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Abstract

We consider testing the significance of a subset of covariates in a nonparamet-
ric regression. These covariates can be continuous and/or discrete. We propose
a new kernel-based test that smoothes only over the covariates appearing under
the null hypothesis, so that the curse of dimensionality is mitigated. The test
statistic is asymptotically pivotal and the rate of which the test detects local
alternatives depends only on the dimension of the covariates under the null hy-
pothesis. We show the validity of wild bootstrap for the test. In small samples,

our test is competitive compared to existing procedures.
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1 Introduction

Testing the significance of covariates is common in applied regression analysis. Sound
parametric inference hinges on the correct functional specification of the regression
function, but the likelihood of misspecification in a parametric framework cannot be
ignored, especially as applied researchers tend to choose functional forms on the basis
of parsimony and tractability. Significance testing in a nonparametric framework has
therefore obvious appeal as it requires much less restrictive assumptions. M),
Iﬁnjmiﬂ (|19_9d) ,IB.&QLU&J (Il99.ﬂ) IQb_eujndﬂA dl&ﬂ),h.‘amgnund&mg (|2£)Dd),
LAj_t;Sahalia_@jJ.J (lZDﬂ]J), and Illd.g.amndﬁp_uzalezw (lZDﬂ]J) proposed tests

of significance for continuous variables in nonparametric regression models. Delgad

(|L9_9_3,), Dette and NQ]]IHQ;@LI M), Lawrgné M), Neumeyer and DQLLA (IQJLOA)
Racine et al. Nolgushey et al.

) focused on significance of discrete variables.

(@) considered significance testing in nonparametric quantile regression. For each
test, one needs first to estimate the model without the covariates under test, that is
under the null hypothesis. The result is then used to check the significance of extra co-
variates. Two competing approaches are then possible. In the “smoothing approach,”
one regresses the residuals onto the whole set of covariates nonparametrically, while in
the “empirical process approach” one uses the empirical process of residuals marked
by a function of all covariates.

In this work, we adopt an hybrid approach to develop a new significance test of a
subset of covariates in a nonparametric regression. Our new test has three specific
features. First, it does not require smoothing with respect to the covariates under
test as in the “empirical process approach.” This allows to mitigate the curse of
dimensionality that appears with nonparametric smoothing, hence improving the power
properties of the test. Our simulation results show that indeed our test is more powerful
than competitors under a wide spectrum of alternatives. Second, the test statistic is
asymptotically pivotal as in the “smoothing approach,” while wild bootstrap can be
used to obtain small samples critical values of the test. This yields a test whose level
is well controlled by bootstrapping, as shown in simulations. Third, our test equally
applies whether the covariates under test are continuous or discrete, showing that there

is no need of a specific tailored procedure for each situation.



The paper is organized as follows. In Section 2, we present our testing procedure. In
Section 3, we study its asymptotic properties under a sequence of local alternatives
and we establish the validity of wild bootstrap. In Section 4, we compare the small

sample behavior of our test to some existing procedures. Section 5 gathers our proofs.

2 Testing Framework and Procedure

2.1 Testing Principle

We want to assess the significance of X € R? in the nonparametric regression of Y € R

on W € RP and X. Formally, this corresponds to the null hypothesis
Hy :EY |WX]|=E[Y | W] as.

which is equivalent to
Hy :Eu| W, X]=0 as. (1)

where u =Y —E[Y | W]. The corresponding alternative hypothesis is
H :P{E[u| W X]=0}<1.

The following result is the cornerstone of our approach. It characterizes the null hy-

pothesis Hy using a suitable unconditional moment equation.

Lemma 1. Let (W5, X3, uy) and (W, Xa, ug) be two independent draws of (W, X, ),
v(W) a strictly positive function on the support of W such that E[u*v*(W)] < oo,
and K(-) and ¥(-) even functions with (almost everywhere) positive Fourier integrable

transforms. Define
1 (h,) = [UﬂLQV (Wl) v (Wg) h™PK ((Wl - WQ) /h) Ip (Xl - XQ)] .

Then for any h > 0,
Eu|W,X]=0 a.s. < I(h) =0.



Proof. Let (-,-) denote the standard inner product. Using Fourier Inversion Theorem,

change of variables, and elementary properties of conditional expectation,

I(h)
= E [u1u2u (W) v (Ws) /R ) 2t Wa=Wo) TR (th) dt

« /R §2mile, Xi=X2) £ 4] (5) ds}
= /R : E [E[u| W, X]v (W) ttWi+isX] \2]-"[K] (th) F [¢] (s) dtds .
Since the Fourier transforms F [K] and F [¢] are strictly positive, I(h) = 0 iff
E[Eu| W, X]|v(W)e2rtEWitsXi =g v s,

But this is equivalent to E [u | W, X]v (W) = 0 a.s., which by our assumption on v(-)

is equivalent to H,. O

2.2 The Test

Lemma [1 holds whether the covariates W and X are continuous or discrete. For now,
we assume W is continuously distributed, and we later comment on how to modify
our procedure in the case where some of its components are discrete. We however do
not restrict X to be continuous. Since it is sufficient to test whether /(h) = 0 for any
arbitrary h, we can choose h to obtain desirable properties. So we consider a sequence
of h decreasing to zero when the sample size increases, which is one of the ingredient
that allows to obtain a tractable asymptotic distribution for the test statistic.

Assume we have at hand a random sample (Y;, W;, X;), 1 < i < n, from (Y, W, X).
In what follows, f(-) denotes the density of W, r(:) = E[Y | W =], u =Y —r(W),
and f;, r;, u; respectively denote f(W;), r(W;), and Y; — r (W;). Since nonparametric

estimation should be entertained to approximate u;, we consider usual kernel estimators



based on kernel L(-) and bandwidth g. With L,; = L (MT>’ let

.]Ei = n_l Z Lmka

ki k=1
11 "
T, = ——— Yy L
fz(n_1> ka;:l
X 11 a
sothat @, = Y, —7 = ——— Z (Y: — Yi) Lo, -

filn—1) ki k=1

Denote by n{™ the number of arrangements of m distinct elements among n, and by
[1/nm]3" | the average over these arrangements. In order to avoid random denomi-
nators, we choose v (W) = f (W), which fulfills the assumption of Lemma [l Then we
can estimate I (h) by the second-order U-statistic

~

1 L
I, = mzﬁifiﬁjfjffmj%
= ZZZ Y Yk Y Y) kan]le]@Z)wa

2)
n( a k#i l#j

with K,;; = 1 —K <Wl WJ) and ¢;; = ¥ (X; — X;). We also consider the alternative
statistic

~ 1
L= —5 > (Yi = Yi) (Y; = YD) Lyit Lot Kigthy -

a

It is clear that I, is obtained from I, by removing asymptotically negligible “diagonal”
terms. Under the null hypothesis, both statistics will have the same asymptotic normal
distribution, but removing diagonal terms reduces the bias of the statistic under H,.
Our statistics I, and I, are respectively similar to the ones of [Fan and Li (|L9_9d) and

Lavergne an ng M), with the fundamental difference that there is no smoothing

relative to the covariates X. Indeed these authors used a multidimensional smooth-
ing kernel over (W, X), that is h~®tO K ((W; — W;) /h, (X; — X;) /h), while we use

Kpijthij. For I, being either I, or 1,,, we will show that nh?/2I, —>N(O w?) under
Hy and nh?/2I, -2 0o under Hj. By contrast, the statistics of Mﬁ m and

) exhibit a nh®+9/2 rate of convergence. The alternative




test of [Del n nzalez Mantei M) uses the kernel residuals 4; and the em-
pirical process approach of ). This avoids extra smoothing, but a the cost
of a test statistic with a non pivotal asymptotic law under H,. Hence, our proposal
is an hybrid approach that combines the advantages of existing procedures, namely
smoothing only for the variables W appearing under the null hypothesis but with an
asymptotic normal distribution for the statistic. Given a consistent estimator w? of

w?, as provided in the next section, we obtain an asymptotic a-level test of Hy as

Reject Hy if nhp/2ln/wn > Zi_a,

where z;_, is the (1 — «)-th quantile of the standard normal distribution. In small
samples, we will show the validity of a wild bootstrap scheme to obtain critical values.
The test applies whether X is continuous or has some discrete components. The
procedure is also easily adapted to some discrete components of WW. In that case, one
would replace kernel smoothing by cells’ indicators for the discrete components, so
that for W composed of continuous W, of dimension p. and discrete Wy, one would use
h=Pe K (W) I(W;q = Wjq4) instead of K,,;;. It would also be possible to smooth

on the discrete components, as proposed by Ea&;mund_LJ (|2£)D_4|) To obtain scale

invariance, we recommend that observations on covariates should be scaled, say by

their sample standard deviation as is customary in nonparametric estimation. It is
equally important to scale the X; before they are used as arguments of ¥(+) to preserve
such invariance.

The outcome of the test may depend on the choice of the kernels K (-) and L(-), while
this influence is expected to be limited as it is in nonparametric estimation. The
choice of the function ¢ (-) might be more important, but our simulations reveal that
it is not. From our theoretical study, this function, as well as K (-) should possess an
almost everywhere positive and integrable Fourier transform. This is true for (products
of) the triangular, normal, Laplace, and logistic densities, see me M),
and for a Student density, see @ (@) Alternatively, one can choose ¥(x) as a

univariate density applied to some transformation of x, such as its norm. This yields

(x) = g (||z||) where g(-) is any of the above univariate densities. This is the form we

will consider in our simulations to study the influence of (+).



3 Theoretical Properties

We here give the asymptotic properties of our test statistics under Hy and some local

alternatives. To do so in a compact way, we consider the sequence of hypotheses
Hy, : EY | W, X]=r(W)+,d(W,X), n>1,

where d(-) is a fixed integrable function. Since r (W) = E[Y | W], our setup imposes
E[d(W,X)| W] = 0. The null hypothesis corresponds to the case 6, = 0, while

considering a sequence 9,, — 0 yields local Pitman-like alternatives.

3.1 Assumptions

We begin by some useful definitions.

Definition 1. (i) UP” is the class of integrable uniformly continuous functions from R?
to R;

(ii) DP is the class of m-times differentiable functions from R? to R , with derivatives
of order [s] that are uniformly Lipschitz continuous of order s — |s], where |s]|

denotes the integer such that |s] < s < [s| + 1.

Note that a function belonging to U? is necessarily bounded.

Definition 2. K7 ' m > 2, is the class of even integrable functions K : R? — R with
compact support satisfying [ K (t)dt =1 and, if ¢t = (t1,...,1,),

p
/t‘f‘l...t;pK(t)dt:O for 0<E a<m-—1,a €N Vi
Rp i=1

This definition of higher-order kernels is standard in nonparametric estimation. The
compact support assumption is made for simplicity and could be relaxed at the ex-
pense of technical conditions on the rate of decrease of the kernels at infinity, see e.g.

Definition 1 in I.&m&ud_d (|l&9d) In particular, the gaussian kernel could be allowed

for. We are now ready to list our assumptions.




Assumption 1. (i) For any x € R? in the support of X, the vector W admits a
conditional density given X = x with respect to the Lebesque measure in RP, denoted
by m(- | ©). Moreover, E[Y®] < co. (i) The observations (W;, X;,Y;), i =1,--- n are
independent and identically distributed as (W, X,Y").

The existence of the conditional density given X = x for all x € R? in the support of
X implies that W admits a density with respect to the Lebesgue measure on RP. As
noted above, our results easily generalizes to some discrete components of W, but for

the sake of simplicity we do not formally consider this in our theoretical analysis.
Assumption 2. (i) f(-) and r(-) f(-) belong to U? "D, s > 2;
(if) E[u® [ W =] f(), Elu* |W =]f*(:) belong to U";

(iii) the function 1 (-) is bounded and has a almost everywhere positive and integrable

Fourier transform;

(iv) K (-) € K% and has an almost everywhere positive and integrable Fourier trans-

form, while L (-) € KI and is of bounded variation;

(v) let o*(w,z) = E[u? | W =w, X = z], then o2 (-,z) f>(-)7 (- | z) belongs to UP for
any x in the support of X, has integrable Fourier transform, and
E[o" (W, X) f* (W) (W | X)] < ooy

(vi) E[*(W, X) | W = -]f2(:) belongs to UP, d(-,z)f ()7 (- | x) is integrable and
squared integrable for any x in the support of X, and
E[@ (W, X) f2 (W) = (W | X)] < oo,

Standard regularity conditions are assumed for various functions. A higher-order kernel

L(-) is used in conjunction with the differentiability conditions in (i) to ensure that the

bias in nonparametric estimation is small enough.

3.2 Asymptotic Analysis

The following result characterizes the behavior of our statistics under the null hypoth-

esis and a sequence of local alternatives.



Theorem 1. Let I,, be any of the statistics fn or I,,. Under Assumptions[l and[3, and
if asm — oo (i) g,h — 0, (i) n/8g?/Inn, nh? — oo, (iii) nh??¢g* — 0, and (iv)
h/g—0if I, =1, or h/g> = 0 if I, = I,,, then

() If 2nh?/2 = C with 0 < C < oo, nh?/2I,~% N (Cpu,w?) where

uw=E {/d(w,Xl)d(w,Xg)fz(w)ﬁ(w | Xp) 7 (w | Xo) v (X7—Xo)dw| >0

and w® = 2/K2(s) ds
B | [0 (0,X0) 2 (0. X0) £ 1) 0] X0) 7 00| )02 (X Xa) o]

(ii) If 62nh?/?> — oo, nh?/1, = .

The rate of convergence of the test statistic depends only on the dimension of W,
the covariates present under the null hypothesis, but not on the dimension of X, the
covariates under test. Similarly, the rate of local alternatives that are detected by the
test depends only on the dimension of W. As shown in the simulations, this yields
some gain in power compared to competing “smoothing” tests. Conditions (i) to (iv)
together require that s > p/2 for I, = I, and s > p/4 for I, = 1,,, so removing diagonal
terms in I, allows to weaken the restrictions on the bandwidths. Condition (ii) could
be slightly weakened to ng? — oo at the price of handling high order U-statistics in
the proofs, but allows for a shorter argument based on empirical processes, see Lemma

in the proofs section.

To estimate w?, we can either mimic [Lavergne and Vuong (M) to consider

,  2hP
2= =5 2 (V= Yi) (¥ = i) (¥ = Y0) (¥ = Y0) Luis L Lo Lo K230

or generalize the variance estimator of [Fan and Li M) as

2hP
~9 ~2 £2 2 F2 12
Wp = TL(2 Z f any

The first one is consistent for w? under both the null and alternative hypothesis, but

w

the latter is faster to compute.



Corollary 1. Let I,, be any of the statistics fn or I~n and let w, denote any of &, or
@n. Under the assumptions of Theorem[d, the test that rejects Hy when nh?/?1, [w, >
Z1—a 18 of asymptotic level a under Hy and is consistent under the sequence of local

alternatives Hy, provided §?nhP/?* — oc.

3.3 Bootstrap Critical Values

It is known that asymptotic theory may be inaccurate for small and moderate samples

when using smoothing methods. Hence, as in e.g. |[Hardle and Mammen (|L9_9j) or

Del n nzalez Mantei 2001), we consider a wild bootstrap procedure to

approximate the quantiles of our test statistic. Resamples are obtained from Y, =
7; + u;, where u; = n;4; and 7; are i.i.d. variables independent of the initial sample
with En; = 0 and En? = En? = 1, 1 < i < n. The n; could for instance follow the
two-point law of IM_MJ dL&Qd) With at hand a bootstrap sample (Y*, W;, X;),

1 <7 < n, we obtain a bootstrapped statistic I with bootstrapped observations Y;*

in place of original observations Y;. When the scheme is repeated many times, the
bootstrap critical value zi_, , at level a is the empirical (1 — «)-th quantile of the
bootstrapped test statistics. The asymptotic validity of this bootstrap procedure is

guaranteed by the following result.

Theorem 2. Suppose Assumptions(, [3, and Conditions (i) to (iii) of Theorem [ hold.
Moreover, assume inf,cs,, f(w) > 0 and h/g* — 0. Then for I} equal to any off;i
and I*,

sup [P [nh?PL jwi < 2 | Y, Wi, X, -+ Yo, Wo, X — @ (2)] 50,

z€R

where ® (+) is the standard normal distribution function.

4 Monte Carlo Study

We investigated the small sample behavior of our test and studied its performances

relative to alternative tests. We generated data through

Y = (W'0)° —W'0+68d(X)+e

10



where W follow a two-dimensional standard normal, X independently follows a ¢-
variate standard normal, € ~ N (0,4), and we set § = (1, —1)" /+/2. The null hypothe-
sis corresponds to ¢ = 0, and we considered various forms for d(-) to investigate power.
We only considered the test based on I, labelled LMP, as preliminary simulation re-
sults showed that it had similar or better performances than the test based on fn We
compared it to the test of Lavergne and Vuong (2000, hereafter LV), and the test of
Delgado and Gonzalez-Manteiga (2001, hereafter DGM). The statistic for the latter

test is the Cramer-von-Mises statistic

2
n n
> |Safnon <w 1< x|
i=1 Lj=1

and critical values are obtained by wild bootstrapping as for our own statistic. To
compute bootstrap critical values, we used 199 bootstrap replications and the two-

point distribution

P<m:1—\/5>:5+¢57P<m:1+¢5>:5—¢5.

2 10 2 10

For all tests, each time a kernel appears, we used the Epanechnikov kernel applied
to the norm of its argument u, that is 0.75 (1 — ||u||2) 1{|lul]| <1}. The bandwidth
parameters are set to g = n~'/% and h = ¢n=2/6, and we let ¢ vary to investigate the
sensitivity of our results to the smoothing parameter’s choice. To study the influence
of ¥(+) on our test, we considered 1(x) = [ (||z||), where I(-) is a triangular or normal
density, each with a second moment equal to one.

Figure [ reports the empirical level of the various tests for n = 100 based on 5000
replications when we let ¢ and ¢ vary. For our test, bootstrapping yields more accurate
rejection levels than the asymptotic normal critical values for any bandwidth factor ¢
and dimension ¢. The choice of ¥(-) does not influence the results. The empirical level
of LV test is much more sensitive to the bandwidth and the dimension. The empirical
level of the DGM test is close to the nominal one for a low dimension ¢, but decreases
with increasing q.

To investigate power, we considered different forms of alternatives as specified by d(+).
We first focus on a quadratic alternative, where d (X) = (X’8 —1)* /v/2, with g =
(1,,1,,...)"/ V/q. FigureRlreports power curves of the different tests for the quadratic

11



alternative, n = 100, and a nominal level of 10% based on 2000 replications. We also
report the power of a Fisher test based on a linear specification in the components of
X. The power of our test, as well as the one of LV test, increases when the bandwidth
factor ¢ increases. This is in line with theoretical findings, though we may expect this
relationship to revert for very large bandwidths. Our test always dominates LV test,
as well as the Fisher test and DGM test, for any choice of ¢ and any dimension q.
The power of all tests decreases when the dimension ¢ increases, but the more notable
degradation is for the DGM test. In Figure 3] we let n vary for a fixed dimension ¢ = 5.
The power of all tests improve, but our main qualitative findings are not affected. It
is noteworthy that the power advantage of our test compared to LV test become more
pronounced as n increases. In Figure ] we considered a linear alternative d (X) = X'
and a sine alternative, d (X) = sin(2X’f). Our main findings remain unchanged.
For a linear alternative, the Fisher test is most powerful as expected. Compared to
this benchmark, the loss of power when using our test is moderate for a large enough
bandwidth factors c¢. For a sine alternative, our test is more powerful than the Fisher
test for ¢ = 2 or 4.

We also considered the case of a discrete X. We generated data following
Y = (W6 —W'o+dd(W)1{X =1} +¢

where W and e are generated as before, and X is Bernoulli with probability of success
p = 0.6. We compared our test to two competitors. The test proposed by Lavergne
(2001) is similar to our test with the main difference that ¢(-) is the indicator function,
ie. ¢ (X; —X,;) =1{X; = X;}. The test of Neumeyer et Dette (2003, hereafter ND)
is similar in spirit to the DGM test. The details of the simulations are similar to
above. Figures [} and [0l report our results. Bootstrapping our test and Lavergne’s test
yield accurate rejection levels, while the asymptotic tests and the ND test underrejects.
Under a quadratic alternative, the power of our test is comparable to the one of the
ND test for a large enough bandwidth factor ¢. Under a sine alternative, our test

outperforms ND test in all cases.

12



5 Conclusion

We have developed a testing procedure for the significance of covariates in a nonpara-
metric regression. Smoothing is entertained only for the covariates under the null
hypothesis. The resulting test statistic is asymptotically pivotal, and wild bootstrap
can be used to obtain critical values in small and moderate samples. The test is ver-
satile, as it applies whether the covariates under test are continuous and/or discrete.
Simulations reveal that our test outperforms its competitors in many situations, and

especially when the dimension of covariates is large.

6 Proofs

We here provide the proofs of the main results. Technical lemmas are relegated to the
Appendix.
In the following, for any integrable function §(X), let Fx [0] (u) = E[e=2mX w§ (X)),

u € R?. Moreover, for any index set I not containing ¢ with cardinality ||, define

=== Y L

ki k1

consistent with ﬁ that corresponds to the case where [ is the empty set.

6.1 Proof of Theorem [

We first consider the case I,, = I,. Next, we study the difference between I, and fn

and hence deduce the result for I,, = fn

Case I, = I,,. Consider the decomposition

1
I = % > (ui = ug) () = ) Lnge LnjiFnijtbiy
2
_'_W Z (uz - uk) (Tj - 7’1) LnikLnlenijwij
1
+W Z (15 = 1) (15 — 71) Lt Lnju K i i
= I, + 2, + I3,

13



where

o= 27 2 1 Zu wi fifj Knijibij + @%Zuz (J?f - fi) w; [ Knijthij

n— 3 nl

n—2 1 N : 2
t—m Zuz (fzj - fi) uj (fj - fj) Koijtij — @ Zuifiuanlenijwij

a

p ) 1
) Z u; (fzj - fz) W Ly ji K pijihiy + ) Z Uy L Ly ji K i j05 5

1
n@ Z Witk Linig Ly 1o K 5005

n—2

— 2 o+ 200 + Dol = 23 = 2+ s — i,
and
L, = Zuzfz = 1y) Lnji K i iy + ! Zuz (ffl f) (75 = 11) Lt Knijibi
n(4 Zuk ) Lik LjiKnijtbiy = Ioq + Ioo — Io 3.

In Proposition [I] we prove that, under Hy, I, is asymptotically centered Gaussian
with variance w?, while in Proposition @l we prove that, under H,,,, Iy, is asymptotically
Gaussian with mean g and variance w? provided 62nh?/? converges to some positive real
number. In Propositions[Bland [ we show that all remaining terms in the decomposition

of I,, are asymptotically negligible.
Proposition 1. Under the conditions of Theorem [, nhp/ZIOnﬂN(O,wQ) under Hy.

Proof. Let us define the martingale array { S, m, Frnm, 1 <m <n, n > 1} where S, ; =
0, and
m hp/2 i—1
=> Gni with G, = ——uil, Zu] fiKnijtby,  2<im <n,
i=1

and F, ,, is the o—field generated by {Wi, ..., Wy, Xy, ..., X,,, Y1, ..., Y, }. Thus
nh??Iy, = Sp.n. Also define

AP n i—1 2
ZE Fie 1 = 72201-2&2 (Z ujijnijwij>
(n—1)" = j=1

14



where o? = 0% (W;, X;). We can decompose V2 as

, n i1 i-1
Veo= £l 3 > 0PI Y g fiun i Kt
(n—1)" = =1 k=1
_ 4h” - io_z 2,2 2K72;U
=2 j=1
Shp n i—1 j—1 ,
(n —1)? Z Z oF fRui fiun B i Knintbijhie = A, + B,
=3 j=2 k=1

The result follows from the Central Limit Theorem for martingale arrays, see Corollary

3.1 ofHall and H (|L%_d) The conditions required for Corollary 3.1 of [Hall and Heydé

), among which Vnzi> w?, are checked in Lemma 2 below. Its proof is provided

in the Appendix.
Lemma 2. Under the conditions of Proposition [,

1. A, w2,

2. B,~20,

3. the martingale difference array {G,, ;, Fni, 1 < i < n} satisfies the Lindeberg con-

dition
Ve > 0, ZE I(|Gnil > €) | Fria] 220.
]

Proposition 2. Under the conditions of Theorem [l and Hi,, if 6>nh?/? — C with
0 < C < oo, nh?/?Iy,~55 N (O, w?).

Proof. Let ¢; =Y; —E[Y; | W;, X;] and let us decompose
he2 2

nhp/zl()n = — Z Zuifiujijnij¢ij
i=1 j#i
pr/2 2
= ZZ 5d+€z fz(éd_'_g])fj nzjwzy
=1 j#i
pr/2 8, h?? &
i Z Zsififjijmjwij R ifi (Ond; + 2€5) £ Knijthij
K i=1 j£i " i=1 ji

15



By Proposition I COniH\/' (0,w?). As for C,,, we have

E[C,] = 62nh? R [d; fid; f; K pijti;] = 62nh?/p,

By repeated application of Fubini’s Theorem, Fourier Inverse formula, Dominated Con-

vergence Theorem, and Parseval’s identity, we obtain

Hn = [d1f2d1f2 n12¢12]
— l// (w1, X1) d (we, Xa) f (w1) f(w2) f(wi|X7) f(w2]X>)

— E '/;[d( XO)F ()7 (| X)) Fld (-, Xo) f () (- | Xa)(—t) F[K] (ht)dw(Xl_XQ)]

—>EUf (., X)) f

_ wy
P
X h ( N

(1 X0 () F L Xa) £ () (- | X)) (—8) dt] (X0 — X@]

= E /d(w,Xl)d(w,Xg)f2(w)7T(w\Xl)ﬁ(w\Xg)w(Xl—Xg)dw]

[
~ [[1Fcla

Moreover,

Var [C,] <

w | )] (u)Fx [d(w, ) m(w ] -)] (—U)f[w](U)dU] f* (w) dw

w [ )] () Fly](u) f2 (w) dudw = p

462 hp 5 o
m Z E [di [i dkdlfkflekalwz'kwu}

a

254h

ZE (2 f2dy R R ]

(n —
452h
(n — 1 Z E d fzd f]gkfk nsznjszkwjk]
462 hP
(n—1) 3 ZE d2f25 m’sz’k}

O (5nh) + O (5%) + O (52nh?) + O (32).

Therefore C,, = Cu,, + O, (6,n'/2h?/?) 25 Cp, and the desired result follows.
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Proposition 3. Under the conditions of Theorem [,

(1) nhP1 5 = 6,/nh??0, (1) + 0, (1),

(ii) nh?/%I 5 = o, (1),

(iii) nh?/2I, 5 = §2nh?/%0, (1) + o, (1),

(iv) nhP2Ly 1 = 6,\/nh?0, (1) + 6,/nh?2g°0, (1) + 0, (1),
(v) nh?2Ly5 = 0, (1),

(vi) nh?/2I3 = nh?’?0, (g%) + o, (1).

Proposition 4. Under the conditions of Theorem [1,

(i) nh?/21,, = §2nh?20, (1) + 6,/nh??0, (1) + o, (1),

(ii) nhP/21, 5 = §2nh?/%0, (1) + §,/nh?%0, (1) + 0, (1),

(iii) nh?/2I; 4 = 62nhP/20, (1) 4 6, /mh?/20, (1) + (ng?)"* 0, (1) + 0, (1),

(iv) nh?2Ly5 = 62nh?/%0, (1) + 6,4/nh?/%0, (1) + 0, (1).

The proofs of the above propositions follow the ones in Il@mgnmm_wmg (IZDDd))

For illustration, we provide in the Appendix the proofs of the first statements of each

proposition.

Case [, = fn We have the following decomposition

nWI =n (n— 1)3 fn — vy, = 20V, + nPVs, (2)
1
where ‘/171 = W Z (Y; - Yk) (Y; - Yk) LkanijnZ],lvbm )
1
Vi = 5 D (Y= ¥)) (¥ = Vi) L Luju Konigts
1 2
and Vén = W Z (Y; — Y}) LiZan2]¢2] .

a
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Hence, to show that fn has the same asymptotic distribution as I, it is sufficient to
investigate the behavior of Vi, to V3,. Using Y; = r; + u,, it is straightforward to see

that the dominating terms in Vi, V5, and V3, are

1
‘/13 = W Z (’I"i — T]g) (Tj - Tk) LnikLnijnijwiP

a

1 1
Vag = ) Z (ri = 715) (15 = %) Lnij Lnjn Kpijtij,  Vaz = n@ Z (ri — 7’3‘)2 Liinmj@bij,

a a

respectively. Now

E[Visl]] = E[|(ri — ) (15 — %) Lnik Lnjr K i ]
= O (g ") Ellri = ri| LuaE [|r; — il Kij | Zis Ze]] = O (977)
E[|Vas|] = E[|(ri —15) (rj — &) Lnij LnjrKnij ]

= EE[lr; — relLoge | Z5] [ri — 7] Linij K]
= o(D)E[lri — | LyiyKais] = 0 (977)
E(|Vasl]] = E[(rs —rj)? L2 Knijl]
= O(g™)E[(ri —r))* Kuij] =0 (g7%) .
It then follows that nh?/? (fn - fn) = O, (h"/*g7P) which is negligible if h/g* — 0.
The asymptotic irrelevance of the above diagonal terms thus require more restrictive

relationships between the bandwidths A and g. For the sake of comparison, recall that
Fan and Li (|L&9d) impose hP*9g=2 — 0 while [Lavergne and Vuong (|2011d) require

only h**t9g=? — 0. Since we do not smooth the covariates X, we are able to further

relax the restriction between the two bandwidths.

6.2 Proof of Corollary 1]

It suffices to prove w? — w? = 0,(1) with w? any of @2 or @2. First we consider the
case w? = ©2. A direct approach would consist in replacing the definition of ; fz and
Uj fj, writing @2 as a U—statistic of order 6, and studying its mean and variance. A
shorter approach is based on empirical process tools. The price to pay is the stronger
condition n”/8¢g?/Inn — oo instead of ng? — oo. Let Af; = f; — fi, Atifs = #ifi —1ifi,
and write

ﬂzfz =u;fi + YiAJEi - Afzfz (3)

18



Lemma 3. Under Assumption[d, if r(-)f(-) € UP, L(-) is a function of bounded vari-
ation, g — 0, and n"/3¢P/Inn — oo, then

sup {| A7 fi] + |Afil} = op(1).

1<i<n

The proof relies on the uniform convergence of empirical processes and is provided
in the Appendix. Now proceed as follows: square Equation (), replace 42 ff in the

definition of @?, and use Lemma [ to deduce that

N 2h?
a(2)

Elementary calculations of mean and variance yield

2hP
@ 2GR — o = 0(1),
a(2)

and thus @2 — w? = 0,(1).

2

~ consists of “diagonal” terms plus a term which

To deal with @2, note that @2 — &
is O (n™'@?2). By tedious but rather straightforward calculations, one can check that
such diagonal terms are each of the form n~'g~? times a U—statistic which is bounded

in probability. Hence 02 — &2 = 0,(1).

6.3 Proof of Theorem

Let Z denote the sample (Y;, W;, X;), 1 < i < n. Since the limit distribution is contin-
uous, it suffices to prove the result pointwise by Polya’s theorem. Hence we show that
Vt € R, P [nh?I} jwi < t| Z] — ®(t) = 0,(1).
First, we consider the case I* = I,,. Consider

* 1 A A~ A~ A~

nIV. T m) Z (miths — mrige) (it — mty) Lpir Lnji Knij i

a

2 . N e

+n(4) Z (it — i) (5 — 71) Li Lnji Knijthij
1 .

+—5 Z (i = %) (F5 — 711) it Linj1 K i

n@

= [+2+ I

19



where we can further decompose
x 1 o
S > ity Lot Lngt Kyt
2 -~ A~
1 ~ ~
o 2 i e Lo iy
= I+, + 1

with

) (n—1)° 1 .
Il,l = (n N 3) (n - 4) X n(2) Za:niuinjujfiijnij¢ij

2

1 A
—m X W ZniuinjujLnikLninnij¢ij

1 1 o
_n —4 X n® anuln]ujankLn]kajwu
1 1 R
B (n—3)(n—4) X n® ZniuinjujLninmﬂbij

2, 1, 1
ﬁh,m - ﬁ[mg -

*

= IF — IT 5.
On (n_g) (n_4> 1,1,3

Now let D* = [* — 15, and write

p/2 T* . p/2 ( T* * o
P(m ]"§t|Z> :P(nh (1;0:+Dn)§t|z)

Tk
wn wn

B P(?’th/zfén N nhp/zD: . nht/? (15, + D7) <@2n

Wn, Wn, Wn, wr

It thus suffices to prove that

hP/2 [ ~
P(Mguz) ~ot) B0 VteR,
Wn,FL

he2 D
ol 0p(1), and

Wn,FL .

Wn,FL Wh, LV

nh?/ (I, + Dy) (@n,m - 1)

The first result is stated below.
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Proposition 5. Under the conditions of Theorem [3, conditionally on the observed

sample, the statistic nh?/* I}, &, r1, converges in law to a standard normal distribution.

Proof. We proceed as in the proof of Proposition [Il and check the conditions for a

CLT for martingale arrays, see Corollary 3.1 of IH.a.l]ﬁ.nd_H@dfj (|19ﬁd) Define the

Fom 1<m<n,n> 1} where F ,, is the o-field generated

by {Z, m, ....0m}, Sml =0,and Sy, => " G}, with

i—1

martingale array {

. 2nP? o
Gn,i - n— 1771% anujfiijnij,lvbij .
Jj=

Then

(n—1)° 1 s
Iy, = iU fi ] Knij iy = Sy -
0" (= 3) (n —4) Xn@);”“”ﬂuﬂffﬂ i (n—3)(n—4)"™"

Now consider

Vo= ZE (G2 | Frid]

1—

—_

M

nymi i f2 fi fr B K thij i

n
1=

4hP
(n—1) =

e

(n—1)" =
n i—1

8hP
a2

i=3 j=2 k=1

1

<
— =
B
Il

=

Wi f7f7 K0,
1

J
1

<.

@?njnkag’akﬁ?fjkaninnikwijwik
— A 1B
Note that E [4f | Z] = [n/(n — 1)]E [02] and that

var[4; 7] < 16h2pE [’74 ZZ Z a2a2at 22 FA K2 K2, 0B,

n

< 16h2PIE 224 PR

=2 j=1
4n212’—1

32hpE A2 2A4224 2 2 2
n—l ZZZ f f me]Km,] i'j
=3 i'=2 j=1
= an+Q2n-
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On the other hand,

» 64h?r
BIBZIZ) = D00 D0 S B A K s K et
B i=3 i'=3 j=2 k=1
-1 j—1
64h2p n 1 s b 2 2 .
— (nT Uy [ f fio K i Ko iy Ui

= Q3n + C94n-

Finally the Lindeberg condition involves

S E[GHI(|G;,
=1

> 5) ‘ -7:;:,2‘—1}

1 n

<5 > E[Gh | B
=1

Z n i—1 i—1

16h*PE [n* 45250 B4 02 7
<A Zu?u?uiff‘fff;?KZinZik@D?j o

Tet(n—1)" 4

Tet(n—1)" 4

nij

3202 (4] < L I8 o
BRSSO a2z i 2 2K, K202,

= QSn + Qﬁn-

It thus suffices to show that Q;,, = 0,(1), j = 1,...6. Now, there exist positive random

variables 41, and s, such that A1, + 32, = 0, (1) and
G < (2R YIS L I<i<n and Yh=12€ (L2}

Indeed, ﬁzﬁ = u;f; + Yififi_l <fz - fi) + [f’zfz - Tifi:| = w;f; + Yifivii — 721, where
SUP; <<, |V5i| < ;5 and 7; = 0, (1) by Lemma Bl Hence

i f7 <3 (RS + YRR + ) -

The inequality for & = 2 is obtained similarly. Using these inequalities, one can bound
the expectations of |Q1,] to |Q¢,| and thus show that [Q1,] + -+ - + [Qen| = 0p(1). O

22

Z ﬂ?@?ﬂ?ﬂifff;fj2f/?Km‘jKm‘fjKkam'kwijwi'jwikwm



Next we show (). First we need the following.

JFL p Wn,FL p
Proposition 6. Under the conditions of Theorem [2, AZ — 1 and A: = 1.
Wn FL W, LV

The proof uses the following result, which is proved in the Appendix.

Lemma 4. Under the conditions of Theorem [2, sup,<;<, 0 f; — ul fs| = o, (1), where
ulf = nu; and
s « §:k¢i56:14ﬂk
=Y - =
Zk;ﬁi Lk

Proof. Using Lemma [, we have
;2FL = wy’ 4 0,(1)
where w2 (2 Z u*2u*2f2f2 2,2 Notice that E [w? | Z] = &2 5, and that
Var (wi? — &2 ) = Var (E [wi? = &2 5y | Z]) + E [Var (w)? | Z)]
where the first term is zero and

2 2
Var (w72 | Z) = SV 0T) S g fa fagc, gt

{n2}* 4
Then,
o G — O 1
B [T AL, 2 (1 =1+ 0,(1).
W FL W FL w?[1+ 0, (1)]

. . . . . N % p
Since wy, 1y — Wy, oy, contains only diagonal terms, we deduce that @, /@), 1y — 1. O

We next have to bound Dy, = I ;, — Ig,. For this, let us decompose

ri — T = (Fs — 1) — (Fe — 1) + (ri — 1)

and replace all such differences appearing in the definition of D}. First, let us look at
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I3 which does not contain any bootstrap variable 7. We obtain

* 1 7 r r r
]3 = W Z (’/“i — T’k) (T’j — 7’1) LnikLnlenijwij

a

1
= o0 Z (ri — &) (r5 — 11) Lni Lyt Kb

1 A A
+@ Z (i = 13) (75 = 15) Lt Liji K i)

a

1 -~ A
+W Z (Pk — &) (P = 11) Lik Lyji Knij i

2 .
@ Z (75 = 13) (15 — 11) Lnire Lnji K i i

a

2 R
NG Z (P = &) (15 — 11) Lnin Lt Kb

a

+

2 A A
O] Z (P — 1) (Tj - Tj) Lt Ly ji K 035

a

= ]§,1 + ]§,2 + I§,3 + 2[;4 - 21;,5 - 21;,6'

Next, use the fact that

_ n _ 1 Z i — Tz mz’ —|— n — 1 Zuz’Lmz (5>
i £

i'#i

and further replace terms like 7; — r;. Among the terms I3, to I3g, the term I3,

could be easily handled with existing results in |Lavergne and Vuong (2000). Namely
nh?/?I5, = nh?/*0, (g*) + o0, (1) by Proposition 7 of [Lavergne and Vuong (|24)_Od)
For the other five terms we have to control the density estimates appearing in the
denominators. For this purpose, let us introduce the notation A ( fi ) o < fif ) T it

and write
n | g ((=lDA (f;>—1+(f;> 7 Derbu g g
nobo o (n=1)1, ’ YTy T T

(6)
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Then, we obtain for instance

* ]' "
Iy = W Z (Px = 7%) (1 = 11) Lnik Lnji K il

= Z Z fit (rir — i) (15 — 71) Lokt Lot Lo K i

a(4) k'#k
1
T Z Z A (f R ) (rir = 1) (15 = 11) Lokerr Lt L1 K i
a(4 ) k'£k
T 6 (n— 1) Z Z (f f I ) (Lnik + Lnji + Lk + Lygr)

4) k'#k
X (Tk' - Tk) (Tj - 7“1) Lnkk’LnikLnlenijwij

Z Z fi tuns (5 = 11) Lo Ly Lt Kot

a(4) k'#k
Z Z Af g (15— 1) Lok Lnie Lnji K i i
a(4 ) k' #k

T 5 (n — 1) Z Z <f f LI ) (Lnik + Lnjk + Lok + Lyii)

4) k'#k

XUp ( Ty — 7”1) Lnkk’LnikLnlenij¢ij
_ * * * * * *
= [3,5,1 + 13,5,2 + 13,5,3 + ]3,5,4 + [3,5,5 + [3,5,6-

Next, if we consider for instance I3 5 ; that contains only terms like f; ! appearing from

the decomposition [0 we obtain

I§,5,1 = n(5 Z(S:fk Tk — 1) (15 — 71) Lok Lyite L ji K nij i

n(5 ka ri = k) (1 = 10) Loy Lt K i i

a(4)

n(5 Z fk Ty — Tk ( - 7”1) LnjkLkanlemjwij

a(4)

Z fit(re =) (15 = 10) Lo Lin Lt K i
a(4)

_ *
= I3s11t 3510+t 13513+ 3514

where the terms I3, , to I3, , are called “diagonal terms”. Such terms require more

restrictions on the bandwidths. next, the terms with containing terms like A ( ft )_
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produced by the decomposition (@) can be treated like in the Propositions 8 to 11 of
Lavergne et Vuong (2000). Finally, given that [ is finite and with fixed cardinal

=07 (F) T L = 0, (07 7) = 0p(1)

kel

given that || f~'||_. < oo. Therefore the terms of I containing (n — 1)~ £, (ff) - > wer Lunik
can be easily handled by taking absolute values. Now let us investigate the diagonal
term I35, 5. We have
E[lLs510] = O™ E[fi Iry = rellrj — vl |Znjil| Luikl| ngl | K|
= O(n g ")E[f, " Iry — rel Irj = il | Lol | Ll | Konis ]
O (n~'g ") E [fi ' Irj = ral [ Lugr|E 5 — ol | Lojal | Z5] | K]
- (n—l PYE [fit 11y — ri| | Lngel | K]
= o(n'g").

To prove that he term I3 ; ; , = 0,(nh?/?) it suffices to prove E [|I5 5 o|] = o(nh?/?) and

n-

this latter rate is implied by the condition h/g? = o(1). This additional condition on
the bandwidths is not surprising as the bootstrapped statistic introduced “diagonal”
terms as in Fan et Li (1996) which indeed require the condition h/g* — 0.

Let us now consider a term in the decomposition of D} that involve bootstrap variables
7, namely we investigate I;. The arguments for the other terms are similar. Consider

. 1 N e
Ig = m Z (mui - Ukuk) (T' - Tl) LnikLnlenijwij

- n(4 Zmu, ' m’fL"JlK"Z],l?DU anul j ankLn]le]wu
Z nzuz nszn]lKan¢2j Z nkuk - n LnikLnlenijwij
Z Mty (5 — 75) Loit Lt Knijhiy + (4) > i, (R = 71) Lt Lonjt B

_ * * * * * *
= 12,1 + Iz,2 - [2,3 - Iz,4 - [2,5 + [2,6'

Next it suffices to use the fact that

Z Wit Ly + f Z - Tz Ly

i'#i i'#i
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For instance, using this identity with /5, we can write

I;,l = n(4 anul T nszn]lang¢zj
- (n — 1 n—1n® Z Z f muz j 7”1) Lkanlemjwij
a i'#i
n — 1 Z Z f 771 Ty — Ti') (Tj - 7’1) LnikLnlem'jwij
a i’

- anuzfz ] ) n]lan]¢zg
n(4 anuz i — T Af Ln]lany¢2j

_( n(4 sz Mty (15 = 1) Luik Lnjt K nigihi
a i'#i
—ﬁ Z A (ff’k’l’l> Nttt (15 = 11) L Lt K i i
=1 n(4 Z > (fz.f] k“) nitir (15 = 71) Lk Lnji Kb
a i'#i

Z Z f Th Ty — Ty ) ( - 7“1) LnikLnlenij¢ij

a i'#i
+W Z A (fij’k’l’l> i (ri = 1) (15 = 71) Liise Lt Kt

1 o r L
+W Z (fiff’k’l’ ) i (15 = 130) (15 = 11) Lt Lt i i

_ * * * * * * * *
= 12,1,1 + 12,1,2 + 12,1,3 + ]2,1,4 + [2,1,5 + I2,1,6 + 12,1,7 + I2,1,8

Handling one problem at a time, let us notice that I3, is a zero-mean U—statistic
of order three with kernel H,, (Z;, Z3, Zl*) = niu; fi (rj — 1) Lyji K1 where ZF =
(Y3, Wi, Xi, m;). Using the Hoeffding decomposition of I3, | in degenerate U—statistics,

it is easy to check that the third and second order projections are small. For the first
order degenerate U—statistic it suffices to note that E [H, | Z1] = E[H, | Z{] =0 and

E[H, | Z{] = nou; iE [(r; — 1) LnjKnijij | Zi] so that

E[E*[H, | Z]]] = E[nulfPE((r; — r1) LyjiKniii; | Zi]]
= E [u?ffIEz [(rj — 71) Lnji K pijti; | ZZH
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which, given that [[?||, < 0o, is similar to the term & bounded in the proof of Propo-
sition 5 of Lavergne et Vuong (2000).

Finally, let us briefly consider the case I} = I,,. Like in the decomposition @), we have
n(n — 1)3 I pr = n(4)[;,LV + 0OV 4+ 20V — 0PV

where Vj € {1,2,3}, the V}; s are obtained by replacing the Y;s by the Y;*s in the Vjs.
All these terms could be handled by arguments similar to the ones detailed above. The

proof of Theorem [2]is now complete.
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Appendix (not for publication)

We here provide proofs of technical lemmas and additional details for the proofs in the
manuscript. We define Z; = (¥, Wi, Xo), [|¢]]oo = SUP ez [1(2)];

W; — W; W; — W;
nz an 5 d nz an L .
i = K| = ( h ) an j = Mg = gp ( q )‘
Proof of Lemmald. 1. We have
n i—1 th
Bl = - S Y B RALKE ) = 2B (o )
=2 j=1
and
64h% (|44 AN AR o [ pi 2 g2 2 2 e
Val"[An] S WZ ]E|: fl jf]U]f KnZ]KnZ]}
i=3 j=2 j/'=1
32h2p||¢||oo - 2 2 o2 f2 4 472 702
+WZZZE[ i f anyany}
/ j=2

=3 /=1
i—

16h2p||¢||oozn: 1E 4 4 4K4 }

nij
=2 j=1
= O (n ") E [0} o] fior [iKnijKnin] + O (0 ) E [0 frog [ [ Kni K]
+O (n_2h_p) E [O';lfl Ujf;lan}
= O(n ") +0((n?n?).
Deduce that Var[4,] — 0, and hence remains to show that E[A,] — w? We have
W E [0} fio fIK 5] =E { / ox, (t) ox, (—t) F [K?] (ht) ¥ (X; — X;) dt]
where o, (t) = F[o? (-,z) f2 ()7 (- | )] (t). Let us note that
B[ [lox @, Cole? =) < ol k[ lox 0 df
= ¥l E[o" (W, X) f* (W) 7 (W | X)],

by Plancherel Theorem. Moreover, F [K?] (ht) is bounded and converges pointwise to

J K?(s)ds as h — 0. Then by Lebesgue’s dominated convergence theorem,

0 B0 03212,03) B | [ om0, (<002 0= )| [ K2 (5) as =2,
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by Parseval’s Theorem.

2. By elementary calculations,

n n i—14—-1j-135-1

E [Brﬂ = 64h p4 Z ZZZ Z ZE 0; f ' ’ujfjuj St feur frr

1=3 /=3 j=2 j'=2 k=1 k'=1
XKm'ij' 14 nikKni’k"‘vbij"vbi 14 wikwi’k’]

n iNi'—1 j—1

2 n
64h ’WH ZZ Z ZE 2f2 i 2 2% kaJanKkani’k]

1=3 /=3 j=2 k=1

IN

n i—1 j—1

2p
_ 64h H¢|| ZZZE 4fz40-]2'fj20- Kinrzwk]
1=3 j=2 k=1
n i—114i-175-1

128h2p||¢|| ZZZZE (02 f202 £ 2 2 o7 [P K i Knirj K i K i

1=3 /=3 j=2 k=1

= 0 (TL_ ) [0’;1 4 2 ]'20-13 ]?KnZJKmk} +O(hp)E[ g, f2 2 2 .f2Km]Km ]Kmk}

? ]

= O ™) +0) =o(1).

3. We have Ve > 0,Vn > 1, and 1 < i < n,

E[Gh I (|Gni| > €) | Frica] < EV2[Goy | Frica] EV? 1 (|G| > €) | Fruici]
E (G}, | Frii]

< =2
Then
ZE |an| >€) |Fnz 1] S 8_2 E[Gi,i|'/—_.n,i—1:|
i=2
1 16h27” d — !
< - ZE g £ | Wi, Xi] (Z Uijj@bz'j)
=1

n i—1

1 16k4h
< 52( o pz<zuj mjd%]) )

where £y is any constant that bounds E [u*f* | W, X]. The last expression that multi-
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plies €77 is positive and has expectation

i—

16%4;1 P

n 1—1 1—1 i—1 1
E [w), [,y £, 555054 fia
1 jo=1 ja=1 ju=1

22]1 Jo=1js=1j4=

X Knijy Knijy Knijs KnijaVigy Vigs Vijs Via)

n i—1 j—1

961{4}12;0 \ 242 2 2 12 2

B (n—1)4 Z E[ujfju ngKmk@Dzj zk]
=3 j=1 k=1

E [ f} K.
(n _ 1)4 P ; |: J i|

- O ( ) [ 2f2uk kKanank] + O ( —Qh—p) E [u;lf;lan}
— 0 )+ 0 ().

+

The desired result follows. O

The following result, known as Bochner’s Lemma (see Theorem 1.1.1. of M

)) will be repeatedly use in the following. We recall it for the sake of completeness.

Lemma 5. For any function [ () € UP and any integrable kernel K (-),

/l(y)%K (‘”;y) dy—l(:c)/K(u) du

In the following we provide the proofs for rates for the remaining terms in the de-

sup — 0.

reRP

composition of I,,, see Propositions Bl and [l For this purpose, we use the following

a decomposition for U —statistics that can be found in [Lavergne an ng (2000): if
U, = (1/n"™) > H,(Z, ..., Z,), then

1 2 m_ o (2m—c) () m » (c)
c= |A|=c=|Aq| c=0 |A1]=c=|Aq]

where Z(C) denotes summation over sets A; and A; of ordered positions of length c,

I(Al,AQ) - E[Hn (Zil, ey Z

tm

)Hn (Zj17 T ij)]

and the i’s position in A; coincide with the j’s position in A, and are pairwise distinct
otherwise. Now, we will bound E [U?] using the &, = ST (A1, Ay) and the fact that
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by Cauchy’s inequality,

I? (AL Ay)) = E?[E[H, (Z, ..

’ Zim) | ZC]E[Hn (Zjv SRR ij) | ZCH
< E[E’H,(Z, .. 2

i ) | ZCH E [E [Hn (Zjl’ SR ij) | ZCH

y Him

where Z,. denotes the common Z;’s.

Proof of Proposition[3. After bounding the v;;’s by ||¢||_ the arguments are very sim-

ilar to those used in [Lavergne an ng (2000). We prove only the first statement.

(i) I3 is a U-statistic with kernel H, (Z;, Z;,Z)) = w;fiwLnjKpij1i;. We need to
bound the &., ¢ =0,1,2, 3.

1. E[H,] =0, thus & = 0.

2. 51 = O ((53) Indeed, E [Hn | Zl] = 5nulE [dzszn]le]"yZ)zg | Zl] andE [Hn | ZZ] =
0=E[H, | Z,]. Then

E[E*[H, | Z]] < 0I5 O0E [ufE? [d; fiLnjKnis | Zi]]
= O (02)E [ujE? [Load; f7 | Zi]] = O (47) .

3. & =0 (g7?). Indeed, we have

E[H, | Zi, Z;] = uifiKnijiE[wln | Z;] =0,
E [Hn \ Z;, Zl] = uifiulE [Lnlemﬂ/Jij | Z, Zl]v
E[Hn | Zj, Z)] = wlnjB [uifiKnijhij | Z5] = opwiLngB [di fi Kby | Z5] -

By successive applications of Lemma, [3]

E [E2 (H, | ZiaZl)} < ||w||ioE [U?fizU?E (Ljilpij | Ziy Z1) B [ L K i | Zi,ZlH
O (g7")E [uf fFuiE [LyjKnij | Zi, Z) E Koy | Zi, Z1]]
O (977) E [ fui LK = O (977)

11125, 62E [uf LB [di fiKnij | Z5]]

O (67) E [ufL};d5 f]

0(67) O (97") E [uiLuudi fi] = O (977).

E [E* [H, | Z;, Z]]

IN A
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4. & =0 (gPh™?), as E[H?] equals

E [ufui f} Ly K 0%] = O (9770 7") B [ufu 7 LnjKai] = O (677077) .

njltrnij ¥ij
Collecting results, E [(nhp/2ll73)2] =0 (62nh?) + O (P /g*) + O (n"'g7P) = o(1). O

Proof of Proposition[4 As in Proposition[3], we only prove the first statement. We will
use the following lemma, which is similar to Lemma 2 of Ilm&tgnund_wmg (IZD_Od),

and whose proof is then omitted.

Lemma 6. Let Af/ = ﬁ’ —fi- If f (1) e UP and ng? — oo, E [Ainj | Zi, Zj, Zy, Zjp| =
o(l) and £ [A2fij’l | Zi, Z;, Z1, Ziv, Zjy, Zl/} = o(1) uniformly in the indices.

(i) Let us denote Afij = J/ij — fi- We have I, ; = (1/n(2)) > uiAffujijmjwij so that

1Y)’ : ;

where the first (respectively the second) sum is taken over all arrangements of
different indices 7 and j (respectively different indices 7 and j’). Let W denote
the sample of W;, 1 <7 <mn, and let \,, = F [Ainj | Zi, Z;, Zy, Zj/}. By Lemma
B A, = o(1) uniformly in the indices. By Equation (@), E [I},] is equal to a
normalized sum over four indices. This sum could split in three sums of the

following types.

1. All indices are different, that is a sum of n(¥ terms. Each term in the sum

can be bounded as follows:

E [uiﬁfijUjfjKm'ﬂ/fz‘juz"Afgl“j'fj'Kni'j'%'j'}

1612, 02 | A F5A £ [didydidy Ky Koy | W] |

10112 GAE | f;fydidydirdy K iy Koy B [Affﬁff;, | Zi, Zj, Z, ZJ’H
< O(0pA)E|fj frdid;dydy Knij Ky jr] = O (6,An) -

IN

IN

2. One index is common to {i,j} and {i’, j'}, that is a sum of 4n® terms. For
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each of such terms we can write

(i = i) E [U?AfijujijnijwijAfij/uj'fj'K”ij'¢ij']

< Wl BB | A HAL 3B [udsdy Koy Koy | W] |
S O((S?L>\n>E ‘fjfj’u?djdj’Kninnij" = O (57%)\”) y
(j/ = ]) [uzAf] 2 2 nu,lvbmuz’A.ijni jwi j}
< ||@b||C>O 62E [Af]f2Af],E [d u2d Kii Kyirj | WH
< O(O2N)E | f2diuddy Koij Knirs| = O (62\,)
(i, :.]) E [uzAf fj mnggﬁf] Uy fj njj’ ¢]j]
< [¢l% SE [AfffjAff B [diufdy K Koy | W}]

The case j' = i is similar to i = j.
3. Two indices in common to {7,j} and {#,5'}, that is a sum of 2n® terms.

For each term in the sum we can write
E[ufu? (A7) 22,02 = O(\h7?) and E [ulu?AfIASfifiK2,02] = O 7).

Therefore, E [(nh”/le)z} = 542170 (\) + 62nhPO (\,) + O (Ay) = O (\y). The

result then follows from Lemma [6l. 0

Proof of Lemma[3. We only prove the result for A7; f;, as the reasoning is similar for
A fl We have

Af‘ifi = m Z {Yk W Wk) _1) —E [YL ((WZ - W>g_1)}}
ki
+E [r(W)g™PL (Wi = W)g ™) ] — (W) f(W;)

= Ay + Ay
The uniform continuity of r(-) f(-) implies sup, |Ag;| = 0,(1) by Lemmall For sup, |Ay;],

we use empirical process tools. Let us introduce some notation. Let G be a class of

functions of the observations with envelope function G and let

§
(5.6, %) = sup/ JIF W NGEGR.C I (Q))ds,  0<6<1,
Q Jo
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denote the uniform entropy integral, where the supremum is taken over all finitely
discrete probability distributions @) on the space of the observations, and ||G||2 denotes
the norm of G in L*(Q). Let Z;,- -+, Z, be a sample of independent observations and
let

1 n
Gng = NG ;7(Zi)7 vEG

be the empirical process indexed by G. If the covering number N (e, G, L*(Q)) is of poly-
nomial order in 1/¢, there exists a constant ¢ > 0 such that J(5,G, L?) < cd+/In(1/9)
for 0 < & < 1/2. Now if Eq? < §*EG? for every v and some 0 < § < 1, and

EG®#=2/(v=1) < oo for some v > 1, under mild additional measurability conditions,

Theorem 3.1 oflﬁnjﬂjﬁmmﬁudﬂldlnﬂl (lZD.lJJ) implies

J(6°, G, L) G o oy
T e
where |G|2 = EG? and the O,(1) term is independent of n. Note that the fam-
ily G could change with n, as soon as the envelope is the same for all n. We ap-
ply this result to the family of functions G = {YL(W — w)/g) : w € RP} for

a sequence g that converges to zero and the envelope G(Y,W) = Y sup,cps L(w).

v/(2v—1)

1G1120p(1), (8)

sup |G| = J (6,6, L?) <1 +
g

Its entropy number is of polynomial order in 1/e, independently of n, as L(-) is of

bounded variation, see for instance lvan der rt_an llned (1996). Now for any
v € G, E2(Y,W) < CgPEG?*(Y,W), for some constant C. Let 6 = ¢°"/7, so that
Ev2(Y, W) < C'"8*EG*(Y, W), for some constant C’ and v = 3/2, which corresponds
to EG® < oo that is guaranteed by our assumptions. The bound in () thus yields

1 In'/%(n) 1 3/4
_ —1/2,—4p/T 1, 1/2
Slép gp\/ﬁ Gn,}/ - g4p/7\/ﬁ |:]' _I_/n' g ln (n) Op(l)a
where the O, (1) term is independent of n. Since n”/®¢g?/Inn — oo, the expected result
follows. u

Proof of Lemma [ We have
1

Wf = e S =) L
kit
* [ 1 * 1 A ~
= uifi— n 1 ZukLnik+ ] Z(Ti_rk)[/m'k
ki ki
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where

1 ~ ~ 1 R A
Z(Ti_rk)Lnik = Z(Ti_rk)Lnik‘l’(ri_ri)fi

n—1

ki k;éi
Z > (rer = %) L Lt
(n— 1 k ki k'£k
Z Z Up Lk Lt -
(n— 1 k ki k'£k

By Lemma [ and the fact that f(-) is bounded away from zero, deduce that sup; |; —
ri| = 0, (1) . From this and applying several times the arguments in the proof of Lemma

we obtain .

n—1

> (7 = k) Lk = 0, (1).

ki
On the other hand,

ki

IN

su r r
+ M Z |75/ Lini
n= k%1

n—1 anUk nik

ki
= Op (1) )

where we used again the arguments for Ay; in the proof of Lemma [] (here with nuy

and |nx| in the place of Y}) to derive the last rate. O
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Figure 1: Empirical rejections under Hy as a function of the bandwidth, n = 100
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Figure 4: Empirical power curves for linear and sine alternative, n = 100 and ¢ =5
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