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Abstract

We consider the binary supervised classification problem with the Gaussian functional model intro-
duced in [7]. Taking advantage of the Gaussian structure, we design a natural plug-in classifier and
derive a family of upper bounds on its worst-case excess risk over Sobolev spaces. These bounds are
parametrized by a separation distance quantifying the difficulty of the problem, and are proved to be
optimal (up to logarithmic factors) through matching minimax lower bounds. Using the recent works
of [9] and [I4] we also derive a logarithmic lower bound showing that the popular k-nearest neighbors
classifier is far from optimality in this specific functional setting.

1 Introduction

The binary supervised classification problem is perhaps one of the most common tasks in statistics and
machine learning. Even so, this problem still fosters new theoretical and applied questions because of
the large variety of the data encountered so far. We refer the reader to [13] and [5] and to the references
therein for a comprehensive introduction to binary supervised classification. This problem unfolds as
follows. The learner has access to n independent copies (X1, Y1),. .., (Xn,Yn) of a pair (X,Y), where X
lies in a measurable space H and Y € {0,1}. The goal of the learner is to predict the label Y after
observing the new input X, with the help of the sample S, := (X, Yi)1<i<n to learn the unknown joint
distribution Px y of the pair (X,Y).

In some standard situations, X lies in the simplest possible Hilbert space: H = R%, which corresponds
to the finite-dimensional binary classification problem. This setting has been extensively studied so far.
Popular classification procedures that are now theoretically well understood include the ERM method
[27), 2], the k-nearest neighbors algorithm [16, 9] 8] [14], support vector machines [32], or random forests
[4], just to name a few.

However there are situations where the inputs X; and X are better modelled as functions; the set H
is then infinite-dimensional. Practical examples can be found, e.g., in stochastic population dynamics
[24], in signal processing [10], or in finance [23]. This binary supervised functional classification problem
was tackled with nonparametric procedures such as kernel methods or the k-nearest neighbours algo-
rithm. For example, [I1] studied the nearest neighbour rule in any metric space, while [22] analyzed the
performances of the k-nearest neighbours algorithm in terms of a metric covering measure. Such metric
entropy arguments were also used in [8], or with kernel methods in [IJ.

Our functional model. In the present work, we focus on one of the most elementary diffusion
classification model: we suppose that the input X = (X(t)).c[0,1] is a continuous trajectory, solution to
the stochastic differential equation

VEe[0,1],  dX(t) =Y f(t)dt+ (1 —Y)g(t)dt +dW (L), 1)

where (W (t))o<t<1 is a standard Brownian motion, and where Y is a Bernoulli B(1/2) random variable
independent from (W (¢))o<i<1- In particular, in the sample S,, trajectories X; labeled with Y; = 1
correspond to observations of the signal f, while trajectories X; labeled with Y; = 0 correspond to g.



The white noise model has played a key role in statistical theoretical developments; see, e.g., the sem-
inal contributions of [I7] in nonparametric estimation and of [26] in adaptive nonparametric estimation.
In our supervised classification setting, the goal is not to estimate f and g but to predict the value of Y’
given an observed continuous trajectory (X (t))oge<1. Of course, we assume that both functions f and
g are unknown so that the joint distribution Pxy of the pair ((X(t))ic[o,1],Y) is unknown. Without
any assumption on f and g, there is no hope to solve this problem in general. However, learning the
functions f and ¢ (and thus Px,y) from the sample S, becomes statistically feasible when f and g are
smooth enough.

The functional model considered in this paper is very close to the one studied by [7]. Actually our
setting is less general since [7] considered more general diffusions driven by state-dependent drift terms
t— f(t,X(t)) and t — g(¢, X (¢)). We focus on a simpler model, but derive refined risk bounds (with
a different approach) that generalize the worst-case bounds of [7], as indicated below.

Some notation. We introduce some notation and definitions in order to present our contributions
below. In our setting, a classifier ® is a measurable function, possibly depending on the sample S,,, that
maps each new input X = (X (t)):e[0,1) to a label in {0,1}. The risk associated with each classifier ®
depends on f and g and is defined by:

Ryg(®) :=P(®(X) #Y),

where the expectation is taken with respect to all sources of randomness (i.e., both the sample S,, and
the pair (X,Y)). The goal of the learner is to construct a classifier ® based on the sample S,, that mimics
the Bayes classifier
& = argmin Ry 4(P), (2)
>

where the infimum is taken over all possible classifiers (the oracle ®* is impractical since f and g and
thus Px y are unknown). We measure the quality of ® through its worst-case excess risk

sup {Ry,(®) —infRy,(®)} 3)
(f.9)€€

over some set & of pairs of functions. In the sequel we focus on Sobolev classes Hs(R) (see ) and
consider subsets & C H,(R)? parametrized by a separation lower bound A on || f — ¢]|.

Main contributions and outline of the paper. In Sectionwe first state preliminary results about
the margin behavior that will prove crucial in our analysis. We then make three types of contributions:

e In Section we design a classifier &)dn based on a thresholding rule. We derive an excess risk bound
that generalizes the worst-case results of [7] but also imply faster rates when the distance ||f — g||
is large. This acceleration is a consequence of the nice properties of the margin (see also, e.g., [2]
and [14]).

Theorem (A). The classifier </I;dn defined in with dn, ~ NI has an excess risk roughly
bounded by (omitting logarithmic factors and constant factors depending only on s and R): for
n > Ngr,s large enough,

N Tl if A< Tl

sup {R s (I)dn —infR s % } 5 1 _ _2s . __s

foeram L7 9(®a.) — iR Ryg(®) pTEAT A>T
IF=gliz>a A

e In Section we derive a matching minimax lower bound (up to logarithmic factors) showing that
the above worst-case bound cannot be improved by any classifier.

Theorem (B). For any number n > Ng_ s of observations, any classifier ® must satisfy (omitting
again logarithmic factors and constant factors depending only on s and R):

R n” AT if A< n~ T
sup {R ®) —inf Ry, @)}Z 1 2 ] s
rocrry U ol W Rl ~nFF f AZnT 2T
IIf—gllzA A



e Finally, in Section we show that the well-known k-nearest neighbors rule tuned in a classical
and optimal way (see, e.g., [31}[I4]) is far from optimality in our specific functional setting.

Theorem (D). For any threshold (dimension) d € N* based on a sample-splitting policy, and for

the optimal choice kP (d) = Ln4/(4+d)J the d-dimensional kP (d) nearest neighbors classifier ® ny
suffers a logarithmic excess risk in the worst case:

sup Ry,qg(Pnn) — infRﬁg(@)} > log(n)_Qs .
FL9€M(r) ¢

Most proofs are postponed to Appendix [A| (for the upper bounds) and to Appendix (for the lower
bounds).

Other useful notation. We denote the joint distribution of the pair ((X(t)):c[0,1],Y) by Px v, and
write Pgn = P?SL, for the joint distribution of the sample (X;,Y;)1<i<n. For notational convenience,
the measure P will alternatively stand for P = Px y x Pgn (we integrate over both the sample S,, and
the pair (X,Y)) or for any other measure made clear by the context. The distribution of (X (t));co,1]
will be denoted by Px, while the distribution of (X(t)).c[0,1] conditionally on the event {Y = 1} (resp.
{Y = 0}) will be written as Py (resp. Pg).

We write L2([0,1]) for the set of square Lebesgue integrable functions f on [0,1], with L2-norm
Ifll = (fo 2 dt)l/ and inner product (f, g) fo dt W1th a slight abuse of notation, when X
is a solution of (I and ¢ € L*([0, 1]), we set ( fo

Finally we write Ber(p) or simply B(p) for the Bernoulh dlstrlbutlon of parameter p € [0, 1], as well as
B(n,p) for the binomial distribution with parameters n € N* and p € [0, 1]. We also set x Ay = min{z, y}
for all z,y € R.

2 Preliminary results

2.1 Bayes classifier

We start by deriving an explicit expression for the optimal classifier ®* introduced in . This optimal
classifier is known as the Bayes classifier of the classification problem (see, e.g., [16} [13]).

Let Py denote the Wiener measure on the set of continuous functions on [0, 1]. It is easy to check that
the law of X|Y is absolutely continuous with respect to Po (see, e.g., [I9]). Indeed, for any continuous
trajectory X, the Girsanov formula implies that the density of Py (i.e., of X|{Y = 1}) with respect to
the reference measure Py is given by

0= ) =ewp ([ 190X~ 11 ()

Similarly, the density of Py (i.e., of X|{Y = 0}) with respect to Py is

w(X) = E200) = ([ g(e)ax. - Glal?) (5)

In the sequel we refer to gy and g4 as the likelihood ratios of the models Py and P, versus Pyg. Now,
using the Bayes formula, we can easily see that the regression function 7 associated with is given by
n(X) = EY[X]=PY =1]X)
dP
Tr(x)
dP; dP
e (X) + LX)

exp (3 (£(5) = g()dX. = 1712 + Slgll?)
L-exp (f, (F(s) = g(s)dX, = 3712 + Sligll?)




exp($11£—gll?)
1+exp($llf—gl2)’
which is larger than or equal to 1/2 and gets closer to 1 when ||f — g|| increases. Roughly speaking,
this means in that example that the distribution Py is more likely than the distribution Py, which is
consistent with the definition of the model given by .

As an example, if we assume that we observe dX (t) = f(¢)dt with X (0) = 0, then n(X) =

The Bayes classifier ®* of the classification problem is then given by

* pp— p—
(X)) = 1000211 = L (po—g(enaxa> 1is12- Llgl2} - (7)
It is well known that the Bayes classifier ®* corresponds to the optimal classifier of the considered
binary classification problem (see, e.g., [13]) in the sense that it satisfies . In particular, for any other
classifier @, the excess risk of classification is given by

Rig(®) = Ryg(®*) = E [|20(X) — 1| La(x)za+(x)] - (8)

In our statistical setting, the functions f and g are unknown so that it is impossible to compute the oracle
Bayes classifier (7). However, we can construct an approximation of it using the sample (X, Y;)1<i<n.
In Section [3| we design a plug-in estimator combined with a projection step, and analyze its excess risk
under a smoothness assumption on f and g. The next result on the margin will be a key ingredient of
our analysis.

2.2 Control of the margin in the functional model

As was shown in earlier works on binary supervised classification (see, e.g., [27] or [2]), the probability
mass of the region where the regression function 7 is close to 1/2 plays an important role in the conver-
gence rates. The behaviour of the function 7 is classically described by a so-called margin assumption:
there exist a > 0 and ¢, C' > 0 such that, for all 0 < ¢ < &o,

b (jon- 2| 2) <o ®
We will show in Proposition |1| which parameters a,eo,C > 0 are associated with Model . The role
of @ is easy to understand: classifying a trajectory X for which n(X) is close to 1/2 is necessarily a
challenging problem because the events {Y = 1} and {Y = 0} are almost equally likely. This not only
makes the optimal (Bayes) classifier 1,(x)»1/2 error-prone, but it also makes the task of mimicking the
Bayes classifier difficult. Indeed, any slightly bad approximation of 77 when n(X) ~ 1/2 can easily lead
to a prediction different from 1,,(x)>1/2. A large value of the margin parameter o indicates that most
trajectories X are such that n(X) is far from 1/2: this makes in a sense the classification problem easier.

Our first contribution, detailed in Proposition [I] below, entails that the margin parameter associated
with Model (1)) crucially depends on the distance between the functions f and g of interest. The proof

is postponed to Appendix
Proposition 1. Let X be distributed according to Model , and set A := ||f — g||. Then, for all
0 <e<1/8, we have
Py (|n(x)— 1<) <1a 2%
X n 2 S S A

In particular, if the distance || f —g|| is bounded from below by a positive constant, then (9] is satisfied
with a margin parameter a = 1. If, instead, ||f — g|| is allowed to be arbitrarily small, then nothing can
be guaranteed about the margin parameter (except the obvious value a = 0 that always works).

3 Upper bounds on the excess risk

In this section we construct a classifier with nearly optimal excess risk. We detail its construction in
Sectionﬂand analyze its approximation and estimation errors in Sectionsand Our main result,
Theorem [1] is stated in Section Nearly matching lower bounds will be provided in Section El



3.1 A classifier in a finite-dimensional setting

Our classifier—defined in Section m below—involves a projection step with coefficients 6; and p;
introduced in Section B.1.1] and estimated in Section B.1.21

3.1.1 L? orthonormal basis (¢;);>1 and white noise model

Orthonormal basis. Let (¢;);en+ be any orthonormal basis of L2([0,1]), and d € N* be some dimension
that will be chosen as a function of the size n of the sample (for projection purposes). In the sequel, the
coefficients (c;(h));>1 of any function h € L2([0, 1]) w.r.t. the basis (p,);>1 are defined by

¢i(h) = (. h) = / h(s)os(s)ds, G 1,

and its L?-projection onto Span (¢;, 1< j < d) is given by

d
Ha(h) = ch(h)%'~ (10)

In particular, we will pay a specific attention to the coefficients of f and g involved in ,
Vizl,  Oj:=c(f) and  p;:=c(g), (11)

and to their d-dimensional projections fq := IIq(f) = Zj.:l 0;p; and gq :=1a4(g) = ijl UiP;

White noise model. We now make a few comments on the white noise model considered in (see also
[17] for further details and its link with the infinite Gaussian sequence model). First note that, for all
@ € L*([0,1]), almost surely,

| ewaxwy =y [ rwewi+ a-v) [Cawewirs [ ewava).

Recall that, with a slight abuse of notation, we write {p, X) := fol p(t)dX(t). The above almost
sure equality implies that the conditional distribution of (p, X) given Y is Gaussian with expectation
(o, Hlly=1 + (p,9)1y—o and variance ||¢||?>. Therefore, the distribution of (¢, X) is a mixture of two
Gaussian distributions:

SN (010, llel?) + 28 (0,90, el

An important feature of the white noise model is that the coefficients ((goj,W>)j>1 associated with

different frequencies of the standard Brownian motion are independent. This is because they are jointly
Gaussian, with a diagonal infinite covariance matrix:

1
Vit Eflen Wi W] = [ eites@d=o.
0
The above remarks imply together with (11]) that
Vizl o Ll X)Y =1)=N(0;,1) and  L({;, X)[Y =0) =N(u;,1), (12)

and that the coefficients ({¢;, X)) ._, are conditionally independent given Y.

izl

3.1.2 Estimation of (0;)1<j<q and (1;)i1<j<d

In order to estimate the 6; and u;, we split the sample (X;,Y;)1<i<n into two subsamples corresponding
to either Y; = 0 or Y; = 1. More formally, we define the two subsamples (Xf)lgigNo and (X,;l)1gig]\]1
(one of which can be empty) by

X=X, 1<i<N

X'=Xa, 1<i<M



where N .
No:=> Iqy—oy and Ni:=)» lgy,—1y, (13)
=1 i=1

and where 7/ is the index t € {1,...,n} such that Y; = k for the i-th time, i.e., for all k& € {0,1} and

i€ {1,...,Nk},
t
7F .= min {t €{l,..n}: Y gy, -k > z} .
=1
The sizes No and N; are random variables; they satisfy No+ N1 = n and both have a binomial distribution
B(n,1/2). In particular, both subsamples have (with high probability) approximately the same sizes.

Note from that the two subsamples (X?)1<i<n, and (X;)i<icn, correspond to observations of the
functions g and f respectively. Following our comments from Section [3.1.1} it is natural to define the
random coefficients (X ;)1<i<n, and (X} ;)1<i<n, by
<jsd <jsd
X0 =, XN =p;+€);, i=1...No .
i,j Jr i J Y ’ 1,... 14
TRt e N (LR (A 1)

where the dimension d € N* will be determined later (as a function of n), and where
1
et = [ eidw .
0

By independence of the random variables Y1, Wi,...,Y,, W, used to generate the sample (X;,Y:)1<i<n
according to , and by the comments made in Section [3.1.1} we have the following conditional inde-
pendence property for the Eﬁj.

Remark 1. Conditionally on (Yi,...,Yn), the nd random variables (or any (Yi,...,Yn)-measurable
permutation of them)

E s B 1y €Dy ENG s - -+ > ENG >

€05y ELdrE5 1y sEDdy s ENy1s - ENy.d

are i.i.d. N(0,1). As a consequence, on the event {No > 0} N {N1 > 0}, the random wvariables
Nk_l/2 Efvz’cl e 1<j<d, ke{0,1}, arei.id. N(0,1) conditionally on (Yi,...,Ys).

1,7

For every j € {1,...,d}, we use the coefficients defined in to estimate the coefficients p; and 6; by
1 & 1 &

ﬁj :ﬂ{NO>O}ﬁ0 ZX’O’J and 0]' :1{N1>0}E Zle’] (15)
i=1 i=1

Note that we arbitrarily impose the value 0 for fi; when No = 0 or for 53 when N; = 0. This convention
has a negligible impact, since with high probability Ny and N; are both positive.
3.1.3 A simple classifier

We now build a simple classifier using the estimators fi; and é\J defined in . After observing a new
trajectory X = (X (t))o<i<1, we construct the vector X4 € R? defined by

Xy = ((gol,X),...,(@d,X)) .

Then, we assign the label 1 to the trajectory X if X is closer to 0 := (51, ce §d) than to g := ({1, ..., ld),
and the label 0 otherwise. More formally, our classifier ®4 is defined for all trajectories X by

(16)

Bax) =4 LA 1Xa = Olla < Xa = illa
0 if [[Xa—0la>[Xq—7illa

where ||z||q = ,/ijl 2% denotes the Euclidean norm in R%; we also write (x, y)q = 2?21 x;y; for the
associated inner product.



Reinterpretation as a plug-in classifier We now explain why </I\>d can be reinterpreted as a plug-
in classifier in a truncated space. Recall the expression @ for the regression function n. It is thus
natural to consider the 'truncated’ regression function ngq by replacing f and g with their projections

a(f) = 30, 055 and Ta(g) = Y°0_, pjep5, iee,

exp ( f (Ma(£)(s) = Ma(9)(5))dXs = LIMa(£)12 + 3 ITa(9) |2
na(X) = - (17)
L+ exp ([, (ILa(f)(s) = TLa(g)(s)dX. = S [TLa()[1? + 5 TLa(9)]?)
__exp ({84 — g, Xa)a — 3110all7 + 2llpall2)
14 exp (8 — g, Xa)a — 5110all2 + 3 llpall2)

where 04 := (0;)1<j<d, and p; = (uj)1<j<a- We also define the associated oracle classifier (that still
depends on the unknown functions f and g):

@3(X) (18)

= ]l{nd<X)>é} = ]l{fol(nd<f><s>—nd<g>(s))dxs>%nndmu?—% Ma(g)lI2}

As shown in Remark [2] (see Section [3.3] below), na and @} correspond to the regression function and the
Bayes classifier of the restricted classification problem where the learner has only access to the projected
input X4 € R?, rather than the whole trajectory X.

We are now ready to reinterpret Py as a plug-in classifier. Note that
exp (3IXa =7l — X —0I3}) 4
—~ Z 50
L+ exp (H{I1Xa = A3 — IIXa = 83}) 2

- 1
<— nd(X)>§,

I1Xa — 0lla < [Xa — filla, <=

where the estimated regression function 7, is defined by

) exp (@~ 7. Xa)a — 311913 + S 17013)
Na(X) :=

- _ — : (19)
1+ exp (0 — . Xa)a — 11013 + H11713)

In other words, our classifier :ISd can be rewritten as </15d(X) = 1(5,(x)>1/2} Where 7y is an estimator of
the truncated’ regression function 74 introduced in (17)).

Proof strategy. In the next sections we upper bound the excess risk of d,4. We use the following
classical decomposition (all quantities below are defined in Section , and ):

Rig(®a) — Rpg(®) = Ryg(Pa) — Ryg(®h) + Ry g(®h) — Rpg(®*) .

estimation error approximation error

The first term of the right-hand side (estimation error) measures how close ®,4 is to the oracle @7 in the
trunctated space; we analyse it in Section below. The second term (approximation error) quantifies
the statistical loss induced by the d-dimensional projection; we study it in Section [3.2}

3.2 Approximation error

We first upper bound the approximation error Ry 4(®y) — Ry,q(P*), where the two oracle classifiers @}
and ®* are defined by and (7)) respectively. Comparing the definitions of  and nq4 in (6)) and (I7),
we can expect that, for d large enough, I14(f) = f and Il4(g) = g, so that nq(X) ~ n(X) and therefore
Ry () ~ Ry (®°).

Lemma [T] below quantifies this approximation. The proof is postponed to Appendix [A2] We recall
that, for notational convenience, we write f4 = Il4(f) and gq = I4(g).



Lemma 1. Let X be distributed according to Model (1)), and recall that A := ||f — g||. Let 0 <e < 1/8

and d € N* such that ,
— 2 — &
max (“f de ’ ”g gd” ) ~N 512 ln(1/52)

Then, the two oracle classifiers ®}; and ®* defined by and satisfy

(20)

Rypo(®h) — Rypo(®F) < 126° 4 2¢ (1 A 1%5) .

We stress that the distance A between f and g has a strong influence on the approximation error. In
particular, if A is bounded from below independently from n, then the approximation error is at most of
the order of €2, while it can only be controlled by ¢ if A < e. This key role of A is a consequence of the
margin behavior analyzed in Proposition (1| (Section and will also appear in the estimation error.

A smoothness assumption. When d € N is fixed, we can minimize the bound of Lemma [I] in €.
Unsurprisingly the resulting bound involves the distances || f — fa4|| and ||g — g4|| of f and g to their
projections fq4 and g4. In the sequel, we assume that the functions f and g are smooth in that their
(Fourier) coefficients w.r.t. the basis (¢;);>1 decay sufficiently fast. More precisely, we assume that, for
some parameters s, R > 0, the functions f and g belong to the set

o0
Hs(R) = {h eL*([0,1]) 1 Y _¢;(h)?** < RZ} . (21)

j=1

The set Hs(R) corresponds to a class of smooth functions with smoothness parameter s: when s = 0,
we simply obtain the ([0, 1])-ball of radius R. For larger s, for example s = 1, we obtain a smaller
Sobolev space of functions such that f’ € L?([0, 1]) with ||f'||2 < R.

Under the above assumption on the tail of the spectrum of f and g, the loss of accuracy induced by the
projection step is easy to quantify. Indeed, for all f € Hs(R) we have

+oo +oo
-2 = 3 eGP cat S o <,
j=d+1 j=d+1

so that, omitting logarithmic factors, € can be chosen of the order of Rd™° in the statement of Lemma

3.3 Estimation error

‘We now upper bound the estimation error Ry 4 (:ISd) —Ry,q(P}) of our classifier ®4. To that end, we first
reinterpret 14 and ®; this will be useful to rewrite the estimation error as an excess risk (as in ) in
the truncated space. The next remark follows from direct calculations.

Remark 2. Denote by Xq := ((¢;, X))
0, and p in the truncated space. Then,

_ %Qfd(X)
M) = 10 1 Lo (X)

Since the conditional distribution of X4 is N(04,14) given Y =1 and N (w4, Ia) given Y = 0, this entails
that na(X) =P(Y = 1|X4) almost surely.

In other words, nq is the regression function of the restricted classification problem where the learner
has only access to the projected trajectory Xq € R?, instead of the whole trajectory X. The function
®5 =1y, 1721 15 the associated Bayes classifier.

1<jcar 0a = (05)1<5<a, and py = (15)1<5<a the versions of X,

and gz, (X) = e3Pkl = FIXa—0al”

We are now ready to compare the risk of our classifier ®4 to that of the d-dimensional oracle ®%. The
proof of the next lemma is postponed to Appendix (The value of 4608 could most probably be
improved.) We recall that fq = I1q(f) and ga = ILa(g).



Lemma 2. We consider Model (1)). Let d € N* and set Ag := ||fa — gal|. Let 0 < e < 1/8 and n > 27

such that
dlog(n) \/d log(n) €
< —
<Ad+2\/ - ) T (22)

Then, the classifiers dy and D} defined by and (18] satisfy

2
Ryg(Pa) — 'R,fyg(q);) < 2¢ (1 A %) + 6exp (—m) + 117,73 .

In the same vein as for the approximation error, the estimation error bound above strongly depends
on the distance between the two functions f; and gq of interest. This is again a consequence of the
margin behavior analyzed in Proposition [1| (Section .

More precisely, when ¢ is chosen at least of the order of y/d/nlog(n) (in order to kill the exponential
term), the estimation error bound above is roughly of the order of min{s7 EQ/Ad}. In particular, if Ag4 is
bounded from below, then the estimation error is at most of the order of €2 ~ dlog?(n)/n. On the other
hand, if no lower bound is available for A4, then the only estimation error bound we get is a slower rate
of the order of € = /d/nlog(n).

3.4 Convergence rate under a smoothness assumption

We now state the main result of this paper. We upper bound the excess risk Ry,q(®a) — R, 4(®*) of our
classifier when f and g belong to subsets of the Sobolev ball Hs(R) defined in . These subsets are
parametrized by a separation distance A: a larger value of A makes the classification problem easier, as
reflected by the non-increasing bound below.

Theorem 1. There exist an absolute constant ¢ > 0 and a constant Ns,r > 86 depending only on s and
R such that the following holds true. For all s, R > 0 and all n > Ny g, the classifier ®q4, defined by

with dp, = L(RQn)ﬁJ satisfies

cRTFn % log(n)  if A < R¥Fn~ %1 log(n)

v {Rf’g(q)d”) - lgmf"’(q))} < iRTilrf% log(n) if A > RZF ™ %5 log(n)

f,9€Hs(R)
If=gllzA

The proof is postponed to Appendix and combines Lemmas [1] and [2| from the previous sections. A
proof sketch is also provided below.

Note that the two bounds of the right-hand side coincide when A = RY/(2s+1D) 5 =s/(2s41) j50(p),
Therefore, there is a continuous transition from a slow rate (when A is small) to a fast rate (when A is
large). This leads to the following remark.

Remark 3 (Novelty of the bound).

e Taking A = 0, we recover the worst-case bound of [7, Corollary 4.4] (where w = 1/s) up to log-
arithmic factors. As shown by Theorem [3 below, this slow rate is unimprovable for a small dis-

tance || f — g||-

e However, we obtain a significantly faster rate when ||f — g|| is bounded from below. This improved
rate is a consequence of the margin behavior (see, e.g., [2, [14)]), but not of the choice of dy that is
oblivious to || f — ¢l

e Continuous transitions from slow rates to faster rates were already derived in the past. For instance,
for any supervised classification problem where the margin |277(X) — 1’ > h is almost surely bounded
from below, [29, Corollary 3] showed that the excess risk w.r.t. a class of VC-dimension V wvaries
continuously from /V/n to V/(nh) (omitting log factors) as a function of the margin parameter h.
In a completely different setting, [30, Theorem 5] analyzed the minimaxz excess risk for nonparamet-
ric regression with well-specified and misspecified models. They showed a continuous transition from
slow to faster rates when the distance of the regression function to the statistical model decreases to
zero.



We finally note that, though the choice of the parameter d,, does not depend on A, it still depends
on the (possibly unknown) smoothness parameter s. Though designing an adaptive classifier is beyond
the scope of this paper, it might be addressed via the Lepski method (see, e.g., [26]) after adapting it to
the classification setting.

Sketch of the proof. We outline the main ingredients. For all d € N* and 0 < €1,e2 < 1/8 satisfying the
assumptions of Lemmas [2| and

Rig(®a) = Rpg(®) = Rpg(®a) — Rpg(®3) + Rypg(®h) — Ryo(P7)
2
€1 ney 1 2 €2
< gfin—t J4exp(-——t )+ -+t (1A 22—
~ ( IIfd—gdH> Xp( 4608dlogn> no ( Hf—gll)

2 2 1
. €1+52 ne1 ! >
3 E2+ed . ney -
< m1n{€1 + €2, Hf—gH}_'_exp( 4608dlogn)+n+62

2 2
< min \/Elog(n)+gz,w +l+gg
n If =gl n

for d large enough, and for the choice of ¢1 = y/d/nlog(n). Following the comments at the end of
Section we also choose g2 &~ Rd™° (up to logarithmic factors). We obtain, omitting constant but
also logarithmic factors:

2s

~ ) d . d/n+d* i __s p EHl
Rys.g(®a) — Rysg(®*) < min —4+d L > <min{n T &
ra(®a) = Real®) {Vn 1F =gl } { If—gll}

1
where the last inequality is obtained with the optimal value of d ~ n2?¥1. A detailed and more formal
proof (with, e.g., a rigorous treatment of the approximation ||fs — g4l = ||f — g]|) can be found in

Appendix [A4] O

4 Lower bounds on the excess risk

In this section we derive two types of excess risk lower bounds.

The first one decays polynomially with n and applies to any classifier. This minimax lower bound
indicates that, up to logarithmic factors, the excess risk of Theorem [I] cannot be improved in the worst
case. This result is derived via standard nonparametric statistical tools (e.g., Fano’s inequality) and is
stated in Section A1l

Our second lower bound is of a different nature: it decays logarithmically with n and only applies
to the nonparametric k-nearest neighbors algorithm evaluated on projected trajectories X; 4 € R? and
X4 € RY. We allow d to be chosen adaptively via a sample-splitting strategy, and we consider k tuned
(optimally) as a function of d. Our logarithmic lower bound indicates that this popular algorithm is not
fit for our particular model; see Section below.

4.1 A general minimax lower bound

We provide a lower bound showing that the excess risk bound of Theorem [1| is minimax optimal up to
logarithmic factors. The proof is postponed to Appendix

Theorem 2. Consider the statistical model and the set Hs(R) defined in , where s, R > 0 and
where (¢;);<1 is any Hilbert basis of 1L2([0,1]). Then, every classifier ® satisfies, for any number n >
max{R'/*, (321og(2)+2)***'/(3R?/4)} of i.i.d. observations (Xi,Y:)1<i<n from and all A € (0, R/2],

66721?,2/(23*1) RY/(2s+1) [ —s/(25+1) if A < RY2s%1) y=s/(2s+1)

sup  {Rpy(®) —inf Ry (@)} > )
—2A
(TN € R2/(2st1) —2s/(2s41) if A > RY(2st1) s/ (2s+1)

for some absolute constant ¢ > 0.

10



We note two minor differences between the upper and lower bounds: Theorem [I] involves extra

2

logarithmic factors, while Theorem [2] involves an extra term of e 22" . Fortunately both terms have a
2 2

minor influence (note that e 22" > e™8% since f,g € Hs(R)). We leave the question of identifying the

exact rate for future work. [

If we omit logarithmic factors and constant factors depending only on s and R, Theoremsandtogether
imply that, for n > N r large enough:

e when A < RY/@s+1) p=s/(25+1) the optimal worst-case excess risk is of the order of n~=*/(s+1);

e when A 2 RY/(s+1) n=5/(2s+1) " the optimal worst-case excess risk is of the order of niQS/(QSH)/A.

4.2 Lower bound for the k-NN classifier

In this section, we focus on the k-nearest neighbor (kNN) classifier. This classification rule has been
intensively studied over the past fifty years. In particular, this method provides interesting theo-
retical and practical properties. It is quite easy to handle and implement. Indeed, given a sample
S ={(X1,Y1),...,(Xn,Yn)}, a number of neighbors k, a norm ||.|| and a new incoming observation, the
kNN classifier is defined as

P (X) =111 Sk Y, (X)>1/2) (23)
where the Y{;y correspond to the label of the X(;) re-arranged according to the ordering

Xy — X[ <o < || Xy — X1

We refer the reader, e.g., to [16], [13] or [3] for more details.

We are interested below in the performances of the classifier ®,, j in this functionnal setting. For this
purpose, we will use the recent contribution of [9] that provides a lower bound of the misclassification
rate of the kNN classifier in a very general framework. This lower bound is expressed as the measure of
an uncertain set around 1 ~ 1/2. We emphasize that we want to understand if a truncation strategy
associated to a non parametric supervised classification approach is suitable for this kind of problem.

4.2.1 Finite-dimensional case

Smoothness parameter a« We shall consider first a finite d-dimensional case for our Gaussian
translation model. In that case, Remark [2] in Section [3.3| reveals that the truncation approach problem
we are studying is, without loss of generality, equivalent to a supervised classification in R? where
conditionally on the event {Y = 0} (resp. {Y = 1}), Xy is a standard Gaussian variable (resp. a
Gaussian random variable with mean m and variance 1). If y4 refers to the Gaussian density:

Ve e R va(z) == (27‘(’)7(1/267”3:”2/2,

then in that case, the Bayes classifier in R? is:

* . ’Yd(l’) d
P =1 th = V. R
d(w) {na(z)=1/2} w1 nd(I) 'Yd(fr) T 'Yd(x _ m) (S )
In the following, to simplify the notations, we will drop the subscript d in all these terms and will
write 7,7 instead of v4,n4. Following [9], the rate of convergence of the kNN depends on a smoothness
parameter « involved in the next inequality:

Ve eR?  |n(B(z,r)) —n(z)| < Lu(B(z,r))" (24)

where n(B(z,r)) refers to the mean value of n on B(z,r) w.r.t. the distribution of the design X given
by 1 = 3v(.) + 27(. — m). Therefore, our first task is to determine the value of 8 in our Gaussian
translation model. We begin with a simple proposition that entails that the value of 8 corresponding to
our Gaussian translation model in R? is 2/d. The proof of Proposition [2|is postponed to Appendix

1Possible solutions include: slightly improving Proposition via a tighter Gaussian concentration bound (to gain a factor of

nearly e’AQ/g)7 and optimizing the constant appearing in the exponential term of Lemma@ (Appendix Eb

11



Proposition 2. Assume that ||z|| < R for some R € RT. Then an explicit constant L ewists such that
Vr< = In(Blz,r) = ()| < Lru(B(z,r)*".

An important point given in the previous proposition is that when we are considering design points
x such that ||z|| < R/2 and ||m|| < R/2, we then have

Vr<1 VoeB(0,R/2)  |n(B(z,r)) —n(x)| < 60medR2e™ /*u(B(x,1))>?,
so that the constant Lg involved in the statement of Proposition [2] can be chosen as:
Lr = 6O7T€dR2€R2/d (25)

According to inequality and thanks to Proposition the smoothness of the Gaussian translation
model is given by:
Ba = 2/d.
Now, we slightly modify the approach of [9] to obtain a lower bound on the excess risk that involves the
margin of the classification problem. As pointed above, in the Gaussian translation model, when the
two classes are well separated (meaning that the center of the two classes are separated with a distance
independent on n), the margin parameter is equal to 1 (see Theorem [1f).

Optimal calibration of the kNN Before giving our first result on the rate of convergence of the
kNN classifier, we remind first some important facts regarding the choice of the number of neighbors
k for the kNN classifier. The ability of the kNN to produce a universally consistent classification rule
highly depends on the choice of the bandwidth parameter k,. In particular, this bandwidth parameter
must satisfy k, — +oo and kn/n — 0 as n — 400 to produce an asymptotically vanishing variance
and bias (see, e.g., [I3] for details). However, to obtain an optimal rate of convergence, k, has to be
chosen to produce a nice trade-off between the bias and the variance of the excess risk. It is shown in [9]
that, when the marginal law of X is compactly supported, the optimal calibration k27" is:

opt Ba
L zc(k" (d)) o kP(d) ~ntia (26)

R /kzpt (d) n

where ¢ refers to any non negative constant and 84 = 2/d refers to the smoothness parameter of the
model involved in Inequality (24). On the other hand, when B4 = 1/d, it is shown in [I4] that (almost)
optimal rates of convergence can be obtained in the non-compact case, choosing for instance

2
ky ~ n2¥d¥r ,
for some positive 7. The following results provides a lower bound on the convergence rate with a number
of neighbor k contained in a range of values .
Proposition 3. For any d € N, a constant C: ezists such that

G
kn

{ 1 Y, 2/d
Kn=<£¢eNst. —=>d| — and ¢ <n;p.
Vi (n)

The proof of this result is given in Appendix [C.2}

Rig(Prn,a) — R(PG) =

when k € IC,, where

Remark 4. Proposition[3 is an important intermediary result to understand the behaviour of kNN with
functional data. We briefly comment on this result below.

e The set K, contains all the integers from 1 to an integer equivalent to n*/ 4+ q=2d/(4+d) — pp
particular, the “optimal” standard calibration of kn given by Equation is included in the set

Ky and Proposition@ applies in particular for such a calibration.

12



° Proposition@ entails that tuning the kNN classifier in an “optimal way” cannot produce faster rates
of convergence than n~* @ even with some additional informations on the considered model
(here the Gaussian distribution of the conditional distributions):

* __4
Rio(Pport gy ,a) — R(Pg) = Cin” 1.

These performances have to be compared to those obtained with our procedure that explicitly exploits
the additional knowledge of Gaussian conditional distributions (see, e.g., Lemma @)

e The last important point is that the lower bound in the statement of Proposition @ appears to be
seriously damaged when d increases. This is a classical feature of the curse of dimensionality. For
us, it invalidates any approach that will jointly associate a truncation strategy with a kNN plug-in
classifier: we will be led to choose d large with n to avoid too much loss of information but in the
same time this will harms the statistical misclassification.

4.2.2 Lower bound of the misclassification rate with truncated strategies

As pointed by Proposition [3 the global behavior of the kNN classifier heavily depends on the choice
of the dimension d. In the same time, the size of d is important to obtain a truncated Bayes classifier
dj close to the Bayes classifier ®*. To assess the performance of kNN, we consider a sample splitting
strategy S = §1 U Sz where (S1,S2) is a partition of S. Then, S; is used to choose a dimension d, then
we apply an optimal kNN classifier method based on the samples of Sz on the truncated spaces with
IT; with kSPt(d) chosen as in Equation . It is important to note that the sample splitting strategy
produces a choice d independent on the samples in Ss. R

Theorem [3| below shows that any sample splitting strategy, every choice of d will lead to bad perfor-
mances of classification on model . The proof is postponed to Appendix

Theorem 3. In the functional Gaussian translation model, any kNN classifier ®,opt | - satisfies

",

inf sup Rf’g(Qkopt(a‘) n dA) — Rn(q>*) > log(n)—ZS.
deN f,geHs(r) R

The main conclusion of this section and of Theorem [ is that the kNN rule based on a truncaﬁon
strategy does not lead to satisfying rates of convergence, regardless the choice of the dimension d is.
We stress that this result is only valid for a specific choice of k2P(d). Although this choice appears
to be classic regarding the existing literature, obtaining a global lower bound (i.e., for any choice of k)
remains an open (and difficult) problem. Even though we suspect that such a logarithmic lower bound
also holds for some more general procedures (without sample splitting and with a more general possible
choice of ky), we do not have any proof of such a result. However, it should be kept in mind that the
misclassification of the classifier (/idn proposed in Equation attains a polynomial rate of convergence,
which is an important encouragement for its use instead of the use of a nonparametric classifier associated
with a threshold rule.

A Proof of the upper bounds

The goal of this section is to prove the polynomial upper bound of Theorem [I] together with the interme-
diate results of Propositionand Lemma We will pay a specific attention to the acceleration (in terms
of the number n of samples) obtained when the functions f and g appearing in are well separated.

A.1 Proof of Proposition (1] (control of the margin)

We start by proving Proposition |1} i.e., we analyze the margin behavior in Model . This result is a
key ingredient to derive our excess risk upper bounds.

13



Proof of Proposition[]l We use the Girsanov Equations and that define the likelihood ratio gy
and gqg. We therefore deduce that

o319

= = (a0 fgg )>|><)
< px({ X\ >| }m{qfx }) PX({"” s 00 > a0 )

N

<

>
N

qggg*l‘ >”P’ (qf§ - ‘ 45) (27)

The two terms of the last line are handled similarly, and we only deal with the first one. We note that

U —exp ([ 7 - xS0 = o)

Using the fact that Y ~ B(1/2) and conditionning by ¥ =1 and Y = 0, we can see that

(|25 1) < 5)

- P (‘6fol(f—g)(S)f(s)ds+f01(f—g)(s)dWs—%[Hsz—HgHzl _ 1’ < 45) P(Y = 1)

+P (‘61}}(f—g><s>g<s>ds+f01<f—g><s)dws—%[Hfuz—ugu?] _ 1‘ < 45) P(Y = 0)

te(ehe - <ae) 4 o i ] ) e

where A := ||f — g|| and £ ~ N(0, 1) because fol[f(s) — g(8)]dW, ~ N(0, A?).

Using the inequalities In(1 + 4¢) < 4e and In(1 — 4¢) > —8e when € < 1/8, the above probability can
be upper bounded as

H&(M—l’@e) < %P(—S—E—A<5<4—E—é>+lp(—§+é\f\4—g+A)

qq(X) A2 A2
where the last inequality follows from P(a < § < b) < (b — a)/v2m and 12/v/27 < 5. Inverting the roles
of f and g, we get by symmetry of the problem that the second term of is also upper bounded by
5¢/A. This concludes the proof. O

5¢

< Z7

Remark 5. Following the same proof strategy, it is easy to check that the same result hold in the
truncated space, i.e., replacing n with ng and A with Aq := ||Iq(f — g)||. Namely, for all d € N* and all

0<e<1/8,
]P’X(T]d

In particular, Equation holds with q¢,(X)/qg,(X) on the left-hand side and with Ag on the right-
hand side because fol a(f — g9)(s)dWs ~ N (0, AZ).

(X)—%'ge:)gl/\—.
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A.2 Proof of Lemma [1| (control of the approximation error)

One key ingredient of the proof is to control the excess risk Ry 4(®) —Ry,4(P”) in terms of the closeness
of fs and g4 to f and g respectively. To do so, we set

Sa:=1f = fall = VISP =fal>  and 4= llg = gall = VIgl* = llgall® -

Proof of Lemma[ll We start with the well-known formula on the excess risk of any classifier (see, e.g.,

[16]):

R1.o(®3) = Rpa(®) = E[120(X) = 111 g )0 03 ] -

Then, following a classical control of the excess risk (see, e.g., [14]),

Ryg(®a) = Ryg(27)

E [\277()() UL res x)rer(x)} [L{nx)-1/21<e3 + ]1{\n<X>—1/2|>e}]]
2eP (In(X) — 1/2 < &) + P({@3(X) # @™ (X)} N {|n(X) — 1/2[ > €}) (29)

=T =To

N

Note that, up to the quantity 2e, the term T} corresponds to the margin behavior discussed in Section[22]
above. By Proposition [1f (note that 0 < e < 1/8), we have

Ty = 2:P(In(X) — 1/2 <€) < 2¢ (1 A 1%) .

To control the second term T, we note (classically) that ®*(X) = 1,(x)>1/2 and ®3(X) = 1,,(x)>1/2
together imply that

Tp = P({23(X) # " (X)} n{n(X) = 1/2| > e}) < P(|na(X) — n(X)| > ).

Using Y ~ B(1/2) and the conditional distribution of X|Y, we have

T < 5Py (Ina(X) = n(X)] > &) +2 By (a(X) — n(X)| > ).

:=T5 1 =T5 2

For the sake of brevity, we only study 7%,1 (the second term 732 can be upper bounded similarly by
symmetry of the problem and by inverting the roles of f and g). To alleviate the notation, we set
fa :==4(f) and gq := I4(g). Recall from that gs denotes the likelihood ratio of the model Py. Next
we decompose 1 — 1q using the four (a.s. positive) likelihood ratios gy, g4, ¢r,, and gg,:

n—na=—H G _ 41" O ‘Zf< S )
5+ .t t g \Nar+4a9 @a 0

In order to upper bound 75 1, we use the triangle inequality three times in the decomposition above, we
note that

<Nt —arl | 19a = a0l

‘ 1 1
qrqfq d9qfq

q5 +4qq Afq T dgq

_ ‘ G5y —4f T 994 — Qg
(g5 +q9)(qry + dg4)

and we use the inclusion {Z1 + Z2 + Z3 > e} C {Z1 > ¢/2} U{Zs > ¢/4} U {Z3 > ¢/4} valid vor any
random variables 71, Z2, Z3. We get:

To1

<

N

N

Ps (a7 (X) = as ()] > S1as(X) + a9(X)]) + Py (a7, (Xlar(X) = a7,(X0] > Tar(X)ara (X))
+P; (474(X)100(X) = 45, (X)] > Za0(X)a7,(X)])
Ps (a7 (X) = as (O] > Sar(X)) + Pr (lara (X) = ar(X)| > S05(X)) + Py (10 (X) = a5(X)| > Tas(X))

2P (145, (X) = a;(X)] > Za7(X) ) + P (1454 (X) = 45(X)] > Z44(X))
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Taking the logarithm, we can see that:

(81 () =) o (3 )

Using the inequalities log(1 + ¢/4) > ¢/8 and log(1 — ¢/4) < —e/4 (that hold at least for all 0 < e < 1)
we obtain:

dfq (X) dfq (X) € 994 (X) g dgq (X) €
To, < 2P (10g >¢e/8) +2P | log < —= ) +Ps | log > = | + P | log <—=).
oo o) ey o0 < ) P e g0 s e g 00 <
=S5 =Sy :=S3 =S5y
(30)
The Girsanov formula makes it possible to write log qqffd(g)) = fol(fd — F)(s)dXs — [l fall® = || £II7]- We
study S1 and remark that under Py, dX, = f(s)ds + dW; for all s € [0,1] so that

_ 2.(X) _ e\ _ ' 1 2 a1 €
si=ps (10g 2800 > €)= B (G- s+ [ (am DAV~ L I 1P > 5)

! 1 €
= B ([ Ga= D> SO = 15 + )
€
< —
< P(e>3).
where & ~ N(0, || fa — f|*) = N(0,67). But, by a classical (sub)Gaussian tail bound stated, e.g., in [6,
p-22], we get
(c/8) e?
< — = — .
S1 < exp ( 252 exp 12852 (31)
Combining the last inequality with the assumption
2 2

2 < 15 < g
da < 5121n(1/e2) ~ 1281n(1/e2)’

we finally obtain S; < 2.

The second term Sz introduced in can be dealt similarly, except that we can no longer neglect the
positive term (|| f||> — || fal|*)/2 = 63/2: considering again & ~ N(0,63), we have

q5,(X) € 53 € € 5
- Ha\2) 2 = a4 _ =)« A P
52 =Py <log g7 (X) < 4 Ple< 2 4 \P(§< 8) SE5

where the last inequality follows from the same Gaussian concentration argument as in (31)), and where
the inequality before last is because 53/2 < /8. Indeed, by the assumptions of Lemma |1}

€ > 1/5121n(82) max{éd,gd} > 24 max{(ﬁ,gg} , (32)

where the second inequality follows from max{da, 4} < £/24 < 1 (as a result of the first inequality and
e < 1). Therefore, §3/2 < £/48 < /8 as claimed above.

We now focus on S3: noting that log q;gd((xx)) = fol (94 — 9)(s)dXs — [llgall® — [lg]I%], we get
qu( ) € /1 1 2 2 €
Sz =Py (1 - =P - - dWs — = - =
=Py (tog 28 > £) =P (taa =000+ [ (aa = )W, - 5 [laul? = I9lF) > §

(=g~ £+ [ o= AW~ § Lo~ lol?] > )

where we used the fact that g4 — g and fq are orthogonal. Recall now that 64 = ||f — fal| and bq =
lg — gall = V1IglI> = lgall?. If & ~ N(0,67), the last equality entails

_ 2 _ _ 2 T2 2 _
53<P<5>§—5;—6d5d><P<s>€—5d—5d—%><ﬂ)(§>8)@2,



where the second inequality follows from Sada < (Sd + 63)/2, where the third inequality is because
max{ég, gfi} < e/24 (by )7 and where the last inequality follows from the same Gaussian tail bound
as the one used in and from the assumption 67 < £?/(5121n(1/€%)).

A similar analysis shows that the last term Sy introduced in also satisfies Sy < €2, Putting everything
together, we finally get
T2’1 < 682 .

By symmetry of the problem and by inverting the roles of f and g, we can also see that Tho < 6.

Summing the bounds on 71, 73,1, and T 2 concludes the proof. O

A.3 Proof of Lemma [2| (control of the estimation error)

Though we now focus on the estimation error, most of the proof follows similar arguments as for Lemmal/[I]
above: comparison of two regression functions, and Gaussian-type concentration inequalities.

Proof of Lemma[g Recall from Remark [2] (Section that ng and ®; = 1y,,>1/2; correspond to the
regression function and the Bayes classifier of the classification problem when the learner has only access
to the projected input Xgq := ({¢;, X))i1gj<d. Since ®4(X) only depends on X through Xg4, its excess
risk can be rewritten as

Rp.a(Ba) — Ry.o(®3) = E[120a(X) — 15, )00y ]

where the expectation is with respect to both the sample (X;,Yi)i<i<n and the new input X. Now, for
all e > 0,

Ripg(Pa) = Rypg(P7) = JE[IQW(X)—1Iﬂ{ad(X);e@;l(xn]1{\nd(X>—1/2\<s}]

+E [|277d(X) - 1‘1{&)d(X)#d);(X)}]l{|”7d<x)*1/2‘>5}i|
2ePx (na(X) —1/2] <€) + P(|7a(X) —na(X)[ > ¢),

N

where the last inequality follows from the inclusion {ZI;d(X) # OH(X)Fn{[na(X)—1/2| > e} C {|Ha(X)—
na(X)| > e} (because B4(X) = 15,(x)>1/2 and ®3(X) = 1,,(x)>1/2). We can now apply the adaptation
of Proposition [1| to the truncated space (see Remark [5) to get

R (Ba) = Ryp(@) < 22 (1A 355 ) 4 B((X) = ma0)] > 2). (33)

Using Y ~ B(1/2) and the conditional distribution of X given Y, we have:

P((X) ~ na(X)| > €) = 3 By (a(X) — ma(X)| > £) +1 By (7u(X) — na(X)| > <),

=T =Ty

where, with a slight abuse of notation, the first probability Ps(-) is with respect to both the sample
(X;,Yi)1<ign drawn ii.d. from and a new independent input X drawn from P;; and similarly for the
second probability Pg(-).

We now focus on 7T until the end of the proof. (The control of T5 is exactly similar, by symmetry of
the model and by inverting the roles of f and g.) Denote by vq(z) = (271')7(1/267”1”2/2 the density of the
standard Gaussian distribution on R¢. By Remark [2| (Section , we have, setting 04 := (01,...,604)
and Hq = (:u‘h s Hud)7

Fy(X)

na(X) = FalX) + Ga(X) where Fy(z) = ya(z — 04) and Gq(z) = valz — py) -

Similarly, by (19)), the estimated regression function 74 can be rewritten as

na(X) = A—A) . where Fy(z)=~a(z —0) and Ga(z) = valz — 1) .
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Using simple algebra, we get

Ty = Py([7a(X) — na(X)| > ¢)

N

=

iy

N
SRS ISUNS
Hx Hx X

+

NS

/N
=g
<
/N
s

Control of P(A;). First note that

P(A) = Py (|1 X)| > S (FalX) + Ga(X)))
< By (JFa) = Fu(X)| > SFa(X) (35)
= P (| X)/Fa(X —1\ >7)
= P (’e Xg—(0464)/2,0-04) 1' ) '
Since we have —log(1 — u) > log(1 4+ u) > u/2 for u € (0,1), some straightforward computations yield:

Xa— 94—29d’§_0d>

> log (1+§)>

P(4;) < ]P’f(

< Pf(<xd_0+20d7§—0d> >Z>
_ Od—§ 15
= <<Xded+ 3 ,99d> >6>
5 e 16— 64
< _ _ - _ 7 Zall
< ]P)f (‘<Xd Od,e 9d>‘>6 D) .

Now, note from , 7, and Remark [1] that, under Pgn» ® Py and on the event {N1 > 0}, the
random variables &; 1= Xq; — 6a,; = (p;, X) —6;, 1 <j < d, and

N1
~ 1 .
G =vMN (ej_ed,j):ﬁg i 1<y<d,
i1

are i.i.d. A(0, 1) conditionally on Yi., := (Y1,...,Y,). (On the event { N1 = 0}, we define the {; so as to
coincide with other independent A (0,1) random variables §J’) As a consequence, the random variables
&1,...,€4,C1, .-, Cq are i.i.d. N(0,1) (unconditionally).

Note also from Hoeffding’s lemma (see, e.g., [6]) and n/2 — \/nlog(n)/2 > n/4 (because n > 27) that

P <) <r (< gy <

(36)

S
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Therefore, we deduce that

P(A1) < Py <’<Xd0d,§9d>. >%*H§_%H2,N1 > n> + ]P’(Nl < %)

N

IN
2=
N

d 2

VN
E &Gl = e _ el VN1 >
=1

(=]
5

VA
2=
N

d
s e 1Py L
;5]@212 ﬁ>+n

d
P(Ekxi>ﬁf)HNKW>”ﬂ+i. (37)

N

24

We control the first deviation probability above. First, recalling that the &; and ¢; are i.i.d. (0, 1), and

conditioning by (&1,...,&4), we get
2
2 % ‘ 517-"7§d>:| < 2E |:‘3Xp (nEdQ>:| )
15257 €2

d N d
P ( ZfJCJ 2 24> <E|P ( ZfJCJ
J=1 j=1
where the last inequality is because, conditionally on (&1,...,&q), the random variable Z = Z?zl &¢jis
Gaussian with zero mean and variance V' = Z;l=1 €7 and thus satisfies P(|1Z| > z [ &1, ..., &) < 2e727/2V)
for all z > 0. But, distinguishing whether Z?:l 5]2- is below or above 4dlogn, we obtain

d
Vne ne? 9 ne? 2
P > V) Cexp(— o) 2P 3] ¢2 > 4dl <2exp(——D )4 2,
( — 24 P\ " 46084 logn + & > Adlogn P\ " 46084 logn + n

d
> &g
j=1 j=1

where we used the concentration inequality for the x? statistics of [25] Lemma 1]
d
vz >0, P<Z§?>d+2\/dx+2x> <e™” (38)
j=1

for = log(n), and where we noted (since 2ab < a® + b? and logn > 2 for n > 27) that

d+2+y/dlogn +2logn < 2d + 3logn < 4dlogn. (39)
Plugging the above inequalities into , we finally obtain

2
ne 5 _ NE 3

P(A;) <2 —_—— P ( —) —. 40
(A1) eXp( 46()8dlogn> TR > 55) T (40)

Control of P(A2). We have:

P(As) = Pf(

- . ,
F) <ﬁd(X) +Ga(X)  Fa(X)+ Gd(X)>
(

N
+ =
L
~
B
= &
X
=
|R.
2%
7
Vo o«lo
w/\\m:j
ISERE
= ¥
+ @
2%
==
s+
+ D
& K
X =
N

VA
o
[
5
5
=
o)
|
=
o

8 o~
> ng(X)Fd(X))

By (|FaX)(Ga(X) = Cu(X)| > SGa(X)Fa( )

N

P; (‘Fd(X) - F“d(X)’ > %Fd(x)) Py (‘Gd(X) - @d(X)‘ > %Gd(X)) .
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The first term has already been studied above (see and the following inequalities) and thus satisfies
the same upper bound as P(41) in . As for the second term, following the same lines as those leading

to (37), we can see that

Pf(]Gd X) = Ga(x )] > §Gd<X>)

€ - -
<Py (‘<Xd*0d7/£ ,ud>‘ >6 " ‘<9d*lid+ %7ufﬂd>‘)

€ - -
<P ([ b= )] > 5= (100 s+ 20 ) )

§4(Ad+2\/ dlog(n) )\/‘“OTM wp. >1-2/n
~ 2
e ((Oceaui- ] > ) + 2

where we used (36]) and 7 again, and where the last inequality holds true whenever

<Ad+2\/dlos(n)>\/dloi(n) <4i8' (41)

Mimicking what we did to derive , we then get

1,2 ne 5

~+2<2 - )42,
ZQQ > )+n+n S exP( 4608dlogn)+n
Putting everything together, we can see that, provided (41]) holds,

ne? 5 ME 8
P(42) < dexp (— i) 4+ P s
(42) eXp( 4608d10gn>+ Il > 55) +5

Conclusion Combining all results above, we get, under condition (41]),

Pf(‘Gd(X)—éd(X)‘> SGa(X)) < <

ne? ne 11
T, =P(A P(As) < - 2P kel
| = P(Ar) + P(42) 6exp( 4608d10gn) rap(le > XY+ 1
so that (the upper bound on 7% is identical by symmetry of the problem):
~ ne?
_ < = il
P ~ 1aC0] > &) < Sexp (~ gete ) +2p (Il > o) +

To conclude the proof, we note that, if holds true, then ne/24 > 4dlogn > d + 2+/dlogn + 2logn
(by (B9)), so that P(]|¢||* > ne/24) < 1/n by (B3). O

A.4 Proof of Theorem (1| (excess risk of @, )
In all the sequel we fix f,g € Hs(R) and show that

cRFFn % log(n)  if A < RFFn~ % log(n)

D4,) —inf Ry 4(®) < . . 42
Rpa(Pan) ~ 14 Rea(®) SRFR T T log (n) i A > BT T log(n) e

where A := ||f — ¢||. This immediately entails the inequality of the theorem (i.e., the one involving the
supremum) since the right-hand side of is non-increasing in A.
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Recall that ® = 1,,»1/, is the Bayes (optimal) classifier and that ®; is the Bayes classifier in the d,-
dimensional truncated space (see Remark [2|in Section [3.3). We decompose the excess risk into estimation
and approximation errors and use Lemmas [2| and for some values of €1 and €2 to be determined later,

Ry.g(®a,) — inf Ryq(®)

=Rpg(®a,) — Rpg(®h,) + Rrg(®h,) — Ry.g(d")

10e1 net 13 2 10e2
<2 1N 6 - — 4+ 12 2 1A
et ( Adn) +6exp ( 4608 d,, logn + n et e A
10e; 19 2 10e2
< -
< 2¢e (1/\Adn)+ - + 12e5 + 29 (1/\ A ) , (43)

where Ay, := ||fa, — ga, ||, and where we assumed that €5 > 4608 d,, log®(n)/n (to be checked below).

In all the sequel the value of the constant N, r may change from line to line. Our first constraint on Ny r
1
is that Ns g > 1/R?, so that d,, := [(R*n)Z+1 | > 1 for all n > N, z. The choice of d,, also guarantees

1 s
the bias—variance tradeoff Rd,,® ~ +/dn/n ~ R2st1n~ 2s¥1. More precisely, provided N, r is chosen
large enough, we get for all n > N, r that

dn 1 s —s 1 __s
o < RZTHIn 2541 < Rd,,® < 2RZsFIn 2541 | (44)

We now choose €1 and €3 so as to minimize ([43]), while meeting the assumptions of Lemmas [2| and

e We choose
dy log(n)

dr log(n)
n n

€1 :=48 (Adn +2 + 210g(n)>

This entails that 0 < &1 < 1/8 for all n > Ny g (provided N, g is chosen large enough), that
Assumption of Lemma holds true, and that the requirement 3 > 4608 d,, log?(n)/n above is

met.
€ = 32Rd 1(10

Choosing N, r large enough, we can guarantee for all n > N, g that 0 < g2 < 1/8, as well as
log[1/(32Rd,,®)] > 1 so that £ > 32Rd,,* and therefore ez > 32Rd,,*\/log(1/=2), i.e.,

e We choose

£3

Rd* < ——2 .
" 512log(1/¢3)

Now, note that ||f — fa,||*> < R?d,** for all f € Hs(R) because

+oo foo
1f=faul? = D ()’ <da® > e’k < R,
k=dn,+1 k=dnp+1

Combining the above inequalities implies that Assumption of Lemma |1} is met.

Before plugging the values of 1 and e2 into , we compare Ay, with A:

sl

Ag, = fa, = gan |l Z If = gll = If = fa. |l = lg = ga, || 2 A = 2Rd,” > (45)

1 _ s
F1n~ 251 or even that

whenever A > (20/9)Rd,,°. By a sufficient condition is that A > (40/9)R 2>
Az R7¥1p~ 291 log(n) (provided Ni r > €**/® ~ 85.2). This is the threshold value we use below, since
it makes the righ-hand side of continuous in A.
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Case 1: A < R¥#ip %71 log(n).

‘We substitute the values of €1 and €5 into and discard the (relatively large) terms 10 51/Adn and
10e2/A. We obtain, noting that 12e3 < 12e2/8 < 2¢a:

~ 1 1
Rf,g(¢d7L) — ingf,g(cb) < 261 + ;9 + 1283 + 260 < 261 +4es + ;9

[ dy log(n) [ dy log(n) s 1 19
< n o\t n oY -7
< 96 <Adn +2 o + v/2log(n) - + 128Rd,," {/log 32RA. + -

< 96 (2R + 2RZ I B Vlog(n) + /2 log(n)) RZFIp” %1 log(n)

1 __s T 19
-+ 256]{2;—1 n~ 2s+1 log nil + —
32RzH1 T

< ¢l RTHIp~ 5FT log(n), (46)

where the inequality before last follows from and from Ag, < A < ||f|| + llgll < 2R (since f,g €
Hs(R)), and where (46]) holds for all n > N, r provided the absolute constant ¢; > 0 and the constant
Ng r are chosen large enough.

Case 2: A > RZFTn” T log(n).

Following similar calculations, but using now the (relatively small) terms 10e1/Ag, and 10e2/A, we can
see from and then that, for some absolute constants cz, cs > 0,

~ . 202 19 202 2002 20&2
Rf79(q)dn)7lgf7€fyg(¢)< L n 3 AZ < Al + AQ

2 __2s (log?(n)  log(n) 19
< 2s+1 2s+1 | =2 > 7 = 7 41 _—
e R?Hn < N T A Tlogn) )+ —

2 _2s 9
csRZs+1n~ 25471 log®(n)
X A )

19
+ 1265 4+ —
n

(47)

where the last two inequalities hold true for all n > N, r provided Ns g is chosen large enough (e.g.,
log?(n)/A > log(n) when n > e2® > ).

Conclusion: We derive by combining and and by choosing ¢ := max{ci,c3}. This
concludes the proof of Theorem

B Proof of the minimax lower bound (Theorem [2))
This section contains the proof of our minimax lower bound (Theorem. We will pay a specific attention

to the influence of the separation distance A = ||f — g|| on the misclassification rate. We directly start
with the proof in Section[B-I]below. We will use several key technical ingredients gathered in Section[B.2]

B.1 Proof of Theorem [2|
First case: A < RY s+ p=s/2s+1)  Note that
{(£.9) € H(B) < H(R) 1 =gl > 8} 2 {(£,9) € Ho(R) x Hu(R) : | —gll > RYCHD =2/ @i},

Therefore, taking the supremum over all such functions, we directly obtain a lower bound on the minimax
2
excess risk by applying the lower bound (cefm‘ /A) R/ (2541 =25/(2s+1) of the second case below with

A = RY st p=s/(2s+1)  Thjg vields the desired lower bound of ceszz/(ZS“)R1/<28+1>n75/<28+1).
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Second case: A > RY/ (251 n=3/(2s41) e proceed in three main steps.

Step 1: reduction to a finite-dimensional L'-estimation problem, and some notation.
Finite-dimensional construction. Let ® be any classifier built from the sample (X;,Y:)1<i<n. As is usual
when deriving nonparametric lower bounds, we restrict the supremum over all f,g € Hs(R) to a well-
chosen finite-dimensional subset. More precisely, in what follows, we restrict our attention to functions
f:]0,1] > R and g: [0,1] — R of the form:

d
VEER,  f(t)=fo(t) =) Oip;(t), 0€O, and  g(t)=0,
j=1

for some d € N* and some parameter set © C {0 eR%: 6, = A and 2?22 0J2-j25 < R?- A2} to be made
more precise in Step 2 below. Note that (fs,¢;) = 65, so that the notation 6; is consistent with that of

Section Bl

Some notation. The notation we choose for this proof differs slightly from that of the rest of the paper.
We write Py for the joint distribution of the training and test samples ((Xi,Yi)i<i<n,(X,Y)) when
the true parameter is 0, and denote by Eg the corresponding expectation. We also denote by Qo the
distribution of the process (Z:)o<i<1 defined by dZ; = fo(t)dt + dW (t). We define the L'-norm of h by

121l (@) 1:/|h($)\dQ0(ﬂf) =E[lh(W)]].
Finally, for X = (X (t))o<¢<1 solution of (], we set

%, = (95, X) = / o5 (H)AX (1)

Note that when X is a standard Brownian motion on [0,1], then (X;);>1, are independent standard
Gaussian random variables (since (¢;);>1 is an orthonormal basis).

Reduction to an LL*-estimation problem. Note that g = 0 € Hs(R) and {fs : 0 € O} C Hs(R) (see the
definition in (21))), and that || fo — 0|| = [|6]| > A for all 6 € © (we use the notation ||.|| both in L([0, 1])
and in R%). Therefore,

Lo {’Rf,g(<1>) inf ’Rf,g(<1>)} > sup {Rfe,U((I)) inf Rfs,O(q))}
I f—gl=A

= sup Eo [}27]0()() - 1|1$(X)¢¢9(X>} : (48)

where ng(z) = Po(Y = 1|X = z) denotes the regression function corresponding to the statistical model
with f = fo and g = 0, and where ®g(x) = 1, (2)>1/2 is the associated Bayes classifier.
But, for all € © and any § € (0,1/4) (to be chosen later), we have

Eo [|2n9(x) - 1|]1$(X#%<X)} > 5199({\2779()() — 1= 6} N {B(X) # <I>9(X)})
) (Pe (B(X) # ®o(X)) — Po(|200(X) — 1] < 5))
>4 (]P‘g (B(X) # Po(X)) — 5A—5> , (49)
where the last inequality follows from Proposition [1} Next, we use a conditional argument to handle the
probability above given the training sample (X;,Y;)1<i<n: the process X = (X (t))ogt<1 defined in is

independent from the training sample and has distribution (Qo + Qg)/2 under Py (recall that Qp denotes
the distribution of the process (Z;)og¢<1 defined by dZ, = fo(t)dt + dW (t)). Therefore, for all § € ©,

Py (6(}() £ <I>9(X)) = Ee{m (6()() £ By(X) ] (X, Yi)lgign)}

d d
= Eo{ [ 150100, 220 2]

1 ~
> 5]&,[”@—@0 (50)

”Ll(Qo)] ’

23



where the last inequality follows from the fact that 15, .4, = |</I;(ac) — ®g(x)| for all continuous
functions z : [0,1] — R. Putting (4§), (49), and together, we finally get

3 é = 106
sup  {Ryg(®)—infR q’}?*(suE[(I)—fI) ]-—) 51
f’geﬂgm){ #o(®) @ #9(®) 2 953 ol 9||L1(Qo> A (51)
f—gllzA

Step 2: a key combinatorial and geometrical argument In order to further bound from
below, we now specialize © to the set given by Lemma [3] in Appendix [B.2] whose proof combines
Varshamov-Gilbert’s lemma with simple but key geometrical arguments in dimension two. More precisely,

we use Lemma |3|in Appendix with £ = ¢/y/n and d = [((R* — A?) n)l/@sﬂ)J, for some absolute
constant ¢ € (0, 1] to be determined later. Two remarks are in order:

e We have d > ((R*>-— AQ)n)l/(QSH) — 1 > 32log(2) + 1 by the assumption n > (32log(2) +
2)2stL/( 3R2/4) (3210g(2) 4 2)* T /(R* — A?) since A < R/2. In particular the condition d > 7
in Lemma [3 holds true.

e The condition A > V/de of Lemma holds since by assumption on A, we have

A > RYGetD) p=s/Qst1) _ /(Rz n)V/@s+1) p > /d/n >Vde,

by definition of d and e.

We can thus apply Lemma and find a subset © C {A}x{—¢, e}%* C R? of cardinality |©] > e(~1/8 >
2 such that, for all  # 6’ € ©,

\/d—lE _A2

liin > “ma € (52)

||®o — Do

Note that our construction of © meets our earlier requirement: for all 6 € ©, we have Zc.l 075> <

(d—1)e*d** < d**T'e® < R* — A® by definition of d < ((R* — A?) n)1/<25+1) and ¢ < 1/4/n. Therefore,

ec{be R?: 6, = A and ZJ 035" < R* — A2} as assumed at the beginning of this proof.

Step 3: Reduction to a testing problem with finitely-many hypotheses We now use a classical
tool in nonparametric statistics since we reduce the problem to a multiple-hypotheses testing problem.
More precisely, using (51) and setting

N argergm |® - (I)"HLl(QO) ,

we can see that

=0 § 100
sup {Rf,g(q’) - 1ngf,g((I’)} 2 5 <SUPE9[ {9759}”@ (I)Q”Ll(Q )} A )

f9€Hs(R)
lf—glizA
4 vV d—1le _A2 106
> - —
Z 5 ( e e 21618 Py (9 # 0) > , (53)

where in the last inequality we used the fact that, on the event {§ # 0}, we necessarily have

vd—1eg —A2

||$_¢QHL1(QO)> N

by a combination of Inequality , the definition of 5, and the triangle inequality.

We now lower bound the worst-case testing error supycg Po (5 #* 9). Since 8 only depends on the training
sample (X;,Y;)1<i<n, whose distribution we denote by Py, we can write Pg (6 # ) = Py (0 # 6). We
can thus use Fano’s inequality (cf. Lemma |8 in Appendix D with the events Ay = {0 = 9}, the

24



distributions Py, 0 € ©, and the reference distribution Q = Py,, where 0y := (A,0,...,0) € R We
obtain:

> " KL(Ps, Py,) + log 2

5o < L
f P 5 (0 =6 S . 4
028 0 (0 = \@|9§a log O] (54)

Using the chain rule for the Kullback-Leibler divergence, and following similar computations as in Sec-
tion [2[ (application of Girsanov’s formula), we can see that, for all § € ©,

KL(Qg, Qo,) + KL(QO,QO)) _nllf— 0ol _n(d- 1)e?
2 4 4 >

KL(Py, Py,) =n <KL(Ber(1/2),Ber(1/2)) +

where we used the fact that § € © C {A} x {—¢, e}"! and 6y := (A,0,...,0). Combining with the

Kullback-Leibler upper bound above, and recalling that 0] > 4=/ we get
. ~ n(d — 1)e%/4 + log 2 s 1
f Pp(0=0) < <2 =,
inf Py (0 =0) d—1)/8 Tty

where the last inequality follows from ¢ = ¢/4/n and d > 32log(2) + 1. As a consequence, choosing

c:=1/(2v/2), )

~ 1
sup Pp(0#£0) >1—22 — - = = .
eeg 6( 7 ) 4 2
Plugging the last lower bound into , we finally get
~ 56 (Vd—T1e _a2 (d—1)e® _oa2
_ > (Y2 —= _ S,
e {Rf’g(q)) I%fRf’g(q))} A ( 160m ¢ 5) 20480724

f,.9€Hs(R)
If—glizAa

with the particular choice of 6 = v/d —1e =8’ /(3207). We conclude the proof by substituting the values
ofe=c/y/nandd—1=|((R*— A% n)l/(23+l)J —1>(6/8)((R*—A?) n)l/(23+1> (since || —1 > 6z/8
for all > 7) and by using the fact that R* — A% > 3R?/4 (since A < R/2). Note also that, by the
assumption n > R'/®, we have § < 1 /4 as required in the analysis. This concludes the proof of Theorem

B.2 A key combinatorial and geometrical lemma

In this section, we provide a key combinatorial and geometrical lemma to derive the minimax lower
bound of Theorem [2| Indeed, the next result guarantees the existence of a parameter set © C R? such
that—when ¢ is chosen small enough—it is statistically hard to estimate the true value of the parameter
0 € O, while all Bayes classifiers ®g and ®¢/, § # 0’ € O, are sufficiently far from one another, thus
leading to a large classification excess risk.

Lemma 3. Letd > 7, ¢ > 0, and A > V/de. There exists a subset © C {A} x {—¢, e}4™* C R? of
cardinality |©|] > e =178 > 9 such that, for all 6 £ 60" € O,

Vd—1le —A2

120 = @orll,1 g0 > Ta—¢

(55)

where Qo denotes the distribution of a standard Brownian motion W = (W (t))oge<1 on [0,1], and where
1l L1 (o) = E[IR(W)]]-

The proof is provided in Section below. We first state three intermediary results.

B.2.1 Intermediary results

The following lemma shows that, for the d-dimensional construction of Section (Step 1), the Bayes
classifier ®¢ only depends on the d random variables X; := fo p;j(t)dX(t), 1 € j < d, and takes the
form of a simple linear classifier in RY. We recall that (o;);>1 is any Hilbert basis of 1.%([0, 1]) and that

fo= Z 10i9;5.
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Lemma 4. Consider the statistical construction of Section [B.1] (Step 1). Let W = (W(t))osi<1 be a
standard Brownian motion and define W = fo 0 (t)dW (t) as well as w (Wj)1< <a € R%. Then,
the Bayes classifier ®g = Ly,>1/2 satzsﬁes

0 if W =0 > W]
Lot W= < [W]|

almost surely.

Qg(W) = {

Proof. The result follows directly from the calculations of Section (application of Girsanov’s formula).
Indeed, using (6) and the fact that g =0 and || fo|| = [|0]|, we obtain

[LfoI”
2

mn > 172 = [ poawo >
ok

— 0-W> 5
= W -0l < W
which concludes the proof. O

The above lemma shows that the Bayes classifier ®y corresponds to a linear classifier in R? (after
projecting onto (¢;)1<;j<a). The next lemma provides a lower bound on the angle between the hyperplanes
associated with two linear classifiers ®y and ®y/, for § # 0’ € ©. This result will be crucial in our proof
of the lower bound of Lemma

We recall that the (undirected) internal angle between two non-zero vectors 6,6’ € R? is given by

") := arccos $6,0) m ;
40,0 = aveos iy ) € 0.7

this angle is in particular well defined for all 6,6’ € © (since 0 ¢ © by construction).

Lemma 5. Letd > 7,¢ >0, and A > Vde. LetT' C {-1, l}df1 be a set provided by Varshamouv-Gilbert’s
lemma in dimension m =d — 1 (see, e.g., Lemmam in Appendiz , and define

0 :={A} x (eI) = {(A,aul,mm, coyeug—1) : (U1, .. uq-1) € F} CR?. (56)
Then, for all 0 # 0’ € O, the internal angle Z(0, 0") between the vectors 6 and 0’ is bounded by

d—1e¢
T 2A

Proof. Let 0 £0 € ©. By we can write 0 = (A, euq,...,cuq—1) and 0 = (A, eul,...,euy_1) with
u#u €T. We also set m = d — 1. We have

<200,0) < g

/ A% 4 ¢? u A2 4 2 u
cos (£(0, 0)) = 200 — D L DY S L (57)
10116 VA2 + me? \/A2+m52 A2 + me
Note that uju} € {—1,1} so that A% +¢? Doy uju > A% —me? > 0 because we assumed that A > Vde.

Therefore, cos (Z(0, 6')) > 0, which in turn entails that £(8, 9 ) < m/2since £(0, 0") € [0, 7] by definition.
We now prove the lower bound on Z(6, 8'). By construction of T’ (Lemma in Appendix|B.2.3)), we have
ujuj € {=1,1} and 377", Tty 2 m/4, so that 377" | ujuj < —m/4+ 3m/4 = m/2. Substituting
this upper bound in yields

A+ me?/2 0 me?)2
A2 4+ me2 A2 +me2’

cos (4(9, 9')) <
Using the former result cos (4(9, 0’)) > 0 and the last inequality above, we obtain

me? /2 me?

sin? (4(97 0’)) =1 cos? (4(0, 9’)) >1- Cos( 0, 0 )) > o 2
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where we again used m = d — 1 < d and our assumption on A: /me < Vde < A. We conclude the
proof by noting that Z(6, ") > sin(Z£(6, 0')) = /sin®(£(, 6")) since £(0, ¢') € [0, 7]:

NS \/ﬁszx/d—ls.
40,0 > 2A 2A

O

Our third and last lemma in this subsection provides a lower bound on the Gaussian measure of a
double cone in dimension 2. We say that C C R? is an open double cone with apex z € R? if it is of the
form

C:{z+au+bv: (a,b)eRfUR?}

for some linearly independent vectors u,v € R2. It is clear that there is not a one-to-one correspondence
between (u,v) and C (several pairs (u,v) correspond to the same C). However, the value of the internal
angle Z(u,v) := arccos({u,v)/(|lul [|v]))) € (0,7) between v and v is the same for all pairs (u,v) that
correspond to C. We thus call Z(u,v) the angle of the open double cone C.

Lemma 6. Let C C R? be an open double cone with apex z € R* and angle A € (0, 7). Then, the measure
of C with respect to the standard Gaussian distribution v2 = N(0,Tax2) on R? is lower bounded by
A -l

>
12(C) = o

We emphasize that rather intuitively, the above lower bound is proportional to the angle A and de-
creases exponentially fast with ||z||?. (The constant of 1 appearing in the exponential could certainly be
optimized, but this one is sufficient for our purposes.)

Proof. We carry out a change of variables by a translation around z: writing C — z = {x —z:x€eC }
and using the inequality ||z + ul|* < 2||z||* + 2|Ju]|?, we get

1 5 1 5 E—HZH2 5
oy L[ NP2 g, 7/ —lleul/2 gy, s / —llull? 4
v2(C) 277/66 T = o Cize u 5 Cize u

—lI=l? A +00 —lI=12
€ 2/ (/ re’Ter> da = ¢ A,
27 o o 27

where the second line is obtained by parameterizing C — z with polar coordinates and by noting that
C — z is an open double cone of angle A pointed at the origin. This concludes the proof. O

B.2.2 Proof of Lemma [3|

We now prove Lemma [3| using the intermediary results of the previous subsection. We use the same
notation as in Section Let I' C {-1, 1}‘171 be a set provided by Varshamov-Gilbert’s lemma in
dimension m = d — 1 (cf. Lemma[7]in Appendix [B:2:3). Next we show that the set

0 :={A} x (eI) = {(A,sul,suz,...,sud_l) D (uty ..o ug—1) € F} CcR®

satisfies the statement of Lemma We can already see that its cardinality is |©] = |T| > e™/8 > el4=1/8,
It remains to prove that, for all @ # 6’ € ©,

Vd—1le —A2

HCI>9—<I>9/HL1(QO) > arA € )

(58)

where Qo denotes the distribution of a standard Brownian motion W = (W (t))o<t<1 on [0, 1], and where
18121 (o) = E[IA(W)]].
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Proof of (B8). Let 6 # 6’ € ©. Let W = (W (t))o<t<1 be a standard Brownian motion on some proba-
bility space (€2, F,P). Noting that |®¢(W) — ®¢/(W)| = Lo, (w)~a,, (w) a.s., we have

[0 = @10,y = P(Ba(IV) £ @0 (W)
=P({IIW = 6l < IW || < W =0/} U {IIW - &'l < W] < IIW - 6]}
> P({IW =0l < W] < W —6'll} U{|W —0'l| <[] < |W -6} ).
=:A
where the line before last follows from Lemma and where we recall that W := (W;), <i<d € R? with

W]‘ = fol @j(t)dW (t). In order to bound P(A) from below, we project (orthogonally) all points in R?
onto the unique plane P that contains 0 and the non-colinear vectors 6 and 6’ (note from Lemma
that 0 < £(0,0") < w/2 < 7). As shown in Figure [l we define 2 € P as the intersection between the
perpendicular bisectors D and D’ of the segments [0,6] and [0,60'] on the plane P. Writing r_, /o for
the rotation of angle —7/2 on the plane P, we also consider the unit vectors u = r_,,2(6/[|6]|) and
v ="7_r/2(0'/]|0'||]) that support the lines D and D’ respectively.

Figure 1: The main objects of interest on the plane P.

Writing Wp for the orthogonal projection of W € R onto P, we can see that
P(A) = P(’Wp € c) with € := {2 tautbu: (a,b) € RPZU R*E} .

Let (e1,e2) be any orthonormal basis of P. Decomposing any w € P as w = wle; + wles (and
similarly for u and v), we can see that

wel <= (w'uw’) e {(21,22) +a(u',u?) +b(w',v?) : (a,b) e RPURZS .

=C
Therefore,
P(A) = P((W,W3) €C) = (C)

where 2 = N(0,T2x2) denotes the standard Gaussian distribution on R?. The last equality holds true
because W = (W (t))ogt<1 is a standard Brownian motion so that the W; = fol wi(t)dW(t), 1 < j <d,

are independent A(0,1) random variables (because the @; are orthonormal), so that (W', W?) is a
standard two-dimensional Gaussian vector (because e; and ez are orthonormal).
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Now, we note that the subset CCcR%is an open double cone with apex (z1, 22). Since (e1,e2) is an
orthonormal basis of P, the angle of C is equal to Z(u,v) = Z(r_,2(0/0]1),r—x,2(6'/16]])) = £(6,6").
Therefore, applying Lemma [f] and then Lemma [f]

200,0") 43 o et a1 .

>
P4) > 2T ~ 47 A

(59)

We conclude the proof by upper bounding 27 + 25 = ||z||? as follows. First note from Figure [1| that

/
cos <Z(92’ 0 )) = Hﬁ!f so that Izl = 7HZ|<|6 Y
2 cos (T)

But, from the inequality 0 < Z(6, §')/2 < 7/4 (see Lemma |5 we get that cos(Z(6, ')/2) > 1/V2, so
that |21 < 0]/V3, i
1611 _ A* + (d - 1)e?

2 2 2
< <A
aAtas Ty 2
by the assumption A > v/de. Combining ||z||> < A? with Equation (59) concludes the proof. O

B.2.3 Two well-known lemmas

The next combinatorial result is known as Varshamov-Gilbert’s lemma. It provides a lower bound on
the packing entropy of the m-dimensional hypercube {—1,1}™ endowed with the Hamming metric, at
scale m/4. This result indicates that among the 2™ corners of {—1,1}™, exponentionally many of them
are almost opposite from one another. A proof can be found, e.g., in |28 Lemma 4.7].

Lemma 7 (Varshamov-Gilbert’s lemma). Let m > 1. There exists a subset I' C {—1,1}™ of cardinality
IT| > e™® such that

m
m
Ve#£yel, Z]I{I.J'#y.f} > T
j=1

The next lemma is a well-known version of Fano’s inequality that follows, e.g., from [I8, Chapter VII,
Lemma 1.1] or [I2] Theorem 2.11.1] (see also Proposition 1 in the recent survey [15]).

We recall that the Kullback-Leibler divergence KL(P,Q) between two probability distributions P
and Q on the same measurable space (F, BB) is defined by

dP
In{ — |dP if IP is absolutely continuous with respect to Q;
KL(P,Q) := /E (d@> Y P Q

+o00 otherwise.

Lemma 8 (Fano’s inequality). Let (E,B) be any measurable space and N > 2. Let (A1,...,An) be a
measurable partition of (E,B) and (P1,...,Pn) a family of probability distributions on (E,B). Then,

N
1
inf — S KL(P;, Q) 4 log 2
PO I%N; (Pi,Q) + log
— (AN < =
&R < x ,

where the infimum is over all probability distributions Q on (E,B).

C Truncated nearest neighbor strategy (Theorem (3))

This appendix section gathers the proof of the lower bound of the nearest neighbor method used with a
sample-splitting thresholding strategy, i.e., half of the learning sample is used to choose a thresholding
dimension d,, and then the nearest neighbor classifier is computed on the remaining part of the samples.

Therefore, d,, is choosen independently from the second part of the samples.
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C.1 Smoothness of thee Gaussian translation model

This paragraph is devoted to the computation of the smoothness index (4 involved in the Gaussian
translation model in dimension d € N* (see, e.g., Equation . Below, v will refer to the density of
the d-dimensional standard Gaussian random variable and we omit the dependency in d to alleviate the
notations.

Proof of Proposition[g According to the definition of the smoothness parameter given in Equation [24]
we compute the average value of n on a ball B(z,r) and compare it to n(z):

n(B(z,r)) = n(z)

_ 1 Sduls) — V(@)
= u(B(x,w/B(z,T)”( i) = e T e —m)”

_ 2 (s) Lo (o)t s — m)lds — (2)
o 18 Ha(s —m)ds /Bu n (s) +(s =m) 2 ) A =t e = m)
(B(z,r)) (x)

V(B(z;7)) +7(B(z —m,r))]

3
e e T (60)

It is then necessary to compare v(B(z,r)) with v(z)A\(B,) where A\(B;) is the Lebesgue measure of the
centered ball of radius r in R%. For this purpose, we can use the well known convexity inequality on
Gaussian measures of shifted balls:

exp(—||z[|*/2)7(B(0,7)) < v(B(x,7)) < v(B(0,7)). (61)
In particular, we have (see [2I]) when r — 0 that
1(B(z, 7)) ~ exp(—||z]/2)7(B(0, 7)),
but the r.h.s. of is tight only for x close to 0. Expanding the denominator of , we obtain that

In(B(z,7)) —n(z)]|

_ vz —m)y(B(z,r) = y(@)y(Blz —m,7))|

Y(@)y(B(z, 7)) +y(x)y(B(x —m, 7)) +y(x —m)y(B(z,r)) + y(x —m)y(B(z —m,r))
< De=m)y(B(z,r)) - y(@)y(B(z —m,7))| (62)
= @Bz —m,r)) +y(@ = m)y(B(z,r))

Concerning the numerator, a simple change of variable leads to
v(@ = m)y(B(z,r) = v(x)y(B(x —m,1))

2 2 2 2
— (27r)_d/ {e—nz—mu /2= lle=s12/2 _ =l2l|?/2 ,~|z=m—s]| /2}d5.
B(0,r)

For all z € R? and s € B(0, r), the term inside the integral above may be written as

e lz=ml?/2 =llz=sl?/2 _ —llz|?/2 —lle—m=s|?/2 _ —lle—m|?/2=||z]?/2 ~s]*/2 [e<x,s> _ e<x—m,s>} .
We can use the following upper bound for any real value a:

le* —1—al <

with a = (z,s) and a = (x — m, s) and deduce that

(z,8)

2
e — =) —(m, )| < G (Jle = m| el el =)

30



Therefore, we obtain

[y(& =m)y(B(z,r)) = v(2)y(B(z —m,7))|

< @yy(z —m) e 2, 5 ds
B(0,r)
r? 5 L sy 5 IR
+—7(@)y(x —m) ||lz —m|| e” 2 V™V ds + ||| e 2 e'\"¥lds
2 B(0,r) B(0,r)
r’ 2 I famms) 2 S e
= Tz —m) |z —ml e M el gy 4 g e el g
2 B(0,r) B(0,r)
T2 2 —M (x—m,s) —M —(x—m,s)
< —y(@)v(z —m)||z — m]|| / e 2 e ’ ds—i—/ e 2 e " ds
2 B(0,r) B(0,r)

2 9 EETCAN T
+5'y(m)fy(xfm)\|:v\| e 2 e"¥ds+ e 2 e ds
B(0,r) B(0,r)

r
2

[l = m|*y(@)[(B(z — m,r)) +5(B(m — z,r)] + |e|*v(z = m)[(B(x,r)) + y(B(~z,1))]]
= 7 [lle —m|*y(z = m)y(B(z, 7)) + |llI*y(2)y(B(z —m,7))] ,

where the last line comes from the symmetry of the Gaussian distribution. Using this last inequality in
Inequality yields:

In(B(w, 7)) = n(a)| < r* [|lz = ml|* + [|=]*] (63)
Now, we should remark that
—lul?/2 d/2
_ € —r2/2 —d/2 —r2/2 —d/j2.d T
v(B(0,r)) = / ——F—du>e (2m) A(B(0,7)) > e (2m) r————,
BO) V2" T(d/2+ 1)
where we used the direct computation of the Lebesgue volume of the unit ball in R?
A(B(0,1)) = L/Q
’ T I(d/2+1)

Therefore, we obtain that

2o <7(B(0, e 2 (@2m) YT (d)2 + 1))2/d 22 4 1) B(0, ).

rd/2

Then, Equation on the volume of shifted balls entails

. ) a oy (1B, )l 4 4(Bla — m,r))els—mI*2\
Ve e R Vr>0 r° < 2" T(d/241) 5

< 207 /M(d/2+ )P [y(@) 4 (e —m) T (B, )
Using the Stirling formula, we have
D(d/2 +1) < 2v2r(d/2 4+ 1)/ T1/2e4/271

‘We then plug-in this upper bound in the previous inequality and we deduce that:

2/d
2 < 26r2/dg (2 /7271_(1+2/d)d/2+1/2e—d/271> /

[v(@) "t + v —m) Y u(Bx, 1)

’ ’ 2/d’
< el [ws)—l+w<w—m)‘l]”de(z,r»?/dsup{(2V2ﬂ<1+2/d/>d/2“/26‘”2‘1) }

d'>1

Some straightforward algebra yields:

/ / 2/d’
sup {(2 /727r(1 + 2/d/)d /241/2 ,—d /2—1) } < T2me® < 12,

d’>1
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which entails that:

(B, r)) — n(@)| < 12de” " [lla — m|® + al|*] [v(z) " +v(@ —m) "] u(B(a, ).

C.2 Analysis of the Nearest Neighbor classifier in finite dimension

Below, @, refers to the k nearest neighbor classifier given a n sample Dy, := (X1,Y1),..., (X5, Ys) in
R¢ with a Gaussian translation model.

Proof of Proposition[3 We begin with a classical decomposition of the excess risk, we have:

Rt @) = Ry.g(®3) = E [120a(X) = 1La, , ,x)20500] -

Consider a small €, whose value will be fixed later on. For any § > 0, we use the simple lower bound

Rfyg(q)k,n,d) - Rf,g(‘pé) z E [|277d(X) - 1|]1(ss<|n(x)—1/2\<s]1q>k1n,d(x)¢q>2(x)} )
> ek []lés<\n(X)71/2\<51<1>k,",d(X)7£<1>2(X)1| ,
> O0eEx |:]l¢5€<\n(X)71/2\<6E®" []lqmn(x)yﬁ@;l(x)ﬂ ,
> OeBx [1és<\n<X)—1/2\<eE®" [ﬂm,mmﬂym] 1{\|X||<Rd}] ,

where Rg := 7/d for some 7 > 0. Proposition [2| gives 84 = 2/d in our situation. From Proposition
the value of Lr given in 7 and the choice of R = Rq, we know that a 7 > 0 exists such that Lr, = d.
It is important to notice that R is independent of n.

We now use Lemma 5, Lemma 17 and Lemma 18 of [9]: for any (84, Lr)-smooth distribution (see
the dependency on 34 in Equation , then a constant k > 0 exists such that for any k£ and n:

Ba
Pon |un(X) # 5(X) |In(X) = 1/2) < -~ L, (’”f“) >

According to our choice of k, and R4, we then have for any § > 0:

ER(®k, m,a) — R(Py) = KOeEx |Lsecinix)—1/21<cl

slyix<r
I |n(X)*1/2\<\/i—nfLR<7kn+%+l> i d}]

n

>
> noekx 15“'"“{)1/2<51|n<x)1/2<(kn)2/d[2dd(1+k;1/2+kn1)2/d}1{|x<Rd}}

> rocEx ]lés<\n(X)—1/2\<€]1‘n(x)_1/2|<%(%)Q/d]l{\|X||<Rd}:| ) (64)

where we used that & < K,,. To obtain the best achievable lower bound in 7 ¢ has to be chosen as
large as possible. We are driven to the choice (¢ depends on n and d):

1 kn 2/d
p=d( ) .
«=30(%)

Then one has for any value of 6 smaller than 1:

Rig(Prn) = R(PL) > csenBx [Loe, <pn(x)=1/2<cn L{IX|<Ra}] »
> esenPx ({0en < [n(X) = 1/2] < en} N {IX] < Ra})

Again, we shall use the margin property of the Gaussian translation model: Theorem [f]in Appendix [A]
shows that a ¢ exists (independent on n) such that

,u(5t < 'n(X) — %‘ <t) > st
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where ¢ is a small enough positive constant. In the same time, there exists a constant C; such that
P(| X|| < 7Vd) = C-.

The last bound of the excess risk above together with the previous inequality lead to a lower bound of
the order €2: a constant C; independent on n and d exists such that

4/d
ER(®pn.a) — R(PY) > Crd? <%> > %

We stress that this lower bound is uniform for any k£ < K, which leads to the desired result. The upper
bound involved in the statement of Proposition [3|is a simple consequence of Theorem 4.3 of [14]. O

C.3 Proof of Theorem [3
C.3.1 Technical result

Below, we establish a complementary result with a lower bound on the probability involved in the margin
condition. This will make it possible to derive a lower bound of the nearest neighbour classifier.

Proposition 4. Let X distributed according to the model and for any fized A = || f — g||2, then:

—1/2

Ve<1/4 P <’n(X) - %’ < 5) > (2m) Y2 Ee*““@z/? A

Proof. To alleviate the notations, we skip the dependency on X and write n —1/2 = qufflq;ﬂ. We then

repeat the arguments used above:

1
() -

lar —aql 8)

2(qr +qq)

qf —dg 99 — 45
P €,q >q>+P<7<87q <q)
( oy taq) S5 Y7 2qr +q) = T

WV

P

qf — QQ P dg qf
< )
2 ; <eg, qr > Qg) ( QQg €,qr < QQ)

0< 2e>+P<0<1—q—fgs>
dg
P <log(1 —2¢) < log (Zg) < 0) +P <log(1 —2¢) < log (%) < 0)
f g

We compute a lower bound of the first bound (the second term being handled similarly. For e < 1/4, it
can be checked that log(1 — 2¢) < —e. Therefore, we have

P (log(l —2¢) < log (q—g) < O) >P (—5 < log (q—g> < O)
ar af

Using again the conditional distribution of X|Y and that Y is distributed according to a Bernoulli
distribution B(1/2), we have

2 2
P( log(qg) <o)%P(—ag%w&o)+%P(—a<—%+m<0),
qf

where A = ||f — g2 and ¢ is distributed according to A/(0,1). We can conclude that

1 1 [~A/2 1?2 1 (A2 gt
P(ln—=|<e 27/ dt+—/ dt.
('n 2‘ > 2)_e_a V2T 2 _E+% V2T

A 2 N

= P

Then, we split our study into two cases:
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—t2/2 e—(1+A/2)2/2

= = Ner and in this case:

e Ife <A, thenVte -5 — 5, 2] and ¢

1 - (+A/2?/2
P ——|<e| 2 —F—
<'77 2‘ ) Vor A
o Ife > A,
1 1 —A/Qe—t2/2 1 [0 67t2/2
P —Zl<e) = = dt+f/ dt
(‘17 2‘\ ) T2/ Ver 2/)g Vor
—A/2 e—t2/2
> dt
PN 7
0
> (2m) Y2 {/ e_t2/2dt—é}
1 2
—1/2
2 e

2v2r’

where the last bound comes from the fact that ffl e 24t >e M2 while A < e < 1/4 < e /2,
This ends the proof of the Proposition. O

A key consequence is the lower bound of the area of the crown de < |n—1/2| < € for § small enough.

_ 2
Proposition 5. Let X given by and for any fited A = || f — g||2, if we set § = %, then
ve<iaa  Ploe<|nx)—Ll<e) =68
_ 2
Proof. For a given ¢ > 0, we introduce § = % and use the decomposition
1 1 1
P de < n(X)—§ <e|] = P n(X)—§ <e|-P n(X)—§ < de
S I S P
z A n 9| g1,
where the last line comes from Proposition El Now, we use Proposition |1} to conclude that
P | de < (X)—1 < >(c—1)5i
e<|n 5| <€)= A
We now choose ¢ = 2 and obtain the desired result. O

Remark 6. Proposition [J] states that when A is small, the measure of the uncertainty area for the
classification (n ~ 1/2) has an important mass although this measure decreases linearly with the inverse
of A. This result is intuitive and translates the fact that for large values of A, the classification problem
is easy (the two classes are well separated) and there is a steep transition from {n > 1/2} to {n < 1/2}.

C.3.2 Logarithmic rate of Nearest Neighbor rule

This last paragraph is devoted to the proof of Theorem [3] which shows that a sample splitting strategy
used with the NN rule is not efficient with a logarithmic decrease of the misclassification rate.

Proof of Theorem[3 Since the truncation is chosen once for all at the beginning of the classification
process with a sample-splitting strategy, our elementary starting point is given by:

Rf,g(ci;zNN) — Ry (@) = gleilgnfﬂg("ﬁZNN) = Ry,g(®").

34



For any frequency threshold d € N, we decompose the excess risk as:
Rf,9(Phyn,a) — Rf»g(q)*) =Ry,9(Pryn,a) — Rf,g(q)z*i) + Rf,g(q)z*i) - Rf79(¢*)a (65)

where @} is the Bayes classification rule with the Gaussian d-dimensional model that involves the first d
frequencies. Proposition [3|shows that if A? = ||f — g3, then a constant ca,; exists such that:

__4
Rig(Prn) — Ryg(P3) = cann o+, (66)

We now focus on the second term of . Since Y is distributed according to a Bernoulli distribution
B(1/2), we have:

Rp.g(®5) — R g (®%) = 5 (Bl = 1] — B[® = 1]) + 3 (By[@} = 0]  Fy[@" = 0)).

We compute the first term (the second term is handled similarly). Let f, g be fixed function belonging to
H.(R) which will be made precise latter on. We define A7 = |lg — f||7.2 the L? norm of g — f restricted
to the first d coefficients. If £ is a standard Gaussian random variable, we have:

) = 1] = lg = Flizz| A2
Py@3(X) =1 =By [(X = fig— fla> T—02 | —P(Aa> T2
In the meantime, the second probability can be computed as

Bifor 0 = 1) =y [ox = g 5> BB g (eas £

Hence, we deduce that

A _—
PA(#3(X) = 1) Py (X) = 1] = [ ROCE NENCC

AT-AF A?- A}

ATy > aa 1A

We can then find f and g such that A? < 1 and A% — Ay ~ d~2° because f and g shall belong to
the Sobolev space Hs(R). Hence, we deduce the following lower bound on the excess risk between the
truncated Bayes rule and the non parametric Bayes rule: a constant ca > exists such that

Py[®) = 1] —Pf[@* = 1] > capd >, (67)
Gathering Equations and , we deduce that

anfl(:I;k,n,E) — Ry qg(®) = cas c?ener [d728 + niﬁ] .

We then optimize our lower bound with respect to d and we obtain the conclusion of the proof. O
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