ❝♦♥s✉♠❡rs ❤♦❧❞ s♦♠❡ ✭s❛♠❡✮ ❜❡❧✐❡❢s ❛❜♦✉t λf ❛♥❞ G(v)✱

t❤❡♥ t❤❡② s❡❛r❝❤ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♦✇♥ st♦♣♣✐♥❣ r✉❧❡✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r

♦♥❧② ♥❡❡❞s t♦ ♠❛❦❡ s✉r❡ t❤❡ st♦r② ❤❡ ✇r✐t❡s ✐s ✐♥t❡r❡st✐♥❣ ❛♥❞ ❝r❡❞✐❜❧❡ ❡♥♦✉❣❤ ❢♦r t②♣❡ l

❝♦♥s✉♠❡rs✱ ❜❡❝❛✉s❡ t❤❡♥ ❛❧❧ t❤❡ t②♣❡ h ❝♦♥s✉♠❡rs ✇✐❧❧ ❛❧s♦ r❡❛❞ ❤✐s st♦r② ✐❢ t❤❡② ✜♥❞ ✐t✳ ▲❡t

w∗

i ❞❡♥♦t❡ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ♦❢ t②♣❡ i ❝♦♥s✉♠❡rs ❢♦r i ∈ {h, l}✱ t❤❡♥ w∗

i ✐s ❞❡✜♥❡❞ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ st♦♣♣✐♥❣ r✉❧❡
∫ v

v

max{w(v)− w∗

i , 0}d [µF (v) + (1− µ)G(v)] = si. ✭✹✮

◆♦t❡ t❤❛t µ = λa

λa+λf
✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥② r❛♥❞♦♠ st♦r② ✐s tr✉❡✱ s✐♠✐❧❛r ❧✐❦❡ t❤❡

❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✱ t❤❡ st♦♣♣✐♥❣ r✉❧❡s ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❛s

µ

∫ v

w∗

h

(v − w∗

h) dF (v) + (1− µ)(−w∗

h) = sh,

µ

∫ v

w∗

l

(v − w∗

l ) dF (v) + (1− µ)(−w∗

l ) = sl.

✶✷



■t ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t w∗

l > w∗

h ❢♦r ❛♥② ❣✐✈❡♥ µ✱ ♥♦t❡ t❤❛t w∗

i ✐s t❤❡ ❡① ❛♥t❡ ❝♦♥s✉♠❡r

s✉r♣❧✉s ♦❢ t②♣❡ i ❝♦♥s✉♠❡rs✱ ✐t ♠❡❛♥s t❤❛t t②♣❡ l ❝♦♥s✉♠❡rs ❛❧✇❛②s ❤❛✈❡ ❛ ❤✐❣❤❡r s✉r♣❧✉s✳

❆t t❤❡ ✜rst st❛❣❡✱ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❦♥♦✇ t❤❛t t②♣❡ i ❝♦♥s✉♠❡rs ✇♦✉❧❞ r❡❛❞ tr✉❡ ♥❡✇s

✇✐t❤ s✐❣♥❛❧ ❛❜♦✈❡ w∗

i ❛♥❞ ❛♥② ❢❛❦❡ st♦r②✳ ❋♦❧❧♦✇✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ t❤❡ ♣r♦✜t ♦❢ ❡❛❝❤ ❢❛❦❡

♥❡✇s ♣r♦❞✉❝❡r ✐s
γhπ

λa [1− F (w∗

h)] + λf

+
γlπ

λa [1− F (w∗

l )] + λf

−K.

Pr♦❞✉❝❡rs t❤✉s ❦❡❡♣ ❡♥t❡r✐♥❣ t❤❡ ♠❛r❦❡t ✉♥t✐❧ t❤❡② ❤❛✈❡ ③❡r♦ ♣r♦✜t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐✲

t✐♦♥ s✉♠♠❛r✐③❡s t❤❡ ❛❜♦✈❡ ❛♥❛❧②s✐s✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛✳ ❚❤❡ r❡s❡r✈❛t✐♦♥

✈❛❧✉❡s w∗

h ❛♥❞ w∗

l ❛r❡ t❤❡ s❛♠❡ ✐♥ ❡❛❝❤ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ w∗

h < w∗

l ✳ ❚❤❡ ♣r♦✜❧❡

{G(v), w∗

h, w
∗

l , λf} ✐s ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ v ≤ w∗

l ⇒ g(v) = 0✳

✭✐✐✮ v > w∗

l ⇒ w(v) ≥ w∗

l ✳

✭✐✐✐✮ w∗

h ❛♥❞ w∗

l ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♥❞✐t✐♦♥ ✭✹✮✳

✭✐✈✮ ❚❤❡ ♠❡❛s✉r❡ ♦❢ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs λf ✐s ❞❡❝✐❞❡❞ ❜②

γh
λa [1− F (w∗

h)] + λf

+
γl

λa [1− F (w∗

l )] + λf

=
K

π
.

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ❛t t❤❡ t❤✐r❞ st❛❣❡✱ ❢♦r ❛♥② ❣✐✈❡♥ ❜❡❧✐❡❢s ❛❜♦✉t λf ❛♥❞ G(v)✱ ❡❛❝❤

❝♦♥s✉♠❡r✬s s❡❛r❝❤ ❜❡❤❛✈✐♦r ✐s ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② ♦t❤❡rs✳ ❍♦✇❡✈❡r✱ ❛ ❤✐❣❤❡r γl ♠❡❛♥s ♠♦r❡

❝♦♥s✉♠❡rs ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ r❡❛❞ ❢❛❦❡ ♥❡✇s✱ ❛♥❞ ❤❡♥❝❡ ♠♦r❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❡♥t❡r✐♥❣

t❤❡ ♠❛r❦❡t ❛t t❤❡ ✜rst st❛❣❡✱ ✇❤✐❝❤ ✐♥✢✉❡♥❝❡s t❤❡ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s ❛❜♦✉t λf ✳ ❙✐♠✐❧❛r❧②✱ ✇❡

❝❛♥ ❛❧s♦ ✜♥❞ t❤❛t G(v) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ γl < 1 ♦♥❧② ✐❢ G(v) ✐s ❛♥

❡q✉✐❧✐❜r✐✉♠ s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ γl = 1✱ ✇❤❡r❡❛s t❤❡ ♦t❤❡r ✇❛② ✐s ♥♦t ♥❡❝❡ss❛r✐❧② tr✉❡✳

▲❡♠♠❛ ✷✳ ❇♦t❤ w∗

h ❛♥❞ w∗

l ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ γl❀ w∗

h ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ sl ✇❤❡r❡❛s w∗

l ✐s

❞❡❝r❡❛s✐♥❣ ✐♥ sl✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✱ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ❤✐❣❤❡r ✇❤❡♥ γl

❥✉♠♣s ❢r♦♠ 0 t♦ 1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛✈❡r❛❣❡ ❝♦♥s✉♠❡r s✉r♣❧✉s γhw
∗

h + γlw
∗

l ✐s ✐♥❝r❡❛s✐♥❣ ❛t

❧❡❛st ❛t s♦♠❡ ✐♥t❡r✈❛❧ ✇❤❡♥ γl ✐s ✐♥❝r❡❛s✐♥❣ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t ❜♦t❤ w∗

h ❛♥❞ w∗

l ❛r❡ ❛❧✇❛②s

❞❡❝r❡❛s✐♥❣✳ ❇❡❝❛✉s❡ t②♣❡ l ❝♦♥s✉♠❡rs ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ r❡❛❞ ❢❛❦❡ ♥❡✇s✱ ❛ ❤✐❣❤❡r γl ❧❡❛❞s t♦
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♠♦r❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❡♥t❡r✐♥❣ t❤❡ ♠❛r❦❡t✱ ✇❤✐❝❤ ❤✉rts ❛❧❧ t❤❡ ❝♦♥s✉♠❡rs✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ❛ ❤✐❣❤❡r γl ♠❡❛♥s t❤❛t ♠♦r❡ ❝♦♥s✉♠❡rs ❡♥❥♦② ❛ ❧♦✇❡r s❡❛r❝❤ ❝♦st✳ ■❢ ✇❡ ❝♦♥s✐❞❡r γl

❥✉♠♣s ❢r♦♠ 0 t♦ 1✱ t❤❡ s❡❝♦♥❞ ❡✛❡❝t ❞♦♠✐♥❛t❡s ❛♥❞ ❧❡❛❞s t♦ ❛ ❤✐❣❤❡r ✭❛✈❡r❛❣❡✮ ❝♦♥s✉♠❡r

s✉r♣❧✉s✳ ❙✐♠✐❧❛r❧②✱ ❛ ❧♦✇❡r sl ❛❧s♦ ❧❡❛❞s t♦ ♠♦r❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡rs ❡♥t❡r✐♥❣ t❤❡ ♠❛r❦❡t✱

✇❤✐❝❤ r❡❞✉❝❡s wh✳ ❇✉t t②♣❡ l ❝♦♥s✉♠❡rs ❛r❡ st✐❧❧ ❜❡tt❡r ♦✛ ❜❡❝❛✉s❡ t❤❡② ✐♥❝✉r ❧❡ss s❡❛r❝❤

❝♦st✳

✹ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r st✉❞✐❡s t❤❡ ❡✛❡❝t ♦❢ s♦❝✐❛❧ ♠❡❞✐❛ ♦♥ t❤❡ s♣r❡❛❞ ♦❢ ❢❛❦❡ ♥❡✇s ❛♥❞ ✐ts ✐♥✢✉❡♥❝❡ ♦♥

❝♦♥s✉♠❡r s✉r♣❧✉s✳ ❲❡ ✜♥❞ t❤❛t ❝♦♥s✉♠❡rs r❡❛❞ ♠♦r❡ ❢❛❦❡ ♥❡✇s ✐❢ ❛ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡

r❡❞✉❝❡s t❤❡ s❡❛r❝❤ ❝♦st✱ ❜✉t t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❜❡❝♦♠❡s ❤✐❣❤❡r✳ ❋♦r ❢✉t✉r❡ r❡s❡❛r❝❤✱ ✇❡

✇✐❧❧ ❛❧s♦ ❞✐s❝✉ss ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❝♦♥s✉♠❡rs ❤❛✈❡ ❤❡t❡r♦❣❡♥❡♦✉s ♣r❡❢❡r❡♥❝❡s✱ ❛♥❞ st✉❞②

✇❤❛t ✐s t❤❡ ❡✛❡❝t ✇❤❡♥ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡ ❝❛♥ ❤❡❧♣ ❝♦♥s✉♠❡rs s❡❛r❝❤ ❢♦r ♦♥❧② t❤❡✐r

♣r❡❢❡rr❡❞ t②♣❡ ♦❢ ♥❡✇s✳

❋♦r ❢✉t✉r❡ r❡s❡❛r❝❤✱ ✇❡ ♣❧❛♥ t♦ ❞✐s❝✉ss ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢

♥❡✇s✱ ❛♥❞ t❤❡ s♦❝✐❛❧ ♠❡❞✐❛ ✇❡❜s✐t❡ ❝❛♥ ❤❡❧♣ ❝♦♥s✉♠❡rs ✏s❡❛r❝❤ ✐♥ ❝❛t❡❣♦r②✑✳ ■t ✐s r❡❧❛t❡❞ t♦

❋❡rs❤t♠❛♥✱ ❋✐s❤♠❛♥✱ ❛♥❞ ❩❤♦✉ ✭✷✵✶✼✮ ✇❤♦ ♣r♦♣♦s❡ ❛ s❡❛r❝❤ ♠♦❞❡❧ ✇✐t❤ ♣r♦❞✉❝t ❝❛t❡❣♦r✐❡s

✇❤❡r❡ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ ✇❤✐❝❤ ❝❛t❡❣♦r✐❡s t♦ s❡❛r❝❤ ❛♥❞ ✜r♠s r❡s♣♦♥❞ t♦ s✉❝❤ ♠♦r❡ t❛r❣❡t❡❞

s❡❛r❝❤ ❜② str❛t❡❣✐❝❛❧❧② ❝❤♦♦s✐♥❣ t❤❡ ❝❛t❡❣♦r✐❡s ✐♥ ✇❤✐❝❤ t♦ ❧✐st t❤❡✐r ♣r♦❞✉❝ts✳ ❆♥♦t❤❡r r❡❧❛t❡❞

✇♦r❦ ✐s ❨❛♥❣ ✭✷✵✶✸✮✱ ✇❤♦ ✜♥❞s t❤❛t ✇❤❡♥ s❡❛r❝❤ t❛r❣❡t❛❜✐❧✐t② ✐♥❝r❡❛s❡s✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✈❛r✐❡t②

♦❢ ❣♦♦❞s ❝❛t❡r✐♥❣ t♦ ❧♦♥❣ t❛✐❧ ❝♦♥s✉♠❡rs ✇✐❧❧ ❜❡ ♣r♦✈✐❞❡❞✳

❘❡❢❡r❡♥❝❡s

❆❝❡♠♦❣❧✉✱ ❉❛r♦♥✱ ❆s✉♠❛♥ ❖③❞❛❣❧❛r✱ ❛♥❞ ❏❛♠❡s ❙✐❞❡r✐✉s ✭✷✵✷✶✮✳ ▼✐s✐♥❢♦r♠❛t✐♦♥✿ ❙tr❛t❡❣✐❝

❙❤❛r✐♥❣✱ ❍♦♠♦♣❤✐❧②✱ ❛♥❞ ❊♥❞♦❣❡♥♦✉s ❊❝❤♦ ❈❤❛♠❜❡rs✳ ❚❡❝❤✳ r❡♣✳ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢

❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳

❆❧❧❝♦tt✱ ❍✉♥t ❛♥❞ ▼❛tt❤❡✇ ●❡♥t③❦♦✇ ✭✷✵✶✼✮✳ ✏❙♦❝✐❛❧ ♠❡❞✐❛ ❛♥❞ ❢❛❦❡ ♥❡✇s ✐♥ t❤❡ ✷✵✶✻

❡❧❡❝t✐♦♥✑✱ ❏♦✉r♥❛❧ ♦❢ ❡❝♦♥♦♠✐❝ ♣❡rs♣❡❝t✐✈❡s ✸✶✳✷✱ ♣♣✳ ✷✶✶✕✸✻✳
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❆♥❞❡rs♦♥✱ ❙✐♠♦♥ P ❛♥❞ ❘❡❣✐s ❘❡♥❛✉❧t ✭✶✾✾✾✮✳ ✏Pr✐❝✐♥❣✱ ♣r♦❞✉❝t ❞✐✈❡rs✐t②✱ ❛♥❞ s❡❛r❝❤ ❝♦sts✿

❆ ❇❡rtr❛♥❞✲❈❤❛♠❜❡r❧✐♥✲❉✐❛♠♦♥❞ ♠♦❞❡❧✑✱ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ♣♣✳ ✼✶✾✕

✼✸✺✳

❇❡s❧❡②✱ ❚✐♠♦t❤② ❛♥❞ ❆♥❞r❡❛ Pr❛t ✭✷✵✵✻✮✳ ✏❍❛♥❞❝✉✛s ❢♦r t❤❡ ❣r❛❜❜✐♥❣ ❤❛♥❞❄ ▼❡❞✐❛ ❝❛♣t✉r❡

❛♥❞ ❣♦✈❡r♥♠❡♥t ❛❝❝♦✉♥t❛❜✐❧✐t②✑✱ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✾✻✳✸✱ ♣♣✳ ✼✷✵✕✼✸✻✳

❈❧❛r❦❡✱ ❖❧✐✈❡r ✭✷✵✶✻✮✳ ❍♦✇ ❚♦ ▼❛❦❡ ❇✐❣ ▼♦♥❡② ❖♥❧✐♥❡ ❲✐t❤ ❋❛❦❡ ◆❡✇s ✲ ❋✉❧❧ ●✉✐❞❡✳

❋❡rs❤t♠❛♥✱ ❈❤❛✐♠✱ ❆rt❤✉r ❋✐s❤♠❛♥✱ ❛♥❞ ❏✐❞♦♥❣ ❩❤♦✉ ✭✷✵✶✼✮✳ ✏❙❡❛r❝❤ ❛♥❞ ❈❛t❡❣♦r✐③❛t✐♦♥✑✱

■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥✳

●❡♥t③❦♦✇✱ ▼❛tt❤❡✇ ❛♥❞ ❏❡ss❡ ▼ ❙❤❛♣✐r♦ ✭✷✵✵✻✮✳ ✏▼❡❞✐❛ ❜✐❛s ❛♥❞ r❡♣✉t❛t✐♦♥✑✱ ❏♦✉r♥❛❧ ♦❢

♣♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✶✶✹✳✷✱ ♣♣✳ ✷✽✵✕✸✶✻✳

●♦r❜❛❝❤✱ ❏✉❧✐❡♥ ✭✷✵✶✽✮✳ ✏◆♦t ❨♦✉r ●r❛♥❞♣❛✬s ❍♦❛①✿ ❆ ❈♦♠♣❛r❛t✐✈❡ ❍✐st♦r② ♦❢ ❋❛❦❡ ◆❡✇s✑✱

❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧✐s♠ ✸✺✳✷✱ ♣♣✳ ✷✸✻✕✷✹✾✳

▲❛❞❞✱ ❏♦♥❛t❤❛♥ ▼ ✭✷✵✶✷✮✳ ❲❤② ❆♠❡r✐❝❛♥s ❤❛t❡ t❤❡ ♥❡✇s ♠❡❞✐❛ ❛♥❞ ❤♦✇ ✐t ♠❛tt❡rs✳ Pr✐♥❝❡✲

t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳

▼❛ts❛✱ ❑❛t❡r✐♥❛ ❊✈❛ ❛♥❞ ❊❧✐s❛ ❙❤❡❛r❡r ✭✷✵✶✽✮✳ ✏◆❡✇s ✉s❡ ❛❝r♦ss s♦❝✐❛❧ ♠❡❞✐❛ ♣❧❛t❢♦r♠s

✷✵✶✽✑✱ P❡✇ ❘❡s❡❛r❝❤ ❈❡♥t❡r ✶✵✳

❙✐❧✈❡r♠❛♥✱ ❈ ✭✷✵✶✻✮✳ ❚❤✐s ❛♥❛❧②s✐s s❤♦✇s ❤♦✇ ❢❛❦❡ ❡❧❡❝t✐♦♥ ♥❡✇s st♦r✐❡s ♦✉t♣❡r❢♦r♠❡❞ r❡❛❧

♥❡✇s ♦♥ ❋❛❝❡❜♦♦❦✳ ❇✉③③❋❡❡❞✱ ◆♦✈✳ ✶✻✳

❙✐❧✈❡r♠❛♥✱ ❈r❛✐❣ ❛♥❞ ❏❡r❡♠② ❙✐♥❣❡r✲❱✐♥❡ ✭✷✵✶✻✮✳ ✏▼♦st ❆♠❡r✐❝❛♥s ✇❤♦ s❡❡ ❢❛❦❡ ♥❡✇s ❜❡❧✐❡✈❡

✐t✱ ♥❡✇ s✉r✈❡② s❛②s✑✱ ❇✉③③❋❡❡❞ ◆❡✇s ✭✇✇✇✳ ❜✉③③❢❡❡❞✳ ❝♦♠✮✳ ❯❘▲✿ ❤tt♣s✿✴✴✇✇✇✳ ❜✉③③❢❡❡❞✳

❝♦♠✴❝r❛✐❣s✐❧✈❡r♠❛♥✴❢❛❦❡✲♥❡✇ss✉r✈❡②✳

❲❡✐t③♠❛♥✱ ▼❛rt✐♥ ▲ ✭✶✾✼✾✮✳ ✏❖♣t✐♠❛❧ s❡❛r❝❤ ❢♦r t❤❡ ❜❡st ❛❧t❡r♥❛t✐✈❡✑✱ ❊❝♦♥♦♠❡tr✐❝❛✿ ❏♦✉r♥❛❧

♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t②✱ ♣♣✳ ✻✹✶✕✻✺✹✳

❲♦❧✐♥s❦②✱ ❆s❤❡r ✭✶✾✽✻✮✳ ✏❚r✉❡ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛s ❛ r❡s✉❧t ♦❢ ✐♠♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥✑✱

❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✵✶✳✸✱ ♣♣✳ ✹✾✸✕✺✶✶✳

❨❛♥❣✱ ❍✉❛♥①✐♥❣ ✭✷✵✶✸✮✳ ✏❚❛r❣❡t❡❞ s❡❛r❝❤ ❛♥❞ t❤❡ ❧♦♥❣ t❛✐❧ ❡✛❡❝t✑✱ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s ✹✹✳✹✱ ♣♣✳ ✼✸✸✕✼✺✻✳

✶✺



❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❲❡ ✜rst s❤♦✇ ❛ ♣r♦✜❧❡ {G(v), w∗, λf} ✐s ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠

✐❢ ❛♥❞ ♦♥❧② ✐❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ t♦ ✭✐✈✮ ❤♦❧❞✱ ❛♥❞ t❤❡♥ s❤♦✇ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢

❡q✉✐❧✐❜r✐❛✳

✭ =⇒ ✮ ■❢ t❤❡ ♣r♦✜❧❡ {G(v), w∗, λf} ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ♠✉st ❤♦❧❞ ❛❝❝♦r❞✐♥❣

t♦ ❲❡✐t③♠❛♥ ✭✶✾✼✾✮✱ ❛♥❞ ✐t ♠❡❛♥s t❤❛t t❤❡ ❝♦♥s✉♠❡r ♥❡✈❡r r❡❛❞s ❛ st♦r② t❤❛t ❤❛s ❛ ❡①♣❡❝t❡❞

✈❛❧✉❡ w(v) str✐❝t❧② s♠❛❧❧❡r t❤❛♥ w∗✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r ❤❛s ✐♥❝❡♥t✐✈❡ t♦

❞❡✈✐❛t❡ ✐❢ ❤❡ ✇r✐t❡s ❛ ♥❡✇s st♦r② ✇✐t❤ ❝❡rt❛✐♥ s✐❣♥❛❧ v s✉❝❤ t❤❛t w(v) < w∗✱ ✇❤✐❝❤ ♠❡❛♥s

t❤❛t w(v) ≥ w∗ ♠✉st ❜❡ tr✉❡ ❢♦r ❛♥② v s✉❝❤ t❤❛t g(v) > 0✳

❋♦r ❛♥② v ≤ w∗✱ g(v) = 0 ♠✉st ❜❡ tr✉❡ ♦t❤❡r✇✐s❡ w(v) < w∗✳ ❚❤✉s✱ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❤♦❧❞s✳

❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♠✉st ❛❧s♦ ❤♦❧❞✱ ❜❡❝❛✉s❡ ✇❤❡♥ v > w∗✱ w(v) ≥ w∗ ✐s tr✉❡ ❛s ❧♦♥❣ ❛s g(v) ✐s

s♠❛❧❧ ❡♥♦✉❣❤✱ ❛♥❞ ❝♦♥s✉♠❡rs ✇✐❧❧ ♥♦t r❡❛❞ t❤❡ ♥❡✇s ✐❢ w(v) < w∗✳

❈♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♠♣❧② t❤❛t t❤❡ ❝♦♥s✉♠❡r ♦♥❧② r❡❛❞s ♥❡✇s ✇✐t❤ s✐❣♥❛❧ ❣r❡❛t t❤❛♥

w∗✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❧❧ ❢❛❦❡ ♥❡✇s ❛♥❞ tr✉❡ ♥❡✇s ✇✐t❤ s✐❣♥❛❧ ❣r❡❛t❡r t❤❛♥ w∗✳ ❍❡♥❝❡✱ t❤❡

♣r♦✜t ♦❢ t❤❡ ♣r♦❞✉❝❡r ✐s
π

λa [1− F (w∗)] + λf

−K.

❋r❡❡ ❡♥tr② r❡s✉❧ts ✐♥ ③❡r♦ ♣r♦✜t✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t λf = π
K
− λa [1− F (w∗)]✳ ❙♦ ❝♦♥❞✐t✐♦♥

✭✐✈✮ ❤♦❧❞s✳

✭ ⇐= ✮ ■❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ❤♦❧❞✱ t❤❡ ♣r♦❞✉❝❡r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ s✐♥❝❡

t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ r❡❛❞ t❤❡ ♣r♦❞✉❝❡r✬s st♦r② ✐❢ s❤❡ ✜♥❞s ✐t✳ ❆♥❞ ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ❣✉❛r❛♥t❡❡s

t❤❛t t❤❡ ♣r♦❞✉❝❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❡♥t❡r✐♥❣ t❤❡ ♠❛r❦❡t ♦r ♥♦t✳ ❚❤❡ ❝♦♥s✉♠❡r ❛❧s♦

❤❛s ♥♦ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ s✐♥❝❡ ❝❤♦♦s✐♥❣ w∗ ✐s t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②✳ ❚❤❡r❡❢♦r❡ t❤❡ ♣r♦✜❧❡

{G(v), w∗, λf} ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ t♦ ✭✐✈✮ ❤♦❧❞✳

✭❊①✐st❡♥❝❡✮ ❚♦ s❤♦✇ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐❛✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤♦✇

t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣r♦✜❧❡s {G(v), w∗, λf} t❤❛t s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✐✮ t♦ ✭✐✈✮✳

▲❡t w∗ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✱

λa

π
K
+ λaF (w∗)

∫ v

w∗

(v − w∗) dF (v) +
π
K
+ λa(F (w∗)− 1)
π
K
+ λaF (w∗)

(−w∗) = s. ✭✺✮

❚❤❡ ▲❍❙ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ w∗✱ s♦ w∗ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ s✳

✶✻



■❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ❤♦❧❞✱ ❝♦♥s✉♠❡rs ✇✐❧❧ ♦♥❧② r❡❛❞ ❛ ♥❡✇s st♦r② ✇✐t❤ s✐❣♥❛❧ ❣r❡❛t❡r

t❤❛♥ w∗✱ ❢r❡❡ ❡♥tr② t❤✉s ❧❡❛❞s t♦ ③❡r♦ ♣r♦✜t ❛♥❞ λf = π
K

− λa [1− F (w∗)]✳ ❙✉❜st✐t✉t❡

π
K

− λa [1− F (w∗)] = λf ❛♥❞ 1 =
∫ v

w∗
g (v) dv ✐♥t♦ ❡q✉❛t✐♦♥ ✭✺✮✱ ✇❡ t❤❡♥ ❤❛✈❡ ❡①❛❝t❧② t❤❡

st♦♣♣✐♥❣ r✉❧❡ ♦❢ t❤❡ ❝♦♥s✉♠❡r✳ ❙♦ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ❤♦❧❞ ✇❤❡♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ❤♦❧❞✳

❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ G(v) t❤❛t s❛t✐s❢② ❝♦♥❞✐t✐♦♥

✭✐✮ ❛♥❞ ✭✐✐✮✳ ❲❡ ✜rst s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g(v) s❛t✐s✜❡s

∫ v

w∗

g (v) dv = 1 ❛♥❞ w(v) =







ṽ v ≥ ṽ

v v < ṽ

■t ✐s ❡❛s② t♦ s❡❡ g(v) s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ✇❤❡♥ ṽ > w∗✳ ◆♦t❡ t❤❛t w(v) =

λaf(v)
λaf(v)+λfg(v)

v✱ t❤❡♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ g(v) ✐s

g(v) =







λa

λf ṽ
(v − ṽ)f(v) v > ṽ

0 v ≤ ṽ

■♥t❡❣r❛t❡ g(v) ❢r♦♠ w∗ t♦ v✱ ✇❡ ❤❛✈❡
∫ v

w∗
g(v)dv =

∫ v

w∗

λa

λf ṽ
(v − ṽ)f(v)dv ✇❤✐❝❤ ✐s ❞❡❝r❡❛s✐♥❣

✐♥ ṽ✳ ❲❤❡♥ ṽ = w∗✱ ❛♥❞ s✉❜st✐t✉t❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✺✮✱ ✇❡ ✜♥❞ t❤❛t
∫ v

w∗

g(v)dv =

∫ v

w∗

λa

λfw∗
(v − w∗)f(v)dv

=
λa

λfw∗

∫ v

w∗

(v − w∗)f(v)dv

=1 +
s(λf + λa)

λfw∗
> 1.

❚❤❡r❡❢♦r❡✱ ṽ > w∗ ❛♥❞ g(v) s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮✳ ❚❤❡♥ ❢♦r ❛♥♦t❤❡r ❞❡♥s✐t② ❢✉♥❝t✐♦♥

g̃(v) s✉❝❤ t❤❛t g̃(v) = g(v) ❡①♣❡❝t ❢♦r ♦♥❡ ♣♦✐♥t v ∈ [ṽ, v]✱ g̃(v) = g(v) + ε ✇❤❡r❡ ε ✐s ✈❡r②

s♠❛❧❧✳ ■t ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t g̃(v) ❛❧s♦ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮✱ ❛♥❞ t❤❡r❡ ❛r❡

✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ g̃(v)✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❚♦ s❤♦✇ st❛t❡♠❡♥t ✭✐✮ ✐s tr✉❡✱ ❢r♦♠ t❤❡ ❛r❣✉♠❡♥t ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱

w∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s✱ s♦ λf ♠✉st ❜❡ ❞❡❝r❡❛s✐♥❣ ✐♥ s ❛s ✇❡❧❧✳ ■♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠✱ ♦♥❧② ❢❛❦❡

♥❡✇s ❛♥❞ ❛✉t❤❡♥t✐❝ ♥❡✇s ✇✐t❤ ✈❛❧✉❡ ❣r❛t❡r t❤❛♥ w∗ ✇✐❧❧ ❜❡ r❡❛❞ ❜② ❝♦♥s✉♠❡rs✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❝♦♥s✉♠❡r r❡❛❞ ❛ ❢❛❦❡ ♥❡✇s ✐s

λf

λa [1− F (w∗)] + λf

=
π/K − λa [1− F (w∗)]

π/K
,

✶✼



✇❤✐❝❤ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s✳ ❇❡❝❛✉s❡ ♦♥❡ ✉♥✐t ♦❢ ❝♦♥s✉♠❡rs ✇✐❧❧ ❡❛❝❤ r❡❛❞ ❛ st♦r②✱ ❛ ❧♦✇❡r s❡❛r❝❤

❝♦st ❧❡❛❞s t♦ ♠♦r❡ ❢❛❦❡ ♥❡✇ ❝♦♥s✉♠♣t✐♦♥✳

❚♦ s❤♦✇ st❛t❡♠❡♥t ✭✐✐✮ ✐s tr✉❡✱ ✐t s✉✣❝❡ t♦ s❤♦✇ w∗ ✐s t❤❡ ❡① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s✳

◆♦t❡ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ❛ ❢❛❦❡ ♥❡✇s st♦r② ✐s ③❡r♦✱ ❛♥❞ ❝♦♥s✉♠❡rs ♦♥❧② r❡❛❞ ❢❛❦❡ ♥❡✇s ❛♥❞

tr✉❡ ♥❡✇s ✇✐t❤ s✐❣♥❛❧ ❤✐❣❤❡r t❤❛♥ w∗✳ ❚❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❝♦♥s✉♠❡rs ❝❛♥ ❣❡t ❢r♦♠ r❡❛❞✐♥❣

r❡❛❞ ✐s
λa

∫ v

w∗
vdF (v)

λa(1− F (w∗)) + λf

✳ ❚❤❡ ♦♥❧② ❝♦st ✐s t❤❡ s❡❛r❝❤ ❝♦st✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
λf+(1−F (w∗))λa

λf+λa

❝♦♥s✉♠❡rs ✇✐❧❧ st♦♣ s❡❛r❝❤✐♥❣✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①♣❡❝t❡❞ t♦t❛❧ s❡❛r❝❤ ❝♦st ✐s

λf + (1− F (w∗))λa

λf + λa

[

s+
F (w∗)λa

λf + λa

× 2s+ (
F (w∗)λa

λf + λa

)2 × 3s+ ...

]

.

❙✉❜st✐t✉t❡ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✮✱ ❝❛❧❝✉❧❛t✐♦♥ r❡✈❡❛❧s t❤❛t

λa

∫ v

w∗
vdF (v)

λa(1− F (w∗)) + λf

−
λf + (1− F (w∗))λa

λf + λa

[

s+
F (w∗)λa

λf + λa

× 2s+ (
F (w∗)λa

λf + λa

)2 × 3s+ ...

]

=
λa

∫ v

w∗
vdF (v)− (λf + λa)s

λf + (1− F (w∗))λa

=w∗,

✇❤✐❝❤ ✐s s❛♠❡ ❛s ✇❤❛t ✐s ❢♦✉♥❞ ✐♥ ❛ st❛♥❞❛r❞ s❡❛r❝❤ ♠♦❞❡❧ ❧✐❦❡ ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t

✭✶✾✾✾✮✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ◆♦t❡ t❤❛t ❡① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s w∗✱ s♦ ✐t s✉✣❝❡s t♦ s❤♦✇ w∗ ✐s

✐♥❝r❡❛s✐♥❣ ✐♥ λa✱ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ π
K
✳

▼✉❧t✐❧♣❧② ❜♦t❤ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✺✮ ❜② π
K
+ λaF (w∗)✱ ❛♥❞ t❛❦❡ t❤❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤

r❡s♣❡❝t t♦ w∗ ❛♥❞ λa✿

{∫ v

w∗

(v − w∗) dF (v) + w∗ [1− F (w∗)]− sF (w∗)

}

︸ ︷︷ ︸

>0

dλa −
[ π

K
+ λaf(w

∗)(w∗ + s)
]

︸ ︷︷ ︸

>0

dw∗ = 0

❚❤❡ ✜rst ♣❛rt ✐s ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡
∫ v

w∗
(v − w∗) dF (v) > s > sF (w∗)✳ ❚❤❡r❡❢♦r❡✱ dw∗

dλa
> 0✳

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

(w∗ + s)
︸ ︷︷ ︸

>0

d
π

K
+
[ π

K
+ λaf(w

∗)(w∗ + s)
]

︸ ︷︷ ︸

>0

dw∗ = 0.

❚❤❡r❡❢♦r❡✱ dw∗

d π
K

< 0✳

✶✽



Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳ ◆♦t❡ t❤❛t t❤❡ ♠♦❞❡❧ ✇♦✉❧❞ ❜❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❡ ❜❡♥❝❤♠❛r❦

♠♦❞❡❧ ✇❤❡♥ ❡✐t❤❡r γh = 1 ♦r γl = 1✳ ■t s✉✣❝❡ t♦ s❤♦✇ t❤❛t G(v) s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✮

❛♥❞ ✭✐✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ✇❤❡♥ γh = 1 ✐❢ ✐t ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ s✐❣♥❛❧ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ γl = 1✳

❆♥❞ t❤✐s ❛r❣✉♠❡♥t ✐s tr✉❡ s✐♥❝❡ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❲❡ ✜rst s❤♦✇ ❛ ♣r♦✜❧❡ {G(v), w∗, λf} ✐s ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠

✐❢ ❛♥❞ ♦♥❧② ✐❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ t♦ ✭✐✈✮ ❤♦❧❞✱ ❛♥❞ t❤❡♥ s❤♦✇ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢

❡q✉✐❧✐❜r✐❛✳

✭ =⇒ ✮ ■❢ t❤❡ ♣r♦✜❧❡ {G(v), w∗

h, w
∗

l , λa} ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ♠✉st ❤♦❧❞✳ ❆♥❞

t❤✐s ♠❡❛♥s t❤❛t t❤❡ t②♣❡ i ❝♦♥s✉♠❡rs ♥❡✈❡r r❡❛❞ ❛ st♦r② ✇✐t❤ ❡①♣❡❝t❡❞ ✈❛❧✉❡ w(v) str✐❝t❧②

s♠❛❧❧❡r t❤❛♥ w∗

i ❢♦r i ∈ {h, l}✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ r❡s❡r✈❛t✐♦♥ ✈❛❧✉❡ ♦❢ t②♣❡ l ❝♦♥s✉♠❡rs

✐s ❤✐❣❤❡r wl > wh s✐♥❝❡ w∗

i ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ si ❛♥❞ sl < sh✳ ❍❡♥❝❡✱ t❤❡ ❢❛❦❡ ♥❡✇s ♣r♦❞✉❝❡r

❤❛s ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ✐❢ t❤❡ ♣r♦❞✉❝❡r ✇r✐t❡s ❛ ♥❡✇s st♦r② ✇✐t❤ ❝❡rt❛✐♥ s✐❣♥❛❧ v s✉❝❤ t❤❛t

w(v) < w∗

l ✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t w(v) ≥ w∗

l ♠✉st ❜❡ tr✉❡ ❢♦r ❛♥② v s✉❝❤ t❤❛t g(v) > 0✳

❋♦r s✐♠✐❧❛r ❛r❣✉♠❡♥ts t❤❛t ✇❡ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✱ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞

✭✐✐✮ ❤♦❧❞✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡ t②♣❡ i ❝♦♥s✉♠❡rs ♦♥❧② r❡❛❞ ♥❡✇s ✇✐t❤ s✐❣♥❛❧ ❣r❡❛t t❤❛♥ w∗✱

✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❧❧ ❢❛❦❡ ♥❡✇s ❛♥❞ tr✉❡ ♥❡✇s ✇✐t❤ s✐❣♥❛❧ ❣r❡❛t❡r t❤❛♥ w∗

i ✳ ❍❡♥❝❡✱ t❤❡ ♣r♦✜t

♦❢ t❤❡ ♣r♦❞✉❝❡r ✐s

γhπ

λa [1− F (w∗

h)] + λf

+
γlπ

λa [1− F (w∗

l )] + λf

−K.

❋r❡❡ ❡♥tr② r❡s✉❧ts ✐♥ ③❡r♦ ♣r♦✜t✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ❤♦❧❞s✳

✭ ⇐= ✮ ■❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ❤♦❧❞✱ t❤❡ ♣r♦❞✉❝❡r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ s✐♥❝❡ t❤❡

❝♦♥s✉♠❡r ✇✐❧❧ r❡❛❞ t❤❡ ♣r♦❞✉❝❡r✬s st♦r② ✐❢ s❤❡ ✜♥❞s ✐t✳ ❆♥❞ ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡

♣r♦❞✉❝❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❡♥t❡r✐♥❣ t❤❡ ♠❛r❦❡t ♦r ♥♦t✳ ❚❤❡ t②♣❡ i ❝♦♥s✉♠❡rs ❛❧s♦ ❤❛✈❡

♥♦ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ s✐♥❝❡ ❝❤♦♦s✐♥❣ w∗ ✐s t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② ❢♦r i ∈ {h, l}✳ ❚❤❡r❡❢♦r❡

t❤❡ ♣r♦✜❧❡ {G(v), w∗

h, w
∗

l , λa} ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ t♦ ✭✐✈✮ ❤♦❧❞✳

✭❊①✐st❡♥❝❡✮ ❚♦ s❤♦✇ t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐❛✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤♦✇

t❤❡r❡ ❡①✐sts ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣r♦✜❧❡s {G(v), w∗

h, w
∗

l , λa} t❤❛t s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭✐✮ t♦ ✭✐✈✮✳

✶✾



▲❡t w∗

h ❛♥❞ w∗

l s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

µ

∫ v

w∗

h

(v − w∗

h) dF (v) + (1− µ)(−w∗

h) = sh, ✭✻✮

µ

∫ v

w∗

l

(v − w∗

l ) dF (v) + (1− µ)(−w∗

l ) = sl, ✭✼✮

γh
λa [1− F (w∗

h)] + λf

+
γl

λa [1− F (w∗

l )] + λf

=
K

π
, ✭✽✮

✇❤❡r❡ µ = λa/ (λa + λf )✳

❲❤❡♥ λf ✐s ❧❛r❣❡r✱ µ ✐s s♠❛❧❧❡r✱ t❤❡♥ w∗

h ❛♥❞ w∗

l ♠✉st ❜❡ s♠❛❧❧❡r t♦ ♠❛❦❡ s✉r❡ ❝♦♥❞✐t✐♦♥

✭✻✮ ❛♥❞ ✭✼✮ s❛t✐s❢②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ▲❍❙ ♦❢ ❝♦♥❞✐t✐♦♥ ✭✽✮ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ λf ✱ w
∗

h ❛♥❞ w∗

l ❛r❡

❛❧s♦ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❜❡❢♦r❡ ✭t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✮✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❛♥❞

✭✐✈✮ ❤♦❧❞ ✐❢ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ❛r❡ ❝♦rr❡❝t✳ ❚❤❡♥ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✐✮ ❛♥❞ ✭✐✐✮

❤♦❧❞ ✐❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ g(v) s❛t✐s✜❡s

∫ v

w∗

l

g (v) dv = 1 ❛♥❞ w(v) =







ṽ v ≥ ṽ

v v < ṽ

❚❤❡ r❡st ❛r❣✉♠❡♥ts ❛r❡ ❛❧s♦ t❤❡ s❛♠❡ ❛s ❜❡❢♦r❡✱ ❛♥❞ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ❚♦ s❤♦✇ st❛t❡♠❡♥t ✭✐✮ ✐s tr✉❡✱ ✇❡ t❛❦❡ t❤❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ❡q✉❛t✐♦♥

✭✻✮✱ ✭✼✮✱ ❛♥❞ ✭✽✮ ✇✐t❤ r❡s♣❡❝t t♦ λf ✱ w
∗

h✱ w
∗

l ✱ γh ❛♥❞ γl✳ ◆♦t❡ t❤❛t γh = 1 − γl ✐♠♣❧✐❡s t❤❛t

dγh = −dγl✱ ❧❡t Yi = λa [1− F (w∗

i )] + λf ❢♦r i ∈ {h, l}✱ ✇❡ ❤❛✈❡

(
γhY

2
l + γlY

2
h

)
dλf = γhλaf(w

∗

h)Y
2
l dw

∗

h + γlλaf(w
∗

l )Y
2
h dw

∗

l + YhYlλa [F (w∗

l )− F (w∗

h)] dγl

Yhdw
∗

h + (w∗

h + sh)dλf = 0,

Yldw
∗

l + (w∗

l + sl)dλf = 0.

❊❧✐♠✐♥❛t✐♥❣ λf ❣✐✈❡s

dw∗

h

dγl
= −

YhYlλa [F (w∗

l )− F (w∗

h)]

(γhY 2

h
+γlY

2

l )Yh

w∗

h
+sh

+ γhλaf(w∗

h)Y
2
l +

γlλaY
3

h
(w∗

l
+sl)f(w

∗

l
)

Yl(w
∗

h
+sh)

dw∗

l

dγl
= −

YhYlλa [F (w∗

l )− F (w∗

h)]

(γhY 2

l
+γlY

2

h )Yl

w∗

l
+sl

+ γlλaf(w∗

l )Y
2
h +

γhλaY
3

l
(w∗

h
+sh)f(w

∗

h
)

Yh(w
∗

l
+sl)

✷✵



❚❤❡r❡❢♦r❡✱ ❜♦t❤ w∗

h ❛♥❞ w∗

l ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ γl ❜❡❝❛✉s❡ F (w∗

h) < F (w∗

l )✳

❚♦ s❤♦✇ st❛t❡♠❡♥t ✭✐✐✮ ✐s tr✉❡✱ ✇❡ ✜♥❞ t❤❛t t❤❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ❡q✉❛t✐♦♥ ✭✻✮✱ ✭✼✮✱ ❛♥❞

✭✽✮ ✇✐t❤ r❡s♣❡❝t t♦ λf ✱ w
∗

h✱ w
∗

l ✱ ❛♥❞ sl ❛r❡

(
γhY

2
l + γlY

2
h

)
dλf = γhλaf(w

∗

h)Y
2
l dw

∗

h + γlλaf(w
∗

l )Y
2
h dw

∗

l

Yhdw
∗

h + (w∗

h + sh)dλf = 0,

Yldw
∗

l + (w∗

l + sl)dλf + (λa + λf )dsl = 0.

❘❡❛rr❛♥❣✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ❣✐✈❡s

dw∗

h

dsl
=

λa + λf

YhYl(γhY
2

l
+γlY

2

h
)+Y 3

l
γhλaf(w∗

h
)(w∗

h
+sh)

(w∗

h
+sh)γlλaf(w∗

l
)Y 2

h

+
w∗

l
+sl

w∗

h
+sh

Yh

> 0,

dw∗

l

dsl
= −

λa + λf

Yh(γhY
2

l
+γlY

2

h
)+Y 2

l
γhλaf(w∗

h
)(w∗

h
+sh)

(w∗

h
+sh)γlλaf(w∗

l
)Yh

w∗

l
+sl

w∗

h
+sh

+ 1
< 0.

✷✶



❈❤❛♣t❡r ✷✿ Pr✐❝❡ tr❛♥s♣❛r❡♥❝② ✐♥ ♦♥❧✐♥❡ ♠❛r❦❡ts

❆❜str❛❝t

❚❤❡ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡s ❤❛s ❧❡❞ t♦ ✐♥❝r❡❛s✐♥❣ ♣r✐❝❡

tr❛♥s♣❛r❡♥❝② ❜✉t ♥♦ q✉❛❧✐t② tr❛♥s♣❛r❡♥❝②✳ ❚❤✐s ♣❛♣❡r st✉❞✐❡s t❤❡ ❡✛❡❝t ♦❢ ♣r✐❝❡

tr❛♥s♣❛r❡♥❝② ✭✇✐t❤♦✉t q✉❛❧✐t② tr❛♥s♣❛r❡♥❝②✮ ✐♥ ❛ s❡tt✐♥❣ ✇✐t❤ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣

♦♥❧✐♥❡ s❡❧❧❡rs ✇❤♦ ❝♦♠♣❡t❡ ♦♥ ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✱ ❜② ❝♦♠♣❛r✐♥❣ s✐t✉❛t✐♦♥s ✇❤❡r❡

❝♦♥s✉♠❡rs ❧❡❛r♥ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ♦♥❧② ♣r✐❝❡ ✐♥❢♦r♠❛t✐♦♥ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳ ❲❡

✜♥❞ t❤❛t ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❧❡❛❞s t♦ ❧♦✇❡r ♣r✐❝❡s✱ ❛♥❞ ❛ ❧♦✇❡r ♣r✐❝❡ ✐s ❛❧✇❛②s ❧✐♥❦❡❞

t♦ ❛ ❧♦✇❡r q✉❛❧✐t②✳ Pr✐❝❡ tr❛♥s♣❛r❡♥❝② ❛❧s♦ ✐♠♣r♦✈❡s ❝♦♥s✉♠❡r s✉r♣❧✉s✳ ❍♦✇❡✈❡r✱

♣r✐❝❡ tr❛♥s♣❛r❡♥❝② s♦♠❡t✐♠❡s r❡s✉❧ts ✐♥ ❡①❝❡ss✐✈❡ ❝♦♠♣❡t✐t✐♦♥ ♦♥ ♣r✐❝❡✱ ✐❢ r❡t❛✐❧❡rs

❝❛♥ ✐♠♣r♦✈❡ q✉❛❧✐t② ✇✐t❤ r❡❧❛t✐✈❡❧② ❧♦✇ q✉❛❧✐t② ❜✉t t❤❡② ❞♦ ♥♦t ❞♦ t❤❛t ❞✉❡ t♦ t❤❡

✜❡r❝❡ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥✱ t❤❡ ❡✣❝✐❡♥❝② ❧♦ss ❝❛♥ ❜❡ ✈❡r② ❧❛r❣❡ ❛♥❞ ❧❡❛❞ t♦ ❧♦✇❡r t♦t❛❧

✇❡❧❢❛r❡✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❊✛♦rts ❜② ♦♥❧✐♥❡ s❡❧❧❡rs t♦ ✐♠♣r♦✈❡ t❤❡✐r ♣r♦❞✉❝t ❛♥❞ s❡r✈✐❝❡ q✉❛❧✐t② ✭❢r❡❡ ❛❝❝❡ss♦r✐❡s✱ ❡①✲

t❡♥❞❡❞ ✇❛rr❛♥t✐❡s✱ ❢❛st ❞❡❧✐✈❡r②✱ ❛♥❞ s♦ ♦♥✮✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣r✐❝❡s✱ ❛r❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛s

❦❡② ❞✐♠❡♥s✐♦♥s ❛✛❡❝t✐♥❣ s❛❧❡s✳ ❨❡t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡s❡ ❝❤♦✐❝❡s ❛❧s♦ ♣❧❛②s ❛♥ ✐♠♣♦r✲

t❛♥t r♦❧❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ ❞❡♠❛♥❞✳ ❚❤❡ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡s

❤❛s ❧❡❞ t♦ ✐♥❝r❡❛s✐♥❣ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝②✱ ❜✉t q✉❛❧✐t② tr❛♥s♣❛r❡♥❝② r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳

■♥❞❡❡❞ ✐♥ t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥✬s ❡✲❝♦♠♠❡r❝❡ s❡❝t♦r ✐♥q✉✐r②✱ t❤❡ r❡s♣♦♥❞❡♥t ♠❛♥✉✲

❢❛❝t✉r❡rs ❛r❣✉❡❞ t❤❛t ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡s ✏t②♣✐❝❛❧❧② ❢♦❝✉s ♠❛✐♥❧② ♦♥ ♣r✐❝❡ ❛♥❞ ❞♦

♥♦t ❬✳✳✳❪ ❛❧❧♦✇ r❡t❛✐❧❡rs t♦ ❞✐✛❡r❡♥t✐❛t❡ t❤❡♠s❡❧✈❡s s✉✣❝✐❡♥t❧② ✐♥ t❡r♠s ♦❢ ❬✳✳✳❪ q✉❛❧✐t② ❬✳✳✳❪✑✳

P❡♦♣❧❡ ♥♦r♠❛❧❧② ❜❡❧✐❡✈❡ t❤❛t ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❧❡❛❞s t♦ ♠♦r❡ ✐♥t❡♥s✐✈❡ ♣r✐❝❡ ❝♦♠♣❡✲

t✐t✐♦♥ t❤✉s ❧♦✇❡r ♣r✐❝❡s✱ ❛♥❞ ❛ ❧♦✇❡r ♣r✐❝❡ ✐s ♦❢t❡♥ ❧✐♥❦❡❞ t♦ ❛ ❧♦✇❡r q✉❛❧✐t②✳ ❋♦r ❡①❛♠♣❧❡✱

t❤❡ ❡✲❝♦♠♠❡r❝❡ s❡❝t♦r ✐♥q✉✐r② ❛r❣✉❡❞ t❤❛t ❞❡❝r❡❛s❡❞ ♣r✐❝❡s ❛♥❞ ♠❛r❣✐♥s ❝♦✉❧❞ ✏r❡❞✉❝❡ ✐♥✲

❝❡♥t✐✈❡s ♦❢ s♣❡❝✐❛❧✐③❡❞ r❡t❛✐❧❡rs t♦ ✐♥✈❡st ✐♥ q✉❛❧✐t② ❬✳✳✳❪✑✳ ❚❤❡♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ q✉❡st✐♦♥

❛r✐s❡s✿ ✇❤❛t ✐s t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝t ♦❢ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝②❄ ▼♦r❡♦✈❡r✱ t❤❡ ❛r❣✉♠❡♥t ✏♣r✐❝❡

tr❛♥s♣❛r❡♥❝② ❧❡❛❞s t♦ ❧♦✇❡r ♣r✐❝❡s✑ ✐♠♣❧✐❝✐t❧② ✐♠♣❧✐❡s t❤❛t ❝♦♥s✉♠❡rs ♣r❡❢❡r ❛ ❝❤❡❛♣❡r

♣r♦❞✉❝t ❡✈❡♥ ✇❤❡♥ t❤❡② ❤❛✈❡ t❛❦❡♥ q✉❛❧✐t② ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❝♦♥s✉♠❡rs

s♦♠❡t✐♠❡s ♣r❡❢❡r ♠♦r❡ ❡①♣❡♥s✐✈❡ ♣r♦❞✉❝ts ✐♥ r❡❛❧✐t② ✇❤❡♥ t❤❡② ❜❡❧✐❡✈❡ ✏②♦✉ ❣❡t ✇❤❛t ②♦✉

♣❛② ❢♦r✑✳ ❙♦ ❤♦✇ ❝❛♥ ✇❡ ✉♥✐❢② t❤❡s❡ ❝♦♥✢✐❝t✐♥❣ ♦❜s❡r✈❛t✐♦♥s❄

❲❡ ❛r❣✉❡ t❤❛t t❤❡ ❦❡② t♦ ❛♥s✇❡r✐♥❣ t❤❡s❡ q✉❡st✐♦♥s ✐s t❤❛t ✇❤❡t❤❡r r❡t❛✐❧❡rs ❝❛♥

✐♠♣r♦✈❡ q✉❛❧✐t② ✇✐t❤ r❡❧❛t✐✈❡❧② ❧♦✇ ❡✛♦rt ❝♦st✳ ■❢ r❡t❛✐❧❡rs ❝❛♥♥♦t ❞♦ ✐t✱ t❤❡② ✇✐❧❧ ♥♦t ♠❛❦❡

♠✉❝❤ ❡✛♦rt t♦ ✐♠♣r♦✈❡ q✉❛❧✐t② ❛♥②✇❛②✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❝❧♦s❡❞ t♦ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✭♣r✐❝❡✮

❝♦♠♣❡t✐t✐♦♥ ❣❛♠❡ ✇❤❡r❡ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❧❡❛❞s t♦ ❤✐❣❤❡r ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧

✇❡❧❢❛r❡✱ ❛♥❞ ❝♦♥s✉♠❡rs ❛❧✇❛②s ♣r❡❢❡r ❝❤❡❛♣❡r ♣r♦❞✉❝ts✳ ■❢ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡

q✉❛❧✐t②✱ t❤❡② ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ♠❛❦❡ ❤✐❣❤ ❡✛♦rts ✇❤❡♥ t❤❡② ❝❤♦♦s❡ ❤✐❣❤ ♣r✐❝❡s ❜❡❝❛✉s❡

t❤❡② ❤❛✈❡ ❝♦♥❝❡r♥s ❛❜♦✉t ♠✐ss❡❞ s❛❧❡s✱ ✇❤❡r❡❜② s♦♠❡ ❝♦♥s✉♠❡rs ♠❛② ❢♦r❣♦ ♣✉r❝❤❛s✐♥❣

t❤❡ ♣r♦❞✉❝t ✇❤❡♥ ❢❛❝❡❞ ✇✐t❤ ❛ ✈❡r② ❧♦✇ q✉❛❧✐t②✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❡✲❝♦♠♠❡r❝❡ s❡❝t♦r

✐♥q✉✐r② ✇♦rr✐❡❞✱ r❡❞✉❝❡❞ ♣r✐❝❡s ❛♥❞ ♠❛r❣✐♥s ✐♥❞✉❝❡❞ ❜② ✜❡r❝❡ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ❡r♦❞❡s

r❡t❛✐❧❡rs✬ ❡✛♦rt ✐♥❝❡♥t✐✈❡s t♦ ✐♥✈❡st ✐♥ q✉❛❧✐t②✱ t❤❡ ❡✣❝✐❡♥❝② ❧♦ss ❝❛♥ ❜❡ ✈❡r② ❧❛r❣❡ s✉❝❤

t❤❛t ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❧❡❛❞s t♦ ❧♦✇❡r t♦t❛❧ ✇❡❧❢❛r❡✳

❙❡❝t✐♦♥ ✸ ✐♥tr♦❞✉❝❡s t❤❡ ❢r❛♠❡✇♦r❦✳ ❲❡ ♠♦❞✐❢② ❛ ❝❛♥♦♥✐❝❛❧ ❝❧❡❛r✐♥❣❤♦✉s❡ ♠♦❞❡❧ ❜②

❛❞❞✐♥❣ q✉❛❧✐t②✳ ❆s ✐s ❝♦♥✈❡♥t✐♦♥❛❧✱ t❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ t✇♦ r❡t❛✐❧❡rs s❡❧❧✐♥❣ ❤♦♠♦❣❡♥❡♦✉s

♣r♦❞✉❝ts✳ ❘❡t❛✐❧❡rs ❝❛♥ ❡①❡rt ❡✛♦rts t♦ ✐♥❝r❡❛s❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡✐r s❡r✈✐❝❡ ❛♥❞ ♦❢ t❤❡✐r

✷



♣r♦❞✉❝t✱ ❛♥❞ ❝♦♥s✉♠❡rs ❜❡♥❡✜t ❢r♦♠ ❛ r❡t❛✐❧❡r✬s ❡✛♦rt ♦♥❧② ✐❢ t❤❡② ♣✉r❝❤❛s❡ ❢r♦♠ t❤✐s

r❡t❛✐❧❡r✳✶ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ ❢❛st ❞❡❧✐✈❡r②✱ ❛ss❡♠❜❧②✱ ✇❛rr❛♥t✐❡s✱ ❣✐❢t ✇r❛♣♣✐♥❣✱ ♣❛❝❦❛❣✐♥❣✱

♠❛✐♥t❡♥❛♥❝❡✱ ❛♥❞ s♦ ❢♦rt❤✳ ❈♦♥s✉♠❡rs ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❣r♦✉♣s✿ ✏❧♦②❛❧✑ ❝♦♥s✉♠❡rs

♦♥❧② ❜✉② ❢r♦♠ ❛ ❞❡s✐❣♥❛t❡❞ ❵❧♦❝❛❧✬ r❡t❛✐❧❡r✱ ✇❤✐❧❡ ✏♥♦♥✲❧♦②❛❧✑ ❝♦♥s✉♠❡rs ✉s❡ ❛❧❧ t❤❡ ✐♥❢♦r✲

♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ t♦ ♠❛❦❡ t❤❡ ❜❡st ❞❡❝✐s✐♦♥✳

❚♦ ✐❞❡♥t✐❢② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥✱ ✇❡ ♠❛✐♥❧② ❢♦❝✉s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s✐t✉❛✲

t✐♦♥s✳ ❋✐rst✱ ❛s ❛ ❜❡♥❝❤♠❛r❦✱ ❝♦♥s✉♠❡rs ❧❡❛r♥ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣ ❛♥❞ t❤❡②

✐♥❝✉r ❛ s❡❛r❝❤ ❝♦st t♦ ✈✐s✐t ❛ r❡t❛✐❧❡r t♦ ❧❡❛r♥ ✐ts ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✳ ❙❡❝♦♥❞✱ ♥♦♥✲❧♦②❛❧

❝♦♥s✉♠❡rs ❝❛♥ ✉s❡ ❛ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡ t♦ ❧❡❛r♥ ❛❧❧ ♣r✐❝❡s ❜❡❢♦r❡ s❡❛r❝❤✐♥❣ ✭♣r✐❝❡

tr❛♥s♣❛r❡♥❝②✮✱ t❤❡✐r s❡❛r❝❤ ❛❝t✐♦♥s ❛r❡ t❤❡r❡❢♦r❡ ❞✐r❡❝t❡❞ ❜② t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡s✳ ❲❡ ❝❛❧❧

t❤❡♠ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦ ❛♥❞ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✳

❙❡❝t✐♦♥ ✸ ❛❧s♦ st✉❞✐❡s t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ ❛♥ ❡✣❝✐❡♥t ❡✛♦rt

t❤❛t ♠❛①✐♠✐③❡s ❝♦♥s✉♠❡rs✬ ❣❛✐♥ ❢r♦♠ q✉❛❧✐t② ♠✐♥✉s r❡t❛✐❧❡rs✬ ❡✛♦rt ❝♦st✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥

❡q✉✐❧✐❜r✐✉♠ ❡✛♦rt✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❉✐❛♠♦♥❞ ✭✶✾✼✶✮✱

r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ q✉❛❧✐t② ✐♥ ❡q✉✐❧✐❜r✐✉♠✳✷ ❙✐♥❝❡ ❝♦♥s✉♠❡rs ❝❛♥♥♦t

♦❜s❡r✈❡ ❛♥②t❤✐♥❣ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣ ❛ ✭♠♦♥♦♣♦❧②✮ r❡t❛✐❧❡r

✐s ✜①❡❞✱ ❛♥❞ ❡①❡rt✐♥❣ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt ❛❧❧♦✇s t❤❡ r❡t❛✐❧❡r t♦ ♦❜t❛✐♥ t❤❡ ❤✐❣❤❡st ♠❛r❣✐♥

✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ❞❡♠❛♥❞ ✉♥❝❤❛♥❣❡❞✳

❙❡❝t✐♦♥ ✹ ❝♦♥s✐❞❡rs t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✇❤✐❝❤ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

❲❡ ✜rst ♥❡❡❞ t♦ ♣✐♥ ❞♦✇♥ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s ❛❜♦✉t ❡✛♦rts ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r

♦❜s❡r✈❡❞ ♣r✐❝❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ❛ ❝♦♥s✉♠❡r s❡❡s t✇♦ r❡t❛✐❧❡rs ❝❤❛r❣✐♥❣ ✶✵✵ ❡✉r♦s ❛♥❞

✶✶✵ ❡✉r♦s r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡ s❛♠❡ s✉♥❣❧❛ss❡s ♦♥ t❤❡ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ ✇❤✐❝❤

♦♥❡ s❤♦✉❧❞ ❤❡ ♦r s❤❡ ❡①♣❡❝t t♦ ❜❡ ❜❡tt❡r❄ ❲❡ ❡♠♣❧♦② ❛ ❜❡❧✐❡❢ ❝♦♥❝❡♣t s✉♠♠❛r✐③❡❞ ❜②

■♥ ❛♥❞ ❲r✐❣❤t ✭✷✵✶✽✮✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ t❤❛t ❛ r❡t❛✐❧❡r ♠✉st

❝❤♦♦s❡ t❤❡ ❡✛♦rt t❤❛t ✐s ♦♣t✐♠❛❧ ❢♦r ✐t ❣✐✈❡♥ ✐ts ♣r✐❝❡ ❛♥❞ ❣✐✈❡♥ ❛❧❧ t❤❡ ♣❧❛②❡rs✬ ❡q✉✐❧✐❜r✐✉♠

str❛t❡❣✐❡s✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ❜❡❧✐❡❢ ❛❜♦✉t ❛ r❡t❛✐❧❡r✬s ❡✛♦rt ✐s ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥ ❜②

✐ts ♣r✐❝❡✳ ❉✐✛❡r❡♥t ❢r♦♠ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ r❡t❛✐❧❡rs ❝❤♦♦s❡ ❧♦✇❡r ❡✛♦rts ❜❡❝❛✉s❡

t❤❡② ❝❛♥♥♦t ❝♦♠♠✐t t♦ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt✳ ❲❤❡♥ t❤❡ ♣r✐❝❡ ✐s ❧♦✇❡r✱ t❤❡② ❛❧✇❛②s ❤❛✈❡

✐♥❝❡♥t✐✈❡s t♦ s❧✐❣❤t❧② r❡❞✉❝❡ t❤❡✐r ❡✛♦rts ❞✉❡ t♦ t❤❡ s❡❛r❝❤ ❝♦st✳

✶❈♦♥❝❡r♥s ❛❜♦✉t ❡✛♦rt ❢r❡❡✲r✐❞✐♥❣ ❤❛✈❡ ❛❧s♦ r❡❝❡♥t❧② ❧❡❞ t♦ ♥❡✇ ❛tt❡♥t✐♦♥ ❜❡❝❛✉s❡ ♦❢ ♣r✐❝❡ tr❛♥s✲

♣❛r❡♥❝②✳ ❊①❛♠♣❧❡s ♦❢ r❡❝❡♥t st✉❞✐❡s ❛r❡ ❲❛♥❣ ❛♥❞ ❲r✐❣❤t ✭✷✵✷✵✮ ❛♥❞ ❏❛♥ss❡♥ ❛♥❞ ❑❡ ✭✷✵✷✵✮❀ s❡❡ t❤❡

❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ❊✲❝♦♠♠❡r❝❡ ❙❡❝t♦r ■♥q✉✐r② ❢♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✳
✷❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦♥♦♣♦❧② ❡✛♦rt ✐s t❤❡ ❡✣❝✐❡♥t ❡✛♦rt✳

✸



◆♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs t❤❡r❡❢♦r❡ ✇✐❧❧ ✈✐s✐t t❤❡ r❡t❛✐❧❡r ✇✐t❤ t❤❡ ❤✐❣❤❡st ❡①♣❡❝t❡❞ s✉r♣❧✉s

❛❝❝♦r❞✐♥❣ t♦ ♦❜s❡r✈❡❞ ♣r✐❝❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❡❧✐❡❢s ❛❜♦✉t ❡✛♦rts✳ ■❢ r❡t❛✐❧❡rs

❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✱ ❡✛♦rts ❞♦ ♥♦t ❤❛✈❡ ❛ ❧❛r❣❡ ✐♥✢✉❡♥❝❡ ♦♥ ❝♦♥s✉♠❡rs✬ ♥❡t

s✉r♣❧✉s✳ ◆♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✇✐❧❧ s✐♠♣❧② ✈✐s✐t t❤❡ r❡t❛✐❧❡r ✇✐t❤ t❤❡ ❧♦✇❡st ♣r✐❝❡✱ ❛♥❞ t❤❡

❡q✉✐❧✐❜r✐✉♠ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❱❛r✐❛♥ ✭✶✾✽✵✮✳ ❍♦✇❡✈❡r✱ ✐❢ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡

q✉❛❧✐t②✱ ✇❡ ♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t ❝♦♥s✉♠❡rs ❛ss♦❝✐❛t❡ ❛ ❤✐❣❤❡r ♣r✐❝❡ ✇✐t❤ ❛ ❤✐❣❤❡r

s✉r♣❧✉s✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ r❡❞✉❝❡❞ ♠❛r❣✐♥ ❝❛✉s❡❞ ❜② ❛ ❧♦✇❡r ♣r✐❝❡ ❝❛♥ r❡❞✉❝❡

r❡t❛✐❧❡rs✬ ❡✛♦rt ✐♥❝❡♥t✐✈❡s✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ ❛ ❧❛r❣❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❡①♣❡❝t❡❞ s✉r♣❧✉s ✐♥

t❤✐s ❝❛s❡✳ ❚❤❡r❡❢♦r❡✱ r❡t❛✐❧❡rs ❝❛♥♥♦t ❛ttr❛❝t ♠♦r❡ ❝♦♥s✉♠❡rs ❜② ❝❤♦♦s✐♥❣ ❧♦✇❡r ♣r✐❝❡s✳

❚❤✐s ♣r♦♣❡rt② ❝❛♥ r❡s✉❧t ✐♥ ❛ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ♠❛ss ♣♦✐♥t ❛t t❤❡ ❜♦tt♦♠

♦r ♠✐❞❞❧❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉♣♣♦rt ❛♥❞ ❝❛♥ ❡✈❡♥ ❧❡❛❞ t♦ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱

✇❤✐❝❤ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ ❱❛r✐❛♥ ✭✶✾✽✵✮✳

❙❡❝t✐♦♥ ✺ st✉❞✐❡s t❤❡ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ ♣r✐❝❡

tr❛♥s♣❛r❡♥❝② ❛❧✇❛②s ✐♥❝r❡❛s❡s ❝♦♥s✉♠❡r s✉r♣❧✉s✱ ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ❛r❡ ✇✐❧❧✐♥❣ t♦ ♣r♦✈✐❞❡

❜❡tt❡r ♦✛❡rs t♦ ❛ttr❛❝t ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ♦♥

t♦t❛❧ ✇❡❧❢❛r❡ ✐s ❛♠❜✐❣✉♦✉s❀ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦ ✐♥✈♦❧✈❡s ♠♦r❡ ❡✣❝✐❡♥t ❡✛♦rts✱ ✇❤✐❧❡

t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✐♥✈♦❧✈❡s ❧♦✇❡r ♣r✐❝❡s✳ ❲❡ ✜♥❞ t❤❛t t♦t❛❧ ✇❡❧❢❛r❡ ✐♥ t❤❡

♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ❝❛♥ ❜❡ ❡✐t❤❡r ❤✐❣❤❡r ♦r ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦

s❝❡♥❛r✐♦✳ ❚❤❡ ❦❡② ❞❡t❡r♠✐♥❛♥ts ❛r❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❛♥❞ ✇❤❡t❤❡r

r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✳

❚❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦ ✇❤❡♥

t❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❆ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐♥❝r❡❛s❡s t❤❡

t♦t❛❧ ✇❡❧❢❛r❡ ♦❢ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✇❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ❆

❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❤❛s ❛ r❡❧❛t✐✈❡❧② s♠❛❧❧❡r ❡✛❡❝t ♦♥ ✐♥❞✉str② ♣r♦✜t

t❤❛♥ ♦♥ ❝♦♥s✉♠❡r s✉r♣❧✉s✱ ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ ♣r✐❝❡s ❛♥❞ ❡✛♦rts t❤❛t ❛r❡ ❝❧♦s❡ t♦

t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ ❡✛♦rt ✐♥ t❤✐s s✐t✉❛t✐♦♥✳

❲❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐s ❧❛r❣❡✱ t❤❡ ❡✛❡❝t ♦❢ ❛ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦♥

t♦t❛❧ ✇❡❧❢❛r❡ ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r r❡t❛✐❧❡rs ❝❛♥♥♦t

❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② ♦r ♥♦t✳ ■❢ r❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✱ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡

♦❢ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✐s ❛❧✇❛②s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧

❝♦♥s✉♠❡rs✳ ❚❤❡ ❡✛❡❝t ♦❢ ❧♦✇❡r ♣r✐❝❡s ❞♦♠✐♥❛t❡s t❤❡ ❡✛❡❝t ♦❢ ❡✣❝✐❡♥t ❡✛♦rts ❜❡❝❛✉s❡ ❛

❤✐❣❤❡r ❡✛♦rt ❞♦❡s ♥♦t ❤❛✈❡ ♠✉❝❤ ❡✛❡❝t ♦♥ q✉❛❧✐t②✳ ■❢ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✱
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t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ♦❢ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✐s s♦♠❡t✐♠❡s ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡

❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❛♥❞ ❝❛♥ ❜❡ ❧♦✇❡r t❤❛♥ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦

s❝❡♥❛r✐♦✳ ❆ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❧❡❛❞s t♦ ❡①❝❡ss✐✈❡ ❝♦♠♣❡t✐t✐♦♥✱

✇❤✐❝❤ r❡❞✉❝❡s t❤❡ r❡t❛✐❧❡rs✬ ❡✛♦rt ✐♥❝❡♥t✐✈❡s✱ ❛♥❞ t❤❡ ❡✛❡❝t ♦❢ ❡✣❝✐❡♥t ❡✛♦rts t❤❡r❡❢♦r❡

❞♦♠✐♥❛♥ts t❤❡ ❡✛❡❝t ♦❢ ❧♦✇❡r ♣r✐❝❡s✳

❙❡❝t✐♦♥ ✻ ❛♥❛❧②③❡s t❤❡ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥✳ ❲❡ ✜rst ❡①♣❧♦r❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡

✐♥s✐❣❤ts ❢♦r r❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡ r❡❣✉❧❛t✐♦♥s✳ ❲❡ ❞♦ s♦ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♠✐♥✐♠✉♠

♣r✐❝❡ ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✳ ❲❡ ✜♥❞ t❤❛t ❤❛✈✐♥❣ ❛ ♠✐♥✐♠✉♠ ♣r✐❝❡ s❧✐❣❤t❧②

❛❜♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣ s✉♣♣♦rt str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ t♦t❛❧

✇❡❧❢❛r❡ ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✳ ❚❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠ ♣r✐❝❡ s✐♥❝❡

t♦t❛❧ ✇❡❧❢❛r❡ ✐s ❜♦✉♥❞❡❞✳ ❲✐t❤ t❤❡ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠ ♣r✐❝❡✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥s✉♠❡r

s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ❛r❡ str✐❝t❧② ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✳ ❍❛✈✐♥❣

❛ ♠✐♥✐♠✉♠ ♣r✐❝❡ ♣r❡✈❡♥ts r❡t❛✐❧❡rs ❢r♦♠ ❝❤♦♦s✐♥❣ ✈❡r② ❧♦✇ ♣r✐❝❡s ❛♥❞ ✐♥❡✣❝✐❡♥t ❡✛♦rts✱

❛♥❞ ✐t r❡s✉❧ts ✐♥ ❧❡ss r✐s❦② ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥ s✐♥❝❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡

✇✐t❤ ❛ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ❇❛♥♥✐♥❣ r❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡ t❤❡r❡❢♦r❡ ♠✐❣❤t r❡❞✉❝❡

❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡✳

❲❡ t❤❡♥ ❛r❣✉❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ q✉❛❧✐t② tr❛♥s♣❛r❡♥❝② ❜② ❡①❛♠✐♥✐♥❣ t❤❡ s✐t✉❛t✐♦♥

✇❤❡♥ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❦♥♦✇ ❛❧❧ t❤❡ ♣r✐❝❡s ❛♥❞ q✉❛❧✐t✐❡s ❜❡❢♦r❡ s❡❛r❝❤✐♥❣ ✭❢✉❧❧ ✐♥✲

❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦✮✳ ❲❡ ✜♥❞ t❤❛t r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt ❛♥❞ t❤❡

❝♦♠♣❡t✐t✐♦♥ ❢♦r ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❧❡❛❞s t♦ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ❧✐❦❡ ✐♥ ❱❛r✐❛♥ ✭✶✾✽✵✮✳ ❈♦♥✲

s✉♠❡rs ❦♥♦✇ t❤❡ ♥❡t s✉r♣❧✉s ♦❢ ♣✉r❝❤❛s✐♥❣ ❢r♦♠ ❡❛❝❤ r❡t❛✐❧❡r ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳ ❚❤❡r❡❢♦r❡✱

❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣ ❛ r❡t❛✐❧❡r ❛♥❞ ♣❡r✲❝♦♥s✉♠❡r ❞❡♠❛♥❞ ❞❡♣❡♥❞s ♦♥

t❤❡ ♦❜s❡r✈❡❞ ♥❡t s✉r♣❧✉s✱ ❛♥❞ ❡①❡rt✐♥❣ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt ❛❧❧♦✇s t❤❡ r❡t❛✐❧❡r t♦ ♦❜t❛✐♥

t❤❡ ❤✐❣❤❡st ♠❛r❣✐♥ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ♥❡t s✉r♣❧✉s ✉♥❝❤❛♥❣❡❞✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♣r✐❝❡

❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱ r❡t❛✐❧❡rs ❝❛♥ ❝♦♠♣❡t❡ ✐♥ ❛ ♠♦r❡ ❡✣❝✐❡♥t ✇❛② s✐♥❝❡ t❤❡② ❝❛♥

❝♦♠♠✐t t♦ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt✳ ▲✐❦❡ ❜❡❢♦r❡✱ ❤❛✈✐♥❣ ❛ ♠✐♥✐♠✉♠ ♣r✐❝❡ s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡

❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣ s✉♣♣♦rt str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s

❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐♥ t❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦✱ ❛♥❞ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧

✇❡❧❢❛r❡ ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠ ♣r✐❝❡ ❛r❡ str✐❝t❧② ❤✐❣❤❡r ✐♥ t❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦

t❤❛♥ ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✳

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❛♥❛❧②s✐s✱ ✐♥ s❡❝t✐♦♥ ✼✱ ✇❡ ✜♥❛❧❧② ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ✇❤❡r❡ r❡t❛✐❧❡rs

❝❛♥ ♦❜❢✉s❝❛t❡ ❝♦♥s✉♠❡rs ❛❜♦✉t t❤❡✐r ♣r✐❝❡ ❜❡❢♦r❡ t❤❡ ❝♦♥s✉♠❡rs ✈✐s✐t t❤❡ r❡t❛✐❧❡r✳ ❚❤❡

✺



❈❤✐♥❡s❡ ♣❧❛t❢♦r♠ ❚❛♦❜❛♦ ♦✛❡rs ♦♥❡ s✉❝❤ ❡①❛♠♣❧❡✳ ❲❤❡♥ ❝♦♥s✉♠❡rs s❡❛r❝❤ ❢♦r ❛ ❣✐✈❡♥

♣r♦❞✉❝t✱ s❛②✱ t❤❡ ✐P❤♦♥❡ ✽ ✶✷✽ ●✱ t❤❡② ❝❛♥ s❡❡ ❛ ❧✐st ♦❢ ♦✛❡rs ✇✐t❤ ♣r✐❝❡s✳ ❍♦✇❡✈❡r✱

r❡t❛✐❧❡rs ❛r❡ ❛❜❧❡ t♦ ♦❜❢✉s❝❛t❡ ❜② ❧✐st✐♥❣ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ✐P❤♦♥❡ ✽ ✻✹ ●✱ ❛♥❞ ❝♦♥s✉♠❡rs

❝❛♥ ♥❡✈❡r ❦♥♦✇ t❤❡ tr✉❡ ♣r✐❝❡ ✉♥t✐❧ t❤❡② ❝❧✐❝❦ t❤❡ ❧✐♥❦✳ ❈♦♥s✉♠❡rs ❛r❡ ❛❜❧❡ t♦ ♦❜s❡r✈❡

t❤❡ r❛t✐♥❣ s❝♦r❡s ♦❢ t❤❡ r❡t❛✐❧❡rs✱ ✇❤✐❝❤ ✐s ❛ ♣r♦①② ❢♦r r❡t❛✐❧❡rs✬ q✉❛❧✐t②✳ ❲❡ ✜♥❞ t❤❛t

❡✈❡♥ ✐❢ ❝♦♥s✉♠❡rs ❝❛♥ ♦❜s❡r✈❡ ♣❡r❢❡❝t❧② ❛❝❝✉r❛t❡ q✉❛❧✐t② ✐♥❢♦r♠❛t✐♦♥ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✱

r❡t❛✐❧❡rs ✇✐❧❧ ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ ❡✛♦rt ✇✐t❤♦✉t ♣r✐❝❡ tr❛♥s♣❛r❡♥❝②✳ ▲✐❦❡ t❤❡

♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱ t❤❡ ❜❡❧✐❡❢ ❛❜♦✉t ♣r✐❝❡ ✐s ✉♥✐q✉❡❧② ♣✐♥♥❡❞ ❞♦✇♥ ❜② ♦❜s❡r✈❡❞

q✉❛❧✐t②✳ ❉✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❜❡st

♦✛❡r t❤❡② ❝❛♥ ❣❡t ✐s ✇❤❡♥ t❤❡② s❡❡ ❛ r❡t❛✐❧❡r ❝❤♦♦s❡s t❤❡ ♠♦♥♦♣♦❧② q✉❛❧✐t②✱ ❛♥❞ t❤❡②

❡①♣❡❝t t❤❛t t❤❡ r❡t❛✐❧❡r ❛❧s♦ ❝❤♦♦s❡s t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ✐s

t❤❡r❡❢♦r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❧♦❣✐❝ ✐s

✈❡r② ❞✐✛❡r❡♥t✳

✶✳✶ ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❚❤✐s ♣❛♣❡r ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝❧❡❛r✐♥❣❤♦✉s❡ ❧✐t❡r❛t✉r❡ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ r❛t✐♦♥❛❧✐③❡ t❤❡

♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝ts ♦❜s❡r✈❡❞ ✐♥ ❜♦t❤ ♦✤✐♥❡ ❛♥❞ ♦♥❧✐♥❡ ♠❛r❦❡ts✳

Pr♦♠✐♥❡♥t ❡❛r❧② ❡①❛♠♣❧❡s ❛r❡ ❱❛r✐❛♥ ✭✶✾✽✵✮✱ ❙t❛❤❧ ✭✶✾✽✾✮✱ ❛♥❞ ❇❛②❡✱ ❑♦✈❡♥♦❝❦✱ ❛♥❞

❉❡ ❱r✐❡s ✭✶✾✾✷✮✳ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ s♦♠❡ ❝♦♥s✉♠❡rs ❤❛✈❡ ❛❝❝❡ss t♦ ♣r✐❝❡ ✐♥❢♦r♠❛t✐♦♥ ❜②

❝♦♥s✉❧t✐♥❣ ❛♥ ✏✐♥❢♦r♠❛t✐♦♥ ❝❧❡❛r✐♥❣❤♦✉s❡✑ ✭❡✳❣✳ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡s✮✳ ❈♦♥s✉♠❡rs

❛r❡ t❤❡♥ s♣❧✐t ✐♥t♦ ✏❧♦②❛❧✑ ❝♦♥s✉♠❡rs ✇❤♦ ❛r❡ ♦♥❧② ✇✐❧❧✐♥❣ t♦ ❜✉② ❢r♦♠ ❛ ❞❡s✐❣♥❛t❡❞ ✜r♠✱

❛♥❞ ✏♥♦♥✲❧♦②❛❧✑ ❝♦♥s✉♠❡rs ✇❤♦ ♦♥❧② ❜✉② ❢r♦♠ t❤❡ ✜r♠ ❝❤❛r❣✐♥❣ t❤❡ ❧♦✇❡st ♣r✐❝❡✳ ❇❛②❡

❛♥❞ ▼♦r❣❛♥ ✭✷✵✵✶✮ ❣❡♥❡r❛❧✐③❡ t❤❡ ❢r❛♠❡✇♦r❦ ❜② ❡♥❞♦❣❡♥✐③✐♥❣ t❤❡ ❞❡❝✐s✐♦♥s ♦❢ ✜r♠s ❛♥❞

❝♦♥s✉♠❡rs ❛♥❞ t❤❡ ❢❡❡s ❝❤❛r❣❡❞ ❜② t❤❡ ❝❧❡❛r✐♥❣❤♦✉s❡✳ ❙❤❡❧❡❣✐❛ ❛♥❞ ❲✐❧s♦♥ ✭✷✵✷✵✮ ❢✉rt❤❡r

❣❡♥❡r❛❧✐③❡ t❤❡ ♠♦❞❡❧ ❜② ❛❧❧♦✇✐♥❣ ❢♦r ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥s ♦❢ ✜r♠ ❤❡t❡r♦❣❡♥❡✐t②✳ ❚❤❡

❦❡② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s ❧✐t❡r❛t✉r❡ ❛♥❞ ♦✉r ✇♦r❦ ✐s t❤❛t✱ ✐♥ ♦✉r ♠♦❞❡❧✱ ❝♦♥s✉♠❡rs ❝❛r❡

❛❜♦✉t t✇♦ ❛ttr✐❜✉t❡s✿ ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✳ ✏◆♦♥✲❧♦②❛❧✑ ❝♦♥s✉♠❡rs ♠❛② ♥♦t ❝❤♦♦s❡ t❤❡ ❧♦✇❡st

♣r✐❝❡✱ ❜❡❝❛✉s❡ t❤❡✐r s❡❛r❝❤ ❜❡❤❛✈✐♦r ❞❡♣❡♥❞s ♦♥ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t q✉❛❧✐t②✳

❚❤✐s ♣❛♣❡r ❛❧s♦ r❡❧❛t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♣r✐❝❡ ❛s ❛ s✐❣♥❛❧ ♦❢ q✉❛❧✐t②✳ ❚✇♦ ♠♦st

r❡❧❡✈❛♥t ♣❛♣❡rs ❛r❡ ❲♦❧✐♥s❦② ✭✷✵✵✺✮ ❛♥❞ ❉✉❜♦✈✐❦ ❛♥❞ ❏❛♥ss❡♥ ✭✷✵✶✷✮✱ t❤❡② ❛❧s♦ st✉❞② ❛♥

❡♥✈✐r♦♥♠❡♥t ✇❤❡r❡ q✉❛❧✐t② ✐s ❡♥❞♦❣❡♥♦✉s ❛♥❞ ♦❜s❡r✈❛❜❧❡ ✭❜❡❢♦r❡ ♣✉r❝❤❛s✐♥❣✮✱ ❛♥❞ t❤❡✐r

❡q✉✐❧✐❜r✐✉♠ ❜❡❧✐❡❢s ♦♥ q✉❛❧✐t✐❡s ❛❝❝♦r❞✐♥❣ t♦ ♦❜s❡r✈❡❞ ♣r✐❝❡s ❛❧s♦ s❛t✐s❢② t❤❡ ✐❞❡❛ ♦❢ ■♥

✻



❛♥❞ ❲r✐❣❤t ✭✷✵✶✽✮✳✸ ❲♦❧✐♥s❦② ✭✷✵✵✺✮ ✜♥❞s s✐♠✐❧❛r r❡s✉❧ts t❤❛t ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❧❡❛❞s

t♦ ❤✐❣❤❡r ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ ❧♦✇❡r t♦t❛❧ ✇❡❧❢❛r❡✱✹ ❤❡ st✉❞✐❡s ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦❞✉❝ts

♠❛r❦❡t ❛♥❞ ❢♦❝✉s❡s ♦♥ ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❧❡ t❤✐s ♣❛♣❡r st✉❞✐❡s ❛ ❤♦♠♦❣❡♥❡♦✉s

♣r♦❞✉❝t ♠❛r❦❡t ✇❤✐❝❤ ✐s ♠♦r❡ r❡❧❡✈❛♥t t♦ t❤❡ ❞❡❜❛t❡ ❛❜♦✉t t❤❡ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡s

❛♥❞ ❛❧❧♦✇s ✉s t♦ st✉❞② ❤♦✇ ❝♦♥s✉♠❡rs r❡❛❝t t♦ ♣r✐❝❡s ✇❤❡♥ t❤❡② t❛❦❡ q✉❛❧✐t② ✐♥t♦ ❝♦♥s✐❞✲

❡r❛t✐♦♥✳ ❉✉❜♦✈✐❦ ❛♥❞ ❏❛♥ss❡♥ ✭✷✵✶✷✮ st✉❞② ❛ s✐♠✐❧❛r ♠♦❞❡❧ ❛s t❤✐s ♣❛♣❡r✳ ■♥ t❤❡✐r ♣❛♣❡r✱

r❡t❛✐❧❡rs ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ✐♠♣r♦✈❡ q✉❛❧✐t② ❜❡❝❛✉s❡ t❤❡② ✇❛♥t t♦ ❛ttr❛❝t ✏s❤♦♣♣❡rs✑ ✇❤♦

❦♥♦✇ ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✱ ✇❤✐❧❡ ✐♥ ♦✉r ♣❛♣❡r✱ r❡t❛✐❧❡rs ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦

✐♠♣r♦✈❡ q✉❛❧✐t② ❜❡❝❛✉s❡ t❤❡② ✇❛♥t t♦ ✐♥❝r❡❛s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡

t❤❡ ♣r♦❞✉❝t✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ❛❧s♦ ❛❧❧♦✇s ✉s t♦ ♣r♦✈✐❞❡ ♠♦r❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ♣r♦❜❧❡♠✳

❚❤✐s ♣❛♣❡r ❛❧s♦ r❡❧❛t❡s t♦ t❤❡ ❧❛r❣❡ ❛♥❞ ❣r♦✇✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ♣r♦♠✐♥❡♥❝❡ ❛♥❞ ♦r❞❡r❡❞

s❡❛r❝❤ ♠♦❞❡❧s✳✺ ❊❛r❧② ❡①❛♠♣❧❡s ♦❢ ♠❛t❝❤ s❡❛r❝❤ ♠♦❞❡❧s ✐♥❝❧✉❞❡ ❆r♠str♦♥❣✱ ❱✐❝❦❡rs✱

❛♥❞ ❩❤♦✉ ✭✷✵✵✾✮✱ ❘❤♦❞❡s ✭✷✵✶✶✮✱ ❆r♠str♦♥❣ ❛♥❞ ❩❤♦✉ ✭✷✵✶✶✮✱ ❆r❜❛ts❦❛②❛ ✭✷✵✵✼✮ ❛♥❞

❩❤♦✉ ✭✷✵✶✶✮✳✻ ❚❤❡s❡ ♣❛♣❡rs ❝♦♥s✐❞❡r ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ♠❛t❝❤ ✈❛❧✉❡ ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡

❛ttr✐❜✉t❡✳ ■♥ t❤r❡❡ r❡❝❡♥t ♣❛♣❡rs ✭❈❤♦✐✱ ❉❛✐✱ ❛♥❞ ❑✐♠✱ ✷✵✶✽✱ ❍❛❛♥✱ ▼♦r❛❣❛✲●♦♥③á❧❡③✱ ❛♥❞

P❡tr✐❦❛✐t✡❡✱ ✷✵✶✽ ❛♥❞ ❆♥❞❡rs♦♥✱ ❊♥❣❡rs✱ ❛♥❞ ❙❛✈❡❧❧❡✱ ✷✵✷✵✮✱ t❤❡ ♠❛t❝❤ ✈❛❧✉❡ ✐s ❝♦♠♣♦s❡❞

♦❢ t✇♦ ❛ttr✐❜✉t❡s✱ ❛♥❞ t❤❡ ♦r❞❡r ✐s ❞❡❝✐❞❡❞ ❜② ♣❛rt✐❛❧❧② ♦❜s❡r✈❡❞ ♣r♦❞✉❝t ✐♥❢♦r♠❛t✐♦♥ ❛♥❞

❛❞✈❡rt✐s❡❞ ♣r✐❝❡s✳ ❙✐♠✐❧❛r t♦ ♦✉r ♣❛♣❡r✱ ❲✐❧s♦♥ ✭✷✵✶✵✮ ❛♥❞ ❉✐♥❣ ❛♥❞ ❩❤❛♥❣ ✭✷✵✶✽✮ st✉❞②

t❤❡ ♦r❞❡r❡❞ s❡❛r❝❤ ♣r♦❜❧❡♠ ✐♥ ❛ ❝❧❡❛r✐♥❣❤♦✉s❡ ♠♦❞❡❧✱ ❜✉t ♥❡✐t❤❡r ♦❢ t❤❡♠ ❝♦♥s✐❞❡rs t❤❡

❡✛❡❝t ♦❢ q✉❛❧✐t② ♦♥ ❝♦♥s✉♠❡rs✬ ✉t✐❧✐t②✳ ❈❤✐♦✈❡❛♥✉ ✭✷✵✶✾✮ ❛❧s♦ ✉s❡ t❤✐s ❢r❛♠❡✇♦r❦ t♦ st✉❞②

t❤❡ ♦r❞❡r❡❞ s❡❛r❝❤ ♣r♦❜❧❡♠ ✇❤❡♥ ❡❛❝❤ ✜r♠ ❝❛♥ ♦❜❢✉s❝❛t❡ ❝♦♥s✉♠❡rs ❛❜♦✉t ✐ts ♣r✐❝❡✳ ■♥

t❤✐s ♣❛♣❡r✱ t❤❡ ♣r♦❞✉❝t ✐s ❤♦♠♦❣❡♥❡♦✉s✱ ❛♥❞ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ ❛♥❞ t❤❡ ♣r✐❝❡s ❛r❡

❦♥♦✇♥ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳ ❚❤❡ ✉♥♦❜s❡r✈❡❞ ❛ttr✐❜✉t❡ ✐s ❡♥❞♦❣❡♥♦✉s ✐♥ t❤✐s ♣❛♣❡r✱ ❛♥❞ t❤❡

❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ❜❡❧✐❡❢s ♦❢ ❝♦♥s✉♠❡rs ❜❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❡❞ ❛ttr✐❜✉t❡✳

❋✐♥❛❧❧②✱ t❤✐s ♣❛♣❡r r❡❧❛t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❝♦♥s✉♠❡r s❡❛r❝❤ ❛♥❞ ✜r♠s✬ s❡r✈✐❝❡

✸❖t❤❡r ❡①❛♠♣❧❡s ✐♥❝❧✉❞❡ ❲✐❧s♦♥ ✭✶✾✽✵✮✱ ❑❧❡✐♥ ❛♥❞ ▲❡✤❡r ✭✶✾✽✶✮✱ ❲♦❧✐♥s❦② ✭✶✾✽✸✮✱ ❊❧❧✐♥❣s❡♥ ✭✶✾✾✼✮✱

❛♥❞ ❇❡st❡r ✭✶✾✾✽✮✳ ❚❤❡s❡ ♣❛♣❡rs ❡✐t❤❡r ❛ss✉♠❡ q✉❛❧✐t② ✐s ❡①♦❣❡♥♦✉s✱ ♦r ❝♦♥s✉♠❡rs ❝❛♥♥♦t ❢✉❧❧② ♦❜s❡r✈❡

q✉❛❧✐t② ❜❡❢♦r❡ ♣✉r❝❤❛s✐♥❣✳
✹■♥ t❤✐s ♣❛♣❡r✱ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❝❛♥ ❧❡❛❞ t♦ ❡✐t❤❡r ❤✐❣❤❡r ♦r ❧♦✇❡r t♦t❛❧ ✇❡❧❢❛r❡✳
✺❙❡❡ ❆r♠str♦♥❣ ✭✷✵✶✼✮ ❢♦r ❛ r❡❝❡♥t s✉r✈❡②✳
✻❚❤❡ s❡❛r❝❤ ♦r❞❡r ✐s ❡①♦❣❡♥♦✉s ✐♥ ❆r♠str♦♥❣✱ ❱✐❝❦❡rs✱ ❛♥❞ ❩❤♦✉ ✭✷✵✵✾✮ ❛♥❞ ❘❤♦❞❡s ✭✷✵✶✶✮✱ ✜r♠s

❝❛♥ ✐♥✢✉❡♥❝❡ t❤❡ ♦r❞❡r ❜② ♣❛②✐♥❣ ♠♦♥❡② ✐♥ ❆r♠str♦♥❣ ❛♥❞ ❩❤♦✉ ✭✷✵✶✶✮✱ t❤❡ ♦r❞❡r ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡

s❡❛r❝❤ ❝♦st ✐♥ ❆r❜❛ts❦❛②❛ ✭✷✵✵✼✮✱ ❛♥❞ ✐♥ ❩❤♦✉ ✭✷✵✶✶✮✱ t❤❡ ♦r❞❡r ✐s ❞❡❝✐❞❡❞ ❜② t❤❡ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s

❛❜♦✉t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✳

✼



❛♥❞ q✉❛❧✐t②✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❢r❡❡✲r✐❞✐♥❣ ✐s ❞✐s❝✉ss❡❞ ❜② ❏❛♥ss❡♥ ❛♥❞ ❑❡ ✭✷✵✷✵✮✱ ✇❤♦

❝♦♥s✐❞❡r ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ r❡t❛✐❧❡rs ❝❛♥ ♣r♦✈✐❞❡ s❡r✈✐❝❡s t❤❛t ❡♥❤❛♥❝❡ t❤❡ ✉t✐❧✐t② ♦❢ ❜✉②✐♥❣

t❤❡ ♣r♦❞✉❝t ❛t ❛♥② r❡t❛✐❧❡r✳ ❚❤❡② ✜♥❞ t❤❛t ✜r♠s t❤❛t ♣r♦✈✐❞❡ s❡r✈✐❝❡ ❛♥❞ t❤♦s❡ t❤❛t ❞♦

♥♦t ❝❛♥ ❝♦❡①✐st ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲♦❧✐♥s❦② ✭✷✵✵✺✮✱ ❋✐s❤♠❛♥ ❛♥❞ ▲❡✈② ✭✷✵✶✺✮ ❛♥❞ ▼♦r❛❣❛✲

●♦♥③á❧❡③ ❛♥❞ ❙✉♥ ✭✷✵✷✵✮ ❝♦♥s✐❞❡r ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ✜r♠s ❝❛♥ ♠❛❦❡ ❡✛♦rts t♦ ✐♥❝r❡❛s❡

♣r♦❞✉❝t q✉❛❧✐t②✳ ❈❤❡♥ ❛♥❞ ❩❤❛♥❣ ✭✷✵✶✾✮ st✉❞② ❛ s✐♠✐❧❛r ♠♦❞❡❧ ❜✉t ✇✐t❤ ❡①♣❡r✐❡♥❝❡

❣♦♦❞s✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❝♦♥s✉♠❡rs ❢♦r♠ ❛ ❜❡❧✐❡❢ ❛❜♦✉t q✉❛❧✐t② ❛❝❝♦r❞✐♥❣ t♦ ♦❜s❡r✈❡❞ ♣r✐❝❡s✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ s❡❛r❝❤ ✐s ♦r❞❡r❡❞✳

✷ ❆♥ ■❧❧✉str❛t✐✈❡ ❊①❛♠♣❧❡

❚♦ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛✐♥ ✐❞❡❛s ✐♥ t❤❡ s✐♠♣❧❡st ♣♦ss✐❜❧❡ ✇❛②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

❡①❛♠♣❧❡✳ ❚❤❡r❡ ❛r❡ t✇♦ ♦♥❧✐♥❡ r❡t❛✐❧❡rs ❛♥❞ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❝♦♥s✉♠❡rs ✐♥t❡r❡st❡❞ ✐♥

❜✉②✐♥❣ ❛ ❜♦♦❦✳ ❈♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ ❢♦r t❤❡ ❜♦♦❦ v ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t✐♦♥ ❢r♦♠ ✩✵ t♦

✩✶✵✳ ■❢ r❡t❛✐❧❡rs ♠❛❦❡ ♥♦ ❡✛♦rt✱ t❤❡ ❞❡❧✐✈❡r② t✐♠❡ ✇✐❧❧ ❜❡ ❧♦♥❣✱ ❛♥❞ t❤❡ ❜♦♦❦ ✇✐❧❧ ♥♦t ❜❡

✐♥ ❛ ❣♦♦❞ ❝♦♥❞✐t✐♦♥✳ ❲❡ ❛ss✉♠❡ ❝♦♥s✉♠❡rs s✉✛❡r ✩✺ ✐♥ t❤✐s s✐t✉❛t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✭s❡r✈✐❝❡ ❛♥❞ ♣r♦❞✉❝t✮ q✉❛❧✐t② ✐s q0 = −5✳ ❘❡t❛✐❧❡rs ❝❛♥ ❛❧s♦ ✐♥❝✉r ❛♥

❡✛♦rt t♦ ✐♠♣r♦✈❡ t❤❡ q✉❛❧✐t② ❛t ❛ ❝♦st ✩✷✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛❧✐t② ✐s q+✳ ❲❡ ❛ss✉♠❡

q0 < q+ < 0✳

❈♦♥s✉♠❡rs✬ ♥❡t s✉r♣❧✉s ♦❢ ♣✉r❝❤❛s✐♥❣ ❛ ♣r♦❞✉❝t ✇✐t❤ ♣r✐❝❡ p ❛♥❞ q✉❛❧✐t② q ✐s✿

v + q − p.

❈♦♥s✉♠❡rs ♥❡❡❞ t♦ ✈✐s✐t ❛ r❡t❛✐❧❡r t♦ ❜✉② t❤❡ ♣r♦❞✉❝t✱ t❤❡ ❝♦st ♦❢ ✈✐s✐t✐♥❣ t❤❡ ✜rst r❡t❛✐❧❡r

✐s ③❡r♦✱ ❛♥❞ t❤❡ ❝♦st ♦❢ ✈✐s✐t✐♥❣ t❤❡ s❡❝♦♥❞ r❡t❛✐❧❡r ✐s ✩✶✵✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❝♦♥s✉♠❡rs

♥❡✈❡r s❡❛r❝❤ t✇✐❝❡✳✼

❲❡ ❝♦♠♣❛r❡ t✇♦ s❝❡♥❛r✐♦s t♦ st✉❞② t❤❡ ❡✛❡❝t ♦❢ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝②✱ ✶✮ t❤❡r❡ ✐s ♥♦ ♣r✐❝❡

❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡ ❛♥❞ ❝♦♥s✉♠❡rs ♥❡❡❞ t♦ ✈✐s✐t ❛ r❡t❛✐❧❡r t♦ ❧❡❛r♥ ✐ts ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②❀

✷✮ t❤❡r❡ ❡①✐sts ❛ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ ❝♦♥s✉♠❡rs ❧❡❛r♥ ❜♦t❤ ♣r✐❝❡s ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✱

❜✉t t❤❡② st✐❧❧ ♥❡❡❞ t♦ ✈✐s✐t ❛ r❡t❛✐❧❡r t♦ ❧❡❛r♥ ✐ts q✉❛❧✐t② ❛♥❞ ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t✳

■❢ t❤❡r❡ ✐s ♥♦ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❜♦t❤ r❡t❛✐❧❡rs ✇✐❧❧ ❝❤♦♦s❡ t❤❡

♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✳ ▲✐❦❡ ❉✐❛♠♦♥❞ ✭✶✾✼✶✮✱ ❝♦♥s✉♠❡rs ❞♦ ♥♦t s❡❛r❝❤ ♠♦r❡ t❤❛♥

✼❲❡ ✉s❡ t❤✐s ❛ss✉♠♣t✐♦♥ t♦ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s✱ ❜✉t ❛❝t✉❛❧❧② ✇❡ ♦♥❧② ♥❡❡❞ t❤❡ s❡❝♦♥❞ s❡❛r❝❤ ❝♦st t♦

❛♥② str✐❝t❧② ♣♦s✐t✐✈❡ ♥✉♠❜❡r✳

✽



♦♥❝❡✱ r❡t❛✐❧❡rs ❝❛♥♥♦t ❛ttr❛❝t ♠♦r❡ ❝♦♥s✉♠❡rs ❜② ❝❤♦♦s✐♥❣ ❛ ❧♦✇❡r ♣r✐❝❡✱ t❤❡② t❤❡r❡❢♦r❡

❥✉st ❜❡❤❛✈❡ ❧✐❦❡ ❛ ♠♦♥♦♣♦❧②✳ ❊❛❝❤ r❡t❛✐❧❡r ❤❛s ✐♥❝❡♥t✐✈❡s t♦ ❞❡✈✐❛t❡ ✐❢ s♦♠❡ ❝♦♥s✉♠❡rs

✈✐s✐t t❤❡ r❡t❛✐❧❡r ❛♥❞ t❤❡ r❡t❛✐❧❡r ❞♦❡s ♥♦t ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✳ ■❢

t❤❡r❡ ❡①✐sts ❛ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ ❝♦♥s✉♠❡rs ❝❛♥ ✉s❡ ✐t t♦ ❧❡❛r♥ ❜♦t❤ ♣r✐❝❡s ❜❡❢♦r❡

s❡❛r❝❤✐♥❣✳ Pr✐❝❡ ✐s ❛ s✐❣♥❛❧ ♦❢ q✉❛❧✐t②✱ ❛♥❞ ❝♦♥s✉♠❡rs ♥❡❡❞ t♦ ❝♦♠♣❛r❡ ❡①♣❡❝t❡❞ p− q✳

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ r❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② s✉❝❤

t❤❛t q+ = −4.999✳ ❘❡t❛✐❧❡rs ✇✐❧❧ ❛❧✇❛②s ♠❛❦❡ ③❡r♦ ❡✛♦rt ❜❡❝❛✉s❡ ✐t ✐s t♦♦ ❞✐✣❝✉❧t t♦

✐♠♣r♦✈❡ q✉❛❧✐t②✳ ■❢ r❡t❛✐❧❡rs ♠❛❦❡ ❡✛❡❝t ✩✷✱ t❤❡ q✉❛❧✐t② ✐s ✐♠♣r♦✈❡❞ ❜② ❥✉st ✩✵✳✵✵✶✱ t❤❡

♠❛r❣✐♥ ✐s ❞❡❝r❡❛s✐♥❣ ❛ ❧♦t✱ ❜✉t t❤❡ ❞❡♠❛♥❞ ✐s ✐♥❝r❡❛s✐♥❣ ♦♥❧② ❛ ❧✐tt❧❡ ❜✐t✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s

❧✐❦❡ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ♠♦❞❡❧✳

❲✐t❤♦✉t t❤❡ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ✭❛♥❞ ③❡r♦

❡✛♦rt✮✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r✐❝❡ ✐s ✩✷✳✺✱ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ✩✵✳✸✶✷✺ ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡

✐s ✩✵✳✾✸✼✺✳ ❲✐t❤ t❤❡ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❧❡❛❞s t♦ ❇❡rtr❛♥❞ ❝♦♠✲

♣❡t✐t✐♦♥ ❡q✉✐❧✐❜r✐✉♠✱ ❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ r❡t❛✐❧❡rs ✇✐❧❧ ❛❧✇❛②s ❝❤♦♦s❡ ③❡r♦ ❡✛♦rt✱

❛♥❞ t❤❡② ❝❛♥ ❝♦♠♣❛r❡ ♣r✐❝❡s ❞✐r❡❝t❧② ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r✐❝❡ ✐s ✩✵✱ t❤❡

❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ❛r❡ ❜♦t❤ ✩✶✳✷✺✳ ❆s ✐s ❝♦♠♠♦♥ ✐♥ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥

♠♦❞❡❧s✱ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ✐♠♣r♦✈❡s t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡✳

❲❡ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② s✉❝❤ t❤❛t

q+ = −2✳ ■♥ t❤✐s ❝❛s❡✱ r❡t❛✐❧❡rs ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ❝❤♦♦s❡ str✐❝t❧② ♣♦s✐t✐✈❡ ❡✛♦rt ✇❤❡♥ t❤❡

♣r✐❝❡ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ ✇✐t❤♦✉t t❤❡ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ r❡t❛✐❧❡rs

❜❡❤❛✈❡ ❧✐❦❡ ❛ ♠♦♥♦♣♦❧②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦♥♦♣♦❧② ♣r✐❝❡ ✐s ✩✺ ❛♥❞ ♠♦♥♦♣♦❧② ❡✛♦rt ✐s

✩✷✱ ❛♥❞ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ✩✵✳✹✺ ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ✩✶✳✸✺✳ ■❢ r❡t❛✐❧❡rs ❝❤♦♦s❡ ③❡r♦

♣r✐❝❡ ❛♥❞ ③❡r♦ ❡✛♦rt ✇❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝②

✐♠♣r♦✈❡s t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✭✩✶✳✷✺ ✈s ✩✵✳✹✺✮ ❜✉t r❡❞✉❝❡s t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✭✩✶✳✷✺ ✈s

✩✶✳✸✺✮✳ ❲❡ ✇✐❧❧ ❛r❣✉❡ ✇❤② t❤✐s ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ❧❛t❡r✳

❚♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ t❤❛t ✇❤❡t❤❡r ❝♦♥s✉♠❡rs ♣r❡❢❡r ❝❤❡❛♣❡r ♦r ♠♦r❡ ❡①♣❡♥s✐✈❡

♣r♦❞✉❝ts ✇❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡✱ ✇❡ st✉❞② ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s ❛❜♦✉t

t❤❡ q✉❛❧✐t✐❡s ❛❝❝♦r❞✐♥❣ t♦ ♦❜s❡r✈❡❞ ♣r✐❝❡s✳ ❋♦❧❧♦✇✐♥❣ ❛ ❜❡❧✐❡❢ ❝♦♥❝❡♣t s✉♠♠❛r✐③❡❞ ❜② ■♥

❛♥❞ ❲r✐❣❤t ✭✷✵✶✽✮✱ ✇❡ ❛r❣✉❡ t❤❛t ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ ❡❛❝❤ r❡t❛✐❧❡r ♠✉st ❝❤♦♦s❡ ❛♥ ❡✛♦rt

t❤❛t ❝❛♥ ♠❛①✐♠✐③❡ ✐ts ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✱ (p − e) [1− F (p− q)]✱ ❣✐✈❡♥ ✐ts ♣r✐❝❡✳ ❊❛❝❤

r❡t❛✐❧❡r ✉♥❞❡rst❛♥❞s t❤❛t ❝♦♥s✉♠❡rs ♥❡✈❡r s❡❛r❝❤ t✇✐❝❡✱ ❛♥❞ ✇✐❧❧ ❝❤♦♦s❡ ❛♥ ❡✛♦rt t❤❛t

♠❛①✐♠✐③❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❛❝❝♦r❞✐♥❣ t♦ ✐ts ♣r✐❝❡✳

✾



p

❊①♣❡❝t❡❞ p− q

✸✳✷

✺

✺✳✷

❋✐❣✉r❡ ✶✿ ❊①♣❡❝t❡❞ p− q ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣r✐❝❡

❲❤❡♥ q+ = −4.999✱ ✐t ✐s ❝❧❡❛r t❤❛t ❝♦♥s✉♠❡rs s❤♦✉❧❞ ❛❧✇❛②s ✈✐s✐t t❤❡ ♦♥❡ ✇✐t❤ t❤❡

❧♦✇❡r ♣r✐❝❡ s✐♥❝❡ r❡t❛✐❧❡rs ✇✐❧❧ ❛❧✇❛②s ♠❛❦❡ ③❡r♦ ❡✛♦rt✳ ❲❤❡♥ q+ = −2✱ ✇❡ ✜♥❞ t❤❛t t❤❡

♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ✐s ❤✐❣❤❡r ✇❤❡♥ e = 2✱ (p − 2) [1− F (p− 2)] ≥ p [1− F (p− 5)]✱ ❢♦r

❛♥② p ≥ 3.2❀ ❛♥❞ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ✐s ❤✐❣❤❡r ✇❤❡♥ e = 0✱ (p − 2) [1− F (p− 2)] <

p [1− F (p− 5)]✱ ❢♦r ❛♥② p < 3.2✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ❛ r❡t❛✐❧❡r ❝❤♦♦s❡s ♣r✐❝❡ ✩✸✳✸✱ ✐t ✐s ♥♦t

r❡❛s♦♥❛❜❧❡ t♦ ❜❡❧✐❡✈❡ t❤❡ r❡t❛✐❧❡r ❝❤♦♦s❡s ③❡r♦ ❡✛♦rt✳ ❇❡❝❛✉s❡ ❢♦r t❤❡ ❣✐✈❡♥ ♣r✐❝❡ ✩✸✳✸✱

t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❡✛♦rt ✭✩✵✳✻✶✶✮ ✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ✇✐t❤ ③❡r♦

❡✛♦rt ✭✩✵✳✺✻✶✮✳ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❡①♣❡❝t❡❞ p − q ❛♥❞ ♣r✐❝❡✱

✇❤❡t❤❡r ❝♦♥s✉♠❡rs ♣r❡❢❡r ❝❤❡❛♣❡r ♦r ♠♦r❡ ❡①♣❡♥s✐✈❡ ♣r♦❞✉❝t ❞❡♣❡♥❞s ♦♥ t❤❡✐r ❡①♣❡❝t❡❞

p− q✳ ❚♦ ❛ttr❛❝t ♠♦r❡ ❝♦♥s✉♠❡rs✱ ❜♦t❤ r❡t❛✐❧❡rs ❝❤♦♦s❡ p = e = 0 ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜❡❝❛✉s❡

t❤❡ ❡①♣❡❝t❡❞ p− q r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ✇❤❡♥ p = 0✳

✸ ❚❤❡ ▼♦❞❡❧

❚❤❡r❡ ❛r❡ n ≥ 2 r❡t❛✐❧❡rs s❡❧❧✐♥❣ ❛ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝t✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ ♠❛ss ♦♥❡ ♦❢ r✐s❦✲

♥❡✉tr❛❧ ❝♦♥s✉♠❡rs ✇❤♦ ❤❛✈❡ ✉♥✐t ❞❡♠❛♥❞ ❛♥❞ ❛ ③❡r♦ ♦✉ts✐❞❡ ♦♣t✐♦♥✳ ❘❡t❛✐❧❡rs ❝♦♠♣❡t❡

❜② ❝❤♦♦s✐♥❣ ❛ ♣r✐❝❡ p ❛♥❞ ❛♥ ❡✛♦rt e ≥ 0✱ t❤❡ ❝♦st ♦❢ ❡✛♦rt e ✐s ❡q✉❛❧ t♦ e✳

❆ ❝♦♥s✉♠❡r ✇✐t❤ ✈❛❧✉❛t✐♦♥ v ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ s✉r♣❧✉s ✇❤❡♥ ♣✉r❝❤❛s✐♥❣ ❢r♦♠ ❛

r❡t❛✐❧❡r✿

v + q(e)− p,

✇❤❡r❡ p ✐s t❤❡ r❡t❛✐❧❡r✬s ♣r✐❝❡✱ ❛♥❞ q(e) ✐s t❤❡ q✉❛❧✐t② ♣r♦✈✐❞❡❞ ❜② t❤❡ r❡t❛✐❧❡r ✇❤❡♥ ✐t ❡①❡rts

❡✛♦rt e✳ ❈♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ♣r♦❞✉❝t v ❛r❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣

t♦ ❛ t✇✐❝❡✲❞✐✛❡r❡♥t✐❛❜❧❡ ❝✳❞✳❢✳ F (v) ✇✐t❤ s✉♣♣♦rt [0, vmax]✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t②

✶✵



❢✉♥❝t✐♦♥ f(v) ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ♦♥ [0, vmax]✳ ❆ss✉♠❡ t❤❛t 1−F (v) ✐s str✐❝t❧② ❧♦❣✲❝♦♥❝❛✈❡✳

✽

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ q✉❛❧✐t② ❢✉♥❝t✐♦♥✱ q(e)✱ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

q(e) < 0, q′(e) > 0, q′′(e) < 0 ❢♦r ❛♥② e✱

q′(0) > 1, vmax + q(0) > 0.

◗✉❛❧✐t② ❜❡✐♥❣ ♥❡❣❛t✐✈❡ ✐s ♠❡r❡❧② ❛ ❝♦♥✈❡♥✐❡♥t ♥♦r♠❛❧✐③❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♣t✉r❡s t❤❡ ✐❞❡❛

t❤❛t ❝♦♥s✉♠❡rs ❞♦ ♥♦t ❡♥❥♦② t❤❡ ♣r♦❝❡ss ♦❢ s❤♦♣♣✐♥❣✳ ■t ❤❛s ❛ ♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥

♦✉r s❡tt✐♥❣ ✇❤❡r❡ q✉❛❧✐t② ❝♦✉❧❞ r❡♣r❡s❡♥t s❡r✈✐❝❡ ❛ttr✐❜✉t❡s s✉❝❤ ❛s ❞❡❧✐✈❡r② s♣❡❡❞✳ ❲✐t❤

❡✛♦rt✱ ❛ r❡t❛✐❧❡r ❝❛♥ r❡❞✉❝❡ t❤❡ ❜✉②❡r✬s ❞✐s✉t✐❧✐t② ♦❢ ✇❛✐t✐♥❣ ❢♦r ❞❡❧✐✈❡r②✳✾ ❚❤❡ ❝♦♥❝❛✈✐t② ♦❢

t❤❡ q✉❛❧✐t② ❢✉♥❝t✐♦♥ q(e) ♠❡❛♥s t❤❛t t❤❡r❡ ❛r❡ ❞✐♠✐♥✐s❤✐♥❣ r❡t✉r♥s t♦ ❡✛♦rt✳ ❆ss✉♠♣t✐♦♥

q′(0) > 1 ❡①❝❧✉❞❡s t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ r❡t❛✐❧❡rs ✇♦✉❧❞ ♥❡✈❡r ♠❛❦❡ ♣♦s✐t✐✈❡ ❡✛♦rts✳ ■t ✐s

❛ss✉♠❡❞ t❤❛t vmax + q(0) > 0✱ s♦ t❤❡r❡ ❡①✐st s♦♠❡ ❝♦♥s✉♠❡rs ✇✐❧❧✐♥❣ t♦ ❜✉② t❤❡ ♣r♦❞✉❝t

✇❤❡♥ t❤❡r❡ ✐s ③❡r♦ ❡✛♦rt ❛s ❧♦♥❣ ❛s t❤❡ ♣r✐❝❡ ✐s s✉✣❝✐❡♥t❧② ❧♦✇✱ ✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t

t❤❡ ♣r♦✜t ♦❢ ❛ ♠♦♥♦♣♦❧② r❡t❛✐❧❡r ✐s str✐❝t❧② ♣♦s✐t✐✈❡✳

❆ ❢r❛❝t✐♦♥ λ ∈ (0, 1) ♦❢ ❝♦♥s✉♠❡rs ❛r❡ ♥♦♥✲❧♦②❛❧✱ ✇❤♦ ❝❛♥ ❝❤♦♦s❡ ❛♥② r❡t❛✐❧❡r✱ ✇❤✐❧❡

t❤❡ r❡st ♦❢ t❤❡♠ ✭1−λ✮ ❛r❡ ❧♦②❛❧ ❝♦♥s✉♠❡rs ✇❤♦ ❛r❡ ♦♥❧② ✇✐❧❧✐♥❣ t♦ ❜✉② ❢r♦♠ ❛ ❞❡s✐❣♥❛t❡❞

❵❧♦❝❛❧✬ r❡t❛✐❧❡r✳ ❘❡t❛✐❧❡rs s❤❛r❡ t❤❡ ❧♦②❛❧ ❝♦♥s✉♠❡rs ❡q✉❛❧❧②✳ ❇♦t❤ t❤❡ ✈❛❧✉❛t✐♦♥ v ❛♥❞

❧♦②❛❧t② ❛r❡ ❝♦♥s✉♠❡rs✬ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❈♦♥s✉♠❡rs

♥❡❡❞ t♦ ✈✐s✐t ❛ r❡t❛✐❧❡r t♦ ❜✉② t❤❡ ♣r♦❞✉❝t✱ ✇❤✐❝❤ ✐♥❝✉rs ❛ s❡❛r❝❤ ❝♦st❀ t❤❡② ❧❡❛r♥ ✐ts ♣r✐❝❡

❛♥❞ q✉❛❧✐t② ♦♥❝❡ ✉♣♦♥ ❛rr✐✈❛❧ ❛t t❤❡ r❡t❛✐❧❡r ✭✐❢ t❤❡② ❞♦ ♥♦t ❦♥♦✇ ✐t ❜❡❢♦r❡✮✳ ▲♦②❛❧

❝♦♥s✉♠❡rs s❡❛r❝❤ ♦♥❧② ♦♥❝❡ ❛♥❞ t❤❡ ✭✜rst✮ s❡❛r❝❤ ❝♦st ✐s ③❡r♦❀ ❢♦r ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✱

t❤❡ s❡❛r❝❤ ❝♦st t♦ ✈✐s✐t t❤❡ ✜rst r❡t❛✐❧❡r ✐s ❛❧s♦ ③❡r♦✱ t❤❡♥ ✐t ❡q✉❛❧s s > 0 ❢♦r ❡❛❝❤ ❛❞❞✐t✐♦♥❛❧

r❡t❛✐❧❡r t❤❛t t❤❡② ✈✐s✐t✳ ❈♦♥s✉♠❡rs ❝❛♥ r❡t✉r♥ t♦ ❛♥② ♣r❡✈✐♦✉s❧② s❡❛r❝❤❡❞ r❡t❛✐❧❡r ✇✐t❤♦✉t

❝♦st✳ ■❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s♦♠❡ r❡t❛✐❧❡rs✱ t❤❡② r❛♥❞♦♠❧② ✭✇✐t❤

❡q✉❛❧ ♣r♦❜❛❜✐❧✐t②✮ ✈✐s✐t ♦♥❡ ♦❢ t❤❡♠✳

❚❤❡ t✐♠✐♥❣ ✐s ❛s ❢♦❧❧♦✇s✿ ❆t st❛❣❡ ♦♥❡✱ r❡t❛✐❧❡rs s✐♠✉❧t❛♥❡♦✉s❧② ❝❤♦♦s❡ ♣r✐❝❡ ❛♥❞ ❡✛♦rt✳

❆t st❛❣❡ t✇♦✱ ❧♦②❛❧ ❝♦♥s✉♠❡rs ✈✐s✐t t❤❡✐r ❧♦❝❛❧ r❡t❛✐❧❡rs ❛♥❞ ❧❡❛r♥ ✐ts ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✳

◆♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs s❡❛r❝❤ r❡t❛✐❧❡rs ❛♥❞ ❧❡❛r♥ t❤❡✐r ♣r✐❝❡s ❛♥❞ q✉❛❧✐t✐❡s s❡q✉❡♥t✐❛❧❧②✳

❲❡ ✇✐❧❧ ♠❛✐♥❧② ❢♦❝✉s ♦♥ t✇♦ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s ✇❤❡r❡ ❝♦♥s✉♠❡rs ❤❛✈❡ ❞✐✛❡r❡♥t ✐♥✲

✽❙tr✐❝t❧② ❧♦❣✲❝♦♥❝❛✈✐t② ♠❡❛♥s t❤❡r❡ ✐s ❛ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ r❡✈❡rs❡❞ ❤❛③❛r❞ r❛t❡✳
✾❚❤❡ ❛♥❛❧②s✐s ✐s t❤❡ s❛♠❡ ✐❢ ✇❡ ❛ss✉♠❡ q(e) ❝❛♥ ❜❡ ♣♦s✐t✐✈❡ ✇❤❡♥ ❡✛♦rt ✐s ❧❛r❣❡ ❛s ❧♦♥❣ ❛s e > q(e) ✐s

s❛t✐s✜❡❞✳
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❢♦r♠❛t✐♦♥ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳ ■♥ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ ❝♦♥s✉♠❡rs ❦♥♦✇ ♥♦t❤✐♥❣ ❜❡❢♦r❡

t❤❡② s❡❛r❝❤ ❛ r❡t❛✐❧❡r✳ ■♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❦♥♦✇

❛❧❧ t❤❡ ♣r✐❝❡s ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳

✸✳✶ Pr❡❧✐♠✐♥❛r② ❆♥❛❧②s✐s

❲❡ ✜rst ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❢✉♥❝t✐♦♥✳ ◆♦t❡ t❤❛t ❝♦♥s✉♠❡r ♣r❡❢❡r❡♥❝❡s

❝❛♥ ❜❡ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ❛❞❥✉st❡❞ ♣r✐❝❡ ψ✿

ψ = p− q(e).

❆ ❝♦♥s✉♠❡r ❝❤♦♦s❡s t♦ ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t ♦♥❧② ✐❢ ❤✐s ♦r ❤❡r ✈❛❧✉❛t✐♦♥ ✐s ❣r❡❛t❡r t❤❛♥

t❤❡ ❛❞❥✉st❡❞ ♣r✐❝❡ ✭♣♦s✐t✐✈❡ s✉r♣❧✉s✮✱ ❛♥❞ t❤✐s ♣r♦❜❛❜✐❧✐t② ✐s 1 − F (p − q(e))✳ ❉❡✜♥❡

♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t π(p, e) t♦ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣r✐❝❡ p ❛♥❞ ❡✛♦rt e✿

π(p, e) = [1− F (p− q(e))] (p− e).

❋♦r ❛ r❡❛s♦♥ t❤❛t ✇✐❧❧ ❜❡ ❜❡❝♦♠❡ ❝❧❡❛r s♦♦♥✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛

♠♦♥♦♣♦❧② r❡t❛✐❧❡r ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❢✉♥❝t✐♦♥s✳ ▲❡t (pm, em) ♠❛①✲

✐♠✐③❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✿

(pm, em) ∈ argmax
(p,e)

π(p, e).

▲❡t πm = π(pm, em) ❛♥❞ ψm = pm − q(em) ❞❡♥♦t❡ t❤❡ ♠♦♥♦♣♦❧② ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t

❛♥❞ ♠♦♥♦♣♦❧② ❛❞❥✉st❡❞ ♣r✐❝❡✳ ❆♥❞ ❧❡t e∗ ❞❡♥♦t❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt t❤❛t ♠❛①✐♠✐③❡s t❤❡

✉t✐❧✐t② ♦❢ q✉❛❧✐t② ♠✐♥✉s t❤❡ ❡✛♦rt ❝♦st✱ q(e)− e✳ ◆♦t❡ t❤❛t e∗ ❜❡✐♥❣ ♣♦s✐t✐✈❡ ✐s ❣✉❛r❛♥t❡❡❞

❜② ❛ss✉♠♣t✐♦♥ q′(0) > 1✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♣❡r✲❝♦♥s✉♠❡r

♣r♦✜t ❢✉♥❝t✐♦♥s ❛♥❞ ♠♦♥♦♣♦❧② ❜❡❤❛✈✐♦rs✳

▲❡♠♠❛ ✶✳ ❚❤❡ ♣❛✐r (pm, em) ✐s ✉♥✐q✉❡✱ t❤❡ ♠♦♥♦♣♦❧② ❡✛♦rt ❡q✉❛❧s t♦ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt✱

em = e∗✱ ❛♥❞ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ✐s pm = em + 1−F (pm−q(em))
f(pm−q(em))

✳

❚♦ ✉♥❞❡rst❛♥❞ t❤❛t t❤❡ ♠♦♥♦♣♦❧② ❡✛♦rt ❡q✉❛❧s t❤❡ ❡✣❝✐❡♥t ❡✛♦rt✱ ❝♦♥s✐❞❡r t❤❡ ♣❡r✲

❝♦♥s✉♠❡r ♣r♦✜t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛❞❥✉st❡❞ ♣r✐❝❡ ❛♥❞ ❡✛♦rt✿

[1− F (ψ)] (ψ + q(e)− e). ✭✶✮

❋♦r ❛♥② ❣✐✈❡♥ ❛❞❥✉st❡❞ ♣r✐❝❡ t❤❛t ❧❡❛❞s t♦ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♣❡r✲❝♦♥s✉♠❡r ❞❡♠❛♥❞ ✭1−
F (ψ) > 0✮✱✶✵ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❢✉♥❝t✐♦♥ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ e ❛♥❞ r❡❛❝❤❡s ✐ts

✶✵❲❡ ❢♦❝✉s ♦♥ t❤✐s s✐t✉❛t✐♦♥ s✐♥❝❡ ❛ ♠♦♥♦♣♦❧② r❡t❛✐❧❡r ❝❛♥ ❛❧✇❛②s ♦❜t❛✐♥ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦✜t

❜❡❝❛✉s❡ ♦❢ ❛ss✉♠♣t✐♦♥ vmax + q(0) > 0✳

✶✷



♠❛①✐♠✉♠ ✇❤❡♥ e = e∗✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❝❤♦♦s✐♥❣ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt ♠❛❦❡s r❡t❛✐❧❡rs

❛❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ ❤✐❣❤❡st ♠❛r❣✐♥ ✇❤✐❧❡ s✐♠✉❧t❛♥❡♦✉s❧② ❦❡❡♣✐♥❣ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ❞❡♠❛♥❞

✉♥❝❤❛♥❣❡❞✳ ❚❤❡♥✱ ✇❡ ❝❛♥ tr❡❛t e = e∗ ❛s ❛ ✜①❡❞ ♠❛r❣✐♥❛❧ ❝♦st✱ t❤❡ str✐❝t ❧♦❣✲❝♦♥❝❛✈✐t②

♦❢ 1− F (v) ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❢✉♥❝t✐♦♥ ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥

p✱ ❛♥❞ pm ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥✳

✸✳✷ ❊q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦

❲❡ ❜❡❣✐♥ ❜② ❛♥❛❧②③✐♥❣ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦ ✇❤❡r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❦♥♦✇ ♥♦t❤✐♥❣

❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳ ❲❡ ❧♦♦❦ ❢♦r r❛t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ❡q✉✐❧✐❜r✐❛✱ ✐♥ ✇❤✐❝❤ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s

❛❜♦✉t ♣r✐❝❡s ❛♥❞ s❡r✈✐❝❡ q✉❛❧✐t✐❡s ❛r❡ ❝♦rr❡❝t✳ ❆s ✐s ❝♦♥✈❡♥t✐♦♥❛❧✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t

✐s P❇❊✱ ❛♥❞ ✇❡ ❛ss✉♠❡ ❝♦♥s✉♠❡rs ❤♦❧❞ ♣❛ss✐✈❡ ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ str❛t❡❣✐❡s ♦❢ ♦t❤❡r

r❡t❛✐❧❡rs ✐❢ t❤❡② ✜♥❞ ❛♥ ✉♥❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡✳

Pr♦♣♦s✐t✐♦♥ ✶ ✭❉✐❛♠♦♥❞ P❛r❛❞♦①✮✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ t❤❡ r❡✲

t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✱ ❛♥❞ t❤❡② s❤❛r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❡q✉❛❧❧②✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ ❉✐❛♠♦♥❞ ✭✶✾✼✶✮✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t✐❡✲❜r❡❛❦✐♥❣

r✉❧❡✱ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs r❛♥❞♦♠❧② ❝❤♦♦s❡ ❛ r❡t❛✐❧❡r t♦ ✈✐s✐t ❜❡❝❛✉s❡ t❤❡② ❜❡❧✐❡✈❡ t❤❛t

❛❧❧ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ s❛♠❡ ❛❞❥✉st❡❞ ♣r✐❝❡✳ ●✐✈❡♥ t❤✐s ❜❡❧✐❡❢✱ r❡t❛✐❧❡rs ❝❛♥♥♦t ❛ttr❛❝t

♠♦r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❜② ❝❤♦♦s✐♥❣ ❛ ❧♦✇❡r ❛❞❥✉st❡❞ ♣r✐❝❡ ❞✉❡ t♦ s❡❛r❝❤ ❝♦st✱ ❛♥❞ ❛r❡

t❤❡r❡❢♦r❡ ✇✐❧❧✐♥❣ t♦ ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ❝♦♥s✉♠❡rs✬

❜❡❧✐❡❢s ❛❜♦✉t ♣r✐❝❡s ❛♥❞ s❡r✈✐❝❡ q✉❛❧✐t✐❡s ❛r❡ ❝♦rr❡❝t✱ ❛s ✐s r❡q✉✐r❡❞ ❢♦r r❛t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥

❡q✉✐❧✐❜r✐❛✱ s♦ t❤❡② ✇✐❧❧ ♦♥❧② s❡❛r❝❤ ♦♥❝❡✳

■❢ t❤❡r❡ ❡①✐sts s♦♠❡ r❡t❛✐❧❡rs ✭♦r ♦♥❡ r❡t❛✐❧❡r✮ ❞♦ ♥♦t ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞

q✉❛❧✐t②✱ t❤❡② ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ❞❡✈✐❛t❡ ❛ ❧✐tt❧❡ ❜✐t ❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ✇✐❧❧ ♥♦t ❧❡❛✈❡ ❛♥❞

s❡❛r❝❤ ❛❣❛✐♥ ❞✉❡ t♦ t❤❡ s❡❛r❝❤ ❝♦st✱ ❛♥❞ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❝❛♥ ❜❡ str✐❝t❧② ❤✐❣❤❡r✳✶✶

✶✶❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ❝❤♦♦s✐♥❣ ❛♥ ❡✛♦rt ❝❧♦s❡r t♦ e∗ ❝❛♥ str✐❝t❧② ✐♥❝r❡❛s❡ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳

■❢ t❤❡s❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② q✉❛❧✐t② ❜✉t ♥♦t t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡✱ ❝❤♦♦s✐♥❣ ❛ ♣r✐❝❡ ❝❧♦s❡r t♦

t❤❡ ♠♦♥♦♣♦❧② ❝❛♥ str✐❝t❧② ✐♥❝r❡❛s❡ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❜❡❝❛✉s❡ 1− F (v) ✐s str✐❝t❧② ❧♦❣✲❝♦♥❝❛✈❡✱ ❛♥❞

π(p, em) ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ p✳

✶✸



✹ Pr✐❝❡ ❉✐r❡❝t❡❞ ❙❡❛r❝❤

❚♦ ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝②✱ ✇❡ ❞✐s❝✉ss t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦

✇❤❡r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ♦❜s❡r✈❡ ❛❧❧ t❤❡ ♣r✐❝❡s ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳ ■t ✐s ❛ s✐❣♥❛❧✐♥❣ ❣❛♠❡✱

❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t ✐s P❇❊✳ ■♥ t❤❡ ✜rst s✉❜s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ r❡❛s♦♥❛❜❧❡

✇❛② t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢ ❛❜♦✉t q✉❛❧✐t✐❡s ✭❛♥❞ ❛❞❥✉st❡❞ ♣r✐❝❡✮ ❛❝❝♦r❞✐♥❣

t♦ ♦❜s❡r✈❡❞ ♣r✐❝❡s✱ ❛♥❞ t❤❡♥ ✇❡ ❛♥❛❧②③❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❜❡❧✐❡❢✳ ■♥ t❤❡ s❡❝♦♥❞

s✉❜s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡s✳

✹✳✶ ❚❤❡ ❇❡❧✐❡❢

■♥ t❤✐s s❝❡♥❛r✐♦✱ ♦♥❡ ♦❢ t❤❡ r❡t❛✐❧❡rs✬ ❛❝t✐♦♥s ✭q✉❛❧✐t②✮ ✐s ♥♦t ♦❜s❡r✈❡❞ ❜② ❝♦♥s✉♠❡rs ❜✉t

❝❛♥ ❜❡ s✐❣♥❛❧❡❞ t♦ ❝♦♥s✉♠❡rs t❤r♦✉❣❤ ❛♥♦t❤❡r ❛❝t✐♦♥ ✭♣r✐❝❡✮✳ ❚❤❡ ❞✐✣❝✉❧t② ✐s ❤♦✇ t♦

✉♥✐q✉❡❧② ♣✐♥ ❞♦✇♥ t❤❡ ❝♦♥s✉♠❡r✬s ❜❡❧✐❡❢ ❛❜♦✉t ✉♥♦❜s❡r✈❡❞ q✉❛❧✐t✐❡s✱ ♦t❤❡r✇✐s❡✱ t❤❡ ♠♦❞❡❧

❝♦✉❧❞ s✉✛❡r ❢r♦♠ ❛ ♣❧❡t❤♦r❛ ♦❢ ❡q✉✐❧✐❜r✐❛✳✶✷

❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛ ♦❢ ❛ ❜❡❧✐❡❢ ❝♦♥❝❡♣t s✉♠♠❛r✐③❡❞ ❜② ■♥ ❛♥❞

❲r✐❣❤t ✭✷✵✶✽✮✱ ✇❤♦ ♣r♦♣♦s❡ t♦ ✉s❡ ❛ ❤②♣♦t❤❡t✐❝❛❧ r❡♦r❞❡r❡❞ ❣❛♠❡ ✐♥ ✇❤✐❝❤ r❡t❛✐❧❡rs ❝❤♦♦s❡

♣r✐❝❡s ❜❡❢♦r❡ q✉❛❧✐t✐❡s✱ t❤❡♥ s✉❜❣❛♠❡ ♣❡r❢❡❝t✐♦♥ ✇♦✉❧❞ ♣✐♥ ❞♦✇♥ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢ ❛❜♦✉t

❡❛❝❤ r❡t❛✐❧❡r✬s ❝❤♦✐❝❡ ♦❢ q✉❛❧✐t②✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ♦♣t✐♠❛❧❧② ❝❤♦s❡♥ ❣✐✈❡♥ t❤❡ ♦❜s❡r✈❡❞

♣r✐❝❡s ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs✬ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s✳✶✸ ❍♦✇❡✈❡r✱ ✐❢ ♣r✐❝❡s ❛♥❞ q✉❛❧✐t✐❡s

❛r❡ ❝❤♦s❡♥ s✐♠✉❧t❛♥❡♦✉s❧②✱ ✇❡ ❝❛♥♥♦t ✉s❡ s✉❜❣❛♠❡ ♣❡r❢❡❝t✐♦♥ t♦ ♣✐♥ ❞♦✇♥ t❤❡ ❝♦♥s✉♠❡rs✬

❜❡❧✐❡❢ ❛❜♦✉t t❤❡ ✉♥♦❜s❡r✈❡❞ q✉❛❧✐t✐❡s ❢♦r ♦✛✲❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧s ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡s✳

❚❤✐s r❡♦r❞❡r✐♥❣ s❤♦✉❧❞ ♥♦t ♠❛tt❡r✳ ◆♦ ♠❛tt❡r r❡t❛✐❧❡rs ♠❛❦❡ t❤❡ ❝❤♦✐❝❡s ♦❢ ♣r✐❝❡ ❛♥❞

q✉❛❧✐t② s✐♠✉❧t❛♥❡♦✉s❧② ♦r s❡q✉❡♥t✐❛❧❧②✱ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ♣❛②♦✛ r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥✳

❊✈❡♥ ✐❢ t❤❡ ❝❤♦✐❝❡s ♦❢ q✉❛❧✐t② ❛r❡ s❡t ❛t t❤❡ s❛♠❡ t✐♠❡ ❛s t❤❡ ❝❤♦✐❝❡s ♦❢ ♣r✐❝❡✱ r❡t❛✐❧❡rs

s❤♦✉❧❞ s❡t t❤❡ q✉❛❧✐t✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♣r✐❝❡s✳ ❍❡♥❝❡✱ r❛t✐♦♥❛❧ r❡t❛✐❧❡rs ✇♦✉❧❞ ♠❛❦❡

t❤❡ s❛♠❡ ❝❤♦✐❝❡s ❢♦r ♣r✐❝❡ ❛♥❞ q✉❛❧✐t② ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡② ❛r❡ s❡t s❡q✉❡♥t✐❛❧❧② ♦r ❛t

t❤❡ s❛♠❡ t✐♠❡✳ ❘❛t✐♦♥❛❧ ❝♦♥s✉♠❡rs✱ r❡❛s♦♥✐♥❣ ✐♥ t❤✐s ✇❛②✱ ❜❡❧✐❡✈❡ t❤❛t ❡❛❝❤ r❡t❛✐❧❡r✬s

❝❤♦✐❝❡ ♦❢ q✉❛❧✐t② s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ♦♣t✐♠❛❧❧② ❣✐✈❡♥ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡ ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r

✶✷❙❡❡ ■♥ ❛♥❞ ❲r✐❣❤t ✭✷✵✶✽✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
✶✸❚❤❡ ✐❞❡❛ ♦❢ t❤✐s ❜❡❧✐❡❢ ❝♦♥❝❡♣t ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ ❜② ♠❛♥② ♣❛♣❡rs✱ ❢♦r ❡①❛♠♣❧❡✱ ▼❝❆❢❡❡ ❛♥❞ ❙❝❤✇❛rt③

✭✶✾✾✹✮ ❛♥❞ ❘❡② ❛♥❞ ❱❡r❣é ✭✷✵✵✹✮ ✉s❡ ✇❛r② ❜❡❧✐❡❢ t♦ ♣✐♥ ❞♦✇♥ ❡❛❝❤ r❡t❛✐❧❡r✬s ❜❡❧✐❡❢ ❛❜♦✉t t❤❡✐r r✐✈❛❧✬s

♦✛❡r✳ ■♥ ❛♥❞ ❲r✐❣❤t ✭✷✵✶✽✮ ❛♥❛❧②③❡ ❛ ❜r♦❛❞❡r r❛♥❣❡ ♦❢ ❣❛♠❡s✱ ❛♥❞ s❤♦✇ ✇❛r② ❜❡❧✐❡❢ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢

t❤❡✐r ♠♦r❡ ❣❡♥❡r❛❧ r❡♦r❞❡r✐♥❣ ✐♥✈❛r✐❛♥❝❡ ❜❡❧✐❡❢✳

✶✹



♣❧❛②❡rs✬ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s✳ ❚❤❛t ✐s✱ t♦ ❢♦r♠ t❤❡ ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ ✉♥♦❜s❡r✈❡❞ q✉❛❧✐t✐❡s✱

❝♦♥s✉♠❡rs ❝❛♥ tr❡❛t t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡s ❛s ✐❢ t❤❡② ✇❡r❡ s❡t ✜rst✳

❈♦♥s✉♠❡rs ❜❡❧✐❡✈❡ ❛ r❡t❛✐❧❡r ♠✉st ❝❤♦♦s❡ ❛ q✉❛❧✐t② t❤❛t ✐s ♦♣t✐♠❛❧ ❢♦r ✐t ❣✐✈❡♥

✐ts ♣r✐❝❡ ❛♥❞ ❣✐✈❡♥ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs✬ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣②✳

❲❡ t❤❡r❡❢♦r❡ ❛r❣✉❡ t❤❛t t❤❡ ❜❡❧✐❡❢ ✭❜♦t❤ ♦♥✲♣❛t❤ ❛♥❞ ♦✛✲♣❛t❤✮ ♦❢ ❝♦♥s✉♠❡rs ❛❜♦✉t ❛

r❡t❛✐❧❡r✬s ❡✛♦rt ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✐ts ✭♦❜s❡r✈❡❞✮ ♣r✐❝❡✱ ❧❡t ew(p) ❞❡♥♦t❡ t❤❡ ❜❡❧✐❡❢✱ ✐t s❛t✐s✜❡s✿

ew(p) ∈ argmax
e

π(p, e). ✭✷✮

❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤✐s ✐❞❡❛✱ ✐♠❛❣✐♥❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ ♣r✐❝❡s ❛♥❞ t❤❡♥ ❝❤♦♦s❡ ❡✛♦rts✳

❚❤❡ ❣❛♠❡ ❤❛s ♥♦t ❝❤❛♥❣❡❞ ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ■❢ ❛❧❧ t❤❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❤♦❧❞ t❤❡ ❜❡❧✐❡❢

ew(p)✱ t❤❡② ✇✐❧❧ ✈✐s✐t t❤❡ r❡t❛✐❧❡r ✇✐t❤ t❤❡ ❧♦✇❡st p − q(ew(p))✱ ❛♥❞ t❤❡ r❡t❛✐❧❡r ❤❛s ♥♦

✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ❜❡❝❛✉s❡ t❤❡ q✉❛❧✐t② ❧❡✈❡❧ ♠❛①✐♠✐③❡s ✐ts ♣r♦✜t ❝♦♥❞✐t✐♦♥❛❧ ♦♥ s♦♠❡

❝♦♥s✉♠❡rs ✈✐s✐t ✐t✳

❆❧❧ t❤❡ r❡t❛✐❧❡r✬s ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❛♥❞ ♦t❤❡r r❡t❛✐❧❡r✬s r❡❛❧✐③❡❞ ♣r✐❝❡s ❞♦ ♥♦t

♠❛tt❡r ❢♦r t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ew(p)✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ ❛

r❡t❛✐❧❡r ♠✉st ❝❤♦♦s❡ ❛ q✉❛❧✐t② t❤❛t ♠❛①✐♠✐③❡s ✐ts ♣r♦✜t✱ ❛❧t❤♦✉❣❤ ❡❛❝❤ r❡t❛✐❧❡r✬s ♣r♦✜t

✐s ♥♦t ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♦t❤❡r r❡t❛✐❧❡rs❄ str❛t❡❣✐❡s✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ r❡t❛✐❧❡r✬s ♣r✐❝❡ ❛♥❞

t❤❡ r❡t❛✐❧❡r ❜❡✐♥❣ ✈✐s✐t❡❞ ❜② ❛ ❝♦♥s✉♠❡r✱ ✐ts ♣r♦✜t ❢r♦♠ t❤❛t ❝♦♥s✉♠❡r ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

♦t❤❡r r❡t❛✐❧❡r✬s str❛t❡❣✐❡s✳

❋♦r ❛♥② ❣✐✈❡♥ ❜❡❧✐❡❢ ❛❜♦✉t ✉♥♦❜s❡r✈❡❞ q✉❛❧✐t✐❡s✱ ❝♦♥s✉♠❡rs ♠❛❦❡ t❤❡✐r ✈✐s✐t ❞❡❝✐s✐♦♥

♦♥❧② ❛❝❝♦r❞✐♥❣ t♦ ♦❜s❡r✈❡❞ ♣r✐❝❡s✳ ❉✉❡ t♦ t❤❡ s❡❛r❝❤ ❝♦st✱ ❝♦♥s✉♠❡rs ✇✐❧❧ ♥♦t s❡❛r❝❤

❛❣❛✐♥ ✐❢ t❤❡② ✜♥❞ t❤❡ q✉❛❧✐t② ♦❢ ❛ r❡t❛✐❧❡r ✐s ♦♥❧② s❧✐❣❤t❧② ❧♦✇❡r t❤❛♥ ✇❤❛t t❤❡② ❤❛✈❡

❡①♣❡❝t❡❞✳ ❚❤❡r❡❢♦r❡✱ ❛ r❡t❛✐❧❡r ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ✐❢ ✐t ❞♦❡s ♥♦t ❝❤♦♦s❡ ❛♥ ❡✛♦rt

❧❡✈❡❧ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❢♦r t❤❡ ❣✐✈❡♥ ♣r✐❝❡✳ ◆♦t❡ t❤❛t t❤✐s r❡❧✐❡s ♦♥

t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t q✉❛❧✐t② ✐♥✈❡st♠❡♥t ✐s ✢❡①✐❜❧❡ t♦ ❛❞❥✉st✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✐s ❛ ✉s❡❢✉❧ st❡♣ ❜❡❢♦r❡ ✇❡ st✉❞② t❤❡ ❜❡❧✐❡❢ ew(p)✳ ▲❡t Ω ❞❡♥♦t❡

t❤❡ s❡t ♦❢ ♣❛✐rs (p, e) t❤❛t r❡s✉❧t ✐♥ str✐❝t❧② ♣♦s✐t✐✈❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜ts✱

Ω = {(p, e) : p− q(e) < vmax ❛♥❞ p > e}.

❈♦r♦❧❧❛r② ✶✳ ■❢ 1−F (v) ✐s str✐❝t❧② ❧♦❣✲❝♦♥❝❛✈❡ ❢♦r v ∈ [0, vmax]✱ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t

❢✉♥❝t✐♦♥ π(p, e) ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ ❡✛♦rt e ❢♦r ❛♥② ❣✐✈❡♥ ♣r✐❝❡ p ✇❤❡♥ (p, e) ∈ Ω✳

✶✺



p

ew(p)

p̃ pm
0

❋✐❣✉r❡ ✷✿ ❚❤❡ ❜❡❧✐❡❢ ew(p)

■❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ t❤❛t ❛ r❡t❛✐❧❡r ✇✐t❤ ♣r✐❝❡ p ♠✉st ❝❤♦♦s❡ ❡✛♦rt ew(p)✱

r❡t❛✐❧❡rs ❞♦ ♥♦t ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✳ ❆ ❧♦✇❡r ❡✛♦rt str✐❝t❧② r❡❞✉❝❡s t❤❡ ♣❡r✲

❝♦♥s✉♠❡r ♣r♦✜t✱ ❛♥❞ ✐t ♠❛② ❛❧s♦ ❞❡❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs st❛②✐♥❣ ❛t t❤❡ r❡t❛✐❧❡r❀

❛ ❤✐❣❤❡r ❡✛♦rt ❝❛♥♥♦t ❛ttr❛❝t ♠♦r❡ ❝♦♥s✉♠❡rs t♦ ✈✐s✐t t❤❡ r❡t❛✐❧❡r✱ ❛♥❞ ✐t str✐❝t❧② r❡❞✉❝❡s

t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳

■❢ ❝♦♥s✉♠❡rs ❤❛✈❡ ❛ ❜❡❧✐❡❢ ♦t❤❡r t❤❛♥ ew(p)✱ t❤❡♥ t❤❡ r❡t❛✐❧❡rs ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦

❞❡✈✐❛t❡ ❛ ❧✐tt❧❡ ❜✐t ❜② ❝❤♦♦s✐♥❣ ❛♥ ❡✛♦rt ❝❧♦s❡r t♦ ew(p)✳ ■t ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ♣❡r✲❝♦♥s✉♠❡r

♣r♦✜t ❜❡❝❛✉s❡ π(p, e) ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ ❡✛♦rt e ❢♦r ❛♥② ❣✐✈❡♥ ♣r✐❝❡ p ✇❤❡♥

(p, e) ∈ Ω✱ ❛♥❞ ❝♦♥s✉♠❡rs ✇✐❧❧ ♥♦t ✈✐s✐t ♦t❤❡r r❡t❛✐❧❡rs ✇❤❡♥ t❤❡② s❡❡ ✉♥❡①♣❡❝t❡❞ ❡✛♦rt

❞✉❡ t♦ t❤❡ s❡❛r❝❤ ❝♦st✳✶✹

❇❡❢♦r❡ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❡❧✐❡❢ ew(p) ❛♥❞ ❝♦♥s✉♠❡rs✬ s❡❛r❝❤ ❜❡❤❛✈✐♦r✱

✇❡ ✜rst ✐♥tr♦❞✉❝❡ t✇♦ ♣❛r❛♠❡t❡rs✳ ▲❡t emax s♦❧✈❡ e− q(e) = vmax✱
✶✺ ♥♦t❡ t❤❛t vmax ✐s t❤❡

✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ v✳ ◆♦t❡ t❤❛t (p, e) ∈ Ω ✐♠♣❧✐❡s

e− q(e) < p− q(e) < vmax,

p− q(p) < p− q(e) < vmax.

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t (p, e) ∈ Ω =⇒ e < p < emax✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛ r❡t❛✐❧❡r✬s ♣r♦✜t

✐s ❛t ♠♦st ③❡r♦ ✐❢ ✐t ❝❤♦♦s❡s ❛ ♣r✐❝❡ ♦r ❡✛♦rt ❛❜♦✈❡ emax✳
✶✻ ❇❡❝❛✉s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ✐s

str✐❝t❧② ♣♦s✐t✐✈❡✱ ✇❡ ♠✉st ❤❛✈❡ pm < emax✳ ▲❡t p̃ s♦❧✈❡ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥
∂π(p,e)
∂e

= 0

✶✹❲❡ ❝❛♥ ❢♦❝✉s ♦♥ (p, e) ∈ Ω s✐♥❝❡ r❡t❛✐❧❡rs ❝❛♥ ❛t ❧❡❛st ❢♦❝✉s ♦♥ ✐ts ❧♦②❛❧ ❝♦♥s✉♠❡rs ❛♥❞ ♠❛❦❡ str✐❝t❧②

♣♦s✐t✐✈❡ ♣r♦✜ts✳
✶✺❚❤❡ ♣❛r❛♠❡t❡r emax ✐s ✉♥✐q✉❡ ❜❡❝❛✉s❡ e− q(e) ✐s ❝♦♥✈❡①✱ ❛♥❞ e− q(e) < vmax ✇❤❡♥ e = 0✳
✶✻■❢ ❛ r❡t❛✐❧❡r ❝❤♦♦s❡s ❛ ✈❡r② ❤✐❣❤ ♣r✐❝❡✱ ✐t ❝❛♥♥♦t ♠❛❦❡ ❝♦♥s✉♠❡rs ❜✉② t❤❡ ♣r♦❞✉❝t ❜② ♣r♦✈✐❞✐♥❣ ❤✐❣❤

q✉❛❧✐t② ❜❡❝❛✉s❡ ✐t ✐s ✈❡r② ❝♦st❧② ✭q′′(e) < 0✮❀ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ r❡t❛✐❧❡r ❝❤♦♦s❡s ❛ ✈❡r② ❤✐❣❤ q✉❛❧✐t②✱

✐t ♥❡❡❞s t♦ ❝❤❛r❣❡ ❛ ❤✐❣❤ ♣r✐❝❡ t♦ ❝♦✈❡r t❤❡ ❝♦st✱ ✇❤✐❝❤ ♠❛❦❡s ♥♦ ♦♥❡ ✇✐❧❧✐♥❣ t♦ ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t✳
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❛t e = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ew(p̃) = 0 ❜❡❝❛✉s❡ π(p, e) ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ e✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❡❧✐❡❢ ew(p)✳

▲❡♠♠❛ ✷✳ ❚❤❡ ❜❡❧✐❡❢ ew(p) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

■✳ ❲❤❡♥ p < emax✱ t❤❡ ❜❡❧✐❡❢ ew(p) ✐s ✉♥✐q✉❡✱ ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ s❛t✐s✜❡s✿

✭✐✮ ✇❤❡♥ p ≤ p̃✱ ew(p) = 0✳

✭✐✐✮ ✇❤❡♥ p̃ < p < emax✱ ew(p) s♦❧✈❡s t❤❡ ❡q✉❛t✐♦♥✿

∂π(p, e)

∂e
= f(p− q(e))

[

−1− F (p− q(e))

f(p− q(e))
+ (p− e)q′(e)

]

= 0 ✭✸✮

✭✐✐✐✮ ✇❤❡♥ p ≤ pm✱ e′w(p) < 1✳

■■✳ ❲❤❡♥ p ≥ emax✱ t❤❡ ❜❡❧✐❡❢ ♦♥ ❡✛♦rt ew(p) ✐s ♥♦t ✉♥✐q✉❡✱ ❜✉t ❝♦♥s✉♠❡rs ❛❧✇❛②s

❜❡❧✐❡✈❡ t❤❛t t❤❡ s✉r♣❧✉s ♦❢ ❜✉②✐♥❣ ❢r♦♠ t❤❡ r❡t❛✐❧❡r ♠✉st ❜❡ ♥❡❣❛t✐✈❡✱ p− q(ew(p)) ≥ vmax✳

❆♥ ❡①❛♠♣❧❡ ♦❢ ew(p) ✇❤❡♥ p < emax ✐s ♣r♦✈✐❞❡❞ ✐♥ ❋✐❣✉r❡ ✷✱ ✇❡ ✜♥❞ t❤❛t ❛ ❧♦✇❡r

♣r✐❝❡ ✐s ❛❧✇❛②s ❧✐♥❦❡❞ t♦ ❛ ❧♦✇❡r q✉❛❧✐t②✳ ❲❤❡♥ ♣r✐❝❡ ✐s ✈❡r② s♠❛❧❧ s✉❝❤ t❤❛t p < p̃✱ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♠❛r❣✐♥ ✐s s♦ s♠❛❧❧ s✉❝❤ t❤❛t ✐t ✐s ♥♦t ♣r♦✜t❛❜❧❡ ❢♦r t❤❡ r❡t❛✐❧❡r t♦ ♠❛❦❡ ❛

♣♦s✐t✐✈❡ ❡✛♦rt t♦ ✐♠♣r♦✈❡ ♣❡r✲❝♦♥s✉♠❡r ❞❡♠❛♥❞✳ ❲❤❡♥ ♣r✐❝❡ ✐s ❧❛r❣❡r t❤❛♥ p̃ ❜✉t s♠❛❧❧❡r

t❤❛♥ emax✱ ❛ ❤✐❣❤❡r ♣r✐❝❡ ♠❡❛♥s ❛ ❤✐❣❤❡r ♠❛r❣✐♥✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ r❡t❛✐❧❡r ❤❛✈❡ ✐♥❝❡♥t✐✈❡s

t♦ ❡①❡rt ♠♦r❡ ❡✛♦rt t♦ ✐♥❝r❡❛s❡ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ❞❡♠❛♥❞✳ ❲❤❡♥ ♣r✐❝❡ ✐s s♦ ❧❛r❣❡ s✉❝❤

t❤❛t p ≥ emax ✭✇❤✐❝❤ ✐s ♥♦t ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ✜❣✉r❡✮✱ t❤❡ ♣r♦✜t ♦❢ t❤❡ r❡t❛✐❧❡r ✐s ❛t ♠♦st ③❡r♦✱

s♦ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ t❤❛t t❤❡ r❡t❛✐❧❡r ♠✉st ❝❤♦♦s❡ ❛♥ ❡✛♦rt t❤❛t ✐♥❞✉❝❡s ③❡r♦ ❞❡♠❛♥❞✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♥❡t s✉r♣❧✉s ✐s ♥❡❣❛t✐✈❡ ❢♦r ❡✈❡r② ❝♦♥s✉♠❡r ✭p− q(ew(p)) ≥ vmax✮✳

❚♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ t❤❛t ✇❤❡t❤❡r ❝♦♥s✉♠❡rs ❛ss♦❝✐❛t❡ ❛ ❤✐❣❤❡r ♣r✐❝❡ ✇✐t❤ ❛ ❤✐❣❤❡r

s✉r♣❧✉s ♦r ❧♦✇❡r s✉r♣❧✉s✱ ♥♦✇ ✇❡ ❞✐s❝✉ss t❤❡ ❜❡❧✐❡❢ ♦❢ ❛❞❥✉st❡❞ ♣r✐❝❡ ✭♦r ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞

♣r✐❝❡✮ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ❜② ψPD(p) = p − ew(p)✳ ▲❡t q̃ =
1+
√

1−4q′′(0)p̃

2
✱✶✼ t❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡✳

▲❡♠♠❛ ✸✳ ■❢ q′(e) ✐s ❧♦❣✲❝♦♥❝❛✈❡✱✶✽ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ψPD(p) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt✐❡s✿

✭✐✮ ✇❤❡♥ r❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② s✉❝❤ t❤❛t q′(0) ≤ q̃✱ t❤❡ ❡①♣❡❝t❡❞

❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p ❢♦r p ∈ [0, pm]❀

✭✐✐✮ ✇❤❡♥ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② s✉❝❤ t❤❛t q′(0) > q̃✱ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞

♣r✐❝❡ ✐s ✜rst ✐♥❝r❡❛s✐♥❣✱ t❤❡♥ ❞❡❝r❡❛s✐♥❣ ❛♥❞ ✜♥❛❧❧② ✐♥❝r❡❛s✐♥❣ ❛❣❛✐♥ ✐♥ p ❢♦r p ∈ [0, pm]✳
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p

ψPD(p)

p̃ pm
0

−q(0)

✭❛✮ ❙✐t✉❛t✐♦♥ ✭✐✮✿ q′(0) ≤ q̃

p

ψPD(p)

p̃ pmτ ′ τ
0

−q(0)

✭❜✮ ❙✐t✉❛t✐♦♥ ✭✐✐✮✿ q′(0) > q̃

❋✐❣✉r❡ ✸✿ ❊①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡

❊①❛♠♣❧❡s ♦❢ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❋✐❣✉r❡ ✸✳ ❲❤❡♥ p < p̃✱ t❤❡

❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ψ(p) ✐s ❧✐♥❡❛r ✐♥ p ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ♠❛❦❡ ③❡r♦ ❡✛♦rt✳ ❲❤❡♥ t❤❡

♣r✐❝❡ ✐s s❧✐❣❤t❧② ❛❜♦✈❡ p̃✱ ♣r✐❝❡ ❤❛s ❜♦t❤ ❞✐r❡❝t ❛♥❞ ✐♥❞✐r❡❝t ✭t❤r♦✉❣❤ ew(p)✮ ❡✛❡❝ts ♦♥

t❤❡ ❛❞❥✉st❡❞ ♣r✐❝❡✳ ■❢ r❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✱ q✉❛❧✐t② ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❜✐❣

❡✛❡❝t ♦♥ ♣❧❛②❡rs✬ ❜❡❤❛✈✐♦rs✱ t❤❡ ❞✐r❡❝t ❡✛❡❝t ❞♦♠✐♥❛t❡s✱ ❛♥❞ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ t❤❛t ❛

❧♦✇❡r ♣r✐❝❡ ♠❡❛♥s ❛ ❧♦✇❡r ❛❞❥✉st❡❞ ♣r✐❝❡✳ ■❢ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✱ q✉❛❧✐t②

❤❛s ❛ ❜✐❣ ✐♠♣❛❝t ♦♥ ♣❧❛②❡rs✬ ❜❡❤❛✈✐♦rs✱ t❤❡ ✐♥❞✐r❡❝t ❡✛❡❝t ❞♦♠✐♥❛t❡s✱ ❛♥❞ ❝♦♥s✉♠❡rs

❛ss♦❝✐❛t❡ ❛ ❤✐❣❤❡r ♣r✐❝❡ ✇✐t❤ ❛ ❤✐❣❤❡r s✉r♣❧✉s✳ ❲❤❡♥ ♣r✐❝❡ ❜❡❝♦♠❡s ❧❛r❣❡r✱ t❤❡ ❞✐r❡❝t

❡✛❡❝t ❞♦♠✐♥❛t❡s ❛❣❛✐♥ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ✐♥❝r❡❛s✐♥❣ s✐♥❝❡ t❤❡ q✉❛❧✐t②

❢✉♥❝t✐♦♥ ✐s ❝♦♥❝❛✈❡✳

✹✳✷ ❊q✉✐❧✐❜r✐✉♠ ❆♥❛❧②s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s♦❧✈❡ ❢♦r ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ t❤❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs

❤♦❧❞ t❤❡ ❜❡❧✐❡❢ ew(p) ❛♥❞ ❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ s❛♠❡ ♠✐①❡❞ str❛t❡❣② GPD(p, e)✳ ❙✐♥❝❡

r❡t❛✐❧❡rs ❛❧s♦ ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ❝❤♦♦s❡ ❡✛♦rt ❡q✉❛❧ t♦ ew(p) ❢♦r ❛ ❣✐✈❡♥ p✱ ✇❡ ❝❛♥ s✐♠♣❧②

❢♦❝✉s ♦♥ t❤❡ ♣r✐❝✐♥❣ str❛t❡❣② GPD(p) t♦ ❞❡s❝r✐❜❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

❲❡ ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥ r❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②

✭q′(0) ≤ q̃✮ ❛♥❞ ✇❤❡♥ t❤❡② ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② ✭q′(0) > q̃✮ s❡♣❛r❛t❡❧②✳

✶✼q̃ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❜❡❝❛✉s❡ q′′(0) < 0✳
✶✽❚❤❡ r❡s✉❧t st✐❧❧ ❤♦❧❞s ✇❤❡♥ q′(e) ✐s ♥♦t ❧♦❣✲❝♦♥❝❛✈❡ ❜✉t q′′(e)/q′(e) ✐s ✐♥❝r❡❛s✐♥❣ ♥♦t t♦♦ ❢❛st✳

✶✽



✹✳✷✳✶ ❘❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②

▲❡♠♠❛ ✹✳ ❲❤❡♥ r❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② s✉❝❤ t❤❛t q′(0) ≤ q̃✱ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② GPD(p) ❛♥❞ ❧♦✇❡r

❜♦✉♥❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉♣♣♦rt
[
p, pm

]
❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥s✿

[
1− λ

n
+ (1−GPD(pi))

n−1λ

]

π(pi, ew(ei)) =
1− λ

n
πm ✭✹✮

1 + (n− 1)λ

n
π(p, ew(p)) =

1− λ

n
πm ✭✺✮

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❱❛r✐❛♥ ✭✶✾✽✵✮ ✇❤❡♥ r❡t❛✐❧❡rs ❝❛♥♥♦t

❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✱ ❜❡❝❛✉s❡ q✉❛❧✐t② ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❜✐❣ ❡✛❡❝t ♦♥ ♣❧❛②❡rs✬ ❜❡❤❛✈✐♦rs✳

❙✐♥❝❡ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st ♣r✐❝❡ ✐s ♠♦♥♦t♦♥❡ ✐♥ ♣r✐❝❡✱ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✇✐❧❧ ❛❧✇❛②s

✜rst ✈✐s✐t t❤❡ r❡t❛✐❧❡r ✇✐t❤ t❤❡ ❧♦✇❡st ♣r✐❝❡✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ r❡t❛✐❧❡rs s❤♦✉❧❞ ❜❡ ✐♥❞✐✛❡r❡♥t

❛♠♦♥❣ ❛♥② ♣r✐❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉♣♣♦rt✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱

r❡t❛✐❧❡rs ❛r❡ ✇✐❧❧✐♥❣ t♦ ❝❤♦♦s❡ ❧♦✇❡r ♣r✐❝❡s t♦ ❛ttr❛❝t ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✱ ❛♥❞ t❤❡② ❝❤♦♦s❡

❧♦✇❡r ♣r✐❝❡s ♠♦r❡ ♦❢t❡♥ ✇❤❡♥ t❤❡r❡ ❛r❡ ♠♦r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳

✹✳✷✳✷ ❘❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②

▲❡t τ ❜❡ t❤❡ ♣r✐❝❡ t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❛❞❥✉st❡❞ ♣r✐❝❡ ❢♦r p ∈ [p̃, pm]✱ ❧❡t τ ′ < τ s♦❧✈❡

τ − q(ew(τ)) = τ ′ − q(ew(τ
′))✱ s❡❡ ✜❣✉r❡ ✸❜ ❛s ❛♥ ❡①❛♠♣❧❡✳ ❆♥❞ ❧❡t λτ ✱ λτ ′ ✱ λτp✱ ❛♥❞ λττ ′

s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿✶✾

1− λ

n
πm =

1 + (n− 1)λ

n
π(τ, ew(τ)),

1− λ

n
πm =

1 + (n− 1)λ

n
π(τ ′, 0),

1

n
π(τ, ew(τ)) =

1− λ

n
πm,

1

n
π(τ, ew(τ)) =

1 + (n− 1)λ

n
π(τ ′, 0).

❆s ✇❤❛t ✇❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r✱ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ♣❛r❛♠❡t❡rs✳

❖♥❡ ✐s λτ < λτp < λτ ′ ≤ λττ ′ ✱ ❛♥❞ λτ ′ ❛♥❞ λττ ′ ❝♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ ✶❀ t❤❡ ♦t❤❡r ♣♦ss✐❜✐❧✐t②

✐s λτ < λττ ′ < λτ ′ < λτp < 1✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠✳

✶✾❲❡ ❛ss✉♠❡ τ ′ ✐s ❛ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r ✇❤❡♥ τ − q(ew(τ)) ≤ −q(0)✱ λτ ′ ❛♥❞ λττ ′ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ 1

❛t t❤✐s t✐♠❡✳

✶✾



p

ψPD(p)

p̃ pm
0

τ

−q(0)

✭❛✮ ❚②♣❡ (i) ❊q✉✐❧✐❜r✐✉♠

p

ψPD(p)

p̃ pm
0

τ

−q(0)

✭❜✮ ❚②♣❡ (ii) ❊q✉✐❧✐❜r✐✉♠

p

ψPD(p)

p̃ pm
0

τ

−q(0)

✭❝✮ ❚②♣❡ (iii) ❊q✉✐❧✐❜r✐✉♠

p

ψPD(p)

τ ′ pmτ
0

−q(0)

✭❞✮ ❚②♣❡ (iv) ❊q✉✐❧✐❜r✐✉♠

❋✐❣✉r❡ ✹✿ ❊q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ s✉♣♣♦rt ✭r❡❞ ❧✐♥❡✴❞♦t✮ ✇❤❡♥ q′(0) > q̃

Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② s✉❝❤ t❤❛t q′(0) > q̃✱ t❤❡ ❣❛♠❡ ❤❛s

❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢

♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs λ ❛♥❞ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ q✉❛❧✐t② ❢✉♥❝t✐♦♥ q(e)✳

✭✐✮ ❲❤❡♥ λ ≤ λτ ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ s✉❝❤ ❛s

t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❧❡♠♠❛ ✹✳

✭✐✐✮ ❲❤❡♥ λτ < λ ≤ min{λτ ′ , λτp}✱ t❤❡r❡ ❡①✐sts ❛ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠

✇✐t❤ ♥♦♥❝♦♥t✐♥✉♦✉s s✉♣♣♦rt {τ}⋃
[
p′, pm

]
✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② GPD(p) ✐♥✈♦❧✈❡s ❛

♠❛ss ♣♦✐♥t ❛t τ ✳

✭✐✐✐✮ ❲❤❡♥ λτp < λ ≤ λττ ′✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡

r❡t❛✐❧❡rs ❝❤♦♦s❡ p = τ ✳

✭✐✈✮ ❲❤❡♥ λ > max{λτ ′ , λττ ′}✱ t❤❡r❡ ❡①✐sts ❛ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠

✇✐t❤ ♥♦♥❝♦♥t✐♥✉♦✉s s✉♣♣♦rt
[
p, τ ′

)⋃
{τ}

⋃[
p′′, pm

]
♦r

[
p, τ ′

)⋃
{τ}✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t✲

❡❣② GPD(p) ✐♥✈♦❧✈❡s ❛ ♠❛ss ♣♦✐♥t ❛t τ ✳

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ s✉♣♣♦rts ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ✜❣✉r❡

✹✱ ❛s ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❧❛t❡r✱ t❤❡② ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs

❛♥❞ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ q✉❛❧✐t② ❢✉♥❝t✐♦♥ q(e)✳

❲❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐s s♠❛❧❧✱ r❡t❛✐❧❡rs ✇❛♥t t♦ ❢♦❝✉s ♦♥ t❤❡✐r

❧♦②❛❧ ❝♦♥s✉♠❡rs ❛♥❞ ❝❤♦♦s❡ ♣r✐❝❡s ❝❧♦s❡ t♦ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✱

✷✵



t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ♠♦♥♦t♦♥❡ ❢♦r p ≥ τ ✳ ❍❡♥❝❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ✐s

t❤❡ s❛♠❡ ❛s t❤❛t ✐♥ ❧❡♠♠❛ ✹ ✇❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐s s♠❛❧❧ ❡♥♦✉❣❤

s✉❝❤ t❤❛t r❡t❛✐❧❡rs ❤❛✈❡ ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❝❤♦♦s❡ ❛ ♣r✐❝❡ ❜❡❧♦✇ τ ✳ ❆♥❞ t❤✐s ✐s ❣✉❛r❛♥t❡❡❞

❜② λ ≤ λτ ✱ ❜❡❝❛✉s❡ λτ s♦❧✈❡s t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ❛ r❡t❛✐❧❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❝❤♦♦s✐♥❣

t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ t♦ ❥✉st ❤❛✈❡ ✐ts ❧♦②❛❧ ❝♦♥s✉♠❡rs ❛♥❞ ❝❤♦♦s✐♥❣ τ t♦ ❛ttr❛❝t ❛❧❧ ♥♦♥✲

❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t②♣❡ ✭✐✮ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧

❝♦♥s✉♠❡rs ✐s s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t λ ≤ λτ ✳

❲❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐s ♠♦❞❡r❛t❡ ✭λ > λτ ✱ ❜✉t ♥♦t t♦♦ ❧❛r❣❡✮✱

r❡t❛✐❧❡rs ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ❝❤♦♦s❡ ♣r✐❝❡s ❧♦✇❡r t❤❛♥ τ t♦ ❛ttr❛❝t ❛❧❧ t❤❡ ♥♦♥✲❧♦②❛❧ ❝♦♥✲

s✉♠❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ λτ ✱ ❜✉t t❤❡② ❝❛♥♥♦t ❜❡❝❛✉s❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs

❛ss♦❝✐❛t❡ ❛ ❤✐❣❤❡r ♣r✐❝❡ ✇✐t❤ ❛ ❤✐❣❤❡r s✉r♣❧✉s ✇❤❡♥ p ∈ (p̃, τ)✳ ❈❤♦♦s✐♥❣ ❛♥② ♣r✐❝❡ s✉❝❤

t❤❛t p ∈ [τ ′, τ) ✐s str✐❝t❧② ❞♦♠✐♥❛t❡❞ ❜② ❝❤♦♦s✐♥❣ τ ✱ ❜❡❝❛✉s❡ ❝❤♦♦s✐♥❣ τ ✇❡❛❦❧② ✐♥❝r❡❛s❡s

t❤❡ ❞❡♠❛♥❞ ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s❡s ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳✷✵ ❚♦ ❛ttr❛❝t ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✱

r❡t❛✐❧❡rs t❤✉s ❝❤♦♦s❡ τ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ■♥ st❛♥❞❛r❞ ❝❧❡❛r✐♥❣❤♦✉s❡ ♠♦❞✲

❡❧s✱ r❡t❛✐❧❡rs ❞♦ ♥♦t ❝❤♦♦s❡ ❛ ♣r✐❝❡ p < pm ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❜❡❝❛✉s❡ t❤❡✐r

r✐✈❛❧s ❝❛♥ ❝❤♦♦s❡ ❛ ♣r✐❝❡ s❧✐❣❤t❧② ❧♦✇❡r t❤❛♥ p✱ ❜✉t t❤✐s ❞♦❡s ♥♦t ❤❛♣♣❡♥ ✐♥ ♦✉r ♠♦❞❡❧

❜❡❝❛✉s❡ ❝❤♦♦s✐♥❣ τ ❞♦♠✐♥❛t❡s ❛♥② s❧✐❣❤t❧② ❧♦✇❡r ♣r✐❝❡✳

◆♦t❡ t❤❛t λτ ′ s♦❧✈❡s t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t r❡t❛✐❧❡rs ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❝❤♦♦s✐♥❣ t❤❡

♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ ❝❤♦♦s✐♥❣ ❛ ✈❡r② ❧♦✇❡r ♣r✐❝❡ τ ′ t♦ ❛ttr❛❝t ❛❧❧ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✱

❛♥❞ λτp s♦❧✈❡s t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ❛ r❡t❛✐❧❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❝❤♦♦s✐♥❣ τ ✭✇❤❡♥ ❛❧❧

t❤❡ ♦t❤❡r r❡t❛✐❧❡rs ❝❤♦♦s❡ τ ❛♥❞ t❤❡② s❤❛r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❡q✉❛❧❧②✮ ❛♥❞ ❝❤♦♦s✐♥❣

t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ λ ≤ min{λτ ′ , λτp} ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢

♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐s ♥♦t s♦ ❧❛r❣❡ s✉❝❤ t❤❛t r❡t❛✐❧❡rs ✇❛♥t t♦ ❝❤♦♦s❡ ❛ ♣r✐❝❡ ❧♦✇❡r t❤❛♥

τ ′ ♦r ❝❤♦♦s❡ τ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✱ ❤❡♥❝❡✱ ✇❡ ❤❛✈❡ t②♣❡ ✭✐✐✮ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤✐s ❝❛s❡✳

❲❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐s ❧❛r❣❡✱ ✐t ❝♦✉❧❞ ❜❡ ❡✐t❤❡r t②♣❡ ✭✐✐✐✮ ♦r t②♣❡

✭✐✈✮ ❡q✉✐❧✐❜r✐✉♠✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ λτp ❛♥❞ λττ ′ ✱ t❤❡ ❝♦♥❞✐t✐♦♥ λτp < λ < λττ ′

❣✉❛r❛♥t❡❡s t❤❛t r❡t❛✐❧❡rs ❤❛✈❡ ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❝❤♦♦s❡ ❡✐t❤❡r pm ♦r τ ′ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ❢♦r

t②♣❡ ✭✐✐✐✮ ❡q✉✐❧✐❜r✐✉♠✳ ❙✐♠✐❧❛r❧②✱ t②♣❡ ✭✐✈✮ ❡q✉✐❧✐❜r✐✉♠ ✐♥✈♦❧✈❡s ✈❡r② ❧♦✇ ♣r✐❝❡s ✭s♠❛❧❧❡r

t❤❛♥ τ ′✮✱ ✇❤✐❝❤ r❡q✉✐r❡s t❤❛t λ > max{λτ ′ , λττ ′}✳
❲❤❡t❤❡r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s t②♣❡ ✭✐✐✐✮ ♦r t②♣❡ ✭✐✈✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡

✷✵❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✱ ♣ ♦♥❧② ❤❛s ❛ ❞✐r❡❝t ❡✛❡❝t ♦♥ π(p, ew(p))✱ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t

π(p, ew(p)) ✐s t❤❡r❡❢♦r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ ♣r✐❝❡✳

✷✶



q✉❛❧✐t② ❢✉♥❝t✐♦♥ q(e)✳ ❋✐rst✱ ✇❤❡♥ q(e) ✐s ✐♥❝r❡❛s✐♥❣ ♠♦❞❡r❛t❡❧② ❢❛st✱ ✇❡ ❤❛✈❡ λττ ′ < λτp

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ♥♦ t②♣❡ ✭✐✐✐✮ ❡q✉✐❧✐❜r✐✉♠✳ ❇❡❝❛✉s❡ ✐t ✐s ♠♦r❡ ♣r♦✜t❛❜❧❡

❢♦r r❡t❛✐❧❡rs t♦ ❝❤♦♦s❡ ❛ ♣r✐❝❡ s♠❛❧❧❡r t❤❛♥ τ ′ t♦ ❛ttr❛❝t ❛❧❧ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs t❤❛♥

❝❤♦♦s✐♥❣ τ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✱ t❤❡ q✉❛❧✐t② ♦♥❧② ❤❛s ❛ ♠♦❞❡r❛t❡ ❡✛❡❝t ♦♥ ❝♦♥s✉♠❡rs✬

✉t✐❧✐t②✳ ❙❡❝♦♥❞✱ ✇❤❡♥ q(e) ✐s ✐♥❝r❡❛s✐♥❣ ✈❡r② ❢❛st✱ ✇❡ ❤❛✈❡ λτp < λττ ′ ✱ ❛♥❞ t❤❡r❡ ❡①✐st

t②♣❡ ✭✐✐✐✮ ❡q✉✐❧✐❜r✐✉♠ ❢♦r s✉r❡✳ ◆♦t❡ t❤❛t λτ ′ ❛♥❞ λττ ′ ❝♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ ✶✱ t❤❡r❡ ❡①✐sts

t②♣❡ ✭✐✈✮ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤✐s ❝❛s❡ ♦♥❧② ✐❢ λττ ′ < 1✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣❛r❛♠❡t❡rs

❛♥❞ ❡q✉✐❧✐❜r✐✉♠ t②♣❡s ✐s ♣r♦✈✐❞❡❞ ✐♥ ✜❣✉r❡ ✺✳

0 λτ λττ ′ λτ ′ λτp 1 ❲❤❡♥ q(e) ✐♥❝r❡❛s❡s ♠♦❞❡r❛t❡❧② ❢❛st

(i) (ii) (iv)

(i) (ii) (iii) (iv)

0 λτ λτp λτ ′ λττ ′
❲❤❡♥ q(e) ✐♥❝r❡❛s❡s ✈❡r② ❢❛st

❋✐❣✉r❡ ✺✿ ❘❡❧❛t✐♦♥s❤✐♣ ❛♠♦♥❣ λτ ✱ λτ ′ ✱ λτp✱ ❛♥❞ λττ ′

◆♦t❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ❢r♦♠ ♦t❤❡r

❝❧❡❛r✐♥❣❤♦✉s❡ ❧✐t❡r❛t✉r❡✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠❛ss ♣♦✐♥t ❝♦♠❡s

❢r♦♠ t❤❡ ❢❛❝t t❤❛t r❡t❛✐❧❡rs ❝❛♥♥♦t ❝❤♦♦s❡ ♣r✐❝❡s s❧✐❣❤t❧② ❧♦✇❡r t❤❛♥ τ t♦ ❛ttr❛❝t ♥♦♥✲

❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❚❤❡r❡ ❛r❡ t✇♦ r❡❛s♦♥s t❤❛t t❤❡ ♠❛ss ♣♦✐♥t ❝❛♥ ❜❡ ❡q✉❛❧ t♦ ✶✳ ❖♥ t❤❡

♦♥❡ ❤❛♥❞✱ r❡t❛✐❧❡rs ❞♦ ♥♦t ✇❛♥t t♦ ❝❤♦♦s❡ ✈❡r② ❤✐❣❤ ♣r✐❝❡s ❜❡❝❛✉s❡ t❤❡② ✇❛♥t t♦ ❛ttr❛❝t

s♦♠❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ✈❡r② ❝♦st❧② t♦ ❛ttr❛❝t ❛❧❧ ♥♦♥✲❧♦②❛❧

❝♦♥s✉♠❡rs ❜② ❝❤♦♦s✐♥❣ ✈❡r② ❧♦✇ ♣r✐❝❡s✱ t❤❡② ❝♦✉❧❞ ❣❡t ❤✐❣❤ ♣r♦✜ts ❢r♦♠ ❧♦②❛❧ ❝♦♥s✉♠❡rs

❜❡❝❛✉s❡ t❤❡② ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✳

✺ ❲❡❧❢❛r❡ ❆♥❛❧②s✐s

Pr♦♣♦s✐t✐♦♥ ✸✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦

✭✐✮ ❛❧✇❛②s ✐♥✈♦❧✈❡s ❤✐❣❤❡r ❝♦♥s✉♠❡r s✉r♣❧✉s✱ ✭✐✐✮ ❛❧✇❛②s ✐♥✈♦❧✈❡s ❤✐❣❤❡r t♦t❛❧ ✇❡❧❢❛r❡ ✇❤❡♥

t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs λ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ❛♥❞ ✭✐✐✐✮ s♦♠❡t✐♠❡s ❧❡❛❞s t♦

❧♦✇❡r t♦t❛❧ ✇❡❧❢❛r❡ ✇❤❡♥ λ ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡✳

Pr✐❝❡ tr❛♥s♣❛r❡♥❝② ✐♠♣r♦✈❡s ❝♦♥s✉♠❡r s✉r♣❧✉s ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ❛r❡ ✇✐❧❧✐♥❣ t♦ ❝❤♦♦s❡

❜❡tt❡r ♦✛❡rs t♦ ❛ttr❛❝t ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❲❡ t❤❡r❡❢♦r❡ ❢♦❝✉s ♦♥ t❤❡ ❡✛❡❝t ♦❢ ♣r✐❝❡

tr❛♥s♣❛r❡♥❝② ♦♥ t♦t❛❧ ✇❡❧❢❛r❡✳ ▲❡t TWm ❛♥❞ TWPD ❞❡♥♦t❡ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ♦❢ t❤❡

✷✷



❜❡♥❝❤♠❛r❦ ❛♥❞ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦s✱

TWm = W (pm, em),

TWPD = λ

∫

p∈suppPD

W (p, ew(p)) d [1− (1−GPD(p))
n] + (1− λ)

∫

p∈suppPD

W (p, ew(p)) dGPD(p),

✇❤❡r❡ suppPD ✐s ❡q✉✐❧✐❜r✐✉♠ s✉♣♣♦rt ♦❢ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱ ❛♥❞ ♣❡r✲

tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡ W (p, e) ✐s ❞❡✜♥❡❞ ❛s✿

W (p, e) =

∫ vmax

p−q(e)

[v + q(e)− p] dF (v) + π(p, e).

P❡r✲tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡ ✐s ♠❛①✐♠✐③❡❞ ✇❤❡♥ ❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ p = e = e∗✳ ❈❤♦♦s✲

✐♥❣ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt r❡s✉❧ts ✐♥ t❤❡ ❤✐❣❤❡st ♣r♦✜t ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s

✉♥❝❤❛♥❣❡❞✳✷✶ ❚❤❡♥ ✇❡ ❝❛♥ tr❡❛t e = e∗ ❛s ❛ ✜①❡❞ ♠❛r❣✐♥❛❧ ❝♦st✱ ❛s ✐s ✇❡❧❧ ❦♥♦✇♥✱W (p, e)

✐s ♠❛①✐♠✐③❡❞ ✇❤❡♥ ♣r✐❝❡ ❡q✉❛❧s t❤❡ ♠❛r❣✐♥❛❧ ❝♦st✳

❚♦t❛❧ ✇❡❧❢❛r❡ ✐s t❤❡r❡❢♦r❡ ♠❛①✐♠✐③❡❞ ✇❤❡♥ ❛❧❧ r❡t❛✐❧❡rs ❝❤♦♦s❡ p = e = e∗✳ ■♥t✉✐t✐✈❡❧②✱

t♦t❛❧ ✇❡❧❢❛r❡ ✐s ❤✐❣❤❡r ✐❢ r❡t❛✐❧❡rs ❝❤♦♦s❡ (p, e) ❝❧♦s❡ t♦ (e∗, e∗) ✇✐t❤ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t②✳

❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✐♥✈♦❧✈❡s ❧♦✇❡r

♣r✐❝❡s ❜✉t ❛❧s♦ ❧♦✇❡r ❡✛♦rts✱ t❤❡ r❡s✉❧t✐♥❣ ✇❡❧❢❛r❡ ❡✛❡❝t ✐s t❤✉s ✉♥❝❧❡❛r✳

Pr✐❝❡ tr❛♥s♣❛r❡♥❝② ❧❡❛❞s t♦ str✐❝t❧② ❤✐❣❤❡r t♦t❛❧ ✇❡❧❢❛r❡ ✇❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧

❝♦♥s✉♠❡rs λ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ◆♦t❡ t❤❛t t❤❡ t✇♦ s❝❡♥❛r✐♦s ❤❛✈❡ ❡①❛❝t❧② t❤❡ s❛♠❡

❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ✇❤❡♥ t❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✱ ✐✳❡✳ λ = 0✳ ❚♦t❛❧ ✇❡❧❢❛r❡ ✐♥

t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦ ✐s ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✈❛❧✉❡ ♦❢ λ✳ ❲❤✐❧❡ ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞

s❡❛r❝❤ s❝❡♥❛r✐♦✱ ❛ s❧✐❣❤t❧② ♣♦s✐t✐✈❡ λ ❝❛♥ ✐♥❞✉❝❡ r❡t❛✐❧❡rs t♦ s❧✐❣❤t❧② ❧♦✇❡r t❤❡✐r ❛❞❥✉st❡❞

♣r✐❝❡s t♦ ❛ttr❛❝t t❤❡s❡ ❝♦♥s✉♠❡rs✱ ✐t ❤❛s ❛ ❧❛r❣❡r ❡✛❡❝t ♦♥ ❝♦♥s✉♠❡r s✉r♣❧✉s t❤❛♥ ♦♥

✐♥❞✉str② ♣r♦✜t ❜❡❝❛✉s❡ t❤❡ ♣r✐❝❡s ❛♥❞ q✉❛❧✐t✐❡s ❛r❡ ❝❧♦s❡ t♦ t❤❡✐r ♠♦♥♦♣♦❧② ❧❡✈❡❧✳

❚❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✇✐❧❧ ❦❡❡♣ ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡

❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✐❢W (p, ew(p)) ✐s ♠♦♥♦t♦♥❡ ✐♥ p✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡

t♦ ❛♥❛❧②t✐❝❛❧❧② ❛♥❛❧②③❡ t❤❡ ❝❤❛♥❣❡ ✐♥ t♦t❛❧ ✇❡❧❢❛r❡ ✇❤❡♥ W (p, ew(p)) ✐s ♥♦t ♠♦♥♦t♦♥❡✳

❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♠♦♥♦♣♦❧② ❧❡✈❡❧ ♣❡r✲tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡ W (pm, em)✱ ❛ ❧♦✇❡r ♣r✐❝❡

s♦♠❡t✐♠❡s r❡s✉❧ts ✐♥ ❧♦✇❡r ♣❡r✲tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡✱ ❛♥❞ t❤❡ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠

♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ s❛② ❤♦✇ ♦❢t❡♥ t❤✐s ♦❝❝✉rs ♦r ❞❡t❡r♠✐♥❡ t❤❡ ❡①t❡♥t ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡✳

✷✶❚♦ ✉♥❞❡rst❛♥❞ t❤✐s r❡s✉❧t✱ ✇❡ tr❡❛t t❤❡ ♣❡r✲tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡ ❛s ❛ ❢✉♥❝t✐♦♥ ✐s ❛❞❥✉st❡❞ ♣r✐❝❡ ψ ❛♥❞

❡✛♦rt e✳ ❚❤❡ ✜rst ♣❛rt ♦❢ ♣❡r✲tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ψ✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♣❛rt ✐s ♠❛①✐♠✐③❡❞

✇❤❡♥ e = e∗ ❢♦r ❛♥② ψ ❛s ✇❡ ❤❛✈❡ s❤♦✇♥ ❜❡❢♦r❡✳

✷✸



λ

TWPD

TWm

✭❛✮ a = 0.52

λ

TWPD

TWm

✭❜✮ a = 0.55

λ

TWPD

TWm

✭❝✮ a = 0.6

λ

TWPD

TWm

✭❞✮ a = 0.8

❋✐❣✉r❡ ✻✿ ❚♦t❛❧ ✇❡❧❢❛r❡

❲❡ t❤❡r❡❢♦r❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ t♦ s✐♠✉❧❛t❡ t❤❡ ♠♦❞❡❧✿ ✈❛❧✉❛t✐♦♥ v ✐s ✉♥✐❢♦r♠❧②

❞✐str✐❜✉t❡❞ ♦♥ [0, 1]✱ q(e) = −a(e − 1)2 ❛♥❞ n = 2✳ ■t ✐s ❡❛s✐❡r ❢♦r r❡t❛✐❧❡rs t♦ ✐♠♣r♦✈❡

q✉❛❧✐t② ✐❢ a ✐s ❧❛r❣❡r✳✷✷ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ s❛t✐s✜❡s str✐❝t❧②

❧♦❣✲❝♦♥❝❛✈✐t②❀ t♦ ♠❛❦❡ q(e) ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❡ ♠❛❞❡ ❜❡❢♦r❡✱ ✇❡ ❛ss✉♠❡

a ∈ (1
2
, 1) ❜❡❝❛✉s❡

q′(e) > 0, q′′(e) < 0, q′(0) > 1, vmax + q(0) > 0 ⇐⇒ a ∈ (
1

2
, 1).

❲❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥s ♦❢ t♦t❛❧ ✇❡❧❢❛r❡ ✐♥ ❋✐❣✉r❡ ✻✳ ◆♦t❡ t❤❛t t❤❡ t♦t❛❧

✇❡❧❢❛r❡ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦ ✐s ❝♦♥st❛♥t ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ λ✳ ❋✐❣✉r❡ ✻❛ s❤♦✇s t❤❡

❝❤❛♥❣❡ ✐♥ t♦t❛❧ ✇❡❧❢❛r❡ ✇❤❡♥ ♣❡r✲tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡ W (p, ew(p)) ✐s ♠♦♥♦t♦♥❡✱ t❤❡ t♦t❛❧

✇❡❧❢❛r❡ ♦❢ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✐s ✐♥❝r❡❛s✐♥❣ ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ❝❛♥♥♦t ❡❛s✐❧②

✐♠♣r♦✈❡ q✉❛❧✐t②✳ ■♥ ❋✐❣✉r❡ ✻❜✱ ✐❢ ✐t ✐s r❡❧❛t✐✈❡❧② ❡❛s② ❢♦r r❡t❛✐❧❡rs t♦ ✐♠♣r♦✈❡ q✉❛❧✐t②✱

t♦t❛❧ ✇❡❧❢❛r❡ ✐s ❞❡❝r❡❛s✐♥❣ ✇❤❡♥ λ ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❢♦r t❤❡ r❡❛s♦♥ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❚❤❡

✷✷❲❡ ❝❛♥ ❞❡✜♥❡ t❤❡ q✉❛❧✐t② ❢✉♥❝t✐♦♥ t♦ ❜❡ q(e) = a− 1− a(e− 1)2 ✐❢ ✇❡ ✇❛♥t t♦ ✜① q(0)✱ t❤❡ ❛♥❛❧②s✐s

✇♦✉❧❞ ❜❡ ❡①❛❝t❧② t❤❡ s❛♠❡✳
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ψPD(p)

p

pτp̃

W (p, ew(p))

pm
0

❋✐❣✉r❡ ✼✿ P❡r✲tr❛♥s❛❝t✐♦♥ ✇❡❧❢❛r❡ ❛♥❞ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡

t♦t❛❧ ✇❡❧❢❛r❡ ✐s ✐♥❝r❡❛s✐♥❣ ❛❣❛✐♥ ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ❜❡❣✐♥ t♦ ❝❤♦♦s❡ ✈❡r② ❧♦✇ ♣r✐❝❡s✱ ✇❤✐❝❤

❞♦♠✐♥❛t❡s t❤❡ ❡✛❡❝t ♦❢ ✐♥❡✣❝✐❡♥t ❡✛♦rt ♣r♦✈✐❞✐♥❣✳ P❛rt ♦❢ t❤❡ ❣r❛♣❤ ✐s ✢❛t ✐♥ ❋✐❣✉r❡

✻❝ ❜❡❝❛✉s❡ ✐t ✐s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ p = τ ✐♥ t❤❛t

✐♥t❡r✈❛❧✳ ❆s λ ❦❡❡♣s ✐♥❝r❡❛s✐♥❣✱ r❡t❛✐❧❡rs ❛r❡ ✇✐❧❧✐♥❣ t♦ ❝❤♦♦s❡ ✈❡r② ❧♦✇ ♣r✐❝❡s t♦ ❛ttr❛❝t

♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✱ ❛♥❞ t❤❡r❡ ✐s ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ❍♦✇❡✈❡r✱ ✐❢ ✐t ✐s ✈❡r② ❡❛s②

❢♦r r❡t❛✐❧❡rs t♦ ✐♠♣r♦✈❡ q✉❛❧✐t②✱ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ❤✐❣❤❡r ✇❤❡♥ p = τ t❤❛♥

p = 0✳ ❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✻❞✱ t❤❡r❡ ✐s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥ λ ✐s

❛❜♦✈❡ s♦♠❡ ❧❡✈❡❧✳

❚❤❡ ❦❡② r❡❛s♦♥ t❤❛t TWPD ❝❛♥ ❜❡ ❞❡❝r❡❛s✐♥❣ ✐♥ λ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❤❡♥ ✐t ✐s r❡❧❛t✐✈❡❧②

❡❛s② ❢♦r r❡t❛✐❧❡rs t♦ ✐♠♣r♦✈❡ q✉❛❧✐t②✱ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs

❧❡❛❞s t♦ t♦♦ ♠✉❝❤ ❝♦♠♣❡t✐t✐♦♥✱ ✐t r❡❞✉❝❡s r❡t❛✐❧❡rs✬ ❡✛♦rt ✐♥❝❡♥t✐✈❡s ❛♥❞ ♠❛❦❡s r❡t❛✐❧❡rs✬

♣r♦✜ts ❞❡❝r❡❛s❡ ✈❡r② ❢❛st✳ ❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✼✱ r❡t❛✐❧❡rs ✇✐❧❧ ❦❡❡♣ ❧♦✇❡r t❤❡✐r

♣r✐❝❡s ✉♥t✐❧ p = τ ✭ψPD(p) r❡❛❝❤❡s t❤❡ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛t p = τ ❢♦r p ≥ p̃✮ t♦ ❛ttr❛❝t

♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❍♦✇❡✈❡r✱ ❛ ♣r✐❝❡ ❛r♦✉♥❞ τ ✐s t♦♦ ❧♦✇ ❢♦r t♦t❛❧ ✇❡❧❢❛r❡ ❜❡❝❛✉s❡ ❛

s❧✐❣❤t❧② ❤✐❣❤❡r ♣r✐❝❡ ❝❛♥ ♦♥❧② ❤✉rt ❝♦♥s✉♠❡r s✉r♣❧✉s ✐♥ t❤❡ s❡♥s❡ ♦❢ s❡❝♦♥❞✲♦r❞❡r ❡✛❡❝t✱

❜✉t ✐t ❤❛s ❛ ✜rst✲♦r❞❡r ❡✛❡❝t ♦♥ ♣r♦✜t✳

❆s ♥♦t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡s ❝r❡❛t❡ ❞♦✇♥✇❛r❞ ♣r❡ss✉r❡ ♦♥

♣r✐❝❡s ❛♥❞ t❤❡r❡❢♦r❡ r❡❞✉❝❡ ♠❛r❣✐♥s✱ ✇❤✐❝❤ ❝❛♥ ❢✉rt❤❡r r❡❞✉❝❡ t❤❡ ✐♥❝❡♥t✐✈❡ ♦❢ r❡t❛✐❧❡rs

t♦ ♣r♦✈✐❞❡ ❤✐❣❤ q✉❛❧✐t②✳ ❆❧t❤♦✉❣❤ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❛❧✇❛②s r❡s✉❧ts ✐♥ ❧♦✇❡r ❛❞❥✉st❡❞

♣r✐❝❡s ✇❤✐❝❤ ✐s ❣♦♦❞ ❢♦r ❝♦♥s✉♠❡rs✱ ✐t ♠❛② ❤❛✈❡ ❛ ❜✐❣ ✐♥✢✉❡♥❝❡ ♦♥ r❡t❛✐❧❡rs✬ ♣r♦✜t ❞✉❡ t♦
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✐♥❡✣❝✐❡♥t ❡✛♦rt ♣r♦✈✐❞✐♥❣✱ ✇❤✐❝❤ ❝❛♥ ✜♥❛❧❧② ❧❡❛❞ t♦ ❧♦✇❡r t♦t❛❧ ✇❡❧❢❛r❡ t❤❛♥ t❤❡ s✐t✉❛t✐♦♥

✇✐t❤♦✉t ♣r✐❝❡ tr❛♥s♣❛r❡♥❝②✳

✻ P♦❧✐❝② ■♠♣❧✐❝❛t✐♦♥s

❚❤✐s s❡❝t✐♦♥ s❤❡❞s s♦♠❡ ❧✐❣❤t ♦♥ t❤❡ r❡❣✉❧❛t✐♦♥ ♦❢ r❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡✳ ❲❡ ❛❧s♦

❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ q✉❛❧✐t② tr❛♥s♣❛r❡♥❝②✱ t♦ ❢✉rt❤❡r ❛r❣✉❡ ✇❤② ✐t ✐s ✐♠♣♦rt❛♥t ❢♦r t❤❡

♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡ t♦ s❤♦✇ ♠♦r❡ ❛❝❝✉r❛t❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ q✉❛❧✐t②✳

✻✳✶ ❘❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ r❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡ ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞

s❡❛r❝❤ s❝❡♥❛r✐♦✳ ❲❡ ♠♦❞✐❢② t❤❡ ♠♦❞❡❧ ❜② ❛ss✉♠✐♥❣ r❡t❛✐❧❡rs ❛r❡ ♦♥❧② ❛❧❧♦✇❡❞ t♦ ❝❤♦♦s❡

♣r✐❝❡s ❛❜♦✈❡ ❛ ♠✐♥✐♠✉♠ ♣r✐❝❡ pmin✳ ▲❡t TWPD(pmin) ❞❡♥♦t❡ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐♥ t❤❡ ♣r✐❝❡

❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ pmin✳ ❙✐♥❝❡ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ❜♦✉♥❞❡❞✱

t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠ ♣r✐❝❡ p∗min s✉❝❤ t❤❛t

p∗min ∈ argmax
pmin

TWPD(pmin).

◆♦t❡ t❤❛t suppPD ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ s✉♣♣♦rt ♦❢ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱

✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ■♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱ ✐❢ q′(e) ✐s ❧♦❣✲❝♦♥❝❛✈❡ ❛♥❞ t❤❡

✈❛❧✉❛t✐♦♥ v ❢♦❧❧♦✇s t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✱ ❛ ♠✐♥✐♠✉♠ ♣r✐❝❡ pmin s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡

❧♦✇❡r ❜♦✉♥❞ ♦❢ suppPD str✐❝t❧② ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ ✇❡❧❢❛r❡✳ ❚❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞

t♦t❛❧ ✇❡❧❢❛r❡ ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠ ♣r✐❝❡ p∗min ❛r❡ str✐❝t❧② ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ✐♥ t❤❡

❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✳

❘❡s❛❧❡ ♣r✐❝❡ ♠❛✐♥t❡♥❛♥❝❡ ❝❛♥ ✐♥❝r❡❛s❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐♥ t✇♦ ❛s♣❡❝ts✳ ❋✐rst✱ ✐t ♣r❡✈❡♥ts

r❡t❛✐❧❡rs ❢r♦♠ ❝❤♦♦s✐♥❣ ❧♦✇ ❛♥❞ ✐♥❡✣❝✐❡♥t q✉❛❧✐t✐❡s✳ ■♥st❡❛❞ ♦❢ ❝❤♦♦s✐♥❣ ♣r✐❝❡s ❧♦✇❡r t❤❛♥

t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡✱ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳

◆♦t❡ t❤❛t ❛ ❤✐❣❤❡r ♣r✐❝❡ ✐s ❛❧✇❛②s ❧✐♥❦❡❞ t♦ ❛ ❤✐❣❤❡r q✉❛❧✐t②✱ r❡t❛✐❧❡rs ❛❧s♦ ❝❤♦♦s❡ ♠♦r❡

❡✣❝✐❡♥t q✉❛❧✐t② ♠♦r❡ ♦❢t❡♥✳ ❙❡❝♦♥❞✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ❧❡ss ❞✐s♣❡rs❡❞ s✐♥❝❡

t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✐s ❝❤♦s❡♥ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ ✐♥❞✉str② ♣r♦✜t ✐s ♥♦t

❝❤❛♥❣❡❞ ❜❡❝❛✉s❡ r❡t❛✐❧❡rs ❝❛♥ ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ q✉❛❧✐t② ❛♥❞ ❢♦❝✉s
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♦♥ t❤❡✐r ❧♦②❛❧ ❝♦♥s✉♠❡rs✱ ✇❤✐❧❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❜❡❝♦♠❡s ❤✐❣❤❡r ❜❡❝❛✉s❡ ❡q✉✐❧✐❜r✐✉♠

❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ❧❡ss ✬r✐s❦②✬✳

❆s ✐♥ ❆r♠str♦♥❣ ❛♥❞ ❱✐❝❦❡rs ✭✷✵✵✶✮✱ ✇❡ ✈✐❡✇ r❡t❛✐❧❡rs ❛s ❝❤♦♦s✐♥❣ t❤❡ ♣❡r✲❝♦♥s✉♠❡r

♣r♦✜t π r❛t❤❡r t❤❛♥ ♣r✐❝❡ ❛♥❞ ❡✛♦rt✳ ❙✐♥❝❡ r❡t❛✐❧❡rs ♥❡✈❡r ❝❤♦♦s❡ ♣r✐❝❡s s✉❝❤ t❤❛t p ∈
[τ ′, τ)✱ ❢♦r p ∈ suppPD✱ t❤❡r❡ ✐s ❛ ♦♥❡ t♦ ♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ π ❛♥❞ p ❛♥❞ π ✐s

✐♥❝r❡❛s✐♥❣ ✐♥ p✳ ▲❡t vPD(p) ❞❡♥♦t❡ ❝♦♥s✉♠❡rs✬ ❛✈❡r❛❣❡ ♥❡t s✉r♣❧✉s ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞

s❡❛r❝❤ s❝❡♥❛r✐♦

vPD(p) =

∫ vmax

p−q(ew(p))

v − (p− q(ew(p)))dF (v),

❛♥❞ ❧❡t VPD(π(p, ew(p))) ≡ vPD(p) ❞❡♥♦t❡ t❤❡ ❛✈❡r❛❣❡ ♥❡t s✉r♣❧✉s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣❡r✲

❝♦♥s✉♠❡r ♣r♦✜t✳ ▲❡t GPDπ(π) ❛♥❞ suppPDπ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉✐❧✐❜r✐✉♠ str❛t✲

❡❣② ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ s✉♣♣♦rt✱ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s t❤❡r❡❢♦r❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s

λ

∫

π∈suppPDπ

VPD(π) d [1− (1−GPDπ(π))
n]

︸ ︷︷ ︸

♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡r s✉r♣❧✉s

+(1− λ)

∫

π∈suppPDπ

VPD(π) dGPDπ(π)

︸ ︷︷ ︸

❧♦②❛❧ ❝♦♥s✉♠❡r s✉r♣❧✉s

=

∫

π∈suppPDπ

VPD(π)
︸ ︷︷ ︸

♥❡t s✉r♣❧✉s

d [λ(1− (1−GPDπ(π))
n) + (1− λ)GPDπ(π)]

︸ ︷︷ ︸

❞✐str✐❜✉t✐♦♥ ♦❢ π

.

❙✐♥❝❡ t❤❡ ✐♥❞✉str② ♣r♦✜t✱ ♦r ❡①♣❡❝t❡❞ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✱ ✐s ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ♠✐♥✐✲

♠✉♠ ♣r✐❝❡ ✇❤❡♥ pmin ✐s ♥♦t t♦♦ ❧❛r❣❡✱
∫

π∈suppPD

π d [λ(1− (1−GPDπ(π))
n) + (1− λ)GPDπ(π)] = (1− λ)πm.

❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✽✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ✇✐t❤ t❤❡ ♠✐♥✐✲

♠✉♠ ♣r✐❝❡ ✐s t❤❡r❡❢♦r❡ ❛ ♠❡❛♥✲♣r❡s❡r✈✐♥❣ ❝♦♥tr❛❝t✐♦♥✱ ❜❡❝❛✉s❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ t❤❡

♠✐♥✐♠✉♠ ♣r✐❝❡ ✐♥✈♦❧✈❡s ❛ ♠❛ss ♣♦✐♥t ❛t π(pmin, ew(pmin))✳ ❈♦♥s✉♠❡r s✉r♣❧✉s ✐s t❤✉s

❤✐❣❤❡r ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✇❤❡♥ VPD(π) ✐s ❝♦♥❝❛✈❡✳

❚♦ s❡❡ VPD(π) ✐s ❝♦♥❝❛✈❡✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ VPD(π(p, ew(p))) ≡ vPD(p) s❤♦✇s t❤❛t

V ′

PD(π(p, ew(p))) = − ψ′

PD(p)

1− f(p−q(ew(p)))
1−F (p−q(ew(p)))

(p− ew(p))

◆♦t❡ t❤❛t π(p, ew(p)) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ♣r✐❝❡ ❢♦r p ∈ suppPD✱ ❛♥❞
f(p−q(ew(p)))

1−F (p−q(ew(p)))
(p− ew(p))

✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p ❞✉❡ t♦ ❧♦❣✲❝♦♥❝❛✈✐t② ♦❢ 1 − F (v)✳ VPD(π) ✐s ❝♦♥❝❛✈❡ ✐❢ ψ′

PD(p) ✐s

✐♥❝r❡❛s✐♥❣ ♦r ❞❡❝r❡❛s✐♥❣ ♥♦t s♦ ❢❛st✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞ ❜② t❤❡ ❛ss✉♠♣t✐♦♥s t❤❛t

q′(e) ✐s ❧♦❣✲❝♦♥❝❛✈❡ ❛♥❞ v ❢♦❧❧♦✇s t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✳

❘❡t❛✐❧❡rs ❝❤♦♦s❡ pmin ✇✐t❤ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ pmin ✐s ✐♥❝r❡❛s✐♥❣ ✉♥t✐❧ ✐t ❜❡❝♦♠❡s

❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ ❧❡t p′min ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✐♥✐♠✉♠ ♣r✐❝❡✳ ❈♦♥s✉♠❡r
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✇✐t❤♦✉t pmin
✇✐t❤ pmin

ππ(p, ew(p)) π(pmin, ew(pmin))

GPDπ(π)

❋✐❣✉r❡ ✽✿ ❊q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❛♥❞ ♠✐♥✐♠✉♠ ♣r✐❝❡

s✉r♣❧✉s ❦❡❡♣s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤✐s ♣r♦❝❡ss✱ ✇❤✐❧❡ ✐♥❞✉str② ♣r♦✜t ❦❡❡♣s ❝♦♥st❛♥t✳ ❍♦✇❡✈❡r✱

✐t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② tr✉❡ t❤❛t p′min = p∗min✳ ◆♦t❡ t❤❛t t♦t❛❧ ✇❡❧❢❛r❡ ✐s w(p′min, ew(p
′

min))

✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ p′min s✐♥❝❡ ✐t ✐s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠

❋✐❣✉r❡ ✼✱ ❛ ❤✐❣❤❡r ♠✐♥✐♠✉♠ ♣r✐❝❡ ❧❡❛❞s t♦ ❤✐❣❤❡r t♦t❛❧ ✇❡❧❢❛r❡ ✇❤❡♥ W (pmin, ew(pmin))

✐s ✐♥❝r❡❛s✐♥❣ ❛t p′min✳ ❇② ❝❤♦♦s✐♥❣ ❛ ❤✐❣❤❡r ♠✐♥✐♠✉♠ ♣r✐❝❡✱ t❤❡ ✐♥❞✉str② ♣r♦✜t ❜❡❝♦♠❡s

❤✐❣❤❡r ❜✉t ❝♦♥s✉♠❡r s✉r♣❧✉s ❜❡❝♦♠❡s ❧♦✇❡r✳ ❚♦t❛❧ ✇❡❧❢❛r❡ ❜❡❝♦♠❡s ❧❛r❣❡r ❜❡❝❛✉s❡ t❤❡

❡✣❝✐❡♥❝② ❧♦ss ❢r♦♠ ❧♦✇ q✉❛❧✐t② ✐s ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ t❤❡ ❣❛✐♥ ❢r♦♠ ❧♦✇❡r ♣r✐❝❡✳

✻✳✷ ◗✉❛❧✐t② tr❛♥s♣❛r❡♥❝②

❆s ✇❡ ❞✐s❝✉ss❡❞ ❜❡❢♦r❡✱ t❤❡r❡ ❛r❡ ♠❛♥② ❝♦♥❝❡r♥s ❛❜♦✉t t❤❡ ❧♦✇ q✉❛❧✐t② ♣r♦❜❧❡♠s✳ ❆♥❞

t❤❡ ❈♦♠♣❡t✐t✐♦♥ ❛♥❞ ▼❛r❦❡t ❆✉t❤♦r✐t② ♦❢ t❤❡ ❯❑ r❡❝♦♠♠❡♥❞ ❉✐❣✐t❛❧ ❝♦♠♣❛r✐s♦♥ t♦♦❧s

✏✇♦r❦ ✇✐t❤ s❡❝t♦r r❡❣✉❧❛t♦rs ❛♥❞ s✉♣♣❧✐❡rs t♦ ✐♠♣r♦✈❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ q✉❛❧✐t② ♠❡tr✐❝s

✐♥ ♦r❞❡r t♦ ♠✐t✐❣❛t❡ ❛❣❛✐♥st t❤❡ r✐s❦ ♦❢ ❤♦❧❧♦✇✐♥❣✲♦✉t ✭❛ r❡❞✉❝t✐♦♥ ♦❢ ♣r♦❞✉❝t q✉❛❧✐t② ❛s ❛

r❡s✉❧t ♦❢ ✉♥❞✉❡ ❢♦❝✉s ♦♥ ♣r✐❝❡✮✑✳ ❚♦ ❢✉rt❤❡r ❛r❣✉❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ q✉❛❧✐t② tr❛♥s♣❛r❡♥❝②✱

✇❡ ❞✐s❝✉ss t❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦ ✇❤❡r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ♦❜s❡r✈❡ ❜♦t❤ ♣r✐❝❡

❛♥❞ q✉❛❧✐t② ✐♥❢♦r♠❛t✐♦♥ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳

▲❡t suppFI ❞❡♥♦t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ s✉♣♣♦rt✱ ❧❡t TWFI(pmin) ❞❡♥♦t❡ t❤❡ t♦t❛❧

✇❡❧❢❛r❡ ✇❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠✉♠ ♣r✐❝❡ pmin✱ ❛♥❞ ❧❡t p
∗∗

min ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠

♣r✐❝❡

p∗∗min ∈ argmax
pmin

TWFI(pmin).

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡✛❡❝t ♦❢ q✉❛❧✐t② tr❛♥s♣❛r❡♥❝②✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ■♥ t❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ♠✐①❡❞

str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt e∗✳ ❆ ♠✐♥✐♠✉♠ ♣r✐❝❡
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pmin s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ suppFI str✐❝t❧② ✐♥❝r❡❛s❡s t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞

t♦t❛❧ ✇❡❧❢❛r❡✳ ❆♥❞ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠

♣r✐❝❡ p∗∗min ❛r❡ str✐❝t❧② ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ✇✐t❤ p∗min ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✳

❚❤❡ ✐♥❡✣❝✐❡♥❝② q✉❛❧✐t② ♣r♦❜❧❡♠ ✐s ♥♦t ❤❛♣♣❡♥✐♥❣ ❛❣❛✐♥ ✐♥ t❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦

s✐♥❝❡ r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt e∗✳ ❆♥❞ ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ♣r✐❝❡✱ ❝♦♥s✉♠❡r

s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ❜❡❝♦♠❡ ❧❛r❣❡r ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❡ss ❞✐s♣❡rs❡❞ ♣r✐❝❡s✳

❚❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦ ✐s s✐♠✐❧❛r t♦ ❱❛r✐❛♥ ✭✶✾✽✵✮✳ ❙✐♥❝❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs

❝❛♥ ♦❜s❡r✈❡ ❜♦t❤ ♣r✐❝❡s ❛♥❞ s❡r✈✐❝❡ q✉❛❧✐t✐❡s ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✱ t❤❡ r❡t❛✐❧❡r ✇✐t❤ t❤❡ ❧♦✇❡st

❛❞❥✉st❡❞ ♣r✐❝❡ ✇✐❧❧ ❛ttr❛❝t ❛❧❧ t❤❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ■❢ t❤❡r❡ ✐s ♥♦ t✐❡✱ t❤❡ ♠❡❛s✉r❡ ♦❢

❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣ r❡t❛✐❧❡r i ✐s






1+(n−1)λ
n

✐❢ ∀ j 6= i✱ ψi < ψj,

1−λ
n

✐❢ ∃ j 6= i✱ ψi > ψj.

❆♥❞ r❡t❛✐❧❡rs t❤❛t ❝❤♦♦s❡ t❤❡ ❧♦✇❡st ❛❞❥✉st❡❞ ♣r✐❝❡ s❤❛r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❡q✉❛❧❧② ✐❢

t❤❡r❡ ✐s ❛ t✐❡✳ ❙✐♥❝❡ t❤❡ ❡①♣❡❝t❡❞ ♠❡❛s✉r❡ ♦❢ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣ ❛ r❡t❛✐❧❡r ♦♥❧② ❞❡♣❡♥❞s ♦♥

✐ts ❛❞❥✉st❡❞ ♣r✐❝❡✱ t❤❡ r❡t❛✐❧❡r ✇✐❧❧ ❝❤♦♦s❡ t❤❡ ♣r✐❝❡ ❛♥❞ q✉❛❧✐t② ❛❝❝♦r❞✐♥❣❧② t♦ ♠❛①✐♠✐③❡

✐ts ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳ ❋♦r ❛♥② ❛❞❥✉st❡❞ ♣r✐❝❡ ψ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣r✐❝❡ ❛♥❞ ❡✛♦rt

t❤❛t ♠❛①✐♠✐③❡s ❛ r❡t❛✐❧❡r✬s ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t

e = e∗

p = ψ + q(e∗)

❚❤❡ s❛♠❡ ❛s t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦✱ r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt ✐♥

t❤✐s s❝❡♥❛r✐♦ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s t❤❡ r❡t❛✐❧❡rs t♦ ♦❜t❛✐♥ t❤❡ ❤✐❣❤❡st ♠❛r❣✐♥ ✇❤✐❧❡ ❦❡❡♣✐♥❣

t❤❡ ❞❡♠❛♥❞ ✉♥❝❤❛♥❣❡❞✳ ❚❤❡♥ t❤❡ ❣❛♠❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ❱❛r✐❛♥✬s ♠♦❞❡❧ ✇❤❡r❡

r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt✳ ❲❤❡♥ λ = 1✱ t❤❡ ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ✐♥✈♦❧✈❡s

t❤❛t ❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ e = p = e∗✳

❙✐♥❝❡ r❡t❛✐❧❡rs ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣❡t❡ ✐♥ ❛ ♠♦r❡ ❡✣❝✐❡♥t ✇❛② ✐♥ t❤✐s s❝❡♥❛r✐♦✳ ▲✐❦❡ ❜❡❢♦r❡✱

✇❡ ✜♥❞ t❤❛t ❝♦♥s✉♠❡rs ❞♦ ♥♦t ❧✐❦❡ r✐s❦✐❡r ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❞✐str✐❜✉t✐♦♥✳ ❈♦♥str✉❝t ❛

❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ VFI(π) ❢♦r t❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦✱ ✇❡ ✜♥❞

V ′

FI(π(p, e
m)) = − 1

1− f(p−q(em))
1−F (p−q(em))

(p− em)
,

VFI(π) ✐s ❝♦♥❝❛✈❡ ❜❡❝❛✉s❡ ❜♦t❤ π(p, em) ❛♥❞ f(p−q(em))
1−F (p−q(em))

(p− em) ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ ♣r✐❝❡

❢♦r p ∈ suppFI ✳

✷✾



❆ ♠✐♥✐♠✉♠ ♣r✐❝❡ pmin s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ suppFI r❡s✉❧ts ✐♥ ❛ ♠❡❛♥

♣r❡s❡r✈✐♥❣ ❝♦♥tr❛❝t ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ π✳ ❚❤❡ ✐♥❞✉str② ♣r♦✜t ✐s ✉♥❝❤❛♥❣❡❞ ❜✉t

❝♦♥s✉♠❡r s✉r♣❧✉s ✐s str✐❝t❧② ❤✐❣❤❡r✳ ❚❤❡ ♦♣t✐♠❛❧ ♠✐♥✐♠✉♠ ♣r✐❝❡ s♦❧✈❡s π(p∗∗min, e
m) =

(1 − λ)π(pm, em)✱ ✇❤❡r❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ ♣✉r❡ str❛t❡❣② ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❆♥② pmin > p∗∗min

r❡s✉❧ts ✐♥ ❤✐❣❤❡r ✐♥❞✉str② ♣r♦✜t ❜✉t ❧♦✇❡r t♦t❛❧ ✇❡❧❢❛r❡✱ ✇❤✐❧❡ ❛♥② pmin < p∗∗min r❡s✉❧ts ✐♥

t❤❡ s❛♠❡ ✐♥❞✉str② ♣r♦✜t ❜✉t ❛ ♠❡❛♥ ♣r❡s❡r✈✐♥❣ s♣r❡❛❞ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ π✳

✼ ❊①t❡♥s✐♦♥✿ ◗✉❛❧✐t② ❉✐r❡❝t❡❞ ❙❡❛r❝❤

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❝❡♥❛r✐♦ ✐♥ ✇❤✐❝❤ ♦♥❧② q✉❛❧✐t② ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❜❡❢♦r❡ s❡❛r❝❤✐♥❣✳

❙✐♠✐❧❛r t♦ t❤❡ ❛♥❛❧②s✐s ❛❜♦✈❡✱ ❝♦♥s✉♠❡rs✬ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❞❡♣❡♥❞s ♦♥ t❤❡✐r ❜❡❧✐❡❢ ♦♥

✉♥♦❜s❡r✈❡❞ ♣r✐❝❡s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❜❡❧✐❡❢ ❝♦♥❝❡♣t✱ ✇❡ ❛r❣✉❡ t❤❛t t❤❡ ✭♦♥✲♣❛t❤ ❛♥❞

♦✛✲♣❛t❤✮ ❜❡❧✐❡❢ ❛❜♦✉t ♣r✐❝❡ pw(e) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡t❛✐❧❡r✬s ❡✛♦rt s✉❝❤ t❤❛t✿

pw(e) ∈ argmax
p

π(p, e). ✭✻✮

P❡r❤❛♣s s✉r♣r✐s✐♥❣❧②✱ r❡t❛✐❧❡rs ❝❛♥♥♦t ❛ttr❛❝t ♠♦r❡ ❝♦♥s✉♠❡rs ❜② ❝❤♦♦s✐♥❣ ❤✐❣❤ ❡✛♦rts✳

❚♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥s✉♠❡rs✬ ❜❡❤❛✈✐♦r✱ ❧❡t ψQD = pw(e)−q(e) ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞

♣r✐❝❡✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ■❢ 1 − F (v) ✐s ❧♦❣✲❝♦♥❝❛✈❡✱ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ r❡❛❝❤❡s ✐ts ♠✐♥✲

✐♠✉♠ ✇❤❡♥ e = e∗✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡

♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞ q✉❛❧✐t②✳

❙✐♠✐❧❛r t♦ t❤❡ ❜❡❧✐❡❢ ew(p) ✐♥ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦✱ t❤❡ ❜❡❧✐❡❢ pw(e) ❤❛s

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ✭✶✮ ✇❤❡♥ e < emax✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ pw(e) t❤❛t s♦❧✈❡s t❤❡

❡q✉❛t✐♦♥

p− e =
1− F (p− q(e))

f(p− q(e))
, ✭✼✮

❛♥❞ ✭✷✮ ✇❤❡♥ e ≥ emax✱ pw(e) ✐s ♥♦t ✉♥✐q✉❡✱ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ✈❡r② ❧❛r❣❡

s✉❝❤ t❤❛t vmax ≤ pw(e)− q(e)✳

❋♦❝✉s ♦♥ e < emax✱ s✐♥❝❡ pw(e) s♦❧✈❡s ❡q✉❛t✐♦♥ ✭✼✮ ❛♥❞ ψPD = pw(e)− q(e)✱ ✇❡ ❦♥♦✇

ψPD s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

q(e)− e =
1− F (ψPD)

f(ψPD)
− ψPD.

✸✵



eem

ψQD(e)

−q(0)

pm − q(em)

❋✐❣✉r❡ ✾✿ ❊①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ψQD

◆♦t❡ t❤❛t 1−F (ψ)
f(ψ)

− ψ ✐s ❞❡❝r❡❛s✐♥❣ ✭❧♦❣✲❝♦♥❝❛✈✐t② ♦❢ 1− F ✮✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❡①♣❡❝t❡❞

❛❞❥✉st❡❞ ♣r✐❝❡ ψQD(e) ✐s q✉❛s✐✲❝♦♥✈❡① ❛♥❞ r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ✇❤❡♥ e = e∗✱ ❛s ✇❡ ❝❛♥

s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✾✳ ❍✐❣❤❡r ❡✛♦rt ✐♥❝r❡❛s❡s ♣r✐❝❡ t❤r♦✉❣❤ t✇♦ ❝❤❛♥♥❡❧s✿ ❤✐❣❤❡r ❝♦st ❛♥❞

❤✐❣❤❡r ❞❡♠❛♥❞ ❞✉❡ t♦ ❤✐❣❤❡r q✉❛❧✐t②✳ ❆t e = e∗✱ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ❡✛♦rt ✐♥❝r❡❛s❡s ❜♦t❤

♣r✐❝❡ ❛♥❞ q✉❛❧✐t② ❜② ♦♥❡ ✉♥✐t❀ ❢♦r e < e∗✱ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ❡✛♦rt ✐♥❝r❡❛s❡s q✉❛❧✐t② ♠♦r❡

t❤❛♥ ♣r✐❝❡ ❞✉❡ t♦ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ q✉❛❧✐t② ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡ ❢♦r e > e∗✳
❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❛♥❞

❡✛♦rt✱ ❜❡❝❛✉s❡ ❝❤♦♦s✐♥❣ e∗ ✭❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣❧② p = pw(e
∗) = pm✮ ✐s ❛ str✐❝t❧② ❞♦♠✐♥❛♥t

str❛t❡❣②✳ ❈❤♦♦s✐♥❣ ❛ ❞✐✛❡r❡♥t ❡✛♦rt ✇❡❛❦❧② ❞❡❝r❡❛s❡s t❤❡ ♠❡❛s✉r❡ ♦❢ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣

t❤❡ r❡t❛✐❧❡r✱ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳ ◆♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡

❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ s❛♠❡ ❛❞❥✉st❡❞ ♣r✐❝❡✱ t❤✉s r❛♥❞♦♠❧② ✈✐s✐t ❛ r❡t❛✐❧❡r✳ ❚❤❡r❡❢♦r❡✱

❡✈❡♥ ✐❢ t❤❡ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥ ✇❡❜s✐t❡ ❝❛♥ ♣r♦✈✐❞❡ ♣❡r❢❡❝t❧② ❛❝❝✉r❛t❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ q✉❛❧✐t②✱

r❡t❛✐❧❡rs ✇✐❧❧ st✐❧❧ ❜❡❤❛✈❡ ❧✐❦❡ ❛ ♠♦♥♦♣♦❧② ❛s ❧♦♥❣ ❛s t❤❡② ❝❛♥ ♦❜❢✉s❝❛t❡✳

✽ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r st✉❞✐❡s t❤❡ r♦❧❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ s❡tt✐♥❣ ✇✐t❤ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ♦♥❧✐♥❡

s❡❧❧❡rs✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ ❜❡♥❝❤♠❛r❦ ❛♥❞ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s❝❡♥❛r✐♦s✱ ✇❡ ✜♥❞ t❤❛t

❛❧t❤♦✉❣❤ ♣r✐❝❡ tr❛♥s♣❛r❡♥❝② ❛❧✇❛②s ❧❡❛❞s t♦ ❤✐❣❤❡r ❝♦♥s✉♠❡r s✉r♣❧✉s✱ t❤❡ ♣r✐❝❡ ❞✐r❡❝t❡❞

s❡❛r❝❤ s❝❡♥❛r✐♦ ♠❛② ❡✐t❤❡r r❡s✉❧ts ✐♥ ❤✐❣❤❡r ♦r ❧♦✇❡r t♦t❛❧ ✇❡❧❢❛r❡ t❤❛♥ t❤❡ ❜❡♥❝❤♠❛r❦

s❝❡♥❛r✐♦✳ ❚❤❡ r❡s✉❧t ❞❡♣❡♥❞s ♦♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❛♥❞ ✇❤❡t❤❡r r❡t❛✐❧❡rs

❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t②✳

❉✐r❡❝t✐♦♥s ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤✳ ❋♦r t❤❡ s❛❦❡ ♦❢ tr❛❝t❛❜✐❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❝♦♥s✉♠❡rs

✈❛❧✉❡ t❤❡ q✉❛❧✐t② ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t q✉❛❧✐t② ✐s ✈❡rt✐❝❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞✳ ❆♥

❛❧t❡r♥❛t✐✈❡ t♦ r❡❧❛① t❤✐s ❛ss✉♠♣t✐♦♥ ✐s t♦ ❛ss✉♠❡ t❤❛t ❝♦♥s✉♠❡rs ❤❛✈❡ ❞✐✛❡r❡♥t ✈❛❧✉❛t✐♦♥s

✸✶



❢♦r t❤❡ q✉❛❧✐t②✳ ■❢ s♦♠❡ ❝♦♥s✉♠❡rs ❛r❡ ✐♥❛tt❡♥t✐✈❡ t♦ q✉❛❧✐t②✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r ♣r✐❝❡

tr❛♥s♣❛r❡♥❝② ✐♠♣r♦✈❡s ❝♦♥s✉♠❡r s✉r♣❧✉s ♦r ♥♦t✳

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t q✉❛❧✐t② ✐s ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✇❤✐❝❤ ✐s ❛ ❜✐❣ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ r❡❛❧✐t②✳

❋❛st ❞❡❧✐✈❡r② ❝❛♥ ❜❡ q✉✐t❡ ✐♠♣♦rt❛♥t ❢♦r s♦♠❡ ❝♦♥s✉♠❡rs✱ ❜✉t ♠❡❛♥s ♥♦t❤✐♥❣ t♦ ♦t❤❡rs✳

❚❤❡♥ ♣r✐❝❡ ❝❛♥ ♦♥❧② ♣♦♦r❧② s✐❣♥❛❧ t❤❡ q✉❛❧✐t②✱ ❜❡❝❛✉s❡ ❛ r❡t❛✐❧❡r ♠❛② ♣r♦✈✐❞❡ s♦♠❡ s❡r✈✐❝❡

t❤❛t ❛ ❝♦♥s✉♠❡r ❞♦❡s ♥♦t ❝❛r❡ ❛❜♦✉t✳

❋✐♥❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t r❡t❛✐❧❡rs ❡q✉❛❧❧② s❤❛r❡ t❤❡ ❧♦②❛❧ ❝♦♥s✉♠❡rs✱ ❛♥❞ ❝♦♥s✉♠❡rs

r❛♥❞♦♠❧② ✈✐s✐t ❛ r❡t❛✐❧❡r ✇❤❡♥ ✐♥❞✐✛❡r❡♥t✳ ■♥ ♣r❛❝t✐❝❡✱ r❡t❛✐❧❡rs ❧✐❦❡ ❆♠❛③♦♥ ❤❛✈❡ ♠♦r❡

❧♦②❛❧ ❝♦♥s✉♠❡rs t❤❛♥ ♦t❤❡r r❡t❛✐❧❡rs✱ ❛♥❞ ❝♦♥s✉♠❡rs ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ✈✐s✐t ❆♠❛③♦♥ ✐❢

✐♥❞✐✛❡r❡♥t✳ ■♥ t❤❡♦r❡t✐❝❛❧ ✇♦r❦✱ ❙❤❡❧❡❣✐❛ ❛♥❞ ❲✐❧s♦♥ ✭✷✵✷✵✮ st✉❞② ❛ ❣❡♥❡r❛❧✐③❡❞ ❵❝❧❡❛r✲

✐♥❣❤♦✉s❡✬ ❢r❛♠❡✇♦r❦ t❤❛t ❛❧❧♦✇s ❢♦r ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥s ♦❢ ✜r♠ ❤❡t❡r♦❣❡♥❡✐t②✳

❘❡❢❡r❡♥❝❡s

❆♥❞❡rs♦♥✱ ❙✐♠♦♥ P✱ ▼❛①✐♠ ❊♥❣❡rs✱ ❛♥❞ ❉❛♥✐❡❧ ❙❛✈❡❧❧❡ ✭✷✵✷✵✮✳ ✏❖r❞❡r❡❞ ❙❡❛r❝❤✿ ❊q✉✐✲

❧✐❜r✐✉♠ ❛♥❞ ❖♣t✐♠✉♠✑✱ ✇♦r❦✐♥❣ ♣❛♣❡r✳

❆r❜❛ts❦❛②❛✱ ▼❛r✐❛ ✭✷✵✵✼✮✳ ✏❖r❞❡r❡❞ s❡❛r❝❤✑✱ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✸✽✳✶✱

♣♣✳ ✶✶✾✕✶✷✻✳

❆r♠str♦♥❣✱ ▼❛r❦ ✭✷✵✶✼✮✳ ✏❖r❞❡r❡❞ ❝♦♥s✉♠❡r s❡❛r❝❤✑✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❊❝♦♥♦♠✐❝

❆ss♦❝✐❛t✐♦♥ ✶✺✳✺✱ ♣♣✳ ✾✽✾✕✶✵✷✹✳

❆r♠str♦♥❣✱ ▼❛r❦ ❛♥❞ ❏♦❤♥ ❱✐❝❦❡rs ✭✷✵✵✶✮✳ ✏❈♦♠♣❡t✐t✐✈❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✑✱ ❚❤❡ ❘❛♥❞

❏♦✉r♥❛❧ ♦❢ ❡❝♦♥♦♠✐❝s✱ ♣♣✳ ✺✼✾✕✻✵✺✳

❆r♠str♦♥❣✱ ▼❛r❦✱ ❏♦❤♥ ❱✐❝❦❡rs✱ ❛♥❞ ❏✐❞♦♥❣ ❩❤♦✉ ✭✷✵✵✾✮✳ ✏Pr♦♠✐♥❡♥❝❡ ❛♥❞ ❝♦♥s✉♠❡r

s❡❛r❝❤✑✱ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✹✵✳✷✱ ♣♣✳ ✷✵✾✕✷✸✸✳

❆r♠str♦♥❣✱ ▼❛r❦ ❛♥❞ ❏✐❞♦♥❣ ❩❤♦✉ ✭✷✵✶✶✮✳ ✏P❛②✐♥❣ ❢♦r ♣r♦♠✐♥❡♥❝❡✑✱ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r✲

♥❛❧ ✶✷✶✳✺✺✻✱ ❋✸✻✽✕❋✸✾✺✳

❇❛②❡✱ ▼✐❝❤❛❡❧ ❘✱ ❉❛♥ ❑♦✈❡♥♦❝❦✱ ❛♥❞ ❈❛s♣❡r ● ❉❡ ❱r✐❡s ✭✶✾✾✷✮✳ ✏■t t❛❦❡s t✇♦ t♦ t❛♥❣♦✿

❡q✉✐❧✐❜r✐❛ ✐♥ ❛ ♠♦❞❡❧ ♦❢ s❛❧❡s✑✱ ●❛♠❡s ❛♥❞ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ✹✳✹✱ ♣♣✳ ✹✾✸✕✺✶✵✳

❇❛②❡✱ ▼✐❝❤❛❡❧ ❘ ❛♥❞ ❏♦❤♥ ▼♦r❣❛♥ ✭✷✵✵✶✮✳ ✏■♥❢♦r♠❛t✐♦♥ ❣❛t❡❦❡❡♣❡rs ♦♥ t❤❡ ✐♥t❡r♥❡t ❛♥❞

t❤❡ ❝♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝t ♠❛r❦❡ts✑✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇

✾✶✳✸✱ ♣♣✳ ✹✺✹✕✹✼✹✳

✸✷



❇❡st❡r✱ ❍❡❧♠✉t ✭✶✾✾✽✮✳ ✏◗✉❛❧✐t② ✉♥❝❡rt❛✐♥t② ♠✐t✐❣❛t❡s ♣r♦❞✉❝t ❞✐✛❡r❡♥t✐❛t✐♦♥✑✱❚❤❡ ❘❆◆❉

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ♣♣✳ ✽✷✽✕✽✹✹✳

❈❤❡♥✱ ❨♦♥❣♠✐♥ ❛♥❞ ❚✐❛♥❧❡ ❩❤❛♥❣ ✭✷✵✶✾✮✳ ✏❊①♣❡r✐❡♥❝❡ ●♦♦❞s ❛♥❞ ❈♦♥s✉♠❡r ❙❡❛r❝❤✑✱

✇♦r❦✐♥❣ ♣❛♣❡r✳

❈❤✐♦✈❡❛♥✉✱ ■♦❛♥❛ ✭✷✵✶✾✮✳ ✏Pr♦♠✐♥❡♥❝❡✱ ❝♦♠♣❧❡①✐t②✱ ❛♥❞ ♣r✐❝✐♥❣✑✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧

♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✻✸✱ ♣♣✳ ✺✺✶✕✺✽✷✳

❈❤♦✐✱ ▼✐❝❤❛❡❧✱ ❆♥♦✈✐❛ ❨✐❢❛♥ ❉❛✐✱ ❛♥❞ ❑②✉♥❣♠✐♥ ❑✐♠ ✭✷✵✶✽✮✳ ✏❈♦♥s✉♠❡r s❡❛r❝❤ ❛♥❞

♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥✑✱ ❊❝♦♥♦♠❡tr✐❝❛ ✽✻✳✹✱ ♣♣✳ ✶✷✺✼✕✶✷✽✶✳

❉✐❛♠♦♥❞✱ P❡t❡r ❆ ✭✶✾✼✶✮✳ ✏❆ ♠♦❞❡❧ ♦❢ ♣r✐❝❡ ❛❞❥✉st♠❡♥t✑✱ ❏♦✉r♥❛❧ ♦❢ ❡❝♦♥♦♠✐❝ t❤❡♦r②

✸✳✷✱ ♣♣✳ ✶✺✻✕✶✻✽✳

❉✐♥❣✱ ❨✉❝❤❡♥❣ ❛♥❞ ❚✐❛♥❧❡ ❩❤❛♥❣ ✭✷✵✶✽✮✳ ✏Pr✐❝❡✲❞✐r❡❝t❡❞ ❝♦♥s✉♠❡r s❡❛r❝❤✑✱ ■♥t❡r♥❛t✐♦♥❛❧

❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✺✽✱ ♣♣✳ ✶✵✻✕✶✸✺✳

❉✉❜♦✈✐❦✱ ❆♥❞r❡✐ ❛♥❞ ▼❛❛rt❡♥ ❈❲ ❏❛♥ss❡♥ ✭✷✵✶✷✮✳ ✏❖❧✐❣♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ✐♥ ♣r✐❝❡

❛♥❞ q✉❛❧✐t②✑✱ ●❛♠❡s ❛♥❞ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ✼✺✳✶✱ ♣♣✳ ✶✷✵✕✶✸✽✳

❊❧❧✐♥❣s❡♥✱ ❚♦r❡ ✭✶✾✾✼✮✳ ✏Pr✐❝❡ s✐❣♥❛❧s q✉❛❧✐t②✿ ❚❤❡ ❝❛s❡ ♦❢ ♣❡r❢❡❝t❧② ✐♥❡❧❛st✐❝ ❞❡♠❛♥❞✑✱

■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✶✻✳✶✱ ♣♣✳ ✹✸✕✻✶✳

❋✐s❤♠❛♥✱ ❆rt❤✉r ❛♥❞ ◆❛❞❛✈ ▲❡✈② ✭✷✵✶✺✮✳ ✏❙❡❛r❝❤ ❝♦sts ❛♥❞ ✐♥✈❡st♠❡♥t ✐♥ q✉❛❧✐t②✑✱ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❊❝♦♥♦♠✐❝s ✻✸✳✹✱ ♣♣✳ ✻✷✺✕✻✹✶✳

❍❛❛♥✱ ▼❛r❝♦ ❆✱ ❏♦sé ▲ ▼♦r❛❣❛✲●♦♥③á❧❡③✱ ❛♥❞ ❱❛✐✈❛ P❡tr✐❦❛✐t✡❡ ✭✷✵✶✽✮✳ ✏❆ ♠♦❞❡❧ ♦❢ ❞✐✲

r❡❝t❡❞ ❝♦♥s✉♠❡r s❡❛r❝❤✑✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✻✶✱ ♣♣✳ ✷✷✸✕

✷✺✺✳

■♥✱ ❨♦✉♥❣❤✇❛♥ ❛♥❞ ❏✉❧✐❛♥ ❲r✐❣❤t ✭✷✵✶✽✮✳ ✏❙✐❣♥❛❧✐♥❣ ♣r✐✈❛t❡ ❝❤♦✐❝❡s✑✱ ❚❤❡ ❘❡✈✐❡✇ ♦❢

❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✽✺✳✶✱ ♣♣✳ ✺✺✽✕✺✽✵✳

❏❛♥ss❡♥✱ ▼❛❛rt❡♥ ❈❲ ❛♥❞ ❚ ❚♦♥② ❑❡ ✭✷✵✷✵✮✳ ✏❙❡❛r❝❤✐♥❣ ❢♦r s❡r✈✐❝❡✑✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❏♦✉r♥❛❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s ✶✷✳✶✱ ♣♣✳ ✶✽✽✕✷✶✾✳

❑❧❡✐♥✱ ❇❡♥❥❛♠✐♥ ❛♥❞ ❑❡✐t❤ ❇ ▲❡✤❡r ✭✶✾✽✶✮✳ ✏❚❤❡ r♦❧❡ ♦❢ ♠❛r❦❡t ❢♦r❝❡s ✐♥ ❛ss✉r✐♥❣ ❝♦♥✲

tr❛❝t✉❛❧ ♣❡r❢♦r♠❛♥❝❡✑✱ ❏♦✉r♥❛❧ ♦❢ ♣♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✾✳✹✱ ♣♣✳ ✻✶✺✕✻✹✶✳

▼❝❆❢❡❡✱ ❘ Pr❡st♦♥ ❛♥❞ ▼❛r✐✉s ❙❝❤✇❛rt③ ✭✶✾✾✹✮✳ ✏❖♣♣♦rt✉♥✐s♠ ✐♥ ♠✉❧t✐❧❛t❡r❛❧ ✈❡rt✐❝❛❧

❝♦♥tr❛❝t✐♥❣✿ ◆♦♥❞✐s❝r✐♠✐♥❛t✐♦♥✱ ❡①❝❧✉s✐✈✐t②✱ ❛♥❞ ✉♥✐❢♦r♠✐t②✑✱ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇✱ ♣♣✳ ✷✶✵✕✷✸✵✳

▼♦r❛❣❛✲●♦♥③á❧❡③✱ ❏♦sé ▲ ❛♥❞ ❨❛❥✐❡ ❙✉♥ ✭✷✵✷✵✮✳ ✏Pr♦❞✉❝t ◗✉❛❧✐t② ❛♥❞ ❈♦♥s✉♠❡r ❙❡❛r❝❤✑✱

✇♦r❦✐♥❣ ♣❛♣❡r✳

✸✸



❘❡②✱ P❛tr✐❝❦ ❛♥❞ ❚❤✐❜❛✉❞ ❱❡r❣é ✭✷✵✵✹✮✳ ✏❇✐❧❛t❡r❛❧ ❝♦♥tr♦❧ ✇✐t❤ ✈❡rt✐❝❛❧ ❝♦♥tr❛❝ts✑✱ ❘❆◆❉

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ♣♣✳ ✼✷✽✕✼✹✻✳

❘❤♦❞❡s✱ ❆♥❞r❡✇ ✭✷✵✶✶✮✳ ✏❈❛♥ ♣r♦♠✐♥❡♥❝❡ ♠❛tt❡r ❡✈❡♥ ✐♥ ❛♥ ❛❧♠♦st ❢r✐❝t✐♦♥❧❡ss ♠❛r❦❡t❄✑✱

❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧ ✶✷✶✳✺✺✻✱ ❋✷✾✼✕❋✸✵✽✳

❙❤❡❧❡❣✐❛✱ ❙❛♥❞r♦ ❛♥❞ ❈❤r✐s ▼ ❲✐❧s♦♥ ✭✷✵✷✵✮✳ ✏❆ ●❡♥❡r❛❧✐③❡❞ ▼♦❞❡❧ ♦❢ ❆❞✈❡rt✐s❡❞ ❙❛❧❡s✑✱

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✳ ❢♦rt❤❝♦♠✐♥❣✳

❙t❛❤❧✱ ❉❛❧❡ ❖ ✭✶✾✽✾✮✳ ✏❖❧✐❣♦♣♦❧✐st✐❝ ♣r✐❝✐♥❣ ✇✐t❤ s❡q✉❡♥t✐❛❧ ❝♦♥s✉♠❡r s❡❛r❝❤✑✱ ❚❤❡ ❆♠❡r✲

✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ♣♣✳ ✼✵✵✕✼✶✷✳

❱❛r✐❛♥✱ ❍❛❧ ❘ ✭✶✾✽✵✮✳ ✏❆ ♠♦❞❡❧ ♦❢ s❛❧❡s✑✱ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✼✵✳✹✱ ♣♣✳ ✻✺✶✕

✻✺✾✳

❲❛♥❣✱ ❈❤❡♥❣s✐ ❛♥❞ ❏✉❧✐❛♥ ❲r✐❣❤t ✭✷✵✷✵✮✳ ✏❙❡❛r❝❤ ♣❧❛t❢♦r♠s✿ ❙❤♦✇r♦♦♠✐♥❣ ❛♥❞ ♣r✐❝❡

♣❛r✐t② ❝❧❛✉s❡s✑✱ t❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✺✶✳✶✱ ♣♣✳ ✸✷✕✺✽✳

❲✐❧s♦♥✱ ❈❤❛r❧❡s ✭✶✾✽✵✮✳ ✏❚❤❡ ♥❛t✉r❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♠❛r❦❡ts ✇✐t❤ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✑✱

❚❤❡ ❇❡❧❧ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ♣♣✳ ✶✵✽✕✶✸✵✳

❲✐❧s♦♥✱ ❈❤r✐s ▼ ✭✷✵✶✵✮✳ ✏❖r❞❡r❡❞ s❡❛r❝❤ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ♦❜❢✉s❝❛t✐♦♥✑✱ ■♥t❡r♥❛t✐♦♥❛❧

❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✷✽✳✺✱ ♣♣✳ ✹✾✻✕✺✵✻✳

❲♦❧✐♥s❦②✱ ❆s❤❡r ✭✶✾✽✸✮✳ ✏Pr✐❝❡s ❛s s✐❣♥❛❧s ♦❢ ♣r♦❞✉❝t q✉❛❧✐t②✑✱ ❚❤❡ r❡✈✐❡✇ ♦❢ ❡❝♦♥♦♠✐❝

st✉❞✐❡s ✺✵✳✹✱ ♣♣✳ ✻✹✼✕✻✺✽✳

✖ ✭✷✵✵✺✮✳ ✏Pr♦❝✉r❡♠❡♥t ✈✐❛ s❡q✉❡♥t✐❛❧ s❡❛r❝❤✑✱ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✶✶✸✳✹✱

♣♣✳ ✼✽✺✕✽✶✵✳

❩❤♦✉✱ ❏✐❞♦♥❣ ✭✷✵✶✶✮✳ ✏❖r❞❡r❡❞ s❡❛r❝❤ ✐♥ ❞✐✛❡r❡♥t✐❛t❡❞ ♠❛r❦❡ts✑✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢

■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✷✾✳✷✱ ♣♣✳ ✷✺✸✕✷✻✷✳

❆♣♣❡♥❞✐❝❡s

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❘❡✇r✐t❡ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛❞❥✉st❡❞ ♣r✐❝❡ ❛♥❞

❡✛♦rt✿

[1− F (ψ)] (ψ + q(e)− e).

P❡r✲❝♦♥s✉♠❡r ♣r♦✜t ✐s ♠❛①✐♠✐③❡❞ ✇❤❡♥ e = e∗ ❢♦r ❛♥② ψ s❛t✐s✜❡❞ 1 − F (ψ) > 0✱ s♦

em = e∗ ♠✉st ❜❡ tr✉❡✳

◆♦✇ ✇❡ s❤♦✇ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ψm t❤❛t ♠❛①✐♠✐③❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❣✐✈❡♥

✸✹



e = e∗✱ t❛❦❡ t❤❡ ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ψ ❛♥❞ s✉❜st✐t✉t❡ e = e∗✿

f(ψ)

[
1− F (ψ)

f(ψ)
− ψ + e∗ − q(e∗)

]

❇❡❝❛✉s❡ 1−F (v) ✐s str✐❝t❧② ❧♦❣✲❝♦♥❝❛✈❡✱ 1−F (ψ)
f(ψ)

−ψ+e∗−q(e∗) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ ψ✳

❲❤❡♥ ψ = e∗−q(e∗)✱ 1−F (ψ)
f(ψ)

−ψ+e∗−q(e∗) = 1−F (e∗−q(e∗))
f(e∗−q(e∗))

✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡

e∗ − q(e∗) < 0− q(0) < vmax❀ ✇❤❡♥ ψ = vmax✱
1−F (ψ)
f(ψ)

−ψ+ e∗ − q(e∗) = e∗ − q(e∗)− vmax

✇❤✐❝❤ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡✳ ❙♦ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ψm s✉❝❤ t❤❛t e∗ − q(e∗) < ψm < vmax

t❤❛t ♠❛①✐♠✐③❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❢✉♥❝t✐♦♥✱ ❛♥❞

ψm =
1− F (ψm)

f(ψm)
+ e∗ − q(e∗)

❙✉❜st✐t✉t❡ ψm = pm − q(em)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r pm✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❲❡ ✜rst s❤♦✇ ✐t ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡

r❡t❛✐❧❡r ✇❤♦ ❝❤♦♦s❡s (p, e) 6= (pm, em)✳ ❙✉♣♣♦s❡ ♥♦t✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡

s♦♠❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ s♦♠❡ (p, e) 6= (pm, em)✳ ▲❡t (p′, e′) 6= (pm, em) ❞❡♥♦t❡ t❤❡ ♣❛✐r s✉❝❤

t❤❛t p′ − q(e′) ✐s t❤❡ ❧♦✇❡st ❛♠♦♥❣ t❤❡♠✳ ◆♦t❡ t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs

✇✐❧❧ ✜rst ✈✐s✐t t❤❡ r❡t❛✐❧❡r ✇✐t❤ t❤❡ ❧♦✇❡st ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡✱ ❛♥❞ t❤❡ ❜❡❧✐❡❢s s❤♦✉❧❞

❜❡ ❝♦rr❡❝t✳

■❢ p′ − q(e′) > ψm✱ t❤❡ r❡t❛✐❧❡r ✭r❡t❛✐❧❡rs✮ ✇❤♦ ❝❤♦♦s❡s (p′, e′) ❤❛s ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✳

❚❤❡ r❡t❛✐❧❡r ❝❛♥ ❝❤♦♦s❡ (pm, em) ✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❜✉t ✇✐❧❧ ♥♦t

✐♥✢✉❡♥❝❡ t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ❝♦♥s✉♠❡rs t❤❛t ✈✐s✐t t❤❡ r❡t❛✐❧❡r✳ ■❢ p′ − q(e′) < ψm✱ t❤❡

r❡t❛✐❧❡r ✭r❡t❛✐❧❡rs✮ ❛❧s♦ ❤❛s ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥s✳ ❚❤❡ r❡t❛✐❧❡rs ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ❛❞❥✉st❡❞

♣r✐❝❡ ❛ ❧✐tt❧❡ ❜✐t ✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❜✉t ✇✐❧❧ ♥♦t ✐♥✢✉❡♥❝❡

t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ❝♦♥s✉♠❡rs t❤❛t ✈✐s✐t t❤❡ r❡t❛✐❧❡r ❜❡❝❛✉s❡ ♦❢ t❤❡ s❡❛r❝❤ ❝♦st✳

❙❡❝♦♥❞✱ ✇❡ s❤♦✇ ✐t ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡

❛♥❞ q✉❛❧✐t②✳ ■❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡ ❛❧❧ t❤❡ r❡t❛✐❧❡rs ✇✐❧❧ ❝❤♦♦s❡ t❤❡ s❛♠❡ ❛❞❥✉st❡❞

♣r✐❝❡ ψm✱ t❤❡② ✇✐❧❧ ❥✉st r❛♥❞♦♠❧② ❝❤♦♦s❡ ❛ r❡t❛✐❧❡r t♦ ✈✐s✐t ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥

t❤❡ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡✳ ❆♥❞ t❤❡② ✇✐❧❧ ♥♦t s❡❛r❝❤ ❛❣❛✐♥ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥✳ ❘❡t❛✐❧❡rs ❛❧s♦

❤❛✈❡ ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ❜❡❝❛✉s❡ t❤❡② ❝❛♥♥♦t ❛ttr❛❝t ♠♦r❡ ❝♦♥s✉♠❡rs t♦ ✈✐s✐t t❤❡♠✳

◆♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s ❛r❡ t❤❡r❡❢♦r❡ ❝♦rr❡❝t✱ ❛♥❞ r❡t❛✐❧❡rs s❤❛r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs

❡q✉❛❧❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ t✐❡ ❜r❡❛❦✐♥❣ r✉❧❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ s♦ ✐t ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ❚❛❦❡ t❤❡ ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ π(p, e) ✇✐t❤ r❡s♣❡❝t t♦ e✿

∂π(p, e)

∂e
= f(p− q(e))

[

−1− F (p− q(e))

f(p− q(e))
+ (p− e)q′(e)

]

✸✺



❚♦ s❤♦✇ π(p, e) ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ e ❢♦r ❣✐✈❡♥ p s✉❝❤ t❤❛t (p, e) ∈ Ω✱ ✇❡

♦♥❧② ♥❡❡❞ t♦ s❤♦✇ −1−F (p−q(e))
f(p−q(e))

+ (p − e)q′(e) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ e ❢♦r (p, e) ∈ Ω✳

◆♦t❡ t❤❛t (p, e) ∈ Ω ♠❡❛♥s t❤❛t t❤❡ ♣❡r✲❝♦♥s✉♠❡r ❞❡♠❛♥❞ ✐s ❛❧✇❛②s str✐❝t❧② ♣♦s✐t✐✈❡✱ ✐✳❡✳

1−F (p−q(e)) > 0✱ t❤❡ ✜rst ♣❛rt −1−F (p−q(e))
f(p−q(e))

✐s t❤❡r❡❢♦r❡ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ e ❜❡❝❛✉s❡

1−F (v) ✐s str✐❝t❧② ❧♦❣✲❝♦♥❝❛✈❡ ❢♦r v < vmax ❛♥❞ q
′(e) > 0✳ ❆♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt (p−e)q′(e)

✐s ❛❧s♦ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ e ❜❡❝❛✉s❡ q′′(e) < 0✳ ❚❤❡r❡❢♦r❡✱ −1−F (p−q(e))
f(p−q(e))

+ (p − e)q′(e)

✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ e✱ ❛♥❞ π(p, e) ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ e ❢♦r ❣✐✈❡♥ p s✉❝❤ t❤❛t

(p, e) ∈ Ω✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ❲❡ ✜rst s❤♦✇ p̃ ✐s ✉♥✐q✉❡ ❛♥❞ p̃ < pm ❜❡❢♦r❡ ✇❡ ♣r♦✈❡ t❤❡ ♠❛✐♥

r❡s✉❧ts✳ ◆♦t❡ t❤❛t p̃ s♦❧✈❡s p = 1−F (p−q(0))
f(p−q(0))q′(0)

✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ p ❜❡❝❛✉s❡

1−F (v) ✐s ❧♦❣✲❝♦♥❝❛✈❡✱ ❤❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ p̃✳ ❆s ✇❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r✱ ∂
2lnπ(p,e)
∂p∂e

> 0

✐s tr✉❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♠✉st ❤❛✈❡ pm > p̃ ❜❡❝❛✉s❡ em > 0✳

✭✐✮ ❲❡ s❤♦✇ argmaxe π(p, e) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤♦✇ π(p, e)

♦❜❡②s s✐♥❣❧❡ ❝r♦ss✐♥❣ ❞✐✛❡r❡♥❝❡✳ ❙✐♥❝❡ f ′(v)(1−F (v))+f 2(v) > 0 ✭❧♦❣✲❝♦♥❝❛✈✐t②✮ ❢♦r ❛♥②

v ≤ vmax✳ ❚❛❦❡ t❤❡ ❝r♦ss ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ lnπ(p, e)✱ ✇❡ ❤❛✈❡✿

∂2lnπ(p, e)

∂p∂e
=

1

(p− e)2
+ q′(e)

f ′(p− q(e))(1− F (p− q(e))) + f 2(p− q(e))

1− F (p− q(e))
> 0

❆❝❝♦r❞✐♥❣ t♦ ▼✐❧❣r♦♠✲❙❤❛♥♥♦♥ t❤❡♦r❡♠✱ argmaxe π(p, e) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p✳

◆♦t❡ t❤❛t p̃ s❛t✐s✜❡s ∂π(p̃,0)
∂e

= 0✱ ✐t ♠❡❛♥s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✛♦rt ✐s ③❡r♦✱

✐♥ ♦t❤❡r ✇♦r❞s ew(p̃) = 0✳ ❇❡❝❛✉s❡ argmaxe π(p, e) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p✱ ew(p) = 0 ❢♦r ❛♥②

p ≤ p̃✳

✭✐✐✮ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥ ❜❡❢♦r❡✱ π(p, e) ✐s str✐❝t❧② q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ e ❛s ❧♦♥❣ ❛s (p, e) ∈ Ω✱

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ e ∈ (max{q−1(p − vmax), 0}, p)✳ ❆❝❝♦r❞✐♥❣ t♦ ❝♦♥❞✐t✐♦♥ ✭✸✮✱ ✐t

s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ ❡✛♦rt e t❤❛t s♦❧✈❡s −1−F (p−q(e))
f(p−q(e))

+ (p − e)q′(e) = 0 ✐s ♣♦s✐t✐✈❡

✇❤❡♥ p > p̃✳ ❆s ✇❡ ❛r❣✉❡❞ ❜❡❢♦r❡✱ −1−F (p−q(e))
f(p−q(e))

+ (p − e)q′(e) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ e✳ ❲❤❡♥

e = 0✱ −1−F (p−q(e))
f(p−q(e))

+(p−e)q′(e) = −1−F (p−q(0))
f(p−q(0))

+pq′(0) ✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ✐❢ p > p̃❀

✇❤❡♥ e = q−1(p− vmax)✱ −1−F (p−q(e))
f(p−q(e))

+(p− e)q′(e) = (p− q−1(p− vmax))q
′(q−1(p− vmax))

✇❤✐❝❤ ✐s ❛❧s♦ str✐❝t❧② ♣♦s✐t✐✈❡❀ ✇❤❡♥ e = p✱ −1−F (p−q(e))
f(p−q(e))

+(p−e)q′(e) = −1−F (e−q(e))
f(e−q(e))

✇❤✐❝❤

✐s str✐❝t❧② ♥❡❣❛t✐✈❡✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ e t❤❛t s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭✸✮ ❛♥❞ ❣✐✈❡s

t❤❡ ❤✐❣❤❡st ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳

✭✐✐✐✮ ♥♦✇ ✇❡ s❤♦✇ 0 ≤ e′w(p) < 1✳ ❚♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡ ❡q✉❛t✐♦♥ ✭✸✮✱ ❛♥❞ s✉❜st✐t✉t❡

✸✻



t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥ ✭✸✮✱ ✐✳❡✳ p− e = 1−F (p−q(e))
f(p−q(e))q′(e)

✿

de

dp
=

q′(e)f ′(p− q(e))(p− e) + q′(e)f(p− q(e)) + f(p− q(e))

2q′(e)f(p− q(e)) + (q′(e))2f ′(p− q(e))(p− e)− q′′(e)f(p− q(e))(p− e)

=
f ′(p− q(e))1−F (p−q(e))

f(p−q(e))
+ q′(e)f(p− q(e)) + f(p− q(e))

2q′(e)f(p− q(e)) + q′(e)f ′(p− q(e))1−F (p−q(e))
f(p−q(e))

− q′′(e)
q′(e)

(1− F (p− q(e)))

❚❤❡ ♥✉♠❡r❛t♦r ✐s ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡ f ′(p−q(e))1−F (p−q(e))
f(p−q(e))

+f(p−q(e)) > 0 ✭❧♦❣✲❝♦♥❝❛✈✐t②✮✳

❲❡ ♥♦✇ s❤♦✇ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❡r❛t♦r✱ s✉❜tr❛❝t✐♥❣ t❤❡ ♥✉♠❡r❛t♦r

❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❣✐✈❡s

(q′(e)− 1)

[

f(p− q(e)) + f ′(p− q(e))
1− F (p− q(e))

f(p− q(e))

]

− q′′(e)

q′(e)
(1− F (p− q(e)))

❚❤❡ ❡✛♦rt ✐s s♠❛❧❧❡r t❤❛♥ em ✇❤❡♥ p < pm✱ s♦ q′(e)− 1 > 0✳ ❙✐♥❝❡ q′′(e) < 0✱ t❤❡ ✇❤♦❧❡

❡①♣r❡ss✐♦♥ ✐s str✐❝t❧② ♣♦s✐t✐✈❡✱ ❛♥❞ ✇❡ ❝♦♠♣❧❡t❡ ♦✉r ♣r♦♦❢✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ψPD(p) = p− q(0) ✐s ❧✐♥❡❛r❧② ✐♥❝r❡❛s✐♥❣ ✐♥ p

✇❤❡♥ p ≤ p̃✳

❚❤❡ s✐❣♥ ♦❢ dψPD(p)/ dp ❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡ ♦❢ q(e) ✇❤❡♥ p > p̃✳ ❙✉❜st✐t✉t❡ t❤❡

❡①♣r❡ss✐♦♥ ♦❢ dew(p)/ dp✱ ✇❡ ❤❛✈❡✿

dψPD(p)

dp
=

q′(e)(q′(e)− 1) + q′′(e)(p− e)

−2q′(e)− (q′(e))2 f
′(p−q(e))
f(p−q(e))

(p− e) + q′′(e)(p− e)

❆s ✇❡ ❤❛✈❡ s❤♦✇♥ ❜❡❢♦r❡✱ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ♥❡❣❛t✐✈❡✳ ❲❤✐❧❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ♥✉♠❡r❛t♦r

❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡ ♦❢ q(e)✳

✭✐✮ ✇❡ ❝❤❡❝❦ t❤❡ r✐❣❤t ❞❡r✐✈❛t✐✈❡ ❛t p̃✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r❛t♦r ✐s q′(0)(q′(0) −
1)+ q′′(0)p̃✳ ■t ✐s ❡❛s② t♦ s❡❡ q′(0)(q′(0)− 1) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ q′(0) ❜❡❝❛✉s❡ q′(e) > 1✳ ◆♦t❡

t❤❛t p̃ = 1−F (p̃−q(0))
f(p̃−q(0))q′(0)

✱ ❤❡♥❝❡✱ q′′(0)p̃ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ q′(0) ❜❡❝❛✉s❡ p̃ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ q′(0)

❛♥❞ q′′(e) < 0✳ ❚❤❡ ♥✉♠❡r❛t♦r ✐s t❤✉s ✐♥❝r❡❛s✐♥❣ ✐♥ q′(0) ❛t p = p̃✳ ■t ❡q✉❛❧s t♦ +∞ ✇❤❡♥

q′(0) = +∞❀ ✐t ❡q✉❛❧s t♦ q′′(0)f(p̃− q(0))p̃ < 0 ✇❤❡♥ q′(0) → 1✳ ❙♦ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

q̃ ∈ (1,+∞) s✉❝❤ t❤❛t t❤❡ ♥✉♠❡r❛t♦r ✐s ♣♦s✐t✐✈❡ ✭r❡s♣❡❝t✐✈❡❧② ♥❡❣❛✐t✈❡✮ ✇❤❡♥ q′(0) < q̃

✭r❡s♣❡❝t✐✈❡❧② q′(0) > q̃✮✳

✭✐✐✮ ✇❡ ❝❤❡❝❦ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛t pm✳ ❙✐♥❝❡ ew(p
m) = em ❛♥❞ q′(em) = 1✱ t❤❡ ♥✉♠❡r❛t♦r

✐s ♥❡❣❛t✐✈❡ ❛t pm✳

✭✐✐✐✮ ✇❡ s❤♦✇ t❤❡ ♥✉♠❡r❛t♦r ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ p✳ ❋r♦♠ ❧❡♠♠❛ ✷✱ 0 ≤ e′w(p) < 1✱ s♦

p − ew(p) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p✳ ◆♦t❡ q′(e)(q′(e) − 1) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ q′(e)✱ ✇❤✐❝❤ ♠❡❛♥s

✸✼



✐t ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ew(p) ❛♥❞ p✳ ❙♦ t❤❡ ♥✉♠❡r❛t♦r ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ p ✐❢ q′′(e) ✐s ✇❡❛❦❧②

❞❡❝r❡❛s✐♥❣ ♦r ✐♥❝r❡❛s✐♥❣ ♥♦t s♦ ❢❛st✳ ❆♥❞ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳ ❲❤❡♥ q′(0) ≤ q̃✱ ✇❡ s❤♦✇ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠

✇❤❡r❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ str❛t❡❣② GPD(p) ❛♥❞ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❢♦r♠ ❜❡❧✐❡❢s ew(p)✳

❚♦ s❤♦✇ ✐t ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❋✐rst✱ ❛s ✇❡ ❛r❣✉❡❞ ❜❡❢♦r❡✱ r❡t❛✐❧❡rs✬ ❜❡st r❡s♣♦♥s❡ ✐s

t♦ ❝❤♦♦s❡ e = ew(p) ❢♦r ❛♥② ❣✐✈❡♥ ♣r✐❝❡✳ ❙❡❝♦♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥✱ ❡❛❝❤

r❡t❛✐❧❡r✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✐s t❤❡ s❛♠❡ ❢♦r p ∈
[
p, pm

]
❣✐✈❡♥ ❛❧❧ t❤❡ ♦t❤❡r r❡t❛✐❧❡rs ❞♦ ♥♦t

❞❡✈✐❛t❡✳ ❈❤♦♦s✐♥❣ ❛ ♣r✐❝❡ s♠❛❧❧❡r t❤❛♥ p ♦r ❤✐❣❤❡r t❤❛♥ pm ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡

♠❡❛s✉r❡ ♦❢ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣ t❤❡ r❡t❛✐❧❡r ❜✉t ❝❛♥ str✐❝t❧② ❧♦✇❡r t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳

❋✐♥❛❧❧②✱ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs t❤❡r❡❢♦r❡ ❤❛✈❡ ❝♦rr❡❝t ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ q✉❛❧✐t②✱ ❛♥❞ ✇✐❧❧ ❥✉st

✈✐s✐t t❤❡ r❡t❛✐❧❡r ✇✐t❤ t❤❡ ❧♦✇❡st ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡✳

❚♦ s❤♦✇ t❤❡ ✉♥✐q✉❡♥❡ss✳ ❋✐rst✱ t❤❡r❡ ✐s ♥♦ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❜❡❝❛✉s❡ ♦❢ t❤❡

❡①✐st❡♥❝❡ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs✳ ❙❡❝♦♥❞✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉♣♣♦rt

♠✉st ❜❡ pm✳ ■❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ p ✐s str✐❝t❧② ❤✐❣❤❡r t❤❛♥ pm✱ ❝❤♦♦s✐♥❣ p = pm ✐♥st❡❛❞ ♦❢

p ❝❛♥ str✐❝t❧② ✐♥❝r❡❛s❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ❛♥❞ ✇❡❛❦❧② ✐♥❝r❡❛s❡ t❤❡ ♠❡❛s✉r❡ ♦❢ ❝♦♥s✉♠❡rs

✈✐s✐t✐♥❣ t❤❡ r❡t❛✐❧❡r✳ ■❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ p ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ pm✱ ❝❤♦♦s✐♥❣ p = pm

✐♥st❡❛❞ ♦❢ p ❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♠❡❛s✉r❡ ♦❢ ✈✐s✐t✐♥❣ ❝♦♥s✉♠❡rs ❜✉t ❝❛♥ str✐❝t❧② ✐♥❝r❡❛s❡

t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳ ❚❤✐r❞✱ t❤❡r❡ ♠✉st ✐♥✈♦❧✈❡ ♥♦ ♠❛ss ♣♦✐♥t✳ ❖t❤❡r✇✐s❡✱ ❝❤♦♦s✐♥❣

❛ ♣r✐❝❡ s❧✐❣❤t❧② ❜❡❧♦✇ t❤❡ ♠❛ss ♣♦✐♥t ✐s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✳ ❆♥❞ ❝❤♦♦s✐♥❣ ♠❛ss ♣♦✐♥t

❛t p ❣✐✈❡s str✐❝t❧② ❧♦✇❡r ❡①♣❡❝t❡❞ ♣r♦✜t t❤❛♥ ❝❤♦♦s✐♥❣ pm✳ ❚❤✉s✱ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢✳

Pr♦♣♦s✐t✐♦♥ ✭❉❡t❛✐❧s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✮✳ ■❢ r❡t❛✐❧❡rs ❝❛♥ ❡❛s✐❧② ✐♠♣r♦✈❡ q✉❛❧✐t② s✉❝❤ t❤❛t

q′(0) > q̃✱ t❤❡ ❣❛♠❡ ❤❛s ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡

❞❡♣❡♥❞s ♦♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs λ✳

✭✐✮ ❲❤❡♥ λ ≤ λτ ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❧✐❦❡ t❤❡

♦♥❡ ✐♥ ❧❡♠♠❛ ✹✳

✭✐✐✮ ❲❤❡♥ λτ < λ < min{λτ ′ , λτp}✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣②

❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♥♦♥❝♦♥t✐♥✉♦✉s s✉♣♣♦rt {τ}
⋃[

p′, pm
]
✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② GPD(p)

✐♥✈♦❧✈❡s ❛ ♠❛ss ♣♦✐♥t α1 ❛t τ ✱ GPD(p)✱ α1 ❛♥❞ p′ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✹✮ ❛♥❞

[

1− λ

n
+

n−1∑

i=0

(
n−1
i

)
(1− α1)

iαn−i−1
1

λ

n− i

]

π(τ, ew(τ)) =
1− λ

n
πm,

α1 = GPD(p
′).

✸✽



✭✐✐✐✮ ❲❤❡♥ λτp < λ < λττ ′✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡

r❡t❛✐❧❡rs ❝❤♦♦s❡ p = τ ✳

✭✐✈✮ ❲❤❡♥ λ > max{λτ ′ , λττ ′}✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜✲

r✐✉♠ ✇✐t❤ ♥♦♥❝♦♥t✐♥✉♦✉s s✉♣♣♦rt
[
p, τ ′

)⋃{τ}⋃
[
p′′, pm

]
✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛✲

t✐♦♥s ♦❢ α2 ❛♥❞ p′′ ❤❛✈❡ ❛ s♦❧✉t✐♦♥✳

[

1− λ

n
+

n−1∑

i=0

(
n−1
i

)
(1−GPD(τ

′)− α2)
iαn−i−1

2

λ

n− i

]

π(τ, ew(τ)) =
1− λ

n
πm,

α2 = GPD(p
′′)−GPD(τ

′).

❲❤❡r❡ GPD(p) ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② t❤❛t ✐♥✈♦❧✈❡s ❛ ♠❛ss ♣♦✐♥t α2 ❛t τ ✱ ❛♥❞ GPD(p)

✐s ❞❡t❡r♠✐♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✹✮✳

❖t❤❡r✇✐s❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♥♦♥❝♦♥✲

t✐♥✉♦✉s s✉♣♣♦rt
[
p, τ ′

)⋃
{τ}✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② GPD(p) ✐♥✈♦❧✈❡s ❛ ♠❛ss ♣♦✐♥t α2

❛t τ ✱ GPD(p) ❛♥❞ α2 ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②✿
[
1− λ

n
+ (1−GPD(p))

n−1λ

]

π(p, 0) =

[
1− λ

n
+
αn−1
2 λ

n

]

π(τ, ew(τ)),

α2 = 1−GPD(τ
′).

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❲❡ ✜rst s❤♦✇ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ r❡❧❛t✐♦♥s❤✐♣s ❛♠♦♥❣

λτ ✱ λτ ′ ✱ λτp✱ ❛♥❞ λττ ′ ✳ ◆♦t❡ t❤❛t t❤❡ ❢♦✉r ♣❛r❛♠❡t❡rs s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

r❡s♣❡❝t✐✈❡❧②

1− λ

n
πm =

1 + (n− 1)λ

n
π(τ, ew(τ)), ✭✽✮

1− λ

n
πm =

1 + (n− 1)λ

n
π(τ ′, 0), ✭✾✮

1

n
π(τ, ew(τ)) =

1− λ

n
πm, ✭✶✵✮

1

n
π(τ, ew(τ)) =

1 + (n− 1)λ

n
π(τ ′, 0). ✭✶✶✮

■t ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t λτ ✐s ❧♦✇❡st ❛♠♦♥❣ t❤❡ ❢♦✉r✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♠♣❛r❡ λτ ′ ✱ λτp✱

❛♥❞ λττ ′ ✳

❲❤❡♥ τ ′ ≤ 0✱ ✇❡ ❤❛✈❡ λτ ′ = 1 ❛♥❞ λττ ′ = 1 ❛❝❝♦r❞✐♥❣ t♦ ♦✉r ❛ss✉♠♣t✐♦♥✳ ❚❤❡r❡❢♦r❡✱

✇❡ ❤❛✈❡ λτp < λτ ′ = λττ ′ ❜❡❝❛✉s❡ 0 < λτp < 1 ✐s tr✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❝♦♥❞✐t✐♦♥ ✭✶✵✮✳ ❲❤❡♥

τ ′ > 0✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥s✳ ■❢ λτ ′ < λτp✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❝♦♥❞✐t✐♦♥ ✭✾✮✱

✭✶✵✮✱ ❛♥❞ ✭✶✶✮✱ ✇❡ ❤❛✈❡

1 + (n− 1)λτ ′

n
π(τ ′, 0) >

1

n
π(τ, ew(τ)) =

1 + (n− 1)λττ ′

n
π(τ ′, 0),

✸✾



✇❤✐❝❤ ♠❡❛♥s t❤❛t λττ ′ < λτ ′ ✳ ■❢ λτ ′ > λτp✱ ❢♦❧❧♦✇✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ ♠✉st ❤❛✈❡

λττ ′ > λτ ′ > λτp✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ r❡❧❛t✐♦♥s❤✐♣s ❛♠♦♥❣ λτ ✱ λτ ′ ✱ λτp✱ ❛♥❞ λττ ′ ✿

λττ ′ ≥ λτ ′ > λτp > λτ ,

λτp > λτ ′ > λττ ′ > λτ .

❲❡ t❤❡♥ s❤♦✇ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ r❡t❛✐❧❡rs✬ ♣r✐❝✐♥❣

str❛t❡❣② ✐s GPD(p) t❤❡② ❝❤♦♦s❡ t❤❡✐r ❡✛♦rt ❧❡✈❡❧ ❛❝❝♦r❞✐♥❣ t♦ e = ew(p)✱ ❛♥❞ ♥♦♥✲❧♦②❛❧

❝♦♥s✉♠❡rs ❤❛✈❡ ❝♦rr❡❝t ❜❡❧✐❡❢s✳

✭✐✮ ❲❤❡♥ λ ≤ λτ ✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ τ ≤ p✱ t❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s t❤❡ t❤❛t ♦❢ ▲❡♠♠❛

✹ ❜❡❝❛✉s❡ ❛❞❥✉st❡❞ ♣r✐❝❡ ✐s ♠♦♥♦t♦♥❡ ✐♥ ♣r✐❝❡ ❢♦r p ∈
[
p, pm

]
✳

✭✐✐✮ ❲❤❡♥ λτ < λ < min{λτ ′ , λτp}✱ ✐❢ ❛❧❧ t❤❡ ♦t❤❡r r❡t❛✐❧❡rs ❝❤♦♦s❡ ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥

GPD(p)✱ ❛♥② r❡t❛✐❧❡r✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✐s t❤❡ s❛♠❡ ❢♦r p ∈ {τ}
⋃[

p′, pm
]
❛❝❝♦r❞✐♥❣ t♦

t❤❡ ❝♦♥str✉❝t✐♦♥✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ r❡t❛✐❧❡rs ♥❡✈❡r ❝❤♦♦s❡ ❛ ♣r✐❝❡ ✐♥ [τ ′, τ)✳ ❚❤❡②

✇✐❧❧ ♥❡✈❡r ❝❤♦♦s❡ ❛ ♣r✐❝❡ s♠❛❧❧❡r t❤❛♥ τ ′ t♦ ❛ttr❛❝t ❛❧❧ t❤❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❜❡❝❛✉s❡

λ < λτ ′ ✱ t❤❡② ✇✐❧❧ ♥♦t ❝❤♦♦s❡ τ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ ❜❡❝❛✉s❡ λ < λτp✳ ❈❤♦♦s✐♥❣ ❛ ♣r✐❝❡

✐♥ (τ, p′) ✐s ❛❧s♦ ♥♦t ♣r♦✜t❛❜❧❡✱ ✐❢ t❤❡ r❡t❛✐❧❡r ❝❤♦♦s❡s p′ ✐♥st❡❛❞✱ ✐t str✐❝t❧② ✐♥❝r❡❛s❡s t❤❡

♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✱ ❛♥❞ ✇✐❧❧ ♥♦t ❧♦s❡ ❛♥② ❝♦♥s✉♠❡r✳

✭✐✐✐✮ ❲❤❡♥ λτp < λ < λττ ′ ✱ t❤❡ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐✲

❧✐❜r✐✉♠ ✇❤❡r❡ ❡✈❡r② r❡t❛✐❧❡r ❝❤♦♦s❡s p = τ ✱ ❛♥❞ t❤❡ ♣r♦✜t ♦❢ ❡❛❝❤ r❡t❛✐❧❡r ✐s 1
n
π(τ, ew(τ))✳

❚❤❡ r❡t❛✐❧❡rs ❞♦ ♥♦t ❤❛✈❡ ✐♥❝❡♥t✐✈❡ t♦ ❝❤♦♦s❡ ❛ ♣r✐❝❡ ❤✐❣❤❡r t❤❛♥ τ ✱ ❜❡❝❛✉s❡ t❤❡ ❤✐❣❤❡st

♣r♦✜t ♦❢ t❤✐s ❞❡✈✐❛t✐♦♥ ✐s 1−λ
n
πm✱ ✇❤✐❝❤ ✐s s♠❛❧❧ t❤❛♥ 1

n
π(τ, ew(τ)) ❜❡❝❛✉s❡ λ ≥ λτp✳ ❚❤❡

r❡t❛✐❧❡rs ❛❧s♦ ❤❛✈❡ ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❝❤♦♦s❡ ❛ ♣r✐❝❡ s❧✐❣❤t ❧♦✇❡r t❤❛♥ τ ′ ❜❡❝❛✉s❡ λ < λττ ′ ✳

✭✐✈✮ ❲❤❡♥ λ > max{λτ ′ , λττ ′}✱ t❤❡ s✐t✉❛t✐♦♥ ✐s s✐♠✐❧❛r t♦ t②♣❡ ✭✐✐✮ ❡q✉✐❧✐❜r✐✉♠✳ ❘❡✲

t❛✐❧❡rs ❛r❡ ✐♥❞✐✛❡r❡♥t t♦ ❛♥② ♣r✐❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ s✉♣♣♦rt ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❝♦♥str✉❝t✐♦♥✳ ■❢ r❡t❛✐❧❡rs ❞♦ ♥♦t ❤❛✈❡ ✐♥❝❡♥t✐✈❡s t♦ ❝❤♦♦s❡ ♣r✐❝❡s ❛r♦✉♥❞ pm✱ ✇❡ ❤❛✈❡ t❤❡

s❡❝♦♥❞ ❦✐♥❞ ♦❢ ❡q✉✐❧✐❜r✐✉♠✱ ♦t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡ t❤❡ ✜rst ❦✐♥❞ ♦❢ ❡q✉✐❧✐❜r✐✉♠✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❲❡ ✜rst s❤♦✇ dW (p,ew(p))
dp

✐s ♥❡❣❛t✐✈❡ ✇❤❡♥ p = pm✳ ❲❡ ✉s❡ q ❛♥❞

q′ t♦ ❞❡♥♦t❡ q(ew(p)) ❛♥❞ q′(ew(p)) ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✱ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ W (p, ew(p))

✹✵



✇✐t❤ r❡s♣❡❝t t♦ ♣✱ ❛♥❞ s✉❜st✐t✉t❡ t❤❡ ❡q✉❛t✐♦♥ ✭✸✮

dW (p, ew(p))

dp
= [1− F (p− q)] (q′ − 1)e′w(p)− f(p− q)(p− ew(p))(1− q′e′w(p))

=f(p− q)(p− e)(q′2e′w(p)− 1)

❆t p = pm✱ ❜❡❝❛✉s❡ ew(p
m) = e∗ ❛♥❞ q′(e∗) = 1✱ ❛♥❞ e′w(p) < 1 ❛s ✇❡ ❤❛✈❡ s❤♦✇♥ ❜❡❢♦r❡✱

s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ r❡✈❡❛❧s t❤❛t dW (p,ew(p))
dp

|p=pm < 0✳

◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ❇❡❝❛✉s❡ t♦t❛❧ ✇❡❧❢❛r❡ ♦❢ ❜♦t❤

❜❡♥❝❤♠❛r❦ ❛♥❞ ♣r✐❝❡ ❞✐r❡❝t❡❞ s❡❛r❝❤ s✐t✉❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ✇❤❡♥ λ = 0✳ ❚♦ ♣r♦✈❡

TWPD > TWm ✇❤❡♥ λ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ TWPD ✐s ✐♥❝r❡❛s✐♥❣ ✐♥

λ ✇❤❡♥ λ ✐s ❝❧♦s❡ t♦ ③❡r♦✳ ❚❤❡♥ ✇❡ ✉s❡ ❛♥ ❡①❛♠♣❧❡ t♦ s❤♦✇ TWPD ❝❛♥ ❜❡ ❧♦✇❡r t❤❛♥

TWm ✇❤❡♥ λ ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡✳

■✳ ◆♦t❡ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ ♣r♦♣♦s✐t✐♦♥ ✷✱ ✇❤❡♥ λ ✐s ❝❧♦s❡ t♦ ③❡r♦✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉♣✲

♣♦rt ✐s ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② GPD(p) ❛♥❞ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ❡q✉✐❧✐❜r✐✉♠

s✉♣♣♦rt ❛r❡ ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ❜② λ✿

(1−GPD(pi))
n−1 =

1− λ

nλ
(

πm

π(pi, ew(ei))
− 1)

1 + (n− 1)λ

n
π(p, ew(p)) =

1− λ

n
πm

❲❡ ✉s❡ GPD(p, λ) ❛♥❞ p(λ) t♦ ❞❡♥♦t❡ t❤❡♠ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ❚❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ TWPD

✇✐t❤ r❡s♣❡❝t t♦ λ ❛t λ = 0✿

dTWPD

dλ
|λ=0 =

d
∫ pm

p(λ)
W (p, ew(p)) dGPD(p, λ)

dλ
|λ=0

= lim
∆→0

∫ pm

p(∆)
W (p, ew(p)) dGPD(p,∆)−W (pm, em)

∆
.

■t ✐s str✐❝t❧② ♣♦s✐t✐✈❡ s✐♥❝❡ W (p, ew(p)) > W (pm, em) ❢♦r ♣ ✈❡r② ❝❧♦s❡ t♦ pm✳

■■✳ ◆♦✇ ✇❡ ✉s❡ ❛♥ ❡①❛♠♣❧❡ t♦ s❤♦✇ TWPD ❝❛♥ ❜❡ ❧♦✇❡r t❤❛♥ TWm ✇❤❡♥ λ ✐s r❡❧❛t✐✈❡❧②

❧❛r❣❡✳ ▲❡t t❤❡ ✈❛❧✉❛t✐♦♥ v ✉♥✐❢♦r♠ ❞✐str✐❜✉t❡❞ ♦♥ [0, 1]✱ q(e) = −0.85(e− 1)2 ❛♥❞ n = 2✳

❚❤❡♥ ✇❡ ❤❛✈❡ τ ≈ 0.432✱ ❛♥❞ ψPD(τ) ≈ 0.846 ✇❤✐❝❤ ✐s ❧♦✇❡r t❤❛♥ ψPD(0) = 0.85✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥ λ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❲❡ ✜♥❞

TWPD ≈ 0.0319 ✇❤✐❝❤ ✐s ❧♦✇❡r t❤❛♥ TWm ≈ 0.0324✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ❲❡ ✈✐❡✇ r❡t❛✐❧❡rs ❛s ❝❤♦♦s✐♥❣ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t π r❛t❤❡r

t❤❛♥ t❤❡ ♣r✐❝❡ p ❛♥❞ ❡✛♦rt e✳

✹✶



✭✐✮ ■❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✐s t②♣❡ ✭✐✮ ♦r t②♣❡ ✭✐✐✮✳ ▲❡t pmin s♦❧✈❡s

π(pmin, ew(pmin)) = (1 − λ)πm✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❛❧❧ t❤❡ r❡t❛✐❧❡rs

❝❤♦♦s❡ π(pmin, ew(pmin)) ❛♥❞ s❤❛r❡ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❡q✉❛❧❧②✳ ❈❤♦♦s✐♥❣ ❛ ❤✐❣❤❡r ♣❡r✲

❝♦♥s✉♠❡r ♣r♦✜t ✐s ♥♦t ♣r♦✜t❛❜❧❡ ❞✉❡ t♦ ❞❡✜♥✐t✐♦♥ ♦❢ pmin✱ ✇❤✐❧❡ ❝❤♦♦s✐♥❣ ❛ ❧♦✇❡r ♣❡r✲

❝♦♥s✉♠❡r ♣r♦✜t ✐s ♥♦t ❛❧❧♦✇❡❞✳ ❚❤❡r❡ ❡①✐sts ♥♦ ♦t❤❡r ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ ♦t❤❡r✇✐s❡

❛t ❧❡❛st ♦♥❡ r❡t❛✐❧❡r ❤❛s ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ t♦ π(pmin, ew(pmin))✳ ❚❤❡r❡ ❡①✐sts ♥♦ ♦t❤❡r

♠✐①❡❞ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ ❝❤♦♦s✐♥❣ π(pmin, ew(pmin)) r❡s✉❧ts ✐♥ ❛

str✐❝t❧② ❤✐❣❤❡r ❡①♣❡❝t❡❞ ♣r♦✜t ✐❢ r❡t❛✐❧❡rs s♦♠❡t✐♠❡s ❝❤♦♦s❡ ❤✐❣❤❡r ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳

❚❤❡ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ r❡s✉❧ts ✐♥ t❤❡ s❛♠❡ ✐♥❞✉str② ♣r♦✜t ❛♥❞ ❛ str✐❝t❧② ❤✐❣❤❡r ❝♦♥s✉♠❡r

s✉r♣❧✉s✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦✜t ✇✐t❤♦✉t t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✐s ❛ ♠❡❛♥✲♣r❡s❡r✈✐♥❣

s♣r❡❛❞ ♦❢ t❤❛t ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡✳ ❲❡ ❛r❣✉❡ t❤❛t p∗min = argmaxpW (p, ew(p))

❢♦r p ∈ [pmin, p
m]✳ ❚❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ❤✐❣❤❡r t❤❛♥ t❤❛t ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ s❝❡♥❛r✐♦ s✐♥❝❡

W (pmin, ew(pmin)) > W (pm, em)✳ ❚❤❡ ✐♥❞✉str② ♣r♦✜t ✐s ❧♦✇❡r t❤❛♥ t❤❛t ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦

s❝❡♥❛r✐♦✱ s♦ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ❛❧s♦ ❤✐❣❤❡r✳

✭✐✐✮ ■❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✐s t②♣❡ ✭✐✐✐✮✳ ❲❡ ❛r❣✉❡ t❤❛t p∗min =

argmaxpW (p, ew(p)) ❢♦r p ∈ [τ, pm]✳ ❙✐♥❝❡ dW (p,ew(p))
dp

|p=τ > 0✱ ✇❡ ❦♥♦✇ t❤❡ ♠✐♥✐♠✉♠

♣r✐❝❡ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ t♦t❛❧ ✇❡❧❢❛r❡✳ ■t ✐s ❝❧❡❛r t❤❛t ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s r❡❞✉❝❡❞ ❜②

t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡✳

✭✐✐✐✮ ■❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ✐s t②♣❡ ✭✐✈✮✱ t❤❡ ❛r❣✉♠❡♥t ✐s s❛♠❡

❛s t②♣❡ ✭✐✮✳

Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt✱ ❛♥❞

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣ str❛t❡❣② GFI(p) ❛♥❞ s✉♣♣♦rt
[

p
FI
, pm

]

❛r❡ ❞❡❝✐❞❡❞ ❜② ✐♥❞✐✛❡r❡♥❝❡

❝♦♥❞✐t✐♦♥s✿

[
1− λ

n
+ (1−GFI(p))

n−1λ

]

π(p, em) =
1− λ

n
πm ✭✶✷✮

1 + (n− 1)λ

n
π(p

FI
, em) =

1− λ

n
πm ✭✶✸✮

❲❡ ✜rst s❤♦✇ ❢♦r ❛♥② ❣✐✈❡♥ ❛❞❥✉st❡❞ ♣r✐❝❡ ψi✱ t❤❡r❡ ❡①✐sts ✉♥✐q✉❡ ♣r✐❝❡ ❛♥❞ ❡✛♦rt t❤❛t

♠❛①✐♠✐③❡ t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳ ❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s✿

max
p,e

π(p, e)

s.t. p− q ≤ ψi

✹✷



▲❡t µ ❞❡♥♦t❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠✉❧t✐♣❧✐❡r✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s✿

L = [1− F (p− q(e))] (p− e) + µ(ψi − p− c(e))

❚❤❡ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s✿

1− F − f · (p− e)− µ = 0

−fc′ · (p− e)− (1− F )− µc′ = 0

ψi − p− c(e) = 0

=⇒
e = e∗

p = ψi − c(e∗)

❚❤❡r❡❢♦r❡✱ r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ❡✣❝✐❡♥t ❡✛♦rt e∗✱ ❛♥❞ ♥♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ✇✐❧❧

❥✉st ✈✐s✐t t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❧♦✇❡st ♣r✐❝❡✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r♦♦❢ ♦❢

❧❡♠♠❛ ✹✳

❇❡❝❛✉s❡ r❡t❛✐❧❡rs ❛❧✇❛②s ❝❤♦♦s❡ e = e∗ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ❝♦♥❝❛✈❡ ✐♥

♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t π ❛❝❝♦r❞✐♥❣ t♦ ❆r♠str♦♥❣ ❛♥❞ ❱✐❝❦❡rs ✭✷✵✵✶✮✳ ❚❤❡r❡❢♦r❡✱ ❢♦❧❧♦✇✐♥❣

t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ❛ pmin s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡

❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ s✉♣♣♦rt str✐❝t❧② ✐♠♣r♦✈❡s ❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡✳

▲❡t p∗∗min s♦❧✈❡ π(p∗∗min, e
m) = (1 − λ)πm✱ p∗∗min ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜❡❝❛✉s❡ π(p, em)

✐s ✐♥❝r❡❛s✐♥❣ ❢♦r p ∈ [0, pm]✳ ❲❤❡♥ pmin = p∗∗min✱ ❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ p = pmin ✐♥

❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡ ✐♥❞✉str② ♣r♦✜t r❡♠❛✐♥s t♦ ❜❡ (1 − λ)πm✳ ❋♦r ❛♥② pmin < p∗∗min✱ t❤❡

❡q✉✐❧✐❜r✐✉♠ ✐♥❞✉str② ♣r♦✜t r❡♠❛✐♥s t♦ ❜❡ (1 − λ)πm✱ ❜✉t ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s str✐❝t❧②

❧♦✇❡r ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠❡❛♥✲♣r❡s❡r✈✐♥❣ s♣r❡❛❞ ❛r❣✉♠❡♥t✳ ❋♦r ❛♥② pmin > p∗∗min✱ r❡t❛✐❧❡rs

❝❤♦♦s❡ ♣✉r❡ str❛t❡❣② pmin ❛♥❞ em ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ❧♦✇❡r ❛s ✇❡ ❝❛♥

s❡❡ ❢r♦♠ t❤❡ ❣r❛♣❤ ♦❢ W (p, e)✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ p∗∗min s✉❝❤ t❤❛t p∗∗min ∈
argmaxpmin

TWFI(pmin)✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t TWFI(p
∗∗

min) > TWPD(p
∗

min)✳ ❇❡❝❛✉s❡ t❤❡ ✐♥❞✉str② ♣r♦✜t

✐s ✇❡❛❦❧② ❧♦✇❡r ✐♥ t❤❡ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ s❝❡♥❛r✐♦✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s

str✐❝t❧② ❤✐❣❤❡r✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳ ❲❡ ✜rst s❤♦✇ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❡❧✐❡❢ pw(e)✱ t❤❡♥ ❛♥❛❧②③❡

t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡①♣❡❝t❡❞ ❛❞❥✉st❡❞ ♣r✐❝❡ ψQD✱ ✜♥❛❧❧② ✇❡ ♣r♦✈❡ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡

❡q✉✐❧✐❜r✐✉♠✳

■✳ ❲❡ ✜rst s❤♦✇ t❤❛t ✭✶✮ ✇❤❡♥ e < emax✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ pw(e) t❤❛t s♦❧✈❡s t❤❡

❡q✉❛t✐♦♥ p−e = 1−F (p−q(e))
f(p−q(e))

✱ ❛♥❞ ✭✷✮ ✇❤❡♥ e ≥ emax✱ pw(e) ✐s ♥♦t ✉♥✐q✉❡✱ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞

s✉r♣❧✉s v − pw(e) + q(e) ✐s ♥❡❣❛t✐✈❡✳

✹✸



❲❤❡♥ e < emax✱ ❛s ✇❡ s❤♦✇❡❞ ♣r❡✈✐♦✉s❧②✱ π(p, e) ✐s ❧♦❣✲❝♦♥❝❛✈❡ ✐♥ p ❢♦r ❛♥② ❣✐✈❡♥ e✱

s♦ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣r✐❝❡ p ♠❛①✐♠✐③❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳ ❚❛❦❡ t❤❡ ✜rst ♦r❞❡r

❞❡r✐✈❛t✐✈❡ ♦❢ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t ✇✐t❤ r❡s♣❡❝t t♦ ♣r✐❝❡✿

(1− F )

[

1− f

1− F
(p− e)

]

❙✐♥❝❡ 1 − F (v) ✐s ❧♦❣✲❝♦♥❝❛✈❡✱ 1 − f

1−F
(p − e) ✐s ❞❡❝r❡❛s✐♥❣ ❢♦r p ≤ vmax − c(e)✱ ✐t ✐s

str✐❝t❧② ♣♦s✐t✐✈❡ ✇❤❡♥ p = e ❜❡❝❛✉s❡ p − q < vmax ❛♥❞ p − e = 0❀ ✐t ✐s ♥❡❣❛t✐✈❡ ✇❤❡♥

p = vmax − c(e)✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣r✐❝❡ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r

♣r♦✜t✱ ❛♥❞ pw(ei) s♦❧✈❡s t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥✿

p− e =
1− F (p− q(e))

f(p− q(e))

❲❤❡♥ e ≥ emax✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♥❡t s✉r♣❧✉s ✐s ♥❡❣❛t✐✈❡✳ ■❢ ❛ r❡t❛✐❧❡r ❝❤♦♦s❡s

❛ ❣✐✈❡♥ ❡✛♦rt e ≥ emax✱ ❤❡ ✇✐❧❧ ♥❡✈❡r ❝❤♦♦s❡ ❛ ♣r✐❝❡ str✐❝t❧② s♠❛❧❧❡r t❤❛♥ e ❜❡❝❛✉s❡ ♣❡r✲

❝♦♥s✉♠❡r ♣r♦✜t ✐s str✐❝t❧② ♥❡❣❛t✐✈❡✳ ■❢ t❤❡ r❡t❛✐❧❡r ❝❤♦♦s❡s ❛ ♣r✐❝❡ p ≥ e✱ t❤❡♥ ♥♦ ♦♥❡

✇✐❧❧ ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t ❜❡❝❛✉s❡ p− q(e) > vmax✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❡t❛✐❧❡r ♠✉st ❝❤♦♦s❡ ❛

♣r✐❝❡ p ≥ e✱ ❛♥❞ ❝♦♥s✉♠❡rs ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ♥❡t s✉r♣❧✉s ✐❢ t❤❡② ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t✳

■■✳ ❋♦❝✉s ♦♥ e < emax✱ s✐♥❝❡ pw(e) s♦❧✈❡s ❡q✉❛t✐♦♥ ✭✷✮ ❛♥❞ ψPD = pw(e) − q(e)✱ ψPD

s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

q(e)− e =
1− F (ψ)

f(ψ)
− ψ.

◆♦t❡ t❤❛t 1−F (ψ)
f(ψ)

− ψ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ψ ✭❧♦❣✲❝♦♥❝❛✈✐t② ♦❢ 1 − F (v)✮✱ ✐t ✐s ❡❛s② t♦ s❡❡

❡①♣❡❝t❡❞ ❛❞❥✉st ♣r✐❝❡ ✐s q✉❛s✐✲❝♦♥❝❛✈❡ ❛♥❞ r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ✇❤❡♥ e = e∗✳

■■■✳ ◆♦t❡ t❤❛t ❝❤♦♦s✐♥❣ e∗ ✭❝♦rr❡s♣♦♥❞✐♥❣❧② p = pw(e
∗) = pm✮ ✐s ❛ str✐❝t❧② ❞♦♠✐♥❛t❡

str❛t❡❣②✳ ❈❤♦♦s✐♥❣ ❛ ❞✐✛❡r❡♥t ❡✛♦rt ✇❡❛❦❧② ❞❡❝r❡❛s❡s t❤❡ ♠❡❛s✉r❡ ♦❢ ❝♦♥s✉♠❡rs ✈✐s✐t✐♥❣

t❤❡ r❡t❛✐❧❡r✱ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s❡s t❤❡ ♣❡r✲❝♦♥s✉♠❡r ♣r♦✜t✳ ◆♦♥✲❧♦②❛❧ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡

❛❧❧ t❤❡ r❡t❛✐❧❡rs ❝❤♦♦s❡ t❤❡ s❛♠❡ ❛❞❥✉st❡❞ ♣r✐❝❡✱ t❤✉s r❛♥❞♦♠❧② ✈✐s✐t ❛ r❡t❛✐❧❡r✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡✳

✹✹



❈❤❛♣t❡r ✸✿ ❙❡❛r❝❤ ♦r ❇✉② ❉✐r❡❝t❧②

❆❜str❛❝t

❚❤✐s ❛rt✐❝❧❡ ❛♥❛❧②s❡s ❛ ♠♦♥♦♣♦❧② ✜r♠✬s ♦♣t✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣② ❛♥❞

r❡t✉r♥ ♣♦❧✐❝② ✇❤❡♥ ❝♦♥s✉♠❡rs ❝❛♥ ❝❤♦♦s❡ t♦ ❡✐t❤❡r ❜✉② ✐♠♠❡❞✐❛t❡❧② ✇✐t❤♦✉t ❦♥♦✇✐♥❣

t❤❡✐r ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡ ♦r s❡❛r❝❤ t♦ ❧❡❛r♥ t❤❡ ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡✳ ❇② ♣❛②✐♥❣ ❛ r❡t✉r♥

❝♦st ✇❤✐❝❤ ✐s ❝❤♦s❡♥ ❜② t❤❡ ✜r♠✱ ❡❛❝❤ ❝♦♥s✉♠❡r ❝❛♥ r❡t✉r♥ t❤❡ ♣r♦❞✉❝t ❛♥❞ ♦❜t❛✐♥ ❛

r❡❢✉♥❞✳ ❲❡ ✜♥❞ t❤❛t ✐❢ t❤❡ ✜r♠ ✐s ❛❜❧❡ t♦ ❣✐✈❡ ❝♦♥s✉♠❡rs ❛♥② ❢♦r♠ ♦❢ ♠❛t❝❤ ✐♥❢♦r♠❛t✐♦♥✱

t❤❡ ✜r♠ ✇✐❧❧ s✐♠♣❧② ✐♥❢♦r♠ ❡❛❝❤ ❝♦♥s✉♠❡r ✇❤❡t❤❡r ♦r ♥♦t t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❛❜♦✈❡

❛ t❤r❡s❤♦❧❞✳ ❚❤✐s str❛t❡❣② ✐s ✉s❡❞ ❛s ❛ s❡❛r❝❤ ❞❡t❡rr❡♥❝❡ t♦♦❧✱ ❛♥❞ ❝♦♥s✉♠❡rs ✇✐❧❧ ❥✉st

❜✉② ❞✐r❡❝t❧② ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡✳ ❚❤❡ ♦♣t✐♠❛❧ r❡t✉r♥ ♣♦❧✐❝② ✐s t❤❡

♦♥❡ t❤❛t ♠❛❦❡s ♥♦ ❝♦♥s✉♠❡r ❝❤♦♦s❡ t♦ r❡t✉r♥ t❤❡ ♣r♦❞✉❝t✳ ❚❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s

❞❡❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st✱ ✇❤❡r❡❛s t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st✳ ❚❤❡

t♦t❛❧ ✇❡❧❢❛r❡ r❡❛❝❤❡s t❤❡ s♦❝✐❛❧❧② ❡✣❝✐❡♥t ❧❡✈❡❧ ✇❤❡♥ s❡❛r❝❤ ❝♦st ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤♦✉❣❤

t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ③❡r♦ ✐♥ t❤✐s s✐t✉❛t✐♦♥✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❈♦♥s✉♠❡rs ♥♦✇ ❤❛✈❡ ♠♦r❡ ♦♣t✐♦♥s ✇❤❡♥ t❤❡② ✇❛♥t t♦ ♣✉r❝❤❛s❡ ❛ ♣r♦❞✉❝t ❜✉t ❞♦ ♥♦t ❦♥♦✇

t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡✳ ❇❡s✐❞❡s ✈✐s✐t✐♥❣ ❛ ❜r✐❝❦✲❛♥❞✲♠♦rt❛r st♦r❡ t♦ ❧❡❛r♥ t❤❡ ♣r✐❝❡ ❛♥❞ ♠❛t❝❤

✈❛❧✉❡✱ ❡❛❝❤ ❝♦♥s✉♠❡r ❝❛♥ ❛❧s♦ ❝❤♦♦s❡ t♦ s❤♦♣ ♦♥❧✐♥❡✳ ❚❤❡② ❝❛♥ ✜rst ✈✐s✐t t❤❡ ✇❡❜s✐t❡ t♦ ❧❡❛r♥

t❤❡ ♣r✐❝❡✱ r❡t✉r♥ ♣♦❧✐❝②✱ ❛♥❞ s♦♠❡ ❜❛s✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣r♦❞✉❝t ✇❤✐❝❤ ❡♥❛❜❧❡s t❤❡♠

t♦ ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ ♠❛t❝❤ ✈❛❧✉❡✳ ❚❤❡♥ t❤❡② ❝❛♥ ❝❤♦♦s❡ t♦ ❜✉② ❞✐r❡❝t❧② ♦♥❧✐♥❡

♦r ✈✐s✐t t❤❡ ❜r✐❝❦✲❛♥❞✲♠♦rt❛r st♦r❡ t♦ ❧❡❛r♥ t❤❡✐r ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡✳ ■❢ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ t♦

❜✉② ❞✐r❡❝t❧②✱ ❜② ♣❛②✐♥❣ r❡t✉r♥ ❝♦sts✱ t❤❡② ♠❛② r❡t✉r♥ t❤❡ ♣r♦❞✉❝ts ❛♥❞ ♦❜t❛✐♥ r❡❢✉♥❞s ♦♥❝❡

t❤❡② ✜♥❞ ♦✉t t❤❛t t❤❡② ❞♦ ♥♦t ❧✐❦❡ t❤❡ ♣r♦❞✉❝t✳

❙❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ st✉❞✐❡❞ ✜r♠s✬ ♦♣t✐♠❛❧ ♣r♦❞✉❝t ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ str❛t❡❣② ✭❡✳❣✳✱

❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t✱ ✷✵✵✻✱ ❲❛♥❣✱ ✷✵✶✼✮✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❤♦✇❡✈❡r✱ ♥♦ ♣r❡✈✐✲

♦✉s ✇♦r❦ ❤❛s ❞✐s❝✉ss❡❞ t❤❛t ✐♥ ❛ s✐t✉❛t✐♦♥ ✇❤❡♥ ❝♦♥s✉♠❡rs ❝❛♥ r❡t✉r♥ t❤❡ ♣r♦❞✉❝t ✐❢ t❤❡② ❞♦

♥♦t ❧✐❦❡ ✐t✳ ❚❤✐s ❛rt✐❝❧❡ ✜❧❧s t❤❡ ❣❛♣ ❜② st✉❞②✐♥❣ t❤❡ ♦♣t✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣②

❛♥❞ r❡t✉r♥ ♣♦❧✐❝② ♦❢ ❛ ♠♦♥♦♣♦❧② ✜r♠✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ str❛t❡❣② ❛❧✇❛②s

✐♥✈♦❧✈❡s ♥♦ ❝♦♥s✉♠❡r s❡❛r❝❤✐♥❣✱ ❛♥❞ t❤❡ ✜r♠ ❢r❡q✉❡♥t❧② ✇❛♥ts t♦ r❡str✐❝t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐t

♣r♦✈✐❞❡s t♦ ❝♦♥s✉♠❡rs✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❢❛❝t t❤❛t s♦♠❡ ❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t

✇❤❡♥ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♣r✐❝❡✳ ❙❡❛r❝❤ ❝♦st ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❡✈❡♥

♥♦ ❝♦♥s✉♠❡r ❝❤♦♦s❡s t♦ s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐♥tr✐❣✉✐♥❣❧②✱ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥

❝♦♥s✉♠❡r s❡❛r❝❤ ❝♦st✳

❲❡ ❝♦♥s✐❞❡r ❛ ♠♦♥♦♣♦❧② ✜r♠ t❤❛t s❡❧❧s ❛ ♣r♦❞✉❝t t♦ ♦♥❡ ✉♥✐t ♦❢ ❝♦♥s✉♠❡rs✱ t❤❡✐r ♠❛t❝❤

✈❛❧✉❡ ✐s ❡① ❛♥t❡ ✉♥❦♥♦✇♥ t♦ ❜♦t❤ ♣❛rt✐❡s✳ ❚❤❡ ✜r♠ ✜rst ❝❤♦♦s❡s t❤❡ ♣r✐❝❡ p✱ r❡t✉r♥ ❝♦st r✱

❛♥❞ ❤♦✇ ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ t♦ r❡✈❡❛❧ ♦♥ ✐ts ✇❡❜s✐t❡✳ ❈♦♥s✉♠❡rs ✈✐s✐t t❤❡ ✇❡❜s✐t❡ t♦ ❧❡❛r♥ p✱

r✱ ❛♥❞ s♦♠❡ ❜❛s✐❝ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❡♥❛❜❧❡s t❤❡♠ t♦ ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t t❤❡✐r ♠❛t❝❤

✈❛❧✉❡✳ ❚❤❡♥✱ t❤❡② ❝❤♦♦s❡ t♦ ❜✉② ✐♠♠❡❞✐❛t❡❧② ♦r ✐♥❝✉r ❛ s❡❛r❝❤ ❝♦st t♦ ❧❡❛r♥ t❤❡ ❡①❛❝t ♠❛t❝❤

✈❛❧✉❡ ✭✈✐s✐t t❤❡ ❜r✐❝❦✲❛♥❞✲♠♦rt❛r st♦r❡✮✳ ❲❡ ❛ss✉♠❡ t❤❡ ✜r♠ ❝❛♥ ❣✐✈❡ ❝♦♥s✉♠❡rs ❛♥② ❢♦r♠

♦❢ ♠❛t❝❤ ✐♥❢♦r♠❛t✐♦♥✳✶

❲❡ ✜♥❞ t❤❛t t❤❡ ✜r♠✬s ♦♣t✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣② ✐s ❥✉st t♦ ✐♥❢♦r♠ ❡❛❝❤

✶❙❡❡ ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✵✻✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ❤♦✇ t❤❡ ✜r♠ ♠❛② ❝♦♥✈❡② ❛♥② ✐♥❢♦r♠❛t✐♦♥ ❜②

♠❡❛♥s ♦❢ ❛♥♥♦✉♥❝✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣r♦❞✉❝t✳

✷



❝♦♥s✉♠❡r ✇❤❡t❤❡r ♦r ♥♦t t❤❡ ♠❛t❝❤ ✈❛❧✉❡ ❡①❝❡❡❞s s♦♠❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ ❧❡✈❡❧✱ t❤❡ ♣r✐❝❡

❛♥❞ r❡t✉r♥ ♣♦❧✐❝② ❛r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣❧② t♦ ♠❛❦❡ s✉r❡ ❝♦♥s✉♠❡rs ✇✐❧❧ ♥♦t s❡❛r❝❤✱ q✉✐t t❤❡

❣❛♠❡✱ ♦r r❡t✉r♥ t❤❡ ♣r♦❞✉❝t✳ ❋♦r ❛♥② ❣✐✈❡♥ ♣r✐❝❡ p✱ ✇❤❡♥ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ t♦ s❡❛r❝❤✱ t❤❡②

✇✐❧❧ ❜✉② t❤❡ ♣r♦❞✉❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♣r✐❝❡✳ ❍♦✇❡✈❡r✱ t❤❡

✜r♠ ❝❛♥ ❝❤♦♦s❡ t♦ ✐♥❢♦r♠ ❝♦♥s✉♠❡rs ✇❤❡t❤❡r ♦r ♥♦t t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❛❜♦✈❡ p − ǫ✱ ❛♥❞

❝❤♦♦s❡ ❛ ✈❡r② ❧❛r❣❡ r❡t✉r♥ ❝♦st✳ ❲❤❡♥ ǫ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ❝♦♥s✉♠❡rs ✇✐❧❧ ❝❤♦♦s❡ t♦ ❜✉②

❞✐r❡❝t❧② t♦ ❛✈♦✐❞ t❤❡ s❡❛r❝❤ ❝♦st✱ ❡✈❡♥ ✐❢ ✇✐t❤ s♦♠❡ ♣r♦❜❛❜✐❧✐t② t❤❡ ♠❛t❝❤ ✈❛❧✉❡ ❝❛♥ ❜❡ ❧♦✇❡r

t❤❛♥ t❤❡ ♣r✐❝❡✳ ❇❡❝❛✉s❡ t❤❡ ✜r♠ ♦♥❧② ♥❡❡❞s t♦ ✐♥❢♦r♠ ❝♦♥s✉♠❡rs ✇❤❡t❤❡r ♦r ♥♦t t❤❡✐r ♠❛t❝❤

✈❛❧✉❡ ✐s ❛❜♦✈❡ s♦♠❡ ❧❡✈❡❧✱ t❤❡ t❤r❡s❤♦❧❞ str❛t❡❣② ✐s ❣♦♦❞ ❡♥♦✉❣❤ t♦ ❝♦♥✈❡② ❛❧❧ t❤❡ ♥❡❝❡ss❛r②

✐♥❢♦r♠❛t✐♦♥✳

❆❧t❤♦✉❣❤ ❝♦♥s✉♠❡rs ❞♦ ♥♦t s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ s✐③❡ ♦❢ t❤❡ s❡❛r❝❤ ❝♦st ♣❧❛②s ❛♥

✐♠♣♦rt❛♥t r♦❧❡✳ ❚❤❡ ✜r♠✬s ♣r♦✜t ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st✱ ✇❤❡r❡❛s

❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❛t✳ ❲❤❡♥ s❡❛r❝❤ ❝♦st ✐s ✈❡r② ❧❛r❣❡✱ ❝♦♥s✉♠❡rs ✇✐❧❧ ♥❡✈❡r

❝❤♦♦s❡ t♦ s❡❛r❝❤✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜r♠ ❝❛♥ ✐♥❢♦r♠ ❝♦♥s✉♠❡rs ✇❤❡t❤❡r ♦r ♥♦t t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡

✐s ❛❜♦✈❡ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ♣r♦❞✉❝t✐♦♥✱ ❝❤♦♦s❡ ❛ ✈❡r② ❧❛r❣❡ r❡t✉r♥ ❝♦st✱ ❛♥❞ ❝❤❛r❣❡ ❛ ♣r✐❝❡

t❤❛t ✐s ❡q✉❛❧ t♦ t❤❡ ❡①♣❡❝t❡❞ ♠❛t❝❤ ✈❛❧✉❡ ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ✈❛❧✉❡ ✐s ❛❜♦✈❡ t❤❡ ♠❛r❣✐♥❛❧

❝♦st✮✳ ❇② ❞♦✐♥❣ t❤✐s✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐s ❡✣❝✐❡♥t ❜❡❝❛✉s❡ ❛♥② ❝♦♥s✉♠❡r ✇❤♦ ❤❛s ❛ ♠❛t❝❤ ✈❛❧✉❡

❛❜♦✈❡ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ✇✐❧❧ ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t✱ t❤❡ ✜r♠ ❝❛♥ ♦❜t❛✐♥ ❛❧❧ t❤❡ s✉r♣❧✉s✱ ❜✉t

❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ③❡r♦✳

❲❤❡♥ s❡❛r❝❤ ❝♦st ✐s ✈❡r② s♠❛❧❧✱ ❝♦♥s✉♠❡rs ❛r❡ ❛❧✇❛②s ✇✐❧❧✐♥❣ t♦ s❡❛r❝❤ ✐❢ ❡✐t❤❡r t❤❡ ♣r✐❝❡

♦r r❡t✉r♥ ❝♦st ✐s t♦♦ ❤✐❣❤✳ ❚♦ ♠❛❦❡ s✉r❡ ❝♦♥s✉♠❡rs ❞♦ ♥♦t s❡❛r❝❤✱ t❤❡ ✜r♠ ♥❡❡❞s t♦ ❝❤♦♦s❡

❛ t❤r❡s❤♦❧❞ t❤❛t ✐s ❝❧♦s❡r t♦ t❤❡ ♣r✐❝❡ ✇❤❡♥ s❡❛r❝❤ ❝♦st ✐s ❞❡❝r❡❛s✐♥❣✱ ❛♥❞ t❤✉s ❢❡✇❡r ♣❡♦♣❧❡

♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t✳ ❍❡♥❝❡✱ t❤❡ ✜r♠✬s ♣r♦✜t ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡ ❛r❡ ❛❧s♦ ❞❡❝r❡❛s✐♥❣✱ ❜✉t

❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ✐♥❝r❡❛s✐♥❣ ❜❡❝❛✉s❡ ❧❡ss ❧✐❦❡❧② ❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t ✇❤❡♥

t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❜❡❧♦✇ t❤❡ ♣r✐❝❡✳ ❲❤❡♥ s❡❛r❝❤ ❝♦st ✐s ♥♦t t♦♦ ❧❛r❣❡ ♦r t♦♦ s♠❛❧❧✱ t❤❡

♦♣t✐♠❛❧ str❛t❡❣② ♦❢ t❤❡ ✜r♠ ♠❛❦❡s ❝♦♥s✉♠❡rs ✐♥❞✐✛❡r❡♥t ❛♠♦♥❣ ❜✉②✐♥❣ ❞✐r❡❝t❧②✱ s❡❛r❝❤✐♥❣✱

❛♥❞ q✉✐tt✐♥❣ t❤❡ ❣❛♠❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ③❡r♦✳ ❚❤❡ ♣r♦✜t ❛♥❞ t♦t❛❧

✇❡❧❢❛r❡ ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st ❜❡❝❛✉s❡ t❤❡ t❤r❡s❤♦❧❞ ✐s ❤✐❣❤❡r ❛♥❞ ♠♦r❡ ❝♦♥s✉♠❡rs ✇✐❧❧

♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t✳

✸



✶✳✶ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

❚❤❡ ♠♦st ❝❧♦s❡❧② r❡❧❛t❡❞ ✇♦r❦ ✐s t❤❡ ❛rt✐❝❧❡ ❜② ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✵✻✮✳ ❚❤❡② ❞✐s❝✉ss

t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣② ♦❢ ❛ ♠♦♥♦♣♦❧② ✜r♠ ✐♥ ❛ s❡❛r❝❤ ♠♦❞❡❧

✇❤✐❝❤ ❜✉✐❧❞s ♦♥ ❲♦❧✐♥s❦② ✭✶✾✽✻✮ ❛♥❞ ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✶✾✾✾✮✳ ■♥ t❤❡✐r ♠♦❞❡❧✱ ❝♦♥✲

s✉♠❡rs ♥❡❡❞ t♦ ✐♥❝✉r ❛ s❡❛r❝❤ ❝♦st t♦ ✈✐s✐t t❤❡ ✜r♠ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ♣✉r❝❤❛s❡s✳ ■❢ ❝♦♥s✉♠❡rs

❛r❡ ♣❡r❢❡❝t❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t t❤❡ ♠❛t❝❤ ✈❛❧✉❡✱ t❤❡ s❡❛r❝❤ ❝♦st ❝❛✉s❡s ❛ ❤♦❧❞✲✉♣ ♣r♦❜❧❡♠ ❛s

✐♥ ❉✐❛♠♦♥❞ ✭✶✾✼✶✮✳ P❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ s♦❧✈❡s t❤✐s ♣r♦❜❧❡♠ ❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs

❞♦ ♥♦t ❦♥♦✇ t❤❡ ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡ ❛♥❞ ✇✐❧❧ ✈✐s✐t ❛s ❧♦♥❣ ❛s t❤❡ ❡①♣❡❝t❡❞ ♠❛t❝❤ ✈❛❧✉❡ ✐s ❤✐❣❤

❡♥♦✉❣❤✳

❖✉r ♠♦❞❡❧ ❞✐✛❡rs ❢r♦♠ ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✵✻✮ ❜② ❛❧❧♦✇✐♥❣ ❝♦♥s✉♠❡rs t♦ ❜✉② ✐♠✲

♠❡❞✐❛t❡❧② ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡✱ ✇❤✐❝❤ ✐s ✈❡r② ❝♦♠♠♦♥ ✐♥ ♦♥❧✐♥❡ s❤♦♣♣✐♥❣✳

❚❤❡ ❤♦❧❞✲✉♣ ♣r♦❜❧❡♠ ❞✐s❛♣♣❡❛rs ❡✈❡♥ ✇❤❡♥ ❝♦♥s✉♠❡rs ❛r❡ ❢✉❧❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t t❤❡ ♠❛t❝❤

✈❛❧✉❡ ❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ❝❛♥ ♦❜s❡r✈❡ t❤❡ ♣r✐❝❡ ✐♥ ♦✉r ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ t❤❡② ❝❛♥✲

♥♦t ♦❜s❡r✈❡ t❤❡ ♣r✐❝❡✱ t❤❡ ❢❛❝t t❤❛t ❝♦♥s✉♠❡rs ❝❛♥ ❜✉② t❤❡ ♣r♦❞✉❝t ✇✐t❤♦✉t ✐♥❝✉rr✐♥❣ t❤❡

s❡❛r❝❤ ❝♦st ❧❡❛❞s t♦ ♥♦ ❤♦❧❞✲✉♣ ♣r♦❜❧❡♠✳ ❚❤❡ ✜r♠ ❛❧✇❛②s ✜♥❞s ✐t ♦♣t✐♠❛❧ t♦ ♣❛rt✐❛❧❧② ✐♥❢♦r♠

❝♦♥s✉♠❡rs✱✷ ❞✐✛❡r❡♥t ❢r♦♠ ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✵✻✮✱ t❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ✜r♠ ✇❛♥ts t♦

✐♥✈✐t❡ ♠♦r❡ ❝♦♥s✉♠❡rs t♦ ❜✉② ❞✐r❡❝t❧② s✉❝❤ t❤❛t s♦♠❡ ♦❢ t❤❡♠ ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t ❡✈❡♥ ✐❢

t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♣r✐❝❡✳

❆♥♦t❤❡r r❡❧❛t❡❞ ✇♦r❦ ✐s t❤❡ ❛rt✐❝❧❡ ❜② ❲❛♥❣ ✭✷✵✶✼✮✱ ❤❡ ❝♦♥s✐❞❡rs t❤❡ ♣r♦❞✉❝t ✐♥❢♦r♠❛t✐♦♥

r❡✈❡❧❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❛ s❡❛r❝❤ ♠♦❞❡❧ ✇❤❡r❡ ❝♦♥s✉♠❡rs ❝❛♥ ❜✉② ❞✐r❡❝t❧② ✇✐t❤♦✉t s❡❛r❝❤✐♥❣✱

❜✉t ❝♦♥s✉♠❡rs ❝❛♥♥♦t r❡t✉r♥ t❤❡ ♣r♦❞✉❝t ✐♥ ❤✐s ♠♦❞❡❧✳ ❙✐♠✐❧❛r❧②✱ ❤❡ ✜♥❞s t❤❛t t❤❡ ✜r♠ ✇✐❧❧

❝❤♦♦s❡ ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ t♦ ❞❡t❡r s❡❛r❝❤✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r ❤✐s s❡tt✐♥❣✱ ♣❛rt✐❛❧

❞✐s❝❧♦s✉r❡ ✐s ✉s❡❞ ♦♥❧② ✇❤❡♥ s❡❛r❝❤ ❝♦sts ❛r❡ r❡❧❛t✐✈❡❧② s♠❛❧❧✳ ❇❛r✲■s❛❛❝✱ ❈❛r✉❛♥❛✱ ❛♥❞

❈✉ñ❛t ✭✷✵✶✵✮ ❞✐s❝✉ss ❛ s✐♠✐❧❛r ♣r♦❜❧❡♠ ❜② ❛ss✉♠✐♥❣ t❤❡ ✜r♠ ❝❛♥ ❝❤❛♥❣❡ s❡❛r❝❤ ❝♦sts✱ ❛♥❞

❝♦♥s✉♠❡rs ❝❛♥ ❝❤♦♦s❡ t♦ ❜✉② ✇✐t❤♦✉t ❞❡❧❛② ♦r s❡❛r❝❤✳ ❚❤❡② ✜♥❞ t❤❛t ✐t ❝❛♥ ❜❡ ♦♣t✐♠❛❧ t♦

❝❤♦♦s❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❧❡✈❡❧ ♦❢ ♦♣❛q✉❡♥❡ss ✭✐✳❡✳✱ ♠❡❞✐✉♠✲❧❡✈❡❧ s❡❛r❝❤ ❝♦st✮✱ ✇❤✐❝❤ ✐♥❞✉❝❡s

❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs t♦ ❜✉② ✇✐t❤♦✉t ❞❡❧❛② ❛♥❞ ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs t♦ s❡❛r❝❤✳

❖✉r ✇♦r❦ ❛❧s♦ r❡❧❛t❡s t♦ t❤❡ ❛rt✐❝❧❡s ❛❜♦✉t r❡t✉r♥ ♣♦❧✐❝②✳ P❡tr✐❦❛✐t✡❡ ✭✷✵✶✽✮ st✉❞✐❡s ❛

✷❚❤✐s ✐s tr✉❡ ✉♥❧❡ss t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ♣r♦❞✉❝t✐♦♥ ✐s ③❡r♦ ✇❤❡r❡ t❤❡ ✜r♠ ❝❤♦♦s❡s t♦ r❡✈❡❛❧ ♥♦ ✐♥❢♦r♠❛t✐♦♥✳

✹



❞✉♦♣♦❧② ♠♦❞❡❧ ✇❤❡r❡ ❝♦♥s✉♠❡rs ❜✉② ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ♣r♦❞✉❝ts ❞✐r❡❝t❧② ✇✐t❤♦✉t

❦♥♦✇✐♥❣ ❡①❛❝t t❤❡ ♠❛t❝❤ ✈❛❧✉❡✱ ❝♦♥s✉♠❡rs ❝❛♥ t❤❡♥ r❡t✉r♥ ❛♥② ✐t❡♠ ❛♥❞ ♦❜t❛✐♥ r❡❢✉♥❞s

❜② ♣❛②✐♥❣ r❡t✉r♥ ❝♦sts✱ ❜✉t ❝♦♥s✉♠❡rs ❝❛♥♥♦t s❡❛r❝❤ ✐♥ ❤❡r ♠♦❞❡❧✳ ❙❤❡ ✜♥❞s t❤❛t ♣r✐❝❡

❝♦♠♣❡t✐t✐♦♥ ✐s ♠♦r❡ ✐♥t❡♥s❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛ st❛♥❞❛r❞ s❡❛r❝❤ ♠♦❞❡❧✱ ❛♥❞ t❤❡ s②♠♠❡tr✐❝

❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✐s ❧♦✇❡r ✇❤❡♥ r❡t✉r♥s ❛r❡ ❤✐❣❤❡r✳ ❍✐♥♥♦s❛❛r ❛♥❞ ❑❛✇❛✐ ✭✷✵✷✵✮ ❛♥❛❧②③❡ ❛

❜✐❧❛t❡r❛❧ tr❛❞❡ ♠♦❞❡❧✱ ❛♥❞ t❤❡r❡ ✐s ✉♥❝❡rt❛✐♥t② ❛❜♦✉t t❤❡ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❛ ♣♦t❡♥t✐❛❧

❜✉②❡r ♠✐❣❤t ❤❛✈❡ ❛❜♦✉t t❤❡ ♣r♦❞✉❝t✳ ❚❤❡② ✜♥❞ t❤❛t t❤❡ ✜r♠ ❛❧✇❛②s ❜❡♥❡✜ts ❢r♦♠ ♦✛❡r✐♥❣

❛ r❡❢✉♥❞ ♣♦❧✐❝②✱ ❛♥❞ ✐t ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ✜r♠ t♦ ❝❤♦♦s❡ ❛ s✐♠♣❧❡ ♠❡❝❤❛♥✐s♠ t❤❛t ❝♦♠❜✐♥❡s ❛

❣❡♥❡r♦✉s r❡❢✉♥❞ ♣♦❧✐❝② ✇✐t❤ r❛♥❞♦♠ ♥♦♥✲r❡❢✉♥❞❛❜❧❡ ❞✐s❝♦✉♥ts✳ ▲✉❜❡♥s❦② ❛♥❞ ❙❝❤♠✐❞❜❛✉❡r

✭✷✵✷✵✮ st✉❞✐❡s ❛ ♠♦❞❡❧ ✇❤❡r❡ ❛ ♣r❡✲♣✉r❝❤❛s❡ tr✐❛❧ ❛❧❧♦✇s ❛ ❝♦♥s✉♠❡r t♦ ❧❡❛r♥ ❜♦t❤ ❛ ♣r♦❞✉❝t✬s

q✉❛❧✐t② ❛♥❞ ❤♦✇ ✇❡❧❧ ✐t ♠❛t❝❤❡s ❤❡r ✐❞✐♦s②♥❝r❛t✐❝ t❛st❡✳ ❚❤❡② ✜♥❞ t❤❛t ❛ ❢r❡❡ r❡t✉r♥ ♣♦❧✐❝②

❜❡♥❡✜ts ❝♦♥s✉♠❡rs ❜✉t ❞❡❝r❡❛s❡s ✇❡❧❢❛r❡ ✇❤❡♥ t❤❡r❡ ❛r❡ s✉✣❝✐❡♥t ❣❛✐♥s ❢r♦♠ tr❛❞❡✳

✷ ▼♦❞❡❧ ❙❡t✉♣

❆ ♠♦♥♦♣♦❧② ✜r♠ s❡❧❧s ❛ s✐♥❣❧❡ ❣♦♦❞✱ ✇❤✐❝❤ ✐t ♣r♦❞✉❝❡s ❛t ❛ ♠❛r❣✐♥❛❧ ❝♦st c ≥ 0✳ ❚❤❡r❡ ✐s ❛

✉♥✐t ♠❛ss ♦❢ r✐s❦✲♥❡✉tr❛❧ ❝♦♥s✉♠❡rs✱ ❡❛❝❤ ♦❢ t❤❡♠ ✭s❤❡✮ ❜✉②s ❛t ♠♦st ♦♥❡ ✉♥✐t ♦❢ t❤❡ ❣♦♦❞✳

❊❛❝❤ ❝♦♥s✉♠❡r✬s ♠❛t❝❤ ✈❛❧✉❡ v ✐s ❛♥ ✐✳✐✳❞✳ ❞r❛✇ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F (v) ♦♥ t❤❡

s✉♣♣♦rt [0, 1]✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f(v) ✐s str✐❝t❧② ♣♦s✐t✐✈❡✱ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧②

❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ ❧♦❣✲❝♦♥❝❛✈❡✳ ❚❤❡ ♠❛t❝❤ ✈❛❧✉❡ v ✐s ✐♥✐t✐❛❧❧② ✉♥❦♥♦✇♥ t♦ t❤❡ ✜r♠ ❛♥❞ t♦

t❤❡ ❝♦♥s✉♠❡r✳

❚❤❡ ❝♦♥s✉♠❡r ✜rst ✈✐s✐ts t❤❡ ✇❡❜s✐t❡ ♦❢ t❤❡ ✜r♠ t♦ ❧❡❛r♥ t❤❡ ♣r✐❝❡ ❛♥❞ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥

♦❢ t❤❡ ❣♦♦❞ ✇✐t❤♦✉t ❛♥② ❝♦st✳ ❚❤❡♥ s❤❡ ✉♣❞❛t❡s ❤❡r ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ ♠❛t❝❤ ✈❛❧✉❡✱ ❛♥❞

❝❛♥ ✭✐✮ s❡❛r❝❤ t♦ ❧❡❛r♥ ❤❡r ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡ ✇❤✐❝❤ ✐♥❝✉rs ❛ s❡❛r❝❤ ❝♦st s > 0❀ ♦r ✭✐✐✮ ❜✉②

❞✐r❡❝t❧② ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡❀ ♦r ✭✐✐✐✮ ❝❤♦♦s❡ t❤❡ ③❡r♦ ♦✉ts✐❞❡ ♦♣t✐♦♥✳ ■❢

t❤❡ ❝♦♥s✉♠❡r ❝❤♦♦s❡s t♦ ❜✉② ❞✐r❡❝t❧②✱ s❤❡ ❧❡❛r♥s t❤❡ ♠❛t❝❤ ✈❛❧✉❡ ❜② ✉s✐♥❣ ✐t✱ ❛♥❞ t❤❡♥ ❝❛♥

❡✐t❤❡r ❦❡❡♣ ♦r r❡t✉r♥ t❤❡ ❣♦♦❞✳

■❢ t❤❡ ❝♦♥s✉♠❡r ❧❡❛r♥s t❤❡ ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡ ❜② s❡❛r❝❤✐♥❣✱ s❤❡ ✇✐❧❧ ❜✉② t❤❡ ❣♦♦❞ ✐❢ ❛♥❞

♦♥❧② ✐❢ v ≥ p ✇❤❡r❡ p ✐s t❤❡ ♣r✐❝❡ ❝❤♦s❡♥ ❜② t❤❡ ✜r♠✳ ■❢ s❤❡ ❜✉②s ❞✐r❡❝t❧②✱ s❤❡ ✇✐❧❧ ❦❡❡♣ t❤❡

❣♦♦❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ v − p ≥ −r ✇❤❡r❡ r ✐s t❤❡ r❡t✉r♥ ❝♦st s❤❡ ♥❡❡❞s t♦ ♣❛② t❤❡ ✜r♠✳ ❚❤❡

✺



r❡t✉r♥ ❝♦st r ✐s ❛❧s♦ ❝❤♦s❡♥ ❜② t❤❡ ✜r♠✳✸ ■❢ t❤❡ ❝♦♥s✉♠❡r ✐s ✐♥❞✐✛❡r❡♥t ❛♠♦♥❣ s❡❛r❝❤✐♥❣✱

❜✉②✐♥❣ ❞✐r❡❝t❧②✱ ❛♥❞ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥✱ ✇❡ ❛ss✉♠❡ s❤❡ ❜✉②s ❞✐r❡❝t❧②❀ ✐❢ s❤❡ ✐s ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ r❡t✉r♥✐♥❣ ❛♥❞ ❦❡❡♣✐♥❣ t❤❡ ❣♦♦❞✱ ✇❡ ❛ss✉♠❡ s❤❡ ❦❡❡♣s ✐t✳

❊①❝❡♣t ❢♦r t❤❡ ♠❛r❣✐♥❛❧ ❝♦st c✱ t❤❡ ♠❛♥❛❣❡♠❡♥t ❝♦st ♦❢ ❡❛❝❤ r❡t✉r♥ ❢♦r t❤❡ ✜r♠ ✐s cr < 1✱

❛♥❞ ✇❡ ❛ss✉♠❡ ❛❧❧ t❤❡ ♦t❤❡r ❝♦sts ❛r❡ ③❡r♦✳ ❚❤❡ ✜r♠ ❝❤♦♦s❡s ❛ ♣r✐❝❡ p✱ ❛ r❡t✉r♥ ❝♦st r✱ ❛♥❞

❛♥ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣②✳ ❚♦ ♠❛❦❡ t❤❡ ❛♥❛❧②s✐s ❛s ❣❡♥❡r❛❧ ❛s ♣♦ss✐❜❧❡✱ ❢♦❧❧♦✇✐♥❣

❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✵✻✮✱ ✇❡ ❛ss✉♠❡ t❤❡ ✜r♠ r❡✈❡❛❧s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❣♦♦❞ ❜②

❝❤♦♦s✐♥❣ ❛♥ ✐♥❢♦r♠❛t✐♦♥ tr❛♥s♠✐ss✐♦♥ ♠❡❝❤❛♥✐s♠ ✭■❚▼✮✳ ❆♥ ■❚▼ ✐♥❞✉❝❡s ❛ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ ♦✈❡r t❤❡ ❥♦✐♥t s♣❛❝❡ ♦❢ ♠❛t❝❤ ✈❛❧✉❡s ❛♥❞ s✐❣♥❛❧s ✇❤✐❝❤ ❛r❡ s❡♥t ❜② t❤❡ ✜r♠✳✹ ❚❤❡

❝♦♥s✉♠❡r ❝❛♥ ✉♣❞❛t❡ ❤❡r ❜❡❧✐❡❢ ❛❜♦✉t t❤❡ ♠❛t❝❤ ✈❛❧✉❡ ✐♥ ❛ ❇❛②❡s✐❛♥ ♠❛♥♥❡r✳ ❍❡♥❝❡✱ ❛♥

■❚▼ ✐s ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ([0, 1]× I,Σ([0, 1])×H,P ) ✇❤❡r❡ Σ([0, 1]) ❞❡♥♦t❡s t❤❡ σ✲✜❡❧❞ ♦❢

❇♦r❡❧ s❡ts ✐♥ [0, 1]✱ I ✐s ❛ s❡t ♦❢ s✐❣♥❛❧s✱ H ✐s ❛ σ✲✜❡❧❞ ♦❢ s✉❜s❡ts ♦❢ I✱ ❛♥❞ P ✐s ❛ ♣r♦❜❛❜✐❧✐t②

♠❡❛s✉r❡ ♦✈❡r [0, 1]× I t❤❛t s❛t✐s✜❡s P (v ≤ x) = F (x) ❢♦r ❛❧❧ x ∈ [0, 1]✳

❚❤❡ t✐♠✐♥❣ ✐s ❛s ❢♦❧❧♦✇s✿ ❆t st❛❣❡ ♦♥❡✱ t❤❡ ✜r♠ ❝❤♦♦s❡s t❤❡ ♣r✐❝❡ p✱ r❡t✉r♥ ❝♦st r✱ ❛♥❞

✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣② ✭■❚▼✮✳ ❆t st❛❣❡ t✇♦✱ ❡❛❝❤ ❝♦♥s✉♠❡r ♦❜s❡r✈❡s p✱ r✱ ❛♥❞ ❛

s✐❣♥❛❧✱ t❤❡♥ ❞❡❝✐❞❡s t♦ ❜✉② ❞✐r❡❝t❧②✱ s❡❛r❝❤✱ ♦r ❝❤♦♦s❡ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥✳ ❆t st❛❣❡ t❤r❡❡✱ t❤❡

❝♦♥s✉♠❡r ❝❤♦♦s❡s ✇❤❡t❤❡r t♦ ❜✉② t❤❡ ❣♦♦❞ ♦r ♥♦t ✐❢ s❤❡ s❡❛r❝❤❡❞ ❛t st❛❣❡ t✇♦❀ t❤❡ ❝♦♥s✉♠❡r

❡✐t❤❡r ❦❡❡♣s ♦r r❡t✉r♥s t❤❡ ❣♦♦❞ ✐❢ s❤❡ ❜♦✉❣❤t ❞✐r❡❝t❧② ❛t st❛❣❡ t✇♦✳

✷✳✶ Pr❡❧✐♠✐♥❛r② ❆♥❛❧②s✐s

❲❡ ✜rst ❜r✐❡✢② ❞✐s❝✉ss t❤❡ s✐t✉❛t✐♦♥ t❤❡ ❝♦♥s✉♠❡rs ❝❛♥ ♦♥❧② s❡❛r❝❤ ✭♦r q✉✐t✮✳ ◆♦t❡ t❤❛t ✐❢

t❤❡ ❝♦♥s✉♠❡r ❧❡❛r♥s ❤❡r ♠❛t❝❤ ✈❛❧✉❡ v ❜② s❡❛r❝❤✐♥❣✱ s❤❡ ♣✉r❝❤❛s❡s t❤❡ ❣♦♦❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

v ≥ p✳ ❚❤❡r❡❢♦r❡✱ ✐❢ t❤❡ str❛t❡❣② ♦❢ t❤❡ ✜r♠ ♠❛❦❡s ♥♦ ❝♦♥s✉♠❡r ❜✉② ❞✐r❡❝t❧②✱ t❤❡ ✜r♠✬s

♣r♦✜t ✐s ❛t ♠♦st t❤❡ ♠♦♥♦♣♦❧② ♣r♦✜t

πm = (pm − c) [1− F (pm)]

✸❍❡r❡ ✇❡ ❛ss✉♠❡ t❤❡ ♣❤②s✐❝❛❧ ❝♦st ♦❢ t❤❡ ❝♦♥s✉♠❡r t♦ r❡t✉r♥ t❤❡ ❣♦♦❞ ✐s ③❡r♦✳
✹■t ❞♦❡s ♥♦t ♠❛tt❡r ✇❤❡t❤❡r t❤❡ ✜r♠ ❦♥♦✇s t❤❡ ❝♦♥s✉♠❡r✬s ❛❝t✉❛❧ ♠❛t❝❤ ✈❛❧✉❡ ♦r ♥♦t✱ s❡❡ ❆♥❞❡rs♦♥ ❛♥❞

❘❡♥❛✉❧t ✭✷✵✵✻✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✻



✇❤❡r❡ pm = argmaxp(p− c) [1− F (p)]✳✺ ❲❡ ❦♥♦✇ pm ❛♥❞ πm ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❜❡❝❛✉s❡ f(v)

✐s ❧♦❣✲❝♦♥❝❛✈❡✳

❲❡ ✜♥❞ t❤❛t t❤❡ ✜r♠ ❝❛♥ ♦❜t❛✐♥ ❛ str✐❝t❧② ❤✐❣❤❡r ♣r♦✜t t❤❛♥ πm ✐❢ t❤❡ ✜r♠ s✐♠♣❧② ❝❤♦♦s❡s

❛ t❤r❡s❤♦❧❞ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣② ❛♥❞ ❛ ✈❡r② s♠❛❧❧ r❡t✉r♥ ❝♦st r✳ ❚❤❡ t❤r❡s❤♦❧❞

str❛t❡❣② ✐♥✈♦❧✈❡s ❛ s✐❣♥❛❧ s❡t I = {ṽ+, ṽ−}✱ ❛♥❞ t❤❡ ❝♦♥s✉♠❡r r❡❝❡✐✈❡s t❤❡ s✐❣♥❛❧ ṽ+ ✐❢ ❛♥❞

♦♥❧② ✐❢ ❤❡r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞ ṽ✳

❆t t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ ✇❤❡♥ t❤❡ ❝♦♥s✉♠❡r r❡❝❡✐✈❡s t❤❡ s✐❣♥❛❧ ṽ+✱ s❤❡ ❝❤♦♦s❡s t♦ ❜✉②

❞✐r❡❝t❧② ✐❢ ❛♥❞ ♦♥❧② ✐❢

E
[

max {v − p,−r} |ṽ+
]

≥ E
[

max {v − p, 0} |ṽ+
]

− s,

E
[

max {v − p,−r} |ṽ+
]

≥ 0.

❇❡❝❛✉s❡ E [max {v − p,−r} |ṽ+] ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ r✱ ❛♥❞ ✐t ✐s ♣♦s✐t✐✈❡ ✇❤❡♥ r = 0 ❢♦r

❛♥② ṽ ❛♥❞ p < 1✱ t❤❡s❡ t✇♦ ❝♦♥str❛✐♥ts ❤♦❧❞ ✇❤❡♥ r ✐s ✈❡r② s♠❛❧❧✳ ❚❤❡♥ ❧❡t ṽ = p − r✱ t❤❡

❝♦♥s✉♠❡r ✇✐❧❧ ❜✉② ❞✐r❡❝t❧② ✇❤❡♥ s❤❡ r❡❝❡✐✈❡s t❤❡ s✐❣♥❛❧ ṽ+ ❢♦r r s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ ✵✱ ❛♥❞

s❤❡ ✇✐❧❧ ♥♦t r❡t✉r♥ t❤❡ ♣r♦❞✉❝t ❜❡❝❛✉s❡ s❤❡ r❡t✉r♥s t❤❡ ♣r♦❞✉❝t ♦♥❧② ✐❢ v < p− r✳

❍❡♥❝❡✱ s✉♣♣♦s❡ t❤❡ ✜r♠ ❝❤♦♦s❡s ❛ ❣✐✈❡♥ ✈❡r② s♠❛❧❧ r❡t✉r♥ ❝♦st r ❛♥❞ t❤❡ t❤r❡s❤♦❧❞

str❛t❡❣② ṽ = p − r✳ ■❢ t❤❡ ✜r♠ ❝❤♦♦s❡s p = pm✱ ✐t ❝❛♥ ♦❜t❛✐♥ ❛ ♣r♦✜t t❤❛t ✐s str✐❝t❧② ❤✐❣❤❡r

t❤❛♥ πm ❜❡❝❛✉s❡ t❤❡ ❞❡♠❛♥❞ 1 − F (pm − r) ✐s ❤✐❣❤❡r t❤❛♥ ❜❡❢♦r❡ 1 − F (pm)✳ ❚❤❡ ✜r♠

❝❛♥ ❝❤♦♦s❡ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ♣r✐❝❡ ❛♥❞ ♦❜t❛✐♥ ❡✈❡♥ ♠♦r❡ ♣r♦✜t✳✻ ■♥t✉✐t✐✈❡❧②✱ ❝♦♥s✉♠❡rs ❛r❡

✇✐❧❧✐♥❣ t♦ ✭✶✮ ♣❛② ♠♦r❡ ❛♥❞ ✭✷✮ s♦♠❡t✐♠❡s ❜✉② t❤❡ ♣r♦❞✉❝t ✇❤❡♥ v < p✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞

t❤❡ s❡❛r❝❤ ❝♦st✳

❲❡ ✜♥❛❧❧② ❛r❣✉❡ t❤❛t t❤❡ ✜r♠ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r♦✜t
∫ 1

c
(v−c)dF (v) ✇❤❡♥

t❤❡ s❡❛r❝❤ ❝♦st ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ◆♦t❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ t♦t❛❧ ✇❡❧❢❛r❡ ✐s
∫ 1

c
(v − c)dF (v)

✇❤✐❝❤ ✐s ❛❝❤✐❡✈❡❞ ✇❤❡♥ ❛♥② ❝♦♥s✉♠❡r ✇❤♦ ❤❛s ❛ ♠❛t❝❤ ✈❛❧✉❡ ❤✐❣❤❡r t❤❛♥ c ♣✉r❝❤❛s❡s t❤❡

❣♦♦❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐t ✐s ❛❧s♦ t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r♦✜t ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♣♦s✐t✐✈❡ ❝♦♥s✉♠❡r

s✉r♣❧✉s✳

❈♦♥s✉♠❡r ✇✐❧❧ ♥❡✈❡r s❡❛r❝❤ ❜❡❝❛✉s❡ t❤❡ s❡❛r❝❤ ❝♦st ✐s ✈❡r② ❧❛r❣❡✱ t❤❡ ✜r♠ ♦♥❧② ♥❡❡❞s

t♦ ♠❛❦❡ s✉r❡ ❡① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ♣♦s✐t✐✈❡ ✐❢ t❤❡② ❝❤♦♦s❡ t♦ ❜✉② ❞✐r❡❝t❧②✳ ❚❤❡ ✜r♠

✺❈♦♥s✉♠❡rs ✇♦✉❧❞ ♣r❡❢❡r t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥ ✐❢ t❤❡ s❡❛r❝❤ ❝♦st ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳
✻❚❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ r ❜❡❝❛✉s❡ ✐t s♦❧✈❡s p− c = 1−F (p−r)

f(p−r) ❛♥❞ f(v) ✐s ❧♦❣✲❝♦♥❝❛✈❡✳

✼



t❤✉s ❝❛♥ ❝❤♦♦s❡ ṽ = c✱ p = E[v|v ≥ c]✱ ❛♥❞ ❛♥② r ≥ p − c✳ ❚❤❡♥ ❛♥② ❝♦♥s✉♠❡r ✇❤♦ ❤❛s ❛

♠❛t❝❤ ✈❛❧✉❡ ❛❜♦✈❡ c ❜✉②s ❞✐r❡❝t❧② ❜❡❝❛✉s❡ t❤❡② ♣❛② t❤❡✐r ❡①♣❡❝t❡❞ ♠❛t❝❤ ✈❛❧✉❡✱ ❛♥❞ ❡① ❛♥t❡

❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ③❡r♦✳ ❚❤❡ ❝♦rr❡s♣♦♥❞ ♣r♦✜t ✐s t❤✉s

[1− F (c)] {E[v|v ≥ c]− c}

= [1− F (c)]

{

∫ 1

c
vdF (v)

1− F (c)
− c

}

=

∫ 1

c

(v − c)dF (v),

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❤✐❣❤❡st t♦t❛❧ ✇❡❧❢❛r❡✳ ❚❤✐s ♦✉t❝♦♠❡ ✐s s♦❝✐❛❧❧② ❡✣❝✐❡♥t ❧✐❦❡ t❤❡ ♦♥❡ ♦❢

❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✱ ❜✉t t❤❡ ✜r♠ ♦❜t❛✐♥s ❛❧❧ t❤❡ s✉r♣❧✉s✳

✸ ❊q✉✐❧✐❜r✐✉♠ ❆♥❛❧②s✐s

❲❡ ✜rst ❛r❣✉❡ t❤❛t ❢♦r ❛♥② ■❚▼✱ t❤❡ ✜r♠✬s ♦♣t✐♠❛❧ str❛t❡❣② ❧❡❛❞s t♦ ♥♦ ❝♦♥s✉♠❡r s❡❛r❝❤✐♥❣✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐t ✐s ♥❡✈❡r ♦♣t✐♠❛❧ ❢♦r t❤❡ ✜r♠ t♦ ♠❛❦❡ s♦♠❡ ❝♦♥s✉♠❡rs s❡❛r❝❤ ❛♥❞ ♦t❤❡rs

❜✉② ❞✐r❡❝t❧②✳

▲❡♠♠❛ ✶✳ ❚❤❡ ✜r♠✬s ♣r♦✜t ✐s ♠❛①✐♠✐③❡❞ ✇❤❡♥ ♥♦ ❝♦♥s✉♠❡r ❝❤♦♦s❡s t♦ s❡❛r❝❤✳

❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ s✐♠✐❧❛r✳ ❙✉♣♣♦s❡ ❢♦r ❛♥② ♣r✐❝❡ p✱ r❡t✉r♥ ❝♦st r✱ ❛♥❞ ■❚▼ ❝❤♦s❡♥ ❜②

t❤❡ ✜r♠ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st s♦♠❡ ❝♦♥s✉♠❡rs ✇❤♦ ❝❤♦♦s❡ t♦ s❡❛r❝❤ ❛t st❛❣❡ t❤r❡❡✳ ❚❤❡

✜r♠ ❝❛♥ ❞♦ ❜❡tt❡r ❜② ✐♥❢♦r♠✐♥❣ t❤❡s❡ ❝♦♥s✉♠❡rs ✇❤❡t❤❡r ♦r ♥♦t t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❛❜♦✈❡

p − ǫ✱ ✇❤❡r❡ ǫ ✐s ❛ ✈❡r② s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✳ ❚♦ ❛✈♦✐❞ ✐♥❝✉rr✐♥❣ t❤❡ s❡❛r❝❤ ❝♦sts✱ t❤❡s❡

❝♦♥s✉♠❡rs ✇✐❧❧ ❜✉② ❞✐r❡❝t❧② ✐♥st❡❛❞✱ ❛♥❞ t❤❡ ♣r♦✜t ❜❡❝♦♠❡s ❤✐❣❤❡r✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t t❤❡ ✜r♠ ❝❛♥ s✐♠♣❧② ❢♦❝✉s ♦♥ ❛ t❤r❡s❤♦❧❞ ✐♥❢♦r♠❛t✐♦♥

r❡✈❡❧❛t✐♦♥ str❛t❡❣② t❤❛t ❝♦♥✈❡②s ❛ ♠❡ss❛❣❡ t❤❛t ✐♥❢♦r♠s t❤❡ ❝♦♥s✉♠❡r ✇❤❡t❤❡r ♦r ♥♦t ❤❡r

♠❛t❝❤ ✈❛❧✉❡ ❡①❝❡❡❞s t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞✳

▲❡♠♠❛ ✷✳ ❋♦r ❛♥② ♣r✐❝❡ p ∈ (c, 1) ❛♥❞ ❛♥② ♣♦s✐t✐✈❡ r❡t✉r♥ ❝♦st r✱ t❤❡ ✜r♠ ❝❛♥♥♦t ❞♦ ❜❡tt❡r

t❤❛♥ ✐♥❢♦r♠✐♥❣ t❤❡ ❝♦♥s✉♠❡r ✇❤❡t❤❡r ♦r ♥♦t ❤❡r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❛❜♦✈❡ s♦♠❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞

ṽ ∈ [p− r, p]✳

✽



●✐✈❡♥ s♦♠❡ ♣r✐❝❡ p ❛♥❞ r❡t✉r♥ ❝♦st r✱ t❤❡ t❤r❡s❤♦❧❞ ṽ ✐s ❣♦♦❞ ❡♥♦✉❣❤ t♦ ❣❡t ❝♦♥s✉♠❡rs

✇✐t❤ ❤✐❣❤ ♠❛t❝❤ ✈❛❧✉❡ t♦ ❜✉② ❞✐r❡❝t❧②✳ ❚❤✐s r❡s✉❧t ✐s t❤❡ s❛♠❡ ❛s t❤❡ ✜♥❞✐♥❣s ♦❢ ❆♥❞❡rs♦♥

❛♥❞ ❘❡♥❛✉❧t ✭✷✵✵✻✮✳ ❚❤❡ ✜r♠ ♥❡✈❡r ❝❤♦♦s❡s ❛ ṽ ❣r❡❛t❡r t❤❛♥ p ❜❡❝❛✉s❡ ❛ s❧✐❣❤t❧② ❧♦✇❡r ṽ

✇❡❛❦❧② ✐♥❝r❡❛s❡s t❤❡ ♣r♦✜t✱ ✐t ❛❧s♦ ❞♦❡s ♥♦t ❝❤♦♦s❡ ❛ ṽ ❧♦✇❡r t❤❛♥ p−r ❜❡❝❛✉s❡ t❤❡ t❤r❡s❤♦❧❞

❧❡❛❞s t♦ s♦♠❡ r❡t✉r♥s✱ ❛♥❞ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r t❤r❡s❤♦❧❞ ❝❛♥ ✐♥❝r❡❛s❡ ❝♦♥s✉♠❡rs✬ ❡①♣❡❝t❛t✐♦♥

❛❜♦✉t ❝♦♥s✉♠❡r s✉r♣❧✉s✳

❍❡♥❝❡✱ t❤❡ ✜r♠✬s ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

max
p,ṽ

(p− c) [1− F (ṽ)]

s.t.

∫ p

ṽ

(p− v)dF (v) ≤

∫ 1

p

(v − p)dF (v) ✭■❘✮

∫ p

ṽ

(p− v)dF (v) ≤ s [1− F (ṽ)] ✭■❈✮

❚❤❡ ✜r♠ ❝❤♦♦s❡s ❛ ♣r✐❝❡ p ❛♥❞ t❤r❡s❤♦❧❞ ṽ t♦ ♠❛①✐♠✐③❡ t❤❡ ♣r♦✜t✱ s✉❜❥❡❝t t♦ t✇♦ ❝♦♥str❛✐♥ts

t❤❛t t❤♦s❡ ❝♦♥s✉♠❡rs ✇❤♦ ❤❛✈❡ t❤❡ ♠❛t❝❤ ✈❛❧✉❡ ❛❜♦✈❡ ṽ ✇✐❧❧ ♥♦t s❡❛r❝❤ ✭■❈✮ ♦r q✉✐t t❤❡

❣❛♠❡ ✭■❘✮✱ ❛♥❞ t❤❡ r❡t✉r♥ ❝♦st ❝❛♥ ❜❡ ❛♥② ♥✉♠❜❡r ❤✐❣❤❡r t❤❛♥ p− ṽ✳

❚♦ ✉♥❞❡rst❛♥❞ t❤❡ t✇♦ ❝♦♥str❛✐♥ts✱ ✐❢ ❛ ❝♦♥s✉♠❡r ❝❤♦♦s❡s t♦ ❜✉② ❞✐r❡❝t❧②✱ ✇✐t❤ s♦♠❡

♣r♦❜❛❜✐❧✐t② ❤❡r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♣r✐❝❡✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥❡❣❛t✐✈❡ ✉t✐❧✐t②

✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ ✐s
∫ p

ṽ

p−v

1−F (ṽ)
dF (v)✳ ❚♦ ♠❛❦❡ s✉r❡ t❤❡ ❝♦♥s✉♠❡r ❞♦❡s ♥♦t ✇❛♥t t♦ s❡❛r❝❤ ♦r

q✉✐t✱ t❤✐s ♥❡❣❛t✐✈❡ ✉t✐❧✐t② ♠✉st ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ s❡❛r❝❤ ❝♦st✱ ❛♥❞ ✐t ♠✉st ❛❧s♦ ❜❡ s♠❛❧❧❡r

t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦s✐t✐✈❡ ✉t✐❧✐t②
∫ 1

p

v−p

1−F (ṽ)
dF (v) ✇❤❡♥ ❤❡r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❤✐❣❤❡r t❤❛♥

t❤❡ ♣r✐❝❡✳

▲❡t s2 =
∫ E[v|v≥c]

c

E[v|v≥c]−v

1−F (c)
dF (v)✱ ❛♥❞ ✇❡ ❛ss✉♠❡✼

(E[v|v ≥ c]− c) [1− F (E[v|v ≥ c])] ≥

∫ E[v|v≥c]

c

[E[v|v ≥ c]− v] dF (v). ✭❆✶✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s✉♠♠❛r✐③❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✜r♠✬s ♦♣t✐♠❛❧ str❛t❡❣②✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ f(v) ✐s ❧♦❣✲❝♦♥❝❛✈❡✱ ❛♥❞ ❛ss✉♠♣t✐♦♥ ❆✶ ✐s tr✉❡✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡

♥✉♠❜❡r s1 < s2 s✉❝❤ t❤❛t

✭✐✮ ✇❤❡♥ s < s1✱ ■❈ ❜✐♥❞s✱ t❤❡ ♣r✐❝❡ ❛♥❞ ♣r♦✜t ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st ✇❤✐❧❡ ṽ ✐s

❞❡❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st❀

✼❆ss✉♠♣t✐♦♥ ❆✶ ❤♦❧❞s ❢♦r t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✳

✾



❋✐❣✉r❡ ✶✿ ❊①❛♠♣❧❡✿ c = 0 ❛♥❞ F (v) = v✳

✭✐✐✮ ✇❤❡♥ s1 ≤ s ≤ s2✱ ❜♦t❤ ■❈ ❛♥❞ ■❘ ❜✐♥❞✱ t❤❡ ♣r♦✜t ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st ✇❤✐❧❡

t❤❡ ♣r✐❝❡ ❛♥❞ ṽ ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st❀

✭✐✐✐✮ ✇❤❡♥ s > s2✱ ■❘ ❜✐♥❞s✱ t❤❡ ♦✉t❝♦♠❡ ✐s ❝♦♥st❛♥t ❛♥❞ s♦❝✐❛❧❧② ❡✣❝✐❡♥t✱ ❜✉t t❤❡ s❡❧❧❡r

♦❜t❛✐♥s ❛❧❧ t❤❡ s✉r♣❧✉s✳

❋✐❣✉r❡ ✶ ❞❡♣✐❝ts ❛♥ ❡①❛♠♣❧❡ ✇❤❡♥ c = 0 ❛♥❞ v ❢♦❧❧♦✇s t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✳ ❋♦r

s♠❛❧❧ s❡❛r❝❤ ❝♦st s✱ t❤❡ ❝♦♥s✉♠❡r t❡♥❞s t♦ s❡❛r❝❤ t♦ ❧❡❛r♥ t❤❡ ❡①❛❝t ♠❛t❝❤ ✈❛❧✉❡✳ ❚❤❡ ✜r♠

t❤✉s ♥❡❡❞s t♦ r❡✈❡❛❧ ❛❝❝✉r❛t❡ ✐♥❢♦r♠❛t✐♦♥ ✭ṽ ❝❧♦s❡ t♦ p✮ t♦ ♠❛❦❡ s✉r❡ ✭■❈✮ ❤♦❧❞s✱ ✇❤✐❝❤ ❝❛♥

❣✉❛r❛♥t❡❡ t❤❛t ✭■❘✮ ❤♦❧❞s ❜❡❝❛✉s❡ s ✐s s♠❛❧❧✳ ❍❡♥❝❡✱ ♦♥❧② ■❈ ❝♦♥str❛✐♥t ❜✐♥❞s✳ ❲❤❡♥ s ✐s

✐♥❝r❡❛s✐♥❣✱ ✭■❈✮ ✐s ♠♦r❡ r❡❧❛①❡❞✱ t❤❡ ✜r♠ ❝❛♥ ♦❜t❛✐♥ ♠♦r❡ ♣r♦✜t ❜② ❝❤♦♦s✐♥❣ ❛ ❧♦✇❡r ṽ t♦

❧❡t ♠♦r❡ ❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡✱ ❛♥❞ ❝❤♦♦s✐♥❣ ❛ ❤✐❣❤❡r ♣r✐❝❡ t♦ ❧❡t ❝♦♥s✉♠❡rs ♣❛② ♠♦r❡✳ ❆s

❛ r❡s✉❧t✱ ♣r♦✜t ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ❞❡❝r❡❛s✐♥❣✳ ◆♦t❡ t❤❛t t♦t❛❧ ✇❡❧❢❛r❡ ✐s

❤✐❣❤❡r ✇❤❡♥ ♠♦r❡ ❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡ t❤❡ ♣r♦❞✉❝t ❛♥❞ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❣r❡❛t❡r t❤❛♥ c✱

t♦t❛❧ ✇❡❧❢❛r❡ ✐s t❤❡r❡❢♦r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ ṽ ✭❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ s✮✳

❚❤✐s s✐t✉❛t✐♦♥ ❝♦♥t✐♥✉❡s ✉♥t✐❧ s = s1✱ ✇❤❡r❡ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❜❡❝♦♠❡s ③❡r♦✱ ✇❤✐❝❤

♠❡❛♥s t❤❛t ✭■❘✮ ❝♦♥str❛✐♥t st❛rts t♦ ❜✐♥❞ ❢r♦♠ ♥♦✇✳ ❇♦t❤ ✭■❈✮ ❛♥❞ ✭■❘✮ ❝♦♥str❛✐♥ts ❜✐♥❞

✇❤❡♥ s1 < s < s2✳ ❆s s ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡ ✜r♠ r❡❞✉❝❡s ṽ t♦ ❧❡t ♠♦r❡ ❝♦♥s✉♠❡rs ❜✉② t❤❡

♣r♦❞✉❝t✱ ❜✉t t❤❡ ♣r✐❝❡ ✐s ❞❡❝r❡❛s✐♥❣ t♦ ♠❛❦❡ s✉r❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s ♣♦s✐t✐✈❡ ✭③❡r♦✮✳

❲❤❡♥ t❤❡ s❡❛r❝❤ ❝♦st ✐s ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t s ≥ s2✱ ❝♦♥s✉♠❡rs ❞♦ ♥♦t s❡❛r❝❤ ❜❡❝❛✉s❡ ✐t

✐s t♦♦ ❝♦st❧②✱ t❤❡ ✜r♠ ♦♥❧② ♥❡❡❞s t♦ ♠❛❦❡ s✉r❡ t❤❛t ✭■❘✮ ❝♦♥str❛✐♥t ❤♦❧❞s✳ ▲❡t ✭■❘✮ ❝♦♥str❛✐♥t

✶✵



❜✐♥❞✱ t❤❡ ✜r♠✬s ♣r♦❜❧❡♠ ❝❛♥ t❤✉s ❜❡ st❛t❡❞ ❛s

max
ṽ

∫ 1

ṽ

(v − c)dF (v)

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r♦✜t r❡❛❝❤❡s t❤❡ ♠❛①✐♠✉♠ ✇❤❡♥ t❤❡ t❤r❡s❤♦❧❞ ṽ = c✱ ❛♥❞ t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ♣r✐❝❡ ✐s p = E[v|v ≥ c]✳

✹ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❛♥❛❧②③❡❞ t❤❡ ♦♣t✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ str❛t❡❣② ❛♥❞ r❡t✉r♥ ♣♦❧✐❝② ♦❢ ❛ ♠♦♥♦♣♦❧②

✜r♠✳ ●❡♥❡r❛❧❧②✱ t❤❡ ✜r♠ ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ♣r♦✈✐❞❡ ♣r❡❝✐s❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♣r♦❞✉❝t ❝❤❛r❛❝✲

t❡r✐st✐❝s✱ ❜❡❝❛✉s❡ ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❧❡❛❞s t♦ ♠♦r❡ ❞❡♠❛♥❞✱ s♦♠❡ ❝♦♥s✉♠❡rs ✇✐t❤ t❤❡ ♠❛t❝❤

✈❛❧✉❡ ❧♦✇❡r t❤❛♥ t❤❡ ♣r✐❝❡ ✇✐❧❧ ❛❧s♦ ❜✉② t❤❡ ♣r♦❞✉❝t✳ ❚❤❡ ✜r♠ ❥✉st ♥❡❡❞s t♦ ♣r♦✈✐❞❡ t❤r❡s❤♦❧❞

♠❛t❝❤ ✐♥❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ♠❡r❡❧② ✐♥❢♦r♠s t❤❡ ❝♦♥s✉♠❡r ✐❢ ❤❡r ✉t✐❧✐t② ✐s ❛❜♦✈❡ s♦♠❡ ✈❛❧✉❡✳

❈♦♥s✉♠❡r s✉r♣❧✉s ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s❡❛r❝❤ ❝♦st✱ ❜✉t t♦t❛❧ ✇❡❧❢❛r❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❛t✳ ❚❤❡

❛❧❧♦❝❛t✐♦♥ ✐s ❡✣❝✐❡♥t ✇❤❡♥ t❤❡ s❡❛r❝❤ ❝♦st ✐s ✈❡r② ❧❛r❣❡✱ ❜✉t t❤❡ ✜r♠ ♦❜t❛✐♥s ❛❧❧ t❤❡ s✉r♣❧✉s

✐♥ t❤✐s s✐t✉❛t✐♦♥✳

❘❡❢❡r❡♥❝❡s

❆♥❞❡rs♦♥✱ ❙✐♠♦♥ P ❛♥❞ ❘❡❣✐s ❘❡♥❛✉❧t ✭✶✾✾✾✮✳ ✏Pr✐❝✐♥❣✱ ♣r♦❞✉❝t ❞✐✈❡rs✐t②✱ ❛♥❞ s❡❛r❝❤ ❝♦sts✿

❆ ❇❡rtr❛♥❞✲❈❤❛♠❜❡r❧✐♥✲❉✐❛♠♦♥❞ ♠♦❞❡❧✑✱ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ♣♣✳ ✼✶✾✕

✼✸✺✳

❆♥❞❡rs♦♥✱ ❙✐♠♦♥ P ❛♥❞ ❘é❣✐s ❘❡♥❛✉❧t ✭✷✵✵✻✮✳ ✏❆❞✈❡rt✐s✐♥❣ ❝♦♥t❡♥t✑✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇ ✾✻✳✶✱ ♣♣✳ ✾✸✕✶✶✸✳

❇❛r✲■s❛❛❝✱ ❍❡s❦✐✱ ●✉✐❧❧❡r♠♦ ❈❛r✉❛♥❛✱ ❛♥❞ ❱✐❝❡♥t❡ ❈✉ñ❛t ✭✷✵✶✵✮✳ ✏■♥❢♦r♠❛t✐♦♥ ❣❛t❤❡r✐♥❣ ❛♥❞

♠❛r❦❡t✐♥❣✑✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✫ ▼❛♥❛❣❡♠❡♥t ❙tr❛t❡❣② ✶✾✳✷✱ ♣♣✳ ✸✼✺✕✹✵✶✳

❍✐♥♥♦s❛❛r✱ ❚♦♦♠❛s ❛♥❞ ❑❡✐✐❝❤✐ ❑❛✇❛✐ ✭✷✵✷✵✮✳ ✏❘♦❜✉st ♣r✐❝✐♥❣ ✇✐t❤ r❡❢✉♥❞s✑✱ ❚❤❡ ❘❆◆❉

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✳

▲✉❜❡♥s❦②✱ ❉♠✐tr② ❛♥❞ ❊r✐❝ ❙❝❤♠✐❞❜❛✉❡r ✭✷✵✷✵✮✳ ✏❋r❡❡ Pr♦❞✉❝t ❚r✐❛❧s✿ ❉✐s❝❧♦s✐♥❣ ◗✉❛❧✐t②

❛♥❞ ▼❛t❝❤ ❱❛❧✉❡✑✱ ❊❝♦♥♦♠✐❝ ■♥q✉✐r② ✺✽✳✹✱ ♣♣✳ ✶✺✻✺✕✶✺✼✻✳

✶✶



P❡tr✐❦❛✐t✡❡✱ ❱❛✐✈❛ ✭✷✵✶✽✮✳ ✏❆ s❡❛r❝❤ ♠♦❞❡❧ ♦❢ ❝♦st❧② ♣r♦❞✉❝t r❡t✉r♥s✑✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧

♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✺✽✱ ♣♣✳ ✷✸✻✕✷✺✶✳

❲❛♥❣✱ ❈❤❡♥❣s✐ ✭✷✵✶✼✮✳ ✏❆❞✈❡rt✐s✐♥❣ ❛s ❛ s❡❛r❝❤ ❞❡t❡rr❡♥t✑✱ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s

✹✽✳✹✱ ♣♣✳ ✾✹✾✕✾✼✶✳

❲♦❧✐♥s❦②✱ ❆s❤❡r ✭✶✾✽✻✮✳ ✏❚r✉❡ ♠♦♥♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛s ❛ r❡s✉❧t ♦❢ ✐♠♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥✑✱

❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✵✶✳✸✱ ♣♣✳ ✹✾✸✕✺✶✶✳

❆♣♣❡♥❞✐❝❡s

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ■❢ ❛ ✜r♠✬s str❛t❡❣② ✭❛♥ ■❚▼✱ ♣r✐❝❡ p✱ ❛♥❞ r❡t✉r♥ ❝♦st r✮ ♠❛❦❡s s♦♠❡

❝♦♥s✉♠❡rs ✇❛♥t t♦ s❡❛r❝❤✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ✜r♠ ❝❛♥ ♦❜t❛✐♥ str✐❝t❧② ❤✐❣❤❡r ♣r♦✜t ❜②

❝❤♦♦s✐♥❣ ❛ ♥❡✇ ■❚▼✳ ▲❡t ([0, 1]×I,Σ([0, 1])×H,P ) ❛♥❞ ([0, 1]×I ′,Σ([0, 1])×H ′, P ′) ❞❡♥♦t❡

t❤❡ ♦❧❞ ❛♥❞ ♥❡✇ ■❚▼✱ ❛♥❞ ❧❡t Ds ⊆ I ❞❡♥♦t❡ t❤❡ s❡t ♦❢ s✐❣♥❛❧s s✉❝❤ t❤❛t ❝♦♥s✉♠❡rs ❝❤♦♦s❡

t♦ s❡❛r❝❤ ✐❢ t❤❡② r❡❝❡✐✈❡ ❛ s✐❣♥❛❧ i ∈ Ds✱ t❤❡ ♦❧❞ ■❚▼ ❧❡❛❞s t♦ P (i ∈ Ds) > 0✳

▲❡t I ′ = (I \Ds) ∪ {i∗, i′} ✇❤❡r❡ i∗, i′ /∈ I✳ ❆♥❞ P ′ ✐s t❤❡ s❛♠❡ ❛s P ❢♦r i ∈ I \Ds❀ ❢♦r

i ∈ Ds✱ ❝♦♥s✉♠❡rs ✇✐❧❧ r❡❝❡✐✈❡ s✐❣♥❛❧ i∗ ✐❢ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❣r❡❛t❡r t❤❛♥ p− ǫ✱ t❤❡② r❡❝❡✐✈❡

i′ ♦t❤❡r✇✐s❡✳

❋♦r ❛♥② i ∈ Ds✱ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ t♦ s❡❛r❝❤ ✐♥st❡❛❞ ♦❢ q✉✐tt✐♥❣✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t

E [max {v − p, 0} |i ∈ Ds]− s ≥ 0.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ♠✉st ❜❡ tr✉❡ ✇❤❡♥ ǫ = 0

E [max {v − p,−r} |i∗] > E [max {v − p, 0} |i ∈ Ds]− s ≥ 0,

❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ❦♥♦✇ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♣r✐❝❡ ❛♥❞ t❤❡ s❡❛r❝❤ ❝♦st ✐s

str✐❝t❧② ♣♦s✐t✐✈❡✳ ❍❡♥❝❡✱ ✇❤❡♥ ǫ ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ ǫ ≤ r✱ ❝♦♥s✉♠❡rs ✇✐❧❧ ❝❤♦♦s❡ t♦ ❜✉②

❞✐r❡❝t❧② ❛♥❞ ✇✐❧❧ ♥♦t r❡t✉r♥ t❤❡ ♣r♦❞✉❝t ✐❢ t❤❡② r❡❝❡✐✈❡ s✐❣♥❛❧ i∗✳ ❚❤❡s❡ ❝♦♥s✉♠❡rs ❜❡❧✐❡✈❡

t❤❛t t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ✈❡r② ❧✐❦❡❧② t♦ ❜❡ ❣r❡❛t❡r t❤❛♥ t❤❡ ♣r✐❝❡✱ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ✈❡r②

s♠❛❧❧ ❡✈❡♥ ✐❢ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♣r✐❝❡✳ ❚❤❡ ♥❡✇ ■❚▼ ✐♥❝r❡❛s❡s t❤❡ ❞❡♠❛♥❞

❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ✇✐t❤ t❤❡ ♠❛t❝❤ ✈❛❧✉❡ p− ǫ < v < p ✇✐❧❧ ♥♦✇ ❜✉② t❤❡ ♣r♦❞✉❝t✱ t❤❡r❡❢♦r❡✱

t❤❡ ✜r♠✬s ♣r♦✜t ❜❡❝♦♠❡s ❤✐❣❤❡r ✇✐t❤ t❤❡ ♥❡✇ ■❚▼✳

✶✷



Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✷✳ ❆s ✇❡ s❤♦✇❡❞ ✐♥ ▲❡♠♠❛ ✶✱ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② ♦❢ t❤❡ ✜r♠ ♠✉st ❧❡❛❞ t♦

♥♦ ❝♦♥s✉♠❡r s❡❛r❝❤✐♥❣✳ ■♥ ♣❛rt ✭■✮ ✇❡ s❤♦✇ t❤❛t ❢♦r ❛♥② str❛t❡❣② t❤❛t ❧❡❛❞s t♦ ♥♦ ❝♦♥s✉♠❡r

s❡❛r❝❤✐♥❣✱ t❤❡ ✜r♠ ❝❛♥ ♦❜t❛✐♥ ❛t ❧❡❛st t❤❡ s❛♠❡ ♣r♦✜t ❜② ❥✉st ❢♦❝✉s✐♥❣ ♦♥ ✐♥❢♦r♠✐♥❣ t❤❡

❝♦♥s✉♠❡r ✇❤❡t❤❡r ♦r ♥♦t ❤❡r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❛❜♦✈❡ s♦♠❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ ṽ✱ ❛♥❞ ✐♥ ♣❛rt ✭■■✮

✇❡ s❤♦✇ t❤❛t t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ✐s t❤❛t t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞

♠✉st ❜❡ ṽ ∈ [p− r, p]✳

✭■✮ ▲❡t ■❚▼ ([0, 1]× I,Σ([0, 1])×H,P )✱ ♣r✐❝❡ p✱ ❛♥❞ r❡t✉r♥ ❝♦st r ❞❡♥♦t❡ ❛ str❛t❡❣② t❤❛t

❧❡❛❞s t♦ ♥♦ ❝♦♥s✉♠❡r s❡❛r❝❤✐♥❣✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❣♦♦❞ ♥❡✇s s❡t t♦ ❜❡ t❤❡ ❧❛r❣❡st s❡t Dg ∈ H✱

s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ Dg✱ t❤❡ ❝♦♥s✉♠❡r ♣r❡❢❡rs ❜✉②✐♥❣ ❞✐r❡❝t❧② t♦ ❝❤♦♦s✐♥❣ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥

❛♥❞ s❡❛r❝❤✐♥❣✱

E [max{v − p,−r}|i ∈ Dg, P ] ≥ 0, ✭✶✮

E [max{v − p,−r}|i ∈ Dg, P ] ≥ E [max{v − p, 0}|i ∈ Dg, P ]− s, ✭✷✮

✇❤❡r❡ t❤❡ ❛r❣✉♠❡♥t P ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ✉s✐♥❣ ♣r♦❜❛❜✐❧✐t② P ✳ ❚❤❡♥ ✐t

s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ■❚▼ ✇✐t❤ s✐❣♥❛❧ s❡t I ′ = {i∗, i′} ❛♥❞ ♣r♦❜❛❜✐❧✐t②

P ′ s✉❝❤ t❤❛t ❢♦r i∗ ∈ I ′ ❛♥❞ s♦♠❡ ṽ✱

(i) P ′(i = i∗|v ≥ ṽ) = 1 ❛♥❞ P ′(i = i∗|v < ṽ) = 0❀

(ii) ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜✉②✐♥❣ ❞✐r❡❝t❧② ✐s ❛t ❧❡❛st ❛s ❧❛r❣❡ ❛s ✐♥ t❤❡ ✐♥✐t✐❛❧ ■❚▼✳

■❢ P (i ∈ Dg) = 0✱ t❤❡ ❝❧❛✐♠ tr✐✈✐❛❧❧② ❤♦❧❞s✱ ✇❡ t❤❡r❡❢♦r❡ ❢♦❝✉s ♦♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ P (i ∈

Dg) > 0✳ ▲❡t ṽ ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ 1 − F (ṽ) = P (i ∈ Dg)✱ ❛♥❞ ❧❡t P ′(v ≤ x) = F (x)

❢♦r x ∈ [0, 1] ✭P ′ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛t❝❤ ✈❛❧✉❡ v✮✱ P ′(i = i∗|v) = 1

✐❢ v ≥ ṽ ❛♥❞ P ′(i = i′|v) = 1 ✐❢ v < ṽ✳

❇② ❝♦♥str✉❝t✐♦♥✱ ([0, 1] × I,Σ([0, 1]) × H ′, P ′) ✐s ❛♥ ■❚▼ t❤❛t s❛t✐s✜❡s (i)✱ ✇❤❡r❡ H ′

❝♦♥s✐sts ♦❢ ❛❧❧ s✉❜s❡ts ♦❢ I ′✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s

G′(·|i∗) ❛♥❞ G(·|Dg) ♦♥ [0, 1] ❜② G′(x|i∗) = P ′(v ≤ x|i∗) ❛♥❞ G(x|Dg) = P (v ≤ x|Dg) ❢♦r ❛❧❧

x ∈ [0, 1]✳

❲❡ ✜rst s❤♦✇ t❤❛t t❤❡ ❝♦♥s✉♠❡r ♣r❡❢❡rs ❜✉②✐♥❣ ❞✐r❡❝t❧② t❤❛♥ ❝❤♦♦s✐♥❣ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥

✶✸



✇❤❡♥ t❤❡② r❡❝❡✐✈❡ s✐❣♥❛❧ i∗✳ ❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✇❡ ❤❛✈❡

E [max{v − p,−r}|i∗, P ′]

=

∫ 1

p−r

(v − p)dG′(v|i∗)− rG′(p− r|i∗)

=

∫ 1

p−r

[1−G′(v|i∗)] dv − r.

❆❝❝♦r❞✐♥❣ t♦ ❝♦♥❞✐t✐♦♥ ✭✶✮✱ ✐❢ G(v|Dg) ≥ G′(v|i∗) ✐s tr✉❡✱ t❤❡♥ ✇❡ ❦♥♦✇ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧

♥♦t ❝❤♦♦s❡ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥ ❜❡❝❛✉s❡

E [max{v − p,−r}|i∗, P ′]− E [max{v − p,−r}|Dg, P ]

=

∫ 1

p−r

[G(v|Dg)−G′(v|i∗)] dv ≥ 0.

❚♦ s❤♦✇ G(v|Dg) ≥ G′(v|i∗)✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ P ′(v > x|i∗) ≥ P (v > x|s ∈ Dg) ❢♦r ❛♥②

x ∈ [0, 1]✳ ❇❡❝❛✉s❡ P (i ∈ Dg) = 1 − F (ṽ) = P ′(i = i∗)✱ ✇❡ ❤❛✈❡ P ′(i = i∗|v > x) = 1 ≥

P (i ∈ Dg|v > x) ✇❤❡♥ x ≥ ṽ❀ ♦t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡

P ′(i = i∗|v > x) =
1− F (ṽ)

1− F (x)

=
P (i ∈ Dg)

1− F (x)

≥P (i ∈ Dg|v > x).

❲❤✐❝❤ ♠❡❛♥s t❤❛t P ′(i = i∗|v > x) ≥ P (i ∈ Dg|v > x) ❢♦r ❛♥② x ∈ [0, 1]✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡

P ′(v > x|i∗) =
P ′(i = i∗|v > x) [1− F (x)]

P ′(i = i∗)

≥
P (i ∈ Dg|v > x) [1− F (x)]

P (i ∈ Dg)

=P (v > x|s ∈ Dg),

✇❤✐❝❤ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣❛rt✳

❲❡ t❤❡♥ s❤♦✇ t❤❛t t❤❡ ❝♦♥s✉♠❡r ♣r❡❢❡rs ❜✉②✐♥❣ ❞✐r❡❝t❧② t❤❡♥ s❡❛r❝❤✐♥❣ ✇❤❡♥ t❤❡② r❡❝❡✐✈❡

✶✹



s✐❣♥❛❧ i∗✳ ❋♦r s✐♠✐❧❛r r❡❛s♦♥s✱ ✇❡ ❤❛✈❡

E [max{v − p, 0}|i∗, P ′]− E [max{v − p, 0}|i ∈ Dg, P ]

=

∫ 1

p

[G(v|Dg)−G′(v|i∗)] dv

≤

∫ 1

p−r

[G(v|Dg)−G′(v|i∗)] dv

=E [max{v − p,−r}|i∗, P ′]− E [max{v − p,−r}|Dg, P ] .

❆❝❝♦r❞✐♥❣ t♦ ❝♦♥❞✐t✐♦♥ ✭✷✮✱ ✇❡ ♠✉st ❤❛✈❡

E [max{v − p,−r}|i∗, P ′] ≥ E [max{v − p, 0}|i∗, P ′]− s,

❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ ♥♦t s❡❛r❝❤ ♦r ❝❤♦♦s❡ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥ ✐❢ s❤❡ ♦❜s❡r✈❡s s✐❣♥❛❧

i∗✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜✉②✐♥❣ ❞✐r❡❝t❧② ✐s ❛t ❧❡❛st ❛s ❧❛r❣❡ ❛s t❤❛t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ■❚▼✱

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣❛rt✳

✭■■✮ ❲❡ ✜rst s❤♦✇ t❤❛t ✐t ✐s ♣r♦✜t❛❜❧❡ ❢♦r t❤❡ ✜r♠ t♦ ❝❤♦♦s❡ ❛ ❧♦✇❡r ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ ṽ

✇❤❡♥ ṽ > p✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥s✿ ✭✐✮ ♦♥❧② t❤♦s❡ ✇✐t❤ ♠❛t❝❤ ✈❛❧✉❡ ❛❜♦✈❡ ṽ ❜✉②

❞✐r❡❝t❧② ✭♦t❤❡rs ❝❤♦♦s❡ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥✮✱ ♦r ✭✐✐✮ ❡✈❡r②♦♥❡ ❜✉②s ❞✐r❡❝t❧②✳

■♥ s✐t✉❛t✐♦♥ ✭✐✮✱ ♥♦ ♦♥❡ r❡t✉r♥s t❤❡ ❣♦♦❞ ❜❡❝❛✉s❡ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s str✐❝t❧② ❤✐❣❤❡r t❤❛♥

p✳ ❇② ❝❤♦♦s✐♥❣ ❛ s❧✐❣❤t❧② ❧♦✇❡r ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ ✭❢♦r ❡①❛♠♣❧❡ (ṽ + p)/2✮✱ ♠♦r❡ ❝♦♥s✉♠❡rs

✇✐❧❧ ❜✉② ❞✐r❡❝t❧②✱ ❛♥❞ t❤❡ ♣r♦✜t ❜❡❝♦♠❡s ❤✐❣❤❡r✳ ❚❤❡② ❞♦ ♥♦t ❝❤♦♦s❡ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥

❜❡❝❛✉s❡ t❤❡② ❜❡❧✐❡✈❡ t❤❡✐r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♣r✐❝❡✱ s✐♠✐❧❛r❧②✱ t❤❡② ❞♦ ♥♦t s❡❛r❝❤

t♦ ❛✈♦✐❞ t❤❡ s❡❛r❝❤ ❝♦sts✳

■♥ s✐t✉❛t✐♦♥ ✭✐✐✮✱ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ r❡t✉r♥ t❤❡ ❣♦♦❞ ✐❢ v < p − r ✇❤❡♥ p − r > 0✳

❚❤❡r❡❢♦r❡✱ t❤❡ ✜r♠ ❝❛♥ ❝❤♦♦s❡ ṽ′ = p − r t♦ ❛✈♦✐❞ s♦♠❡ ♠❛♥❛❣❡♠❡♥t ❝♦sts✳ ❚❤❡ ♣r♦✜t

❜❡❝♦♠❡s (p− c) [1− F (ṽ′)] ✇❤✐❝❤ ✐s str✐❝t❧② ❤✐❣❤❡r t❤❛♥ ❜❡❢♦r❡ (p− c) [1− F (ṽ′)]− crF (ṽ′)✳

❲❤❡♥ p− r ≤ 0✱ ♥♦ ♦♥❡ r❡t✉r♥s t❤❡ ♣r♦❞✉❝t ❜❡❝❛✉s❡ t❤❡ r❡t✉r♥ ❝♦st ✐s t♦♦ ❤✐❣❤✳ ❈❤♦♦s✐♥❣

ṽ′ = c ❝❛♥ ✐♥❝r❡❛s❡ ❡① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s✱ t❤✉s ♠❛❦❡ t❤❡ ✜r♠ ❜❡✐♥❣ ❛❜❧❡ t♦ ❝❤❛r❣❡ ❛

❤✐❣❤❡r ♣r✐❝❡✳

❲❡ t❤❡♥ s❤♦✇ t❤❛t ✐t ✐s ♣r♦✜t❛❜❧❡ ❢♦r t❤❡ ✜r♠ t♦ ❝❤♦♦s❡ ❛ s❧✐❣❤t ❤✐❣❤❡r ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞

ṽ ✇❤❡♥ ṽ < p − r✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ p − r > 0✱ ♦t❤❡r✇✐s❡✱ t❤❡ ✜r♠ ✐s ❜❡tt❡r

♦✛ ❜② ❝❤♦♦s✐♥❣ ṽ′ = c ❛s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❤♦✇❡❞ t❤❛t t❤❡
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✜r♠ ❝❛♥ ❥✉st ❢♦❝✉s ♦♥ ❛ str❛t❡❣② ✇✐t❤ ❛ t❤r❡s❤♦❧❞ ṽ t❤❛t ♠❛❦❡s ♥♦ ❝♦♥s✉♠❡r s❡❛r❝❤✐♥❣✳ ❚❤❡

❝♦♥s✉♠❡r ✇✐❧❧ ❜✉② ❞✐r❡❝t❧② ✐❢ ❤❡r ♠❛t❝❤ ✈❛❧✉❡ ✐s ❣r❡❛t❡r t❤❛♥ ṽ✱ ❛♥❞ s❤❡ ✇✐❧❧ r❡t✉r♥ t❤❡ ❣♦♦❞

✐❢ v < p− r✳ ■❢ t❤❡ ✜r♠ ❝❤♦♦s❡s ṽ′ = p− r✱ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ ♥♦t ❝❤♦♦s❡ t❤❡ ♦✉ts✐❞❡ ♦♣t✐♦♥

❜❡❝❛✉s❡ t❤❡ s✉r♣❧✉s ♦❢ ❜✉②✐♥❣ ❞✐r❡❝t❧② ✐s ❤✐❣❤❡r✳ ❚♦ s❡❡ t❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ ♥♦t s❡❛r❝❤✱ ❧❡t ❡①

❛♥t❡ s✉r♣❧✉s ♦❢ ❜✉②✐♥❣ ❞✐r❡❝t❧② ♠✐♥✉s t❤❛t ♦❢ s❡❛r❝❤✐♥❣✱
∫ 1

p−r
(v − p)dF (v)− r [F (p− r)− F (ṽ)]

1− F (ṽ)
− {

∫ 1

p
(v − p)dF (v)

1− F (ṽ)
− s}

=

∫ p

p−r
(v − p)dF (v)− r [F (p− r)− F (ṽ)]

1− F (ṽ)
+ s

❚❤❡ ❝♦♥s✉♠❡r ✇✐❧❧ ♥♦t s❡❛r❝❤ ✐❢ t❤❡ ❡①♣r❡ss✐♦♥ ❛❜♦✈❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ṽ✳ ❚❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡

✇✐t❤ r❡s♣❡❝t t♦ ṽ✱ ❛♥❞ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✇❡ ❤❛✈❡

rf(ṽ) [1− F (ṽ)] + f(ṽ)
[

∫ p

p−r
(v − p)dF (v)− r [F (p− r)− F (ṽ)]

]

[1− F (ṽ)]2

=
rf(ṽ) [1− F (p− r)] + f(ṽ)

∫ p

p−r
(v − p)dF (v)

[1− F (ṽ)]2

=
f(ṽ)

∫ p

p−r
[1− F (v)] dv

[1− F (ṽ)]2
≥ 0.

❚❤❡r❡❢♦r❡✱ ♣r♦✜t ❜❡❝♦♠❡s (p−c) [1− F (ṽ′)] ✇❤✐❝❤ ✐s str✐❝t❧② ❤✐❣❤❡r t❤❛♥ ❜❡❢♦r❡ (p−c) [1− F (ṽ′)]−

cr [F (ṽ′)− F (ṽ)]✱ ❛♥❞ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❛❦❡ ❛ ♣✉t❛t✐✈❡ ♦♣t✐♠✉♠ ❛♥❞ s✉♣♣♦s❡ ♥♦ ❝♦♥str❛✐♥t ❜✐♥❞s✳ ❙✐♥❝❡ ♥♦

❝♦♥str❛✐♥t ❜✐♥❞s✱ t❤❡ ✜r♠ ❝❛♥ ❧♦❝❛❧❧② ✐♥❝r❡❛s❡ t❤❡ ♣r✐❝❡✱ ❛♥❞ ❡❛❝❤ ❝♦♥str❛✐♥t ✐s st✐❧❧ s❧❛❝❦✱ ❜✉t

t❤❡♥ ♣r♦✜t ❤❛s ❣♦♥❡ ✉♣✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ✐♥✐t✐❛❧ s✉♣♣♦s✐t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠✉♠✳ ❚❤❡r❡❢♦r❡✱

❛t ❧❡❛st ♦♥❡ ❝♦♥str❛✐♥t ♠✉st ❜❡ ❜✐♥❞✐♥❣✳

✭✶✮ ❲❤❡♥ s ✐s ✈❡r② ❧❛r❣❡✱ ❝♦♥s✉♠❡rs ♥❡✈❡r ❝❤♦♦s❡ t♦ s❡❛r❝❤✳ ❲❡ t❤❡r❡❢♦r❡ s♦❧✈❡ t❤❡ ♠❛①✲

✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ♦♥❧② t❤❡ ✭■❘✮ ❝♦♥str❛✐♥t ❜✐♥❞✐♥❣✱ ❛♥❞ t❤❡♥ s❤♦✇ t❤❡ ✭■❈✮ ❝♦♥str❛✐♥t

✐s s❛t✐s✜❡❞ ✇❤❡♥ s ≥ s2✳ ❚❤❡ ❜✐♥❞✐♥❣ ✭■❘✮ ❝♦♥str❛✐♥t ❣✐✈❡s p =
∫
1

ṽ
vdF (v)

1−F (ṽ)
✳ ❙✉❜st✐t✉t❡ t❤✐s

❡①♣r❡ss✐♦♥ ✐♥t♦ t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥✱ ✇❡ ❤❛✈❡
[

∫ 1

ṽ
vdF (v)

1− F (ṽ)
− c

]

[1− F (ṽ)]

=

∫ 1

ṽ

(v − c)dF (v)

✶✻



❚❤❡ ✉♥✐q✉❡ ♠❛①✐♠✉♠ ✐s r❡❛❝❤❡❞ ✇❤❡♥ ṽ = c✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r✐❝❡ ✐s p = E[v|v ≥ c]✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ✭■❈✮ ❝♦♥❞✐t✐♦♥ ✐s ✐♥❞❡❡❞ s❛t✐s✜❡❞✳

✭✷✮ ❲❤❡♥ s ✐s ✈❡r② ❝❧♦s❡ t♦ ③❡r♦✱ t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮ ❝♦♥str❛✐♥t ✐♠♣❧✐❡s t❤❛t ✭■❘✮ ❝♦♥str❛✐♥t

❤♦❧❞s✳ ❲❡ t❤❡r❡❢♦r❡ s♦❧✈❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ♦♥❧② t❤❡ ✭■❈✮ ❝♦♥str❛✐♥t ❜✐♥❞✐♥❣✱

❛♥❞ t❤❡♥ s❤♦✇ t❤❡ ✭■❘✮ ❝♦♥str❛✐♥t ❤♦❧❞s ✇❤❡♥ s ✐s s♠❛❧❧❡r t❤❛♥ s♦♠❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r s1

❛♥❞ s1 < s2✳

✭✷✳✶✮ ▲❡t λ ❞❡♥♦t❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠✉❧t✐♣❧✐❡r✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s✿

L = (p− c) [1− F (ṽ)] + λ{s [1− F (ṽ)]−

∫ p

ṽ

(p− v)dF (v)}.

❋✐rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡

∂L

∂p
= 0 : 1− F (ṽ)− λ [F (p)− F (ṽ)] = 0,

∂L

∂ṽ
= 0 : p− c+ λs− λ(p− ṽ) = 0,

∂L

∂λ
= 0 : s [1− F (ṽ)]−

∫ p

ṽ

(p− v)dF (v) = 0.

❊❧✐♠✐♥❛t✐♥❣ λ ❣✐✈❡s

(p− c) [F (p)− F (ṽ)] = (p− ṽ − s) [1− F (ṽ)] . ✭✸✮

✭✷✳✷✮ ❚♦ s❤♦✇ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ p ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ ṽ ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ❡q✉❛t✐♦♥

✭✸✮ ❛♥❞ t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮ ❝♦♥❞✐t✐♦♥✳ ❲❡ tr❡❛t t❤❡s❡ t✇♦ ❝♦♥❞✐t✐♦♥s ❛s ❢✉♥❝t✐♦♥s p = K(ṽ) ❛♥❞

p = KIC(ṽ)✱ ❜❡❝❛✉s❡ ✇❡ s❤♦✇❡❞ ❜❡❢♦r❡ ✐t ✐s ♥❡✈❡r ♦♣t✐♠❛❧ t♦ ❝❤♦♦s❡ p < ṽ✱ t❤❡♥ ✐t s✉✣❝❡s

t♦ s❤♦✇ t❤❡ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❛ ✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ✇❤❡♥ p ≥ ṽ✳

❚❛❦❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮ ❝♦♥❞✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ p ❛♥❞ ṽ✱ ✇❡ ✜♥❞ t❤❛t

dKIC(ṽ)

dṽ
=

f(ṽ)

F (p)− F (ṽ)
(p− ṽ − s)

=
f(ṽ)

F (p)− F (ṽ)
(p− ṽ −

∫ p

ṽ
(p− v)dF (v)

1− F (ṽ)
)

=
f(ṽ)

∫ p

ṽ
1− F (v)dv

[F (p)− F (ṽ)] [1− F (ṽ)]
≥ 0

❚♦ ❦♥♦✇ t❤❡ s✐❣♥ ♦❢ dK(ṽ)
dṽ

✱ r❡❛rr❛♥❣✐♥❣ ❡q✉❛t✐♦♥ ✭✸✮ ❣✐✈❡s

(p− c) [1− F (p)] = (ṽ + s− c) [1− F (ṽ)] .

✶✼



❚❤❡♥✱ ṽ ≤ ṽh ♠✉st ❜❡ tr✉❡ ✇❤❡r❡ ṽh s♦❧✈❡s (ṽ + s − c) [1− F (ṽ)] = pm✱ ♦t❤❡r✇✐s❡✱ t❤❡r❡ ✐s

♥♦ s♦❧✉t✐♦♥ ♦❢ p✳ ❆♣♣❛r❡♥t❧② ṽh < pm ❛s ❧♦♥❣ ❛s s > 0✳ ❚❤❡r❡ ❛r❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ p ❢♦r ❛♥②

ṽ < ṽh ✭♦♥❡ ✐s ❣r❡❛t❡r t❤❛♥ pm✱ t❤❡ ♦t❤❡r ✐s s♠❛❧❧❡r t❤❛♥ pm✮✱ ❜❡❝❛✉s❡ (p − c) [1− F (p)] ✐s

q✉❛s✐✲❝♦♥❝❛✈❡✳ ❆s ✇❤❛t ✇❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r✱ p > pm✱ ✇❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ t❤❡ s♦❧✉t✐♦♥ t❤❛t ✐s

❣r❡❛t❡r t❤❛♥ pm✱ ❛♥❞ dK(ṽ)
dṽ

< 0✳

❲❡ ✜rst ❛r❣✉❡ t❤❡r❡ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ✇❤❡♥ s = 0✳ ❋r♦♠ t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮ ❝♦♥❞✐t✐♦♥✱

✇❡ ❦♥♦✇ p → ṽ ✇❤❡♥ s → 0✳ ❙✉❜st✐t✉t❡ t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮ ❝♦♥❞✐t✐♦♥ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✸✮✱ ❛♥❞

✐♥t❡❣r❛t❡ ❜② ♣❛rt✱ ✇❡ ✜♥❞

p− c =
(p− ṽ) [1− F (ṽ)]−

∫ p

ṽ
(p− v)dF (v)

F (p)− F (ṽ)
=

∫ p

ṽ
[1− F (v)] dv

F (p)− F (ṽ)
. ✭✹✮

✉s✐♥❣ ▲✬❍ô♣✐t❛❧✬s r✉❧❡✱ ✇❡ ❝❛♥ s❡❡

lim
p→ṽ

∫ p

ṽ
[1− F (v)] dv

F (p)− F (ṽ)
=

1− F (p)

f(p)
,

✇❤✐❝❤ ♠❡❛♥s t❤❛t s → 0 ❧❡❛❞s t♦

p− c =
1− F (p)

f(p)
.

❚❤❡r❡❢♦r❡✱ ❜♦t❤ t❤❡ ♣r✐❝❡ ❛♥❞ t❤r❡s❤♦❧❞ ❛r❡ ❡q✉❛❧ t♦ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ pm ✇❤❡♥ s → 0✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ❛t ṽ = pm✳

❲❤❡♥ s ✐s ✐♥❝r❡❛s✐♥❣✱ ✇❡ ❛r❣✉❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ K(ṽ) ✐s ♠♦✈✐♥❣ ❞♦✇♥✇❛r❞s✱ ❛♥❞ KIC(ṽ)

✐s ♠♦✈✐♥❣ ✉♣✇❛r❞s✳ ❚❛❦❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ❝♦♥❞✐t✐♦♥ ✸ ❛♥❞ t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮ ❝♦♥❞✐t✐♦♥ ✇✐t❤

r❡s♣❡❝t t♦ p ❛♥❞ s✱

K(ṽ) :
dp

ds
=

1− F (ṽ)

1− F (p)− f(p)(p− c)
≤ 0,

KIC(ṽ) :
dp

ds
=

1− F (ṽ)

F (p)− F (ṽ)
≥ 0.

❍❡♥❝❡✱ t❤❡r❡ ♠✉st ❜❡ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ❛s ❧♦♥❣ ❛s s ✐s ♥♦t t♦♦ ❧❛r❣❡✱ ✇❡ t❤❡♥ s❤♦✇ t❤❡

✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ❡①✐sts ❛s ❧♦♥❣ ❛s s ≤ s2✳

■t s✉✣❝❡ t♦ s❤♦✇ K(c) ≥ KIC(c) ✇❤❡♥ s = s2✳ ◆♦t❡ t❤❛t s2 =
∫ E[v|v≥c]

c

E[v|v≥c]−v

1−F (c)
dF (v)✱

✇❡ ❤❛✈❡ KIC(c) = E[v|v ≥ c] ❜❡❝❛✉s❡ p = KIC(c) s♦❧✈❡s

∫ p

c

(p− v)dF (v) = s2 [1− F (c)] =

∫ E[v|v≥c]

c

(E[v|v ≥ c]− v)dF (v).

✶✽



❙✐♠✐❧❛r❧②✱ p = K(c) s♦❧✈❡s ❝♦♥❞✐t✐♦♥ ✭✸✮ ✇❤❡♥ ṽ = c

(p− c) [1− F (p)] = s2 [1− F (c)] .

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛ss✉♠♣t✐♦♥

(E[v|v ≥ c]− c) [1− F (E[v|v ≥ c])] ≥

∫ E[v|v≥c]

c

[E[v|v ≥ c]− v] dF (v). ✭❆✶✮

❲❡ ❤❛✈❡ K(c) ≥ E[v|v ≥ c] = KIC(c) ✇❤❡♥ s = s2✳ ❲❡ t❤✉s ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ♠✉st

❜❡ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ✇❤❡♥❡✈❡r s ≤ s2✳

✭✷✳✸✮ ❚♦ ❛♥❛❧②③❡ ❤♦✇ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❛♥❞ t❤r❡s❤♦❧❞ ❡✈♦❧✈❡ ✇✐t❤ t❤❡ s❡❛r❝❤ ❝♦st✱ t❛❦❡

t❤❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ p✱ ṽ✱ ❛♥❞ s✱











− [1− F (p)− (p− c)f(p)] dp+ [f(ṽ)(c− ṽ − s) + 1− F (ṽ)] dṽ + [1− F (ṽ)] ds = 0,

[F (p)− F (ṽ)] dp− f(ṽ)(p− ṽ − s)dṽ − [1− F (ṽ)] ds = 0.

◆♦t❡ t❤❛t r❡❛rr❛♥❣✐♥❣ ❡q✉❛t✐♦♥ ✭✸✮ ❣✐✈❡s

p− ṽ − s = (p− c)
F (p)− F (ṽ)

1− F (ṽ)

c− ṽ − s = −(p− c)
1− F (p)

1− F (ṽ)

❙✉❜st✐t✉t❡ t❤❡s❡ ❡①♣r❡ss✐♦♥s✱ ✇❡ ❤❛✈❡

dp

ds
= −

[1− F (ṽ)] [1− F (ṽ)− (p− c)f(ṽ)]

[F (p)− F (ṽ)]
{

f(ṽ)(p− c) [2− 2F (p)− f(p)(p− c)]− [1− F (ṽ)]2
} ,

dṽ

ds
= −

[1− F (ṽ)] [1− F (p)− (p− c)f(p))− F (p) + F (ṽ)]

[F (p)− F (ṽ)]
{

f(ṽ)(p− c) [2− 2F (p)− f(p)(p− c)]− [1− F (ṽ)]2
} .

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ ✜r♠ ❝❤♦♦s❡s p = ṽ = pm ✇❤❡♥ s → 0✳ ❆♣♣❧②✐♥❣ ▲✬❍ô♣✐t❛❧✬s

r✉❧❡ ❣✐✈❡s

lim
s→0

dp

ds
= +∞,

lim
s→0

dṽ

ds
= −∞.

❚❤❡r❡❢♦r❡✱ ✇❡ ✜♥❞ t❤❛t p > pm > ṽ ✇❤❡♥ s ✐s ❝❧♦s❡ t♦ ③❡r♦✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t F (p)−F (ṽ) > 0

❛♥❞ 1− F (p)− (p− c)f(p) < 0✳

✶✾



❲❡ t❤❡♥ ❝❤❡❝❦ t❤❡ s✐❣♥s ♦❢ dp

ds
❛♥❞ dṽ

ds
✇❤❡♥ s ✐s ♥♦t ❝❧♦s❡ t♦ ③❡r♦✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ ✜rst

s❤♦✇

[1− F (ṽ)]2 ≥ f(ṽ)(p− c) [2− 2F (p)− f(p)(p− c)]

◆♦t❡ t❤❛t (1− F (v))/f(v) ✐s ❞❡❝r❡❛s✐♥❣ ❜❡❝❛✉s❡ f(v) ✐s ❧♦❣✲❝♦♥❝❛✈❡✱ ✇❡ ❤❛✈❡ [1− F (ṽ)]2 ≥

[1− F (p)]2 f(ṽ)
f(p)

✳ ❙♦ ✐t s✉✣❝❡ t♦ s❤♦✇

[1− F (p)]2 ≥ f(p)(p− c) [2− 2F (p)− f(p)(p− c)]

⇔ [1− F (p)− f(p)(p− c)]2 ≥ 0

✇❤✐❝❤ tr✐✈✐❛❧❧② ❤♦❧❞s✳

❲❡ t❤❡♥ s❤♦✇

1− F (ṽ)− (p− c)f(ṽ) ≥ 0,

s✉❜st✐t✉t❡ ❝♦♥❞✐t✐♦♥ ✭✹✮✱ ✐t ❜❡❝♦♠❡s

[1− F (ṽ)] [F (p)− F (ṽ)] ≥ f(ṽ)

∫ p

ṽ

[1− F (v)] dv.

❚❤✐s ❝♦♥❞✐t✐♦♥ tr✐✈✐❛❧❧② ❤♦❧❞s ✇❤❡♥ p = ṽ✱ s♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✐s

✐♥❝r❡❛s✐♥❣ ❢❛st❡r ✐♥ p✳ ❚❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ❜♦t❤ s✐❞❡s ✇✐t❤ r❡s♣❡❝t t♦ p✱ ✇❡ ✜♥❞ t❤❛t ✐t ✐s

tr✉❡

f(p) [1− F (ṽ)] ≥ f(ṽ) [1− F (p)] ,

s✐♥❝❡ f(v) ✐s ❧♦❣✲❝♦♥❝❛✈❡✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t dp

ds
≥ 0 ❛♥❞ dṽ

ds
≤ 0 ❛s ❧♦♥❣ ❛s ♦♥❧② ✭■❈✮ ❝♦♥str❛✐♥t ✐s

❜✐♥❞✐♥❣✳

✭✷✳✹✮ ▲❡t s1 ❜❡ t❤❡ ❤✐❣❤❡st s❡❛r❝❤ ❝♦st s✉❝❤ t❤❛t ♦♥❧② ✭■❈✮ ❝♦♥str❛✐♥t ❜✐♥❞s✱ ✇❡ ♥♦✇ s❤♦✇

s1 < s2✳ ◆♦t❡ t❤❛t ❡① ❛♥t❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ✭✐❢ ♦♥❧② ✭■❈✮ ❜✐♥❞s✮
∫ 1

ṽ
(v − p)dF (v) ✐s str✐❝t❧②

♣♦s✐t✐✈❡ ✇❤❡♥ s ✐s s♠❛❧❧✱ ❛♥❞ ✐t ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ s ❜❡❝❛✉s❡

d
∫ 1

ṽ
(v − p)dF (v)

ds
= (p− ṽ)f(ṽ)

dṽ

ds
− [1− F (ṽ)]

dp

ds
≤ 0.

❚♦ s❤♦✇ t❤❛t s1 < s2✱ ✐t s✉✣❝❡s t♦ s❤♦✇
∫ 1

ṽ
(v−p)dF (v) < 0 ✭✐❢ ♦♥❧② ✭■❈✮ ❜✐♥❞s✮ ✇❤❡♥ s = s2✳

❙✉♣♣♦s❡ ✐t ✐s ♥♦t tr✉❡✱
∫ 1

ṽ
(v − p)dF (v) ≥ 0 ✭✐❢ ♦♥❧② ✭■❈✮ ❜✐♥❞s✮ ✇❤❡♥ s = s2✱ ❛♥❞ t❤❡

♦♣t✐♠❛❧ ♣r✐❝❡ p ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ ṽ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❡q✉❛t✐♦♥ ✭✸✮ ❛♥❞ t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮

✷✵



❝♦♥❞✐t✐♦♥✳ ❲❡ tr❡❛t t❤❡ ❜✐♥❞✐♥❣ ✭■❘✮ ❝♦♥❞✐t✐♦♥
∫ 1

ṽ
(v− p)dF (v) = 0 ❛s ❢✉♥❝t✐♦♥ p = KIR(ṽ)✱

t❤❡♥ t♦ ♣r♦✈❡ t❤❡r❡ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ♦❢ K(ṽ) ❛♥❞

KIC(ṽ) ✐s ❛❜♦✈❡ KIR(ṽ)✳

❋r♦♠ t❤❡ ❜✐♥❞✐♥❣ ✭■❘✮ ❝♦♥str❛✐♥t✱ p =
∫
1

ṽ
vdF (v)

1−F (ṽ)
✱ t❤❡♥ ✐♥t❡❣r❛t❡ ❜② ♣❛rt✱

p− ṽ =

∫ 1

ṽ
[1− F (v)] dv

1− F (ṽ)

❚❤❡♥ ❢♦❧❧♦✇✐♥❣ s✐♠✐❧❛r st❡♣s✱ ✇❡ ✜♥❞ t❤❛t

dKIR(ṽ)

dṽ
=

f(ṽ)(p− ṽ)

1− F (ṽ)

=
f(ṽ)

1− F (ṽ)

∫ 1

ṽ
[1− F (v)] dv

1− F (ṽ)

<
f(ṽ)

1− F (ṽ)

∫ p

ṽ
1− F (v)dv

F (p)− F (ṽ)
=

dKIC(ṽ)

dṽ
.

❲❡ ❝❛♥ ❣♦ ❢r♦♠ t❤❡ s❡❝♦♥❞ ❧✐♥❡ t♦ t❤❡ t❤✐r❞ ✐❢
∫
p

ṽ
1−F (v)dv

F (p)−F (ṽ)
✐s ❞❡❝r❡❛s✐♥❣ ✐♥ p✱ ❛♥❞ t♦ ♣r♦✈❡ ✐t

✐s tr✉❡✱ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ p

d

dp

∫ p

ṽ
1− F (v)dv

F (p)− F (ṽ)
=

[1− F (p)] [F (p)− F (ṽ)]− f(p)
∫ p

ṽ
[1− F (v)] dv

[F (p)− F (ṽ)]2

=

∫ p

ṽ
{f(v) [1− F (p)]− f(p) [1− F (v)]} dv

[F (p)− F (ṽ)]2
< 0,

✇❡ ❦♥♦✇ f(v) [1− F (p)]− f(p) [1− F (v)] ✐s ♥❡❣❛t✐✈❡ ❜❡❝❛✉s❡ 1−F (x)
f(x)

✐s ❞❡❝r❡❛s✐♥❣✳

❚❤❡♥✱ ❛s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ✜❣✉r❡ ✷✱ KIR(ṽ) ✐s ✐♥❝r❡❛s✐♥❣ s❧♦✇❡r t❤❛♥ KIC(ṽ)✱ t❤❡ ✐♥t❡rs❡❝✲

t✐♦♥ ♣♦✐♥t ✐s t❤❡r❡❢♦r❡ ❛❜♦✈❡ t❤❡ KIR(ṽ)✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✭■❘✮ ❝♦♥str❛✐♥t ❞♦❡s ♥♦t ❤♦❧❞✳

❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t s1 < s2✳

✭✷✳✺✮ ❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✱ ✇❡ ✜♥❛❧❧② ❝❤❡❝❦ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❜♦r❞❡r❡❞

❍❡ss✐❛♥ ♠❛tr✐① ✐s

Hb =











0 −λ [F (p)− F (ṽ)] λf(ṽ)(p− ṽ − s)

−λ [F (p)− F (ṽ)] −λf(p) f(ṽ)(λ− 1)

λf(ṽ)(p− ṽ − s) f(ṽ)(λ− 1) −λf(ṽ)











❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ♠✐♥♦r ✐s −{λ [F (p)− F (ṽ)]}2 ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♥❡❣❛t✐✈❡✳

✷✶



ṽ

p

c

E[v|v ≥ c]
K(ṽ)

KIR(ṽ)

KIC(ṽ)

❋✐❣✉r❡ ✷✿ ❲❤❡♥ s = s2 ❛♥❞ ♦♥❧② ✭■❈✮ ❜✐♥❞s

❊❧✐♠✐♥❛t✐♥❣ λ✱ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ Hb ✐s

λ [F (p)− F (ṽ)]
{

λ2 [F (p)− F (ṽ)] f(ṽ)− λ(λ− 1)f(ṽ)(p− ṽ − s)
}

+ λf(ṽ)(p− ṽ − s)
{

−λ(λ− 1)f(ṽ) [F (p)− F (ṽ)] + λ2f(ṽ)f(p)(p− ṽ − s)
}

= [1− F (ṽ)]2 − 2 [1− F (p)] f(ṽ)(p− c) + f(ṽ)f(p)(p− c)2

≥
f(ṽ)

f(p)

{

[1− F (p)]2 − 2 [1− F (p)] f(p)(p− c) + [f(p)(p− c)]2
}

=
f(ṽ)

f(p)
[1− F (p)− f(p)(p− c)]2 > 0,

✇❤✐❝❤ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✳

✭✸✮ ❲❤❡♥ s1 < s < s2✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ r❡s✉❧t ✐s t❤❛t ❜♦t❤ ❝♦♥str❛✐♥ts ❜✐♥❞✳ ❍❡♥❝❡✱ t❤❡

♣r✐❝❡ p ❛♥❞ t❤r❡s❤♦❧❞ ṽ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❜✐♥❞✐♥❣ ✭■❈✮ ❛♥❞ ✭■❘✮ ❝♦♥❞✐t✐♦♥s

∫ p

ṽ

(p− v)dF (v) =

∫ 1

p

(v − p)dF (v),

∫ p

ṽ

(p− v)dF (v) = s [1− F (ṽ)] .

❆s ✇❡ ❤❛✈❡ s❤♦✇❡❞ ❜❡❢♦r❡✱ KIR(ṽ) ✐s ✐♥❝r❡❛s✐♥❣ s❧♦✇❡r t❤❛♥ KIC(ṽ)✳ ❲❤❡♥ s ✐s ✐♥❝r❡❛s✲

✐♥❣✱ KIR(ṽ) ✐s ♥♦t ✐♥✢✉❡♥❝❡❞✱ ✇❤❡r❡❛s KIC(ṽ) ✐s ♠♦✈✐♥❣ ✉♣✇❛r❞s✳ ❚❤❡ t✇♦ ❢✉♥❝t✐♦♥s ❤❛✈❡

❛ ✉♥✐q✉❡ ✐♥t❡rs❡❝t✐♦♥ ❜♦t❤ ✇❤❡♥ s = s2 ❛♥❞ s = s1✱ t❤❡r❡❢♦r❡✱ t❤❡r❡ ♠✉st ❜❡ ❛ ✉♥✐q✉❡

✐♥t❡rs❡❝t✐♦♥ ❢♦r ❛♥② s1 < s < s2✳

✷✷



❚❛❦❡ t♦t❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ p✱ ṽ✱ ❛♥❞ s✱ ❛♥❞ r❡❛rr❛♥❣❡ t❤❡ ❡q✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡

dp

ds
=

(p− ṽ) [1− F (ṽ)]

(p− ṽ) [F (p)− 1] + s [1− F (ṽ)]
,

dṽ

ds
=

[1− F (ṽ)]2 /f(ṽ)

(p− ṽ) [F (p)− 1] + s [1− F (ṽ)]
.

❚❤❡ s✐❣♥s ♦❢ dp

ds
❛♥❞ dṽ

ds
❛r❡ t❤❡ s❛♠❡✱ ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡✐r ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛t♦r

(p− ṽ) [F (p)− 1] + s [1− F (ṽ)]✳

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ t❤❡ ❜✐♥❞✐♥❣ ✭■❘✮ ❝♦♥str❛✐♥t ❣✐✈❡s

p− ṽ =

∫ 1

ṽ
[1− F (v)] dv

1− F (ṽ)
.

❯s✐♥❣ ❜♦t❤ ❜✐♥❞✐♥❣ ✭■❈✮ ❛♥❞ ✭■❘✮ ❝♦♥❞✐t✐♦♥s ❣✐✈❡s

s [1− F (ṽ)] =

∫ 1

p

(v − p)dF (v) =

∫ 1

p

(1− F (v))dv.

❙✉❜st✐t✉t❡ t❤❡s❡ ❡①♣r❡ss✐♦♥ ✐♥t♦ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ ✇❡ ✜♥❞ t❤❛t

(p− ṽ) [F (p)− 1] + s [1− F (ṽ)]

= [1− F (p)]

{∫ 1

p
[1− F (v)] dv

1− F (p)
−

∫ 1

ṽ
[1− F (v)] dv

1− F (ṽ)

}

❚❤❡r❡❢♦r❡✱ dp

ds
≤ 0 ❛♥❞ dṽ

ds
≤ 0 ❛s ❧♦♥❣ ❛s

∫
1

x
[1−F (v)]dv

1−F (x)
✐s ❞❡❝r❡❛s✐♥❣ ✐♥ x✳ ❚♦ s❤♦✇ t❤✐s ✐s tr✉❡✱

t❛❦❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x✱ ✇❡ ❤❛✈❡

d

dx

∫ 1

x
[1− F (v)] dv

1− F (x)
=
− [1− F (x)]2 +

∫ 1

x
f(x) [1− F (v)] dv

[1− F (x)]2

≤
− [1− F (x)]2 +

∫ 1

x
f(v) [1− F (x)] dv

[1− F (x)]2
= 0.

❲❡ ❤❛✈❡ f(x) [1− F (v)] ≤ f(v) [1− F (x)] ❛s ❧♦♥❣ ❛s v ≥ x ❜❡❝❛✉s❡ (1 − F (v))/f(v) ✐s

❞❡❝r❡❛s✐♥❣✱ t❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❣♦ ❢r♦♠ t❤❡ ✜rst ❧✐♥❡ t♦ t❤❡ s❡❝♦♥❞✳ ❆♥❞ ✇❡ ❝♦♠♣❧❡t❡ t❤❡

♣r♦♦❢✳

✷✸
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