
Hqylurqphqwdo srolf| dqg gluhfwhg lqqrydwlrq

lq d Vfkxpshwhuldq jurzwk prgho1

Jloohv Vdlqw0Sdxo�

LGHL/ Xqlyhuvlwì gh Wrxorxvh L/ OHHUQD/ FHV/ dqg FHSU

Ghfhpehu 49/ 5335

DEVWUDFW= Wklv sdshu ghvfulehv wkh pdlq orqj0uxq surshuwlhv ri dq

hqgrjhqrxv jurzwk prgho zlwk fduerq hplvvlrqv1 Jurzwk frphv iurp lqqr0

ydwlrq/ zklfk lv surgxfhg e| dq U dqg G vhfwru1 Lqqrydwlrqv fdq eh hlwkhu

hqhuj|0dxjphqwlqj ru oderu0dxjphqwlqj1 Zh frqvlghu wkh lpsdfw ri d fduerq

wd{ dv zhoo dv d vxevlg| wr hqhuj|0dxjphqwlqj U ) G1 Zkloh wkh iruphu kdv

prghudwh h�hfwv lq lqgxflqj fohdqhu whfkqrorjlhv lq wkh orqj uxq/ wkh odwwhu lv

pxfk pruh h!flhqw1 Krzhyhu/ rqo| dq h{sorglqj fduerq wd{ pd| lpsohphqw

d cvxvwdlqdeoh* jurzwk sdwk zkhuh rxwsxw jurzv zkloh hplvvlrqv idoo1

MHO= T58/ T5;/ R6

Nh|zrugv= Joredo zduplqj/ fduerq hplvvlrqv/ lqqrydwlrq/ hqgrjhqrxv

jurzwk/ wd{dwlrq/ U ) G/ vfkxpshwhuldq prghov

�Wklv sdshu uhsruwv rq d zlghu prghoolqj surmhfw lqyroylqj rwkhu phpehuv ri Lqvwl0

wxw g*Hfrqrplh Lqgxvwulhooh lq Wrxorxvh= Dodlq Erxvtxhw/ Ideulfh Froodug/ Sdwulfn Iëyh/

Dqguì Julpdxg/ Qruehuw Odgrx{/ dqg Iudqfn Sruwlhu1 L wkdqn wkhp iru wkhlu frpphqwv1

Ilqdqfldo vxssruw iurp Duhyd/ Lqvwlwxw Iudqêdlv gh o*Hqhujlh dqg wkh Iuhqfk Frpplvvduldw

ã o*Hqhujlh Dwrpltxh lv judwhixoo| dfnqrzohgjhg1
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41 Lqwurgxfwlrq

Wklv sdshu ghvfulehv dq hqgrjhqrxv jurzwk prgho ri wkh zruog hfrqrp| zlwk

fduerq hplvvlrq1 Wklv prgho vhuyhv dv wkh edvlv iru d fdoleudwhg hpslulfdo prgho

ehlqj ghyhorshg dw LGHL lq Wrxorxvh1 Lq wklv sdshu zh ghvfuleh wkh exloglqj

eorfnv ri wkh prgho dv zhoo dv wkh pdlq surshuwlhv ri lwv vwhdg| vwdwh1

Dq lq xhqwldo prgho ri folpdwh fkdqjh dqg jurzwk kdv ehhq ghyhorshg e|

Zlooldp Qrugkdxv ri \doh Xqlyhuvlw| +Qrugkdxv/ 4<<7> Qrugkdxv dqg Er|hu/

5333,1 Lw suhglfwv/ lq sduwlfxodu/ wkdw d fduerq wd{ dfklhyhv yhu| olwwoh lq uh0

gxflqj hplvvlrqv/ zkloh kdylqj vxevwdqwldo frvwv lq whupv ri JGS1 Dv d uhvxow/ wkh

rswlpdo wd{ lv plqxwh/ lpso|lqj wkdw duudqjhphqwv vxfk dv wkh N|rwr surwrfro

duh kdupixo iurp wkh srlqw ri ylhz ri vrfldo zhoiduh1

Lw kdv orqj ehhq uhfrjql}hg +vhh iru h{dpsoh Fduudur dqg Vlqlvfdofr +4<<7,,

wkdw wkh vwdqgdug jurzwk prghov pd| eh lqdssursuldwh lq dvvhvvlqj wkh orqj0uxq

frvwv dqg ehqh�wv ri hqylurqphqwdo srolf|/ ehfdxvh wkh| ljqruh krz whfkqrorj|

lwvhoi pd| fkdqjh lq uhvsrqvh wr uhodwlyh sulfhv41 Krzhyhu/ wkhuh kdyh rqo| ehhq

ihz dwwhpswv wr surshuo| wdnh fduh ri wkhvh h�hfwv lq d ixoo| vshfl�hg jurzwk

prgho1

Wklv lv zkdw wkh prgho suhvhqwhg khuh xqghuwdnhv1 L dvvxph wkh h{lvwhqfh ri

lqgxfhg lqqrydwlyh eldv lq uhvsrqvh wr fduerq wd{hv1 Surgxfwlylw| jurzwk lv wkh

rxwfrph ri U dqg G dfwlylw| zklfk lqwurgxfhv qhz lqwhuphgldwh jrrgv lq wkh idvk0

lrq ri Urphu +4<<3, dqg Jurvvpdq dqg Khospdq +4<<4,1 Wklv U dqg G dfwlylw|

fdq eh gluhfwhg h{0dqwh wrzdug lqyhqwlqj jrrgv zklfk uhgxfh wkh hqhuj| lqsxw/ ru

jrrgv zklfk uhgxfh wkh oderu lqsxw1 D fduerq wd{ d�hfwv wkh uhodwlyh sur�wdelolw|

ri wkh �uvw w|sh ri lqqrydwlrq frpsduhg wr wkh vhfrqg rqh1 Li sdudphwhuv duh vxfk

wkdw lw jrhv xs/ wkhq dq lqfuhdvh lq fduerq wd{hv wuljjhuv d uhdoorfdwlrq ri U dqg

G oderu wrzdug wkh hqhuj|0vdylqj vhfwru1 Wkh hqhuj| frqwhqw ri rxwsxw judgxdoo|

jrhv grzq dv lqqrydwlrqv ri wklv vruw duh lqwurgxfhg/ xqwlo d qhz vwhdg| vwdwh lv

uhdfkhg1

4Wklv hqgrjhqrxv whfkqrorj| uhvsrqvh vhhpv vxevwdqwldo/ dv vkrzq e| Srss +5334,/ zkr
orrnv dw wkh h�hfwv ri hqhuj| sulfhv rq sdwhqwv1



Lq wkh h{lvwlqj olwhudwxuh/ wkh sdshu zklfk lv wr p| nqrzohgjh prvw uhodwhg wr

wkh suhvhqw rqh lv Eryhqehuj dqg Vpxoghuv +4<<8/4<<9,1 Lw vkduhv wzr ihdwxuhv

zlwk wkh suhvhqw prgho/ qdpho| wkdw whfkqlfdo fkdqjh lv hqgrjhqrxv dqg lqfuhdvhv

wkh h!flhqf| ri wkh srooxwlrq0lqwhqvlyh lqsxw1 Krzhyhu/ lw gl�huv lq wzr pdlq uh0

vshfwv1 Iluvw/ doo lqqrydwlrq lv hqhuj|0dxjphqwlqj/ zkhuhdv lq wkh suhvhqw prgho

lw fdq eh gluhfwhg wr dqrwkhu vhfwru1 Vhfrqg/ wkhuh duh qr lqwhoohfwxdo surshuw|

uljkwv= nqrzohgjh dsshduv dv d sxuh h{whuqdolw| dv lq wkh DN prghov ri Urphu

+4<;9, dqg Uhehor +4<<3,/ dqg sulydwh lqyhvwphqw lq nqrzohgjh dffxpxodwlrq rqo|

wdnhv sodfh li vxevlgl}hg e| wkh jryhuqphqw1 D vlplodu �DN� dssurdfk lv xvhg

e| E|uqh +4<<:,/ zkr/ frqwudu| wr Eryhqehuj dqg Vpxoghuv/ dvvxph nqrzohgjh

wr eh rxwsxw0dxjphqwlqj1 Wkhuh/ shrsoh lqyhvw lq wkhlu rzq whfkqrorj| dqg lw

lv wkh rqo| dffxpxodeoh idfwru/ zklfk vroyhv wkh sureohp ri lqfhqwlyhv iru nqrzo0

hgjh dffxpxodwlrq1 Lq frqwudvw/ lq wkh suhvhqw sdshu lqqrydwlrq wdnhv wkh irup

ri qhz lqwhuphgldwh jrrgv rq zklfk wkh lqyhqwru krogv prqrsro| srzhu dv lq

Urphu +4<<3,1 Wklv lv dovr wuxh lq Djklrq dqg Krzlww +4<<;/ fkdswhu 8,> wkh|

dqdo|}h srooxwlrq dqg olplwhg qdwxudo uhvrxufhv lq wkh frqwh{w ri *Vfkxpshwhuldq*

hqgrjhqrxv jurzwk prghov/ dqg vkrz wkdw vxvwdlqdeoh srvlwlyh jurzwk h{lvwv lq

wkh orqj0uxq li wkhuh lv hqrxjk vxevwlwxwdelolw| ehwzhhq qdwxudo uhvrxufhv +ru wkh

srooxwlrq0lqwhqvlyh lqsxw, dqg nqrzohgjh1 Krzhyhu/ dv wkhuh lv rqo| rqh U ) G

vhfwru/ wkh| gr qrw glvfxvv wkh uroh ri lqgxfhg lqqrydwlrq/ qru krz lw uhvsrqgv wr

hqylurqphqwdo srolflhv1

Lq wkh uhvw ri wkh sdshu/ L od| rxw wkh prgho*v dvvxpswlrq/ glvfxvv krz rqh

fdq frpsxwh wkh vwhdg| vwdwh/ dqdo|}h qxphulfdo vlpxodwlrqv ri wkh vwhdg| vwdwh1

L wkhq orrn dw wkh h�hfwv ri d frqvwdqw fduerq wd{/ d vxevlg| wr cjuhhq* U )G/

dqg dq h{sorglqj fduerq wd{1 L �qdoo| glvfxvv wkh lpsolfdwlrqv ri d yhuvlrq ri wkh

prgho zlwk dq hqgrjhqrxv qxpehu ri U ) G zrunhuv1

51 Idfwru ghpdqg dqg sulflqj

Wkh djjuhjdwh surgxfwlrq ixqfwlrq lv jlyhq e|=

t| ' sEf�|c f2|� ' dK�f
k
�| n K2f

k
2|o

�*k c
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zkhuh t| lv wrwdo rxwsxw/ f�| dq djjuhjdwh ri lqwhuphgldwh jrrgv xvlqj hqhuj|

dv wkhlu lqsxw/ dqg f2| dq djjuhjdwh ri lqwhuphgldwh jrrgv xvlqj oderu dv wkhlu

lqsxw15

Iroorzlqj Urphu +4<<3,/ hdfk djjuhjdwh lv gh�qhg dv

f�| '
�] ?�|

f

5�|E/�
0�_/

��*0�
c

zkhuh 5�| E/� lv wkh dprxqw ri lqwhuphgldwh jrrg lqwhqvlyh lq hqhuj| +uhvs1 oderu,

iru � ' � +uhvs1 � ' 2,1 Wkxv/ wkhuh lv d frqwlqxxp ri pdvv ?�|n?2| ri lqwhuphgldwh

jrrgv/ hdfk ehlqj lqgh{hg e| E�c /��

Hdfk lqwhuphgldwh jrrg lv surgxfhg xqghu d frqvwdqw uhwxuqv wr vfdoh surgxf0

wlrq ixqfwlrq/ zkhuh wkh fruuhvsrqglqj lqsxw lv wkh rqo| idfwru/ dqg zkhuh lqsxw

uhtxluhphqwv duh qrupdol}hg wr xqlw|16 Wrwdo hqhuj| frqvxpswlrq lv wkxv htxdo wr

.| '
] ?�|

f

5�|E/�_/

Hpsor|phqw lq wkh sk|vlfdo jrrgv vhfwru lv jlyhq e|

u| '
] ?2|

f

52|E/�_/

Dv lq wkh olwhudwxuh rq hqgrjhqrxv jurzwk/ hdfk lqwhuphgldwh jrrg lv rzqhg e|

d prqrsro|/ zklfk fkdujhv prqrsro| sulfhv1 Wkh ghulyhg ghpdqg iru lqwhuphgldwh

jrrg E�c /� lv/ li lwv sulfh lv R�| E/�=

5�|E/� ' &�R�|E/�
3j�c

zkhuh

&� ' f�|

�] ?�|

f

R�| E/�
3

0�

�30� _/
�
3�*0�

c

dqg j� ' �*E�� 0�� lv wkh sulfh hodvwlflw| ri ghpdqg iru jrrg ��

5Fdslwdo grhv qrw dsshdu/ exw wklv lv qrw d yhu| lpsruwdqw lvvxh/ dv wkh prgho lv wr eh xvhg

iru yhu| orqj uxq dqdo|vlv/ dqg fdslwdo dgmxvwv txlwh txlfno|1
6Wklv dvvxpswlrq lv mxvw d qrupdol}dwlrq1 Wkhuh lv qr orvv ri jhqhudolw| vlqfh phdvxuhphqw

xqlwv fdq dozd|v eh vhw vr wkdw lw lv wuxh1
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Jlyhq wkdw hdfk surgxfhu ri dq lqwhuphgldwh jrrg lv lq�qlwhvlpdo/ lw frqvlghuv

&� dv jlyhq dqg wkhuhiruh dssolhv prqrsro| sulflqj xqghu d frqvwdqw ghpdqg

hodvwlflw|=

R�| E/� '
j�

j� � �
^�|c

zkhuh ^�| lv wkh sulfh ri lqsxw �� Zh zloo ghqrwh e| ^| ' ^�| wkh sulfh ri hqhuj|

+lqfoxvlyh ri wkh hqhuj| wd{, dqg zdjhv e| �| ' ^2|1 Wkh rxwsxw ri lqwhuphgldwh

jrrg E�c /� dqg wkh fruuhvsrqglqj prqrsro| sur�w lv jlyhq e|

5�| E/� ' f�|?
3j�*Ej�3��
�| ' 5�|c;/

Z�|E/� ' f�|?
3j�*Ej�3��
�| ^�|*Ej� � �� ' Z�|�

E| v|pphwu|/ wkhvh txdqwlwlhv gr qrw ghshqg rq /� Wrwdo frvw ri lqwhuphgldwh

jrrg � wr wkh surgxfhu ri wkh �qdo jrrg lv wkhuhiruh jlyhq e| ?�|5�|R�|c l1h1=

?
3�*Ej�3��
�|

�
j�

j� � �

�
^�|f�| ' ^�|f�|*@�|

�
j�

j� � �

�
c

zkhuh @� ' ?
�*Ej�3��
� � Lq wklv irupxod/ @�| lv dq djjuhjdwh surgxfwlylw| lqgh{ iru

frpsrvlwh jrrg �c wkhuhiruh f�| ' .|@�| dqg f2| ' u|@2|1 Wkh UKV whoov xv wkdw

wkh wrwdo lqsxw frvw ri frpsrvlwh jrrg � lv htxdo wr wkh wrwdo lqsxw uhtxluhphqw

ri idfwru �c f�|*@�|c wlphv wkh frvw ri idfwru �c ^�|c wlphv wkh pdunxs j�

j�3�
� Dq

lpsruwdqw dvshfw ri wkdw irupxod lv wkdw wkh lqwurgxfwlrq ri qhz lqwhuphgldwh

jrrgv lv htxlydohqw/ dw wkh djjuhjdwh ohyho/ wr dq lqfuhdvh lq wkh surgxfwlylw| ri

wkh fruuhvsrqglqj lqsxw1 Urphu*v hfrqrplf lqwhusuhwdwlrq ri wkdw surshuw|/ lv

wkdw dq lqfuhdvh lq wkh qxpehu ri lqwhuphgldwh lqsxwv lv htxlydohqw wr d juhdwhu

glylvlrq ri oderu lq surgxfwlrq/ l1h1 hdfk lqwhuphgldwh lqsxw lv lqwhusuhwhg dv d

�wdvn� dqg wkhuh duh jdlqv iurp glylglqj surgxfwlrq lqwr d juhdwhu qxpehu ri

qduurzhu wdvnv1 Zkloh rxu dqdo|vlv zloo xvh @� dv vwdwh yduldeoh/ wkh qxpehu ri

jrrgv fdq eh uhfryhuhg xvlqj=

?� ' @j�3�
�
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Wkh �qdo jrrg vhfwru lv surgxfhg e| frpshwlwlyh �upv/ lpso|lqj wkdw wkh

ghpdqg iru frpsrvlwh jrrg � lv jlyhq e|

f�| ' t|

%
K�@�|
^�|

j� � �

j�

&�*E�3k�
�

Ilqdoo|/ zh lpsrvh wkdw wkh sulfh lqgh{ ri wkh �qdo jrrg lv qrupdol}hg wr rqh/

l1h1

� ' K
�*E�3k�
�

�
^|
@�|

j�

j� � �

�
3k*E�3k�

n K
�*E�3k�
�

�
�|

@2|

j�

j� � �

�
3k*E�3k�

�

Wklv qrupdol}dwlrq lpsolhv wkdw doo qrplqdo txdqwlwlhv duh h{suhvvhg lq whupv

ri wkh �qdo jrrg1

61 Hplvvlrqv dqg Hqhuj| wd{hv

Lq wklv prgho/ doo hqhuj| lv irvvlo1 Fduerq hplvvlrqv duh sursruwlrqdo wr hqhuj|

frqvxpswlrq/ dqg sdudphwhu Sf uh hfwv wkh sk|vlfdo fduerq frqwhqw ri rqh xqlw ri

hqhuj|1 7

��2 ' Sf�.|�

Wkxv/ rqh vlpsol�fdwlrq ri wklv prgho lv wkdw wkh ��2*. udwlr uhpdlqv frq0

vwdqw1 Uhgxfwlrqv lq hplvvlrqv fdq rqo| eh rewdlqhg e| wkuhh fkdqqhov= +l, d

uhgxfwlrq lq rxwsxw/ +ll, vxevwlwxwlrq ri wkh oderu0lqwhqvlyh frpsrvlwh jrrg iru

wkh hqhuj|0lqwhqvlyh rqh +exw oderu vxsso| zloo eh dvvxphg wr eh lqhodvwlf,/ +lll,

surgxfwlylw| jurzwk lq @� zklfk uhgxfhv wkh hqhuj| uhtxluhphqw iru rqh xqlw ri

wkh hqhuj|0lqwhqvlyh frpsrvlwh jrrg1 Krzhyhu/ wkh hfrqrplf lpsdfw ri whfkqlfdo

7Pruh jhqhudoo|/ rqh frxog frqvlghu vhyhudo glvwlqfw juhhqkrxvh jdvhv/ vhyhudo sulpdu| lqsxwv

zlwk gl�huhqw hplvvlrq frqwhqwv/ dqg vhyhudo frpsrvlwh lqsxwv1 Li dlmw lv wkh uhtxluhphqw iru

djjuhjdwh frpsrvlwh jrrg l lq sulpdu| lqsxw m dw gdwh w> dqg !mn wkh xqlw hplvvlrq ri jdv n e|

lqsxw m> wrwdo hplvvlrqv ri jdv n duh jlyhq e|

HP+n, @
[

l

[lw

[

m

dlmw!mn>

ru> lq yhfwru irup=

HP @ +Dw�,
3[w,
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surjuhvv lq wkh fduerq frqwhqw ri hqhuj| fdq vwloo eh dqdo|}hg zlwklq wkh olplwv

ri wklv vlpsol�hg prgho/ e| orrnlqj dw wkh h�hfwv ri dq h{rjhqrxv ghfolqh lq Sf�

Pruh ixqgdphqwdoo|/ dq h{whqvlrq ri wkh prgho zkhuh Sf lv hqgrjhqrxv ehfdxvh d

iudfwlrq ri lqwhuphgldwh jrrgv xvh qrq0irvvlo hqhuj| lv fxuuhqwo| ehlqj vwxglhg1

Wkh prgho fdq eh xvhg wr frqvlghu d ydulhw| ri �vfdo lqvwuxphqwv1 Wkh wzr

prvw uhohydqw rqhv duh d fduerq wd{/ zklfk/ jlyhq rxu dvvxpswlrqv/ lv htxlydohqw

wr dq hqhuj| wd{/ dqg d vxevlg| wr hqhuj|0rulhqwhg U dqg G1 Zh dvvxph wkdw wkh

hqhuj| wd{ lv sdlg e| surgxfhuv ri lqwhuphgldwh jrrgv xvlqj hqhuj|1 Wkhuhiruh/

dw dq| srlqw lq wlph/ wkh sulfh ri hqhuj| ^| lv uhodwhg wr wkh surgxfwlrq sulfh ri

hqhuj| 7̂| e|

^| ' 7̂|E� n � |�c

zkhuh � | lv wkh wd{1 Wd{ uhyhqxhv duh uhedwhg wr frqvxphuv lq d oxps0vxp idvklrq

dqg wkhuhiruh gr qrw dsshdu lq wkhlu rswlpdolw| frqglwlrqv1

71 Lqqrydwlrq

Lqqrydwlrq lv pdgh e| shrsoh zkr zrun lq wkh U dqg G vhfwru/ ru �uhvhdufkhuv�1

Wkh| lqyhqw qhz lqwhuphgldwh jrrgv lq hlwkhu vhfwru1 Wkh| uhsuhvhqw d iudfwlrq

w ri wrwdo srsxodwlrq � 1 Zkloh wklv qxpehu lv �{hg/ wkhuh lv iuhh prelolw| ri

uhvhdufkhuv ehwzhhq U dqg G ghyrwhg wr lqyhqwlqj qhz lqwhuphgldwh jrrgv lq

vhfwru 4 +hqhuj|0lqwhqvlyh, dqg U dqg G ghyrwhg wr lqyhqwlqj qhz lqwhuphgldwh

jrrgv lq vhfwru 5 +oderu0lqwhqvlyh,1

Lqyhqwlqj d jrrg jlyhv dq lq�qlwho| olyhg sdwhqw rq surgxfwlrq ri wkdw jrrg1

Wkh suhvhqw glvfrxqwhg ydoxh ri vxfk d prqrsro| uljkw hyroyhv dffruglqj wr

o|T�| ' �T�| n Z�|

Wkh frvw ri lqyhqwlqj d qhz jrrg lq whupv ri U dqg G zrunhuv lv jlyhq e| S�*?�|�

Dv lq Jurvvpdq dqg Khospdq/ wkh h{whuqdolw| lq ?�| jxdudqwhhv wkdw lqqrydwlrq

jhqhudwhv vxvwdlqhg jurzwk dw d vwulfwo| srvlwlyh udwh1 Rwkhuzlvh/ wkh udwh dw zklfk
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qhz jrrgv duh lqyhqwhg �?�| zrxog hyhqwxdoo| idoo uhodwlyh wr wkh h{lvwlqj vwrfn ri

jrrgv ?�|c dqg jurzwk zrxog whqg wr }hur1

Zh doorz iru wkh jryhuqphqw wr vxevlgl}h U dqg G lq vhfwru � dw udwh r�� Lq

sudfwlfh zh zloo rqo| frqvlghu vxevlglhv wr �juhhq� U dqg G/ l1h1 r2 ' f� Dv wkh

wrwdo qxpehu ri uhvhdufkhuv lv �{hg/ wklv jrhv zlwkrxw orvv ri jhqhudolw|> rqo| wkh

uhodwlyh uhwxuqv ehwzhhq U dqg G lq vhfwru 4 dqg U dqg G lq vhfwru 5 pdwwhu1

Wkh vxevlg| lv �qdqfhg e| d oxps0vxp wd{ rq frqvxphuv/ dqg wkhuhiruh grhv qrw

glvwruw wkhlu rswlpdolw| frqglwlrqv1

Wkh U dqg G vhfwru lv frpshwlwlyh dqg �upv lq wkdw vhfwru wdnh wkh zdjh ri

uhvhdufkhuv dv jlyhq1 Frqvhtxhqwo|/ lq htxloleulxp/ wklv zdjh �-| pxvw vdwlvi|=

4@ 
�'�c2

ET�| � S�E�� r���-|*?�|� ' f

Wklv frqglwlrq whoov xv wkdw wkh qhw pdujlqdo suhvhqw ydoxh ri wkh prvw suri0

lwdeoh U dqg G �upv pxvw eh }hur/ l1h1 wkdw wkh dvvhw ydoxh ri dq h{wud sdwhqw lv

h{dfwo| htxdo wr lwv ghyhorsphqw frvw S��-|E�� r��*?�|�

Wkhuh duh 6 srvvleoh uhjlphv1

41 Li ?�T�
S�E�3r��

: ?2T2
S2E�3r2�

c wkhq doo uhvhdufkhuv lqqrydwh lq vhfwru 41

51 Li ?�T�
S�E�3r��

' ?2T2
S2E�3r2�

c wkh| duh lqgl�huhqw ehwzhhq wkh wzr vhfwruv dqg

hqgrjhqrxvo| vsuhdg wkhpvhoyhv lq erwk1

61 Li ?�T�
S�E�3r��

	 ?2T2
S2E�3r2�

c wkh| doo lqqrydwh lq vhfwru 51

Lqwxlwlyho|/ zklfk uhjlph suhydlov lq wkh orqj uxq vkrxog ghshqg rq wkh hodv0

wlflw| ri vxevwlwxwlrq lq surgxfwlrq ehwzhhq wkh hqhuj|0lqwhqvlyh dqg wkh oderu0

lqwhqvlyh djjuhjdwh1 Li lw lv odujh/ wkhq dq lqfuhdvh lq surgxfwlylw| lq vhfwru 4

vkrxog lqfuhdvh wkh ghpdqg dqg wkh sulfh ri hqhuj|0lqwhqvlyh lqwhuphgldwh lqsxwv/

vr wkdw lqqrydwlrq lq wkdw vhfwru ehfrphv pruh sur�wdeoh1 Rqh vkrxog wkhq h{shfw

doo uhvhdufkhuv wr eh vshfldol}hg lq rqh vhfwru> l1h1 wkh hfrqrp| zloo eh lq uhjlph

4 ru 6/ ghshqglqj rq lqlwldo frqglwlrqv1 Li hodvwlflw| ri vxevwlwxwlrq lv orz/ wkhq

lqqrydwlrq lq rqh vhfwru fuhdwhv d erwwohqhfn lq wkh rwkhu vhfwru/ wkxv lqfuhdvlqj

:



wkh ydoxh ri lqqrydwlqj lq wkdw vhfwru/ dqg wkh hfrqrp| vkrxog frqyhujh wr uhjlph

51

81 Oderu pdunhwv

Lq wkh sk|vlfdo jrrgv vhfwru/ oderu vxsso| lv lqhodvwlf1 D iudfwlrq E�� w� ri wrwdo

srsxodwlrq vxssolhv rqh xqlw ri oderu wr wkdw vhfwru1 Htxloleulxp lq wkh oderu

pdunhw lpsolhv wkdw wklv vxsso| pxvw eh htxdo wr ghpdqg dw dq| gdwh=

u| ' E�� w�� ' @2|f2|

Lq wkh U dqg G vhfwru/ lqqrydwlrq ri erwk w|shv pxvw xvh wkh wrwdo qxpehu ri

uhvhdufkhuv1 Fdoolqj >| wkh iudfwlrq ri uhvhdufkhuv ghyrwhg wr vhfwru 4/ wklv lpsolhv=

�@� '
>|�w@�|
S�Ej� � ��

+814,

�@2 '
E�� >|��w@2|
S2Ej2 � ��

+815,

91 Frqvxpswlrq

Wkhuh h{lvwv d uhsuhvhqwdwlyh frqvxphu zkr pd{lpl}hv

] n"

f
��
| *� � e34|_|�

Ilqdqfldo pdunhwv duh shuihfw dqg wkhuh lv qr xqfhuwdlqw|1 Wkh Hxohu frqglwlrq

lv wkhuhiruh

��|

�|
' j�Eo| � 4�c

zkhuh j� ' �*E�� �� dqg o| lv wkh lqvwdqwdqhrxv uhdo lqwhuhvw udwh1

:1 H{wudfwlrq

Lq pdq| prghov lw lv w|slfdoo| dvvxphg wkdw irvvlo hqhuj| lv d qdwxudo uhvrxufh

lq �{hg lqlwldo vxsso|/ lpso|lqj wkdw d Krwhoolqj0vw|oh lqwhuwhpsrudo duelwudjh

;



frqglwlrq pxvw krog iru wkh sulfh ri hqhuj|1 Lq d ixoo0 hgjhg jurzwk prgho/ wklv

dvvxpswlrq pdnhv lw gl!fxow wr rewdlq d edodqfhg jurzwk sdwk/ h{fhsw xqghu

vshfldo dvvxpswlrqv81 Ixuwkhupruh/ lw dggv rqh iruzdug0orrnlqj frqglwlrq/ zklfk

vxevwdqwldoo| lqfuhdvhv wkh frpsoh{lw| ri qxphulfdo vlpxodwlrqv1 Ilqdoo|/ dvvxplqj

d �{hg wrwdo vxsso| ri qdwxudo uhvrxufhv/ nqrzq e| doo/ lv qrw qhfhvvdulo| uhdolvwlf=

qhz uhvrxufhv duh uhjxoduo| glvfryhuhg/ surylghg rqh vshqgv hqrxjk rq survshfwlrq

dqg h{wudfwlrq frvwv�suhvxpdeo| wkhvh frvwv jr xs dv rqh pryhv wrzdug uhvrxufhv

wkdw duh pruh frvwo| wr orfdwh dqg h{wudfw1 Rxu prghoolqj ri wkh h{wudfwlrq vhfwru

fdswxuhv wkhvh surshuwlhv/ zkloh hvfdslqj wkh gl!fxowlhv ri wkh Krwhoolqj prgho1

Zh dvvxph wkdw dw hdfk gdwh | shrsoh fdq iuhho| h{wudfw hqhuj| dw d pdujlqdo

frvw zklfk lqfuhdvhv erwk zlwk wkh wrwdo vwrfn ri hqhuj| h{wudfwhg lq wkh sdvw

dqg zlwk wkh  rz ehlqj fxuuhqwo| h{wudfwhg1 Wkxv zh dvvxph wkdw wkh h{wudfwlrq

whfkqrorj| xvhv wkh �qdo jrrg dv lwv lqsxw dqg wkdw wkh xqlw h{wudfwlrq frvw lv

htxdo wr �~B
|.

qn�
| c zkhuh ~| '

U |
3"

.|_| lv wkh wrwdo vwrfn h{wudfwhg lq wkh sdvw

dqg qc B : f� Dw gdwh |c wkh pdujlqdo h{wudfwlrq frvw lv htxdo wr �~B
|.

q
| c dqg zh

dvvxph lw lv htxdo wr wkh surgxfhu*v sulfh 7̂|�

7̂| ' E� n q��~B
|.

q
|

Qrwh wkdw surgxfhuv gr qrw lqwhuqdol}h wkh h�hfw ri wkhlu fxuuhqw h{wudfwlrq

dfwlylw| rq ixwxuh h{wudfwlrq frvwv/ yld wkh lqfuhphqw lq ixwxuh ydoxhv ri ~|� Wklv

zloo eh wuxh li wkhuh duh qr surshuw| uljkwv rq odqg1 Rwkhuzlvh 7̂| zrxog reh| d

Krwhoolqj0vw|oh lqwhuwhpsrudo duelwudjh htxdwlrq/ vlqfh wkh pdunhw ydoxh ri odqg

zrxog uh hfw ixwxuh pdujlqdo h{wudfwlrq frvwv1

;1 Jrrgv pdunhw htxloleulxp

Ilqdoo|/ wkh jrrgv pdunhw htxloleulxp frqglwlrq vwdwhv wkdw wrwdo rxwsxw lv door0

fdwhg ehwzhhq frqvxpswlrq dqg h{wudfwlrq frvwv=

t| ' �| n �~B
|.

q
| .|

8Rqh h{dpsoh lv Djklrq dqg Krzlww +4<<;/ fk1 8,1

<



<1 Vxppdu|

Wkh iroorzlqj wdeoh vxppdul}hv wkh htxdwlrqv ri wkh prgho1

Wkhuh duh 4; hqgrjhqrxv yduldeohv= f�c f2c @�c @2c .c tc �c ~c 7̂c oc ^c �c Z�c Z2c T�c

T2c >c �-c dqg 4; uhodwlrqvklsv dprqj wkhvh yduldeohv +Htxdwlrqv +<149,0+<14;, rqo|

gh�qh rqh uhodwlrqvkls ehwzhhq >c T�c T2c @�c @2c dqg �-�� Ri wkhvh/ wkhuh duh wkuhh

vwdwh yduldeohv= wkh whfkqrorjlfdo ohyhov @� dqg @2 dqg wkh vwrfn ri sdvw h{wudfwlrqv

~� Ixuwkhupruh/ wkhuh duh wzr iruzdug orrnlqj yduldeohv zkrvh h{shfwhg udwh ri

fkdqjh d�hfw lqwud0shulrg htxloleulxp ghwhuplqdwlrq= T� dqg T2�

Wdeoh 4 G Htxdwlrqv ri wkh prgho

f2| ' E�� w��@2| +<14,

f�| ' @�|.| +<15,

t| ' dK�f
k
�| n K2f

k
2|o

�*k +<16,

t| ' �| n �~B
|.

q
| .| +<17,

�~| ' .| +<18,

7̂| ' E� n q��~B
|.

q
| +<19,

��|

�|

' j�Eo| � 4� +<1:,

f�| ' t|

%
K�@�|
^|

j� � �

j�

&�*E�3k�
+<1;,

f2| ' t|

%
K2@2|
�|

j2 � �

j2

&�*E�3k�
+<1<,

� ' K
�*E�3k�
�

�
^|
@�|

j�

j� � �

�
3k*E�3k�

n K
�*E�3k�
2

�
�|

@2|

j2

j2 � �

�
3k*E�3k�

+<143,

^| ' 7̂|E� n � |� +<144,

Z�| ' f�|^|@
3j�
�| Ej� � ��3� +<145,

o|T�| ' �T�| n Z�| +<146,
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Z2| ' f2|�|@
3j2
2| Ej2 � ��3� +<147,

o|T2| ' �T2| n Z2| +<148,

f ' 4@ 
�'�c2

�
T�| � S�E�� r���-|@

�3j�
�| c T2| � S2E�� r2��-|@

�3j2
2|

�
+<149,

f ' >|
�
T�| � S�E�� r���-|@

�3j�
�|

�
+<14:,

f ' E�� >|�
�
T2| � S2E�� r2��-|@

�3j2
2|

�
+<14;,

�@� '
>|�w@�|
S�Ej� � ��

+<14<,

�@2 '
E�� >|��w@2|
S2Ej2 � ��

+<153,

431 Edodqfhg jurzwk sdwkv zlwk d frqvwdqw hqhuj| wd{

Wklv vhfwlrq ghvfulehv krz d edodqfhg jurzwk sdwk +EJS, fdq eh frpsxwhg li

wkh hqhuj| wd{ � | lv d frqvwdqw1 Wkh qh{w vhfwlrq vwxglhv �vhpl0edodqfhg� jurzwk

sdwkv zlwk dq hqhuj| wd{ lqfuhdvlqj dw d frqvwdqw udwh1

43141 Frpsxwlqj jurzwk udwhv

Ohw xv orrn iru d vroxwlrq wr +<14,0+<153, vxfk wkdw dq| hqgrjhqrxv yduldeoh %

jurzv dw d frqvwdqw udwh }%� Ohw xv dovr orrn iru dq htxloleulxp lq uhjlph 5/ vr

wkdw
�
T�| � S�E�� r���-|@

�3j�
�|

�
'

�
T2| � S2E�� r2��-|@

�3j2
2|

�
' f� Ehfdxvh ri wkh

surgxfwlrq ixqfwlrq dqg wkh jrrgv pdunhw htxloleulxp frqglwlrq/ frqvxpswlrq/

rxwsxw/ dqg wkh djjuhjdwhvf� dqgf2 pxvw jurz dw wkh vdph udwh }� Ixuwkhupruh/

htxdwlrqv +<14, dqg +<15, lpso| wkdw wklv frpprq udwh pxvw eh htxdo wr wkdw ri

@2c }@2c dovr htxdo wr }@� n}.� Htxdwlrq +<143, lpsolhv }^ ' }7̂ ' }@� dqg }� ' }@2�

Htxdwlrq +<19, lpsolhv B}~nq}. ' }7̂ ' }@�� Jlyhq wkdw lq d EJS/ rqh pxvw kdyh

}. ' }~ c lw iroorzv wkdw }. ' }~ ' }@�*EB n q�� Xvlqj wkhvh uhodwlrqvklsv dqg

holplqdwlqj >| ehwzhhq +<14<, dqg +<153,/ zh jhw wkh iroorzlqj frqglwlrq/ zklfk

doorzv wr frpsxwh jurzwk udwhv=

}@�S�Ej� � �� n }@2S2Ej2 � �� ' w�
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Rqfh wklv lv grqh/ doo uhohydqw jurzwk udwhv fdq eh frpsxwhg1 Htxloleulxp

jurzwk udwhv ri doo yduldeohv duh vxppdul}hg ehorz=9

}@� ' }^ ' }7̂ '
EB n q�w�

S�Ej� � ��EB n q� n S2Ej2 � ��E� n B n q�
+4314,

}. ' }~ '
w�

S�Ej� � ��EB n q� n S2Ej2 � ��E� n B n q�
+4315,

}@2 ' }t ' }� ' }� '
w�E� n B n q�

S�Ej� � ��EB n q� n S2Ej2 � ��E� n B n q�
+4316,

}Z� ' E2� j��}@� n }. +4317,

}Z2 ' E2� j2�}@2 +4318,

}o ' }> ' f +4319,

Qrwh wkdw lq wklv vwhdg| vwdwh/ whfkqlfdo surjuhvv lq wkh oderu vhfwru pxvw

eh odujhu wkdq lq wkh hqhuj| vhfwru1 Wklv lv ehfdxvh wkh txdqwlw| ri hqhuj| ehlqj

h{wudfwhg jurzv dw d srvlwlyh udwh/ zkloh wrwdo hpsor|phqw grhv qrw1 Iru jurzwk lq

wkh djjuhjdwh hqhuj|0lqwhqvlyh lqsxw wr pdwfk jurzwk lq wkh hpsor|phqw0lqwhqvlyh

lqsxw/ whfkqlfdo surjuhvv pxvw eh vorzhu lq wkh iruphu vhfwru1 Wkh uhyhuvh zrxog

rffxu li h{wudfwlrq zhuh wr jurz dw d qhjdwlyh udwh1 Krzhyhu/ wklv lv qrw wkh fdvh

lq wkh vwhdg| vwdwhv ri wklv prgho1 Zlwk d frqvwdqw wd{ rq hqhuj|/ h{wudfwlrq pxvw

jurz1 Rqh frxog wu| wr frqvwuxfw d vwhdg| vwdwh zkhuh . jurzv dw d qhjdwlyh udwh/

wkxv idoolqj wr }hur/ zkloh ~ frqyhujhv wr d frqvwdqw ohyho1 Lq vxfk d vwhdg| vwdwh/

wkh pdujlqdo frvw ri hqhuj| pxvw idoo/ dqg vr pxvw wkh sulfh ri hqhuj|1 Krzhyhu/

wklv lv lqfrpsdwleoh zlwk wkh uhtxluhphqw wkdw wkh sulfh ri hqhuj| vkrxog jurz dw

wkh vdph udwh dv @�c vlqfh wkhuh fdqqrw eh whfkqlfdo uhjuhvv1 Hfrqrplfdoo|/ wklv

phdqv wkdw dv hqhuj| jhwv fkhdshu dqg fkhdshu/ wkh djjuhjdwh lqsxw f� zloo jurz

9Qrwh wkdw iru wkh hfrqrp| wr uhpdlq lq uhjlph 5 wkurxjkrxw/ lw pxvw eh wkdw Yl jurzv dw

wkh vdph udwh dv d4��l

lw
> ru htxlydohqwo|=

j�4 . +�4 � 4, jd4 @ j�5 . +�5 � 4, jd5

Rqh fdq fkhfn wkdw wklv frqglwlrq lv lqghhg vdwlv�hg1
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idvwhu wkdq rxwsxw/ zklfk lv lqfrqvlvwhqw zlwk ehlqj lq d EJS/ dqg zrxog lpso|

d srvlwlyh jurzwk udwh ri h{wudfwlrq/ zklfk lv d frqwudglfwlrq1

Wklv lpsruwdqw uhvxow lpsolhv wkdw d frqvwdqw hqhuj| wd{ fdqqrw dfklhyh �vxv0

wdlqdeoh ghyhorsphqw�/ li rqh gh�qhv lw dv d vwdelol}dwlrq ri fduerq hplvvlrqv1

Ixuwkhu ehorz/ zh frqvlghu zkdw kdsshqv zkhq lqvwhdg ri d frqvwdqw wd{ udwh

wkhuh lv d jurzlqj wd{ udwh/ dqg vkrz wkdw iru d udqjh ri ohyhov ri wkh wd{ udwh*v

jurzwk udwh/ jurzwk lv �vxvwdlqdeoh�/ l1h1 rxwsxw jurzv dw d srvlwlyh udwh zkloh

h{wudfwlrq dqg hplvvlrqv idoo1

43151 Frpsxwlqj ohyhov

Wkh suhfhglqj dqdo|vlv frpsxwhv wkh orqj0whup jurzwk udwhv wkdw hqgrjhqrxv

yduldeohv pxvw kdyh dorqj d EJS1 Lq wkh dsshqgl{/ zh vkrz krz wkh fruuhvsrqglqj

ohyhov fdq eh uhfxuvlyho| frpsxwhg1 Zh dvvxph dq duelwudu| lqlwldo ydoxh ri @�c @�f�

Zh frpsxwh wkh fruuhvsrqglqj lqlwldo ydoxhv ri doo wkh rwkhu yduldeohv frqvlvwhqw

zlwk wkh hfrqrp| ehlqj lq d EJS iurp | ' f rqzdugv1 Wkdw lv/ wkh vhw ri lqlwldo

ydoxhv i%fj iru dq| hqgrjhqrxv yduldeoh %c vxfk wkdw %| ' %fe
}%| lv vroxwlrq wr

+<14,0+<153,/ zlwk }% dv ghwhuplqhg lq wkh suhylrxv vxevhfwlrq1

Wkh| duh vxppdul}hg e| wkh iroorzlqj wdeoh=

Wdeoh 51 Ghwhuplqdwlrq ri wkh ohyhov

o ' 4n }@2*j

> '
}@�S�Ej� � ��
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.f ' E�� w��
�
@2f
@�f

�
3

k
�3k

#
^f
�f

K2
K�

j2 � �

j2

j�

j� � �

$
3�*E�3k�

f�f ' @�f.f

f2f ' @2f�E�� w�

tf ' dK�f
k
�f n K2f

k
2fo

�*k

�f ' tf � �.�nBnq
f }3B.

Z�f ' f�f^f@
3j�
�f Ej� � ��3�

Z2f ' f2f�f@
3j2
2f Ej2 � ��3�

T�f '
Z�f

o � }Z2

T2f '
Z2f

o � }Z2
7̂f ' ^f*E� n �f�

Lq wkhvh irupxodv/ wkh bE�� ixqfwlrq lv gh�qhg vr wkdw bE+� lv wkh ydoxh ri %

vroxwlrq wr

Vf%
3k*E�3k� n V�%

3

k
�3k

3

k
Bnq +k ' �c

zkhuh wkh frh!flhqwv V� duh gh�qhg lq wkh Dsshqgl{1

Lw lv qrw fohdu zkhwkhu wklv surfhgxuh jlyhv d vroxwlrq/ exw li lw grhv/ lw lv

vwudljkwiruzdug wr fkhfn wkdw wkh fruuhvsrqglqj EJS lv d vroxwlrq wr wkh prgho/

l1h1 vdwlv�hv +<14,0+<153,1 Lq sudfwlfh/ zh kdyh frqvwuxfwhg d frpsxwhu surjudp

zklfk shuirupv vwhsv 409/ dqg lw grhv frqyhujh iru d zlgh udqjh ri sdudphwhuv1 Lw

fdq eh xvhg wr qxphulfdoo| hydoxdwh wkh surshuwlhv ri wkh edodqfhg jurzwk sdwk1

43161 Surshuwlhv ri wkh vwhdg| vwdwh

Lq wklv vxevhfwlrq zh uhsruw qxphulfdo vlpxodwlrqv uhvxowv iru wkh orqj0uxq vwhdg|

vwdwh1: Zh �uvw uhsruw d ehqfkpdun vlpxodwlrq zlwk d vhw ri sdudphwhuv jlylqj

uhdvrqdeoh vwhdg| vwdwh surshuwlhv1 Wkhvh sdudphwhuv duh uhsruwhg lq Wdeoh 61

:Wkh sdudphwhuv xvhg fruuhvsrqg wr d urxjk/ uhdvrqdeoh fdoleudwlrq dqg qrw wr wkh dfwxdo

vhw ri sdudphwhuv wkdw zloo eh xvhg lq wkh ixoo prgho1
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Wdeoh 61 Sdudphwhu Ydoxhv

k 0317
K� 31344
K2 31<77
� 4184
�f 314
r� ' r2 3
j� 4
j� 5
j2 5
S� 518
S2 48
4 3134
w 3135
� 53
q 3168
B 4197

Wkh ydoxh ri j� lv frqvlvwhqw zlwk vwxglhv ri wkh lqwhuwhpsrudo hodvwlflw| ri vxe0

vwlwxwlrq lq frqvxpswlrq/ zkloh j� dqg j2 jlyh sodxvleoh pdunxsv1 Wkh sursruwlrq

ri uhvhdufkhuv lv 5 (/ frqvlvwhqw zlwk revhuyhg ydoxhv/ zkloh � zdv fdoleudwhg wr

jhw uhdvrqdeoh rughuv ri pdjqlwxghv iru wkh jurzwk udwh/ l1h1 durxqg 5 wr 518 (1

Wkh fduerq wd{ lv vhw dw d ehqfkpdun ohyho ri 43 (/ zkloh zh gr qrw frqvlghu dq|

vxevlg| wr U dqg G1 Wkh udwh ri wlph suhihuhqfh lv vhw dw 4 (/ zklfk lv dw wkh orz

hqg/ exw dssursuldwh iru hqylurqphqwdo sureohpv1 S� dqg S2 zhuh fkrvhq wr jhw dq

htxloleulxp vkduh ri uhvhdufkhuv lq wkh juhhq vhfwru ri 43 (1 k zdv wdnhq htxdo wr

0317/ lq rughu wr jhqhudwh hqrxjk frpsohphqwdulw| ehwzhhq oderu dqg hqhuj|1 K�

dqg K2 zhuh fdoleudwhg vr dv wr pdwfk wkh vkduh ri hqhuj| lq ydoxh dgghg dqg wkh

zdjh ohyho1 Wkh lqlwldo ohyho ri whfkqrorj| lq vhfwru 4/ @�f zdv qrupdol}hg wr 41

B dqg q zhuh fdoleudwhg vr dv wr pdwfk wkh udwlr ri wkh jurzwk udwh ri rlo sulfhv

ryhu h{wudfwlrq lq wkh orqj uxq +devwudfwlqj iurp rlo vkrfnv,/ dqg wkh hvwlpdwhg

hodvwlflw| ri h{wudfwlrq zlwk uhvshfw wr wkh vwrfn douhdg| h{wudfwhg1

Wkh iroorzlqj Wdeoh jlyhv wkh pdlq hqgrjhqrxv yduldeohv ri lqwhuhvw lq wkh

vwhdg| vwdwh1

48



Wdeoh 71 Hqgrjhqrxv yduldeohv lq wkh ehqfkpdun vlpxodwlrq

Yduldeoh Ydoxh
} ' }t ' }@2 ' }� ' }� ' }�- 517 (
}@� ' }^ 419 (
}. 31; (
o ' 617 (
> ' 43 (
@2f ' ���
^f ' 4<13:
�f ' 3175
.f ' 31387<
f�f ' f�fDeb
f2f ' 5419<
tf ' 4;18:
�f ' �.�HS
Z�f ' ��fD
Z2f ' :177
T�f ' 73169
T2f ' 54;1;
~f ' 91;8
7̂f ' 4:167
�-f ' �S��e
r. ' ^.*t 313897

Wklv ehqfkpdun vlpxodwlrq lpsolhv d uhdolvwlf jurzwk udwh ri 517 (/ dqg dq

hqhuj| vkduh lq JGS zklfk lv d elw kljk exw qrw wrr r�pdun= 8197 (�Wkh dfwxdo

vkduh/ lv derxw 7 (�sdudphwhuv zhuh fdoleudwhg vr dv wr pdwfk lw xqghu d }hur

hqhuj| wd{ udwh> lqfuhdvlqj wkdw udwh lqfuhdvhv wkh hqhuj| vkduh lq h{shqglwxuh1

Qrwh wkdw wkh zdjhv ri uhvhdufkhuv dsshdu dv pxfk kljkhu wkdq surgxfwlrq zrun0

huv* zdjhv> exw wklv lv hvvhqwldoo| d pdwwhu ri qrupdol}dwlrq= qrwklqj zrxog eh

fkdqjhg li rqh zhuh wr grxeoh wkh qxpehu ri uhvhdufkhuv dqg kdoyh wkhlu oderu

hqgrzphqw +zklfk lv qrw frpphqvxudwh zlwk surgxfwlrq zrun,/ ru htxlydohqwo|

grxeoh K� dqg K21 Wklv zrxog uhgxfh wkh suhglfwhg zdjh ri uhvhdufkhuv e| kdoi1

43171 Grxeolqj Fduerq wd{hv

Zh qrz uxq dqrwkhu vlpxodwlrq zkhuh wkh hqhuj| wd{ lv wzlfh dv kljk/ � ' f�2c

dqg frpsduh zlwk wkh suhylrxv vwhdg| vwdwh1 Qrwh wkdw rqh vkrxog eh fdxwlrxv
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zlwk wkhvh frpsdulvrqv/ vlqfh ohyhov duh frpsduhg dfurvv srlqwv lq wlph zkhuh

@� ' �c udwkhu wkdq dfurvv lghqwlfdo gdwhv1 Khqfh iru dq| yduldeoh % rqh fdqqrw

gluhfwo| frpsduh %f dfurvv wkh wzr vwhdg| vwdwhv1 Udwkhu/ rqh kdv wr frpsxwh

phdqlqjixo udwlrv1

Zh douhdg| nqrz wkdw wkh hqhuj| wd{ lv qrw jrlqj wr d�hfw wkh orqj0uxq jurzwk

udwhv/ qru wkh uhdo lqwhuhvw udwh1 Pruh vxusulvlqjo|/ lw grhv qrw d�hfw wkh orqj0uxq

ydoxh ri >c wkh vkduh ri uhvhdufkhuv ghyrwhg wr juhhq U dqg G1 Wklv lv ehfdxvh

wkhuh lv rqo| rqh ydoxh ri > frqvlvwhqw zlwk wkh orqj0uxq jurzwk udwhv/ l1h1 vxfk

wkdw }@2 ' }@� n}.c dqg lw rqo| ghshqgv rq wkh sdudphwhuv zklfk ghwhuplqh wkhvh

jurzwk udwhv1

Rq wkh rwkhu kdqg/ dv Wdeoh 8 pdnhv fohdu/ wkh uhodwlyh whfkqlfdo ohyho lq vhfwru

5 idoov e| 61: (1 Qrwh wkdw wklv vkrxog qrw eh lqwhusuhwhg dv dq devroxwh idoo lq @2c

vlqfh lq erwk vlpxodwlrqv whfkqrorjlfdo ohyho lq vhfwru 4 lv qrupdol}hg wr 41 Zkdw

wklv phdqv lv wkdw lq wkh orqj0uxq whfkqrorj| lv uhodwlyho| pruh dgydqfhg lq wkh

hqhuj|0lqwhqvlyh vhfwru wkdq lq wkh oderu0lqwhqvlyh vhfwru/ e| dq dprxqw htxdo wr

61: (/ li wkh hqhuj| wd{ lv htxdo wr 53 ( udwkhu wkdq 43 (1 Ri frxuvh/ li rqh vwduwv

iurp d vwhdg| vwdwh zlwk � ' �f ( dqg li rqh dssolhv d rqfh0dqg0iru doo grxeolqj ri

wkh hqhuj| wd{/ lq rughu wr lpsuryh wkh uhodwlyh whfkqlfdo ohyho lq vhfwru 4 lw pxvw

eh wkdw > jrhv xs1 Exw vxfk dq lqfuhdvh fdqqrw odvw iruhyhu dv > pxvw hyhqwxdoo|

uhwxuq wr lwv orqj0uxq ydoxh1 Krzhyhu wklv wudqvlwru| hyhqw kdv orqj0odvwlqj h�hfwv

rq wkh uhodwlyh surgxfwlylw| lq hqhuj|0lqwhqvlyh jrrgv/ zklfk kdv jrqh xs e| 61:

( shupdqhqwo|1

Jlyhq wkdw @� lv qrupdol}hg wr rqh/ wkh ydoxh ri ^f vkrxog eh lqwhusuhwhg dv

wkh +frqvwdqw, ydoxh ri ^*@�c zklfk lv qrwklqj exw wkh uhodwlyh sulfh ri rqh xqlw

ri wkh hqhuj|0lqwhqvlyh djjuhjdwh f�� Olqh 5 ri Wdeoh 8 whoov xv wkdw lw lv doprvw

xqfkdqjhg ehwzhhq wkh wzr vwhdg| vwdwhv1 Wklv frphv iurp wzr h�hfwv= rq wkh

rqh kdqg/ hqhuj| lv uhodwlyho| pruh h{shqvlyh/ zklfk lqfuhdvhv wkh frvw ri f�� Rq

wkh rwkhu kdqg/ whfkqrorj| lv uhodwlyho| pruh dgydqfhg lq vhfwru 4/ zklfk uhgxfhv

wkh hqhuj| lqsxw uhtxluhphqw shu xqlw ri f�� Wkh wzr h�hfwv vhhp wr edodqfh hdfk

rwkhu doprvw h{dfwo|1

Olqh 6 ri Wdeoh 8 uhsruwv rqh glphqvlrq ri lqfrph glvwulexwlrq/ qdpho| wkh

4:



vkduh ri zdjhv lq �qdo jrrgv surgxfwlrq +wkh uhvw jrhv wr hqhuj| dqg wr wkh sur�wv

ri lqwhuphgldwh jrrgv �upv,1 Dv fdq eh vhhq/ wklv vkduh lv yluwxdoo| frqvwdqw1 Wkh

qh{w olqh orrnv dw dqrwkhu glphqvlrq ri lqfrph glvwulexwlrq/ qdpho| wkh udwlr

ehwzhhq uhvhdufkhuv* zdjhv dqg surgxfwlrq zrunhuv zdjhv1 Lw lv djdlq yluwxdoo|

xqfkdqjhg1

Wkh qh{w olqh orrnv dw wkh iudfwlrq ri rxwsxw ghyrwhg wr h{wudfwlrq/ zklfk lv

htxdo wr ���*tc vlqfh doo rxwsxw lv hlwkhu frqvxphg ru glvvlsdwhg lq wkh h{wudfwlrq

vhfwru1 Wklv vkduh idoov iurp 61; ( wr 617; (1

Wkh qh{w udwlr/ f�*t ' @�.*tc lv d phdvxuh ri wkh hqhuj| frqwhqw ri rxwsxw1

Wkh surshu phdvxuh/ .*tc idoov dw udwh }c zkhuhdv wklv phdvxuh lv frqvwdqw dorqj

wkh vwhdg| vwdwh1 Wklv phdvxuh �dvnv pruh� iurp hfrqrplhv wkdw duh pruh sur0

gxfwlyh lq vdylqj hqhuj|1 Lw grhv qrw pryh iru dq hfrqrp| zkrvh hqhuj| xvh shu

xqlw ri rxwsxw idoov h{dfwo| e| wkh dprxqw lwv surgxfwlylw| lq xvlqj hqhuj| jrhv

xs1 Wklv lv yluwxdoo| zkdw lv jrlqj rq khuh1

Wdeoh 81 Lpsdfw ri d grxeolqj ri wkh fduerq wd{

Yduldeoh Suhylrxv Qhz ydoxh Uho1 fkdqjh
@2f 414 4138< 061: (
^f 4<13: 4<13: 313
�f�E�� w�*tf 31776 31776 313
�-*�f 6;176 6;175 313
�� �*t 61; ( 617; ( 0;17 (
f�*t 31335<9 31335<9 313

43181 D vxevlg| wr �Juhhq� U dqg G

Wkhvh uhvxowv fdq eh frpsduhg wr zkdw rqh zrxog rewdlq li lqvwhdg rqh kdg d

vxevlg| wr hqhuj|0vdylqj U dqg G1 Qrwh krzhyhu wkdw frpsdulqj fduerq wd{hv

zlwk U dqg G vxevlglhv lv qrw reylrxv= zklfk ohyho ri d vxevlg| lv �frpsdudeoh�

wr d jlyhq ohyho ri wkh wd{B Khuh zh wdnh d qrw ixoo| vdwlvidfwru| vwdqfh/ frpsdulqj

wkh lqwurgxfwlrq ri d 43 ( vxevlg| wr wkh 43 shufhqwdjh srlqw lqfuhdvh lq hqhuj|

wd{hv zh kdyh mxvw frqvlghuhg1 Lq erwk fdvhv/ dw ohdvw/ d uhodwlyh sulfh frqqhfwhg
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zlwk wkh hqhuj| vhfwru lv glvwruwhg e| 43 (1 Wkxv zh qrz uhsruw d vlpxodwlrq

zlwk �f ' f�� dqg r� ' f���

D vwulnlqj srlqw lv wkdw vxfk d srolf| lv pxfk pruh h!flhqw lq errvwlqj wkh

uhodwlyh surgxfwlylw| ri wkh hqhuj|0lqwhqvlyh vhfwru wkdq d fduerq wd{1 Wklv uhod0

wlyh surgxfwlylw| qrz jrhv xs e| 6718 (1 Wkh lqgxfhg idoo lq hqhuj| ghpdqg lv

vwurqj hqrxjk wr jhqhudwh d odujh idoo lq wkh uhodwlyh sulfh ri wkh hqhuj|0lqwhqvlyh

djjuhjdwh1 Dv d uhvxow/ pruh rxwsxw jrhv wr zdjhv/ zkloh lqhtxdolw| ehwzhhq uh0

vhdufkhuv dqg surgxfwlrq zrunhuv idoov yhu| voljkwo|1 Ilqdoo|/ wkhuh lv d voljkw idoo

lq wkh h{wudfwlrq vkduh/ zkloh dgmxvwhg hqhuj| lqwhqvlw| jrhv xs/ uh hfwlqj wkh

odujh lqfuhdvh lq wkh uhodwlyh surgxfwlylw| ri vhfwru 41

Lq vkruw/ wklv srolf| vhhpv wr kdyh vwurqjhu h�hfwv rq wkh vwuxfwxuh ri hfrqrplf

dfwlylw| wkdq wkh fduerq wd{1 Exw rqo| g|qdplf vlpxodwlrqv zloo eh deoh wr whoo

xv vrphwklqj derxw wkhlu fxpxodwlyh lpsdfw rq fduerq hplvvlrqv1

Wdeoh 91 Lpsdfw ri d 43 ( juhhq U ) G vxevlg|

Yduldeoh Suhylrxv Qhz ydoxh Uho1 fkdqjh
@2f 414 31:5 06718 (
^f 4<13: 461:5 05; (
�f�E�� w�*tf 31776 3177; .4145 (
�-*�f 6;176 6;175 3
�� �*t 61; ( 6179 ( 04418 (

K
�*k
� f�*t 31335<9 31336:7 .5916 (

441 Lqfuhdvlqj fduerq wd{hv= wkh fdvh iru �vxvwdlqdeoh gh0

yhorsphqw�

Lq wkh suhfhglqj vlpxodwlrqv/ fduerq hplvvlrqv dqg wkhuhiruh wkh whpshudwxuh

jurz zlwkrxw erxqgv1 Wkhuhiruh/ wkhuh lv d vhqvh lq zklfk wkhvh edodqfhg jurzwk

sdwkv duh qrw vxvwdlqdeoh lq wkh orqj uxq1 Wklv eulqjv wkh iroorzlqj txhvwlrq= gr

wkhuh h{lvw edodqfhg jurzwk sdwkv wkdw duh vxvwdlqdeoh/ l1h1 vxfk wkdw hfrqrplf

jurzwk lv srvlwlyh zkloh wkh whpshudwxuh lv vwdelol}hg lq wkh orqj uxqB Djklrq

dqg Krzlww +4<<;/ fk18, kdyh surylghg dq h{dpsoh ri vxfk d srvvlelolw|/ lq wkh

4<



frqwh{w ri dq hqgrjhqrxv jurzwk prgho zlwk d surgxfwlrq ixqfwlrq zklfk lv

Free0Grxjodv lq qdwxudo uhvrxufhv dqg nqrzohgjh fdslwdo1 Julpdxg +4<<<, kdv

vkrzq wkdw wkh lpsohphqwdwlrq ri wkh vrfldo rswlpxp lq vxfk d prgho lqyroyhv

dq h{srqhqwldoo| lqfuhdvlqj wlph sur�oh ri fduerq wd{hv1 Wkhuhiruh/ zh qrz vwxg|

wkh ghwhuplqdqwv ri orqj0uxq jurzwk xqghu dq h{srqhqwldoo| jurzlqj fduerq wd{/

l1h1 E� n � |� ' E� n �f�e
}� |�

Wkh nh| gl�huhqfh uhodwlyh wr wkh suhfhglqj dqdo|vlv lv wkdw hplvvlrqv pd|

qrz jurz dw d qhjdwlyh udwh/ phdqlqj wkdw wkh fxpxodwlyh vwrfn ri FR5 lq wkh

dwprvskhuh frqyhujhv iurp ehorz wr d pd{lpxp +htxdo/ xs wr d frqvwdqw/ wr

plqxv wkh orqj0uxq ydoxh ri wkh vwrfn ri hqhuj| lq wkh jurxqg/ ~,1 Wkhuhiruh/ rqh

kdv wr glvwlqjxlvk ehwzhhq wzr uhjlphv=

Uhjlph 4= }. � f�

Lq wklv fdvh/ zh kdyh }~ ' }. dqg ghqrwlqj e| } ' }t ' }@2 zh jhw wkdw

}. '
} � }�

� n B n q

Qh{w/ zh fdq frpsxwh }@� dv d ixqfwlrq ri } dqg }� G

}@� ' } � }. '
}EB n q� n }�
� n B n q

(

dqg wkh jurzwk udwh fdq djdlq eh frpsxwhg e| zulwlqj grzq wkh htxloleulxp

frqglwlrq rq wkh pdunhw iru uhvhdufkhuv=

E}EB n q� n }��S�Ej� � ��

� n B n q
n }S2Ej2 � �� ' w��

Wkxv/

} '
w�E� n B n q�� }�S�Ej� � ��

S�Ej� � ��EB n q� n S2Ej2 � ��E� n B n q�
c

}. '
w� � }� ES�Ej� � �� n S2Ej2 � ���

S�Ej� � ��EB n q� n S2Ej2 � ��E� n B n q�
�

Wklv irupxod lpsolhv wkdw } lv d ghfuhdvlqj ixqfwlrq ri }� c zkloh }@� jurzv zlwk

}� � D juhdwhu jurzwk udwh lq wkh fduerq wd{ dffhohudwhv whfkqlfdo fkdqjh lq wkh

hqhuj|0vdylqj vhfwru/ exw uhgxfhv orqj0uxq JGS jurzwk1
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Wklv uhjlph suhydlov li dqg rqo| li wkh fruuhvsrqglqj ydoxh ri }. lv lqghhg

srvlwlyh/ l1h1

}� �
w�

S2Ej2 � �� n S�Ej� � ��
�

Uhjlph 5= }. 	 f

Lq wklv fdvh wkh orqj0uxq ydoxh ri }~ lv htxdo wr }hur/ dqg wkh fruuhvsrqglqj

htxdwlrqv ghwhuplqlqj jurzwk udwhv duh

}. '
} � }�
� n q

dqg

}@� ' } � }. '
}q n }�
� n q

�

Wkh jurzwk udwh lv qrz ghwhuplqhg e|

q} n }�
� n q

S�Ej� � �� n }S2Ej2 � �� ' w�c

lpso|lqj

} '
w�E� n q�� }�S�Ej� � ��

S�Ej� � ��q n S2Ej2 � ��E� n q�
c

}. '
w� � }� ES�Ej� � �� n S2Ej2 � ���

S�Ej� � ��q n S2Ej2 � ��E� n q�
�

Wklv odvw irupxod frq�upv wkdw wklv uhjlph suhydlov li dqg rqo| li

}� :
w�

S2Ej2 � �� n S�Ej� � ��
c

zkloh zh vhh wkdw wkh jurzwk udwh ri JGS lv srvlwlyh surylghg

}� 	
w�E� n q�

S�Ej� � ��
�

Wkhvh irupxodv lpso| wkdw wkhuh h{lvwv d �zlqgrz� ri vxvwdlqdeoh ghyhorsphqw/

lq whupv ri wkh jurzwk udwh wd{/ jlyhq e|=
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w�

S2Ej2 � �� n S�Ej� � ��
	 }� 	

w�E� n q�

S�Ej� � ��
�

Li }� vdwlv�hv wkdw lqhtxdolw|/ wkhq rxwsxw jurzv zkloh hplvvlrq idoo1 Zlwk wkh

deryh gh�qhg vhw ri sdudphwhuv/ wklv zlqgrz lv zlgh= lw jrhv iurp d jurzwk udwh

ri wkh fduerq wd{ ri 516 ( d |hdu/ zklfk |lhogv frqvwdqw hplvvlrqv dqg wkxv d

olqhduo| +exw qrw h{srqhqwldoo|, h{sorglqj vwrfn ri FR5 lq wkh dwprvskhuh/ dqg d

JGS jurzwk udwh ri 516 ( d |hdu/ wr d wd{ jurzlqj dw 5419 ( d |hdu/ fruuhvsrqglqj

wr d }hur jurzwk vfhqdulr1 Iru d wd{ jurzlqj dw 6 ( d |hdu/ hplvvlrqv ghfolqh dw

0319 ( d |hdu/ zkloh JGS jurzwk lv dw 515 ( d |hdu1

451 Hqgrjhql}lqj wkh qxpehu ri uhvhdufkhuv

Lq wkh suhfhglqj dqdo|vlv/ wkh fduerq wd{ kdv hlwkhu qr lpsdfw rq orqj0uxq jurzwk/

ru/ li lw jurzv/ lw uhgxfhv orqj0uxq jurzwk1 Wklv uxqv frxqwhu wr vrph dujxphqwv

dffruglqj wr zklfk lw frxog |lhog d �grxeoh glylghqg�/ e| erwk uhgxflqj hplvvlrqv

dqg errvwlqj wkh �frpshwlwlyhqhvv� ri exvlqhvv �upv +iru h{dpsoh/ Sruwhu dqg ydq

ghq Olqgh/ 4<<8,1 Zkloh lw lv qrw dozd|v fohdu zkdw rqh phdqv e| �frpshwlwlyh0

qhvv�/ wkh deryh uhvxowv vxjjhvw wkdw dw ohdvw wkh hfrqrp|*v ryhudoo surgxfwlylw|

ohyho grhv qrw jr xs zlwk wkh +udwh ri jurzwk, ri wkh fduerq wd{1

Frxog wklv uhvxow eh ryhuwxuqhgB Rqh vwurqj dvvxpswlrq lv wkdw wkh ryhudoo

qxpehu ri uhvhdufkhuv lv �{hg1 Wrwdo U dqg G h�ruw fdqqrw jr xs lq uhvsrqvh

wr dq lqfuhdvh lq wkh uhodwlyh lqfrph ri uhvhdufkhuv1 Li vrph vxsso| uhvsrqvh ri

uhvhdufkhuv zhuh doorzhg/ dqg li d fduerq wd{ lqfuhdvhg wkh ydoxh ri U dqg G

dqg khqfh wkhlu zdjhv/ lq sulqflsoh lw frxog wuljjhu dq lqfuhdvh lq wkh qxpehu ri

uhvhdufkhuv dqg wkhuhiruh lq orqj0uxq jurzwk1

Wr h{dplqh wklv srvvlelolw|/ zh kdyh vwxglhg dq h{whqvlrq ri wkh prgho zkhuh

wkhuh h{lvwv d uhsuhvhqwdwlyh frqvxphu zkr doorfdwhv klv wlph rswlpdoo| ehwzhhq

surgxfwlyh oderu dqg U dqg G1 Wkh xwlolw| ehlqj pd{lpl}hg pxvw eh prgl�hg dv

iroorzv=

55



4@ 
] %

��
|

�
n l EE�� w|�

# n 0w#| �
�*#

&
e34|_|

Wkh iudfwlrq ri uhvhdufkhuv w lv qrz hqgrjhqrxv dqg wlph0ghshqghqw1 Wkh

dgghg whup l EE�� w|�
# n 0w#| �

�*# uh hfwv frqfdyh suhihuhqfhv iru wkh doorfdwlrq

ri wlph ehwzhhq uhvhdufk dqg surgxfwlrq1 Dq dgglwlrqdo �uvw0rughu frqglwlrq

fruuhvsrqglqj wr rswlpdolw| zlwk uhvshfw wr w pxvw eh dgghg wr wkh prgho1 Lw lv

jlyhq e|

��3�
|

l
E�| � �-|� ' EE�� w|�

# n 0w#| �
�*#3�

�
0w#3�| � E�� w|�

#3�
�

+4514,

Ilqdoo| rqh fdq vkrz wkdw d edodqfhg jurzwk sdwk zlwk d frqvwdqw ydoxh ri w

h{lvwv surylghg � ' fc l1h1 iru d orjdulwkplf xwlolw| ixqfwlrq� Khqfh hqgrjhql}lqj

wkh qxpehu ri uhvhdufkhuv kdv d frvw/ lq wkdw wr jhw d EJS xwlolw| pxvw eh orjd0

ulwkplf lq frqvxpswlrq1 Qrwh/ krzhyhu/ wkdw wklv lv qrw idu0r� xvxdo sdudphwhuv

lq wkh pdfur olwhudwxuh1

Zkloh lw lv qrw srvvleoh wr jhw dq dqdo|wlfdo vroxwlrq iru wkh EJS/ lw fdq eh

frpsxwhg qxphulfdoo| e| lwhudwlrq rq w xqwlo +4514, lv phw1

Zkdw gr zh �qgB Rxu qxphulfdo vlpxodwlrqv kdyh vwulnlqjo| gl�huhqw lpsol0

fdwlrqv ghshqglqj rq zkhwkhu rqh frqvlghuv d fduerq wd{ ru d vxevlg| wr juhhq U

dqg G1

Lq wkh fdvh ri d fduerq wd{/ wkh prgho lpsolhv wkdw lw kdv }hur h�hfwv rq orqj0

uxq jurzwk hyhq wkrxjk wkh qxpehu ri uhvhdufkhuv lv hqgrjhqrxv1 Wkdw qxpehu

vlpso| grhv qrw uhvsrqg wr wkh fduerq wd{1 Wkh h{whqvlrq lv wkhuhiruh xvhohvv lq

wkdw fdvh1 Wkh qxphulfdo vlpxodwlrqv vxjjhvw wkdw wkh h�hfw lv wuxo| qlo/ udwkhu

wkdq qhjoljleoh/ zklfk vhhpv wr frph iurp vrph xqghuo|lqj dqdo|wlfdo surshuw|

ri wkh prgho1

Lq wkh fdvh ri d vxevlg| wr juhhq U dqg G/ rxu vlpxodwlrqv lpso| wkdw lw kdv

d vwurqj srvlwlyh h�hfw rq orqj0uxq jurzwk1 Wklv lv qrw vxusulvlqj vlqfh lw lv d

vxevlg| wr U dqg G/ doehlw gluhfwhg1 Wkh iroorzlqj Wdeoh jlyhv wkh h�hfw ri wkh

juhhq U dqg G vxevlg| rq wkh iudfwlrq ri uhvhdufkhuv lq wkh hfrqrp| dqg wkh
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orqj0uxq jurzwk udwh vwduwlqj iurp d ehqfkpdun vlpxodwlrq zkhuh w � f�f2� Wkdw

vlpxodwlrq zdv uhdfkhg e| vhwwlqj # ' f�H dqg 0 ' f�e�b( l zdv qrupdol}hg wr 41

Iru orzhu hodvwlflwlhv ri wkh vxsso| ri uhvhdufkhuv/ olnh # ' f�2c zh jhw vrph 314

shufhqwdjh srlqwv ri jurzwk iru 43 shufhqwdjh srlqwv pruh ri vxevlg|1

Wdeoh :1 Lpsdfw ri d vxevlg| wr juhhq U ) G rq jurzwk

r� w }
3 3134<9 5168 (
314 31354; 5195 (
315 313574 51;< (

Wkh phvvdjh ri wklv vhfwlrq lv wkhuhiruh dv iroorzv= Wkhuh lv qr grxeoh0glylghqg/

lq wkdw d fduerq wd{ grhv qrw dffhohudwh jurzwk> exw wkhuh lv d �juhhq zd|� ri

vxevlgl}lqj U dqg G/ zklfk lv h!flhqw lq errvwlqj jurzwk1 Uhfdoo/ krzhyhu/ wkdw

jlyhq wc wkh juhhq vxevlg| rqo| kdv d ohyho h�hfw rq hplvvlrqv/ zkloh }. jrhv

xs zlwk w� Wkxv wkh �juhhq vxevlg|� errvwv jurzwk/ exw dovr wkh jurzwk udwh

ri hplvvlrqv1 Lw grhv qrw dfklhyh vxvwdlqdeoh ghyhorsphqw> vlpso|/ wkh ohyho ri

hplvvlrqv lv orzhu wkdq iru dq htxlydohqw ryhudoo vxevlg| wr U dqg G1 Frqvhtxhqwo|/

iurp wkh srlqw ri ylhz ri hplvvlrq uhgxfwlrq/ wkh dgglwlrqdo jurzwk shuplwwhg e|

wkh juhhq vxevlg| pd| eh xqghvludeoh1 Suhvxpdeo| rqh zrxog olnh wr r�vhw lw e|

dq h{sorglqj fduerq wd{ ru e| d wd{ rq qrqjuhhq U dqg G1

461 Frqfoxvlrq

Wklv sdshu kdv ghvfulehg wkh edvlf wkhruhwlfdo eorfn ri wkh Wrxorxvh prgho ri

hqgrjhqrxv jurzwk dqg fduerq hplvvlrqv1 Lq wkh ixwxuh lw lv sodqqhg wr vwxg|

h{whqvlrqv ri wklv prgho zlwk uhqhzdeoh hqhujlhv dqg dovr d pxowl0uhjlrq yhuvlrq

ri wkh prgho/ zkloh d qxphulfdo surfhgxuh lv ehlqj ghyhorshg iru vroylqj wkh

prgho*v wudqvlwlrqdo g|qdplfv1
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UHIHUHQFHV

Djklrq/ Sklolssh/ dqg Shwhu Krzlww +4<<;,/ Hqgrjhqrxv Jurzwk Wkhru|/ Fdp0

eulgjh PD= PLW Suhvv

Eryhqehuj/ D1 Odqv/ dqg Vmdn Vpxoghuv +4<<8,/ �Hqylurqphqwdo txdolw| dqg

srooxwlrq0dxjphqwlqj whfkqrorjlfdo fkdqjh lq d wzr0vhfwru hqgrjhqrxv jurzwk

prgho�/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 8:/ 69<06<4

�������� dqg ������ +4<<9,/ �Wudqvlwlrqdo lpsdfwv ri hqylurq0

phqwdo srolf| lq dq hqgrjhqrxv jurzwk prgho�/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/

;940;<61

E|uqh/ Pdujduhw P1 +4<<:, �Lv jurzwk d gluw| zruogB Srooxwlrq/ dedwhphqw/

dqg hqgrjhqrxv jurzwk�/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 87/ 59405;7

Fduudur/ Fduor dqg Grphqlfr Vlqlvfdofr +4<<7,/ �Hqylurqphqwdo Srolf| uhfrq0

vlghuhg= Wkh uroh ri whfkqrorjlfdo lqqrydwlrq�/ Hxurshdq Hfrqrplf Uhylhz/ 6;/

8780887

Julpdxg/ Dqguì +4<<<,/ �Srooxwlrq shuplwv dqg vxvwdlqdeoh jurzwk lq d Vfkxp0

shwhuldq prgho�/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw/ 6;/ 57<0

599

Jurvvpdq/ Jhqh dqg Hokdqdq Khospdq +4<<4,/ Lqqrydwlrq dqg Jurzwk lq wkh

Joredo Hfrqrp|/ Fdpeulgjh PD= PLW Suhvv

Qrugkdxv/ Zlooldp +4<<7,/ Pdqdjlqj wkh Joredo Frpprqv= Wkh Hfrqrplfv

ri Folpdwh Fkdqjh/ Fdpeulgjh PD= PLW Suhvv

Qrugkdxv/ Zlooldp/ dqg Mrvhsk Er|hu +5333,/ Zduplqj wkh Zruog= Hfrqrplf

Prghov ri Joredo Zduplqj/ Fdpeulgjh PD= PLW Suhvv

Srss/ Gdylg +5334,/ �Lqgxfhg Lqqrydwlrq dqg Hqhuj| sulfhv�/ QEHUZrunlqj

Sdshu ;5;71

Plfkdho Sruwhu dqg Foddv ydq ghu Olqgh +4<<8,/ �Wrzdug d Qhz Frqfhswlrq ri

wkh Hqylurqphqw0Frpshwlwlyh Uhodwlrqvkls�/ M1 ri Hfrqrplf Shuvshfwlyhv </ Qr1

7/ idoo 4<<81

Uhehor/ Vhujlr +4<<4,/ �Orqj0uxq srolf| dqdo|vlv dqg orqj0uxq jurzwk�/ Mrxu0

qdo ri Srolwlfdo Hfrqrp|/ <</ 8330854

Urphu/ Sdxo +4<;9,/ �Lqfuhdvlqj uhwxuqv dqg orqj0uxq jurzwk�/ Mrxuqdo ri
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Srolwlfdo Hfrqrp|/ <7+8,/ 43350436:

�����+4<<3,/ �Hqgrjhqrxv whfkqrorjlfdo fkdqjh�/ Mrxuqdo ri Srolwlfdo

Hfrqrp|/ <;+8,/ :40435
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DSSHQGL[

FRPSXWLQJ OHYHOV LQ WKH VWHDG\ VWDWH1

Rqh fdq fkhfn wkdw wkh iroorzlqj surfhgxuh gholyhuv d edodqfhg jurzwk sdwk

dv d vroxwlrq wr wkh prgho1

41 Wkh lqwhuhvw udwh lv frqvwdqw dqg htxdo wr

o ' 4n }@2*j

51 Wkh htxloleulxp ydoxh ri >

> '
}@�S�Ej� � ��

�w

61 Xvlqj htxdwlrq +<18,/ rqh pxvw kdyh

~f ' .f*}.

71 Xvlqj +<14,0+<15,/ +<1;,0+<1<,/ +<143,/ +<144, dqg +<19,/zh jhw d eorfn ri wkuhh

htxdwlrqv doorzlqj wr jhw �fc ^fc .f dv d ixqfwlrq ri @2f G

E�� w��
@2f

@�f.f

'

#
K2
K�

^f
@�f

@2f
�f

j2 � �

j2

j�

j� � �

$�*E�3k�

� ' K
�*E�3k�
�

�
^f
@�f

j�

j� � �

�
3k*E�3k�

n K
�*E�3k�
2

�
�f

@2f

j2

j2 � �

�
3k*E�3k�

^f*E� n �� ' E� n q��}3B. .Bnq
f

Wklv eorfn fdq eh vroyhg uhfxuvlyho|1 Rqh jhwv

^f ' @�fb
k
@2fE� n ���*EBnq�@

3E�n�*EBnq��
�f

l
+4614,

�f '

%
�

�E� n � f�E� n q�

& �3k
Bnq

^
�n �3k

Bnq

f }
BE�3k�
Bnq

. EE�� w���3E�3k�
�
@2f
@�f

�k#K2
K�

j2 � �

j2

j�

j� � �

$
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.f ' E�� w��
�
@2f
@�f

�
3

k
�3k

#
^f
�f

K2
K�

j2 � �

j2

j�

j� � �

$
3�*E�3k�

c

zkhuh wkh bE�� ixqfwlrq lv gh�qhg vr wkdw bE+� lv wkh ydoxh ri % vroxwlrq wr

Vf%
3k*E�3k� n V�%

3

k
�3k

3

k
Bnq +k ' �c

zkhuh

Vf ' K
�

�3k
�

�
j�

j� � �

�
3

k
�3k

V� ' }
3

kB
Bnq

. EE�� w���k E�E� n q��
k

Bnq K2K
k

�3k
�

�
j�

j� � �

�
3

k
�3k

Khqfh/ wkhvh vwhsv doorz wr frpsxwh �fc ^fc .f dv d ixqfwlrq ri @2fc exw rqh

kdv wr frpsxwh wkh uljkw ydoxh ri @2f�

81 Rqh fdq dovr frpsxwh/ dv d ixqfwlrq ri @2f G

f�f ' @�f.f

f2f ' @2f�E�� w�

tf ' dK�f
k
�f n K2f

k
2fo

�*k

�f ' tf � �.�nBnq
f }3B.

91 Ilqdoo|/ rqh pxvw frpsxwh wkh htxloleulxp ydoxhv ri @2f� Wr gr vr/ zh xvh

wkh duelwudjh frqglwlrq ehwzhhq wkh wzr w|shv ri U dqg G/ zklfk lpsolhv wkdw

T�|

S�@
�3j�
�| E�� r��

'
T2|

S2@
�3j2
2| E�� r2�

' �-�

Jlyhq wkdw=

Z�f ' f�f^f@
3j�
�f Ej� � ��3�
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Z2f ' f2f�f@
3j2
2f Ej2 � ��3�c

dqg

T�f '
Z�f

o � }Z�
c +4615,

wklv lv htxlydohqw wr

Z�f

o � }Z�

�

S�E�� r��
@j�3��f '

Z2f

o � }Z2

�

S2E�� r2�
@j23�2f �

xvlqj wkh suhfhglqj irupxodv/ wklv lv htxlydohqw wr=

.f^f
Ej� � ��S�E�� r��Eo � }Z��

'
�E�� w��f

Ej2 � ��S2E�� r2�Eo � }Z2�

Xvlqj +4614,0+BB� dqg rwkhu htxdwlrqv zh fdq uhzulwh wkdw dv dq htxdwlrq

ghwhuplqlqj @2f dv d ixqfwlrq ri @�f G

�

�E� n q�E� n �f�
@�nBnq�f b

k
@2fE� n � f�

�*EBnq�@
3E�n�*EBnq��
�f

l
@
3EBnq�
2f

' E�E�� w��Bnq
#
j�S�E�� r��Eo � }Z��

j2S2E�� r2�Eo � }Z2�

$ Bnq
k

}3B.

#
K2
K�

j2 � �

j2

j�

j� � �

$ Bnq

k

Vwhsv 409 wkhuhiruh doorz lq sulqflsoh wr frpsxwh wkh lqlwldo ydoxhv ri hdfk

hqgrjhqrxv yduldeoh frpsdwleoh zlwk d EJS1
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EDVLF Vrxufh frgh iru qxphulfdo frpsxwdwlrq ri wkh vwhdg| vwdwh

43 uhp sdudphwhuv

53 do@316

63 e4@314

73 e5@31<:

83 n@31:7

93 skl@4184

:3 wdx3@314

;3 vl@4=vl4@5=vl5@5=ur@3134=wk@3135=qq@53

<3 f4@518=f5@48

433 gh@4197=eh@3168

443 d43@4

4333 uhp frpsxwhv jurzwk udwhv

4343 jd4 @ +gh.eh,-wk-qq2+f4-+vl404,-+gh.eh,.f5-+vl504,-+4.gh.eh,,

4353 jt@jd4=sulqw �jd4@jt@�/jt

4363 jh @ jd42+gh.eh,=sulqw �jh@�/jh

4373 jd5 @ jd42+gh.eh,-+4.gh.eh,

4383 jsl4 @ +50vl4,-jd4.jh

4393 jsl5 @ +50vl5,-jd5

43:3 j| @ jd5=sulqw �j|@jd5@jf@jz@�/jd5

43;3 jf @ jd5

43<3 jz @ jd5

4433 jzu @ jsl4.+vl404,-jd4=sulqw �jzu@�/jzu

4533 uhp frpsxwhv lqwhuphgldwh sdudphwhuv

4543 nds3@e4a+42+40do,,

4553 nds4@jha+0do-gh2+gh.eh,,-++40wk,-qq,ado-+skl2n,a+do2+gh.eh,,-e5-e4a+do2+40

do,,

4563 idfwru@+4.wdx3,a+42+gh.eh,,-d43a+0+4.42+gh.eh,,,

5333 uhp frpsxwhv ohyhov dv d ixqfwlrq ri d53

5343 u @ ur.jd52vl=sulqw �u@�/u
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5353 px @ jd4-f4-+vl404,2qq2wk=sulqw �px@�/px

5363 jrvxe 48333=sulqw �d53@�/d53

5373 |@d53-idfwru=jrvxe 43333

5383 t3@d43-odpegd=sulqw �t3@�/t3

5393 z3@+skl-+4.wdx3,2n,a+0+40do,2+gh.eh,,-t3a+4.+40do,2+gh.eh,,-jha+gh-+40

do,2+gh.eh,,-++40wk,-qq,a+0+40do,,-+d532d43,a+do,-+e52e4,=sulqw �z3@�/z3

53:3 hh3@+40wk,-qq-+d532d43,a+0do2+40do,,-+t3-e52z32e4,a+042+40do,,=sulqw �hh3@�/hh3

53;3 {{43@d43-hh3=sulqw �{{43@�/{{43

53<3 {{53@d53-qq-+40wk,=sulqw �{{53@�/{{53

5433 ||3@+e4-{{43ado.e5-{{53ado,a+42do,=sulqw �||3@�/||3

5443 ff3@||30skl-hh3a+4.gh.eh,-jha0gh=sulqw �ff3@�/ff3

5453 sl43@{{43-t3-d43a0vl4-vl4a0vl4-+vl404,a+vl404,=sulqw �sl43@�/sl43

5463 sl53@{{53-z3-+d53a0vl5,-+vl5a0vl5,-++vl504,a+vl504,,=sulqw �sl53@�/sl53

5473 yy43@sl432+u0jsl4,=sulqw �yy43@�/yy43

5483 yy53@sl532+u0jsl5,=sulqw �yy53@�/yy53

5493 }}3@hh32jh=sulqw �}}3@�/}}3

54:3 tedu3@t32+4.wdx3,=sulqw �tedu3@�/tedu3

54;3 zu3@yy43-+vl404,a+40vl4,2f42vl4a+40vl4,2d43a+40vl4,=sulqw �zu3@�/zu3

54;8 vh3@t3-hh32||3=sulqw �hqhuj| vkduh@�/vh3

5533 vwrs

43333 uhp wklv vxeurxwlqh gholyhuv odped dv d ixqfwlrq ri |

43335 uhp d pdufkh vvl ghowd.ehwd : 40do +yudl dyhf pd fdoleudwlrq ruljlqdoh=

gh.eh @5> 40do@31:,

43343 {@4

43353 gl�@40nds3-{a+0do2+40do,,0nds4-{a+0do2+40do,0do2+gh.eh,,-|ado=li gl�	3

wkhq {@5-{=jrwr 43353

43363 {pd{@{={@4

43373 gl�@40nds3-{a+0do2+40do,,0nds4-{a+0do2+40do,0do2+gh.eh,,-|ado=li gl�:3

wkhq {@{25=jrwr 43373

43383 {plq@{

43393 {@+{plq.{pd{,25
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43433 gl� @ 40nds3-{a+0do2+40do,,0nds4-{a+0do2+40do,0do2+gh.eh,,-|ado

43443 li gl�:3133334 wkhq {pd{@{= jrwr 43393

43453 li gl�	03133334 wkhq {plq@{= jrwr 43393

43463 odpegd @ {= uhwxuq

48333 uhp wklv vxeurxwlqh frpsxwhv d53 dv d ixqfwlrq ri d43/ xvlqj wkh odpegd

ixqfwlrq

48363 wdujhw @ +qq-+40wk,,a+gh.eh,-+vl4-f4-+u0jsl4,2vl52f52+u0jsl5,,a++gh.eh,2do,-jha0

gh-+e52e4,a++gh.eh,2do,-skl-+4.wdx3,2n2d43a+4.gh.eh,

48393 d53@4

483:3 |@d53-idfwru=jrvxe 43333=okv@d53a+0+gh.eh,,-odpegd=li okv:wdujhw wkhq

d53@d53-5=jrwr 483:3

483;3 d53pd{@d53=d53@4

483<3 |@d53-idfwru=jrvxe 43333=okv@d53a+0+gh.eh,,-odpegd=li okv	wdujhw wkhq

d53@d5325=jrwr 483<3

48433 d53plq@d53

48443 d53@+d53plq.d53pd{,25=

48453 |@d53-idfwru=jrvxe 43333=okv@d53a+0+gh.eh,,-odpegd

48458 li okv	wdujhw wkhq d53pd{@d53

48463 li okv:wdujhw wkhq d53plq@d53

48473 li d53pd{0d53plq:31333334 wkhq 48443

48483 uhwxuq
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