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Abstract

In the transferable utility case, a number of authors have identified conditions on
beliefs that guarantee the existence of Bayesian incentive compatible mechanisms
with balanced transfers. We present a new, easy to interpret, condition and we show
that it is (strictly) more general than all the other conditions found in the literature.
We also study conditions guaranteeing the Bayesian implementability of all social
decision rules with balanced budget mechanisms.
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1 Introduction

In many resource allocation problems, the general properties of decentralized in-
formation structures may be exploited in the construction of decision procedures
or contracts to achieve an optimal allocation, despite market failures due to ex-
ternalities or to public goods, and despite strategic behavior, free-riding and mis-
representation of preferencedn the transferable utility case, and for dominant
strategy mechanisms, Green and Laffont [23] and Walker [33] have shown that it is
in general impossible to balance the budget. On the other hand, as is by now well
known, in Bayesian frameworks where the structure of agents beliefs is explic-
itly taken into account, one can find Bayesian incentive compatible mechanisms
(BIC-mechanisms) that balance the budget.

The main purpose of this note is to clarify, in the transferable utility case, the
relationship between the conditions on beliefs that have been presented in the lit-
erature and shown to guarantee the existence of BIC-mechanisms that implement
efficient decision rules with balanced transferghis clarification is based on a
new condition, conditiorC, that is less restrictive than previous ones. This con-
dition is easier to interpret than the already existing equivalent conditions, namely
conditionC* introduced by d’Aspremont and @rard-Varet [5] and LINK intro-
duced by Johnson, Pratt and Zeckhauser [25].

ConditionC' has an important consequence: it “guarantees budget balance”, in
the sense that it ensures that any BIC-mechanism can be transformed into a BIC-
mechanism that balances the budget. Since for efficient decision rules, Vickrey-
Clarke-Groves mechanisms are BIC-mechanisms and always exist, it is clear that
when conditionC' holds it is possible to build a balanced budget BIC-mechanism.
Other authors have presented conditions that guarantee budget balaimaésé
identifiability introduced by Fudenberg, Levine and Maskin [19,20] as well as As-
sumption I(i) in Aoyagi [1], rebaptizedreak regularityby Chung [11], following
Matsushima [27]). Because, as we show, conditibis both necessary and suffi-
cient for an information structure to guarantee budget balance, it is less restrictive
that these other conditions, and, through examples, we show that it is strictly less
restrictive.

In the final section of the note, we study stronger conditions that guarantee

1The first applications belonged to public economics and to the study of collective decision mak-
ing and auctions (see [32,12,24]), but there are many other applications.

2See among others, d’Aspremont anérérd-Varet [3,4,5], Arrow [2], Laffont and Maskin [26],
d’Aspremont, Cemer and @rard-Varet [7], Johnson, Pratt and Zeckhauser [25].

3Here we mean balancing the budgetpost(for all states of the world). That no condition is
required to balance the budget anteis a known fact ([5,theorem 9]).

Also, in this paper, we shall neglect the issue of unicity of equilibrium, so that our use of terms
is different from the language in the literature on implementation (see Palfrey [28]). In [8,9], we
discuss conditions that guarantee “unique implementation” both for auctions and balanced Bayesian
mechanisms.

“It was introduced as conditiofi (without a star) but can be shown equivalent to our new condi-
tion (that we will also call conditio”) by a simple duality argument.



that all decision rules, even those that are not efficient, can be implemented while
balancing the budget, a property that might be useful in many specific problems
(typically those involving only a subset of all agents). We show that a necessary
and sufficient condition for this property is the already knéwaondition B and

that it is a weaker condition than trerict regularity condition of Aoyagi [1].
Finally, we show that the mechanisms can easily be constructed through a “scoring
rules” method. We also show that, loosely speaking, the class of beliefs satisfying
conditionC' can be patrtitioned into those that satisfy conditiBrand those that
satisfy a (very weak) independence property.

The results presented here leave open a number of important questions, some
of which we answer if9]. In particular, among other results, we show a) that,
even though it is a very general condition, conditi@s not necessary for imple-
mentation of efficient Bayesian mechanisms and b) that it is not true that efficient
Bayesian mechanisms always exist.

2 Bayesian Incentive Compatible Mechanisms

We consider a set/ of n > 3 agent8. All the private information of agent €
N is represented by his type; which belongs to a finite set (with at least two
elements)4;. An n-vector of possible types is denotednd is an element ol =
[Licy Ai-

The utility function of agent of type «; is defined over a set’ of public
decisions, and utility is “transferable”: far € X and a monetary transfer € R,
his utility is u;(z; ;) + t;. Some of our results hold when utility functions have
the more general form; (z; ) + ¢;, i.e. mutually payoff-relevar(f25]).

The type of agent also determines his beliefs about the types of the other
agents. When he is of typg they are represented by a probability distribution over
A = Hje./\/'fi Aj;, the set of the possible types of the other agents. A generic
element of4_; will be denotedx_;; we will sometimes use the notation_;_; €
A_;_; to denote a vector of possible types of all agentsiband;. We assume
that there exists a probability distributiprover.A such that the beliefs(a_; | «;)
of agenti of type «; are obtained by conditioning with respect ton; (the be-
liefs are “consistent”), and thai(c;) > 0 for all < and all ;. Similarly, for
i # j, the beliefs of agent on the types of agents over than himselfjoare
plai—j|ai) = 3, ca, plai | o). The triplet(NV, A, p) is called aninfor-
mation structure An environmentis composed of an information structure, to-
gether with a set of outcomes and utility functions for the agents and is denoted
({N) A, p}, X {uitien).

A public decision rules is a function fromA into X: for a vectora of
types the public decision(«) is taken. It isefficientif >, ui(s(a);a;) >

5See [5].
SWhenn = 2, conditionC is equivalent to independence of types, and condiBiomever holds
(see [5]).



Y ien ui(zsaq) foralla € Aand allz € X

The problem is to implement a decision rulevhen the decision mechanism
must be based on private information revealed by the agents. Invoking the reve-
lation principl€, we restrict ourselves tdirect mechanisms which agents are
induced to truthfully reveal their type to the planner; such a direct mechanism is
defined by a decision rule: A — X and a transfer rule: A — R".

We will say that an information structufé/, A, p) guarantees implementation
of efficient public decision rulésfor every outcome sé&tY, every utility functions
u; : X x A, — R, i =1,...,n, and any efficient public decision rute we can
find a transfer rul¢ which balances the budgsite., that satisfie$ ; \ t;(a) = 0,
for all &« € A, and such that the associated direct mecharisit) satisfies the
Bayesian incentive compatibiliy31C') constraints

> plasi| i) [ui(s(ai, a); i) + (o, ay)] 1)

a_;EA_;

> Y plo | o) [wls(@, o) ) + (@, )]
a_;€A_;

for all i € N, and alla; anda; € A. Strict implementationis obtained when
all (BIC)-inequalities hold strictl§. If, in the preceding definition, “any efficient
decision rule” is replaced by “any decision rule”, the information structjuray-
antees implementation of all decision rules

In this framework, most effort in the literature has been devoted to finding
information structures that guarantee implementation of efficient public decision
rules with no additional restriction on the utility functions. We keep this ap-
proach. We introduce no individual rationality constraint. However, all our re-
sults hold true if we add aex anteindividual rationality constraint of the form
> neapl@) [ui(s(a); os) + ti(a)] > 0, as long as there is a status quo decision
that guarantees each agent a utility of 0. This is appropriate for many applica-
tions in which the contract is signed before the agents acquire information about
their types. For instance, this model has been used to study agreements to reduce
pollution ([17]), joint research ventures ([10,6]), and the contracts between a firm
and suppliers ([29,30,16]). In all these cases, it is assumed that the parties have
symmetric but imperfect information before contracting, and acquire private infor-
mation aftwerwards. The same dynamic of information acquisition is supposed
in the recent theory of the core solution concept in cooperative games of incom-
plete information €.g, [18]) using balanced Bayesian mechanisms (and some of
the conditions presented below) to represent the bargaining that takes place within
coalitions.

"For a statement and references see [21].

8Because we have only a finite set of types, only a finite subset of decisions are really relevant.
The fact that the sek’” varies does not create any difficulty, and we could keep it fixed without
changing the results if its cardinality was at least equal to that.of

°Notice that we have imposed no uniqueness of equilibrium requirement. In [8], we show how
equivalent mechanims with a single equilibrium can be constructed in nearly all environments.



3 Conditions that guarantee implementation of efficient
decision rules

Many conditions have been introduced to guarantee implementation of efficient
public decision rules. We will review them, but we start by introducing a condition
that will turn out to be weaker than all others, and that we call condifidrecause

a simple duality argument shows it to be equivalent to a condition introduced by
[5] to which we shall refer here as conditf@rC*. It simply states that beliefs are

such that we can collect from the agents any aggregate transfer, dependent on the
state of nature, without inciting them to lie.

3.1 ConditionC

An information structure satisfieonditionC' if and only if for every functionR :
A — R, there exists a transfer rut€ such that for alb € A

Z t¥(a) = R(a) (2)

iEN

and such that for all € A and allo; anda; in A;, a; # a;, we have

Y tf(amaplasilai) = Yt (o d@)plasi | i) (3)

a_;€A_; a_€A_;

We show next that conditio6 is both necessary and sulfficient to ensure that
any BIC-mechanism can be modified into a BIC-mechanism that balance the bud-
get'l. To state this formally, we will say that an information structgterantees
budget balancef, given any sett’ of public decisions and any utility functions
{u;}ienr, there exists, for any BIC-mechanig® t), another transfer rul€ that
balances the budget and such that') is also a BIC-mechanism.

Lemma 1 An information structure guarantees budget balance if and only if it
satisfies conditiond'.

Proof. Given X and{u;};cns, consider an information structusgV’, A, p)
that satisfies conditiod’ and a BIC-mechanisrfs, t). Let R = — > ._\-t;. By

1n the consistent case, conditi6li is: If, Va € A, Vi € N,

[p (i | i) ; Ai (i, ) = ; Ai (0, @) p (i | @u)] = K (),
forsomel); : A; x A; — R4 (1 = 1,...,n) andx : A — R, thenk must be identically zero. To
obtain thecompatibility conditiorof [4], just replace each; (&;, o) by \; (ai, &;) on the left hand
side of the equalities. It was shown to be strictly weaker thady [25]. Through a counterexample,
[11] shows that theegularity conditionin [27] does not imply the compatibility condition. However,
as we shall prove, it does imply conditidr .
11125 Proposition 5.4] proves this result for conditi6fi, but the argument is more intricate.



conditionC, there exists a transfer rut€ that satisfies (2) and (3). The transfer
rulet’ =t + t© balances the budget and provides the correct incentives.

To show the reverse implication, consider an information struditfeA, p)
that guarantees budget balance. Choose any fun&tiosl — R. Pick a payoff
structure and a decision rukesuch thatu;(s(«); a;) = R(«a)/n for all o and
all ;. Itis easy to verify that if we sét(a) = —R(«)/n for all «, the inequalities
(BIC) hold (with both sides being equal to each other).

Because budget balance is guaranteed, there exists a transfer funittain
satisfies (1) (with replaced by) for all o, all &; and alli, as well asy"; (o) = 0
for all .. The transfers”, with &' (o) = u;(s(); o) +ti(a) = (R(a)/n)+ti(a),
satisfy (2) and (3), which proves the restim

Lemma 1 yields an immediate proof of the following theotém

Theorem 1 Any information structure that satisfies conditichguarantees im-
plementation of efficient decision rules.

Proof. Consider anyY, any {u;};,c» and any efficient decision rule The
(BIC) constraints can be satisfied using transfers of the Vickrey-Clarke-Groves
typej.e, t¥ (o) = > uj(s(a); aj), since, as well known, these transfers im-
plement any efficient decision rule in dominant strategies. The result follows from
lemma lm

Notice that the definition of conditioff, as well as the argument of the theorem
(and lemma 1) could be generalized to environments where the sets of types are not
assumed to be finité. However, in the finite case, to verify that conditiérholds,
it is sufficient to show that it can be solved for a finite number of functifins
those which satisl‘*ﬁf(o/)’ = 1 for somea’ € AandR(a) = 0 for all a #

o/. Indeed any functio? : A — % is a positive linear combination of these
functions R. Of course, if we are interested by a specific environment, by the
argument of lemma 1, we can simply start by constructing a BIC-mechdnigin
defineR = — 3", \/ ti, and check whether there exists a transferttitet satisfies
equations (2) and (3). Ifit exists, then the transfer tUte ¢+ balances the budget
and provides the correct incentives.

Finally, in [7], we showed that, with finitely many types, conditi©rholds for
nearly all® information structures (see also [9] for a simpler proof).

21t is clear that, with the definitions modified accordingly, this result holds for mutually payoff-
relevant utility functions. This is not true for the following theorem, which relies on Vickrey-Clarke-
Groves mechanisms.

13This result was first proved for the “compatibility condition” in [4] and for condit@h in [5].
The present proof is much more immediate.

Y1t is much easier fo€ than for the dual conditio* (see [5]).

5By “nearly all” we mean on an open and dense subset of the set of probability distributions
(which is itself a subset dR™, whereK = > ien FRA and# A; is the cardinality ofA;.).



3.2 Other conditions

As known, since d’Aspremont andé@ard-Varet [3] and Arrow [2], guaranteeing
implementation of any efficient decision rule can be obtained by assuming some
form of independence of types. Formally, an ageistsaid to havédree beliefs on

a pair {«;, o} } if for any a_; we havep(a_; | ;) = p(a—; | o}). Agenti has

free beliefdf he has free beliefs on all pairs of typdadependence of typéwlds

when all agents have free beliefs. Independence of types implies that cordition
holds. As shown below, it holds even if only one agent has free belietn{ér

and Riordan [15] had shown directly that, in this case, it is possible to implement
efficient decision rules).

Interestingly, the other conditions introduced in the literature and shown to
guarantee implementation of efficient decision rules limit in some ways the degree
of independence between the types.

The first of these conditions is Matsushima [2&§ularity condition which
holds if, for some pair of agents, j), the vectors{p(a_;_; | O‘i)}a,i,ieA,i,;
are linearly independent (note that, for a given gaiy), the dimension of these
vectors is equal to the cardinality of the skt;_;, and their number is equal to the
cardinality of A;).

Later, Chung [11] analyzedweak regularitycondition, which is equivalent to
Assumption I(i) in Aoyagi [1]. It holds if there exists a pair of agefitsj) such
that, for all pairs(;, o)) in A; x A;,

{ploizj l i)}y ea, , #{Plomizj|oi)}a ea ;.

Finally, Fudenberg, Levine and Maskin [19,20] introduced the “pairwise identi-
fiability condition”. For anyi € N/, anya € A, and any “deviation?;(a;) (a func-
tion from A; into itself), definep(a; = «a;,a—;) = Z{a<|&i(a<):ai}p(ag,a,,-),

and the A;| ! x | A matrixII; = [p(@; = @, 0—;)] (5, o) (LL; is indexed both by
the set of deviations and). Let

H‘
m={ g |

An information structure satisfigmirwise identifiabilityif rank IT;; = rankII; +
rank IT; — 1 for every pair of agentsi, j): deviations from truth telling by two
agents generate sufficiently different probability distributions ontiteple of re-
ports that a deviating agent can be identified.

As the following theorem shows, conditiai is more general than all these
conditions.

Theorem 2 An information structuré N, A, p) satisfies conditior” if any of the
following conditions holds: (i) at least one agent has free beliefs, (ii) weak regular-
ity (or regularity) is satisfied, (iii) pairwise identifiability is satisfied. Furthermore
conditionC is strictly less restrictive than these three conditions.

6



Proof. (i) If an agent: has free beliefs, say(a_;), we can easily construct
transfers to satisfy equations (2) and (3). For &)pomei and allj # i, let:

ti(o) = R(o) = > A, R(a/;, a;)p(c’_;) and

ti(0) = [Co_ca, R0/ an)p(a’ ))/(n —1).

(ii) As proved by Aoyagi [1], weak regularity (which is obviously implied by
regularity) guarantees budget balance, and therefore implies condit{by our
lemma 1). Furthermore, weak regularity is clearly more restrictive, since it is in-
compatible with independence of types, which impli&®

(iii) Furthermore, [20, lemma 1] shows that pairwise identifiability guarantees
budget balance. Hence it implies conditiéh To show thaiC' is strictly less re-
strictive, consider the following example. LgVN, A, ¢} be an information struc-
ture, and fori = 1,2, letQ; = [¢(a; = ai,a_i)](&m_i) . Assume that the rank of
the matrix

Q1 }

Q2 = [ 0

is strictly smaller thamank Q1 + rank Q2 — 1, so thaty does not satisfy pairwise
identifiability'’. Add now an ager, so that we have a new information structure
{NU{0}, A x Ay, p}, with p (a_g, ) = q(a—o)r(ap), Wwherer is a probability
distribution overAy. Defining the matrice$l; andll; as above, it is straigthfor-
ward thatrank Iy = rank @1, rankIls = rank (Yo andrank II;5 = rank Qqs.
This implies thap does not satisfy pairwise identifiability, but it does satisfy con-
dition C, since agend has free beliefa

It should be stressed, finally, that conditi6hcan hold even when no agent
has free beliefs (witm > 3); indeed, conditionB introduced in the next section
requires that there is no free beliefs and it implies condi@ion

4 Conditions guaranteeing implementation of all decision
rules

Sometimes a mechanism designer does not only try to maximize the interests of
the participants in a mechanism; this will happen, for instance, if the participants
in the mechanisms are representatives of the agents whose welfare the mechanism
designer cares about, and if the incentives of the representatives are not perfectly
aligned with the welfare of the agents. In order to study this problem, we will use
another condition, calledondition B, which was introduced by d’Aspremont and
Geérard-Varet [5]. It assumes that there exists a balanced tranfetfidech that

forall i € N and allo; anda; in A;, o; # a; we have:

Yo o) plasi|a)> D tPa,d@)pla|a).  (4)

a— €A a_€A_;

18section 4 shows further that weak regularity is stronger tfiamd no independence of types.
YSuch information structures exist.



Condition B is important because of the following theorem (which remains
valid in the mutually payoff-relevant case).

Theorem 3 Condition B is necessary and sufficient for an information structure
to guarantee the implementatitiof all decision rules.

Proof. It is straightforward to show that conditidBi is sufficient: for any envi-
ronment one can multiply the transfefsby a sufficiently large positive number to
ensure that the incentives for truthtelling derived from (4) dominate any incentives
from misrepresentation stemming from the desire to change the public delsion.

To prove necessity, choose afiya) € N x A;, and a decision rule
that satisfy® w;(s(a_i,a?);al) = —1 for all a_;, andu;(s(a);a;) = 0 if
(j, o, @) # (i,af,a?). Because the decision rulecan be implemented, there
exists a balanced transfer functigh®) that satisfies

S plasilad) [19 0 0f) — i (0 s d)] > )
a_;eA_;
Z pla_; | a?) [ul(s (i, @) ;a?) — (s (a_i,a?) ;a?)} =1
a_;EA_;

for all &; # «?, and

) [£EBeD oy e ] S 6
Z pla—j | a;) t; (a—j, ) t; (a—j,a5)| > (6)
aij.Afj
> placg | ag) fuj(s (o, d@5) 5 05) = ujls (aj, 05) 505)] = 0
aij.Afj

forall (j, o) # (i,a?) anda; # a.

The result is proved by repeating this construction for evesy A/ and ev-
ery o) € A;, and, using equations (5) and (6), showing that the balanced budget
transfer rule obtained by summing thé>?)'s over alli € A and alla? € A;
satisfies (4)m

Theorem 3 provides a characterization of the set of information structures in
which asymmetry of information does not restrict the implementation of public de-
cisions. When an information structure does not satisfy conditipa mechanism

18Note that theorem 3 also holds if “implementation” is replaced by “strict implementation”.

1%This technique used here is similar to the techniques used &p&@rand McLean [13,14], in
the case of auctions. The mechanism designer convinces the agents to announce their true types by
making them “bet” on the announcements of the others. This can only yield truthful revelation when
the agents’ beliefs about the others depend on their own types.

Ot is possible to find an environment where such a decision rule exists. Chvesdzo, =1},
ui(wo;a?) = —1, ui(atl;a?) =0,u;(z;a;) =0forallz € X and all; # a?, u;(z; o) = 0 for
all j # 4, allz € X and alla;;. We are implementing a decision rule that minimizes the sum of the
utilities of the agents!



designer will know that he must rely on properties of the information structure
and of the utility functions (such as knowing that the decision rule is efficient).
Theorem 3 also has a constructive side: its sufficiency part provides a method for
building BIC-mechanism$!

Itis easy to see that conditidn is incompatible with free beliefs, which would
imply that the two sides of equation (4) are equal. But condiffois not simply a
condition on the absence of free beliefs as there exist information structures where
no agent has free beliefs, and which do not satisfy condidfP]). On the other
hand, Aoyagi [1] proposes strict regularity conditionadding to weak regularity
the requirement that no agent has free beliefs on any two types. He shows that this
condition guarantees implementation of all decision rules.

More precisely, the relationship between free beliefs, condiBprrondition
C and the strict regularity condition is summarized in the following theorem. In
the proof, to construct the transfe‘rﬁ, we will use the “scoring rules” method
introduced by Good [22], discussed by Savage [31], and applied to Bayesian im-
plementation in [25].

Theorem 4 An information structuré \', A, p) satisfies conditiom if and only if
it satisfies conditior”’ and there exists no agent with free beliefs on any two of his

types.
The strict regularity condition is strictly more restrictive than conditiBn

Proof. Only the “if” part remains to be proved. Assume thaf, A, p) satisfies
C and that no agent has free beliefs on two types. Fakmall enough and define
the transfer rul@ by 0;(a) = logp(a—; | o) if pi(a—; | ay) > 0 andé;(o) = ¢
if pi(a—; | @;) = 0. Then the following strict inequalities are easily verified due to
the strict concavity of the functiolvg

Z pi(a_i ‘ ai)e(a_i,ai) > Z pi(Oé_i ‘ ai)Q(a_,»,&i)

a— €A a_;€A_;
for all (o, @;) € A2

DefineR by R(a) = — >, 0i(c) for all a. Because the information struc-
ture satisfies”, there exists a transfer rut€’ satisfying equations (2) and (3). For
all o, lettB(a) = 0;(a) + t¥(a). The transfer rule? is balanced and satisfies
equation (4), and therefofgV, A, p) satisfies conditiorB.

[1, theorem 1] shows that strict regularity @, .4, p) guarantees implemen-
tation of any public decision rule. Hence, by theorem 3, it satisfies condgioro
show that it is strictly more restrictive tha®, consider the following information
structure(\V, A, p), whereN' = {1,2,3} and A; = {1,2,3} for all i. Letp be

2IThis constructive argument can be transposed to environments where the sets of types are not
finite, at least assuming thaip, ,, . |ui(s(a—i, o); i) — ui(s(a—i, a;); ;)| is bounded.

In some cases, these mechanisms might have unpleasant properties as they could require large side
payments; then, other techniques for finding mechanisms could be used.



equal to0 if and only if exactly two of the agents have a type equal to eithar3;
for all other states of nature Igtequall/15 (so thatp(1,1,2) = p(3,1,3) = 0
butp(1,1,1) = p(1,3,2) = 1/15). This information structure is symmetric in the
agents and in the typdsand3 for each agent. For allwe have

plaglai=1)}, ca, = 0y [ai=3)}, ca, = (1/4,1/2,1/4),

which contradicts weak regularity. To show that conditiBnholds, define the
transfer rulet? as follows:

tP(1,1,1) = t7(2,2,2) =t7(3,3,3) = (0,0,0);
t7(1,2,3) = (1,-2,1); t7(1,2,2) =" (3,2,2) = (8, —4,—4);
t8(1,1,2) = t7(3,3,2) =t%(1,1,3) =P (3,3,1) = (-8, -8,16).

All other transfers are constructed by permutations on the agents (for example:
t8(2,1,3) = (-2,1,1)). The transfer rule” is clearly balanced and may be
checked to satisfy (4). The result follof¢sm

As a final remark, notice that the “scoring rule” used in the theorem suggests
an easy technique to construct more generally the transfet ¥uémsuring con-
dition B. Consider an information structufdV’, A, p) and let addition and sub-
traction on the indices of agents be defined modulso thatn + 1 = 1 and
1 —1 = n. For alls, all ;, and alla;, we assume (and this holds generic&)y
either thatp;(a_;_;—1y | @i) # pi(a_i_—1) | &) for somea_;_;;_,), or that
pio_i— i1y | i) # pi(a_i—(it1) | @) for somea_;_ ;4 1). Definet” (a) by

t7 () = llog pi(a—i—i—1y | o) —logpi(ai—1y—i | cvi1)]
+ [logpi(a—i—(iy1) | i) —logpi(a_(iy1)—i | cig1)].

The negative terms are constantinand do not influence the incentives of agént
but they ensure that the rule is balanced. The strict concavity of the funktgon
implies that for all and allc;, inequality (4) holds, and therefore that conditiBn
is satisfied.
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