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Abstract

We prove the finite time extinction property (u(t) = 0 on €2 for any ¢ > T, for some T > 0) for
solutions of the nonlinear Schrédinger problem iu; + Au + alu|~*~™wu = f(t,x), on a bounded
domain Q of RN, N < 3, a € C with Im(a) > 0 (the damping case) and under the crucial
assumptions 0 < m < 1 and the dominating condition 2y/mIm(a) > (1 — m)|Re(a)|. We use an
energy method as well as several a priori estimates to prove the main conclusion. The presence
of the non-Lipschitz nonlinear term in the equation introduces a lack of regularity of the solution
requiring a study of the existence and uniqueness of solutions satisfying the equation in some
different senses according to the regularity assumed on the data.
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1 Introduction

This paper deals with the finite time extinction property of solutions of the nonlinear Schrodinger

problem

3}
i 2 At alu|~0=™y = f(t,z), in (0,00) x Q,

ot
u(t)r =0, on (0,00) x T, (1.1)
U(O) = U, in Q,

when, roughly speaking, we assume that N < 3,
a € C with Im(a) >0, (1.2)

and

0<m< 1l (1.3)

We start by pointing out that this finite time extinction property (u(t) = 0 on Q for any t > T, for
some T, > 0) represents, clearly, the most opposite property to the famous Max Born result on the

conservation of the mass
lu(t)]|z2() = lJuoll L2 (o), for any t >0,

which arises (when f = 0) in the linear case (and more generally if Im(a) = 0 : see Proposition 2.3
below) and which allows the probabilistic understanding of the complex wave solution u(t,z) in the
context of the applications of the linear Schréodinger equation in Quantum Mechanics. It is well known
that the presence of a damping term (1.2) makes the equation irreversible with respect the time.

We also recall that the Schrodinger equation in presence of a nonlinear term in the equation
(as, e.g., problem (1.1) when a € C and a # 0) arises in many other different contexts as, e.g.,
Nonlinear Optics, Hydrodynamics, etc., and that those other contexts, for instance in Nonlinear
Optics, the variable ¢t does not represent time but the main scalar spacial variable which appears in
the propagation of the waveguide direction (see e.g. Agrawal and Kivshar [2], Sulem and Sulem [33],
Shi, Xu, Yang, Yang and Yin [30] and its many references).

As a matter of fact, the nonlinear Schrédinger equation under condition (1.2) is referred in the
literature as the damped case and it was intensively studied since the middle of the past century under
different additional conditions (but most of them for m > 1) (see, e.g., Nelson [27], Pozzi [29], Bardos

and Brezis [5], Lions [25], Kato [23], Brezis and Kato [14], Vladimirov [36], Tsutsumi [35], Temam and



Miranville [34], Kita and Shimomura [24], Carles and Gallo [15], Carles and Ozawa [16] and Hayashi,
Li and Naumkin [22], among others).

In our above formulation we assume that a € C and thus a possible, non-dominant non-dissipative
nonlinear term may coexists with the damping term (i.e., we allow Re(a) # 0). Nevertheless, our main

result on the finite time extinction for || < co requires the dominating condition
2v/mIm(a) > (1 — m)|Re(a)l,

as well as the assumption (1.3) on a strong damping.

We also recall that in most of the papers on the nonlinear equation (1.1) it is assumed that m = 3
(the so called cubic case). Nevertheless there are several applications in which the general case m > 0
is of interest. For instance, it is the case of the so called non-Kerr type equations arising in the study
of optical solitons (see, e.g., [2]). For some other physical details and many references, we refer the
reader to the general presentations made in the books [2] and [33]. Some other references concerning
the case m € (0,1) are quoted in our previous paper Bégout and Diaz [7]. We also mention that
the spacial localization phenomenon (solutions with support u(¢, . ) being a compact, when  is
unbounded) requires a different balance between the damping and non-damping components (mainly
with Im(a) > 0) of the nonlinear term alu|™ tu (see [0, 7, 8]).

In spite of the large amount of papers devoted to the existence and uniqueness results of nonlinear
Schrodinger equations with a damping term only very few of them allowed the consideration of a
strong damping term (i.e. condition (1.3)). This is the reason why we presented here some new
results on the general theory of the existence, uniqueness and regularity of solutions of the strongly
damped Schrédinger equation improving several previous papers in the literature (see, e.g. Carles
and Gallo [15], Lions [25], Brezis and Cazenave [13] and Vrabie [37]) which are needed for the study
of the finite time extinction property.

Since the comparison principle does not apply to our problem, the main tool to prove the finite
time extinction property is a suitable energy method in the spirit of the collection of energy methods
quoted in the monograph Antontsev, Diaz and Shmarev [4]. Nevertheless, the adaptation to the
nonlinear Schrodinger equation requires some new estimates and also a sharper study of the ordinary
differential inequality satisfied by the mass. We start by giving, in Section 2, a semi-abstract result
(which is proved in Section 5) in which the finite time extinction property is derived under a general
regularity condition on the solution. The presence of the non-Lipschitz nonlinear term in the equation
introduces a lack of regularity of the solution (in contrast to the case in which m > 1) and so we shall
devote Section 4 to present a separated study of the existence and uniqueness of solutions satisfying
the equation in some different sense according to the regularity assumed on the data. To this purpose,

we use mainly some monotonicity methods, jointly with suitable regularizations and passing to the



limit, improving previous results in the literature. Section 3 concerns the finite time extinction and
the asymptotic behavior of the solution. The proofs of the results of Sections 3 and 4 are presented
in Sections 7 and 6, respectively. An Appendix, collecting some technical auxiliary results, is also
presented for the convenience of the reader.

We point out that in our formulation it may arise a non-homogeneous term (on which we assume
a finite time extinction Tp) and that, surprisingly enough, under some critical decay to zero of f(¢, .)
at t = Ty, we can conclude that the corresponding solution u also vanishes after the same time ¢ = T}
(see Theorem 2.1 part 2). Our energy method allows us also to get some large time decay estimates
in some cases, always under the presence of a damping term, in which the conditions on the finite
time extinction property fails (see Theorems 3.5 and 3.6 below). See Shimomura [31] for a related
result with m =1+ %

We mention that it seems possible to apply the techniques of this paper to the consideration of
some other complex-valued nonlinear equations such as the Gross-Pitaevskii equations, the Hartree-
Fock equations, and the Ginzburg-Landau equations (see, e.g., Bégout and Diaz [9], Antontsev, Dias
and Figueira [3], Okazawa and Yokota [28] and its many references).

Finally, we collect here some notations which will be used along with this paper. We let Ny =
N U {0}. Let ¢t € R. Then t; = max{t,0} is the positive part of ¢. We denote by Z the conjugate
of the complex number z, by Re(z) its real part and by Im(z) its imaginary part. For 1 < p < oo,
p’ is the conjugate of p defined by % + i = 1. We write I' the boundary of a subset Q C RM.
Unless if specified, all functions are complex-valued (H'(Q2) = H(Q;C), etc). The notations L?(Q)
(b € (0,00]), WEP(Q), WEP(Q), HE(Q), HE(Q) (p € [1,00], k € N), W=+ (Q) and H-*(®) (p €
[1,00), k € N) refer as the usual well known different Lebesgue, Sobolev and Hilbert spaces and their
topological dual. By convention of notation, WP () = Wy (Q) = LP(Q). For a Banach space X, we
denote by X* its topological dual and by (., .)x+ x € R the X* — X duality product. In particular,
for any T € L¥ () and ¢ € LP(Q) with 1 < p < oo, (T, ©) e (), L) = Re Jo T(x)p(x)dz. The
scalar product in L?(Q2) between two functions u, v is, (u,v)r2(0) = Re [, u(x)v(z)dz. For a Banach
([0,00); X) means that u € L}, ((0,00); X) and for any T' > 0,

space X and p € [1,00], u € L} -
([0,00); X), u is

loc

ujo0,1) € LP((O,T);X). In the same way, u € VVli’Cp([O,oo);X) means that v € LV
absolutely continuous over [0,00) (so it has a derivative u’ almost everywhere on (0,00)) and v’ €

LP

r([0,00); X). For a real z, [z] denotes its integer part. As usual, we denote by C auxiliary positive

constants, and sometimes, for positive parameters ay,...,a,, write as C(a1,...,a,) to indicate that
the constant C depends only on aq,...,a, and that this dependence is continuous (we will use this

convention for constants which are not denoted merely by “C”).



2 A semi-abstract result for finite time extinction

We consider the following nonlinear Schrodinger equation.

5 Y Aut alu|m ™y = f(t,2), in (0,00) x Q, (2.1)
u(t);r =0, on (0,00) x T, (2.2)
u(0) = ug, in €. (2.3)

The next result proves the finite time extinction of solutions (in some cases even in the same time in
which the source f(t,x) vanishes) under suitable “regularity” conditions on the solution (this is the
reason why we denote as “semi-abstract” such a framework). In the following sections we shall obtain

sufficient conditions implying that such a framework holds.

Theorem 2.1. Let @ C RN be an open subset, 0 < m < 1,a € C, f € L ([0,00); L*(Q)) and
up € L*(Q). Assume that u is any strong solution to (2.1)—(2.3) (see Definition 4.1 below) and that,

w e I ((0,00); (), (24)

where € = [§] +1 (or H(Q) instead of H{(RQ), if Q is a half-space or if Q has a bounded C%?-

boundary). Then the following conclusions hold.

1) If there exists Ty > 0 such that,
for almost every t > Ty, f(t) =0, (2.5)

then there exists a finite time T, > Ty such that,

vt 2 T, [[u(®)]rz2(0) = 0. 2.6)
Furthermore,
N(1—m
2¢Ccn HUHLoo (0,00); H(2)) Qomj-M)

+ T07 (27)

* X T i
where Cagn = Caon(N,m) is the constant in the inequality (5.6) below.

2) There exist e, = e,(Im(a), N, m) satisfying the following property. Let Ty > 0 and let Con be the
constant in (5.6). If,

Hu||Lm((0 co)HE(Q)) S < Im(a) C&l]&(l — ) Ty, (2.8)
and if for almost every t > 0,
2N 26—1
Hf(t)H%P(Q) g*Hu”Loo((évoo);HZ(Q)) (TO - t);_é ’ (2-9)
where § = %ﬁw € (3,1), then (2.6) holds true with T, = Ty.



Remark 2.2. Notice that § (1 — ) = (%_N)(l_m)((IQG@'NHm(%_N)) nd 2= = 2](221 j\f,r;zfzﬁg

The following result collects several very useful a priori estimates and some time differentiability

conditions.

Proposition 2.3. Let Q C RN be an open subset, 0 <m < 1,a €C, f € LIOC([O,OO);LZ(Q)) and
up € L*(Q). Assume that u is any weak solution to (2.1)~(2.3) (see Definition 4.1 below). Then we

have the following results.

u € LiF ([0, 00); L™ (), (2.10)
1 2 m+1 1 2
§||u(t)HL2(Q) + Im(a) ||“(U Lm+1(Q)d §Hu(s)||L2(Q)

S

t
+1Im // flo,z)u(o,z)dxdo, if Im(a) <0,

(2.11)
m 1
L u(t) 22 g + Im(a / (@) 75 syl < 1) e
S
+Im // flo,z)u(o,2)dxdo, if Im(a) >0,
sQ
for any t > s > 0. Finally, if u satisfies one of the conditions below then the map t — Hu(t)|\2L2(Q)

belongs to W1 1([O 00); R) and we have equality in (2.11).

loc

a) w is a strong solution (see Definition 4.1 below),

b) |9 < oo,

c) m=1,

d) Im(a) = 0.

Remark 2.4. Here are some comments about Theorem 2.1.

1) Let f satisfies (2.5) and let u be a weak solution (see Definition 4.1 below). By (2.11) we obtain
that for any ¢t > Tp,

[u(®)]lz2(@) = [w(To)ll L2, if Tm(a) =0,
[u(®)llz2) = [[u(To) [ L2(), if Tm(a) <O.

It follows that in those cases the finite time extinction is not reachable. If m = 1 then we have,

thanks to Proposition 2.3,
Vvt > Ty, Hu(t)HL?(Q) = ||u(T0)||L2(Q)€_Im(a)(t_T°).

And again, there is no finite time extinction.



2)

Let u be a weak solution of (2.1) (see Definition 4.1). It is obvious from the equation and 1) of
this remark that if u vanishes at a finite time 7} > 0 then necessarily f must satisfy (2.5) (but not
necessarily the decay condition (2.9)) and that necessarily Im(a) > 0 and m < 1. If, in addition,

2] < oo then we have,

lu(Toll 2,

>
(1 —m)Im(a)[Q2] =

Indeed, it follows from (2.5), Proposition 2.3 and Hoélder’s inequality that for almost every ¢ > Ty,

(2.12)

1771.

1 d m ’HL m
thnu()H%m):—Im<a>|\u<t>|pﬁl(m > —Im(a)|2 = Ju()[}s -

that is, —2Im(a)|Q|Z" y ™, where y(.) = |u(. )72 (). After integration we get,

y(H) =" > ()"~ (- m)im(@)|2 F (1 - T7)) .

for any t > Tp, since y > 0. Hence the result.

The proof of the finite time extinction of u strongly relies on Gagliardo-Nirenberg’s inequality
(Lemma 5.4 below), that is: for any v € H{(Q) N L™(Q) (or HY() instead of H{(Q), if Q is a
half-space or if 2 has a bounded C%!-boundary),

(264 N)+m(2¢—N) (1—m)

loll ey < Conllolath g loll ety (2.13)

to get the ordinary differential inequality (5.11) below:

_NQA-m)
Y () +21m(a) Oy [ull poo (5 soyere ) ¥()° <0, > To, (2.14)

where § = w, y = |lu(. )”%2(9) and Cgn = Can(N,m,¢). This holds thanks to
the non increasing property (2.11) of the mass (we recall that Im(a) > 0 is necessary to have
finite time extinction, by 1) of this remark). But this method fails if N > 2¢. Indeed, first of
all, Gagliardo-Nirenberg’s inequality imposes that 0 < m < 1. And as seen in 1) of this remark,
finite time extinction is not reachable for m = 1. So, assume that 0 < m < 1, (2.5) is fulfilled and
u satisfies (2.4), where the integer ¢ has to be chosen later. Then for any ¢ > 1, we may apply
Lemma 5.4 below, which is (2.13) with v = u(¢), and we finally get (2.14). But if NV is even and
{= 45 then 6 =1 and Lemma 5.1 below yield,

()| 20y < [[u(To) | p2qye ™@ € =T0), (2.15)

for any ¢ > Tp, where C = C(|[ul| o ((0,00):1¢(02))» N, m). In the same way, if 1 < ¢ < & then § > 1
and Lemma 5.1 below yield,

[w(To) | 220
() 220 < «) ——, (2.16)

(1—m)(N—20) T—m)(N—20)
(1+ (0 010 = m)V = 20Tl oo = To))




for any t > Tp, where C' = C(||ul|poo ((0,00): ¢ (02)), N, m), and again this estimate does not give

necessarily any finite time extinction result.

3 Finite time extinction and asymptotic behavior of solutions

Most of the results in this paper hold under the structural assumptions below.

Assumption 3.1. We assume that Q C RY is a nonempty subset, 0 < m < 1 and a € C with

Im(a) > 0. If m < 1 then we assume further that,
2y/mIm(a) > (1 —m)|Re(a)|, (3.1)
€] < oo. (3.2)

Theorem 3.2. Let Assumption 3.1 be fulfilled with N € {1,2,3} andm < 1. Let f € Wﬁ)’cl([o, 00); L*()),
up € HY(Q) and assume that one of the following hypotheses holds.

1) N=1 and f € W ([0,00); H} ().
2) N €{1,2,3}, Q is bounded with a C*'-boundary and ug € H*(Q) N Hg ().

Let u be the unique strong solution of (2.1)—(2.3) (see Definition 4.1, Theorems 4.4 and 4.5 and
Remark 4.6 below). Finally, assume that there exists Ty > 0 such that,

for almost every t > Ty, f(t) = 0.

Then we have the following results.

a) There exists a finite time T, > Ty such that,
vt > T, [[ut)] ) = 0. (3.3)
Furthermore, T, satisfies the estimates (2.7) and (2.12).

b) There exists €, = €,(|al, ||, N,m) satisfying the following property. Let 6 be given in Property 2)
of Theorem 2.1. If f € Wh1((0,00); H} (),

1-m
(lwolmye + Il oenmay) < eemin{LTo},  if N=1,

1-m

(HU’OH?Q(Q) + ||f‘|%1’1((0700),Hé(Q))) < &y min{LTO}, ZfN S {2,3},

and if for almost every t > 0,

1f 0172 <ee(To—1t) 77,

then (3.3) holds with T, = Tp.



Remark 3.3. Notice that 22=1 = 244™ 'if N € {1,2} and 2=} = 2347 §f N = 3.

1-m? 1-m?
Remark 3.4. Theorem 3.2 is an extension of the main result of Carles and Gallo [15] in the sense

that they obtain the same conclusion as in @) but under the additional conditions Re(a) =0, f =0

and without the lower bound for T,. As far as we know, the result in b) is new.

The following result gives some asymptotic decay estimates, for large time, for the case of higher

dimensions N > 4.

Theorem 3.5. Let Assumption 3.1 be fulfilled with N > 4 and m < 1. Let f € W'! ([0, 00); L*(2))

loc

and let ug € HY(Q). Assume further that f € Wb ([0,00); HY(Q)) or ug € H*(Q) and that Q is

loc

bounded with a CY'-boundary. Let u be the unique strong solution of (2.1)—(2.3) (see Definition 4.1,
Theorems 4.4 and 4.5 and Remark 4.6 below). Finally, assume that there exists Ty > 0 such that

for almost every t > Ty, f(t) =0.

Then we have for any t > Ty,

-1
u(®)]l 22 () < u(To)|| 2 ye™ ™ €7 ¢=To),

if N =4 and uy € H*(Q), and,

|w(To)ll L2 ()

||u(t)||L2(Q) < 20 )
(1—m) (N —20) T—m)(N—20)
(1 +Im(a) C—1(1 = m)(N — 2€)||u(T0)||L2(Q)“ (t— To))

if N =5 orug € Hy(Q), where C = C(||[ull oo ((0,00); ¢ (02)) N 00).

Theorem 3.6. Let Assumption 3.1 be fulfilled, let f € L ([O, oo);LQ(Q)), let ug € L*(Q) and let u

loc

be the unique weak solution of (2.1)—(2.3) (see Definition 4.1 and Theorem 4.3 below). If
f € L'((0,00); L*(9)),
then,

1. D =
t}IEOHU(t)HL @ =0,
for any p € (0,2] (with p =2, if m =1 and || = o0).

Remark 3.7. Note that for m = 1 in Theorem 3.6, if the stronger assumption (2.5) holds then we

have,
YVt > Ty, [Jut)|r2@) = l[u(To)||p2(oye™@ET0),

See 1) of Remark 2.4.



4 Existence and uniqueness of solutions

Here and after, we shall always identify L?(Q2) with its topological dual. Let @ C RY be an open
subset, let 0 < m < 1 and let X = HN L™TY(Q), where H = L*(Q) or H = H}(Q). Tt follows from
Lemma A.2 and 2) of Lemma A.4 below that,

m+1

X* = H*+ L% (Q),

m+1
m

L ([0, 00); X) N W

loc loc

([0, 00); X*) = C([0,00); L*(£2)).

This justifies the notion of solution below (and it explains the sense in which the initial condition is

satisfied).

Definition 4.1. Let © C RY be an open subset, 0 < m < 1,a € C, f € L} ([O,oo);L2(Q)) and

loc

ug € L(9). Let us consider the following assertions.

1 m-+1 m41

1) we L ([0, 00); H3 () N L™HHQ)) N Wy ™ ([0,00); H* + L% ().

loc loc

2) For almost every ¢t > 0, Au(t) € H*.
3) w satisfies (2.1) in 2'((0, 00) x €2).
4) u(0) = up.

We shall say that u is a strong solution if u is a H2-solution or a H{-solution. We shall say that u is a
H?-solution of (2.1)—(2.3) (respectively, a Hg-solution of (2.1)~(2.3)), if u satisfies the Assertions 1)-
4) with H = L?(Q) (respectively, with H = H} (Q))

We shall say that u is a L2-solution or simply a weak solution of (2.1)-(2.3) is there exists a pair,
(frs tn)nen C Lige ([0,00); L()) x C([0,00); L*(12)), (4.1)

such that for any n € N, u,, is a H?-solution of (2.1)—(2.2) where the right-hand side member of (2.1)
is fy, and if

T2
f and wu, Mu, (4.2)

n— oo n—oo

L*((0,T);L*(%)

fn
for any 7" > 0.

Remark 4.2. Before making some comments on the above definition, it is useful to analyze some
peculiar properties which arise when Q is unbounded. Let 0 < m < 1. Set for any z € C, g(z) =
|2|=(=™)2 (g(0) = 0) and let us define the mapping for any measurable function u : Q — C, which
we still denote by g, by g(u)(z) = g(u(z)). Let H = L*(Q) or H = H}(Q). It follows from (6.4) below
that,

m+1

g € C(L™(Q); L7 (R2)) and g is bounded on bounded sets. (4.3)

10



In particular, if |Q| < oo or if m = 1 then H}(Q) < L?(Q2) — L™*1(Q) with dense embedding and

m+1

thus, L m () < L*(Q) — H~1(Q2). We then obtain,

g € C(L*(Q); L*(Q)) N C(H(Q2); H () and g is bounded on bounded sets, (4.4)
and Assertion 1) becomes,
w e LH([0,00); HE(Q)) N WL ([0, 00); H). (4.5)

loc loc

But if [Q] = oo and m < 1 then the regularity (4.4) is not anymore valid. By Lemma A.2 below, we

have,
PD(Q) — X < L™T(Q) with both dense embeddings, (4.6)

where X = H N L™1(Q). It follows that,

L (Q) = X* — 2/(Q). (4.7)
This gives with (4.3),
g € C(X,X™) and g is bounded on bounded sets. (4.8)

It follows from (4.3) and (4.6)—(4.8) that,

(g() Dhxex = (9000} mir ) = Re [ alu)oda, (19
Q

for any u,v € X. Now, let us make some comments about Definition 4.1.

1) As seen at the beginning of this section, any strong or weak solution belongs to C([0, 00); L?(Q2))

and Assertion 4) makes sense in L?((2).

2) It is obvious that a H?-solution is also a H}-solution and a weak solution. But it is not clear that
a Hi-solution is a weak solution, without assuming a continuous dependence of the solution with
respect to the initial data. Such a result will be established with the additional assumption (3.1)

on a (see Lemma 6.5 below).

3) If |Q| < oo or if m = 1 then it follows from (4.4), (4.5) and Assertion 2) that any H?-solution
(respectively, any H{-solution) satisfies (2.1) in L?(Q) (respectively, in H~*(£2)), for almost every
t > 0. Note also that Assertion 2) of Definition 4.1 is not an additional assumption for the Hj-

solutions.

4) If |Q| = oo and if m < 1 then it follows from (4.8) and Assertions 1) and 2) that any H>2-solution
(respectively, any Hl-solution) satisfies (2.1) in L2(Q) + L™ () (respectively, in H=1(Q) +

m+1

L7 (), for almost every ¢ > 0.

11



5) Assume that u is a weak solution. By Definition 4.1, there exists (fy, un)nen satisfying (4.1)—(4.2)
such that for any n € N, u,, is a H?-solution of (2.1)—(2.2) where the right-hand side of (2.1) is
fn- Applying (6.4)—(6.5) below, we deduce that for any 7' > 0,

(I0,T];H*())

Auy, ¢ Au,
n— o0
C([0,T);L*(Q)) .
g(up) ————— g(u), if Q] < oo,

n—oo

C([0,T); L7 (2))

g(un) g(u).

n—oo

Now, we set: Y = HZ(Q) N Lﬁ(ﬂ) By Lemma A.2 below, we have,

Y* = H™(Q) + L= (Q),
2(Q) = Y — HZ(Q), L*(Q), Lﬁ(Q) with dense embedding,
H2(Q),L2(Q), L= (Q) < Y* < 2'(Q).

Using the above uniform convergences and (4.2), we deduce that,
Y*Y '
0 ' 0

for any ¢ € Y and ¢ € 2((0,00); R).

As a conclusion, if u is a weak solution then u € W} ([0,00); Y*) and it solves (2.1) in Y*, for
almost every ¢ > 0. In particular, u satisfies (2.1) in 2’((0,00) x ). If, in addition, || < co or
if m = 1 then we deduce from the above that u € Wl’l([O,oo);H’Q(Q)) and u solves (2.1) in

loc

H=2(Q), for almost every ¢ > 0.

6) When m < 1 then except for Theorem 2.1 and Proposition 2.3, all the results of the following
Sections 2—4 will be stated with || < oco.

7) Notice that the boundary condition u(t);r = 0 is included in the assumption u(t) € H{ ().

Theorem 4.3 (Existence and uniqueness of L2-solutions). Let Assumption 3.1 be fulfilled and

let f € L{ . ([0,00); L*(Q)). Then for any ug € L*(Q), there exists a unique weak solution u to (2.1)-

loc

(2.3). In addition, we have the following properties.

1) The map t — ||u(t)||%2(m belongs to Wl’l([O,oo);R) and we have,

loc

1d

5@||U(t)||iz(m +Im(a) [u(®) 7 o) = Im/f(tvx)u(t,l’) dz, (4.10)
Q

for almost every t > 0.
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2) If v is another weak solution of (2.1)~(2.2) with v(0) = v € L*(Q) and h € L} ([0, 00); L*(12)),
instead of f in (2.1) then,

[u(t) — o)l L2() < lluls) —v(s)llL2@) + / 1f(e) = h(o)l L2 (e do, (4.11)

foranyt>s>0.

Theorem 4.4 (Existence and uniqueness of Hgj-solutions). Let Assumption 3.1 be fulfilled
and let f € Wlicl([O,oo),H&(Q)) Then for any ug € Hg(SY), there exists a unique Hg-solution u to

(2.1)~(2.3). Furthermore, u is also a weak solution and satisfies the following properties.
1) ue C([0,00); L2(2)) N C*([0,00); H2(Q)) and u satisfies (2.1) in H2(), for any t > 0.

2) u € Cy([0,00); HE () N W, ([0, 00); H1(R)) and,

loc
lu(t) —u(s)ll2) < Mt — s|2, (4.12)

t
IVu(®)llz2) < IVuollz2() +/0 IV f(s)ll2(a)ds, (4.13)

for any t > s >0, where M? = 2||ul| oo (5,013 () el oo (5,011 () -
3) The map t —> ||u(t)||%2(m belongs to C*([0,00); R) and (4.10) holds for any ¢ > 0.
4) If f € WHL((0,00); H3 () then we have,

u € L™ ((0,00); Hy () N W ((0,00); H(€2)) N CL ([0, 00); H2(Q)).

Theorem 4.5 (Existence and uniqueness of H?2-solutions). Let Assumption 3.1 be fulfilled and
let f € Wl’l([O,oo);LQ(Q)). Then for any ug € HY(Q) with Aug € L?(SY), there exists a unique

loc

H?-solution u to (2.1)—~(2.3). Furthermore, u satisfies the following properties.
1) ue C([0,00); H{(Q2)) N C([0,00); H~1(Q)), u satisfies (2.1) in H1(2), for any t > 0.

2) u € Wb ([0,00); L2(Q)), Au € LiS, ([0, 00); L*()) and,

loc loc

lu(t) —u(s)l|L2() < llwellLoo((s,0):22 ) It — 51, (4.14)

[Vu(t) — Vu(s)| 2@y < M|t — 5|2, (4.15)
t

el e 0,015y < I1Au0 + aluol™ o = f(0)][22(0) +/0 1 (@) 22 do, (4.16)

fO’f’ any t>s> O, where M2 = 2||ut||Loo((S’t);L2(Q))||Au||Loo((S’t);Lz(Q)).

3) The map t —> ||u(t)||2L2(Q) belongs to C*([0,00); R) and (4.10) holds for any t > 0.
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4) If f € WH((0,00); L*(2)) then we have,

u € Cy([0,00); Hy () N Cp([0,00); H(€2)) N WH>°((0, 00); L*(£2)),
Au € L*((0,00); L*(12)).

Remark 4.6. Let E = {u € Hj(Q); Au € L*(Q)} with ||ul| = ||u||2L2(Q) + ||Au||2Lg(Q). We recall that
E C H2 .(Q) (Theorem 8.8, p.183-184, in Gilbarg and Trudinger [20]). If Q = RY then E = H*(RY)
with equivalent norms (by the Fourier transform and Plancherel’s formula), while if 2 is bounded and
T is of class C1! then E = H2(Q2) N HE(Q) with equivalent norms (Theorem 8.12, p.186, in Gilbarg
and Trudinger [20] and Corollary 2.5.2.2, p.131, in Grisvard [21]). Note that for the equivalence of

the norms, we may use the inequalities,
IVl 22y < llull 2 |Aul 20 < [lullfeig) + 1Aull7zg), (4.17)
which hold for any subset Q C RY and any u € H%(Q) N H}(Q).

Remark 4.7. Since f € C([0,00); L?(Q)) (by 1) of Lemma A.4), estimate (4.16) with f(0) makes

sense.

Remark 4.8. It follows from (4.11) and (4.13) that if N =1 then the decay assumptions (2.8) and
(2.9) may be replaced with,

1-m
(||U0HH3(Q) + ||f||L1((o,oo);Hg(Q))> <eemin {1, T, },

26—1

1F @320 < (T =) 77, (4.18)

for almost every t > 0, where e, = £,(Im(a), N,m). In the same way, it follows from (4.11), (4.13),
(4.16), Remark 4.6 and (2.1) that if N < 3 and € is bounded with a C1'!-boundary then (2.8) may
be replaced with,

(loll ey + 11 omepmscay) < =omin {17},
and (2.9) with (4.18), where &, = &,(|al, ||, N, m).
5 Proof of the semi-abstract result on the finite time extinc-
tion
The proof of Theorem 2.1 relies on the three following lemmas.
Lemma 5.1. Lety € whl ([0, oo);R) with y > 0 over (0,00), d € R, >0 and Ty > 0. If

loc

y' +2ay’ <0,
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almost everywhere on (Tp,00), then we have,

1

(y(To)1—5 +2a(1 — 8)(Tp — t))jr"‘, ifs<1,
y(t) < { y(To)e 22010, ifo=1,
y(To)

(1 +20(0 — Vy(Tp)o=(t — Tp)) ™7

ifo>1,

for any t = Ty. In particular, if 6 <1 then for any t = Ty, y(t) = 0 where,

1

T, < ——y(Ty) % + T
* 20{(1_6)y( 0) + 0

Proof. The result follows by integration of the ordinary differential inequality over (Tp,t). O

The following lemma improves a similar result contained in Antontsev, Diaz and Shmarev [4] (Propo-

sition 1.1, p.77, and its proof, p.75-77).

Lemma 5.2. Lety € VVliCl([O, oo);R) with y > 0 over [0,00), § € (0,1), a, Tp > 0 and,

yo = (ad°(1 - 5))1*15 : (5.1)
2, = (b (1—08)Tp) T . (5.2)
11,
y(0) < ., (5.3)
and if for almost every t > 0,
Y (1) + ay(t)® < yu (To — t)}?‘s , (5.4)

then for any t > Ty, y(t) = 0.

1

Proof. Set for any t € [0, Ty], 2(t) = 2.1, *° (T — t)ﬁ . We have for almost every t € (0,Tp),
2 (1) +ax(t) =y (T = )7 > /(1) + oy()’. (55)

We claim that for any ¢t € [0,Tp], y(t) < z(¢). If not, since by (5.3) 2(0) > y(0) and y and z are
continuous over [0, 7] (by 1) of Lemma A.4), there exist ¢, € [0,7y) and € € (0,7 — t,) such that
y(ts) = z(ts) and y(t) > z(¢), for any ¢ € (ti,tx + ). This leads with (5.5) to, ¥’ < 2/, almost
everywhere on (t,,ts + €). Integrating over (f,,t) for t € (t., ¢, + €), we obtain that y(t) < z(¢), for
any t € [t«,tx +€]. A contradiction. Hence the claim. In particular, y(Tp) < 2(Tp) = 0. But from

(5.4), y is non increasing over (Tp, 00). Hence the result, since y > 0 everywhere. O
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Remark 5.3. Let us explain how we found y, and z, in Lemma 5.2. We look for a solution of the

ordinary differential inequality (5.4). Set for any x > 0,
Ve >0, f(@) = (1—8) T T°ad (a(l — 6Ty — 2'%),
vt e [0, To), 2(t) = 2Ty *° (To — )7 .
We want z(0) = z > y(0) to apply our proof. A straightforward calculation yields,
2 (1) + az(t)’ = f(2) (To — )77 .

We compute, argmax f(x) = x,, where z, is given by (5.2), and f(z4) = y«, where y, is given by
x>0

(5.1). We then choose z = z, in the definition of z and we obtain the condition (5.3).

Lemma 5.4 (Gagliardo-Nirenberg’s inequality). Let N € N, let @ C RY be an open subset, let

0<m <1 andlet £ € N. Then for any v € HE(Q) N L™H(Q),

(20+N)+m(2¢—N) ml N(1—m)
lollpeiey < ClIoITh g loll ey (5.6)

where C = C(m, ¢, N). If Q is a half-space or if  has a bounded C%'-boundary then (5.6) holds for
any v € HY(Q).

Proof. See, for instance, Friedman [19], Theorem 9.3, p.24, for v € Z(R¥) and so, by extension and
density, for v € H§{(Q)NL™1(Q). If Q is a half-space or if 2 has a bounded C%!-boundary then there

exists a linear extension operator E such that for any k& € Ny and p € [1, o],
E e Z(Whe(Q); Wh?(RY)),

and Fu = u, almost everywhere in £ (Stein [32], Theorem 5 and §3.2, p.181 and §3.3, p.189; Adams [1],
Theorem 4.26, p.84; see also Grisvard [21], Theorem 1.4.3.1, p.25). O

Proof of Proposition 2.3. Let the assumptions of the theorem be fulfilled. We first assume that
u is a strong solution. Let H be as in Definition 4.1 and let X = H N L™+ (Q). By Definition 4.1,
we have (2.10) and by 3) and 4) of Remark 4.2, we can take the X* — X duality product with iu.
Estimate (2.11) with equality then follows from (4.9) and 1) of Lemma A.5. Now, assume that u is
a weak solution. Let (f,)nen and (up)nen be as in Definition 4.1. According to the above, it follows
from Hélder’s inequality that fu € Ll _([0,00); L'()) and,

L ([0,00): L (),

fnltn 14, (5.7)

n—oo
1 t
Oy + (@) [ lua@)]7, o0
3 (5.8)

¢
1
= 5”“71(3)”%2(9) +Im// fulo,x) up (o, 2) da do,

sQ
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forany n € Nand t > s > 0. If |Q| < co or if m = 1 then for any T > 0, C([0,T); L3(Q)) <
C([0,T); L™*(Q)) and then we are allowed to pass to the limit in (5.8) under the integral symbol.
We then get with (5.7) the desired result under the hypotheses b), ¢) or d). If |2] = 0o, m < 1 and
Im(a) > 0 then for any T > 0, C([0, T]; L*(R2)) — C([0,T); L"T*(2)). By (5.8),

loc

3 lun ()]0 + I / @5 0,y 37

i
1 J—
< Slun(s) ey + 1 [ [ fulo,a) o2 dodor
s

for any t > s > 0, R > 0 and n € N. Passing to the limit in n first and then in R then, we obtain
(2.10) and (2.11) with the help of the monotone convergence Theorem and (5.7). We proceed in the
same way if |Q] = 0o, m < 1 and Im(a) < 0. O

Proof of Theorem 2.1. By (5.6) and Proposition 2.3, we have for almost every ¢ > 0,

(2e+N)+m(2e N) L—m
[Ju(t )HL2(Q) CGNHUHLoc((o,OO);HE(Q))||u( )||Lm+1(g

d , —
172 + 2m(@) [T o) = 21m/f(t,:r)U(t7$)dx-
Q

It follows that,

d
a\lﬂ(t)l\zm(g) +2a|u(t) 20 < 2/|f(t,x)|\U(t,x)ldx, (5.9)

Q

N(1-—m)

for almost every ¢t > 0, where a@ = Im(a)C&%HuH;m(&f soysHe(y) and 6 =

20+N 20— N .
QN Em@A=N) i

0O<m<land{= [%} + 1, we have % < 6 < 1. Using the Young inequality,

’
-p P

’ I
Yy < P + ;y”,

p/
with = || f(t)||22(), v = l|[u(t)||lz2(), p = 20 and € = (ad)25, one obtains with Cauchy-Schwarz’s
inequality,

60— 1
2 [ 17ttt 0)lde < 2 (@0) = 1O iy + alu®)]3 o) (510)

Q

Finally, set for any ¢ > 0, y(t) = ||u(t)||%2(ﬂ) and let us prove Property 1). If f satisfies (2.5) then

(5.9) may be rewritten as,

y'(t) + 2ay(t)’ <0, (5.11)
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for almost every t > Tp. We then conclude with the help of Lemma 5.1. Now assume that (2.8)—(2.9)

hold where the constant €, has to be determined later. We then have,

y(0)'~° < ad(1-4)T, (5.12)
1Oy < exlltl g Bz (To — £) 37 5.1
L2(Q) X €*Hu||LOO((07OO);HZ(Q))( 0 t)+ ) ( . )

where (5.12) is a consequence of (2.8) and (5.13) is nothing else but (2.9). Gathering together (5.9),
(5.10) and (5.13), one gets

28 — 1 N(l—-m) 1

R T T e =25
y'(t) + ay(t)’ < ; (Im(a)Cgrd)~Tel’ 1||UHL°°((2OZ,00)§H%(Q))(TO_t)i ’

256—1

Choosing €, = (26 — 1)~ "5

(Im(a)C&{ﬁ)ﬁ(l —9) 52<(1§:§>, one obtains,
_6
Y () +ay(t)’ <y (To—) 7.

for almost every ¢t > 0, where y, is given by (5.1). Notice that (5.12) is nothing else but (5.3). We
infer by Lemma 5.2 that y(t) = 0, for any ¢t > Tp. O

6 Proofs of the existence and uniqueness theorems

Lemma 6.1. Let Assumption 3.1 be fulfilled. Let us define the following (nonlinear) operator on
L?(Q).

D(A) = {ue Hj(Q); Aue L*(Q)},
Yu € D(A), Au = —iAu — ialu|~ =™y,
Then A is a mazimal monotone operator on L*(2) (and so m-accretive) with dense domain.

The proof relies on the following lemmas.

Lemma 6.2 ([26]). Let 0 < m < 1. Set for any z € C, g(z) = |2|~=™)2 (g(0) = 0). Then for any
(21,22) € Cx C,

2vimm((g(1) = 9(22)) (B =) )| < L= m)Re((9(20) — 9(22)) G =22) ), (6.2)
l9(21) — g(22)] < 3|21 — 22|™. (6.3)

Let Q@ C RYN be an open subset. We define the mapping for any measurable function u : Q — C,

which we still denote by g, by g(u)(xz) = g(u(x)). Then for any p € [1,00),

g € C(LP(); L%(Q)) and g is bounded on bounded sets, (6.4)
g € C(L*(Q); L*(Q)) and g is bounded on bounded sets, if || < oo. (6.5)
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Finally, let a € C with Im(a) > 0 satisfying (3.1). If (g(u) — g(v))(u —v) € L*(Q) then,

Re —ia/(g(u)—g(v))(m)dx > 0. (6.6)
Q

We may choose, for instance, u,v € L*(Q), if |Q| < oo, or u,v € L™TY(Q), in the general case.
Proof. Estimate (6.2) is Lemma 2.2 of Liskevich and Perel’'muter [26] while (6.3) comes from

Lemma A.1, implying (6.4) and (6.5). Finally, by (6.4), (6.5) and Holder’s inequality, we have
(9(u) — g(v))(u =) € L}(Q), for any u,v as in the statement of the lemma and by (6.2),

Re —ia/ (9(uv) — g(v))(u=v)dz

Q
= Im(a)Re/ (9(u) — g(v)) (u=")dz + Re(a)Im/ (9(u) — g(v)) (u=v)dx
Q

Q

> (Im(a) — |Re(a)| 12\_/7%) Re! (9(w) — g(v)) (u=")dz

= 0.

This ends the proof. O

Proof of Lemma 6.1. The density of the domain of the operator is obvious. Let g be as in
Lemma 6.2. Tt is well known that (—iA, D(A)) is a maximal monotone operator on L?(f2) (Proposi-
tion 2.6.12, p.31, in Cazenave and Haraux [18]). In addition, if we define B on L?(2) by Bu = —iag(u),
it follows from (6.4)—(6.6) that B € C(L?(Q); L*(2)) and

(Bu — Bv,u —v)r2) = Re —ia/(g(u) —g(v))(u—wv)dz | =0,
Q

for any u,v € L?(£2). We then infer that A = —iA + B is a maximal monotone operator (Brezis [11],

Corollary 2.5, p.33 and Corollary 2.7, p.36). O

To obtain (4.13), we need to regularize the nonlinearity in order to apply the V operator. We then

establish the next lemma.

Lemma 6.3. Let Q C RY be an open subset, let 0 < m < 1, let a € C with Im(a) > 0 satisfying (3.1)
and let e € (0,1). Let for any u € L2(), g-(u) = ([u|2 + &)~ 2" w. Finally, let g be as in Lemma 6.2
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and let D(A) be defined by (6.1). Then,

g € C(L2(Q): L)) N C(H(©): HY (), (6.7)
Yu € D(A), Re ia/gg(u)fudx >0, (6.8)
Q
Yu € D(A) such that v Au € L*(Q), Re ia/g(u)ﬂdx > 0. (6.9)
Q

Remark 6.4. If Q C RY is arbitrary, m = 1 and Im(a) > 0 then for any u € D(A),
Re (ia/gg(u)Audx) = Im(a)||Vu||%2(Q) > 0.
In other words, one directly obtains (6.9).
Proof of Lemma 6.3. A straightforward calculation shows that for any € € (0, 1),
|9 (u) = g:(v)] < Ce™Hu — 0],
Vge(u)] < Ce™!Vul.

It follows that if u € H}(Q) then g.(u) € H}(Q) and (6.7) comes from the above estimates and the
partial converse of the dominated convergence Theorem (see, for instance, Brezis [12], Theorem 4.9,
p.94). Let us turn out to the proof of (6.8). Let u € D(A). It follows from (6.7) that we can take the

scalar product in L? between iag.(u) and Au. We then obtain,

Re ia/ga(u)rudx = (lag:(u), Au)r2(q) = —(iaVge(u), Vu) 12 (o)

%)
B |Vul?(Jul? + &) — (1 — m)Re(uVu). uVu e
(Jul® + )
2
/\Vu\ (Jul? +e)— (1 - - m)|Re(uVu dr — Re(a / m)Re( uVu)BIT(uVu)dx
(lul* + €)= 2 (lul* + )=
2
:EIm(a)/%dx
(uf? + )
m|Re(uVu)|? + \Im(uVu / m)Re(uVu).Im(uVu) d
(Juf? +¢)*=" |u|2+e)¥ ’

Q

where we used in the last equality the fact that, |Vu|?|ul? = [Re(uVu)[? + [Im(uVu)[. To conclude,

it remains to show that,

(1 — m)|Re(a)| |Re(uVu)| Im(uVu)| < Im(a) (m[Re(uVu)|* + [Im(uVu)|?). (6.10)
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Using our assumption on a and the following Young inequality,

2
2ley| < 62 +

with z = [Re(uVu)|, y = |[Im(uVu)| and § = y/m, we obtain,

(1 = m)[Re(a)| [Re(uVa)| [Im(uVa)|

< 2v/mIm(a)|Re(uVu)| [Im(uVu)|
)2
< v/mIm(a) (\/rn|Re(uVu)|2 + W)
< Im(a) (m|Re(uVu) > + |Im(uVu)[?),
which is (6.10). Finally, since we have g.(u) % g(u) and |ge(u)] ag |g(w)], for any € > 0, (6.9)

is a consequence of (6.8) and the dominated convergence Theorem. O

Concerning the continuous dependence with respect to the data we have:

Lemma 6.5. Let Q C RN be an open subset, 0 < m < 1 and a € C with Im(a) > 0 satisfying (3.1).
Let X = L2(Q) N L™(Q) or X = H(Q)NL™TH(Q). Finally, let f1, f2 € L, ([0,00); L?(R)) and let

loc

u,v € LY ([0,00); X) N VVI(ID’CP/([O,OO);X*),

for some 1 < p < oco. If,

iy + Au + alu)] "™y = fy,

i + Av + alo| "™y = f,,

in 2'((0,00) x Q), then u,v € C([0,00); L*(Q)) and

[u(®) = v(®)llz2 () < [luls) —v(s)lL2@) + / 1f1(0) = fa(@) ]| 2@ do, (6.11)

foranyt>s>0.

Proof. By Lemma A.2 and the dense embedding X < L%(Q), we have L?(Q)) — X* — 2'Q) and
for any (z,y) € L?(Q) x X,

(T, y)20) = (T, ¥) L2(),22(Q) = (T, ¥) x* X - (6.12)

It follows from above and (4.8) that the equations in the lemma make sense in X* and we then have,

i(u — v)y + Alu—v) + (ag(u) — ag(v)) = fi — fo, in X*,
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almost everywhere on (0,00), where ¢ is as in Lemma 6.2. Taking the X* — X duality product of
the above equation with i(u — v), it follows from 2) of Lemma A.4, 1) of Lemma A.5 and (6.12) that
u,v € C([0,00); L2(Q)), the mapping t — [u(t) — v(t)H%z(Q) belongs to VVﬁ)’Cl([O7 00); R) and,

1d

5qle() = ()l + (ag(w) —ag(v),ilu =) . = (fi = f2,i(u = ) 1o g

almost everywhere on (0,00). Applying (4.9), (6.6) and Cauchy-Schwarz’s inequality to the above,

one infers
1d 5
QEHU( ) —o(. )||L2(Q) <lfi - f2||L2((z)HU - UHL?(Q),
almost everywhere on (0, c0). Integrating over (s,t), one obtains (6.11). O

Proof of Theorem 4.5. By Lemma 6.1 and Vrabie [37] (Theorem 1.7.1, p.23), there exists a unique
u € W/Ii)’fo([o,oo);Lg(Q)) satisfying u(t) € HL(Q), Au(t) € L?(Q2) and (2.1) in L?*(Q), for almost

every t > 0, u(0) = up and (4.16). Then (4.14) comes from (4.16). It follows from 1) of Lemma A .4,
(6.4)-(6.5), (4.16), (4.17) and (2.1) that,

f€C([0,00); L*()), (6.13)
[u|] ==y € O([0, 00); L2(2)), (6.14)
Au € Lis.([0,00); L*(9)), (6.15)

u € L, ([0, 00); Hy (2)),
so that u is a H?-solution and u € C([0,00); H(€2)) (by 3) of Lemma A.4). So,

Au € C([0,00); H(1)). (6.16)
It then follows from (6.13), (6.14), (6.16) and (2.1) that,

uy € C([0,00); H1(Q)).

By (4.17), (4.14) and (6.15), one obtains (4.15) and Properties 1) and 2) are proved. Property 3)
follows easily from Property 1), (A.3) and Proposition 2.3. Finally, Property 4) comes from (6.11),
(4.16), (4.17), (6.4), (6.5), the embedding 1) of Lemma A.4 and (2.1). This concludes the proof of the

theorem. O

Proof of Theorem 4.3. Existence comes from density of HZ({) x Wﬁ)’cl([(), 00); L?(Q)) in L2(2) x
L} .([0,00); L*(£2)), Theorem 4.5, (6.11) and completeness of C([0,T]; L*(£2)), for any T > 0. Prop-
erty 1) comes from Proposition 2.3. Estimate (4.11) being stable by passing to the limit in C'([0, T'; L(£2)) x

Lt ((07 T); LQ(Q)), for any T > 0, it is sufficient to establish it for the H2-solutions. This then comes
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from Lemma 6.5 and the uniqueness conclusion of the theorem follows. Finally, Property 1) comes

from Proposition 2.3. O

Proof of Theorem 4.4. The uniqueness of solutions comes from Lemma 6.5. Let f € W1 ([0, 00); HE (2))

loc
Hj(Q
and let ug € H} (). Let (¢n)nen C HE () be such that ¢, o, . Finally, let g be defined as in
n—oo

Lemma 6.2 and for each n € N, let u,, be the unique H2-solution of (2.1)—(2.2) such that u, (0) = ¢,
given by Theorem 4.5. By Lemma 6.5, we have for any 7" > 0 and n,p € N,

T
lunlleqo,mz2@) < llenllz2 @) +/O 1f )2 )dt, (6.17)
n — Upl Loo ((0,00):L2(02)) < l0n — ©pllL2(0),

It follows that for any T > 0, (up)nen is a Cauchy sequence in C([0,T]; L*(£2)). As a consequence,
and with (6.4)—(6.5), there exists u € C([0, 00); L?(£2)) such that for any T > 0,

C([0,T);L*())

Up ————— 1, (6.18)
g(u) € C([0,T]; L*(2)), (6.19)

C([0,T;L* ()
ey

n—oo

9(un) g(u). (6.20)

By definition, it follows from (6.18) that u is a weak solution of (2.1)—(2.3) (take f, = f, for any
n € N). By 3) of Remark 4.2, we can take the L?-scalar product of (2.1) with —iAu,, and it follows
from (A.4) that for any n € N and almost every s > 0,

1d

331V + Re 0 [ g(ua(5) B (1de | = (95(5). 10 (5)) 2 o
Q

which gives with (6.9), Remark 6.4 and Cauchy-Schwarz’s inequality,

1d

5 3 IVen () Z2) <NV ()20 [Vitn(s)ll 20

By integration, we obtain for any ¢ > 0 and any n € N,
IV Olz20) < ¥l + [ I976)s2ds (6:21
By the Sobolev embedding 1) of Lemma A.4,
Wi ([0, 00); L2(9)) < C([0,00); L2(2)), (6.22)
(6.17), (6.20), (6.21) and (2.1), we infer that,

(un)nen is bounded in L™ ((0,T); Hy () N Wh>((0,7); H~1(Q)), (6.23)
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for any T' > 0. Applying Proposition 1.3.14, p.12, and Proposition 1.1.2, p.2, in Cazenave [17], it
follows from (6.18) and (6.23) that,

u € Cy([0,00); H3 (Q)) N WL ([0,00); HH(Q)), (6.24)
Au € C ([0,00); H (), (6.25)
un(t) = u(t), in HL(Q), as n — oo, (6.26)

for any t > 0. Since u is a weak solution, u solves (2.1) in H~2(Q), for almost every ¢ > 0 (Property 5)
of Remark 4.2). As a consequence, and with help of (6.19), (6.22) and (6.25), we have that u; €
C([0,00); H72(£2)) and u satisfies (2.1) in H (), for any ¢ > 0. We then infer with (6.24) that w is
a Hi-solution and Property 1) holds. Still by (6.24), we have for any ¢t > s > 0,

[Ju(t) — U(S)H%%m < 2fJull poo (5,09 12 () llu(t) — uls)|[ r-1(0)

< 2wl oo s,y 3 00 1l Lo (5,031 -1 ) [E = 81,

which is (4.12). By (6.26), the weak lower semicontinuity of the norm and (6.21), one obtains (4.13)
and Property 2) is proved. Property 3) follows easily from Proposition 2.3 and the fact that u, f €
C([O, 00); L2(Q)) and L?(Q) — L™*1(Q). Finally, Property 4) comes from (4.11), (4.13), (6.4), (6.5),
1) of Lemma A.4 and (2.1). This concludes the proof of the theorem. O

7 Proofs of the finite time extinction property and asymptotic
behavior theorems

Proof of Theorem 3.2. For the Property a), apply Theorems 4.4, 4.5, Remark 4.6 and Theorem 2.1
(with £ = 1, if ug € HY(Q) and £ = 2, if ug € H*(Q) N H(Q)). We then obtain the finite time
extinction result and the upper bound on T,. The lower bound on T, comes from 2) of Remark 2.4.

Property b) comes from Remark 4.8. O

Proof of Theorem 3.5. By Theorems 4.4, 4.5 and Remark 4.6, u € LOO((O,OO);H‘](Q)), where
0=1,ifug € HY(Q) and £ = 2, if ug € H*(2) N H (). The result then comes from 3) of Remark 2.4.
O

Proof of Theorem 3.6. Let the assumptions of the theorem be fulfilled. We proceed to the proof
in two steps.

Step 1. Assume further that f € Z([0,00); L*(2)) and ug € H3(Q2). Then, tl}‘Holo |u(t)||L2(0) = 0.

It follows from uniqueness and Theorem 4.5 that u is a H2-solution and u € L>((0, 00); H}(Q2)). Let
[0,To] D supp f. By (4.10), %Hu(t)”%z(m < 0, for any t > Tp. It follows that tl}rgo lu(t)||L2() = ‘o,

for some £y € [0,00). If m = 1 then we have, one more time by (4.10), %Hu(t)HQLQ(Q) < —2Im(a)f3,
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for any ¢ > Ty. It follows that ¢, = 0. Now, assume that m < 1 and suppose, by contradiction,
that ¢y # 0. Let ¢ € (2,00) with (N — 2)q < 2N. By Hoélder’s inequality and Sobolev’s embedding
H} () < L9(Q), there exists 6 € (0,1) such that,

0</t < ”U(t)”L?(Q) < ”u(t)H%mH(Q)”u(t)HlL;?Q) < OHu(t)”%mH(Q)Hu”};f((o’oo);]qé(g))v

for any t > T,. We infer that, tinjf lu(t)||Lm+1(q) > 0, which implies with (4.10),
>To

d .

() q0) < ~20m(a) inf a7 ) <0,
for any t > Tp. As a consequence, tl}m llu(t)||L2(q) = —oc, a contradiction.
Step 2. Conclusion.

Let (¢n)nen C HZ(Q) and (f1)nen C 2([0,00); L(£2)) be such that,

2 1 72
o L*(Q) uo and f,, L7((0,00);L7(2)) f.
n— o0 n—00

For each n € N, let u,, the H2-solution to (2.1)—(2.2), with f,, instead of f, be such that u, (0) = p,,
given by Theorem 4.5. Let n € N. It follows from (4.11) that,

[z < lu = unllLoe(0.00):L2(0)) + [[Un(®)]|L2()

< luo = enllzz@) + I1f = fallLr(0.00):z2(0)) + lun ()220,
for any t > 0. We get from Step 1,
hltff;sup lu®)lz2(@) < lluo — enllrz@) + [1f = fallLr(0,00):22())-
o0

Letting n 7 oo, we obtain l;m lu(t)||2(@) = 0. Finally, the general case comes from the embedding
t oo

L?(Q) < LP(Q), which holds for any p € (0,2], as soon as |Q2| < co. This concludes the proof. O

A Appendix

In this appendix, we recall some useful estimates and results about Sobolev spaces.

Lemma A.1. Let 0 < m < 1. Then we have for any (z1,22) € C x C,
\21|_(1_m)zl — |2’2‘_(1_m)Z2 < 3|Zl — Zglm, (Al)
where |z|~1 =™z =0, if 2 = 0.

Proof. Let 0 < m < 1 (the case m = 1 being obvious). We proceed to the proof in four steps.
Step 1: Vt,s >0, [t™ — s™| < [t — s|™.

25



Let for > 1, f(z) = (z — 1)™ — (2™ — 1). Then f’ > 0 on (1,00) and so f (1) > f(1) = 0, for any
t > s > 0. Hence Step 1.
Step 2: Va > 0, VO € R, |am — amei9| g 21-m |a — aei9|m.

We have for any 6 € R, |1 — el? o < 2™ implying ’1 — el g 2t-m |1 —¢?™ | therefore Step 2.
. m
Step 3: V(z1,22) € C\ {0} x C, ||22] — \%@‘ < 2™z — zo|™.
We have,
2] — Shzp| = ‘<|22| - lel> + <lel - 2122)‘
|21 |21 |21 |21

1 1
(|2’2| — |Z1|) + (|21|21 - |Zl|2’2)‘ < ||2’2| — |Z1\| + |21 — 22| < 2|21 — 29|
1 1

Hence Step 3.
Step 4: Conclusion.

Let (21, 22) € C x C with z;25 # 0, otherwise there is nothing to prove.

(1_ (1_ (1_ 1 C(1_ zZ1
‘|zl| a m)z1—|z2| @ m)ZQ‘ = ||z1] < m)zlﬁ—|22| a m)22‘71|
1 1
1z Steps 1 and 2 B 1z m
B ‘(|»’31|m—|22m)4r <|Z2|m—|22m12> S |21 — 2o|™ 4217 ||2a] — |22 5
|21] [22] |21] |22
B z1 Steps 3
= |21—22|m—|—21 m ‘Z2|—ﬁ22 < 3‘,21 —ZQIm
The lemma is proved. O

The four next lemmas are, more or less, a repetition of some similar results contained in the unpub-

lished book by Brezis and Cazenave [13].

Lemma A.2. Let Q C RY be a nonempty open subset, let k,m € Ny and let 1 < p,q < co. Then
() — WP (Q) N WTY(Q) with dense embedding. In addition, WEP(Q) N WJ™9(Q) is separable

and,
(WP (Q) n W) = W (Q) + W™ (Q) < 7'(Q). (A.2)
Finally, if p,q > 1 then Wéc’p(Q) NW4(Q) and W5P (Q) + W =™9(Q) are reflerive and separable.

Proof. Set X = WP(Q) N W%(Q). Without loss of generality, we may assume that p < ¢. It is
clear that 2(€) <+ X. The equality in (A.2) comes from the density of Z(Q) in the spaces Wi ()
and Bergh and Lofstrom [10] (Lemma 2.3.1, p.24-25, and Theorem 2.7.1, p.32). Since for any j € Ny
and r € [1,00), W7 (Q) < 2'(Q), we have by the equality in (A.2),

X* = {T € 2T =T, + Ty, (T1,Tz) € W7 (Q) x W—W'(Q)} .

Let T € X* be such that (T, ¢)x+ x = 0, for any ¢ € 2(Q). It follows from above that for any
0 € D), (T, 0)9),2) = (T,0)x+x = 0. Then T = 0 in 2'(2), hence in X*. We deduce that
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2(Q) — X is dense (Brezis [12], Corollary 1.8, p.8) and so X* — 2'(Q2). Now, let n > k+m be large
enough to have W"?(Q) < X. Since this embedding is dense and W("?(Q) is separable, we infer that
X is separable. Finally, separability and reflexivity of the last part of the lemma present no difficulty
and follow easily from reflexivity and separability of the spaces Wg (), (A.2) and Eberlein-Smulian’s
Theorem (Brezis [12], Theorem 3.19, p.70, and Corollary 3.27, p.73). O

Lemma A.3 ([13]). Let I CR be an open interval, let 1 < p,q < oo and let X — Y be two Banach
spaces. Then 2(I;X) is dense in LP(I; X) N WY4(I;Y). Moreover, if Z is a Banach space such that
Z — X with dense embedding then 2(I; Z) is dense in LP(I; X) N Wh4(I;Y).

Proof. We first construct a linear extension operator to bring back to the case I = R. The first
statement then follows from the standard procedure of truncation and regularization, while the second

statement comes from the density of 2(R; Z) in C}(R; X), for the norm of C}(R; X). O

Lemma A.4. Let Q CRY be an open subset. Consider the Hilbert space given by D(A) with,
D(A) = {u € H}(Q); Aue L*(Q)},
ullBay = ||u||?13(9) + [ AulF2 (),

for any u € D(A). Moreover, let X be a Banach space, let I be an open interval and let 1 < p < oo.
We have the following results.

1) Wl’l(I;X) — C’b711(7; X).
2) LP(L; X) N WP (I; X*) — Cy(I; L*()), if X < L*(Q) with dense embedding.
3) LP(I; D(A)) n W' (I; L3(Q)) — Cy (T; HA(Q)).

Lemma A.5. Let Q CRYN be an open subset, let I be an open interval and let 1 < p < oo. Fort e I
and u = u(t,x) € C, let us define (formally),

1 1
M(t) = 5llu@)llzz0) and E(t) = SIVul®)lZzq)-

Let D(A) the Hilbert space be defined in Lemma A.4 and let X — L?(Q) be a Banach space with
dense embedding. We then have the following results.
1) Ifue LP(I; X) N WY (I; X*) or if u € WH(I; L2(2)) then M € WY(I;R) and,
(u(0),u' () x.r i ue LP(LX) MW (1X7),
M'(t) = ’ (A.3)
(ult), (0) yogys if w € WH(IL2(Q),

for almost every t € I.
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2) Ifu € LP(I; D(A)) N W' (I; L(Q)) then E € WYL(I;R) and,

E'(t) = (= Au(t), /(1)) (A.4)

L2 (Q)?
for almost every t € 1.

Proof of Lemmas A.4 and A.5. The proof of the embedding W' (I; X) < Cy,(I; X) is very
standard and we omit its proof. Now, assume that X < L?(2) with dense embedding. We infer that
L3(Q) < X*. It follows that for any v € X,

||U||2L2(Q) = (v,0)r2(0) = <va>L2(Q),L2(Q) = (v,v)x+ x-

We then note that M € C*(I;R), E € C'(I;R) and,
t
M) = M) + [ (ulo).1(0)) . do (A.5)

E(t) = E(s) + / (— Au(0),1/(0)) 12 gy do (A.6)

for any t,s € I, as soon as u € Z(I; X), for (A.5) and u € Z(I; D(A)), for (A.6). Applying Holder’s

inequality in time and Young’s inequality, one obtains,

w122 ) < lluls)llx ()l + el Zo ) + 110 7,505
IVu)lli20) < lluls)ll 2@l Auls)llz) + |1 Aullte 2y + 16170 1.2 (A7)

for any t,s € I. Let (I,)nen C I be a increasing sequence (in the sense of the inclusion) of open

bounded intervals such that | J, .y I = I. Integrating in s and applying, one more time, Hélder’s and

neN
Young’s inequalities, we have,

a2, gy < (U D) (o) + il ey )
for any n € N. Dividing by |I,]|, letting n oo and proceeding in the same way in (A.7), we arrive
at,
Il ey < @+ 1178 (Hallzaqry + Tl ixey) (A8)
IVulle, .02y < U+ 175) (el zopeay + i 2)) (A.9)
with the convention |I|=% = 0, if |I| = co. Since X < X* and D(A) < L%(Q), we prove Lemma A .4

by density with (A.8)—(A.9) (Lemma A.3). Finally, Lemma A.5 is a consequence of (A.5)—(A.6) and
Lemmas A.3—-A 4. O
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