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Abstract

We present some sharper finite extinction time results for solutions of a class of damped
nonlinear Schrodinger equations when the nonlinear damping term corresponds to the limit cases
of some “saturating non-Kerr law” F(|ul?)u = TeEe s witha € C, e > 0, 200 = 1 —-m)
and m € [0,1). To carry out the improvement of previous results in the literature we present in
this paper a careful revision of the existence and regularity of weak solutions under very general
assumptions on the data. We prove that the problem can be solved in the very general framework
of the maximal monotone operators theory, even under a lack of regularity of the damping term.
This allows us to consider, among other things, the singular case m = 0. We replace the above
approximation of the damping term by a different one which keeps the monotonicity for any € > 0.
We prove that, when m = 0, the finite extinction time of the solution arises for merely bounded
right hand side data f(t,z). This is specially useful in the applications in which the Schrédinger
equation is coupled with some other functions satisfying some additional equations.
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1 Introduction

This paper deals mainly with the asymptotic behavior, as ¢ — oo, of solutions of the damped

nonlinear Schrédinger equation

i% + Au+V(z)u+ a|u|_(1_m)u — f(t,z), in (0,00) x €, (1.1)

ujpq = 0, on (0, 00) x 09, (1.2)

u(0) = ug, in Q, (1.3)

where 0 <m < 1,a € C, Q C RN (with |Q| < oo, if m =0), f € LL ([0, 00); L*()), V € LL (%4 R)

and uy € L?(£2). More precisely, we will improve previous results in the literature ([16], [3], [7])

showing that the main assumption
0<m<1 (1.4)

implies the finite extinction time phenomenon (u(t) = 0 on 2 for any ¢ > T, for some finite T, > 0)
representing, clearly, the most opposite property to the famous Max Born result on the conservation

of the mass
[u(t)||2(0) = llu(s)llz2(q), for any t > s >0,

which arises in the context of the applications of the linear Schrédinger equation in Quantum Me-
chanics. Notice that this kind of non linear term can be understood as a special “saturating non-Kerr
law” which arises in several applications (see, e.g. [30], [L], [24], [L0], [2] and their references) in which

the following general nonlinear expression arises in the equation

F(lul®)u = Wu, (1.5)
with € > 0 and 2a = (1 — m). The assumption m € (0,1) corresponds to « € (0,1/2) and the case
m = 0 corresponds to o = 1/2. The consideration of the limit case, ¢ = 0 (assumed in this paper)
allows to know the limit behavior of solutions for other weakly saturated cases in which € > 0. When
¢ = 0 the saturating term becomes singular at u = 0. We send the reader to the papers [16], [3], [7]

for many other information on the modeling and related results concerning problem (1.1)—(1.3).

It was already shown in the above mentioned works ([16], [3], [7]) that the mere assumption (1.4) is

not enough to get to such a global conclusion and some other “additional conditions” are required.



The improvements presented in this paper deal mainly with such type of “additional conditions”.
Some of them could be understood as “technical conditions” but they are of not of minor relevance
since they require even an important revision already of the notion of solution of the problem. Thus,
curiously enough, in some cases a proof about the asymptotic behavior requires to improve the basic
framework of the existence and uniqueness of solutions. To carry out the improvement of previous
results in the literature we present in this paper a careful revision of the existence and regularity of
weak solutions under very general assumptions on the data. We prove that problem (1.1)—(1.3) can
be solved in the very general framework of the maximal monotone operators theory on L?(£2), even
under a lack of regularity of the damping term. This allows us to consider, among other things, the
singular case m = 0. We replace the above approximation of the damping term (1.5) by a different

one:

1—m

g2 (w) = (Jul* + )7 = u,

which keeps the monotonicity for any € > 0.

The motivation to include in the equation a given data f(¢,z) in the right hand side of the equation
comes from the fact that very often the solution (¢, z) of the Schrodinger equation is coupled with
other unknown term v(t, z) satisfying, perhaps, a different PDE (of the type of the Maxwell equation,
Poisson equation, conservation laws equation, etc.). Under suitable conditions (see, e.g., the energy
methods applied to some coupled systems in [4]), it is possible that the coupled unknown v(t, ) also
presents a finite time extinction (see, e.g., [3] for the case of a nonlinear Maxwell system) and this
is the reason why we will assume in some of our results that the given data f(¢,x) satisfy such a

property.

In this paper we will extend the formulation used in the previously mentioned papers to the case in
which there is a linear potential term Vu (in the philosophy of the Gross-Pitaevski models) in the
equation and, which is perhaps less considered in the former literature, the limit case m = 0. We
will understand the associated nonlinear operator as multivalued (see Definition 2.2, Part 3 below)
and we will prove a curious result which was not noticed in ([16]) where the case m = 0 was also
considered for a special formulation of problem (1.1)—(1.3) and for dimensions N < 2 : the extinction
time phenomenon holds in the larger class of data f(t,z) for which we replace the condition f(¢) = 0,

a.e. t > Ty, by the conditions
f c LOO((T(),OO) X Q)
and

£l o ((79,00)x2) < Im(a). (1.6)



In particular, when f(¢,x) represents a function of other possible coupled unknown v(t,x), as men-
tioned before, this new condition is much more general than the assumption that v (¢, z) also presents
a finite extinction time. We mention that although some related abstract results are available in the
literature (see [12] and [19]) they can not be applied to the framework of problem (1.1)—(1.3): see also
this kind of property in the context of multivalued quasilinear parabolic equation ([21]). Concerning
multivalued hyperbolic wave equations, the phenomenon is associated to the presence of a Coulomb
friction term in the equation (see, e.g., [14], [22], [20] and [5]) but usually f(¢,z) = 0 in this type
of problems. See also the control point of view for some Maxwell class of scattering passive systems
in [29]. The proof of our result (see Theorems 3.5 and 3.9 below) is quite simple and avoids the

application of any abstract result.

Although very precise statements will be presented later, we point out that our Theorem 2.7 below
allows the consideration of data satisfying merely f € L'(HZ) (and not necessarily f € WHi(HE) as
assumed in [8] and [7]). Another improvement of a “technical nature” is that in Theorems 3.6, 3.9
and 3.11, we do not need to assume that €2 is a bounded regular set if Q # RY. Moreover, in the
special case of Q a half-space we show that u, Au € L?*(Q) implies that u € H?(f2), which is used in
2 of Remark 3.15.

A different additional contribution, with respect to the previous papers ([3] and [7]) is that when we
are not, able to prove the finite extinction time at least we obtain some decay estimates as t — oco.

For instance, we prove some cases in which tlim Vu(t)|z2() = 0 (see Theorem 3.14).
—00

This paper is organized as follows. In Section 2, we state the main results about existence, uniqueness
and boundness of solutions of (1.1)—(1.3) (Theorem 2.6, 2.7, 2.9 and 2.10). In Section 3, we present the
statements of our results about the finite time extinction property (Theorems 3.5, 3.6, 3.9 and 3.11)
and on the asymptotic behavior (Theorems 3.3, 3.7, 3.8, 3.12 and 3.14). Their respective proofs are
also structured in different sections. In Section 4, we give some a priori estimates about the terms Vu

—(1=m)y arising in the equation (1.1), but, the more important part of the proofs is based on

and |ul
Section 5 in which we will prove that it is possible to apply the theory of nonlinear maximal monotone
operators on L?(2) to the case of equation (1.1). To this end we give some monotonicity results which
are slight generalizations of the previous ones due to Liskevich and Perel’'muter [28] and Hayashi [27].
Some additional properties and the proofs of the existence, uniqueness and boundedness of solutions
are collected in Section 6. The paper ends with Section 7 with the proofs of the statements on the

finite extinction time and on the asymptotic behavior presented in Section 3.

To end this Introduction, we collect here some notations which will be used along with this paper.
For t € R, t; = max{t,0} is the positive part of ¢. For z € C, Z is the conjugate of z, Re(z)

is its real part and Im(z) is its imaginary part. Unless if specified, all functions are complex-valued



(HY(Q) & H1(Q; C), etc) and all the vector spaces are considered over the field R. For 1 < p < oo, p' is

the conjugate of p defined by 11;+ ; = 1. For a (real) Banach space X, we denote by X* def Z(X;R) its
topological dual and by (., .)x+ x € R the X* — X duality product. In particular, for any T € Lp,(Q)
and u € LP(2) with 1 < p < 00, (T, u) 1" (), 1r(0) = Re Jo T(z)u(x)dz. The scalar product in L?(Q)
between two functions u,v is, (u,v)r2(0) = Re [, u(z)v(z)dz. For a Banach space X and p € (0, 00,
u € LY _([0,00); X) means that v € L ((0,00);X) and for any T > 0, ujo,7) € LP((0,T); X). In

loc loc
the same way, we will use the notation u € I/Vli)’cp([(), 00); X). If p € (0,00] then L¥(Q) = L=(Q) and
WLE(Q) = WHe(Q) if r = 0, and L°(Q) is the space of measurable functions u : @ — C such
that |u| < oo, almost eveywhere in . As usual, we denote by C auxiliary positive constants, and
sometimes, for positive parameters aq,...,a,, write as C(ay,...,a,) to indicate that the constant
C depends only on aq,...,a, and that dependence is continuous (we will use this convention for

constants which are not denoted merely by “C”).

2 Main results

For m € [0, 1], let us introduce the following sets of complex numbers:

C(m) = {z € C; Im(z) > 0 and 2v/mIm(z) > (1 — m)\Re(z)\}, (2.1)
D(m) = {z € C; Im(z) > 0 and 2y/mlIm(z) = (1 — m)Re(z)}, 0<m<1, (2.2)
Cint(m) = C(m)\ D(m), 0 <m < 1. (2.3)

In the particular cases m = 0 and m = 1, the set C(m) becomes,
C(0) = {z € C; Re(z) =0 and Im(z) > 0},
c(1) = {z € C; Im(z) > 0}.
Our main assumptions concerning the existence of the solutions are the following:

Assumption 2.1. We assume the following.

0<m<1, (2.4)
) is any nonempty open subset of RY, (2.5)
|Q| < oo, if m =0, (2.6)
aeC(m), ifme{0,1},
: (2.7)
a € Cipg(m), if0<m<1.
Ve L (O R) + LPV (3 R), (2.8)



where,

2, N =1,
py =4 2+ 3, for some g >0, if N=2, (2.9)
N, if N =3.

Here and after, we shall always identify L?(Q) with its topological dual. Let us recall some important
results of Functional Analysis. Let F and F be locally convex Hausdorff topological vector spaces. If

E < F with dense embedding then F™* < E*, where e* is the transpose of e :
VL e F*, Yz € E, (¢“(L),z)p+.g = (L,e(x))p+ F.

If, furthermore, F is reflexive then the embedding F™* (i E* is dense. Often, e is the identity function,
so that e* is nothing else but the restriction to E of continuous linear forms on F. For more details,
see Treves [31, Corollary 5; Corollary, p.199; Theorem 18.1]. Let A; and As two Banach spaces be
such that Ay, Ay C ‘H for some Hausdorff topological vector space H. Then A; N Ay and Ay + Ay are

Banach spaces where,

lallasra, = max {lalla,.llalla,} and Jlala, i, = inf  (flarlla, + aza, )-
=a1+az
{(al,az)eAlez

If, in addition, A; N As is dense in both A; and A, then,
(A1 NAp)" = A7 + A3 and (A1 + As)" = A7 N A3,

See, for instance, Bergh and Lofstrom [9] (Lemma 2.3.1 and Theorem 2.7.1). We will often apply
these results in the following cases. Let 0 < m < 1, let X = H N L™(Q), where H = L%*(Q) or
H = H(Q), and let Y be a Banach space such that Y < LP({)) with dense embedding, for some
p € [1,00). We then have,

m+1

X*=H"+L "~ (), (2.10)
2(Q) = X < L™(Q) with both dense embeddings, (2.11)
L (Q) = X* < 2'(Q), (2.12)
(u, V)y oy = (U, 0) 1o (), Lr(0) = Re/u(x)v(m)dx, (2.13)
Q
for any u € Lp/(Q) and v € Y. If 1 < ¢ < oo and p = 2 then by [8, Lemma A.4],
L. (10,00); ) N Wi ([0,00);Y) < ([0, 00); LA(9)). (2.14)

By reflexivity of 2(2), the emdeddings X* — 2'(Q2) and LWTH(Q) — 92'(Q) are always dense. If

m+1

0<m < 1orif | < oo then X is reflexive and the embedding L™= () — X* is dense.



We recall the definition of solution ([7, 8]), with a slight modification for m = 0, since it is not treated

in [7, 8].

Definition 2.2. Assume (2.4), (2.5), (2.8) and (2.9). Let a € C, f € L} _([0,00); L*(Q2)) and

loc

up € L*(Q). Let us consider the following assertions.

1w L0, 00); HE(Q) N L™ Q) N W5 ([0, 00); H* + L™ ().

loc loc

2. For almost every ¢t > 0, Au(t) € H*.

3. (a) If m > 0 then u satisfies (1.1) in 2((0,00) x Q).

(b) If m = 0 then there exists U € L‘X’((O,oo) X Q) such that [|U||ze(0,00)x0) < 1, U(t,x) =
u(t, )

|u(t, )]

is replaced with U.

,if u(t,z) # 0, and u satisfies (1.1) in 2’((0, 00) x ), where the term |u|~(1=™)y

4. ’U,(O) = Ug-

We shall say that u is a strong solution if u is an H?-solution or an H}-solution. We shall say
that w is an H2-solution of (1.1)~(1.3) (respectively, an Hj-solution of (1.1)—(1.3)), if u satisfies the
Assertions 1-4 with H = L*(Q) (respectively, with H = H}(Q)).

We shall say that u is an L2-solution or a weak solution of (1.1)—(1.3) if there exists a pair,
(frs tn)nen C Lige ([0,00); L(2)) x C([0,00); L*(£2)), (2.15)

such that for any n € N, u,, is an H?-solution of (1.1)—(1.3) where the right hand side of (1.1) is f,,

with
1 L2 ;L7
fo ZLOTREO) gy, SOOI, (216)
n—o0 nreo
for any T > 0.

Throughout this paper, we shall use the following notations and conventions. Let m € [0,1]. Since

’|z|_(1_m)z| = |2|™, we extend by continuity at z = 0 the map z — |2|~(!=™)z by setting,
|z|~0=™ 2 =0, if m >0 and z = 0.
Let € > 0. For any u € L°(Q) and almost every = € 2, we define

= u(x), m—+e >0,




Remark 2.3. Let us clarify the Definition 2.2. See also [7] for more details in the case m > 0.

1. If u is any strong or weak solution then by 1 of Definition 2.2, (2.14), (2.16) and the embedding
Wioe® ([0, 00); H* 4 L>(Q)) <= C([0,00); H* + L=(1)),
we have,

u € C([0,00); L*()), if m > 0 or if u is a weak solution,
u € C([0,00); HH() + L>(2)), if m = 0 and if u is an Hj-solution,
u € C([0,00); L*(Q) + L>(Q)), if m = 0 and if u is an H>-solution,

and thus the Cauchy condition «(0) = up makes sense in some functional space according to
the above different cases. Assume m = 0 and || < oo (such as indicated in Assumption 2.1).
Then, it is obvious that if u is an H?-solution then u € C([0, 00); L*(€2)). We claim that if u is
an Hi-solution with m = 0, || < co and f € L+*([0,00); H~1(2)), for some € € (0, 1), then
for r = 255 € (1,2),

u € Lo ([0,00); HY (9)) N W ([0, 00); HH(9)) < ([0, 00); LA(9)). (2.17)
Indeed, by 1 of Definition 2.2 and the inequality ||u(t)H%2(Q) < u®) -1 @) [w) | mp o). we
have u € L2 ([0,00); L?(Q)). With the help of (4.4) below and (1.1), we get that Au €

loc

L1+ (]0,00); H71(€2)). Finally, using the inequality [Vu)||7z0) < HAu(t)||E_1(Q)|\u(t)||zé(m,

with r = 221—%, and integrating in time, we obtain, by the Holder inequality,

IVullZro,myce () < AUl Liveo.r): -1 @) 1ull L1 0.7y (52)):

for any T > 0. Hence (2.17) holds.

m+1

([0, 00); L*(€2) + L™ (), and any H}-solution satis-
fies (1.1) in L], .([0,00); H*(Q)+L a (Q)). Indeed, this is a direct consequence of Definition 2.2

2. Any HZ?-solution satisfies (1.1) in Lj

loc

and Lemmas 4.1 and 4.3 below.

3. Notice that the boundary condition U(t)‘ag = 0 is implicitely included in the assumption
u(t) € HY(Q), for the strong solutions. For the weak solutions, this has to be understood

in a generalized sense by using the limit of strong solutions.

The way in which the weak solutions satisfy the equation(1.1) is explained in the following result:



Proposition 2.4. Let Assumption 2.1 be fulfilled and let f € LIOC([O7OO);L2(Q)). If u is a weak

solution to (1.1) then

we WEH[0,00); H2(Q) + L (Q)). (2.18)

loc

In addition, u solves (1.1) in L{ ([0, 00); H~%(2) + L%(Q)) and so in 9'((0,00) x Q).

Concerning the uniqueness and continuous dependance with respect to the initial data of solutions,

we have:

Proposition 2.5 (Uniqueness and continuous dependance). Assume (2.4)—(2.6) and (2.8)—

(2.9). Let a € C(m), let f, f € L ([0,00); L*(Q)) and X = Hg(Q) N L™T(Q). Finally, let
u,i € L2, ([0, 00); X) N WL ([0, 00); X*) = C([0,00); L2(R)), (2.19)
for some 1 < p < oo, be solutions in .@’((0, 00) X Q) to,
g + Au+Vu + a|u|7(17m)u = f,
it + AU+ Vi + ala " ™a = f,

respectively (with the obvious modification, as in Definition 2.2, if m = 0). Then,

[u(t) = a(®)llz20) < lluls) —uls)llL2o +/||f F(0)l 2 do, (2.20)

foranyt>s>0.

Theorem 2.6 (Existence and uniqueness of L2-solutions). Let Assumption 2.1 be fulfilled and
let f € L ([0,00); L*(2)). Then for any ug € L*(Q), there exists a unique weak solution u to (1.1)—
(1.3). In addition,

€ L ([0, 00); L™ (Q)), (2.21)

loc
1 t
31401 0) + I / (@ gy < ) ey + T [[ floa)ulardodo, (222
s Q

foranyt > s> 0. If |Q < 0o or if m = 1 then the inequality in (2.22) is an equality. Finally, if u
is a weak solution to (1.1) with u(0) = ug € L2(Q) and f € LL _([0,00); L%(Q)) instead of f in (1.1)
then (2.20) holds for any t > s > 0.

loc

Theorem 2.7 (Additional regularity in Hj). Let Assumption 2.1 be fulfilled. Assume that each
component of the vector VV satisfies the regularity (2.8) and let f € Li ([0, 00); H3 (). Then for
any ug € HE (), the weak solution u satisfies, additionally, that

u € C([0,00); L*(€2)) N Ly, ([0, 00); Hg () N Lind™ ([0, 00); L™+ (92)),

loc

(2.23)

m+1

ue Wh([0,00); H-H(Q) + L5 (Q)),

loc



m+1

to (1.1)~(1.3), satisfying (1.1) in Wli’cl(((),oo),Hfl(Q) + L7 () — 2'((0,00) x Q). In addition,

u verifies,

t
[u(®)ll g ) < |IU(S)||H01<Q>+/||f(0)||H5(Q)dU IV oo rry (129, (2.24)

for almost every t > s > 0, where C' = C(N) (C = C(B), if N =2).
Remark 2.8. Below are some comments about Theorems 2.6 and 2.7.

1. Let Assumption 2.1 be fulfilled and let u be a weak solution. If f € L'((0,00); L*(2)) then,

p(1—m)

u € Cy([0,00); L2(Q2)) N L 2=» ((0,00); LP()), (2.25)

for any p € [m + 1,2]. Here, by C, we mean C N L. If, in addition, (¢n)nen C L?(Q),
(fn)nGN C Ll((0,00),Lz(Q)) andv

2 1 T2
©On —)L @) U and fn —L (©O.00):F (Q))> fa
n—oo n—00

then for any p € (m + 1,2),

p(1—m)
Cp([0,00);L2(Q))NL 272 ((0,00);LP(2)) w

n I’
n—roo

where for each n € N, wu, is the weak solution to (1.1) with u,(0) = ¢, and f, instead of f.

See [7, Remark 2.5] for more details.

2. The solution obtained in Theorem 2.7 could be called an almost H}-solution since it verifies all
the conditions of Definition 2.2, except the property

m+1

™ ((0,00); X*), (2.26)

1
ue W’

loc

which need not be satisfied, where X* = H=1(Q) + L5 (©). In particular, we cannot apply
Proposition 2.5 and, as a consequence, we do not know if the solution is unique in the class

of functions satisfying (2.23). Of course, it is unique in the class of weak solutions (Theo-
m+41

rem 2.6). Finally, (2.26) may be obtained if we assume additionally f € L, ™ ((0, 00); X*), (see

loc
Theorem 2.9 below).

3. The assumption on VV in Theorem 2.7 (and Theorem 2.9 below) is needed to obtain (2.24)
([0, 00); H3 (%))

If V is a constant function then we may obtain a better estimate as follows. We claim that,

and, thereby, the approximating sequence of the H?-solutions bounded in L{%,

t
[Vu(t)ll 2 ) < [[Vu(s)llz2@) +/HVf(U)||L2(Q)d07 (2.27)

10



for almost every ¢ > s > 0. Indeed, since the solution obtained in Theorem 2.7 is a weak
solution, by uniqueness of the weak solutions and by a time translation argument, it is sufficient
to establish (2.27) for s = 0 and the H?2-solutions. Taking the L?-scalar product of (1.1) with

—iAu, it follows from [3, Lemma A.5] and Lemma 5.1 below that for almost every o > 0,

1d

5 IVe@ia ) < (VF(0),iVu(0)) L) < IVF(@)ll2(0) V(o) 1200

The result then follows by integration. See the proof of Theorem 2.7 for more details.

Below and after, we denote by Ci([0,00); H}(Q2)) the space of continuous functions from [0,00) to

H{} (), where Hg () is endowed of the weak topology o (Hg (), H~ () .

Theorem 2.9 (Existence and uniqueness of H}-solutions). Let Assumption 2.1 be fulfilled.

Assume that each component of the vector VV satisfies (2.8) and let

f € LL.(0,00); HA(Q)) N L (10, 00); H™1(Q) + L™ ().

Then for any ug € HE (), there exists a unique Hg-solution u to (1.1)—(1.3). Furthermore, u is also

a weak solution and satisfies the following properties.
1. u € Cy([0,00); H}(Q)) and (2.24) holds for any t > s > 0.

2. The map t — ||u(t)||2L2(Q) belongs to Wli)’cl([O7 o0);R) and we have,

1d .
S 0O 2y + Im@)[u(®) 7 ) = Tm / F(t,2)ult,2) de, (2.28)
Q

for almost every t > 0.

Theorem 2.10 (Existence and uniqueness of HZ2-solutions). Let Assumption 2.1 be fulfilled
f e Whl([0,00); L2()). Then for any uo € H(Q) N L2>™(Q), with Aug € L*(R), there exists a
unique H?-solution u to (1.1)=(1.3). Furthermore, u satisfies (1.1) in LS ([0,00); L2(Q)) as well as

the following properties.

1. uw € C([0,00); H}(Q)) N Wl’oo([O,oo);LZ(Q)) and, in addition, u € L3 ([0,00); L*™(2)), if

loc loc

m > 0.

2. Au € LS ([0,00); L2(2)) and,

[u(t) = u(s)|lL2(e) < lluell Lo ((s,0);22 )t = 5], (2.29)

IVu(t) — Vu(s)|| 12 ) < M|t — 5|2, (2.30)
t

el oo (0,00 22(0)) < A5 w0 — f(0)[|L2(0) +/0 If' (o)l 20 do, (2.31)

11



for any t > s > 0, where M? = 2(ut|| oo ((s,8);22 () 1AW Loo ((s,8);22(02)) and iATug = Aug +
Vug + ag(uo) (1A8u0 = Aug + Vug + aly, for some Uy in the unit closed ball of L*(2) with

Uy = h%\’ almost everywhere where ug # 0, if m = O).

3. The map t — ||u(t)||%2(ﬂ) belongs to C*([0,00); R) and (2.28) holds for any t > 0.

4. If f € Wl’l((O,oo);L2(Q)) then we have,

u € Cb([O, 00); H&(Q)) N VVLOO((O7 00); LZ(Q)),
Au € L°°((0, oo);Lz(Q)),
u € L>((0,00); L*™(2)), if m > 0.

Remark 2.11. Below are some comments about Theorem 2.10.
1. Since f € Wlf;j([o, 00); L?(Q2)) < C([0,00); L*(£2)), estimate (2.31) with f(0) makes sense.

2. For any p € (2m, %} (p € (2m,00)if N=2,pe (2m,o0] if N =1),

ue 00 ((0,00): /(). (w€ G (0,00): LA(Q) i f € WH((0,00): L*(2))).

2[\]%(};\[_4)ifp22,a:im)ifp<28Lndm>0,aunda:1ifp<2aundm=0.

where a = P
Indeed, if p > 2 this comes from Properties 1 and 2, and Gagliardo-Nirenberg’s inequality. If
m > 0 and p € (2m, 2], this regularity comes from Holder’s inequality, Property 1 and (2.29).
Finally, if m = 0 and p € (0,2], this comes from (2.29) and the embedding L?(Q) < LP(£),

since |Q] < 0.

Remark 2.12. The existence of the solutions of (1.1)—(1.3) for a € D(m) is not treated here and
will be the subject of a future work. Note that if || < co and V' = 0, this was done in [3].

3 Finite time extinction and asymptotic behavior

We will improve the result of [8] by avoiding, among other things, some regularity and boundedness

conditions on the spatial domain.
For N € N, let £ € {1,2}, m € [0,1) and

(N +20) —m(N —2/()
¢ = m . (3.1)

Notice that if N =£¢ =1 or if N < 3 then for any m € [0,1), 6, € (%, 1) .

12



Assumption 3.1 (Case of the H}-solutions). Assumption 2.1 holds true with 0 < m < 1 and V
a constant function. Let f € L'((0,00); H}(R)), let ug € Hg(€2) and let u be the unique L2-solution
to (1.1)—(1.3) given by Theorem 2.6. We assume that there exists a finite time Ty > 0 such that

fe L ((To, 00) x Q) and || f[| os ((1,00)x) < Im(a), if m =0, 52)
f(t) =0, for almost every t > T, if0<m<1. '

Assumption 3.2 (Case of the H?-solutions). Assumption 2.1 holds true with 0 < m < 1. Let
f e WHH(0,00); L2(Q)), ug € H{(Q) N L>™(2), Aug € L*(Q) and let u be the unique H?2-solution
to (1.1)—(1.3) given by Theorem 2.10. We assume that there exists a finite time Ty > 0 such that f
satisfies (3.2).

Asymptotic behavior of the L2-solutions

Theorem 3.3. Let Assumption 2.1 be fulfilled, let f € L'((0,00); L2()), uo € L*(2) and let u be
the unique weak solution to (1.1)—(1.3) given by Theorem 2.6. Then,

li =0.

S ()]l L2() =0

Remark 3.4. Let the hypotheses of Theorem 3.3 be fulfilled with m = 0 and |Q] < oco. By the
embedding L?(Q) — LP(Q), we have tli/I‘n lu(t)||zr) = 0, for any p € (0,2]. Now, suppose m = 1

and f = 0 almost everywhere on (T, o0), for some Ty > 0. Then,
V> To, [lu(t)l|zz2i) = [u(To) || L2@e” ™0,

Indeed, by (2.20) and density, we may assume that u is an H2-solution. We then have by (2.28),

1d
vt 2 T, 5 lu®liz ) +m@)u®)l7z ) = 0,

from which the result follows. We have a similar statement for the strong solutions when m < 1

(Theorems 3.7 and 3.12 below).

Finite time extinction and asymptotic behavior of the H(}-
solutions

Theorem 3.5 (Finite time extinction). Let Assumption 3.1 be fulfilled with N = 1. Then,

vt 2 T, [lu(t)llrz2) =0, (3-3)
where,
l-m l_m
T, < C||U(T0)HL22(Q)||Vu||Lfo((0,oo);L2(Q)) + To, (34)

for some C' = C(Im(a),m) (C = C(Im(a) — ||f||Loo((TD,OO)><Q))7 if m=0).

13



Theorem 3.6 (Synchronized finite time extinction). Let Assumption 3.1 be fulfilled with N = 1.

m+1 m—+1

Assume further that f € L™n ((0,00); H=*(Q) + L™ (Q)) so that u is an H}-solution. There exists

gx = &x(|al,m) satisfying the following property. If

||Uo||2L(zl(§£1) < e,
Vol z2() + IV FllL1 ((0,00):22(2)) < Ex (3.5)
251 —1

for almost every t > 0, where 61 is defined by (3.1), then (3.3) holds true with T, = Tj.

Theorem 3.7 (Time decay estimates). Let Assumption 3.1 be fulfilled with N > 2. Then for any
t 2 T07

u(®)ll L2 () < [lu(To)l|L2@ye” 4T, (3.6)

if N =2, and
|w(To)ll L2 ()

[u®)||r2(0) < (3.7)

=m)(N=2) =Tl
if N = 3, where C = C(||Vu| £ ((0,00);22(0)); Im(a), N,m) (C = C(||Vul| = ((0,00);22(02)), Im(a) —
Hf||L°°((Tg,OO)><Q)7 N), me = O),

Theorem 3.8 (Time decay). Let Assumption 2.1 be fulfilled with V a constant function. Let
f € L'((0,00); H3 (), uo € H() and let u be the unique weak solution given by Theorem 2.6.
Then,

li = 3.8
Tim Ju(®) o0 = 0. (33)

for any p € [2, %) (p € [2,00] if N =1). If m =0 then (3.8) is also true for any p € (0,2].

Finite time extinction and asymptotic behavior of the H?-
solutions

Theorem 3.9 (Finite time extinction). Let Assumption 3.2 be fulfilled with N < 3. Then,

Vt 2 T, |lu(t)lr20) =0, (3.9)
where,
(17m)4(47N) N(14—7n)
T, < C||U(T0)||L2(Q) ||AU||L0<>((0,OO);L2(Q)) + To, (3.10)

for some C' = C(Im(a), N,m) (C = C(Im(a) — ||f||Loo((TO,OO)><Q),N)7 if m=0).
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Remark 3.10. Assume m = 0. When u(¢,x) = 0, we do not know exactly what is the term U(t, z)
in the equation (1.1) (remember Part 3b of Definition 2.2), except in the following particular case.
Assume that, for some Ty > 0, f satisfies (3.2). Let u be a solution as in Theorems 3.5 or 3.9. Then

by (3.3) or (3.9), the equation (1.1) becomes,
ilm(a) U(t,x) = f(t,x),
for almost every (¢,z) € (Ty,00) x Q.

For 0 < m < 1, let us define the quasi-norm || . ||, 0 by,

[ullm.o = l[ullmy @) + lullzm@) + [Aullz2 o), (3.11)
for any u € H}(Q) N L*™(Q) with Au € L?(Q).

Theorem 3.11 (Synchronized finite time extinction). Let Assumption 3.2 be fulfilled with N < 3
and 0 < m < 1. There exists £, = e4(|al, N,m) satisfying the following property. If

2(1-46
ol 35y’ < & To,

[wollm., + |l fllwr1(0,00);L2(02)) < €xs (3.12)

2591

||f(t)||%2(g) < 5*(T0 — t)_ﬁfiéz,

for almost every t > 0, where o is defined by (3.1), then (3.9) holds true with T, = Ty.

Theorem 3.12 (Time decay estimates). Let Assumption 3.2 be fulfilled with N > 4. Then for any
t 2 TO7

u(t) |20y < u(To) | p2@e T, (3.13)
if N =4, and

[w(To)l L2 () (3.14)

[u(®)||z2(0) < —,
(1—7n)4(N—4) T—m)(N—D)
(1+ Tl €= 10)

ZfN 2 5, where C = C(||AuHL°°((O,oo);L2(Q))7Im(a)aNvm) (C = C(HAUHL“((O,OO),LQ(Q))’Im(a‘) -
[ Fll 2o ((7p.00) x2)s V), if m = 0).

Remark 3.13. As mentioned at the introduction, the results of Theorems 3.5, 3.7, 3.9 and 3.12
for m = 0 can be applied to the case in which the Schréodinger equation is coupled with some other

dynamic equation

0
ia—ltb + Au+V(z)u+ a% = g(v),
v

5t + B(v) = h(u,v).
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Then by taking f(t,z) = g(v(t,w)), if we can prove, for instance, that [|v(t)| 1) RN 0, and if g
is Lipschitz continuous with ¢g(0) = 0, then the assumption || f|| e ((1,,00)x0) < Im(a) is satisfied, for

Ty > 0 large enough.

Theorem 3.14 (Time decay). Let Assumption 2.1 be fulfilled. Let f € W ((0,00); L*(2)), uo €
H} () N L2™(Q) with Aug € L*(Q) and let u be the unique strong solution given by Theorem 2.10.
Then,

. . . d )
Jim u(t) g0 = Jim [u(®ll oo = Jim 3 lu®] ) = 0, (3.15)

for any p € (Zm, %] (pe (2m,0) if N =2 pe (2m,00] if N =1).

Remark 3.15. Let the assumptions of Theorem 3.14 be fulfilled. Below are some comments about

the asymptotic behavior of the solution.
1. If m = 0 then || < co and by (3.15), tli/m lu(t)|lwia) =0, for any ¢ € (0,2].

2. Let E = {u € Hj(Q); Au e L*(Q)} and ||ul|}, = Hu||%2(ﬂ)—|—||Au||2L2(Q)7 for any u € E. We recall
that if Q = R, if Q is a half-space or if 2 is bounded with a C*!-boundary then E = H?(Q) N
H} () with equivalent norms. Indeed, this is due to Fourier’s transform, Plancherel’s formula,
Haroske and Triebel [26, Theorem 5.16; Proposition 5.17] and Grisvard [25, Corollary 2.2.2.4].
With help of Property 4 of Theorem 2.10, it follows from (3.15) and Gagliardo-Nirenberg’s
inequality that,

i (@)l = Jim [0y =0,
2N

for any ¢ € [5,2] with ¢ > 7;;7?17 and any p € (Zm, m) (p € (2m, 0] if N < 3).

4 On the zero-order terms

In this section we analize the functionals associated tu the zero-order terms in equation (1.1).

Lemma 4.1. Let V =V; + Vo € L®(Q;R) + LPY (; R), where py is given by (2.9). Then for any
u € HE(Q), we have Vu € L*(Q) and,

[Vullzz@) < CIV | e @)+zev @ llullm ) (4.1)
where C = C(N) (C = C(B), if N = 2). In addition, for any u € H}(Q),

Viull L2y < [IVillzee ) llullz2 (), (4.2)
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and for any p > 0,
V <C 1 TV 7 + 71 Vul|? 4.3
| 2“||L2(£2) X | 2H[PV(Q)||U||[2(Q) [ UHL2(Q)7 (4.3)

where*y:%if]\f:l,’y YfN=2,7v=0i N >3, and C = C(N) (C:C(B),ifN:?).

W

Lemma 4.2, Let V =V + V5 € L®(Q;R) + LPY (; R), where py is given by (2.9). Then for any
u € L?(Q), we get that Vu € H~Y(Q) and,

Vullg-10) < CIV |z @)+ v (o llullz20), (4.4)
(Vu,v) g-19),m1 ) = (U, VU)L2(0), (4.5)
for any v € HY(Q), where C is given by (4.1).
Lemma 4.3. The following properties are satisfied by the saturation terms gi*(u) :

1. Let m € (0,1]. Then for any p € [1,00), we have that gJ* € C(L”(Q);L%(Q)) and g is bounded

on bounded sets. More precisely,

90" (v) — 95" (v)]

L (Q) < 3flu = vliZr (),
for any u,v € LP(9).
2. Let m € [0,1] and € > 0. Then g € C(L*(2); L*(2)) and g™ is bounded on bounded sets.

Proof. The first part can be found in [8, Lemma 6.2] while 2 is obvious. O

Proof of Lemma 4.1. Let u € H}(Q). By Holder’s inequality, we get (4.2) and,

[[wll oo 92)5 if N =1,
[Vaullza@) < Vallev @y x Il 2 o 38N =2, (4.6)
||u|| 2N 5 if N = 3.
LN+2(Q)

Then (4.1) comes from (4.2), (4.6) and the Sobolev embeddings. Let p > 0 and v = p||Vz| Lrv (). By

Sobolev’s embedding and Gagliardo-Nirenberg’s and Young’s inequalities, we have

lull =0y < Cllull F2(ey | Vull F2 0y < Ov lulliaggy + 21VulZa gy ifN =1,
lull 2oy < CIIuIIEJQQ)IIVqu;iQ < Oy ||u||§§1m + |Vull3aq), i N =2,
2 gy S OllVullz) < Crv+ I Vuliag), i N > 3.
Putting together (4.6) and the above estimates, we obtain (4.3). O
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Proof of Lemma 4.2. Let u,v € H}(Q). By Lemma 4.1, Vu € L?(Q) — H~'(Q) with dense
embedding and,

(Vu,v) g1y, m @ = (Vu,v)r2(0),12(0) = (4, V) 2(0),

H HSHP ‘<VU7U>H—1(Q),H&(Q) < ClV Lo @y+zov o llullz2(),
v 1 =1
H (@)

by Cauchy-Schwarz’s inequality and (4.1). The inequality is extended to any u € L?(Q) by density.
O

5 Some maximal monotone operators
In all this section, we suppose Assumption 2.1 but with a € C(m), not merely a € Ciy(m), if
m € (0,1) (unless if specified). Let ¢ > 0. Let us define the following operators on L?((2).

Vue D(L) ¥

{ue Hj(Q); Aue L*()}, Lu = —iAu—iVu,
D(B™) =L*(Q), e >0o0r m =1, D(A™) = D(L), € > 0,
Vu € D(BI"), BI'u = —iagl*(u), Yu € D(A), Al'u = Lu+ BMu,

g

D(Bg) = L*(), Q] < o0,

vu € D(BY), Biu={U € L=(Q); U]z~ <1 and if uw) £ 0, Ulx) = gd(u) (@)},
D(AS) = D(L), |9 < oo,

Vu € D(A)), AJu = {Lu—iaU; U € Biu},

D(Ay) = {ue D(L); ue L*(Q)}, m >0,

Vu € D(AYY), AJ'u = Lu — iag§*(u).

It is clear that the all above domains are dense in L?({2) since they all contain 2(f2), which is dense

in L?(Q).
Lemma 5.1. Let u € D(L) and U € Bdu. We have the following results.

1. If m > 0 and if u™Au € L*(Q) then Re <ia/ gé"(u)Audx) > 0.
Q

2. If m =0 then Re (ia/ UAudx) > 0.
Q
Proof. By [3, Lemma 6.3 and Remark 6.4], we only have to show 2. Let u € D(L) and U € Biu.

Set w = {2 € Qu(z) # 0}. Since a € () C(m) and g§'(u) === gf(u), it follows fom the
0<m<1 mN0
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dominated convergence Theorem and 1 that,

Re (ia/ |Z|Audx) > 0. (5.1)

It is well-known that if w € H'(Q) then Vu = 0, almost everywhere in w®. In fact, since u € HZ (),

Au = 0, almost everywhere in w® N K, for any compact subset K C €2, hence in w®. It follows that,

Re (ia /w UAuda:) =0. (5.2)

Summing (5.1) with (5.2), we get the desired result. O

Lemma 5.2. (L, D(L)) is a linear skew-adjoint operator on L*(Q) with dense domain. In particular,

it 18 maximal monotone.

Proof. It is clear that Lu € L?(), for any u € D(L) (Lemma 4.1) and that (L, D(L)) is a skew-

adjoint linear operator with dense domain, from which the result follows (Cazenave and Haraux |

)

Corollary 2.4.9]). m

The monotonicity result below is a slight generalization of a result of Hayashi [27, Lemma 4.3] but
for the convenience of the reader, we give its proof. Actually, in his paper the quantity in (5.3) below

is nonegative and we need a positive quantity.

Lemma 5.3. Let f : (0,00) — (0,00) be an increasing function. Then for any (21,22) € C? such

that z1z9 # 0 and |z1| # |z2|,

Re ( (£t = f(lz)) > 0. (5.3)
(a0 - st ) G=20)

If f is merely nondecreasing or if |z1]| = |z2| then the quantity in (5.3) is nonnegative.

Proof. Let f : (0,00) — (0,00) be an increasing function and let (21, z2) € C? be such that 2122 # 0
and |z1| # |22|. We have,

o (£ - £ 2 ) GT=2))

= f(laDlal - f<|z1|>Re(jjf2> - f<|z2|>Re(j;f2) T f(z2))ll
Dzl = FzaDlzal = F(zal)lea] + F(lz])z2]

= (f(lza] = £(1z2D) (Jz1] = |22])

>0,

since f is increasing and |z1] # |22]. O
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Remark 5.4. Since on C\ {0}, Re(21%z2) = |z1||22] if, and only if, Arg(z1) = Arg(zs), it follows
from the proof of Lemma 5.3 that if f : (0,00) — (0,00) is a nondecreasing function then for any
(21,22) € C? such that 2122 # 0 and Arg(z1) # Arg(ze) (with possibly |z1] = |22]), the quantity
in (5.3) is positive (and not merely nonnegative). Here and after, Arg(z) € (—m, ] denotes the

principal value of the argument of z € C\ {0}.
Corollary 5.5. Let (z1,2) € C2.
1. Assume that m +¢e > 0. If |z1] # |z2| then,
Re (((w? Fe)" T 2 — (|2a)? +g)%zg) (ﬁ)) >0, (5.4)
(respectively, > 0, if |z1| = |22]).

2. Assume that m +¢e = 0. If z129 # 0 then,

Re ((Zl _ Zz) (=
lz1] |22
m—1

Proof. Apply Lemma 5.3, where for any t > 0, f(t) = (t? +¢) 2 t. O

zz)> > 0. (5.5)

The result below, for € = 0, is due to Liskevich and Perel'muter [28, Lemma 2.2]. Nevertheless, we

will need to generalize it to the regularized case € > 0.

Lemma 5.6. We have,

m—1

2\/%]1m(((|z1|2+5)”%zl_(|z2|2+s) : zg) (m))

m—1

<(1_m)Re(((|zl|2+e) : zl—(\z2|2+a)"‘7’lz2) (m)).
for any (z1,22) € Cx C (and z129 # 0, if m =€ =0).

Remark 5.7. If m = 0 then Lemma 5.6 is nothing else but Corollary 5.5 (while if m = 1 then the
conclusion is that the complex number we are computing between the parentheses is a nonnegative

real number, which is obvious).

Proof of Lemma 5.6. By Remark 5.7, we may assume that 0 < m < 1. Let (21, 22) € C2.

m—1

Set Z. = ((|zl|2 +e) 7 21— (] + 5)%22> (21 — z2). A straightforward calculation gives,

m—1 m—1

Re(Z:) = (|al*(I1 49" + [2l(|= )T ) ~Re(21m) (Jal +2) "7 + (1= +9"T ),

m

Im(Z.) = Im(z722) (212 +€) %" = (22 +2)"7 ) |

Re(2172) = |21 [22] cos (Arg(2172)), Im(Z1z2) = |21][22] sin (Arg(z122))-
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Note that Im(Z.) = 0 < Re(Z,) if z122 = 0 or |z1| = |22| (Corollary 5.5). So we may assume that
|21| > |22| > 0. We set t = |21], s = |22| and 6 = Arg(Z123). By Corollary 5.5, Re(Z.) > 0 and we may
define F. by,

[Im(Z)|

F.(t,s,0) = Re(Z.)

Since F; > 0, we shall show that,

1—m)?
s |
F(t,s,0)" < pree— (5.6)
with,
m—1 m—1 2
1252 ((t2 +e) 7z —(s2+¢) 2 ) (1 — cos? )
F.(t,5,0)* =

((tQ(tz )" +52(s2 + s)mT’l) —ts ((t2 te) T 4 (s2 4 e)mT’l> 0089)2’
det A(1 — cos?0)
(B —Ccosb)?’
We proceed with the proof in four steps.
252 ((t2 +e)"T — (s 4 s)mT_l>2
(2 — 82) (£2(82 + €)1 — s2(s2 4 e)m 1)
)2

We write 0 = cosf and g(o) = F.(t,s,0)° = é}iggl Note that since t > s > 0 then, with help of

Step 1: F.(t,s,0)% <

Corollary 5.5, we have A > 0, B > 0 and B — Co > 0, for any o € [—1, 1]. In particular, 0 < C' < B.

ma (o) = g
o'e[—fl]g 9 =9 B ’

It follows that, sup F.(t,s,0)®><g (%) , which gives the desired result.
oe(—m,m)

A study of g gives,

(1 —m)? 2 — g2
dm (P +e)(s2+¢)

m—1 m—1

2
Step 2: ((t2+5) (824 6) ) <
By the Cauchy-Schwarz inequality, we have,

(@ +e)™ = (2 +2)™).

fas m—1

((t2+5) (24 e)"s )2

2 2 2 2

G=m? [ @=mp2 [

=1 / c 2z do| = 1 / o o 2 do
s2+¢ s2+4¢

) ) t>+e t2+e

< ( —4m) / o %do o™ o
s2+e s2+e

= (1 4;?)2 (<82 —|—8)_1 _ (t2 +E>_1)((t2 +€)m _ (82 +E)77z)7
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which is Step 2.
Step 3: 0 < (2 +e)™ — (s> + )" < 2(t> + &)™ 1 — % (s? + )™ L.
Indeed,
(2 +e)™ — (s + )™
— (t2(t2 +€)mfl o 82(52 +6)m71) —c ((52 + E)mfl o (t2 =+ E)mfl)
< t2(t2 4 E)m—l _ 82(82 4 E)m—l,
since t > s > 0 and m — 1 < 0. Hence Step 3.

Step 4: Conclusion.
Putting together Steps 1-3, we infer,

Fe(t,s,0)* <

which is (5.6). This ends the proof. O

Corollary 5.8. Assume m +¢ > 0. Let u,v € L™(Q) if e = 0, and let u,v € L?(Q) if ¢ > 0. Then
(97" (u) — g2 (v)) (w =) € L'(Q) and,

Re (—ia / (9 (u) —g?(v»(u—vmx) >0, (5.7)

Q

for any a € C'(m).

Proof. Assume m € [0,1) and € > 0 with m + ¢ > 0. Let w,v be as in the corollary. Then
by Lemma 4.3 and Hélder’s inequality, (g7"(u) — g (v))(u—v) € L'(Q2). Now, let a € C(m). By

Lemma 5.6,

e ~ia [ (92" (w) ~ g2"(0)) (@ )z

Q
= Im(a)Re/ (97%(u) — g (v)) (w —v)dz + Re(a)Im/ (97 (uw) — g (v)) (u —v)dz
Q

Q

> <Im(a) — [Re(a)| 12\_/7%”) Re ! (92" (u) = 9" (v)) (u —v)dz

2 0,

if m > 0. If m =0 then a € C(0) = {0} xi(0, 00) and,

Re (ia/ (92(u) — gg(v))(uv)dm) = Im(a)Reﬂ/ (92(u) — g2(v)) (u—v)dz >0,

Q

by Corollary 5.5. This ends the proof. O
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Corollary 5.9. Assume m € (0,1] and a € C(m). Then (Ag*, D(ARY)) is monotone on L*()) with

dense domain.

Proof. By Lemmas 5.2 and 4.3, A7* : D(AJ') — L?() is well-defined. Let u,v € D(AJ'). We have,
D(Ap) C L*™(Q) N L%(Q) c L™TY(Q), and so Corollary 5.8 applies. Finally, by skew-adjointness of
L (Lemma 5.2),

(Af'u — Af'v,u — v)2(0) = Re —ifl/ (95" (u) — 95" (v)) (w=v)dz | >0,
0

by Corollary 5.8. O
Corollary 5.10. Assume a € C(0). Then (A3, D(AS)) is monotone on L*(Q) with dense domain.

Proof. Since [ < oo, L>(2) — L*(2) and we have AJu € 2 (L?((2)), for any u € D(AJ). Since
a € C(0), we have a = i), for some real A\ > 0. Let u1,us € D(AJ) and (Vi, Va) € AJus x AQus. Then
for each j € {1,2}, there exists U; € Blu; such that V; = Lu; + AU;. By skew-adjointness of L,

(Vi = Va,ur —u2)r2(q) = AUr — U, u1 — uz)2(q)-
For each j € {1,2}, we define, w; = {x € uj(z) # O}. We then have,

(U — Uz, u1 — u2)p2(0)

— Re / (U1 - |Zz|) (—uz)dz | + Re / (|Z1| - UQ) wdz

w{ﬁwg w1 ﬁwg

+ Re /(“1_“2>(u1_
lur|  |uszl

w1Nwa

ug)dx

> Re / <|UQ‘ — Uluiz)dI + Re / (|U1| - Ugm)dx

wiNwz w1 Nws

= 0.

Indeed, the first inequality is due to (5.5), while the last one comes from the fact that |Uiuz| < |us|

and |Uztut| < |uq|. This ends the proof. O

Corollary 5.11. Assume m € [0,1) and € > 0, or (m,e) = (1,0). Let a € C(m). Then (AT*, D(AT"))

is maximal monotone on L*()) with dense domain.
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Proof. By Lemma 5.2, (L,D(L)) is maximal monotone and by Lemma 4.3, D(B™) = L*(Q),
B™ e C(L*(); L*(Q)) and

(Bf"u — Bl"v,u —v)r2(q) = Re —ia/ (97" (u) — g7*(v)) (u—v)dz | >0,
Q

for any u,v € L?(Q) (Corollary 5.8). We then deduce that (B™,L?(2)) is maximal monotone
(Brezis [11, Corollary 2.5]) and so is, from abstract perturbations results, A L B (Brezis [11,

Corollary 2.7]). O

Lemma 5.12. Assume m € (0,1) and a € Cipt(m), or m = 0 and a € C(0). Then, R(I + AT') =
L3 ().

Proof. Let F € L?(Q2). We proceed with the proof in five steps.
Step 1: Let € > 0. There exists u. € D(A") satisfying,

—iAue —iVu, —iagl*(ue) +ue = F, in L*(Q). (5.8)

Since (A™, D(A™)) is maximal monotone (Corollary 5.11), we have R(I + A™) = L*(Q) (Brezis [I1,
Proposition 2.2]).
Step 2: The families (uc)eso and (Vu.)eso are bounded in H}(Q) and in L%(f2), respectively, and
there exist a u € HZ () and a decreasing sequence (g,,)nen C (0,00) converging toward 0 such that
Vu € L?(Q) and,

U, RASUN u, (5.9)

n— oo
Ve, @ Vau, (5.10)

2
e, DDy, (5.11)

n—oo

Ug, aemn® oy, (5.12)

n—roo

Let € > 0. We successively take the L?-scalar product of (5.8) with u. and then with iu.. We get,

Im(a)/(|u5|2+s)*1’Tm|u5|2dx+ el :Re/FzTde, (5.13)
Q Q
Vel 2 —/V|u5|2dx—Re(a)/(|u5|2+e)*lyn e | = Im/Fu:dx. (5.14)
Q Q Q

Applying Cauchy-Schwarz’s inequality to (5.13), we obtain ||uc | r2(q) < |[F||12(n) and so,

_1-m
Im(a)/(\ue\2+e) > fuePde + [luel|Zo ) < IFII72 ), (5.15)
Q
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Using Holder’s and Cauchy-Schwarz’s inequalities in (5.14), we get by (5.15),

Re(a)+
Im(a)
Let us write V =V 4+ Vs with (V4,V2) € L (;R) x LPV (; R). Then by (4.2), (4.3) and (5.15),

1V0e 2y < <1 n ) V2 + 1Vt 2o 1l 2o, (5.16)

_ 1
IVtellzay < € (IVille + IVall 2 g I Fll 2y + Vel GI7

2[|F[l 2o

where C'= C(N) (C = C(p), if N = 2). Putting together (5.16) and (5.17), we infer
sup || Ve[ z2(q) + sup ||[Vuel 2y < oo. (5.18)
e>0 e>0

By (5.15) and (5.18), (ue)es0 and (Vue)eso are bounded in H} () and in L?(9), respectively. Since
both spaces are reflexive, we obtain (5.9)—(5.12) for some u € H{(Q) with Vu € L?(Q) by local
compactness (4.1), (4.5) and a decreasing sequence &, \, 0.

Step 3: u € D(Af") and if m = 0 then sup ||g? (ue, )| p) < 1.

If m = 1 then the result is a direct consgceli]ence of Step 2, (4.1) and the equation (5.8). We continue
with the case m > 0. Since a € Cipi(m), there exists b € C such that |b| = 1, Re(b) > 0, Im(b) < 0
and ab € Ciye(m) ([7, Lemma 4.2]). We take the L2-scalar product of (5.8) with abg” (u.). We then
get,

Re iab/g;”(ua)Augdx —Im(ab)/Vg;”(uE)@Tde—i— la|? Im(b)] ||g;"(u5)||%z(ﬂ)
Q Q

+Re ab/g;”(ua)uidx = Re ab/Fg;"(ug)da: ,
Q Q

By (6.8) in [8, Lemma 6.3], the first term in the left hand side of the above equality is nonnegative.
With help of Cauchy-Schwarz’s and Young’s inequalities, and Step 2, we infer,

o] [t(®)] 162" () |2 0
< (sgg IVl + sup 2oy + ||F|Lz<m) o™ () 22 e

al )],
g2 () 30,

<C+
and thus sup_.g [|92" (ue)||22(q) < 00. By (5.8) and Step 2, we deduce that,

sup || Aue| 20y + sup [|gl" (ue) || L2 (o) < oo.
e>0 e>0

This last estimate with Step 2 and Fatou’s Lemma imply that Au € L?(Q2) and gf*(u) € L?(2). This
last point means that v € L?™(2) and finally u € D(AJ"). Now, we turn out to the case m = 0. In
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particular, || < co. We have g2(u.)(x) = 0, if u-(z) = 0 and |¢%(uc)(z)] < |gd(us)(z)| = 1, otherwise.
With the embedding L°°(Q2) < L?*(Q), Step 2 and (5.8), this implies that (Au.)c~o is bounded in
L?(). Hence u € D(AD) by (5.9).

Step 4: If m = 0 then there exists U € Bu such that, up to a subsequence, ¢° (u.,) f/ﬂ>

— 00

U.

For any n € N, [lg2 (uc,)|lr=@) < 1 and by (5.12), g2 (u.,)(z) — g9 (u)(z), for almost every
2 € Q such that u(x) # 0. Then applying [17, Proposition 1.2.1], we get the desired result.

Step 5: Conclusion.

By (5.8) and Steps 24, if m = 0 then for some U € Biu, u — iAu —iVu — iaU = F, in 2'(Q), so in
L3(Q), since u € D(A9). In other words,

u € D(A]) and (I 4 AJ)u> F.

This ends the proof for m = 0. Now, assume that m > 0. By Step 3, u € D(A{"). It remains to show
that, (I + Aj")u = F. Let ¢ € 2(Q2). By (5.8), we have for any n € N,

(ue, —iAu., —iVue,,0)9/(0),2(0) — Re ia/gé’; (ue,)pdr | = (F,0) 9 @).2(0)- (5.19)
Q

Let €’ a bounded open subset of RV be such that supp ¢ C ' C Q. By (5.11), there exist h € L2(?'; R)
and a subsequence, that we still denote by (€,)nen, such that for any n € N, |u., | < h, almost
everywhere in ' (see, for instance, Brezis [13, Theorem 4.9]). Extending h by 0 over Q\ €’ (with no
change of notation), we obtain that h € L?(Q;R). With help of (5.12), we obtain,

_ a.e. in O

g (ue,) P —— g4 (u) @,
n—oo

197" (ue, ) @] < B ||, a.e. in €,

for any n € N. But h™|p| € L'(Q;R) by Holder’s inequality. Applying the dominated convergence
Theorem, we may pass to the limit in (5.19) to get with help of (5.9) and (5.10),

u—iAu — iVu —iagy*(u) = F, in 2'(Q).
But u € D(AJ') and so the above equation makes sense in L?(£2). We conclude that,
u€ D(AY) and (I + AJ)u=F, in L*(Q).
This ends the proof. O

Corollary 5.13. Assume m € (0,1) and a € Ciy(m), or m € {0,1} and a € C(m). Then

(A3, D(AFY)) is mazimal monotone on L?(Y) with dense domain.

Proof. If m = 1 then the result comes from Corollary 5.11. Now assume that 0 < m < 1. Since
(Ar, D(AZY)) is monotone (with dense domain) and R(I+A5') = L*(Q) (Corollary 5.9, Corollary 5.10

and Lemma 5.12), (A", D(A')) is maximal monotone (Brezis [11, Proposition 2.2]). O
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6 Proofs of the existence theorems

In this section, we shall use the notations of the previous section.

Proof of Proposition 2.4. Set Y = HZ(2) N Lﬁ(ﬂ) Then, Y* = H~2(Q) + L= (). By (2.16),
(4.4) and Lemma 4.3,

C([0,T);H* ()
I

Au, Au, (6.1)
n— oo
Yy, COTET @), (6.2
n—oo
2
g(uy,) SO TL™ (), g(u), if m >0, (6.3)

n— oo

for any 7" > 0. If m = 0 then by Definition 2.2, sup [|[Uy|[z((0,00)x0) < 1. By (2.16), up to a
neN

a.e.in (0,00)xXQ
_—

subsequence, u, u. By the Vitali Theorem, there exist a subsequence (U, )ken C
n—oo

(Un)nen and U € L*((0,00) x Q) such that,

L3 ((0,00)x02)
e

Un, U, (6.4)
k—oco
u(t,x) .
U(t,z) = , ifu(t,z) #0, 6.5
&) = futg o ) (65)
1T o ((0,00)x2) < 1. (6.6)

Then it follows from the equation satisfied by w,, (2.16) and (6.1)—(6.6) that (2.18) holds true and
u solves (1.1) in L} ([0,00);Y*). Finally, by the dense embedding Z(2) < Y, we deduce that

loc

Llloc([O7 00); Y*) — @’((0, 00) X Q) and the proposition is proved. O

Proof of Proposition 2.5. As we shall see, the proof can be easily from the one given in [8,
Lemma 6.5]. The embedding in (2.19) comes from (2.14). We make the difference between the two
equations satisfied by v and w. If follows from Lemmas 4.1 and 4.3 that u — u satisfies the equation

obtained in L{, ((0,00); X*). We take the X* — X duality product with i(u — ). By Corollaries 5.8,

loc

5.10, (A.3) of Lemma A.5 in [8] and Cauchy-Schwarz’s inequality, we then arrive at,

1d - ~ ~
5@”” —tl|72 0y < I = fllz2@llu — |2 (),
almost everywhere on (0, c0). Integrating over (s,t), we obtain (2.20). O

Proof of Theorem 2.10. Let the assumptions of the theorem be fulfilled. By Corollary 5.13 and
Barbu [, Theorem 2.2] (see also Vrabie [32, Theorem 1.7.1]) there exists a unique u € W, ([0, 00); L*(£2))

loc

satisfying u(t) € D(AgF) and (1.1) in L?(Q), for almost every ¢ > 0, u(0) = ug and (2.31). This last
estimate yields (2.29). Since u € Wl’m([O,oo);LQ(Q)), it follows from Lemma A.5 in [8] that the

loc

map M : t — %||u(t)||%2(9) belongs to Wl’oo([O,oo);R) and M'(t) = (u(t)7ut(t))L2(Q), for almost

loc
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every t > 0. Taking the L?-scalar product of (1.1) with iu, we obtain (2.28), for almost every ¢ > 0.
By (2.28) and Cauchy-Schwarz’s inequality, we get

t
vt 20, u(®)llr2e) < lluollz2 o) +/ 17 ($)]l2(@ds, (6.7)
0

We multiply (2.28) by Cy = |Rféf(!)+1. Then, we take again the L2-scalar product of (1.1) with wu.

Summing the result with Cy x (2.28), we infer

IVullZai) + lullfotts gy < O (luel 2g0) + 1Vl 29y + 1 fll2@) lullc2 ),

almost everywhere on (0,00). It follows from (4.2)—(4.3) that for some C' = C(N) (C = C(B), if
N =2),

kuim) + lull ot

(6.8)
< C (lullzao + (IVill) + 12357 @ ) lullzzy + 111z ) Tz o),

almost everywhere on (0,00). By (6.7)-(6.8), u € L2 ([0,00); Hj () N L™*()) and w is an H?-
solution. Using (4.1), we get Vu € L§2 ([0, 00); L2(Q)). By (1.1), if m = {1,0} then Au € L% ([0, 00); L?(R)).
Now, asssume that 0 < m < 1. Since a € Ciy(m), there exists b € C such that |b| = 1, Im(b) < 0 and

ab € Cing(m) ([7, Lemma 4.2]). We take the L2-scalar product of (1.1) with iabgy®(u). We get,

Re iab/ﬁgé”(u)dx + Re iab/g(’)”(u)ﬂdx —|—Re(iab)/VﬂgB”(u)dx

Q Q
+ [al?[Tm(b)[]]95" (w)l|72(0) = Re iab/?g()”(U)dz
Q

By Lemma 5.1, the second term in the left hand side of the above is nonnegative which becomes,

lal[fm(d)| w230 () < /IiUt +Vu— fllg(u)|da.

By Cauchy-Schwarz’s and Young’s inequalities, we get

1
2m : 2
ullZ2m () < Wﬂmt +Vu— fll72): (6.9)

almost everywhere on (0, 00). We deduce from (1.1)and (6.9) that,
2
[Aul[L2@) + lalllullZam o) < 0] i + Vu = fllrzq), (6.10)
almost everywhere on (0, 00). It follows that u € L%, ([0, 00); L*™(2)) and Au € L{2 ([0, 00); L2(R2)).
Now we go back to the general case 0 < m < 1. Then (2.30) follows from (2.29) and the estimate,

IVullZ20) < llull L2 |Aull 22 ), (6.11)
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which holds for any u € H}(Q) such that Au € L?(2). Finally, the rest of the properties is clear by
(1.1), (2.31), (4.1), (6.7), (6.8), (6.10) and Remark 2.11. This ends the proof of the theorem. O

Proof of Theorem 2.6. Existence, estimate (2.20) and uniqueness comes from density of Z(2) x

W0, 00); L2(Q)) in L2(Q) x L1

loc loc

([0, 00); L2(£2)), Theorem 2.10, Proposition 2.5 and completeness
of C([0,T]; L*(£2)), for any T'> 0. Let u be the unique weak solution. Then u is a limit of H?-strong
solutions (uy)nen in C([0, T]; L2(Q2)), for any T > 0. By (2.28), each u,, satisfies (2.22) with equality.
If | < oo or if m = 1 then we can pass to the limit to obtain (2.21)—(2.22), still with equality.

Otherwise, we work with |lu(o)] ?’j‘&l(ﬂﬂB(&R)) in place of ||u(o)] Tvﬂl(ﬂ) in (2.22), pass to the limit
in n and then in R. For more details, see the proof of [8, Proposition 2.3]. O
Proof of Theorems 2.7 and 2.9. Let ug € H}(Q) and f € Li ([0,00); H3 (). Let (¢5)nen C
1 1 Ll
2(Q) and (fn)nen C 2([0,00); H}(Q2)) be such that ¢, @), ug and f, LODH), f, for any
n—0o0 n—

T > 0. For each n € N, let u,, be the unique H?-solution to (1.1) such that u,(0) = ¢,, given by
Theorem 2.10. By Proposition 2.5, (u)nen is a Cauchy sequence in C([0,T]; L*(€)), for any 7' > 0.
As a consequence, there exists u € C([0,00); L?()) such that for any T > 0,

T2
u, COTE@) (6.12)

n—oo

By definition, u is a weak solution and satisfies (1.1) in 2((0, c0) x Q) (Proposition 2.4). In particular,
u fulfills (2.21). Taking the L2-scalar product of (1.1) with —iAw,, it follows from [, Lemma A.5]
and Lemma 5.1 that for any n € N and almost every s > 0,

1d .
5 V() By < (Vhals) = wn(5)VV:iVn(5)) 12 g

We apply Cauchy-Schwarz’s inequality, (4.1) and (2.28). We get for any n € N and almost every
s> 0,

1d

5&”%@)\@{3 <Ol lun @)l + CIVV (Lot Lo [lun ()1

where C is given by (4.1). After integration, we obtain

t t
[un (Ol g < llonllmg +/||fn(s)||H3ds+/CHVV||L°°+LPV”un(s)”Hgdsv
0 0

and by Gronwall’s Lemma,

t
[un ()l g < | lonlley +/||fn(8)||Hgds eCNVVlizomsrrvt, (6.13)
0

for almost every t > 0 and any n € N. It follows that,

(un)nen is bounded in C([0,T]; Hy(Q2)), (6.14)
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for any T' > 0. By (6.14), (4.1) and (2.22),

m+1
m

(Aup 4+ Vup + ag(un)), _ is bounded in L7 ([0, 00); X*), (6.15)

S

for any T > 0, where X* = H=(Q) + L"% (£2). We have L2((0,T); L*(2)) < L*((0,T); H*(2))
with dense embedding and L?((0,7); L*(2)) = L*((0,T) x ), which is separable. It follows that
L'((0,T); H~1(Q)) is separable, for any T > 0. In addition, H~*(Q2) is a reflexive Banach space, and
so L'((0,7); H-1(Q))" 2 L>=((0,T); H}(R)), for any T > 0 (Edwards [23, Theorem 8.18.3]). With
help of (6.12) and (6.14), it follows that u € L§% ([0, 00); H}(2)) and for any T > 0,

loc

u, ——u, in Ly, ((0,7); Hy (). (6.16)

n—o0

We deduce from (6.12), (6.16), (4.1), (2.21) and Lemma 4.3 that u satisfies the first line of (2.23) and

m+1

Au+Vu+ag(u) € L7 ([0,00); X*). (6.17)

loc

By (6.17) and (1.1), u satisfies (2.23), and by (6.16), (6.13) and the lower semicontinuity of the
norm, u satisfies (2.24) with s = 0. Now, we fix s > 0. Let v be the unique weak solution to
(1.1) given by this proof, where v(0) = u(s) and ¢t — f(¢) is replaced with ¢t — f(¢ + s). By
uniqueness, v(t) = u(t + s), for any ¢ > 0. We then obtain the general case (2.24). Finally, the
continuous embedding in 2’((0,00) x ) stated in Theorem 2.7 comes from the dense embedding
P(Q) < HE () N L™*H1(Q). This ends the proof of Theorem 2.7.

mt1
Now assume further that f € L,;7 ([0,00); X*). It follows from (1.1), (6.15) and (6.17) that

loc

m+1

weWpm ([0,00); X*),

m41

(un)nen is bounded in Wh"m ((0,7); X*), (6.18)

for any T' > 0. Hence u is an H{-solution. Using the embedding,

m+1
m

WLE((0,T); X*) < C%7r ([0, T); X*),
it follows from (6.12), (6.14), (6.18) and Cazenave [17, Proposition 1.1.2] that,
u € Cy ([0,00); Hy (2)) .

By 2 of Remark 2.3, we can take the X — X* duality product of (1.1) with iu. Applying [8, Lemma A.5],
Property 2 follows. Finally, u is the unique Hg-solution by Proposition 2.5 (and also by (2.17) if
m = 0). This ends the proof of Theorem 2.9. O
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7 Proofs of the finite time extinction and asymptotic behavior
theorems

In this section, we shall prove the results of Section 3. Theorems 3.5, 3.7, 3.9 and 3.12 may be obtained
with the same method, while Theorems 3.6 and 3.11 require an adaptation. As far as we know, the
pionering result to obtain finite time extinction for solutions of some damped nonlinear Schrodinger
equation is due to Carles and Gallo [15]. As said in the Introduction, the present extension is possible
thanks to a sharper study of the regularity and existence frameworks. In addition, synchronized finite

extinction time and the results for m = 0 and f(¢) non zero are completely new.

Proof of Theorems 3.5-3.7, 3.9 and 3.11-3.12. The proof of these Theorems relies on the
following Gagliardo-Nirenberg inequality which asserts that there exists Can = Can(m, N) such that
for any u € H}(Q) N L™H(Q),

(N+2)—m(N—2) N(1-—m)

(V42)om(N =2) . Na—m)
Hu||L2(Q) ? < CGN”U”LT:»‘—L(Q)||Vu||L2(?z) . (7.1)

If, in addition, Au € L?(Q), then it follows from (6.11) that

(N+4)—47n(N—4} - N(l(:wn)
Hu”m(g) < CGN||U||Lm+1(Q)||A“||L2(Q) : (7.2)

Now, suppose Assumptions 3.1 or 3.2 are fulfilled. In Theorems 3.5 and 3.7, by (3.2), u becomes
a strong solution (except for m = 0). Therefore, (2.28) is satisfied on (Tp,00) (which comes from
the equality (2.22), if m = 0). In Theorems 3.6, 3.9, 3.11 and 3.12, u is always a strong solution and
(2.28) is verified almost everywhere on (0, c0) Now, we let £ = 1 for the proof of Theorems 3.5-3.7, and
¢ = 2 for the proof of Theorems 3.9 and 3.11-3.12. By (2.24) and Theorem 2.10, it follows that u €
LO"((O7 00); H&(Q)), if / = 1, with additionally Au € L°°((O, 00); LZ(Q)), if £ = 2. Setting for any ¢ >
0, y(t) = [[u(t) 2200+ @1 = I(@)CGAIVUI T omyerz(enys a0 @2 = In(@)CGH AU (e
it follows from (2.28), (7.1)—(7.2) and Cauchy-Schwarz’s inequality that,

Y () + 200y ()% < 2| F(1)|| L2y (t)?, (7.3)

where §; is defined by (3.1). We proceed with the proof in four steps.
Step 1: Proof of Theorem 3.5, 3.7, 3.9 and 3.12.
By Assumptions 3.1 and 3.2, if m # 0 then the right hand side member of (7.3) vanishies on (7j, c0)
and after integration, we obtain the results of these theorems. If m = 0, we have by (2.28) and
Hoélder’s inequality,
1d
5&”“@)”%2(9) +wrllu®)|lr o <0,
for almost every t > Ty, with wy = Im(a) — || f|| Lo ((7,00)x)- From assumption (3.2) we know that

wys > 0. Then, by the Gagliardo-Nirenberg interpolation inequalities (7.1)-(7.2) we get that for almost
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every t > Ty,

y'(t) + Bey(t)* <0,

_N _ - .
where 31 = 2waE11I|\Vu\|Lo§((O7OO);L2(Q)), and (2 = waCGI{I||Au||Lo§((07oo);L2(Q)). And again the con-

clusion follows by integration.

We turn out to the proof of Theorems 3.6 and 3.11. Let o = Im(a)Cgy.
Step 2: In Theorem 3.6, there exists €, = e, (|a|, m) with,

26,1 L 25,1
€, < min {(25@ - 1)_ 6§é (OL(S@)W(I — 5@) 5((1[—5[) ,ady (1 - (5@)} s (74)

such if (3.5) holds true then ||Vu||ze((0,00);22(0)) < 1.

This comes from (2.27).

Step 3: In Theorem 3.11, there exists €, = e,(|a|, N, m) satisfying (7.4) such that under assumption
(3.12), we have [[Aul|Loe((0,00);02(0)) < 1.

This comes from (2.20), (2.31), (4.1), (6.8) and (6.10).

Step 4: Proof of Theorems 3.6 and 3.11.

Let ., = (ady(1 — 64)T0)ﬁ and y, = (aég‘(l - 5@))ﬁ. By (3.5), (3.12) and (7.4),

y(0) < @, (7.5)
By Steps 2 and 3, o < min {al, 042}. Applying Young’s inequality to (7.3), we arrive at,
Y (t) + 2ay(1)’

26 — 1 I 75,1
S =, (a0 T ||f()||L62(Q +ay(t),

for almost every ¢ > 0. Replacing (3.5) and (3.12) in the above and using (7.4), we obtain

)

Yy () +ayt) <y (To—t); ", (7.6)

for almost every ¢t > 0. By (7.5), (7.6) and [3, Lemma 5.2], y(t) = 0, for any t > Tp. O

Proof of Theorem 3.3. By (2.20), density and Remark 3.4, we may assume that f € 2([0, 00); L*(9)),
ug € 2(2) and m < 1. The result then comes from Theorems 3.9 and 3.12. O

Proof of Theorem 3.8. By (2.24), u € L>((0,00); H}(€2)). The result then comes from Theorem 3.3
and Gagliardo-Nirenberg’s inequality. O

Proof of Theorem 3.14. By Property 4 of Theorem 2.10, Theorem 3.3 and (6.11), tl}‘m lw®)| g1 ) =
0. The second limit is due to the first one, Holder’s inequality and the Sobolev embeddings. The last
limit comes from the two first and (2.28). O
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