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1 Introduction

It is common for two firms that interact in product markets as competitors or complemen-
tors to sign an upstream bilateral agreement through which they provide some input to one
another. The input can take the form of intellectual property rights, data, access to propri-
etary networks, etc. For instance, cross-licensing of patents is a widespread practice across
many industries.! Similarly, bilateral agreements to provide mutual access to proprietary net-
works are signed among telecommunications operators (Armstrong, 1998; Laffont et al., 1998),
among Internet backbone companies (Crémer et al., 2000) and among banks for the use of
ATMs (Donze and Dubec, 2006). Additionally, as data is becoming a key input for marketing
and innovation, increasingly more firms are engaging in data-sharing agreements (European
Commission, 2024).

We consider a situation in which n > 3 firms engage in downstream interactions and study
the outcome resulting from upstream bilateral agreements. Specifically, we consider a two-
stage game in which every pair of firms simultaneously decides whether to sign an upstream
bilateral agreement that provides each firm with access to the other firm’s input before all n
firms simultaneously choose, in a noncooperative way, their downstream actions. Our frame-
work is general in that it allows for any number of firms and any form of asymmetry among
them and that it covers both complementarity and substitutability in downstream interactions.
We find that, under a wide range of circumstances, equilibrium upstream bilateral agreements
lead to industry profit maximization. In other words, upstream bilateral agreements allow the
firms to implement the fully cooperative outcome in a decentralized way. We also consider two
extensions. First, we show that equilibrium upstream bilateral agreements not only maximize
the joint profit of all firms but also the profit of any subset of firms, which makes them robust
to deviations by a coalition of any size. Second, we establish that our central result holds not
only for private agreements (as in the baseline model) but also for public agreements.

We assume that two firms reaching an upstream bilateral agreement maximize their joint
profit, which they can share through fixed payments. We consider a simple bilateral con-
tract between firms ¢ and j that specifies a fixed transfer and a pair of per-unit input prices
(rimj, 7j—i) where r;_,; is paid by firm ¢ to firm j per unit of the former’s output. Joint profit
maximization requires firms ¢ and j to choose the pair (r;_;, ;) that induces each of them
to adopt the downstream actions z; and z; that maximize their joint profit. The key condition

under which our main result holds is that input prices are pairwise independent instruments,

!Taylor and Silberston (1973) report that cross-licensing accounts for a significant share of all licensing
arrangements in many industries. In particular, cross-licensing in the semiconductor industry has received
much attention in the literature (e.g., Grindley and Teece, 1997 and Hall and Ziedonis, 2001).



in the sense that they allow firms ¢ and j to achieve any local deviation in downstream actions
through some local deviation in input prices.

The main intuition for our central result can be given as follows. Firm ¢ maximizes its own
profit when it chooses its downstream action. The upstream bilateral contract it signs with
firm j essentially induces firm ¢ to internalize the impact of its action on firm j’s profit (and
vice versa) through an adequate choice of the per-unit input prices (r;_;, ;). If firm i signs a
bilateral agreement with all other firms, it ends up internalizing the impact of its action on all
firms’ profits. Therefore, a complete network of bilateral agreements leads to industry profit
maximization. We find our central result surprising because it shows that simple bilateral
contracts can enable firms to implement the fully cooperative outcome in a decentralized way.

Related literature. Our paper is related to the theoretical literature on bilateral monopoly
and oligopoly pioneered by Crémer and Riordan (1987) and Horn and Wolinsky (1988).2
Among the contributions to this literature, the closest to ours are Nocke and Rey (2018),
Collard-Wexler et al. (2019) and Rey and Vergé (2019), as they also consider settings with in-
terlocking relationships. The main difference between these three papers and ours is that they
mainly consider bilateral agreements between (pure) upstream firms and (pure) downstream
firms, while we consider bilateral agreements among vertically integrated firms. Collard-
Wexler et al. (2019) provide a noncooperative foundation for Nash-in-Nash bargaining. How-
ever, they restrict attention to lump-sum payments, thus focusing on the division of gains from
trade, while we consider two-part tariffs. In that respect, our paper is closer to Nocke and Rey
(2018) and Rey and Vergé (2019), as they both consider negotiations over (general) nonlinear
tariffs. However, Nocke and Rey (2018) restrict attention to private upstream agreements and
downstream Cournot competition, while we allow for both private and public agreements and
consider a general model of downstream interactions. Moreover, their focus is on the effects of
exclusive dealing and vertical integration, while ours is on whether upstream bilateral agree-
ments among vertically integrated firms can lead to industry profit maximization.> Rey and
Vergé (2019) also consider a specific form of downstream interaction, namely, competition in
prices with differentiated products, and focus mainly on a setting with no vertically integrated
firms.? Finally, our paper is related to de Fontenay and Gans (2014), who provide an analysis

of a noncooperative pairwise bargaining game in a buyer-supplier network (as well as more

2The framework developed in this literature has been widely adopted in empirical work; see, e.g., Crawford
and Yurukoglu (2012), Grennan (2013), Gowrisankaran et al. (2015), Ho and Lee (2017), and Crawford et al.
(2018).

3 Another difference between our paper and Nocke and Rey (2018) is that we do not use the same equilibrium
concept.

4They also consider an extension in which there is one vertically integrated firm interacting with independent
suppliers and independent retailers.



general networks). However, they focus on contracts that are contingent on the set of realized
agreements, while we assume that a contract depends only on the quantities produced by the
firms signing it.

The idea that firms can implement the industry-profit-maximizing outcome through up-
stream bilateral agreements has been illustrated in a duopoly setting in the context of inter-
connection agreements between telecommunication companies and cross-licensing agreements
between competitors. Armstrong (1998) and Laffont et al. (1998) show that termination fees
can be used as a collusive device in a telecommunication industry with two competing net-
works, and Katz and Shapiro (1985) and Fershtman and Kamien (1992) obtain a similar result
in a setting with duopolists signing a cross-licensing agreement. In Jeon and Lefouili (2018),
we consider a setting with more than two firms and show that a complete network of bilateral
cross-licensing agreements among competing firms generates the industry-profit-maximizing
outcome. The current paper substantially generalizes Jeon and Lefouili (2018) along several
dimensions. While that paper focuses on cross-licensing of patents among symmetric Cournot
oligopolists who sign private bilateral contracts, the present paper (i) considers a general class
of two-stage games with any type of upstream input and any form of downstream interac-
tions (including Bertrand and Cournot competition as well as strategic interactions between
complementors), (ii) allows for asymmetric players, and (iii) considers both private and public
contracts. Due to these differences we use an approach different from the one we adopted in
Jeon and Lefouili (2018), which enables us to show that the main result in the latter arises as
a special case of a more general mechanism.

Finally, our paper is related to Watson (2024). Both papers show that private bilateral
contracting among multiple players can lead to an outcome that maximizes (or almost max-
imizes) the joint payoff of all players. However, there are several key differences between the
two papers that make them complementary. In particular, the type of networks, negotiations
and contracts we consider differ from those in Watson (2024). Specifically, we consider a sin-
gle round of simultaneous negotiations, allow each firm to sign a bilateral contract with any
other firm (thus allowing for endogenously complete networks) and assume that payments in a
bilateral contract between two firms ¢ and j can be contingent only on the quantity of output
produced by firm 7 and the output produced by firm j.> In contrast, Watson (2024) allows for
multiple rounds of (private) negotiations,’ considers an exogenous network with potentially

missing (direct) links and, importantly, assumes that payments in a bilateral contract between

5The output of firm ¢ coincides with firm i’s action only if the second-stage game is Cournot competition.
Otherwise (for instance, in the case of price competition), the output of firm ¢ is different from its action.

6Moreover, players are allowed to cancel the bilateral contracts agreed upon in previous rounds of negotia-
tions.



two players can be contingent on actions taken by other players.
The remainder of the paper is organized as follows. Section 2 lays out the baseline model.
Section 3 presents our main result. Section 4 extends our analysis in two directions. Section 5

concludes.

2 Baseline Model

Setting and description of the game. Consider n(> 3) firms, each owning an upstream input
and interacting in a downstream market. The upstream input can be, for instance, a patent
covering a product or a technology, a dataset, or a proprietary network, while the downstream
interaction can be, for example, the production and marketing of substitutable or complemen-
tary goods. FEach pair of firms decides whether to sign a bilateral contract that provides each
firm with access to the other firm’s upstream input. We assume that an upstream bilateral
contract between firms ¢ and j specifies a pair of per-unit input prices (r;_;,7;—;) as well as
a (possibly negative) fixed transfer f;_.;, where r;_,; refers to the input price per unit of firm
i’s output paid by firm i to firm j and f;_; refers to the fixed fee paid by firm i to firm j.” In
our baseline model, we assume that upstream agreements are private: whether an upstream
contract is signed between two given firms and the terms of the contract if any are known
only to these two firms.® For the sake of exposition, we use the term “upstream agreement”
in a broader sense than the term “upstream contract”: the former accounts for the possibility
that a pair of firms choose the null upstream contract, i.e., not to sign any upstream contract.
After firms decide whether they share access to their inputs, each firm chooses a downstream
action noncooperatively. This action can be, for instance, a price or a quantity. Specifically,

the timing of the game is as follows:

e Stage 1 (upstream bilateral agreements): Every pair of firms (i,j) with 1 < i,7 < n
simultaneously decides whether to sign a bilateral contract that provides each firm with
access to the other firm’s upstream input and the terms of the corresponding contract

if they agree on one.

e Stage 2 (downstream noncooperative actions): Each firm i chooses a (real-valued) down-

stream action z; noncooperatively and simultaneously.

"We assume that firm j charges firm 4 an input price per unit of firm i’s output to fix ideas. However, our
analysis would be qualitatively unchanged if we assumed, for instance, that firm j charges firm ¢ an input price
per unit of firm j’s input.

8Section 4.2 provides an extension in which all upstream agreements are public and shows that our main
finding holds in that alternative scenario.



Notations and basic assumptions. Let R = (r;_;) be the matrix of per-unit input prices,

1<i,j<n
with the convention that r,_,; = 0 for any ¢ € {1,...,n} and r;_,; = 0 for any pair of firms

(i,7) that do not sign an upstream bilateral contract. Similarly, define F' = (fi_;) as

1<i,j<n
the matrix of fixed fees paid by firms to each other, with the convention that f;_; = O_f(])r any
ie€{l,..,n} and f;_; = 0 for any pair of firms (7, j) that do not sign an upstream bilateral
contract. Note that f;_;, = — f;_, for any pair of firms (4, j). Finally, let x = (x4, ..., z,,) denote
the vector of firms’ actions, and let x_; (resp. x_;;) be the vector obtained from vector x by
removing x; (resp. by removing z; and ;).

Consider a graph (N, G) consisting of a set of nodes N = {1,...,n} and an n X n matrix
G with elements g;; € {0,1}, where g;; = 1 (i.e., firms ¢ and j are linked) if firm ¢ and firm
J sign an upstream bilateral contract and g;; = 0 if they do not; we set g;; = 1 without loss
of generality. We will call (G, R, F) a network of upstream agreements.” Thus, an upstream
agreement between firms ¢ and j is represented by (g;j, 7i—;, 7j—i, fi—;j), where we do not write
fi—i as fji = —fi—;, and where r;_,; = r;_; = fi_; = 0 whenever g;; = 0.

Let II; (G, R, F,x) represent player i’s payoff function for a given network of upstream
agreements (G, R, F') and given actions x. We make the following assumptions regarding the

effects of upstream agreements on payoffs:

A1 For any i with 1 <4 < n, there exists a function 7; differentiable with respect to the
vector of actions x such that, for any (G, R, F,x), I, (G, R, F,x) = m; (G, R,x) — >_ fi_;.
J#i
A2 For any i,j such that 1 < i,j < n and ¢ # j and for any (G, R,x), m; (G, R,x) +
7; (G, R,x) does not depend on 7;_,;. Moreover, for any 1, j, k such that 1 <i,5,k <n, i #j

and k ¢ {7,j} and any (G, R,x), 7, (G, R,x) does not depend on 7;_,;.

Assumption A1 states that f;_,; is a fixed fee for any 4, j and provides a regularity condition
with respect to the firms’ downstream actions. Assumption A2 means that the revenues
obtained through r;_,; are a transfer within coalition {,j}, for a fixed action profile. Note
that we allow input prices r;_,; to take positive and negative values. This rules out noninterior
equilibria, which simplifies our analysis by making it possible to rely on first-order conditions.

To define our equilibrium concept, we make the following assumption:

A3 For any network of upstream agreements (G, R, F'), any pair of firms (7, j), and any
actions x_;; of firms k # i, j, the two-player simultaneous game derived from the n-player

downstream game by fixing the actions of firms k # ¢, j to x_;; has a unique Nash equilibrium,

9Note that as agreements are private, node ij is not observable to any firm k # i, 5. However, in equilibrium,
any firm will correctly anticipate G.



i.e., there is a unique pair of actions (z; (G, R,x_;;) , %; (G, R,x_;;)) such that

z; (G, R,x_;;) € argmax,, m; (G, R,x_;;,%; (G, R,x_;;) ,x;)
.i’j (G, R, X—ij) € argmaxy; ; (G, R, X—ij, T; (G, R, X—ij) ,ZEj)

Finally, to capture upstream deviations by a pair of firms, let D;; (G, R, F) denote the set
of upstream network agreements that differ from a given network (G, R, F') only through the
agreement between firms i and j, i.e., the set of networks (G', R', F') # (G, R, F') such that

Gt = Gkt> Thy = Tht, and f_; = fr_y for any (k, 1) # (i, 7).

Equilibrium concept. We are now in a position to define our equilibrium concept. We adopt
the Nash-in-Nash equilibrium (also referred to as the contract equilibrium) approach intro-
duced by Crémer and Riordan (1987) and Horn and Wolinsky (1988) and more recently used
by Collard-Wexler et al. (2019) and Rey and Vergé (2019), among others. Following Rey and
Vergeé (2019), we allow for “balanced” bargaining and let a;; € [0, 1] denote the bargaining
power of firm ¢ in its bargaining with firm j. In equilibrium, each firm chooses the downstream
action that maximizes its profit given the upstream agreements it is involved in and assuming
that all other firms choose their equilibrium downstream actions. Moreover, in Stage 1, each
pair of firms (7, j) chooses an upstream agreement that satisfies the following two conditions.
First, it maximizes their joint profit given all other upstream agreements and the induced
downstream actions of firms ¢ and j, assuming that all other firms k& # 4, j play their equilib-
rium downstream actions. Second, if firms ¢ and j sign an upstream contract,'’ a share a;; of

the resulting gain from trade goes to firm 4, while a share a;; = 1 — «;; goes to firm j.

Definition 1 (Bilaterally efficient equilibrium) A bilaterally efficient equilibrium (G*, R*, F*,x*)
is an equilibrium network of upstream agreements (G*, R*, F*) together with an equilibrium
vector of actions x* = (x}),.,., such that:

- in Stage 2, the equz’lib;z'u_m action of each firm maximizes its profit given the actions of
all other firms: z} € argmax,, m; (G*, R*,x*,,1;).

- in Stage 1, the equilibrium upstream agreement between any pair of firms ¢ and j maz-
imizes their joint profit given the equilibrium actions of all other firms k # i,j, all other

upstream agreements, and the induced downstream actions of firms i and j: for any (i,j) €
{1,...,n}? such that i # j and any (G, R, F) € D;; (G*, R*, F™),

(Wi + Wj) (G*7 R*> X*) > (ﬂ—i + Wj) (G7 Ra X*—ij7 jZ(C7Y> Ra X*—ij)’ ij<Ga Ra X*—ij)) :

10Recall that firms 7 and j may agree on not signing such a contract.



Moreover, if firms i and j agree on signing an upstream contract, then firm i (resp. firm j)

obtains a share a;; (resp. 1 — ;) of the additional profit generated by this contract.

Rey and Vergé (2019) provide a noncooperative foundation for a similar equilibrium con-
cept in a setting where (pure) upstream firms sell their inputs to (pure) downstream firms.
Their microfoundation relies on a sequential noncooperative game of delegated negotiations,
in which each firm sends different agents to negotiate with its potential partners, and for each
negotiation, one of the two agents is randomly selected to make a take-it-or-leave-it offer. We
expect that a noncooperative foundation based on delegated negotiations can also be provided

for our setting, but establishing this formally is beyond the scope of this paper.

Illustrations. The general model above can describe a variety of settings in which firms supply

upstream inputs to one another before interacting in a downstream market. These include:

e Cross-licensing of patents: 7;_,; is the per-unit royalty paid by patent-owning firm 7 to
patent-owning firm j, and x; is a price or a quantity chosen by i. Note that the model
applies not only to the case in which cross-licensing firms produce substitutable goods
but also to the case in which they produce complementary goods (see Jeon and Lefouili,
2018 for the special case of perfectly substitutable products sold by symmetric Cournot

oligopolists and produced with constant marginal costs).

e Two-way access pricing in telecommunication networks: 7;_,; is the per-unit access charge
paid by network ¢ to network j, and z; is the linear retail price charged by network 7 to
its customers (see Armstrong, 1998, and Laffont et al., 1998, for an analysis of this issue

in a duopolistic setting).

e Interconnection among Internet backbone companies: r;_,; is the per-unit access charge
paid by backbone company ¢ to j in a transit agreement, and x; is the capacity choice
made by i (see Crémer et al., 2000 for an analysis of this issue where financial transfers

are only considered in the duopolistic case).

e Interbank payments for the use of ATMs: r;_,; is the per-unit interchange fee paid by
bank i to bank j, and z; is the number of ATMs deployed by bank i (see Donze and

Dubec, 2006, for a setting with a multilateral negotiation of the interchange fee).

e Data-sharing agreements: r;_,; is a per-unit fee paid by firm j to firm ¢, and z; is the

price or the quantity of the product sold by firm 3.



3 Analysis and Main Result

In this section, we analyze our baseline model with private upstream agreements. We first pro-
vide two conditions under which an equilibrium network of upstream agreements is necessarily

complete, i.e., all pairs of firms sign an upstream contract.'?

C1 (Gain from trade) For any pair of firms (i, ) € {1, ..,n}” satisfying i # j, any network
of upstream agreements (G, R, F') such that g;; = 0 and any vector of actions x, there exists
an upstream network (G', R, F') € D;; (G, R, F) with g;; = 1 and

i (G, R ,x)+m; (G, R ,x) > m; (G, R,x) + 7; (G, R,x).

This condition says that signing an upstream bilateral contract strictly increases the joint
payoff of firms ¢ and j for any given action profile. For instance, in the case of cross-licensing
of patents, an upstream contract between two firms giving each firm access to the other firm’s
patented technology reduces production costs or increases product quality, which leads to
higher profits (holding fized all downstream actions). Similarly, data sharing can increase the

quality of each firm’s service and thus increase its profit.

C2 (Replicability) For any pair of firms (i,5) € {1,..,n}" satisfying i # j, any network
of upstream agreements (G, R, F') such that g;; = 0 and any vector x_;; of actions of firms
k # i,j, there exists a network of upstream agreements (G',R',F') € D;; (G, R, F) with
gi; = 1 such that

i‘i (G,, R,, X_ij) = i‘l (G, R, X_ij) and jj (G,, R,, X_ij) = i‘j (G, R, X_Z‘j) .

This condition can be interpreted as follows. Consider a network of upstream agreements
such that firms ¢ and j do not sign an upstream contract. Condition C2 means that there exists
an upstream contract between these two firms that generates the same equilibrium actions of
firms ¢ and j in Stage 2 for fixed actions by firms k& # ¢, j and fixed upstream agreements by
pairs of firms (k,[) # (i, 7).

It is straightforward that under Conditions C1 and C2, any two distinct firms that have not
signed an upstream contract can (strictly) increase their joint payoff by signing an agreement

and, conversely, that an upstream bilateral deviation consisting of not signing a contract

' These assumptions are relevant only when bilateral agreements are voluntary, as in our game. There are
alternative settings of interest in which upstream agreements are mandated by a regulator. This is for instance
the case for interconnection agreements among mobile phone companies in several jurisdictions. If upstream
agreements are mandated by a regulator (while the terms of the agreements are decided by the firms), then the
network of bilateral agreements is necessarily complete, and therefore, Conditions C1 and C2 are not needed.

8



cannot be strictly (jointly) optimal for any deviating pair of firms. This generalizes the
argument that Jeon and Lefouili (2018) use to show that in the case of cross-licensing and
Cournot downstream competition, any pair of firms has an incentive to sign a cross-licensing
agreement.'? Therefore, denoting by G¢ the complete network structure, i.e., the network
structure such that all pairs of firms sign an upstream contract (g;; = 1 for any 4, j), we obtain

the following result:

Lemma 1 Under Assumptions A1-A3 and Conditions C1-C2, an equilibrium network of

upstream agreements (G*, R*, F'*) is necessarily such that G* = G°.

In what follows, we focus on complete networks of upstream agreements (G¢, R, F'). We
first provide a necessary condition for a network of this type to be an equilibrium network.
To this end, let us define for each (i,5) € {1,...,n}” such that i # j the matrix

afiji afﬁj
private _ ori—j Ori_;
Mz’j (R’ X—ij) = 357;] 85:]-] )
8rjﬂ¢ 8T‘j*,7;
where all partial derivatives are evaluated at (G, R,x_;;), and let us introduce the following

condition:

C3 (Independence) det Mf}mam (R,x_;;) # 0 for any (7,j) satisfying ¢ # j and any
(R, X—z])

This rank condition can be interpreted as follows. It means that the per-unit input prices
paid by each firm to the other, r;_,; and r;_,;, are pairwise independent instruments in the
sense that any local downstream deviation can be obtained through a local upstream deviation.
This ensures that the set of upstream instruments used by a given pair of firms is rich enough
to implement any desired downstream actions of these two firms given the actions of all other

firms (and given all other upstream agreements).

The following examples describe two environments in which Conditions C1, C2, and C3
are satisfied. In Example 1, patent-holding firms producing substitutable or complementary

goods need to decide whether they will sign bilateral cross-licensing agreements before inter-

2Tn Jeon and Lefouili (2018), licensing firm 4’s patents to firm j reduces the latter’s marginal cost. Suppose
that, initially, ¢ does not license its patent to j. These two firms can (weakly) increase their joint profit if ¢
licenses its patent to j by specifying the payment of a per-unit royalty 7;_; equal to the reduction A;_,; in
marginal cost generated by j’s use of the technology covered by i’s patent. Such a licensing agreement would
not affect the firms’ marginal costs of production but would allow them to save (jointly) A;_,; per unit of
output produced by j. It will therefore (weakly) increase their joint profit.



acting in the downstream market.'® In Example 2, firms producing substitutable goods must
decide whether they will sign data-sharing agreements before competing in the downstream

market.
Example 1. Consider n firms i = 1, ..., n producing goods that can be either (imperfectly)

substitutable or complementary. Specifically, they face the following demand system:

1
=1

U(l—’Y)—xri-’YZin ;
J#i

i = 1,2,...,n, where z; is the price set by firm ¢, ¢; is the demand addressed to firm 7, and
v € (=1/(n—1),1) measures the degree of substitution or complementarity between the
products (products are substitutes if ¥ > 0 and complements if v < 0).}* Each firm owns one
patent covering a cost-reducing technology and can obtain access to its rivals’ technologies
through cross-licensing agreements. For the sake of exposition, we assume that the patents
are symmetric in the sense that the marginal cost of a firm depends only on the number of
patents to which it has access. Let ¢;(l;) be firm i’s marginal cost when it has access to a
number [; € {1,...,n} of patents with ¢;(n)(=¢;) < c;(n — 1) < ... < ¢;(1)(= &). We show in
the Appendix that Conditions C1, C2 and C3 are satisfied in this environment.

Example 2. Consider n firms producing differentiated goods at a constant marginal cost
¢; and competing against each other in quantity. Each firm owns one dataset that can be used
to improve the value of its product (and the other firms’ products if they have access to it).
Let v;(1) denote the value of the product produced by firm i when it has access to ! € {1,...,n}
number of distinct datasets with (7; =)v;(n) > v;(n — 1) > ... > v;(1)(= v;). Assume further
that the demand system is linear. We show in the Appendix that Conditions C1, C2 and C3

are satisfied in this environment.
We now provide a necessary condition for a complete network of upstream agreements to

be an equilibrium network.

Lemma 2 Suppose that Assumptions A1-A83 and Condition C3 hold. Then, a necessary con-

dition for a complete network of upstream agreements (G¢, R,x) to be an equilibrium network

13This example is different from the special case of cross-licensing agreements among symmetric Cournot
oligopolists studied in Jeon and Lefouili (2018) (Conditions C1, C2, and C3 also hold in that scenario). Note
that there is a major difference between the Bertrand game with cross-licensing and the Cournot game with
cross-licensing. In the latter, a firm’s best-response function only depends on the per-unit royalties that it
pays (as its licensing revenues are fixed for given rivals’ quantities), while in the former, a firm’s best-response
function also depends on the per-unit royalties it receives because a change in a rival’s price affects its licensing
revenues (through its impact on the demand addressed to all rival firms).

4We need to assume that v > —1/(n — 1) for the problem to be well-behaved; see, e.g., Amir et al. (2017).

10



1s that
87rZ

9z, (G%, R,x) = 0,

for any (i,7) € {1,...,nY such that i # j.

Proof. See Appendix. m

The intuition behind Lemma 2 is as follows. Under Condition C3, each pair of firms (¢, j) is
able to use upstream input prices to induce the downstream actions that maximize their joint
profits (everything else being equal). Since firm j maximizes its profit with respect to its own
downstream action, the impact of a marginal change in an input price on the profit of firm j
through a change in firm j’s downstream action is a second-order effect, while the impact on
firm ¢’s profit is a first-order effect. This implies that a bilaterally efficient agreement between
firms ¢ and j induces firm j to choose a downstream action that maximizes firm i’s profit (for
given actions of all firms k # 4,7). In other words, it induces firm j to fully internalize the
effect of its downstream action on firm 1.

Before stating our main result, we need to characterize the industry-profit-maximizing
network structure and downstream actions. First, note that Conditions C1 and C2 imply
that a necessary condition for industry-profit maximization is that all pairs of firms sign an
upstream contract, that is the network is complete. Second, notice that A1 and A2 imply

that the industry profits Z II; (G¢, R, F,x) under a complete network structure do not depend

on R and F. We make the following assumption regarding the existence and uniqueness of

the vector of actions that maximizes industry profits:

A4 There exists a unique vector x¢ of downstream actions that maximizes industry profits
n
> IL (G€, R, F,x) under a complete network of upstream agreements; moreover, the industry
i=1
profit function is differentiable at x°, and the latter is the unique solution to the corresponding

system of first-order conditions.

We can now state our main result.

Proposition 1 Under Assumptions A1-A4 and Conditions C1-C3, any bilaterally efficient

equilibrium maximizes industry profits.

Proof. See Appendix. =
Providing sufficient conditions for the existence of an equilibrium in our general frame-

work is a challenging task that we do not undertake in this paper.'> However, Proposition 1

15This amounts to providing sufficient conditions under which a given system of n(n — 1) potentially asym-
metric and non-linear first-order equations with n(n — 1) unknown variables has at least one solution. Note,
however, that Jeon and Lefouili (2018) demonstrate the existence of an equilibrium in the specific context of
cross-licensing agreements among symmetric Cournot oligopolists.

11



shows that whenever such an equilibrium exists, it maximizes industry profits. To understand
why, recall that a bilaterally efficient network of upstream agreements induces each firm to
internalize the impact of its downstream actions on the firms with which it has signed an
upstream bilateral contract. If such a network is complete (as is the case under Conditions C1
and C2), then each firm’s downstream action maximizes the profits of all other firms. Since a
firm’s downstream action also maximizes its own profit, it follows that any bilaterally efficient

equilibrium maximizes industry profits.

4 Extensions

4.1 Robustness to upstream deviations by coalitions

In this section, we show that under a wide range of circumstances, a bilaterally efficient
upstream network not only maximizes industry profits but is robust to upstream deviations by
coalitions of any size.!® To formalize and show this, let us first define for any s € {3,....n — 1}
the set I'y of functions o from {1,2, ..., s} to {1,2,...,n} such that o(i) < o(¢’) for any i,4" €
{1,2, ..., s} satisfying ¢ < 7.7 Then, the set {{o (1),0(2),...,0(s)},0 € I's} represents all the
possible coalitions of size s. For a given coalition {o (1),0(2),...,0(s)} and a given vector
of actions x, let x_, denote the vector of n — s actions obtained from x by removing 1),
To(2), - To(s)- Finally, for a given network of upstream agreements (G, R, F') and a given o €
Ty, let D, (G, R, F') denote the set of networks of upstream agreements (G', R, F') # (G, R, F)
such that gl = gu, 7, = 6 and fi_, = fr_y for any (k,1) & {0 (1),0(2),...,0 (s)}>.

The following assumption extends Assumption A3 to coalitions of any size s € {3,...,n — 1}.

A5 For any network of upstream agreements (G, R, F'), any s € {3,...,n — 1}, any o € T,
and any actions x_, of firms k ¢ {0 (1),0(2),...,0(s)}, the s-player simultaneous game de-
rived from the n-player downstream game, by fixing the actions of firms k£ ¢ {o (1),0(2),...,0(s)}
to x_,, has a unique Nash equilibrium, i.e., there is a unique vector of actions (570(2-) (G, R, X_U))
such that

1<i<s

i’g(i) (G, R, X_U) € argmaxm; <G, R,x_,, (Juig(j) (G, R, X_U))lgjgs, ki ,xg(l-)> .

Lo (i)

6Qur result that a bilaterally efficient network of upstream agreements maximizes the joint profit of all
firms means that these agreements are robust to upstream deviations by the grand coalition. Moreover, by
definition, a bilaterally efficient network of upstream agreements is robust to upstream deviations by pairs of
firms.

I7"We assume in this section that n > 4. In the case of n = 3, Proposition 1 is sufficient to state that
(complete) networks of bilaterally efficient agreements are robust to upstream deviations by coalitions of any
size because the only coalition of size n # 2 in this case is the grand coalition.
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We also make the following assumption that extends Assumption A4 to coalitions of any
size s € {3,...,n — 1}.

A6 For any complete network (G R, F'), any s € {3,...,n— 1}, any 0 € I'y, and any
actions x_, of firms k ¢ {o(1),0(2),...,0(s)}, there exists a unique vector of actions

<xc 0 (X70)> that maximizes the joint payoff of the firms in the coalition {o (1), (2),...,0(s)};

7 1<i<s
moreover, the joint payoff of these firms is differentiable at (xg(i) (x_a)> , and the latter

1<i<s
is the unique solution to the corresponding system of first-order conditions.

We can now state the main result of this section.

Proposition 2 Consider s € {3,...,n — 1}. Under Assumptions A1-A6 and Conditions C1-
C3, in any bilaterally efficient equilibrium (G¢, R*, F*,x*), the equilibrium upstream agree-
ments between all pairs of firms within a coalition of size s maximizes the joint profit of the
coalition given all the equilibrium upstream agreements involving at least one firm outside the

coalition, the equilibrium actions of all firms outside the coalition, and the induced downstream
actions of the firms within the coalition: for any o € 'y and any (G, R, F) € D, (G*, R*, F*) ,

B (@R > E (G Rx s (T (G RXL)), )

Proof. See Appendix. =

This proposition shows that, in any complete network of bilaterally efficient upstream
agreements, an upstream deviation by a coalition of firms is unprofitable for any coalition of
size s € {3,...,n — 1}. This, combined with the definition of bilateral efficiency and Proposition
1 implies that a bilaterally efficient complete network is robust to upstream deviations by any
coalition of firms. The intuition behind this result is that in a bilaterally efficient equilibrium
involving a complete network, a firm’s downstream action maximizes each other firm’s profit
(see Lemma 2). This implies that a firm’s downstream action maximizes the joint profit of any
coalition of firms. Therefore, a bilaterally efficient equilibrium involving a complete network
is robust to upstream deviations by any coalition, as the only purpose of such deviations is to

affect downstream actions.

4.2 Public agreements

In this section, we suppose that (first-stage) upstream agreements become public after they are
made, i.e., they are observed by all firms before they choose their (second-stage) downstream

actions.
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We maintain Assumptions A1-A2 on the payoff functions but replace assumption A3 with

the following assumption that takes account of the public nature of upstream agreements:

A3’ For any network of upstream agreements (G, R, F'), the n-player downstream game

has a unique Nash equilibrium, i.e., there exists a unique vector of actions X (G, R) such that
IA}Z' (G, R) € argmaxm; (G, R, )A(,i (G, R) ,in)
Zj

forall i € {1,....,n}.

We also need to adapt our equilibrium concept as follows.

Definition 2 (Bilaterally efficient equilibrium: public contracting) A bilaterally efficient equi-
librium in the case of public upstream contracting is an equilibrium network of public upstream
agreements (G*, R*, F'*) together with an equilibrium vector of actions x* = (x}),;-, , such
that: o

- in Stage 2, the equilibrium action of each firm maximizes its profit given the actions of
all other firms: x} € argmax,, m; (G*, R*,x*,);

- in Stage 1, the equilibrium upstream agreement between any pair of firms v and j maxi-

mizes their joint profit given all other upstream agreements and the induced downstream actions

of all firms: for any (i,7) € {1,...,n}” such that i # j and any (G, R, F) € D;; (G*, R*, F™¥),
(m; +m;) (G*,R*,x*) > (m; + 7;) (G, R, & (G, R)) .

Finally, while we maintain Condition C1 in its current form, we need to modify Condition
C2 to account for the fact that an upstream bilateral deviation now leads to a (potential)
change in the actions of all firms and not only the deviating pair of firms. Specifically, we

replace it with the following condition:

C2’ For any pair of firms (i,j) € {1,.., N} satisfying ¢ # j and for any network of up-
stream agreements (G, R, F') such that g;; = 0, there exists a network of upstream agreements
(G', R, F') € D;; (G, R, F) with g;; = 1such that & (G', R') = #; (G, R) forany k € {1, ...,n}.

Condition C2’ seems a priori more demanding than Condition C2 because it requires that
the downstream equilibrium actions of all firms be preserved. However, this is not necessarily
the case. To illustrate that, let us consider the special, but relevant, scenario in which for
any (G, R,x) and any i, j,k such that ¢ # j and k ¢ {i,j}, 7 (G, R,x) does not depend
on g;;. In other words, for given downstream actions, a firm’s payoff does not depend on

whether two other firms have signed an upstream bilateral contract. This is, for instance,
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the case if access to an upstream input affects only a firm’s cost function (as is the case for
a cost-reducing patented innovation). In this scenario, if moving from network (G, R, F’) to
a network (G', R, F') € D;; (G, R, F') does not affect the equilibrium downstream actions of
firms ¢ and j, then it does not affect the downstream equilibrium actions of any firm.'® This
implies that C2’ is not more demanding than C2 in the sense that it is sufficient that a
network (G', R', F') € D;; (G, R, F) preserves the equilibrium downstream actions of firms ¢
and j for C2’ to be satisfied.

It is straightforward to derive the following lemma, which is the counterpart of Lemma 1

for the case of public upstream agreements.

Lemma 3 Under Assumptions A1, A2 and A3’ and Conditions C1 and C2’, an equilibrium

network of public upstream agreements (G*, R*, F'*) is necessarily such that G* = G°.

As in the case of private agreements, we focus on complete networks, and we provide a
necessary condition for a network of this type to be an equilibrium network. To this end,
we need to adapt the rank condition C3 meaning that per-unit input prices are pairwise
independent from the public nature of upstream agreements. For this purpose, let us define

MPulic (R) as the n? x n? matrix whose elements are given by

2o if l=iandi#]
i—j
M%b*hlc)ﬂ n(l—1)+k (R) = Oriesj J 7 J

0 otherwise

for any 7, 7,1,k € {1,...,n} where the elements of the matrix are all evaluated at (G°, R). The

counterpart of Condition C3 in the context of public agreements is the following:
C3’ det MPulic (R) + 0 for any R.

Similar to the case of private upstream agreements, this condition ensures that any local
downstream deviation by a pair of firms can be obtained through a local upstream deviation
in the per-unit input prices they pay each other. The reason that Condition C3’ is less simple

than Condition C3 is that a two-firm coalition contemplating a deviation now has to take

18To see why, note first that Assumptions A1-A2 combined with the assumption that for given downstream
actions, a firm’s payoff does not depend on whether two other firms have signed a bilateral upstream contract,
imply that the best-response function of a firm [ ¢ {i,5} does not depend on the agreement between firms
i and j, i.e., it does not depend on (gi;,7—j,7j—;). This implies that moving from network (G, R, F) to a
network (G, R', F') € D;; (G, R, F') affects the equilibrium downstream action of a firm [ ¢ {7, j} only through
the effect on the equilibrium actions of firms ¢ and j. Thus, if the latter are preserved, then the equilibrium
actions of all firms remain unchanged.
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into account the responses of the firms outside the coalition in the second stage of the game.
Example 3 in the Appendix shows that Conditions C1, C2’ and C3’ are satisfied in the cross-
licensing setting considered in Example 1 for all of the values of the substitutability parameter

but one when upstream agreements are public and the number of firms is n = 3.

The following lemma is the counterpart of Lemma 2 when upstream agreements are public.

Lemma 4 Suppose that Assumptions A1, A2 and A3’ and Condition C8’ hold. Then, a
necessary condition for a complete network of upstream agreements (G¢, R,x) to be an equi-

librium network is that

07ri
833'j

(G, R,x) =0,
for any (i,7) € {1,...,nY such that i # j.

Proof. See Appendix. m

Maintaining Assumption A4 as it is, we can now extend our main result to the case of

public upstream agreements.

Proposition 3 Under Assumptions A1, A2, A3’, and A4 and Conditions C1, C2’, and

C3’, any bilaterally efficient equilibrium mazximizes industry profits.

Proof. Similar to the proof of Proposition 1. m

Thus, our main result does not depend on the private nature of upstream bilateral agree-
ments. Public bilateral agreements can also allow them to achieve the fully cooperative out-
come if the input prices are independent instruments. It can also be readily shown that this
result extends to an environment in which some of the agreements are private while others are
public, as well as a setting in which each agreement becomes public with a certain probability

(because of a leakage, for instance).'”

5 Conclusion

This paper shows that under a wide range of circumstances, upstream bilateral agreements
among firms interacting in a downstream market can allow them to achieve the industry-profit-
maximizing outcome. This result has been shown to hold under relatively mild conditions,
independent of the nature of downstream interactions, regardless of whether the agreements

are public or private and regardless of whether the firms are symmetric.

The matrix MP' (R) needs, however, to be adapted to these alternative settings.
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We have focused in our model on the scenario wherein all firms own an upstream input.
However, our analysis can be extended in a straightforward way to a situation in which only a
subset of firms own upstream inputs and can engage in (private) upstream bilateral agreements.
In that case, it can be shown that under conditions of the same nature as those used in our
analysis, upstream bilateral agreements between these (vertically integrated) firms allow them
to achieve an outcome that maximizes the joint profits of all of them, given the downstream
actions of all firms that do not own an upstream input.

Another (perhaps simpler) way for firms to achieve the outcome that maximizes industry
profits is to sign a multilateral upstream agreement involving all of them. However, such agree-
ments are sometimes regarded with suspicion by regulators. For instance, a cross-licensing
agreement involving more than two firms in a given industry cannot benefit from the safe
harbor provided by the European Commission’s Technology Transfer Block Exemption Reg-
ulation. Our main result suggests that policymakers should not regard a complete network of
upstream bilateral agreements between firms interacting in both upstream and downstream
markets as fundamentally different from that of a multilateral upstream agreement involving
all of them. In particular, this implies that if such a multilateral agreement is deemed un-
desirable by policymakers, e.g., because the fully cooperative outcome reduces social welfare,

then it should also be the case for a complete network of upstream bilateral agreements.
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Appendix

Example 1. Access by any firm to the technology of another firm leads to a strict decrease
in its marginal cost. This implies that Condition C1 is satisfied.

Let us now show that Condition C2 holds. Let (G, R, F) be a network of upstream
bilateral agreements such that g;; = 0. Let S;(G) denote the set of firms that signed a cross-
licensing contract with firm 4, i.e., firms k # ¢ such that g; = 1, and let m;(G) denote the

number of firms in S;(G). Similarly, let S;(G) denote the set of firms that signed a cross-
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licensing contract with firm j, and m;(G) denote the number of firms in S;(G). Moreover, let
A; (G) = ¢;(mi(Q)) — ci(mi(G) + 1) and A (G) = ¢;(m;(G)) — ¢;(m;(G) + 1).
Under (G, R, F') and for a given vector x_;; of actions of firms k # i, j, the actions of firms

1 and j satisfy the following equalities:

1
=g v(l—7)+ vzxk + ¢;(mi(G)) + Z Timk + 7Y Thei (1)
kit keSi(@) keSi(G)

ri=g [P = D47 m +am(@) + Y ity Y e ©)

k#j kesS;(G) k€S;(G)

For any network (G', R/, F") € Dy; (G, R, F') with g;; = 1 and for a given vector x_;; of actions

of firms k =# 7, j, the actions of firms ¢ and j satisfy the following equalities:

1
zi =3 V(=) + D) metami(G)+ 1)+ D riw ity Y mei | (3)
ki kES; (G) keS; (G)

1
=5 |v(1=7) Y ke (my(G) + 1)+ D Tty D Ty
k4] keS;(G) keS;(G)
(4)

To show that C2 holds, it is sufficient to show that there exist (r,_ ., 7”._,) such that equations

(1) and (3) are identical and equations (2) and (4) are identical. This is the case if and only if
ci(mi(G)) = ¢;(mi(G) + 1) + r;%j + ’W’}m

and
cj(m;i(G)) = cj(m;(G) + 1) + 7, + i,

or equivalently,

/ / o Az - VAj Aj - PYAZ‘
(Ti—>jvrj—>i) = 1 2 2 :
- L=~

Hence, Condition C2 holds.
Finally, let us show that Condition C3 holds. Under a complete network of upstream
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agreements, firm ¢’s profit (gross of fixed payments) is given by

i (G, R,x) = (171 —C — ZTH;) q; + erﬂ’iqj

i i
1
-1 (5’% — ¢ - ZTHJ) [U(l —7) —$i+’YZ%’]
J#i J#i
1
+t1 Y risilv (=) =z + 9> .
Qe ki

Differentiating firm ¢’s profit with respect to x; yields

T; = % [U(l —7)+ VZ% +&+ Zrmj + 72%’%] -

J#i J#i J#i

The pair (Z; (G¢, R,x_;;),Z; (G°, R, x_;;)) is the solution of the following two-equation system:

T; = % v(l—7) 4+ vz + ’szk +C s+ Zn‘_ﬂg + i + Zrk—n‘]
L kg ki ki
=g |0 =) F 2+ Y Tkt F it ) Tk i Y They
L k#4,j k#i.5 k#4,j
and therefore,
Ori—; 2 787’1‘_4
oz, 1 9%,
Gnij T2 737‘19]' T
which leads to ~ ~
8Ii . 2+ 72 a*Tj 37

— d —
8ri_>j 4 — ’}/2 an aTi_,j 4 -

27

. _ -
hence, the following expression for M}>"*:

2492 3y
Mprivate _ 4—~2  4—~2
ij - 3y 242 :

This implies that
74_5,72_'_4_ 1_,)/2

_ 0,
TEC

private
det M;; =

i.e., Condition C3 holds.

Example 2. Let v = (vy,...,vy) be the vector representing the value of each firm’s product
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after Stage 1 (for a given network of upstream agreements). Let v = min;<;<<, v;.

We define Cournot competition for a given v = (vy, ..., vy ) as follows. Each firm ¢ simulta-
neously chooses its quantity x;. Given v = (vq,...,vn), X = (21, ...,zx) and X = z1 + ... + 1,
the quality-adjusted equilibrium prices are determined by the following two conditions: (i) the

indifference condition:
Vi — P =V — Pj for all (7,7) € {1,...,N}2;
and (ii) the market clearing condition:
X = D(p) where p; =p+v; — v.

The market clearing condition means that this price is adjusted to make the total supply
equal to demand. The indifference condition implies that the price each firm charges is ad-
justed such that all consumers who buy any product are indifferent among all products. A
microfoundation of this setup can be provided as follows. There is a mass one of consumers.
Each consumer has unit demand and hence buys at most one unit among all products. A
consumer’s gross utility from having a unit of the product of firm ¢ is given by u + v;, where
u is specific to the consumer while v; is common to all consumers. Let F'(u) represent the cu-
mulative distribution function of u. Then, by the construction of quality-adjusted prices, any
consumer is indifferent among all products, and the marginal consumer indifferent between

buying any product and not buying is characterized by v + v — p = 0, implying

D(p)=1-F(p—uv).

In equilibrium, p is adjusted such that 1 — F(p —v) = X. Let P(X) be the inverse demand
function, and let us assume that it is linear, i.e., P(X) = a— X. Hence, denoting by S;(G) the
set of firms that signed an upstream contract with firm ¢, i.e., firms k # i such that g;; = 1,

and m;(G) the number of firms in S;(G), firm i’s profit (gross of fixed payments) is given by

T (G,Rx)=a—X4+v(G)—v—¢ — Z Timw | x5 + TheoiT-
k€S (G) keSi(G)

where we now make the dependence of v; upon G explicit. Since access to an additional
dataset strictly increases the value of its product, it is straightforward that Condition C1 is
satisfied.

Denoting a;(G) = a + v;(G) — v — ¢;, firm i’s profit (gross of fixed payments) can then be
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written as

T (Ga R> X) = a'l(G> - Z Tisk — T; + Z Tk—iTlk-

kesSi(G) kesS;(

Assume now that g;; = 0 for some (i,7) € {1,....,n}>. The FOCs associated with the maxi-
mization of m; (G, R,x) with respect to x; and the maximization of 7; (G, R,x) with respect

to x; are respectively given by

T :% a;(G) — Z Timk — ka (5)

keSi(G) k#i,j
and
1
=5 aij(G) — Z ik — Tj — Zxk (6)
keS;(G) ki,

Similarly, for any network (G', R', F") € D;; (G, R, F') with g;; = 1, the FOCs associated
with the maximization of 7; (G, R', x) with respect to x; and the maximization of 7, (G', R', x)

with respect to x; are respectively given by

T, = % ( 1—>j Z Tisk — Tj — Zxk (7)

kESi(G) ki j

and
1
k€Si(G) k#i.j

This shows that a necessary and sufficient condition for equations (5) and (7) to be identical
and equations (6) and (8) to be identical is that

7”'/. L= ai(G/) — CLZ(G) and TJ*)Z - a/](G/) - a]<G)7

1—]

which proves that Condition C2 holds.
Let us now show that Condition C3 also holds. Considering a complete network of up-

stream agreements (G¢, R, F'), we have

T (GC7 Ra X) - (al(Gc) - Z Tisk — X) Z; + Z Tk—iTk-

ki ki
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The pair (Z; (G¢, R,x_;;),Z; (G°, R, x_;;)) is the solution of the following two-equation system:

k1,5 k#i
iL'] = % (aj(Gc) — Zl'k — Z?"]’Hk — IEZ)
ki, k£j
Therefore,
8~i _ 1 0
87':;]' - _5 <8ri_J,j + 1)
8i‘j _l O0T;
ori_; 20ri_;
which yields
F; 2 05 1
——- an =

Hence,

2 1
private 3 3
Mij = ( s ) .
3 3

; 1
det Mép}rwate — g 7& O,

This implies that

i.e., Condition C3 holds.

Proof of Lemma 2. Suppose that Assumptions A1-A3 and Condition C3 hold, and assume
that the complete network of upstream agreements (G¢, R*,x*) is an equilibrium network.
Then, for any given (i,) € {1,...,n}? such that i # j, it must hold that
(m; +7;) (G, R*,x*) > (m; + ;) (Gc, R, %:(G% R, x" ), 7;(G, R, x’iij),xfij) .

for any (G°, R, F') € D;; (G°, R*, F™).

From A3 and our assumption that (G¢, R*,x*) is an equilibrium network, it follows that
(G, R, x* ;) =z} and 7;(G°, R*,x* ;) = z}, which implies that

(mi +m;) (G R, %(GS, R x* ), %;(G°, R*, x* ), x" ;) = (m; + ;) (G, R, x*) .

—ij —ij )y X—ij

Hence,
(mi + ;) (G, R, &:(G, R* x* ), (G, R* X" ), X7 )
2 (’/TZ' + ’/Tj) (GC, R, j’i(GC, R, Xtij)? i’j(GC, R, x* ), Xiij)

for any (G° R, F) € D,;; (G*, R*, F"*). Considering the special case of matrices R that are
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different from R* only through r;_,;, the latter inequality implies that
(mi + ;) (G, R, 2:(G%, R, x* ;;), T;(G°, R, x* ), X"

quires that?’

*
1—3)

) is maximized at r;_,; = r which re-

—ij

d(m+ ;)
dr’i—)j

(G, R, %;(G“, R, x*,;), (G R, x" ), x" ;) = 0.

—ij

Since ri_,; affects (m; + ;) (G° R, #;(G¢, R,x*,;), ;(G°, R, x* ;;),x* ;) only through its effect

Y
on Z;(G° R,x*,.) and 7;(G°, R,x* ;) (this follows from A2), the latter can be rewritten as

—ij —ij

% 85&1 aﬂ'j (9501 (97'('1' 85&] (971']' 85:]
8:62- 87“19]- 8:52 a’f'iﬂj ax]’ aﬂ'%j 0:15]- 87",9]-

=0, (9)

. 9% o 0
where 86_””1_ and 5~ are evaluated at (G°, R*,x* ) and 9% 9m CTi M are evaluated at
Ti g ori_j Ox;’ Ox;’ Ox;’ Oxj

(GC, R*, % (G R*, x* ), 7(G, R*,x*_l-j),x_”) (GC R* x*).
Moreover, since (G¢, R*,x*) is an equilibrium network, it holds that

87TZ‘
(9@-

07@
0z,

(G<, R, x*) = 29 (G, R* x*) = 0. (10)

Combining (9) and (10) leads to

&Ej 87@ 4 8532 87?']‘
ari_,j 8xj 8Ti—>j 8!@

=0, (11)

om;

where 88@_ and % are evaluated at (GC, R*,xiij) and % and 72 are evaluated at
Ti—j T T T;
(G°, R*, x*).
By symmetry, we also have
0z; Om; 0z, Om;
R B B ) (12)

8rj_>i 8% 87"]-% an

- 8. . o
where 38?”1_ and 5 are evaluated at (G° R*,x*;) and 2% and 3! are evaluated at
i i orj_; 1) Ox; ox;

(G, R*,x*).
Denoting y;; = 25 (GC R*,x*) and y;; = 87” L (G R*,x"), (11) and (12) can be rewritten

d(ﬂ'i +7l'j)

instead of to emphasize that we consider the total derivative of

. o(m; j
20We use the notation 7((;;%?)
—

m; + m; with respect to r;_;.
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as a linear system of two equations in y;; and y;; :

9%, 0%; _
arj—; Jii T ary— i = 0

9 9z —

Condition C3 says that the determinant of this system is different from zero, which implies
that the unique solution is y;; = y;; = 0.

Therefore, we can conclude that

87@
al’j

(G°,R*,x") =0,

for any (i, ) € {1,...,n}*such that i # j.
Proof of Proposition 1. Suppose that A1-A4, and C1-C3 hold and assume that (G¢, R*, F'*, x*)

is a bilaterally efficient equilibrium. From Lemma 2, it follows that

n
am

al'j

(G, R*,x*) = 0.

i=1,i#]

This, combined with % (G° R*,x*) = 0 (which results from x* being an equilibrium vector
J

of actions), yields
u 87@

(G, R, xT) = 0.

i=1
Since x¢ is the unique maximizer of industry profits and is characterized by the corresponding
first-order conditions (by A4), we can conclude that x* = x¢, which means that the considered

equilibrium maximizes industry profits.

Proof of Proposition 2. Suppose that A1-A6 ad C1-C3 hold, and assume that (G¢, R*, x*)
is an equilibrium network of upstream agreements. Consider s € {3,...,n — 1} and ¢ € T,.

From Lemma 2, we know that
or;
e G R* x*) =0
al'j ( ’ s )
for any (i,7) € {1,...,n}* with ¢ # j. This, combined with g—;rz (G°, R*,x*) = 0 (which results
from x* being an equilibrium vector of actions), implies that for any s € {3,...,n — 1}, any

o€lyandanyl € {1,..., s},

on,
n (k) (GC’ R*7X*) — 0’
0o ()

s
k=1
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or equivalently,

aﬂ-o'(k) c * * *
Z@xgl) G R ( )1<7,<57X ):0-

Then, from Assumption A6, it follows that (x;(i)>1§i§s maximizes the joint profit of the firms
in the coalition {o(1),...,0(s)} given that the actions of the firms outside the coalition are

given by x* . In other words,

Z Wg(k) (GC’ R*’x*> Z Z ﬂ-a(k) (GC7R*, (x;(i))lgiS&Xig)

1<k<s 1<k<s

for any (Jflg(i))lgigs. In particular,

5 ot (G5 R X) 25 oy (G R (00 (G RX,)) ey X))

1<k<s 1<k<s

for any (G, R, F) € D, (G°, R*, F*). Moreover, for any (G, R, F') € D, (G, R*, F'**), we have

Z T (k) (GC R, (u G) (G,R, X**U))lgjgs ,Xto) = Z To(k) <GC7 R, (i'g(l) (G, R, X**U))lgigs ,Xig>
1<k<s 1<k<s
> 2 Tok) <G7 R, (fU(i) <G7 R, XiU))1<i<s ’Xia)
1<k<s -

where the equality follows from A2 and the inequality from C1. Therefore, for any (G, R, F') €
D, (G R*, F™),

Z ﬂ-o‘(k) <GC’R*7X*) Z Z WU(k) (G R ('rU( (G7 R7 Xiﬂ'))lgigs 7Xia> .

1<k<s 1<k<s

Example 3. Consider the cross-licensing setting presented in Example 1 with n = 3 firms,
and assume that upstream agreements are public.

We have already shown that Condition C1 is satisfied in that setting. Let us now show
that Condition C2’ holds. To this end, consider an upstream network of agreements (G, R, F')
such that g1 = 0. The equilibrium downstream X (G, R) solves for the following system of

equations:

Ty = % (1 =)+ (2 +23) + e (1 + Lg5=1) + (1123 +7731) 1g5=1]
3L =)+ (21 +23) + (14 Lgpum1) + (r2—z +773-2) Lgpe—i]
x3 =% [v(1 =)+ 7 (@1 + 22) + c3(1 + Lgy 1 + Lgypm1)
+(rs—1 +r153)Lgg =1 + (32 + Y7203) 1 ggp=1]

T =
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Consider now a network of upstream agreements (G, R', F') € D15 (G, R, F') with ¢}, = 1.
It is straightforward that the corresponding equilibrium downstream actions X (G’, R') solves

the set of equations above if and only if

C1 (2 + 15]1321) + r/1—>2 + ,YT/2—>1 = Cl(]' + 1913:1)
62(2 + 1923:1) + 7",2_,1 + ’77'/1_>2 = 02(1 + 1923:1)

which holds if

Cl(l+1913:1)_01 (2+1913:1)_7[02(1+1923:1)_C2(2+1923:1)]

/ —

o = 1—2

' o C2(1+1923:1)_CZ(2+1g23:1)_7-[61(14‘1913:1)_61(2+1913:1)]
Tyt -2

This shows that Condition C2’ is satisfied.
Finally, let us establish that Condition C3’ also holds. The matrix MP%¢ is equal to

1 0 0 0 0 0 0 0 0
01 0T2 03 0%1 0T2 O3 0 0 0
Oori—a2 Orina Orine  Orinz  Orins  Orise
O0%1 OFo 023 0 0 0 0% 5 O0f3
ori3 0Ori.s ori13 ori—3 Ori—3 Oriss
01 OZo 03 0Z1 O0Zo O3 O 0 O
Org—1  Oro1  Ora—1  Ora—1  Ora—1  Ora—i
0 0 0 0 1 0 0 0 0
0 0 0 0% 022 023 0% [ 5 O0f3
Ora_,3 Ora_,3 Ora_,3 Ore—3 Ore—3 Ora_s
0%1 [l 03 0 0 0 0% s O3
ors—1  Orz—1  0rz—1 Orz_1  Orzmi1  Ors3oi
0 0 0 0Z1 0To 03 01 0o 03
Orz—2 Orz_2 Orz—2 Orzmz Orz—z Orz_2
0 0 0 0 0 0 0 0 1

The equilibrium downstream actions X (G¢, R) for a given R solve the following system of

equations:
21 = 3 [0(1 =) + 7 (29 + 23) + ¢, + F1og + 713 + 7 (ra + 751)]
T2 = % (1 =)+ 7 (@1 +23) + o+ 1201 + 723 + 7 (122 + 732)]
z3 =201 =)+ 7 (@14 22) + ¢5 + 1301 + 7302 + 7 (r123 + T2m3)]

Summing the three equations and denoting X = z; + x5 + x3, we obtain

3 1 1
X =501 =) +7X + 5 (e + 6+ eg) + 5 (L+7) (Mg + 71 ot 730+ 1o +730)
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and therefore,

1
X = 207 [Bu(1 —7) + (¢; + ¢+ c) + (1 +7) (oo + m1ms + ram1 + 131 + 123 + 730)]
(13)
Moreover, multiplying the equations of the system above by (1 + %) and rearranging terms

leads to
'7) + ")/X + 1 + -2 + T"1—-3 + Y (T2—>1 + T3—>l)]

- _1 (1
+
= 5 [V =) + X + e+ 121+ 12y +y (P12 +7300)) (14)
= (1—7)+9X +c3+ 71321 + 73550+ 7 (1123 + r23)]

+
Differentiating (13) and (14) with respect to r1_.9, 713, 721, 31, T2—3, 32 yields

81%1 . 85%1 . 83?:2 . 8;%2 . 8§:3 . (93?:3 2—’}/+”)/2

Orine  Oring  Orony  Orong  Ors_y Ors_a 21 —7)(2+7)’

(9561 . (9.1'1 . 8552 . 8:1?2 . (93%3 . 892‘3 . 3")/—")/2
Oramy Ors.y Orine  Orsme  Oring Orang 2(1—7)(247)’

8&1 - 8&1 . ai‘g . 8@ - (%3 . 8503 o ’}/"—’72
Ora—3  Ors_a  Orig Ors.1 Orina  Orap 2(1—79)(2+7)

which determines all the coefficients of MP“  Computing the determinant of this matrix,
we find that

16 (1—7)" (27 = 1)° (1 +29) (2+ 3)?
21 =7+
which is different from 0, for all values v € (—1,1) \{1}.2!

det Mpublic —

)

Proof of Lemma 4. Suppose that Assumptions Al, A2 and A3’ and Condition C3’
hold, and assume that the complete network of public upstream agreements (G¢, R*, x*) is an

equilibrium network. It must then hold that
(ﬂ-i + Wj) (GC7 R, x (GC7 R*)) = (ﬂ-i + 7Tj) (GC7 R, X*) > (7Ti + 7Tj) (GC7 R x (Gc7 R))

for any (G, R, F) € D;; (G°, R*, F™*).
Considering the special case of matrices R that are different from R* only through r;_,;, the

latter inequality implies that (m; + 7;) (G¢, R, % (G, R)) is maximized at r,_,; = 7}, which

z~>37

21Recall that we need to restrict v to be above —1/(n — 1) = —1/2 when n = 3.
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requires that??
d (7TZ‘ + 7Tj)
dTi—»j
Since r;_,; affects (m; + 7;) (G¢, R*,% (G, R*)) only through its effect on X (G¢, R*) (by A2),

the latter can be rewritten as

(G<, R*, % (G*, R")) = 0.

a.’,i'k 87TZ ~ ai’k 8’/’{' N
G, R G°, R x (G, R" G R —L (G, R*,%(G°,R*)) =0
1 0n~_>j ( ’ ) afl?k ( ( )) 1 87“i_>j ( ’ ) 8Ik ( ’ ’X( ’ )) ’
or equivalently,
Ok (e, rty I (e Re ) + 528 (oo vy O (6o e x) = 0.
= Orimsi Oy, — OTij oy,

By symmetry, the first-order condition with respect to r,_,; can be written as

Z %% (e r) 0T (e R x Z 0% (e ry 9™ (e, RY x") = 0.

8rj_>z oxy, 8r]_>z oxy,

Hence, the first-order conditions associated with the suboptimality of upstream deviations
(with respect to both 7,_,; and r;_,;) give rise to n(n — 1) conditions. Adding these to the n
first-order conditions 87” (GC R*,x*) = 0 associated with the downstream Nash equilibrium,
we end up with a system of n? equations. The latter can be represented as a linear system
MPublicy” — () where Y is a n? x 1 matrix whose elements (which are the “unknown variables”)
are defined as follows:

07T c * *
Yo(1)sk ax; (G°, R*,x*) .

Since det MPulic £ (), this linear system has a unique solution given by

07'('1

oz, (G ELx) =0,

for any k,l € {1,...,n}, which completes the proof.

22We again use the notation w instead of w to emphasize that we consider the total derivative
i—j i—j

of m; + m; with respect to 7;_,;.
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