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Abstract
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dimensional asset markets models, are not sufficient to ensure existence
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1 Introduction

In finite dimensional markets with short-selling, conditions on agents’ utilities
insuring the existence of equilibria ( or equivalent to the existence of equilib-
ria ) are by now well understood. In particular they can be interpreted as
no-arbitrage conditions. In an uncertainty setting, where agents have differ-
ent beliefs and different risk aversions, as originally shown by Hart (1974), the
no-arbitrage conditions may be interpreted as compatibility of agent’s risk ad-
justed beliefs. There is a huge literature on sufficient and necessary conditions
for the existence of equilibria. In finite dimension, one can refer, for instance to
Page (1987), Werner (1987), Nielsen (1989), Page and Wooders (1995, 1996),
Allouch (1999), Allouch et al (2000). In infinite dimension asset markets, the
no-arbitrage condition used for finite dimension do not imply existence of equi-
librium. The standard assumption is to assume that the individually rational
utility set is compact ( see e.g. Cheng (1991), Brown and Werner (1995), Dana
and Le Van (1996), Dana et al (1997), Dana and Le Van (2000), Le Van and
Truong Xuan (2001).)

In this paper, we consider paper a model with an infinite number of states of
nature, a finite number of agents and Von Neumann - Morgenstern utilities
with different expectations.

More precisely, we consider a model where the utility of agent i is
. . e . . .
Ui = 3 wlu(ad)
s=1

where 7% is her belief and z is her consumption. The commodity space is IP()
with p € {1,..., 400}

When the number of states is finite, say K states, following Werner (1987), one
can introduce for any agent i the set of useful vectors W' to obtain the set
of no-arbitrage prices denoted by S?, which are defined as the set of vectors p
which satisfy p-w > 0 for any w € W%\ {0}. We say that the no-arbitrage holds
if N;S* # (. When the utility functions are strictly concave, strictly increasing,
this condition ensures the compactness of the individually rational allocations
set. Dana and Le Van (2010) introduce for every agent i the convex cone P*
generated by the vectors {miu?(x%)}s—1  x where 2* € RE and u¥(+o00) <
u’(2l) < u”(—0o0), Vs, Vi. The no-arbitrage cone S* is proved to be the interior
of the cone P°.

In this paper, following Dana and Le Van (2010), we define no-arbitrage prices
p for agent ¢ as follows: for any state s,

ps = Aimgu" ()



where \; > 0,2 € [* and
u” (400 < u¥(2%) < u”(—o0)
We say that the no-arbitrage condition (NA) holds if :
Nt (28) = Njmdud' (22), Vi, V5.

When the number of states is finite, as we said before, condition (NA) ensures
existence of equilibrium. When the number of states is infinite, this condition
only ensures the boundedness of the individually rational utility set. We give
examples where (NA) is satisfied and no equilibrium exists. The strategy is
therefore to give assumptions which imply the compactness of the individually
rational utility set and hence existence of equilibrium. Our conditions might
be considered as the weakest since we give also examples of non existence of
equilibrium when these conditions do not hold.

The paper is organized as follows. In Section 2, we set up the model and
define the equilibrium. In section 3, we introduce no-arbitrage conditions and
relate them to the problem of existence of equilibrium. We show, through
examples, that no-arbitrage conditions we introduce do not ensure existence of
equilibrium. However if we assume the compactness of the individually rational
utility set then we get an equilibrium. In Section 4, we give conditions for the
compactness of the individually rational utility set. We give examples of non-
existence of equilibrium when these conditions fail. Finally, proofs are put in
Section Appendix. We mention that our methods of proofs are inspired by the
ones in Le Van and Truong Xuan (2001). However, their model rules out the

risk-neutral agents. That is not the case in our model.

2 The model

There are m agents indexed by ¢ = 1,...,m. The belief of agent 7 in state s is
7 >0, and Y22, 7l = 1. Let us denote by 7 the mean probability = >, 7.
We first assume:

AO: 7ri_is equivalent to 7/ for any i, j i.e. there exists a number h > 0 such
that h < ;LJ < 1 for all 4,7, 5.!

Under A0, without loss of generality, one can assume that 7% > 0 for any <,
any s. In this paper, we always suppose that the condition AO is satisfied and
7t > 0 for any 4, any s.

The consumption set of agent i is X* = [P(7) with p € {1,2,...,+o0} and
agent i has an endowment e’ € [P(r). We assume that for each agent i there

1We observe that when all agents have the same belief as in Cheng (1991), then AO is
satisfied.



exists a concave, strictly increasing, differentiable function v’ : R — R , such
that, for any ¢, the function

Ula') = miut ()
s=1

is real-valued for any ¢ € X*.
Agent i has [P(7) as consumption set, e’ as initial endowment and U’ as
utility function, with ¢ =1,... m.

Definition 1 An equilibrium is a list ((xi*)i:17.,,,m,p*)) such that ™ € X* for
every i and p* € 14 (m) \ {0} and
(a) For any i, U'(z) > Ul(x™) = > 20 piws > > oo plel

(b) 2%, ™ = >ty e
Define
a' = infu’(z) = u¥(4+00)
X
b = supu’(z) = u’(—00).
X
Let I; be the set of indexes 4 such that a’ < b*, and I5 be the set of indexes

such that a’ = b’ (the set of risk neutral agents).
We add:

Definition 2 1. The individually rational attainable allocations set A is de-
fined by

A= {(2") € (IP(m))™ | Z;r’ = Zei and U'(z") > U'(e') for all i}.
=1 i=1

2. The individually rational utility set U is defined by

U={wv*. 0™ eR" | Iz c A st U(e') <v' <UY(a") for alli}.

3 No-arbitrage condition and existence of equilib-

rium

We will first introduce a notion of no-arbitrage price based on useful vectors
introduced by Werner.

A vector w € IP(7) is useful for agent i if for any x € X, we have

Uz + Aw) > U'(x), YA >0, Vo € X'



or equivalently

Zw (25 + Awy) >27r z5), YA >0, Vo € X°.
s=1

Let W* denote the set of useful vectors for agent i. It is easy to check that W
is a closed convex cone.
A vector p is a weak no-arbitrage price for agent i if it is in [9(7) and if it
there exists r € [9(7) s.t.:
i

Vs, ps = TgTs

and Zpsws > 0, for any we W\ {0}

In models with a finite number of states of nature, this is the Werner’s definition
of no-arbitrage prices.
Let 0® be the set of weak no-arbitrage prices for agent i. A weak no-arbitrage

(WNA) condition will be

ol £ 0.
In the case of a finite number of states, the existence of a Werner’s no-

arbitrage price is sufficient to ensure the existence of equilibrium. In infinite
dimension models, this property is not true.

We add another notion of arbitrage price. Let S° be the set of vectors p
in 19(r) which satisfy Y., 7ip(s)w(s) > 0 for any w € W\ {0}. In finite
dimension, S° is called the set of no-arbitrage prices of agent i. If W* contains
no line then S° is open. In our case, since W' contains IF (), the set S has an
empty interior if p > 1. However, one can show (see Dana and Le Van (2010))

that w is useful for agent 7 if and only if

Vo e XU, ZW’ ”xswsZO

Observe that if u’ is strictly concave then for any z € X* and w € W?, the
function A — U’(z + \w) is strictly increasing. In this case, if w € W%\ {0},
then

Ve X7, Zﬁ’ Z':1csws>0

Following Dana and Le Van (2010), for any agent i, we consider the vectors
p € 19(m) defined by
Vs, ps = Ai '/Tl z/( )



Observe that p € o°.
We introduce the assumption:
There exists p € 1*°(7), T € [*°(7), A > 0 such that

ps = Nowla¥(28) for all s.

This condition is equivalent to the following no-arbitrage condition:

(NA) Nl (28) = Nalud' (27) = Neapn®, Vs, Vi e I,Vj € I,Vk € I
with 2% € IP(r),Vi € I and
Vi€ I, a < irslfui'(mi) < supu”(zl) < b
S

If we assume that for all i € Iy, we have a' < u”(z) < b', V =, then in
finite dimension models, weak no-arbitrage (WINA) and no-arbitrage (NA)
are equivalent and also equivalent to the existence of equilibrium. In our model
with an infinitely countable set of natures, sufficient conditions for (NA) are
given in the following proposition.

Proposition 1 (i) If (NA) holds, then U is bounded

(ii) Assume either u¥(—o00) = 4o for all i € Iy or u¥(+00) = 0 for all
1€ 1.

(i.1) If Io = (), then no arbitrage condition (NA) holds.

(ii.1) When Is # 0, no arbitrage condition (NA) holds if, and only if,
7t =7, Vi € I,Vj € I,

Proof: See Appendix. m

No-arbitrage condition (NA) does not warrant existence of equilibrium in
presence of an infinite number of states of nature. We give an example of an
economy with two agents, and with an infinitely countable number of states of
nature, where the no-arbitrage condition (NA) is satisfied, and there exists no
equilibrium.

Example 1 Consider an economy with two agents (i = 1,2), with endowments

equal to 0. The probabilities are equivalent: T\ = (%)s, 2 = élgf‘s, where
l<a<l, and Sy = 81;—35.



The rewarded utilities satisfy

u(z) = b, Vo <0
u’(+00) = 0

u'(0) = 0

u?(z) = da*, Yz >0
u¥(—00) = +oo

u?(0) = 0

There exists z > 0 with u'(2) < bl. Let T! = 2,Vs. Since u¥(—o0) = +o0,
there exists T2 < 0 which satisfies
u?(0) = (1 - o®)u®(z3)

One can check that

Amyul!(T,) = mu® (T3), Vs

with X = Ziggg X é Since

0 =u"(+00) < u'(2) = u"(z!) < b*

’LL2/(0)
1—af

a® = u?(0) < = u?(7?) < u¥(—o0) = 00

no-arbitrage condition (NA) is satisfied.
We now show that no equilibrium exists. Assume there exists an equilibrium

(p, (z1, 22)) with ! = x5 = —22. We have
Vs, Mmiut(zs) = om?u?(—xs)
A
or Mmiut(zs) = w2u?(—x,), with A = )\—1
2
For all s: ) ) .
)‘lgul,(xs) _ 2806 UZI(—QL'S)

or equivalently
UQI(—$S)
ul'(z)

with X' = ASq. Since Y pszs =0 and ps > 0 for any s, one must have sy with

N =(1-a , Vs

ZTso < 0. In this case

a?

X =(1-a%)3

and for any s # sg, Ts > 0. We then obtain

W (—tgs1) _ u¥(0)  a?

Wager) ~ w(0) 5




since Tgy41 > 0. Now, because 1 — a*Tt > 1 — a0 we obtain, on the one one
hand:

N o= (1- a““)iug/(*%o“)
ull(:ESoJrl)
> (1 _ 50)u2/(_‘r30+1)
ull(xso-‘rl)
2
son @
and on the other hand )
sn @
)\, = (1 — O)bT

which is a contradiction. Then there exists no equilibrium.

In infinite dimension, with a vector space L as commodity space, Brown and
Werner [4], Dana, Le Van and Magnien [9] assume the compactness of & and
get existence of equilibrium with prices in L. For our model, we will prove that
when the commodity space is [*°, we get an equilibrium with prices in ! (7).

Theorem 1 Assume A0. Our model has an equilibrium if we add the assump-
tion that U is compact. If X* is IP(7) with 1 < p < +oo then the equilibrium
price p*is in 19(w). If p = +o0, then p* € I}(x).

Proof: Since U is compact and X* is [P(r) there exists an equilibrium ((z*), p*)
(see Dana and al (1997)) with 2™ € [P().

When 1 < p < +o0, the price p* belongs to [9(w). When p = oo we will
show that the equilibrium price belongs to ! (7). The equilibrium price can be
written as p* 4+ ¢ where p* € I*(7) and ¢ is a purely finitely additive function.
For any i, the equilibrium allocation z** solves the problem:

o0
max Z mlu' (zt)
s=1
© . . ©© . .
st S pial 4+ o(a) = S plel + ()
s=1 s=1

From Theorem V.3.1, page 91, in Arrow-Hurwicz-Uzawa in [2], for any i,

there exists (; s.t.
D mil (@) = GO Py + ¢(a™) = Y wiul () = G(Y phws + dla)).
s=1 s=1 s=1 s=1

Suppose that ¢ # 0. Since ¢ > 0, then ¢(1) >0, with 1 = (1,1,1,...). Define
2'(N) as:



2\ (N) = 2™ with s = 1,2,..., N.
L (N) = 2% — 1 with s > N + 1.

Observe that x'(N) € [°°(x). We have:

> mi (@) G ZP* S Z?T (N))=G(Y_ peal(N)+é(a'(N))).
s=1 s=1

=

ST oalui @) -G Y platite™) > Y wlui@-1)-G( Y piai-1)+e(a"-1)).

s>N—+1 s>N+1 s>N+1 s>N—+1

=

Yo omdial) - Y mutel =1 —¢ Y ph > C(0™) - p(a™ — 1))
s>N+1 s>N—+1 s>N+1

Let N — oo, the LHS converges to 0. This implies ¢(1) < 0: a contradiction.
Hence ¢ =0. m

Notice that if A is compact for the I!(7) topology, then U is compact. And
we get an equilibrium. The proof of the compactness of I/ uses the fact that for
all 4, U is upper semi-continuous on the projection of A on the i*"-component.

4 Sufficient conditions to obtain the compactness of

U

Proposition 2 Assume (A0). If b = +oo for all i, the allocation set A is
I*()-compact.

Proof: It is given in Appendix. We prove that A which is bounded in I*(7)
satisfies Dunford-Pettis criterion. Hence it is o(I*(7),1°°(7))-compact. We
prove however that a bounded set in I'(7) is compact for the I (7)-topology if
and only if it is o(I' (), 1%(7))-compact. =

Proposition 3 Assume (A0). If a* = 0 for all i, then U is compact.

Proof: See Appendix. m

Remark 1 In Fxample 1, we have a model with two agents. Agent 1 has

=0, b' < +oo. Agent 2 has a®> > 0, b*> = +oo. The assumptions of
Propositions 2 and 3 are not satisfied. We still have no-arbitrage condition and
we have no equilibrium in this model.

= ('¢(1).



Proposition 4 Assume (A0). Assume Iy # 0. If a* = 0 and b* = +oco for all
i € I1 and (NA) holds, then U is compact.

Proof: See Appendix. m

We can be surprised that in presence of risk-neutral agents we have to
impose u¥(+00) = 0 and u”(—00) = +oo for any agent i € I;. We give below
an example with two agents. The first is risk-neutral while the second is risk-
averse. The utility of the latter agent only satisfies either the marginal utility
at +o0o equals 0 or the marginal utility at —oo is +o00. In this example there

exists no equilibrium.

Example 2 Consider an economy with two agents (i = 1,2), with endowments

equal to 0. The probabilities are equivalent: T! = (%)S, 2 = ilgf‘s, where
1—a®
l<a<l, and Sy =), 5.
Case 1
The rewarded utilities satisfy
u(z) = 1,VreR
u?(z) = a%, Vx>0
u¥(—00) = 400
u¥(z) > a®Vr <0.
Assume there exists an equilibrium (p, (z',22)). Then z} = —22 = x4 for any
s. There exists A > 0 such that
A 1—af
gull(xs) = 5o u? (—z,)Vs
& u¥(—xy) A S Vs
Vo M-

Since Y psxs = 0 and ps > 0 for all s, there exists xq, < 0, i.e —xg, > 0.

Then
2 )\ SOZ

1—as%

and Vs # sg, s > 0. Hence u? (—xs,11) > a®. This implies

A Sa >\ Sa

so+1 S0
T ool 1—0430:0[ >l

A contradiction.

Case 2

10



The rewarded utilities satisfy

u(z) = b, Vo <0
u’(+o0) = 0
uV(z) < b'Vz >0
u?(z) = 1VreR.
Assume there exists an equilibrium (p, (z',22)). Then z! = —22 = x4 for any
s. There exists A > 0 such that
1 _ S
u(zg) = A Saa Vs.

Since Y psxs = 0 and ps > 0 for all s, there exists xo, < 0, i.e —x5, > 0.
Then

1—a®
bl =
Sa
and Vs # s, s > 0. Hence u''(xg5,11) < b'. This implies
1 — qsott 1—a
A <A = ot > g%,
S oA a o

A contradiction.

5 Appendix

The following Lemma is required for the proofs of propositions 1, 2, 3, 4. It
basically shows that if (NA) is satisfied then, on the one hand, the projection
A? of A on the i*"— component is bounded for any i € I; and, on the other
hand, agents in I have the same belief.

Lemma 1 Assume (NA).

(i) For all i,j € Iy we have ©° = 7/,

(ii) Denote by 7! the same probability of belief of agents in I. There exists a
constant C > 0 which depends only on p, T, € such that for any (z*,...,2™) € A
we have

i . .

Zﬂ;]ﬂs] < C foralliel

s=1

and
e .
Y oml) i <C.
s=1 i€l
(iii) U is bounded.

11



Proof:
Take any (NA) price p. There exists (Z?), {\; > 0}; such that for all 4, s:

ps = Nl (7).

i) For 4, € I we have \ja'n! = )\‘ang, Vs. This implies
s J

[e.9] [e.9]

e — ad
g Aia'mg = g Ajal .
s=1 s=1

This implies \;a’ = /\jaj, hence 7¢ = 77,
(ii) We firstly prove that the exists C' > 0 such that:

S il < .

i€l s=1

Define ¢/ =& — Y, ., o' =3, a' € l'(m).

For i € I, since a* < infsu?(7%) < sup,u(FL) < b', we have T° € [%°(n).
Observe that p € [°°(7).
Choose 1 > 0 such that
at < u’(ZT)(14n) < b for (1)
for all ¢ € I1. Then we define the price q as follows: Vi, j € I,
gs = ps(1 +n) = Nimu” (T) (1 +n) = \jmdo?’ (F)(1 + ).
It follows from (1) that, for each i € Iy, there exist Z' such that Vs, ¢s =

\imiu®(ZL). Observe that a’ < infsu”(z!) < supgu”(2l) < b, so ¢ € [®°(n).

S

Observe also that Vs, ps < gs.

Denote
. z if x>0
] oifz<o0
_ —zt if <0
T o=
Oifx>0

Notice that z = 27 — 27, || = 2t + 2~ and u(z) = u(z™) +u(—z~) — u(0).
Now we fix N € N. For i € I, from the concavity of the utility function w*

we have
N . . . N . . . N . .
NS w @) - S wi (@) = A wal (@) @ — i)
s=1 s=1 s=1
Ny omhut(E) =N Y mt(—al) > N Y w(Z)(FL 4+ 2k)
s=1 s=1 s=1

12



Therefore,

N N

XY ml(Z)as < Ay miul () + (@) -l (@lh) - ut(—al)]

s=1 s=1
_)\Zﬂ_z z/ Z_i_)\zﬂ_z zl z z+ )\Zﬂ_z 7,/

Define Uk (z) = Zivzl miu'(zs). Note that limy_eo U (z) = U'(x). The
above inequality implies

N
D asrl < NUNE) + U (E) - Up(a) - Ui (0)]

- ZQS'Z +Zps Zps
)‘[UN( )+UN( " - UN( ") = Ux(0)]

- Zpifi - Z qs7, + Zpswi+
s=1 s=1 s=1

N
= Y patt
s=1

IN

where Cly = \i[Uy (2) + Uy (@) — Ui (a) = Ux (0)] = 3235, plat = 200 0.7,
Observe that since Z' et Z' belong to [°°(7), the limit limy C}; exists.

Hence, Vi
N N

Z(q ps) - < CN +z:ps

s=1 s=1

Thus, we have

Zi(% <ZCN+ZZpsw —ZCN+ZPS

iel; s=1 el icl] s=1 el

Since € € I*(m), Y c;, Ch + SN | ps€l, converges. Now let N tends to
infinity. Notice that Ul () — U'(x) for all z, and recall that U’(x?) > U'(e?),
with ¢, 2% € [°°(m). We then have

limsup Cl < M[UY(ZY) + UY(T") — U'(e) qu Zpsx —=: C".

N—oo

Thus,

ZZ(QS <ZCZ+Zps€ = 01+Zps

i€l s=1 i€l

13



We also have

o0 o0 (o]
Z Z(QS - ps)(xzs+ - xlsi) = Z Z(QS - ps)xls = Z(QS _ps)e/s
i€l s=1 i€l s=1 s=1
which implies
(o] ] o0 o0 )
SN as—po)alt = D (s —paes+ > > (g5 — ps)rh
i€ly s=1 s=1 i€l s=1
o (o)
< Ci1+ Zpsels + Z(QS - ps)(f;
s=1 s=1
[o.¢]
= C1+ Z QSe;-
s=1
Thus for ¢ € I
(o) ) (e.)
D (g —p)lakl < 201+ (ps+ )€l
s=1 s=1
o0
= 2C1+(2n+1) Zpse;
s=1
oo o0 ‘
s=1 i€y s=1
= 201+ (2n+1) Zpsés —(2n+1) Z Aia’ Zﬁ;xé
s=1 i€ls s=1
e . .
= 201+ (20 +1)) pees — 2n+1) > AU (2"
s=1 i€l
e . .
< 201+ @20+ 1)) pas— (2n+1) Y ANU(e)
s=1 icly
= C%
then

oo
Ny pslai] < C2.

s=1
Let p; := infgu”(z1) > 0, and g := min; g;. Then Y o0 pslat| > pd 00 wi|ai|
which implies for all i € I3

i . .
> wlal] < Dy
s=1

with D1 = C?/(nu).

14



For I, we have:

Z?TI|ZI ZWI|€S\+ZZ%’%’

i€la el s=1
Dz

IN

IN

with Dy = 3% wlles| + | 11| D.
We take C' = max{D, Da}.

(iii) The utility set U is bounded by Jensen inequality. m

Proof of Proposition 1

(i) The proof of the boundedness of U comes from Lemma 1.
(ii.1) Consider the case where Iy = ).
(a) Assume u”(—o0) = +o0, for any i. Let a satisfy a' < u(a). For i > 1, let
s

i _ s 1
Cs_ﬂ_ u (a)avs

Then $u"(a) > ¢! > hu"(a). One can find A’ s.t. % > a' > a'. Define

u”(x;) /C\‘Z ,Vs

Then

4 . o 1
a' <o <u(zl) < )\ihull(a),Vs

Since b* = 400, we have z' € [*°. Obviously

)\z 2 z/( ):ﬂlul’(a),Vs.

(b) Assume u”(+00) = 0 for all i. Let a satisfy 0 < u/(a) < b'. Define ¢! as
before. We have (! < u'(a). Choose A’ s.t. % < B < b'. Then define z% as
before in A.1. Using the same arguments, we have

Nl (28) = wlul(a), Vs.

(ii.2) Now we consider the case where Iy # ). If (NA) holds, from Lemma
1,75 = 7l Vk € I,V € I,.

Conversely, assume that 7% = 7! = 7/,Vk € I,Vl € I,. Assume 1 € I,. For
i € I,i # 1, choose X’ such that \a; = a.
Consider the case u?(—o00) = +00,Vi € I;.
For i € Iy, choose as before (!:
a7,

1 .
—a1 > (= > arh

h

s

15



There exists M\t s.t.

¢t i i
N >a >a
and ,
: o ¢l
a' <u’(zh) = )\—‘z < 5 a1

Since b* = 400, we have 2 € [*°.
The same argument as before if u¥(+o00) =0,Vi € I;. m

Lemma 2 A closed, bounded set B in I*(7) is compact if and only if B satisfies
the following property: For all € > 0, there exists N € N such that for all x € B

we have
Z Ts|zs| < €.
s>N

Proof: Suppose that B is compact and there exists a subsequence {z(n)}, of
B, € > 0 such that

o
> welza(n)] > €,Vn.
S=n

Without loss of generality, we can assume that x(n) converges to z in [*(7) or
() = 21y — 0.

By choosing N large enough such that |[z(n) =z (r) < § and 3 5, ms[zs| <
% for all n > N. And for all n > N we have

o0 [e.9] o0
Y omdlasl > D wilws(n)] = Y mlra(n) — a
S=n S=n S=n

€
> e—5=35
A contradiction.

Now we suppose that for any € > 0, there exists N such that Vz € B,
Do Tslzs| < e

We have to prove that for any sequence z(n) € B, there exists a convergent
subsequence of x(n) in (7).

Since B is bounded in I* (), there exists @ > 0 such that,V x € B, Y ms|zs| <

Since {x(n)}, belong to a compact set for the product topology, there exists
a subsequence {x(ng)}r converges to T for the product topology. In particular
for all s, x5(ny) converges to T, when k — oo.

Fix € > 0. We will prove that for k,[ big enough, ||z(ng) — x(ny)|; ) < e
Choose N > 0 such that for all z € B, > .y 7s|zs| < §. Choose M such that
for all ny > M we have Zi\il Ts|zs(ng) —_@] < §. For all ny > No,n; > Ny
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where Ny = max{N, M} we have 3.2 7|z (ng) — zs(ny)| < 200, 6|24 () —
Ts| + 2000 sl (ni) — Tl < §.

Then
No—1
ZWS|x8(nk) —zs(m)| < Z Ts|zs (i) — @5 (n)| + Z Ts|zs ()| + Z Ts|zs ()|
821 s=1 SzNO SZNO
< €

Hence {x(ny)}y is a Cauchy sequence, then it converges in I'(7) topology. So
B is compact in [!(7) topology. =

Corollary 1 1. A closed, bounded set B in I'(m) is compact for I*(7)-topology
if and only if it is compact for the weak topology o(I1'(m)), 1% (r)).
2. A closed, bounded set B in IP(7), p > 1 is compact for I}(r).

Proof: 1. Since Lemma 2 is equivalent to the Dunford-Pettis criterion, the
result follows.

2. For p > 1, a closed bounded set is o(I?, [9)-compact. But it is also o(I*,°°)-
compact, since [P(r) C I[*(r) and [*° C 19(7). Apply statement 1. m

Proof of Proposition 2

The idea of the proof is that, if the attainable allocation sequence does not
belong to a weakly compact set, then for some state s, there will be an agent ¢
such that z% tends to +oo and an agent j such that 27 tends to —oo. Then by
reducing z* and increasing 27, the value of U ¢(2*) does not diminish very much.
Because b’ = 400, the value of U’(z/) will become very large, even tends to
infinity, and that leads us to a contradiction with the bounded property of U.

Assume the contrary: A is not compact. Then from Lemma 1, there exists
a sequence {(z'(n),z%(n),...,2™(n))}, C A, an agent i and a constant ¢ > 0
such that

oo
Vn, Zﬂﬁxé(nﬂ > €.
s=n

Denote for all k, v* := limsup,,_, ., U*(z*(n)).

By Lemma 1, A is bounded in {! (7). We can suppose, without loss general-
ity, that o0 wi|al(n)| — ¢! > 0 when n — oo. This implies lim,, Yoo wlz’™(n)—
lim,, Y52 wixi=(n) = ¢. The limits of these two sums exist because x* € [*(r).
We know that 3, zi(n) = e, — zi(n). So, for every s, 3j such that zi(n) <

_ Ii(”)_|55|

—— . Since there is a finite number of agents j # i, we can assume that,

for simplicity, there exist ¢ and j which satisfy two properties:

17



1. 3E, cNN{s>n}, 2L >0 for all s € £, and
li7rln Z mixi(n) = > 0.

2. For all s € E!,

- zi(n) - [2|
i) < ==

With each M > 0, define the set S! C E! as follows
St ={s:a(n) > [&s| + M(m —1)}. (2)

We have an observation: limp > pi\ g mixi(n) = 0. Indeed

lim Y wai(n) <) m(fEs] + M(m—1))

sEEL\SE SEEL\SE

Zwsles]—i—M —-1) ZW

IN

which tends to zero, since € € (7).
Hence we have S # () for all n big enough, and

nll_}IIgo Z mexe(n) =

seS}
‘We have

2i(n) < W < M. (3)

Since 7% and 7/ are equivalent, we can assume that lim,, > seSi ngg (n)=c >
0. Notice that these limits do not depend on M.

Define a := min(v*, v — %) —1,(k=1,...,m). Define A, the set of
(xF) € 1} (n) satisfies UF(2*) > a Vk and 3 2% = & From Lemma 1 we know
that there exists C' > 0 such that U’(27) < C for all (z!,...,2™) € A,. Notice
that our sequence (z¥(n)) € A, for n large enough.

Since ¥ = 400 we can choose M very big such that

_ Jr(— J
’U] + M > C
m—1
Now consider the sequence (y'(n),y%(n),...,y™(n)) defined as follows
yi(n) ==z’ (n) — ;n‘ef’ + M with s € S,

al — e
m—1
Let y* = 2% with every k #4,7 or s ¢ S,

yl(n) := 2l(n) + — M with s € S!.

18



Notice that >, y'(n) = €, and yi(n) < z%(n), yl(n) > xl(n) for all s. We
will prove that {U(y!(n))}i=1m is bounded below by a, but U7 (y’(n)) is not
bounded above by C. And this is a contradiction.

Indeed,
Uly'(n) = U'(a'(n)) = Y mi(u'(yi(n)) - u'(zi(n)))
€S
> ; ﬂ_z 7,/ xs(:L)_ 1|eS’ +M)( xé(Z):JSA +M)

vV
50
:]@
§
-
=
=
B
+
=
]
:]N

m—l —1 i
sESY, s€SY
u” (M) |&s]
> o Y mal(n) +ul (M)(— s M) Y
sesi s€ES}

When n — oo, the second term of the right hand side term in the inequality

above tends to zero while first term tends to # Thus,
o ‘ i . i(0) ¢
limsup U*(y'(n)) > v" — u(M)e' > ' — w0 >

For n large enough, U*(y*(n)) is bounded below by a,Vk # j. Then we can
estimate the limit of U7(y’(n)) when n — oo,

Uy (n)) = U7 (27 (n)) = ) wl(u! (yl(n) — o/ (21(n)))

s€S}
- o (2 wy(n) —les| o wi(n) — e
> Zﬂ'u (x? ——] M))( p—1 M)
seS},
T T > gt zy(n) — &
Ui ) - V) > Zwsu (an(E el
seSY
W' (— , W= M) o
z Zﬂj — M/ (—M)Zﬂg—ﬁz:kshg-
s€SY, seSy seSY
Take the limit
o W (=MD
limsup U’ (y/ (n)) > v’ + W=M)e > C.

n—o00 m—1

A contradiction. Hence A is [!(7)-compact. =

For the proof of Proposition 3, we require the following lemma
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Lemma 3 Suppose that A is bounded and (v, v? ... v™) is in the closure of
U. Suppose that there exists a sequence {x(n)}, C A such that there exists i
such that lim, U'(z'(n)) > v*, and for all j # i , lim, U’(z7(n)) > v7. Then
(wh 0?0 eUd.

Proof: Fix ¢t € N arbitrarily. Let C' > 0 be the upper bound of A in I*(7), we
know that |27(n)| < < for all j and all n. Fix some j. We define the sequence
T

{yk(n)}kzL,,,,m as follows

y'(n) = 2M(n)ifk#i,j
ys(n) = ai(n)ifs#t
yi(n) = wj(n)—e
yi(n) = zl(n)+e

For k # i, j, lim,, U*(y*(n)) = v*. And we have

mi (' (y; (n)) — u' (z3(n)))

> m(—eju’(zi(n) =€) > —emu”(~

U'(y!(n) = U' (' ()

¢ _,

)
Ty

and

Uy (n)) = U7 (27 (n)) = m(u! (y](n)) = (a] (n))

L .
> mlew! (z](n) +¢€) > eﬂfu]'(—j +e€).
Tt
Since lim inf,, U%(2%(n)) > v*, by choosing € small enough, the sequence {y(n)},
will satisfy liminf, U’(y*(n)) > v* and liminf,, U7 (y? (n)) > v.
By induction we can find a sequence {z*(n)}, C A which satisfies lim,, U*(z*(n)) >
v¥ for all k =1,2,...,m. Hence (v',v?,...,o™) €. =

Proof of Proposition 3

Since the (NA )condition holds, from Proposition 1, we know that U is
bounded. We will prove that U is closed. Suppose that (v!,...,v™) belong to
the closure of U and the sequence {x(n)}, C A such that lim,, U’(z%(n)) = v'.

If the sequence {z(n)}, belongs to a compact set of I!(7), without loss of
generality, we can suppose that lim, z%(n) = 2 in this topology. Since U’ is
continuous, we have U’(z?) > v¢ for all i. Thus (v!,...,v™) € U.

If the sequence {x(n)}, does not belong to a compact set, we can suppose
that there exists ¢ > 0 such that for an agent 4

oo
Tlim 3w (n)] = c.
s=n
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As in the proof of Proposition 2, we can choose a pair (i, j) which satisfies
the two properties:
1. 3B, cNN{s>n}, 2\ >0 for all s € E!, and

1111111 Z mlaxl(n) =" > 0.
seEY,

2. For all s € E,

33](71) < _xé(n) — ‘éS’.

m—1
With each M > 0, define the set S! C E! as follows

S5 = {s:2i(n) > 6] + M(m — 1)}. (4)

We have an observation: lim, > Ei\Si mizt(n) = 0. Indeed

Tm 3 waln) < S w (e + M(m 1))

sEEI\S? s€Ei\S?
n n n n

e . s .
> wies + M(m—1)) x
s=n s=n

IN

which tends to zero, since € € [!(rr).

Hence we have S% # 0 for all n big enough, and

. i)

lim g mexy(n) = c'.
n—00 4
seSy

We have B .
[es] — 5(n)

zl(n) < < —M. (5)

m—1

Since n* and 7/ are equivalent, we can assume that lim, Y- si miai(n) = >
0. Notice that these limits do not depend on M.

Define o := min(v*, v’ — %) —1,(k = 1,...,m). Define A, the set
of (z%) € I*(m) satisfies U¥(2¥) > a Vk and Y 2% = €. From Lemma 1 we
know that there exists C' > 0 such that U’(27) < C for all (z1,...,2™) € A,.
Notice that our sequence (z¥(n)) € A, for n large enough. Fix ¢ > 0. Since
u?(+00) = 0 we can choose M > 0 such that u”(M) < (m — 1)e/c. By similar
arguments as in the proof of Proposition 2, we can construct the sequence
(y*(n)) such that:

. o - U (M)
i, > b
hnrgg.}fU(y (n)) >w ——1

o Cwl (= M)
lim inf U7 (47 > o)
it Uy ) 2 o+

lim inf U*(y*(n)) = o* for all k # i,

n—o0
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with ¢!, ¢/ > 0 and ¢ < ¢ and ¢ and ¢/ do not depend on M.
So, for n large enough, U'(y*(n)) > v’ — ¢, and for all k # i, j, U (y*(n)) >
v¥ — € whereas lim,, U’ (y7 (n)) = v7 + % > vl + % > ). Let e — 0

and by applying the Lemma 3, we have (v',v%,...,v™) cU. =

Proof of Proposition 4
We proceed by two steps.

Step 1 We assume I» = {ip}. Suppose that the sequence {z,} satisfies
lim, U'(z%) = v'. We prove that (v!,...,v™) € U. If {x,} belongs to a
compact set of I*(7) topology, then liminf,, U*(2%) > v%, hence v € U.

Suppose that the sequence {z,} does not belong to a compact set. By us-
ing the same argument in the proof of Proposition 2, there exist ¢ and j which

satisfy two properties:

1. 3E, CNN{s>n}, 2t >0 for all s € B! and

liTIln Z mlal(n) = c' > 0.
SEE}
2. For all s € E}, '
zy(n) — [es]

zl(n) < — p——

If j # ip, since ¥ = 400, by using the same arguments in the proof of
Theorem 1 we have a contradiction.

We consider now the case j = 4g. Since i # ig, a’ = 0, by using the same
arguments in the proof of Proposition 2, we have (v!,...,v™) € U.

Hence U is compact.

Step 2

Claim Let f',...,f", be n vectors in IP(7), and p € [*°(n). Take any
x € [P(m) such that p- 2 = p- >, f'. Then there exists z!,..., 2™ in IP(r) such
that >, 2' =z and p- 2 = p- f* for all i.

Proof of the claim. This is true for n = 1. Suppose that the claim is true for
n—1. Take any z' such that p-z' = p-f!. We have p-(z—a1) = p->°1, fi. Using
the hypothesis of induction, there exists 2, ..., 2" such that Yoo =z — !

and p-2' =p- fiforalli. m

In the proof of Proposition 2, we have 7 = 7/ = 7! and \a’ = )\jaj =(,
for all i, j € Is. For 2! € I'(r) satisfying 2! = Y icl x', with 2 € ['(n), define

Ul'a’) = > \U().

i€la
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We consider now the economy £ with |I1| 4 1 agents, |I1| agents who are
risk averse, with endowment e’, utility function U?, and the last agent (denoted
by I) with endowment e/ = Y ic I ¢!, utility function U’. It is easy to verify
that agent I is risk neutral, with

cZws xl,

and the new economy satisfies (NA) condition. By Theorem 1, this economy
has an equilibrium, denote by (p*,z*). For all i € Iy, ** is the solution to

o0
max Z mlut(xh)
s=1
st ZP -3 el
s=1
and x*! is the solution to
max UI( Ty

5.t Zp Zp

If Ul(z%) > Ul (2*T), then p* - 2 > p* - e!

By the same arguments in the proof of the Theorem 1, there exists A} > 0,
A7 > Osuch that for i € Iy, pt = \wiu? (2%?). For I, we have p* = (7l = \aln!
Vi € Iy, ¥s. The function U’ is strictly increasing, so

p*-x*I:p*-e*Izp*~ZeZ
i€l

By the claim, for all i € I there exist z*' € IP(7) such that > icl, o = x|
and p* - x** = p* - ', Vi.

Fix i € I. Take x’ such that U(z%) > U’(x*"). We prove that p*-z% > p-e'.
Indeed, we have

1 & 1 &
Za’ : 1—Y2Aialﬂ;:Y2p§xé
v s=1 v s=1

Hence U'(z%) > U'(x*') implies p* - 2* > p* - 2% = p* - ¢
We have proved that (p*, (z*');) is an equilibrium of the model. m
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