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Abstract

We consider 2-player zero-sum stochastic games where each player controls his own
state variable living in a compact metric space. The terminology comes from gambling
problems where the state of a player represents its wealth in a casino. Under natural
assumptions (such as continuous running payoff and non expansive transitions), we
consider for each discount factor the value vy of the A-discounted stochastic game
and investigate its limit when A goes to 0. We show that under a strong acyclicity
condition, the limit exists and is characterized as the unique solution of a system
of functional equations: the limit is the unique continuous excessive and depressive
function such that each player, if his opponent does not move, can reach the zone when
the current payoff is at least as good than the limit value, without degrading the limit
value. The approach generalizes and provides a new viewpoint on the Mertens-Zamir
system coming from the study of zero-sum repeated games with lack of information on
both sides. A counterexample shows that under a slightly weaker notion of acyclicity,
convergence of (vy) may fail.

1 Introduction

The model of zero-sum stochastic games was introduced by Shapley [29] in
1953. A state variable w €  follows a controlled Markov chain with transi-
tions Q(wl|i, j,w) controlled by the actions of two competing players (i € I for
player 1 and j € J for player 2). Shapley assumed the action and state spaces (I,
J and ) to be finite and proved the existence of the value v, of the A-discounted
game using a dynamic programming principle, and characterized v, as the unique
fixed point of what has been called the Shapley operator [28, 31].
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Bewley and Kohlberg [3], using algebraic tools, proved the existence of the
asymptotic value v = limy_,qv,. Actually, when action and state spaces are finite,
the equations that define vy, may be described by finitely many polynomial in-
equalities, implying that v, is semi-algebraic and so is converging. The extension
of this result to infinite stochastic games is a central question in mathematical
game theory [16, 22, 24, 31].

Recently, several important conjectures [20, 22] were proved to be false. Vig-
eral [33] and Ziliotto [34] provided examples where the family {v,} diverges as A
approaches zero. In Vigeral, the state space (2 is finite and the action sets I and
J are semi-algebraic. In Ziliotto, the set of actions is finite but the state space
(2 is compact, and can be seen as the space of common beliefs on a finite state
variable, controlled but not observed by the players.

On the other hand, there are many classes of stochastic games with general
state space and action sets where {vy} converges (for a recent survey, see [16]).
Many have in common some irreversibility in the transitions. In recursive games
[8, 32] the current payoff is zero until the game is absorbed. In absorbing games
[12, 21, 28] there is only one non-absorbing state. In repeated games with incom-
plete information [2, 23, 28|, once a player reveals some information, he cannot
withdraw it. Similarly in splitting games [14, 15, 31] the state follows a martin-
gale which eventually converges. Interestingly, in all those classes of “irreversible”
stochastic games, not only we have convergence but also an explicit characteri-
zation of the asymptotic value. This leads many to anticipate that irreversibility
has to do with convergence.

Our paper provides a weak and a strong definition of irreversibility (we call
acyclicity) and prove that they constitute the frontier between convergence and
divergence of {wvy}: strong acyclicity guarantee convergence while the closely
related weak acyclicity do not. To do so, we restrict ourself to a new class which
embeds any product stochastic game [9] and naturally extends gambling houses.

A classical gambling house problem [6, 19] has three ingredients : a metric
state space S, a Borel-measurable utility function u : S — IR, and a gambling
house ®, where ® is a set value function that assigns to each s € S a set ®(s) of
A(S) (set of Borel probability distributions over S). At each stage ¢, given the
state s, the decision maker gets the reward u(s;), chooses p; € ®(s;), and the
state moves to s;;1 according to the probability distribution p;.

The gambling house is leavable if for every s € S, ds (the dirac mass at s)
belongs to ®(s). It is well known that any MDP can be mapped to a gambling
house and any positive MDP to a leavable gambling house [7, 19, 30]. In this
paper, we consider only leavable gambling houses.

In a gambling game, each player controls his gambling house: T' : X — A(X)
for Player 1 and A : Y — A(Y) for Player 2, and the utility function is now
u: X XY — IR with the convention that player 1 wants to maximize u whereas
player 2 wants to minimize u. At each stage t, both players knowing the state
wy = (x4, y;), simultaneously Player 1 chooses p; in I'(z;) and Player 2 chooses
q@: € A(y), the stage payoff is u(x;,y;) and a new state (2,41, ¥yi41) is selected



according to the probability distribution p; ® ¢;. As any MDP can be mapped
into a gambling house, a product stochastic game [9] can be mapped into a
gambling game.

For each A € (0, 1], one can define the A-discounted game where the stream
of payoffs is evaluated according to Y_,_; A(1 — \)' " tu(z¢, y;). Usually X is called
the discount rate, 1 — A\ = ﬁ is called the discount factor and r is the interest
rate. Under classical regularity assumptions, the A-discounted game has a value

vy and the family {v,} is equi-continuous.

Our first main result shows that if at least one of the gambling houses I' or
A is strongly acyclic, {v)} uniformly converges to a function v as A goes to 0.
Moreover, we provide several characterizations of the asymptotic value v that
extend the well known Mertens-Zamir system of functional equations [23]. Our
second result proves that under a slightly weaker notion of acyclicity, {vy} may
diverge (even if both houses I' and A are weakly acyclic and both state spaces
X and Y are finite). Our example is inspired by an example in Ziliotto [34]
for stochastic games where both players control the same state variable. It is
the first in the class of product stochastic games, and appears simpler than the
existing counterexamples of divergence with finite state space. Finally, under an
idempotent assumption combined with a bounded variation hypothesis on the
transitions, we prove existence of the uniform value, extending a recent result by
Oliu-Barton [25] on splitting games.

2 Gambling Games

2.1 Notations

Given a compact metric space S, we denote by B(S), resp. by C(S), the set of
bounded measurable, resp. continuous, functions from S to the reals, and by
A(S) the set of Borel probabilities over S. For s in S, we denote by 5 € A(S)
the Dirac measure on s, and whenever possible we assimilate s and d,. For v in
B(S), we denote by @ its affine extension to A(S): 0(p) = IE,(v) for all p in A(S),
where IE,(v) is the expectation of v with respect to p. A(S) is endowed with the
weak-* topology, a compatible distance being the Kantorovich-Rubinstein (or
Wasserstein of order 1) metric: dgg(p,p’) = sup,eg, [0(p) — 0(p')|, where E is
the set of 1-Lipschitz functions on S. When there is no confusion, (p) will also
be denoted by v(p).

2.2 Model

A gambling game is a zero-sum stochastic game where each player controls his own
state variable. We will always assume in this paper that the state spaces are non



empty metric and compact, and denote by X and Y the respective set of states?
controlled by Player 1 and by Player 2. The transitions of Player 1 are given by
a continuous? multifunction I' : X = A(X) with non empty convex® compact
values: if the state of Player 1 is at x, he can select his new state according to
any probability in I'(x). Similarly, a continuous multifunction A : ¥ = A(Y)
with non empty convex compact values, gives the transitions of Player 2. The
players independently control their own state, and only interact through payoffs:
the running payoff of Player 1 is given by a continuous mapping u : X xY — IR,
and the payoff to Player 2 is given by —u.

Gambling games extend the model of gambling houses [6], which correspond
to the single player case when Y is a singleton and Player 2 plays no role. One can
show, by an adequate increase of the state space in order to encompass actions,
that any MDP can be mapped into a gambling house [7, 19, 30].

A standard gambling house is the red-and-black casino where X = [0, 1] is a
fortune space. Suppose that at each fortune x > 0, the gambler can stake any
amount s in her possession. The gambler loses the stake with probability 1 — w
where w € (0,1) is fixed and given, and wins back the stake and an additional
equal amount with probability w. The corresponding transition multiifunction
reads:

Py (2) = {womin{otsay + (1 —w)dp—s : 0 < s <}

Another class of gambling house are splitting problems where X = A(K) is a
simplex (K is a finite set) and I'(x) is the set of Borel probabilities on X centered
at x. The idea of splitting was introduced by Aumann and Maschler [2] in the
context of repeated games with incomplete information on one side. This is now
very popular in economics (persuasion and information design literature [13]).

The above examples of gambling houses naturally extend to gambling games.
One can consider a casino game where each player i controls a red-and-black
house with parameter w;, and the running payoff depends on the current pair of
fortunes. Another example is a splitting game [14, 15, 31] where X = A(K) and
Y = A(L) are simplexes, I'(x) is the set of Borel probability measures on X that
are centered at = and A(y) is the set of probability measures of Borel probability
measures on Y that are centered at y.

2.3 Discounted Evaluations

Given a discount factor A € (0,1] and an initial state (x1,y;) in X XY, the game
Gi(z1, 1) is played as follows: at any stage t > 1, the payoff to Player 1 is u(zy, y;)
and both players knowing (zy,y;), simultaneously Player 1 chooses p;11 in I'(zy)

'Both metrics are denoted by d, and we will use the metric d((x,y), (2/,y")) = d(z,2") +
d(y,y") on X x Y.

%ie. Ve > 0,3a > 0,Vx, 2’ € X with d(x,2') < a,Vp € T'(x),3Ip’ € T(2') s.t. dgr(p,p’) < &.
Since I' has compact values, it implies that the graph of I' is compact.

3If originally the gambling game has non convex values, then allowing as usual players to
randomize, would lead to transitions with convex values.



and Player 2 chooses ¢;41 in A(y;). Then, 441 and y,,; are independently selected
according to p; and ¢;, the new states z;; and ¥y, are publicly announced, and
the play goes to stage t + 1. Under our assumptions of compact state spaces,
continuous transitions with convex compact values and continuous running payoff,
it is easy to describe the value of such dynamic game.

Definition 2.1. vy is the unique element of C(X xY) s.t. V(z,y) € X x Y,

oa(z,y) = max min (Au(z,y) + (1 = N)or(p,q)),
pel(x) ¢eA(y)

= min max (Au(z,y) + (1 — AN)or(p, q)) -
min max (Au(z,y) + (1= A)oa(p. 0))
This is the standard characterization of the value of a discounted game by means
of the Shapley operator. Existence and uniqueness of v, follow from standard
fixed-point arguments (see for instance [22, 28]). We refer to vy(z,y) as the value
of the game G (z,vy).

The goal of the paper is to study the convergence of (vy), when A goes to 0,
i.e. when players become more and more patient.

Remark 2.2. Cesaro Evaluations. It is also standard to define the value of the
n-stage games by: v; = u, and for n > 1 and (z,y) € X x Y=

1 . N
Upia(z,y) = o1 hax min (u(z,y) + nt,(p,q)),

> i (ulz, ) + (5, )
= min max (u(z, no,(p,q)) -
n 4+ 1 geA(y) pel(z) 4 b4

It is known that the uniform convergence of (v,), when n goes to infinity, is
equivalent to the uniform convergence of (vy), when A goes to 0, and in case of
convergence both limits are the same (Theorem 2.2 in [35] applies here)

2.4 Non expansive transitions

Without further assumptions, convergence of (vy) may fail even in the simple
case where I" and A are single-valued (“0 player case”, players have no choice), so
we will assume throughout the paper that the gambling game is non expansive,
i.e. have non expansive transitions:

Definition 2.3. The game has non expansive transitions if:
Vo e X,Va' € X,Vp e I'(x),3p' € T(2)), s.t. dgr(p,p’) < d(x,2'),

and similarly : Vy € Y,Vy' € Y,Vq € A(y),3q € A(Y), s.t. dxr(q,q") < d(y,v).



The gambling game has non expansive transitions if the transitions, viewed
as mappings from X to 22X and from Y to 220) are 1-Lipschitz for the
Hausdorff distance on compact subsets of A(X) and A(Y). Note that the tran-
sitions are always non expansive when X and Y are finite*. Moreover split-
ting games are non expansive [14], and red-and-black casino houses with pa-
rameter w are non-expansive if and only if w < 3 [17]. Let us mention also
Markov chain repeated games with incomplete information [11], where each player
observes a private and exogenous Markov chain. These repeated games lead
to gambling houses with transitions of the form: X is a simplex A(K), and
[(x) = {pM,p € A(X) centered at 2} with M a fixed stochastic matrix. Here
again, transitions are non expansive.

Let us mention immediately an important consequence of the non expansive
assumption. The proof is in the Appendix.

Proposition 2.4. Assume the gambling game is non-expansive. Then the family
{va}ac(oay is equicontinuous.

This proposition extends to two players a similar result in [17] on gambling
houses where it is proved that non-expansivity is necessary and sufficient to guar-
antee equi-continuity of the values. As a consequence, pointwise and uniform
convergence of {v,} are equivalent, and since X x Y is compact, to prove this
convergence it is enough to prove uniqueness of a limit point®.

Remark 2.5. It is not difficult to see that without non-expansivity, {v,} may
not be equicontinuous and the convergence may not be uniform. For instance in
red-and-black casino with a single player, if the parameter w > % and u(z) = x,
vy is continuous for every A but v = lim, vy is not : v(z) = 0 for z = 0 and
v(z) =1 for x > 0.

2.5 Excessive, depressive and balanced functions

Definition 2.6. Let v be in B(X xY).
1) v is balanced if ¥(x,y) € X x Y,
v(@,y) = maxper(z) Minger(y) 0(p, ¢) = Minger(y) Maxper(z) 0(p; 9)-
2) v is excessive (with respect to X ) if: ¥(x,y) € X XY, v(x,y) = maxyer) 0(p, y).
3) v is depressive (with respect to'Y' ) if: ¥(x,y) € X XY, v(x,y) = minger(y) 9(, q).

Observe that any uniform limit v of (v)) A€(0,1] 1s necessarily continuous and
balanced (by passing to the limit in definition 2.1). In a splitting game, excessive
means concave with respect to the first variable, and depressive means convex
with respect to the second variable.

4If X is finite and d(z,2") = 2 for 2 # 2, then dxr(p,p’) = ||p — p'[|1 for p, p’ in A(X).
By convergence or limit point of {vy}, we always mean when \ approaches 0.



Example 2.7. Consider a gambling game where players 1 and 2 move on the
same finite grid of a circle containing 6 nodes in equidistant positions. Any player
can move one step to the left, one step to the right, or not move (and choose
randomly between these 3 options, so that transitions have convex values). It is
here possible for a player to go from any state to any other state in at most 3
stages (the game may be called cyclic), so any excessive and depressive function
is necessarily constant. Suppose that Player 1’s payoff is 1 if he is at most one
step away from Player 2, and Player 1’s payoff is 0 otherwise. If the players start
a distance at most 1, Player 1 can guarantee this property will hold forever by
not moving or moving one step to the direction of Player 2 and so, in this case
we have vy, = 1 for every A. On the other hand, if the players start at a distance
at least 2, Player 2 can insure that this property will hold forever, by not moving
or moving one step in the opposite direction of Player 1. For these initial states,
vy = 0 for every X. Here, v = lim v, is continuous and balanced, but not excessive
nor depressive.

2.6 Acyclicity
We now come to the main definitions of the paper.

Definition 2.8.
1) The gambling game is leavable if: Vx € X, 6, € I'(x) and Yy € Y, 0, € A(y).
2) The gambling house T' of player 1 is weakly acyclic if there exists p in B(X)
lower semi-continuous such that:

Vo € X, Argmax, e, P(p) = {0}

Similarly, the gambling house A of player 2 is weakly acyclic if there exists 1 in
B(Y) upper semi-continuous such that:

Yy ey, Argminqu(y)zﬁ(q) = {d,}.
The gambling game is weakly acyclic if both gambling houses are weakly acyclic.

The gambling game is leavable if each player can remain in any given state.
This is a standard assumption [6]. This is the case in red-and-black casinos and
splitting games. In persuasion games and in repeated games with incomplete
information, not moving means revealing no information. If the game is leavable,
any excessive and depressive function is necessarily balanced. The converse is not
necessarily true as example 2.7 shows.

Weak acyclicity is, to our knowledge, a new condition in the gambling house
literature. If the house I' is weakly acyclic, the “potential” ¢ decreases in expec-
tation along non stationary trajectories, hence the irreversibility of the process
(in the space of probabilities over X).

Observe that any weakly acyclic gambling game is necessarily leavable. When
w < %, a red-and-black casino is weakly acyclic (take ¢ to be strictly increasing
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and strictly concave). Also, a splitting game is weakly acyclic (take ¢ to be any
strictly concave function on X).

We will now define strong acyclicity, our central condition. For this, we need
to consider transitions for several stages. We first extend linearly the transitions
to A(X) and A(Y) by defining I : A(X) = A(X) and A : A(Y) = A(Y). More
precisely, the graph of T is defined as the closure of the convex hull of the graph of
I' (viewed as the subset {(d,,p),z € X,p € I'(x)} of A(X) x A(X)), and similarly
the graph of A is defined as the closed convex hull of the graph of A. Because
Dirac measures are extreme points of A(X) and A(Y), we have I'(d,) = I'(z) and
A(8,) = A(y) for each z in X and y in Y. Be careful that in general, for p in A(X)

and ¢ in A(Y): 0x(p, q) # max,, ¢, Ming 5, (Aulp, @) + (1 = A)oa(p', ¢))-

We now define inductively a sequence of transitions (I'"),, from A(X) to A(X),
by I%(p) = {p} for every state p in A(X), and® for each n > 0, "' =" oT .
I'"(8,) represents the set of probabilities over states that Player 1 can reach in n
stages from the initial state z in X. Similarly we define A™ for each n.

Definition 2.9.

1) The reachable set of Player 1 from state x in X is the closure of |, -, T™(02)
in A(X), and denoted T>°(x). Similarly, the reachable set of Player 2 from state
y inY is the subset A= (y) of A(Y) defined as the closure of |J,~q A"(6,).

2) The gambling house I of player 1 is strongly acyclic (or simply, acyclic) if
there exists v in B(X) lower semi-continuous such that:

Vo € X, Argmax cree () P(p) = {0z}

Similarly, the gambling house A of player 2 is strongly acyclic (or simply, acyclic)
if there exists ¥ in in B(Y') upper semi-continuous such that:

Vy € Y, Argmin e ooy D(q) = {6,}.

The gambling game is strongly acyclic (or simply, acyclic) if both gambling houses
are strongly acyclic.

Clearly, strong acyclicity implies weak acyclicity. Note that in splitting games,
we have ['oI' =1T", so I'** = I" and weak and strong acyclicity coincide.

3 Main Results

In all the paper (and in particular the results below), we consider standard gam-
bling games.

6The composition being defined by G o H(p) = {p” € A(X),3p’ € H(p) s.t. p” € G(p')}.



Definition 3.1. A gambling game is standard if both state spaces X andY are
compact metric, the running payoff u is continuous, and the transitions I' and A
have non empty convexr compact values and are leavable and non expansive.

We will also use the following properties.

Definition 3.2. Given v in B(X xY), we say that :
v satisfies P1 if: ¥Y(xz,y) € X x Y, Ip € T™(z),v(z,y) = 0(p,y) <
v satisfies P2 if : ¥Y(z,y) € X xY,3q € A>®(y),v(x,y) = @(x,q) > u(x, q).

Our main result is the following.

Theorem 3.3. Consider a standard gambling game.
1. If at least one of the players has a strongly acyclic gambling house, (vy) uni-
formly converges to the unique function v in C(X x Y') satisfying:

a) v is excessive , i.e. V(z,y) € X XY, v(x,y) = maxper(z) 0(p, y),
b) v is depressive, i.e. V(z,y) € X XY, v(x,y) = mingery,) 9(z, q),
c) v satisfies P1, i.e. ¥Y(z,y) € X xY,3dp € I'™°(x),v(z,y) = 0(p,y) < u(p,y),
d) v satisfy P2, i.e. ¥Y(z,y) € X x Y,3q € A®(y),v(z,y) = 0(x,q) > u(x,q).

Moreover: v is the largest excessive-depressive continuous function satisfying P1,
and 1s the smallest excessive-depressive continuous function satisfying P2.

2. If both gambling houses are weakly acyclic, convergence of (vy) may fail.

The conditions of the positive result 1) may be interpreted as follows:

e a) and b) : [t is always safe not to move. For each player, not moving
ensures not to degrade the limit value.

e ¢) and d) : Each player can reach, if his opponent does not move, the zone
when the current payoff is at least as good than the limit value, without
degrading the limit value.

These interpretations will lead later to the construction of simple uniformly op-
timal strategies in some gambling games, see section 7.3.

The positive result of theorem 3.3 relies on the following three propositions.
Recall that thanks to proposition 2.4, to get convergence of the values it is enough
to show uniqueness of a limit point of (vy),.



Proposition 3.4. Assume one of the player has a weakly acyclic gambling house.
If v in C(X xY') is balanced, then v is excessive and depressive.

Proposition 3.5. Let v be a limit point of (vy) for the uniform convergence.
Then v is balanced, and satisfies P1 and P2.

Proposition 3.6. Assume one of the player has a strongly acyclic gambling
house. Then, any balanced continuous function satisfying P1 is smaller that any
balanced continuous function satisfying P2. Consequently, there is at most one
balanced continuous function satisfying P1 and P2.

If none of the player has a strongly acyclic gambling house, there may be
infinitely many balanced continuous functions satisfying P1 and P2. This will
be the case in our counter-example of section 6, where both gambling houses are
weakly acyclic.

4 Examples

4.1 A simple acyclic gambling house

Let us first illustrate our characterization on a simple example. Consider the
following Markov decision process with 3 states: X = {a, b, ¢} from [31]. States b
and ¢ are absorbing with respective payoffs 1 and 0. Start at a, choose a € I =
[0,1/2], and move to b with proba a and to ¢ with proba o?.

Here formally Y is a singleton (there is only one player, so we can omit the variable
y), T(b) = {6}, T'(c) = {6.}, and T'(a) = conv{(1 —a—a?)d, +ady+a?.,a € T}.
The payoffs are u(a) = u(c) = 0, u(b) = 1.

I' has compact convex values, the transitions are 1-Lipschitz, and the game
is leavable. The gambling game is strongly acyclic: just consider ¢ such that
p(a) =1, and p(b) = ¢(c) = 0.

Player 1 can go from state a to state b in infinitely many stages with arbitrarily
high probability, by repeating a choice of @ > 0 small (so that a? is much smaller
than «), and the limit value v clearly satisfies:



This is the unique function w : X — IR satisfying the conditions a), b), c),
d) of Theorem 3.3: P1 and P2 implies u < w < 1, and because b and ¢ are
absorbing states, w(b) = 1 and w(c) = 0. Finally, w excessive gives w(a) = 1.
Notice that 8, € I's(a) but for each n, 8, ¢ T',(a).

4.2 A weakly acyclic gambling house

Let us modify the gambling house of the previous section 4.1. We still have
a unique player and a state space X = {a,b,c}. The only difference is that
state b is no longer absorbing : in state b the player also has to choose some
a € 1 =10,1/2], and then moves to a with probability «, to ¢ with probability
a? and remains in b with probability 1 — o — o2

2

l—"oa—«

States a and b are now symmetric. This gambling house is weakly acyclic,
with p(a) = ¢(b) = 1,¢(c) = 0, but it is not strongly acyclic since a € I'*°(b)
and b € I'(a). We will later use this gambling house to construct our counter-
example of theorem 3.3, 2).

4.3 An example with countable state spaces

We present here a (strongly) acyclic gambling game with countable state spaces,
and illustrate” the proof of proposition 3.4, that under weak acyclicity any con-
tinuous balanced function is also excessive and depressive. Consider the state
space:

1
X={1—-—ne N }U{l}={z1, ..., Tp, o, Too },
n

where z, = 1 — L if n is finite, and zoc = 1. We use d(z,2’) = |z — 2’|, so that X
is countable and compact. The transition is given by:

['(z,) = {ad,, + (1 — a)d,,.,,a € [0,1]}, and ['(zo) = {02 }-

"We have first studied and understood this example before proving proposition 3.4. Example
2.7 shows that weakening the assumption of weakly acyclic gambling game to leavable gambling
game is not possible in this proposition.
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The intuition is clear: Player 1 can stay at his location, or move 1 to the right.
The gambling house (Y, A) of Player 2 is a copy of the gambling house of Player
1. Transitions are non expansive (since |5 — —1=| < [+ — -L]), and the game is
strongly acyclic. The payoff u is any continuous function X x Y — IR, so that

theorem 3.3 applies.

Consider v : X x Y — IR, and for simplicity we use w(n,m) = v(x,, Tm).
Here v excessive means that w(n, m) is weakly decreasing in n, and v depressive
means that w(n,m) is weakly increasing in m. The meaning of v balanced is
the following: for each n and m, w(n, m) is the value of the matrix game (“local
game” at (n,m)):

w(n, m) w(n,m+1)

(w(n+1,m) w(n+1,m+1) )

Clearly, if v is excessive and depressive it is balanced, but proposition 3.4
tells that if v is continuous, then the converse also holds: balancedness implies
excessiveness and depressiveness. The idea of the proof of proposition 3.4 can be
seen here as follows.

Suppose v is balanced, but not excessive. Then one can find n and m such that
w(n+1,m) > w(n,m). Because w(n, m) is the value of the local game at (n, m),
we necessarily have w(n+1,m+1) < w(n,m), and w(n+1,m) > w(n+1,m+1).
Consider now the “local game” at (n+1,m). w(n+1,m) is the value of the matrix:

(w(n+2,m) w(n+2,m+1)>
wn+1,m) wn+1,m+1) )’

Since w(n + 1,m) > w(n + 1,m + 1), we obtain w(n +2,m+ 1) > w(n+ 1,m).
We have obtained: w(n+2,m+1) > w(n+1,m) > w(n,m) > wn+1,m+ 1),
SO

wn+2,m+1)—whn+1,m+1)>wn+1,m)—wn,m).

Iterating the argument, we obtain that for each p,
wn+p+1,m+p) >wn+1,m)—wn,m)>0.

And this is a contradiction with w being continuous at infinity.

To conclude with this example, consider the simple case where the running
payoff is given by u(x,y) = |z — y|. Player 1 wants to be far from Player 2,
and Player 2 wants to be close to Player 1. If initially n < m, it is optimal
for each player not to move, so w(n,m) = |z, — x,,|. Suppose on the contrary
that initially n > m, so that Player 1 is more to the right than Player 2. Then
Player 2 has a simple optimal strategy which is to move to the right if the current
positions satisfy x > y, and to stay at y if x = y. No matter how large is the
initial difference n — m, Player 2 will succeed in being close to player, so that
w(n,m) =01if n > m.
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5 Proof of Theorem 3.3, part 1.

We prove here propositions 3.4, 3.5 and 3.6.

5.1 Proof of proposition 3.4

By symmetry, suppose that I' is weakly acyclic and A Leavable. Let us prove
that any balanced continuous function v is excessive-depressive. First let us first
prove that v is excessive.

Fix any (zo,%0) in X x Y, and p; € I'(zg). A direct consequence of bal-
ancedness is the existence of ¢; in A(yo) such that v(p1,q1) < v(xo,y0). Now, p
is in A(X) and ¢ is in A(Y). One has to be careful that there may not exist
p2 € [(py) such that for all o € A(q1), v(p2,q2) > v(p1,q1). This is because,
0 being affine in each variable, v(p1,q;) can be interpreted as the value of the
auxiliary game where first x and y are chosen according to p; ® ¢; and observed
by the players, then players respectively choose p € I'(x) and ¢ € A(y) and finally
Player 1’s payoff is v(p,¢). And to play well in this game Player 1 has to know
the realization of ¢; before choosing p. However since gy, is a Dirac measure,
balancedness implies that there exists po € I'(py) such that v(pa, ¢1) > v(p1, o).
We have obtained the following lemma:

Lemma 5.1. Given (z9,y0) in X xY, and p1 € I'(x0), there exists q1 in A(yo)
and py € I'(p1) such that: v(p1, q1) < v(xo,yo) and v(p2, q1) > v(p1, Yo)-

We now prove the proposition. Define, for z in X,

hz) = Max{v(p,y) — v(z,y),y € Y,p € I'(z)}.

h is continuous. We put Z = Argmax,. yh(z), and consider zy € Argmin,.,¢(x),
where ¢ comes from the definition of I' weakly acyclic.

xo € Z, so v is excessive if and only if hy =45 h(zo) < 0. By definition of
h(zo), there exists p; € I'(z) and o in Y such that v(py, o) — v(xo, Yo) = ho.

By lemma 5.1, there exists ¢; in A(yo) and p, € T'(py) such that v(py, q1) <
U(Z[‘m ?JO) and U(p% ql) Z U(ph ?JO) ConsequentIY7

v(p2, 1) — v(p1,q1) = v(P1,Y0) — v(Z0,Yo) = ho.

One can now find y; in Y such that v(ps, y1) —v(p1,41) > ho, and since py € f(pl)
it implies that Supp(p;) C Z. But p; € I'(z), so by definition of zy, and weak
acyclicity, we obtain that p; = d,,. So hg = 0, and v is excessive.

Let us now prove that when v is balanced and excessive then it is depres-

sive. For every (x,y), and every p € I'(x), we have v(z,y) > v(p,y). Thus, for
every (z,y), p € ['(z) and every ¢ € A(y), v(z,q) > v(p,q) and consequently,

13



mingeay) v(2, ¢) > mingea(y) v(p, ¢). Taking the maximum in p € I'(z) and using
that v is balanced implies that mingea(y) v(z, q) > v(x,y). Since A is leavable, we
have equality and so v is depressive with respect to Y.

5.2 Proof of proposition 3.5

Let (A,)n be a vanishing sequence of discount factors such that ||v,, —v| =5 O.
Fix (z,y) in X XY, by symmetry it is enough to show that there exists p € I'°(z)
such that v(z,y) < v(p,y) < u(p,y). If v(z,y) < u(z,y), it is enough to con-
sider p = 6,, so we assume v(z,y) > u(x,y). For n large enough, v, (z,y) >
u(x,y) + M.

Fix n. We define inductively a sequence (p})i—o,.. 1, in A(X), with T,, > 1,
by:
1) pg = 6907 B
2) for each t > 0 such that vy, (p},y) > w(py,y) + A, we define p},; in T'(p})
by:
p?Jrl € Argmaxpef‘(p?) (A”u(p?7 y) + (1 - )\n)v)\n (p7 y)) :

We have ma’Xpef‘(p?) ()\nu(p;fnv y) + (1 - )\n>v>\n (p7 y)) 2 Uxn (p?7 y)’ S0:

Au(py y) + (1= A)os, (P71, y) > o, (01, Y)- (1)

Since u(py,y) < v, (DY, y) — An, We obtain:

2
n

11—\,

Oz, (PFe15Y) = O, (P, ) + >y, (5 ) (2)

Since 1:\%\ > 0 and vy, is bounded, there exists a first integer t = 7;, where

o, (P2, y) < w(pf ,y) + Ay, and we stop here the definition of the sequence
(P} )i=o....,,- Inequalities (1) and (2) above give:

o, (7,y) < on, (07,1, ¥) < Ay, 1, y) + (1 — Ao, (P75 Y)- (3)

Define now p" = pf. for each n. p" € I (z) € I'°°(z) for each n, and we con-
sider a limit point p* € I'*°(x) of (p"),. Because vy, is an equicontinuous family
converging to v, we obtain the convergence (along a subsequence) of vy, (pf, , )
to v(p*,y). Passing to the limit in the inequality defining 7}, then gives:

v(p®y) < u@”y).
Finally, passing to the limit in (3) shows: v(z,y) < v(p*,y).

5.3 Proof of proposition 3.6

We start with a lemma.

14



Lemma 5.2. Assume v in C(X X Y') is excessive. Then for all (xg,yo) in X XY
and all p € T'(xy), we have: v(p,yo) < v(xg, Yo)-

Proof: p = lim,p,, with p, € I"(xy) for each n. It is enough to prove that
V(Pn, o) < v(wo,yo) for each n, and we do the proof by induction on n. The
case n = 1 is clear by definition of v excessive. Since p, 1 € f(pn), it is enough
to prove that for p/ in A(X) and p” € T(p'), we have v(p”,yo) < v(p/,y0). By
definition of T', (p/,p") is in the closure of conv(Graphl’).

Yo is fixed, and the function h : p — v(p,yo) is affine continous on A(X).
The set

D =aur {0, 1) € ALX) x ACX), h(p") < h(p)}.

is convex and compact, and we want to show that Graph(I') = conv(Graphl') C
D. Tt it enough to prove that Graph(I') C D, and this is implied by the fact that
v is excessive. This concludes the proof of lemma 5.2.

We now prove the proposition. Assume one of the gambling houses is strongly
acyclic, and let v; and v, satisfying the conditions of proposition 3.6 (are contin-
uous, balanced, v; satisfies P1 and v, satisfies P2). We will show that v; < v,.

By symmetry, suppose that I' is strongly acyclic. From Proposition 3.4, vy
and v are excessive (in X) and depressive (in Y'). v; — vy being continuous on
X x Y, define the compact set:

Z = Argmax(z,y)eXXY U1 (.Z’, y) - UQ(xa y)

Consider now ¢ u.s.c. given by the strong acyclicity condition of I'. The set
Z being compact, there exists (xg, yo) minimizing ¢(x) for (z,y) in Z.

By vy satisfying P2, there exists ¢ in A>(yg) such that vy (zg, yo) = va(xo,q) >
u(xo, q). Thus, there is y{, € Supp(q) such that va(xg, y,) > u(zo, yp)-

Because v; is depressive, by lemma 5.2 we have v;(zo,q) > v1(zo, o) and
we obtain vy (xo, q) — va(zo,q) > vi(xo, yo) — va(To, yo). Since (xg,yo) is in Z,
{zo} x Supp(q) C Z. Thus, (z9,y)) € Z. Obviously, (z¢,y;) also minimizes p(x)
for (z,y) in Z (the minimum value remains unchanged: ¢(zo)).

By v satisfying P1, there exists p in I'*°(xz¢) such that: vy (zg, y5) = v1(p, y5) <
u(p,yy). Because vy is excessive, by lemma 5.2 we have va(p, y)) < wva(xo,y})
and we obtain vy (p, yy) — v2(p, yo) > vi(o,y)) — va(zo, y)). Since (xg,yp) is in
Z, Supp(p) x {yp} C Z. By definition of (zo,y}), this implies: ¢(p) > (o).
The definition of ¢ now gives that p is the Dirac measure on x;. We obtain
that vi(zo,y5) = vi(P,¥y) < w(@o,yy). So Max(zyyexxyvi(z,y) — vo(x,y) =
v1 (o, yh) — valTo, ¥y) < ulxo, yy) — u(zo, yy) = 0, and thus vy < vs.

6 A weakly acyclic game without limit value

We conclude here the proof of theorem 3.3 by providing a counterexample to the
convergence of (v,) in a weakly acyclic non expansive gambling house.
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6.1 The counter-example

The states and transitions for Player 1 are as in example 4.2:

2
1 —"ap — o

The set of states of Player 1 is X = {a,b,c}. The difference with example 4.2
is that the set of possible choices for «, and a; may be smaller than [0,1/2].
Here «a, and a; now belong to some fixed compact set I C [0,1/2] such® that
0 is in the closure of I\{0}. Then 0 € I, the transitions are leavable and non
expansive. States a and b are symmetric, this gambling house is weakly acyclic,
with ¢(a) = ¢(b) = 1,¢(c) = 0, but not strongly acyclic since a € I'*°(b) and
beI*>(a).

The gambling house of Player 2 is a copy of the gambling house of Player 1,
with state space Y = {d’,V', '} and a compact set of choices J C [0,1/2] such
that 0 is in the closure of J\{0}. The unique difference between the gambling
houses of the players is that I and .J may be different. Payoffs are simple:

u(z,y) =0if x =y, u(z,y)=1if x #y.

a b d
. . a| 0|11 . :
The u function can be written as follows b T o1 with a clear inter-
c|1]1]0

pretation : Player 1 and Player 2 both move on a space with 3 points, Player 2
wants to be at the same location as Player 1, and Player 1 wants the opposite.

Here the gambling game is weakly acyclic but not strongly acyclic, and the
following lemma shows that the uniqueness property of proposition 3.6 fails.

Lemma 6.1. Let v: X xY — IR. Then A) and B) are equivalent:
A) v is excessive, depressive, and satisfies P1 and P2,
B) There exists x € [0,1] such that v can be written:

a v
alx|x|1
blx|lxz|1
cl 0010

8Except in part 2 of theorem 6.2 where we will consider the case I = {0,1/4}.
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Proof: Assume v satisfies A). Since u takes values in [0, 1], so does also v.
Because ¢ and ¢ are absorbing, we have v(c, ) = u(c, ) = 0.
Consider now v(¢,a’). v being depressive, for any fixed f* > 0 in J we have:

v(c,d') < (e, b)) + B 2v(e,d) + (1 — 5 — (e, d).

and we obtain v(c,a’) < #U(c, b'). But symmetrically we also have v(c, V') <
ﬁv(c, a'), and we get v(c,a’) = v(c,b') = 0.

Consider now v(a,c). By P2, we obtain that v(a,c’) > u(a,c) = 1, and
v(a,d) = 1. Similarly, v(b,c) = 1.

Consider now v(a, a’). v being excessive, for any o > 0 in I we have:

v(a,a’) > av(b,d) + o*v(c,d') + (1 — a — a?)v(a,d).

Hence v(a,a’) > ﬁv(b, a’), and by assumption on I we obtain v(a, a’) > v(b, a’).
By symmetry of the transitions between a and b, v(a,a’) = v(b,a’). Similarly,
v(a,b") =v(b,b).

It only remains to prove that v(a,a’) = v(a,b’). v being depressive, for any
B>0in J, v(a,a) < Bv(a,b) + B*v(a, ) + (1 — B — B*)v(a,d’). By assumption
on J, we get v(a,a’) <wv(a,b’). By symmetry of the transitions between b and ¥/,
v(a,b’) =v(a,a’), and v satisfies B).

One can easily check that B) implies A), and the proof of lemma 6.1 is com-
plete.

The second part of theorem 3.3 is a direct consequence of the following result.

Theorem 6.2.
1) If I =J=10,1/4], the limit value exists and is:

al b/ /

C
a[1/2T1/2]1
121121

0] 00

2) If J =10,1/4] and I = {0,1/4}, the limit value exists and is:

a b
al0]0(1
bl 0|01

0]01]0

8) If J=1[0,1/4] and I = {55,n € IN*} U{0}, then vy diverges.
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6.2 Proof of theorem 6.2

We start with considerations valid for the 3 cases of the theorem. We fix J =
[0,1/4] in all the proof, and only assume for the moment that I is a compact
subset of [0, 1/4] containing 0 and 1/4.

Consider A € (0,1). It is clear that vy(c,c) = 0, and vy(a,c’) = vp\(b, ) =
1. By symmetry of the payoffs and transitions, we have vy(a,a’) = vy (1),
ua(b,a') = vy(a,b) and vy(c, ) = va(c, '), so we can write v, as:

a UV d
alzyx|yx|l
yn | x| 1
Z\ Z\ 0

with z), y) and z, in (0, 1).

2y is indeed easy to compute. If the game is at (¢, a’), Player 1 can not move,
and Player 2 wants to reach ¢’ as fast as possible, so he will choose § = 1/4 and
we have (see definition 2.8): zy = A1 + (1 — A)(750 + 122), so that:

16)
LANNPSTIY (4)

AT 50

Proposition 6.3. Assume J = [0,1/4], min I =0 and maxI = 1/4. Then for X
small enough,

2y < Ty < Yy, (5)
Azy=(1=2X) max (ayr — ) + a*(zx — 23)) (6)
AZJA:)\‘F(l—)\)%lei? (Blax—uya) + B2(L—yn)) - (7)

(6) express the fact that at (a,a’) or (b,0), it is optimal for Player 2 to play
the pure strategy § = 0 (stay at the same location and wait until Player 1 has
moved), and Player 1 can play a pure strategy « there. Similarly, (7) express
the fact that at (a,b’) or (b,d’), it is optimal for Player 1 not to move. In spite
of these simple intuitions, the proof of the proposition is rather technical, and
relegated to the appendix.

Taking for granted proposition 6.3, we now proceed to the proof of theorem
6.2. It is simple to study the simple maximization problem of Player 2 given by
(7), which is simply minimizing a concave polynomial on the interval J = [0, 1/4].

If yy —xy < %(1 — y»), the minimum in (7) is achieved for § = 2%:;”1)7 and

otherwise it is achieved for g = }1. Hence for A small enough:
1
If Yy — T S 5(1 — y>\), 4)\(1 — y>\)2 = (1 — )\)(y)\ — $)\)2. (8)
1
If yp —z) > 5(1 =y, (L =y )L +15A) = 4(1 = A)(yr — ). (9)
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Notice that the 2 inequalities of (9) imply 1 + 15X > 2(1 — X), which is is not
possible for A small. Consequently, for small discount factors the right hand side
of (8) holds, and we have proved, for A small enough, the main equality of the
proof:

AN =y2)? = (1= N)(yr — 22)% (10)
This clearly implies:
Yn — Tx —>as0 0.

For each A > 0, denote by a, € I a maximizer in the expression (6), so that
Ay = (1= Nan(yn — 22) + (1 = Nai(zn — xy). (11)

And since z) > 0, ay > 0.

The following lemma implies part 2) of theorem 6.2.
Lemma 6.4. If 0 is an isolated point in I, then yy and x) converge to 0.

Proof: In this case there exists a* > 0 such that oy > o for all A\. Passing to
the limit in (11) gives the result.

We will now prove parts 1) and 3) of the theorem. The fact that I C J gives
an advantage to Player 2, which can be quantified as follows.

Lemma 6.5. Assume that y,, and x,, converge to v in [0,1]. Then v < 1/2,
and yy, — Tx, ~ 2V A\ (1 — ).

Proof: (1 —\)(yx — x3) = 2V A1 = X(1 — 1), so
2a(A +a2) = Azaad + (1 = Nadzy + 200VAVT = X1 — 1) > 200V Az,

since A\ + a3 — 20,V A > 0. Dividing par ayv/\ and passing to the limit gives
2(1 —v) > 2v, so v < 1/2, and the lemma is proved.

Consider again the concave optimization problem of Player 1 given by equation
(6), and denote by a*(\) = % > 0 the argmax of the unconstrained problem
if Player 1 could choose any > 0. If y, and x, converge to v > 0, then

a*(N) ~ \/Xl;v”, and Player 1 would like to play in the A-discounted game at
(a,a’) some « close to \/Xl’T”

Lemma 6.6. Let A, be a vanishing sequence of discount factors such that v/ A, € 1
for each n. Then y,, and x,, converge to 1/2.

Proof: By considering a converging subsequence we can assume that y, and
x,, converge to some v in [0,1]. By the previous lemma, v < 1/2, and we have
to show that v > 1/2. We have for each A in the subsequence, since Player 1 can
choose to play o = V/X:

Azy > (1= ANV — 22) + (1= MA(2a — 20),
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SO
Yn — Tx

VA

By passing to the limit, we get 2v > 2(1 — v), and v > 1/2.

x,\(2—)\) > (1—)\)2,\+(1—>\)

Lemma 6.7. Let \,, be a vanishing sequence of discount factors such that for each
n, the open interval (33/An, 2v/A,) does not intersect I. Then limsup, y», < 4/9.

Proof: Suppose that (up to a subsequence) z,, and y,, converges to some v >
4/9. It is enough to show that v = 4/9. We know that v < 1/2 by lemma 6.5, and
since a*(A) ~ \/XIU;” we have %\/X < a*(\) > 2V for A small in the sequence.
By assumption (%\/X, 2\/X) contains no point in / and the objective function of
Player 1 is increasing from 0 to a*(\) and decreasing after a*(\). There are 2

possible cases:
If ay < %\/X we have:

Muﬁ%ﬂ—MVﬂw—xQ+iﬂ—MM@—xm

1
4

O~

Dividing by A and passing to the limit gives: v <1 —wv —
Otherwise, ay > 2v/\ and we have:

v, e v <

Ay < 21— NVA(ya — 23) + 41 — M A(2h — )

NeJfes

Again, dividing by A and passing to the limit gives: v < 4(1 —v) —4wv, i.e. v < 3.
Finally, lemma 6.6 proves part 1) of theorem 6.2, whereas lemmas 6.6 and 6.7
together imply part 3), concluding the proof of theorem 6.2.

Remarks 6.8.

e In case 3) of theorem 6.2, it is possible to show, using lemma (6.7), that
liminf 2, = liminf yy, = 4/9, and limsup x) = limsupy, = 1/2.

e It is not difficult to adapt lemma (6.7) to show the divergence of (v)) as
soon as J = [0,1/4] and I satisfies:

a) there exists a sequence (),) converging to 0 such that \/A, € I for each n,
and

b) there exist n > 0 and a sequence (\,) converging to 0 such that for each
n, I does not intersect the interval [v/A,(1 —n), vV (1 +n)].

e It is important for the counterexample that I = {57, n € IN*} U {0} is not
semi-algebraic. Indeed, it has been showed that if we assume X and Y finite, and
the transitions I', A and the payoff u to be definable in some o-minimal structure,
then (vy)) converges [4].
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7 Corollaries and Extensions

7.1 Gambling houses (or Markov Decision Processes)

We assume here that there is a unique player, i.e. that Y is a singleton. Then
non expansiveness is enough to guarantee the uniform convergence of (vy), (as
well as the uniform value, see [26]) and the limit v can be characterized as follows
[27]: for all z in X,

v(r) = inf{w(z),w: A(X) — IR affine C° s.t.
(1) Va' € X,w(z") > sup w(p), and (2) Vr € R,w(r) > u(r)},
pel'(a’)
where R = {p € A(X), (p,p) € Graph T} is interpreted as the set of invariant
measures for the gambling house (which is not necessarily leavable here). If we
moreover assume that the gambling house is leavable, then R = A(X) and we

recover the fundamental theorem of gambling [6, 19], namely, (v)) uniformly
converges to:

v =min{w € C(X),w excessive ,w > u} = min{w € B(X), w excessive ,w > u}.

It is also easy to see that v(z) = sup,epeo(,) u(p) for each .

Our approach will lead to other characterizations. We don’t assume any
acyclicity condition in the following result.

Theorem 7.1. Consider a one player (leavable and non-expansive) gambling
house. Then (vy) uniformly converges to the unique function v in C(X) satisfying:
v is excessive, P1:Vr € X,3p € I'°(z),v(x) = 0(p) < u(p), and P2 :v > u.

Proof: From proposition 3.5 any accumulation point of (v,) is excessive and
satisfies P1 and P2. Thus, we just need to show uniqueness, which is a direct
consequence of the following lemma.

Lemma 7.2. If vy € B(X) satisfies P1 and vy € C(X) is excessive and satisfies
P2, then v < v,.

Proof: Take any z € X. Then there is p € I'°(x) such that vy (z) = vi(p) < u(p).
Because vy is excessive and continuous, by lemma 5.2 ve(z) > wve(p). Since
vy > u, we have ve(p) > u(p). Consequently, one has ve(z) > wu(p). Thus,
v1(z) — va(x) <0, as desired.

Using the gambling fundamental theorem, we obtain new viewpoints on the
characterization of the limit value in leavable gambling houses.

Corollary 7.3. Consider a one player (leavable and non-expansive) gambling
house. Then the asymptotic value exists and is:

(1) the smallest excessive function v in B(X) satisfying P2;

(2) the largest excessive function v in B(X) satisfying P1;

(3) the unique excessive function v in B(X) satisfying P1 and P2.

Moreover, v is continuous.
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7.2 Equivalent characterizations

Definition 7.4. Given g in B(X xY), Excr(g) is the smallest excessive (w.r.t.
X)) function not lower than g, and Depy(g) is the largest depressive (w.r.t. Y)
function not greater than g.

Excr is usually called the réduite operator and Depy(g) = —FExcr(—g).
In splitting games, Fxcr = Cavy is the concavification operator on X and
Depa(g) = Vexy is the convexification operator on Y. We introduce the fol-
lowing definition by analogy with the Mertens-Zamir characterization.

Definition 7.5. A function v in B(X X Y') satisfies the M Z-characterization if:
MZ1: Y(z,y) € X xY,v(z,y) = Excr min(u,v)(z,y),
and MZ2: Y(xz,y) € X x Y,v(z,y) = Depy max(u,v)(z,y).

We now introduce other properties, by analogy with the one established for

splitting games and repeated games with incomplete information, see for instance
14, 15, 28].

Definition 7.6. Let v be in B(X xY).
1) For each (z,y) in X XY,

x is extreme for v(-,y) if arg max,cre(z) V(p, y)
y is extreme for v(x,-) if arg mingeps(y) v(, q)

5.},
Oy }

)
2) v satisfies the E-characterization if:

El: forall (x,y) € X xY,if x is extreme for v(-,y) then v(z,y) < u(x,y),
and E2:  forall (z,y) € X xY,if y is extreme for v(z,-) then v(z,y) > u(z,y).

Proposition 7.7. Consider a standard gambling game and let v in C(X X Y') be
excessive and depressive. Then:

v satisfies MZ1 = v satisfies Pl =—> v satisfies E'1,
and v satisfies MZ2 = v satisfies P2 = v satisfies E2.

Proof. Let v be a continuous excessive function that satisfies M Z1. Fix y and
define for each z, f(x) = min(v(z,y),u(x,y)). Then, for every z, v(z,y) =
Excr(f)(z). We consider the gambling house for Player 1 where the state of
Player 2 is fixed to y and the payoff is given by f. From corollary 7.3, there is
p € I'°(x) such that v(x,y) = v(p,y) < f(p). Since f(p) < u(p,y), v satisfies
P1.

Now, let v be an excessive continuous function that satisfies P1. Take any
x and y and suppose that x is extreme for v(-,y). By P1, there is p* € I'°(z)
such that v(z,y) = v(p*,y) < u(p*,y). Because v is excessive and continuous,
by lemma 5.2 we have p* € arg max,cr- 0(p,y). Because z is extreme for v(-,y),
p* =0, and so, v(z,y) < u(z,y). Consequently, F1 is satisfied.

By symmetry, M 72 — P2 — FE2.
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Remark 7.8. It is easy to find examples where E'1 is satisfied but M Z1 is not.
For instance, assume that Y is a singleton, and that I'(x) = A(X) for each z in
X. Consider the constant, hence excessive, functions © = 0 and v = 1. v has no

extreme points hence satisfies £'1, but Fzcer min(u,v) = u and v does not satisfy
MZ1.

Proposition 7.9. Consider a standard gambling game and let v be an excessive-
depressive function in C(X xY). Then:
(I strongly acyclic) and (v satisfies E1) = (v satisfies MZ1),
and;
(A strongly acyclic) and (v satisfies E2) —> (v satisfies M Z2).

Consequently, if the gambling game is strongly acyclic, characterizations M Z,
P and E are equivalents.

Proof. Let v be excessive-depressive that satisfies E'1. Fix y € Y. We want
to show that v(x,y) = g(x,y) where ¢ = Excr(f) and f = min(u,v). g is
continuous by corollary 7.3. Since v is excessive and v > f, we have v > ¢. Let
7 = argmaxex v(z,y) — g(z,y) and let g = argmingcz p(z), where ¢ comes
form the definition of acyclicity. It is enough to prove that v(zg,y) < g(zo,y).

Suppose not. We have g(x¢,y) > f(z0,y), so (1) g(xo,y) > u(zo,y). Now,
let pp € I'™°(zo) such that v(zg,y) = v(po,y). Because g is excessive and con-
tinuous, g(po,y) < g(wo,y) (lemma 5.2). Consequently, v(po,y) — g(po,y) >
v(xo,y)—g(zo,y). Consequently, py is supported on Z. Thus, ¢(zo,vy) < ©(po, V),
and by strong acyclicity pg = d,,. Thus xg is an extreme point of v(+,y). By Fj,
we have (2) v(zo,y) < u(xg,y). By (1) and (2), v(zo,y) — g(xo,y) < 0. A con-
tradiction.

7.3 Uniform optimal strategies in idempotent games
7.3.1 Idemptotent gambling games

Definition 7.10. The gambling game is idempotent if o' =T and Ao A = A.

In that case, clearly I' = I'* and A = A*°. Any state that could be reached in
several stages can be reached immediately in a single stage. This holds true for
instance in splitting games. Notice also that for any I', the multifunction I'* is
idempotent. If ' oT' = T' | then I'(z) = I"(8,) = I'*°(x) for all n and z so if the
gambling game is idempotent the notions of weak and strong acyclicity coincide.

An immediate corollary of theorem 3.3 is the following.

Corollary 7.11. Consider a standard idempotent gambling game where a player
has an acyclic gambling house. Then {vy} converges uniformly to the unique
function v in C(X X Y') which is excessive, depressive and satisfies:

Ql:V(z,y) € X xY,Ip € I'(x),v(z,y) = v(p,y) < ulp,y),
Q2 :V(z,y) € X xY,dq € A(y),v(z,y) = v(z,q) > u(z,q).
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7.3.2 Uniform value and optimal strategies

In repeated and stochastic games, a stronger notion of limit value is given by the
uniform value. As usual, a strategy of Player 1, resp. Player 2, is a measurable
rule giving at every stage t, as a function of past and current states, an element
in I'(x;), resp. of A(y;), where x; and y; are the states of stage t. A pair (x1, )
of initial states and a pair of strategies (o, 7) naturally define a probability on
the set of plays (X x Y)* (with the product o-algebra, X and Y being endowed
with their Borel g-algebra), which expectation is written g, 4,0,

Definition 7.12. w € B(X xY') is the uniform value of the gambling game and
both players have optimal uniform strategies if:

There exists a strateqy o of Player 1 that uniformly guarantees w: for any
e >0, there is N such that for any any n > N and initial states (x1,y1), for any
strategy T of Player 2, IE(y, y,)0.r (% o u(ay, yt)) > w(wy,y1) — €.

And similarly, there exists a strateqy T of Player 2 that uniformly guarantees
w: for any € > 0, there is N such that for any n > N and initial states (z1,y1),

for any strategy o of Player 1, IE(y, y).0.r (% Yo (@, yt)) < w(zy,y1) + €.

It is known [31] that the above conditions imply similar inequalities for discounted
payoffs: for Player 1, the same strategy o is such that for any € > 0, thereis Ay > 0
satisfying: for any A < Ao, (z1,41) and 7, E(z, y1),00 (A D poq (1 = XM u(zy, y)) >
w(z1,y1) — . And if the uniform value exists, it has to be v = limyv, = lim,v,.

7.3.3 Adapted strategies

Our main theorem 3.3 suggests particularly interesting strategies for the players.
Consider again conditions P1 and P2, and fix a pair of states (z,y). If u(z,y) >
v(x,y), the running payoff of Player 1 is at least as good as the payoff he should
expect in the long run, so we may consider that Player 1 is “quite happy” with
the current situation and in order to satisfy P1 it is enough for him not to move,
i.e. to choose p = d,. If on the contrary u(z,y) < v(z,y), Player 2 is happy
with the current situation and can choose ¢ = d, to satisfy P2, whereas Player
1 should do something, and a possibility is to move towards a p satisfying P1.
This looks interesting for Player 1 because if Player 2 does not react, eventually
the distribution on states will approach (p,y) and (in expectation) Player 1 will
be happy again with the current situation since u(p,y) > v(p,y).

Definition 7.13. Let w in B(X x Y).

A strategy of Player 1 is adapted to w if whenever the current state is (z,y),
it plays p € I'(x) such that w(x,y) < w(p,y) < u(p,y).

A strategy of Player 2 is adapted to w if whenever the current state is (z,y),
it plays q € T'(y) such that w(x,y) > w(zx,q) > u(z,q).

If w satisfies @1, resp. Y2, Player 1, resp. Player 2, has a strategy adapted to
w (using a measurable selection theorem [1]). If moreover w is excessive, we have
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w(z,y) = w(p,y) < u(p,y). Mertens Zamir [23] in repeated games with incom-
plete information and Oliu-Barton [25] in splitting games used similar strategies
derived from the M Z-characterization instead of the ()-characterization.

7.3.4 Vanishing L;-variation

In repeated games with incomplete information or in splitting games, an impor-
tant property is that any martingale on a simplex has bounded variations. This
suggests the following.

Definition 7.14. A gambling house I' has vanishing Li-variation if for every
e > 0, there is N such that for alln > N and any sequence (p;) s.t. prr1 € I'(py),
one has =3 dxr(pi, ) < €.

The proof of the next result is inspired by Oliu-Barton [25] in the framework of
splitting games. He shows that Player 1 (resp. Player 2) can uniformly guarantee
any excessive-depressive function satisfying M Z1 (resp. MZ2). Our proof is
much shorter because it uses the new (Q-characterization.

Proposition 7.15. In a standard gambling game where I' has vanishing L-
variation, if w in B(X xXY') is excessive-depressive and satisfies Q1, then a strategy
of Player 1 adapted to w uniformly guarantees w.

Proof: Fix € > 0. Because Lipschitz functions are dense in the set of continuous
functions, there exists K > 0 and a K-Lispchtiz function u, that is uniformly e-
close to u. Consider w in B(X xY') be an excessive-depressive function satisfying
@1, let o be a strategy of Player 1 adapted to w and let 7 be any strategy of
Player 2. We fix the initial states and write I& = IE,, 4,).0.7-

Then, the average payoff of the n-stage game is:

n

%E (Z u(ws, yt)) =

t=1

S|

t=1 =1

n

1 i 1
> EE (Z u€<xt1yt) - ua('rt-l—luyt)) — 2+ E]E <Z U($t+1,yt)
t=1 t=1
K [ < 1 u
> - Z dxr(Pey1,0r) | — 2+ EE Zu(xt+lu Yt)
t=1 t=1

Because the gambling game is of vanishing variation, there is N such that
when n > N one has £ 31" | dxp(pii1, pr) < e. Because of Q1, E(u(zy1,y:)) >

FE(w(zey1,y:)) = IE(w(xe, ye)). Since w is depressive, I (w (¢, y¢) > I (w (e, ye—1)),

so that F(w(xi1,y:)) > FE(w(xy,y:—1)), and this property holds for every t.
Consequently, FE(u(zi1,y:)) > E(w(za,11)) = w(zy,y1). We obtain finally
LIE( ) u(zy, yi)) = w(zy, y1) — 3¢, ending the proof.
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Corollary 7.16. If ' and A have vanishing Ly-variations then there is at most
one excessive-depressive function in B(X xY) satisfying Q1 and Q2.

Proof: If such a function exists, it can be guaranteed by both players. So it must
be the uniform value of the game, which is unique whenever it exists.

Combining proposition 3.5, proposition 7.15 and corollary 7.16, we obtain the
existence of the uniform value in a class of gambling games:

Theorem 7.17. In a standard and idempotent gambling game where I' and A
have vanishing Li-variation, the uniform value v exists, and strategies adapted to
v are uniformly optimal. Moreover, v is the unique excessive-depressive function

in B(X xY) satisfying Q1 and Q2.

Proof: From proposition 3.5, any accumulation point of vy satisfies P1 and P2,
i.,e. Q1 and @2, so is unique and is the uniform value, as shown above.

Observe that acyclicity is not assumed in theorem 7.17. But vanishing L;-
variation is a form of acyclicity (it rules out for example non-constant periodic
orbits). A more formal link between acyclicity and vanishing variation is given
in section 9.3 of the Appendix.

8 Open problems and future directions

We introduce the class of gambling games. It is a sub-class of stochastic games
which includes MDP problems, splitting games and product stochastic games.
We define a strong notion of acyclicity under which we prove existence of the
asymptotic value v and we establish several characterizations of v which are linked
to the Mertens-Zamir system of functional equations (re-formulated in our more
general set-up). We also prove that our condition is tight: a slight weakening
of acyclicity implies non-existence of the asymptotic value. Our example is the
first in the class of product stochastic games and is probably the simplest known
counterexample of convergence for finite state spaces and compact action set (the
first counterexample in this class was established by Vigeral [33]). Many questions
merit to be investigated in a future research:

e In standard gambling games, is it possible to characterize the asymptotic
value in models where we know it exists (for example when X and Y are
finite, transition function is polynomial and T' and A are definable [4] in
an o-minimal structure)? We know that the asymptotic value is excessive-
depressive and satisfy P1 and P2, but this does not fully characterize it.

e Is there an asymptotic value if one house is strongly acyclic and the other not
necessarily leavable? As seen, even when both houses are weakly acyclic, we
may have divergence: strong acyclicity of one of the two houses is necessary.
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e Is there a strongly acyclic gambling game where the uniform value fails to
exist?

e Recently splitting games have been extended to continuous time and linked
to differential games with incomplete information [10]. How our model
and results extend to continuous time? The one player game has been
investigated [5, 18].

9 Appendix

9.1 Proof of proposition 2.4

u being uniformly continuous over the compact set X x Y, we consider a concave
modulus of continuity w: Ry — IR,:

lu(z,y) —u(z',y")| <w(d(x,2') +d(y,y")), Vo,2’ € X,Vy,y €Y.

w is non decreasing, concave and limy w = 0. Denote by C the set of functions
v in C(X x Y) satisfying: |v(z,y) —v(2',y)| < w(d(z,2') + d(y,y)), Ve, 2’ €
X,Vy,y €Y. We start with a lemma.

Lemma 9.1. Forv inC, p, p' in A(X), q, ¢ in A(Y),

[0(p,q) — (0, ¢')| < wldkr(p,p') + drxr(q,q)).

Proof of lemma 9.1: By the Kantorovich duality theorem, there exists p in
A(X x X) with first marginal p and second marginal p’ satisfying: dxgr(p,p’) =
Jxoox A(@, ") dp(x, ). Similarly there exists v in A(Y x V) with first marginal
q and second marginal ¢’ satisfying: dxr(q,q') =[5,y d(y.y")dv(y,y'). We have
for all x, 2/, y, v

v(w,y) = v(@'y) —wld(z, 2) + d(y,y))-

We integrate the above inequality with respect to the probability yu ® v, and
obtain using the concavity of w:

i) = W)~ [ wlde o)+ dl) dutea Vi)

> o(p,q) —w </X2Xy2 d(z,2") +d(y, ) du(x,x’)dV(y,y’))

= (p.q) — w(dxr(p,p) + dxr(a.4))

We now return to the proof of proposition 2.4. Fix A in (0, 1]. Given v in C, define
D(v) : X xY — R by: ®(v)(x,y) = Sup,er(y) infgeam) A u(z,y) +(1=X) 9(p, q).
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Consider the zero-sum game with strategy spaces I'(x) and A(y) and payoff func-
tion (p,q) — A u(z,y) + (1 — A) 9(p, q). The strategy spaces are convex compact
and the payoff function is is continuous and affine in each variable, hence by
Sion’s theorem we have:

o = A 1-)) #(p, q) = A 1-2) 3(p, q).
(v)(z,y) = Jnax min u(z, y)+(1-X) o(p,q) = Jnin max u(z, y)+(1-X) o(p, q)

Consider (z,y) and (2/,7') in X x Y, and let p in I'(x) be an optimal strategy
of Player 1 in the zero-sum game corresponding to (z,y). The gambling game
has non expansive transitions, so there exists p’ € I'(z’) such that dxr(p,p’) <
d(xz,z"). Consider any ¢’ in A(y’), there exists ¢ in I'(y) with dxr(q,¢') < d(y, /).
Now, using lemma 9.1 we write:

Au(a!,y') + (1= No(p', )

> Mu(z,y)—w(d(z, 2")+d(y, y')) +(1=A)(0(p, ¢) —w(dkr(p, ) + dxr(q, q))),

)+
> (v)(z,y) — w(d(z,2’) + d(y, y))-
We obtaln O (v) (', ) O(v)(x,y) —w(d(z,2") + d(y,y')), and ®(v) belongs

to C.

The rest of the proof is very standard. C is a complete metric space for ||v —
W]l = $up(e e xcy [0z, 1) —w(z, y)|, and we have [@(v)—D(w) | < (1-A)[jv—w],
so @ is (1 — A)-contracting. Hence ® has a unique fixed point which is vy. Each
vy is in C, and we obtain that the family (vi)ie(o,1) is equicontinuous, ending the
proof of proposition 2.4.

9.2 Proof of proposition 6.3
We proceed in 4 steps.

1. The game at (b,a’): It is intuitively clear that y, > z, since Player 1 is
better off when the players have different locations. We now formalize this idea.
Consider the game at (b, a’). The current payoff is 1, and Player 1 has the option
not to move, so we obtain by definition 2.8:

yr 2 A+ (L= A min(fer + (1 -5 - By + B1).
This implies

Aya > A+ (1 =) gleigl(ﬁ(xx — ) + B2 —yn)),

and since yy < 1, we obtain: x) < yy. Now, minges(B(xx — yr) + 82(1 —yy)) >
minge s B(xx — ya) + mingey B(1 —ya) = 1/4(xx — y»), hence:

(1 =X (ya —2r) = 4XN1 —yr). (12)
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In the same spirit, in the game at (a,a’), Player 2 has the option not to move, so
we have:

zy < (1=2N) naléi;{(ozy,\ + (1 —a —a?)zy +a’zy).

Hence,
Ay < (1= A max(a(yy —2)) + a*(2x = 23)). (13)

2. The game at (a,a’): Consider now the game at (a,a’). By definition
2.8, x, is the value of the game (possibly played with mixed strategies), where
Player 1 chooses « in I, Player 2 chooses  in J and the payoff to Player 1 is:

(1 —XN)gxr(e, B), where gx(a, f) =
ea((1-a=0a”)(1-B=F) +a)+ya(B(1-a—a*) +a(1-F- )+ 8 (1-a*) 1+a*(1- )z,

We want to prove that in this game, it is a dominant strategy for Player 2 not
to move, that is to choose f = 0. We need to show that for all a and £,
ga(@,0) < ga(a, B). As a function of 5, gx(c, 8) can be written as a constant
plus:

Bl —2a —a®)(yx — x) + B2(—(1 —a — a®)zy —ayy + 1 — a® — a’zy).
So we want to show that for all o in I, 8 in J:
(1—2a—a®—aB)(yx —xx) + B((1 — a?)(1 —zy) —a’zy) >0
Since the expression is decreasing in «, it is enough to prove it with a = 1/4:

(7 — 45)(y)\ — Z’A) +6(15(1 — [L’)\) — Z)\) Z O

This is true for § = 0, and will be true for all 5 in J if and only if it is true for
B =1/4, so we are left with proving:

24(y)\ - [E)\) + 15(1 - l’)\) — 2\ 2 0. (14)

Consider A < 1/32, and recall that z, < 16A. If xy < 1/2, then clearly (14)
holds. Assume on the contrary that xz) > 1/2, then 2z, < z,, and (13) gives:
Ary < (1= N)3(yr—22) +0, 80 (yp — 2x) > 2X and (14) holds as well.

We have shown that in the A-discounted game at (a,a’) with A < 1/32, Player
2 has a pure dominant strategy which is 5 = 0. Considering a pure best reply
of Player 1 against this strategy implies that the game at (a,a’) has a value in
pure strategies satisfying z) = (1 — \) maxqer(ayy + (1 — a — a?)xy + a?zy), i.e.
equation (6) is proved.

3. Small discount factors: For the sake of contradiction, assume that z, >
x,, for a vanishing sequence A, of discount factors. Then by equation (6), we
have for each n:

1 1
)\nl’)\n = (1 — >\">(Z<y“ — .Z‘)\n) + E(Z)\n — l’)\n))
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Yxn —Trn

Since zy, converges to 0, so does x,, and y,,, and moreover
0. This is in contradiction with equation (12). We have shown (5).

converges to

4. The game at (b,a’) again: We proceed as for the game at (a,a’) and will
show that in the game at (b,a’), it is a dominant strategy for Player 1 not to
move. By definition, y, is the value of the game where Player 1 chooses « in I,

Player 2 chooses /8 in J and the payoff is A + (1 — A)hy(a, ), with hy(«, 5) =
n((1—a—a?)(1=p=5%)+af)+ar(B(1-a—a®)+a(l—F—52))+4%(1-a®) 1+a*(1-5%) 2.

We want to show that hy(0, 5) > hy(«, ) for all @ and 8. That is, for all @ and
B,
(2x =y ) (1 =28 — af = B%) + a((1 = ) (2n — yp) — %) < 0.

For A\ small enough, we have z, < x), < v\, and the above property is satis-
fied. Hence in the game at (b,d’) it is dominant for Player 1 to choose a = 0.
Consequently, Player 2 has a pure optimal strategy and we can write:

p=A+(1-2) ?é?(ﬁm +(1=8=8%y+ 5%,

proving equation (7). And the proof of proposition 6.3 is complete.

9.3 Lo-variation, L;-variation and acyclicity

Definition 9.2. A gambling house ' is of bounded Ly-variation if there is C' > 0
such that for every sequences {p;} satisfying pir1 € T'(py), one has

ZdKL(pt+lapt)2 <(C <40
=1

For example splitting games have bounded Ls-variation.

Proposition 9.3. If I' is idempotent, non-expansive, leavable and of bounded
Lo-variation, then it is acyclic and has vanishing Li-variation.

Proof: Bounded L,-variation = weak acyclicity because the real valued
function:

o(x) = sup B Z A (P, pi)?,
{(pt) s.t. po=z and pir1€l(pr)} ¢=1

is strictly decreasing along non-constant orbits of r (i.e. arg max,er() @(p) = 0z).
But for idempotent I', weak acyclicity and acyclicity coincide because I'® = T.
Continuity of ¢ is a consequence of non-expansivity of I' and the fact the bound C
is uniform over the sequences {p;} satisfying p;,1 € I'(p;). Finally, that bounded
Ly-variation implies vanishing L;-variation is a consequence of Cauchy-Schwartz

inequality (% Yo dir(pesr, pr) < \%\/Z?:l drr(Pes1,p1)?).
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