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Abstract

We introduce commodity taxation into a duopoly model of vertical product differentia-
tion. Our setting differs from the existing literature in two respects. First, we consider
price competition and, second, we allow for endogenous product selection. As usual,
firms choose the quality of their products prior to making their pricing decisions. We
first show that a uniform ad valorem tax, where the same rate applies to all variants of
the product, lowers both equilibrium qualities and distorts the allocation of consumers
between firms. More interestingly. we then establish that a number of familiar prop-
erties are no longer valid in our setting. In particular, it appears that the tax lowers
the consumer prices of both variants and that the decrease in consumer prices is larger
than the decrease in production costs brought about by the reduction in qualities. Even
more surprisingly, it turns out that a small uniform ad valorem tax whose proceed are
redistributed in a lump-sum way is always welfare-improving over the no-tax equilib-
rium.

Finally, we allow for the possibility of a non-uniform tax with different rates applying
to different variants of the commodity. It turns out that depending on the parameter
values such a differentiation of tax rates may or may not be desirable on welfare grounds.
If a welfare improvement is possible through a non-uniform tax, it is always the high-
quality variant which must be taxed at a higher rate.



1 Introduction

Commodity taxation and its impact on prices and welfare has been extensively studied
in the public finance literature. Most of these studies deal with the incidence of a tax or
the design of optimal tax policies within the framework of a competitive economy [see
Auerbach (1987) and Kotlikoff and Summers (1987) for surveys]. Monopolies and mo-
nopolistic competition have also received some attention, especially in the tax incidence
literature [see e.g. Atkinson and Stiglitz (1980), p. 206-213, and Lockwood (1990)].
However, very little attention has been devoted to the empirically relevant case of oli-
gopolistic markets. And, the few exception that there are deal primarily with Cournot
oligopolies; that is, they consider a setting with a homogeneous product where the firms’
strategic variables are quantities [see Katz and Rosen (1983), Seade (1987), Stern (1987)
and Dierickx et al. (1988) for issues of tax incidence and Myles (1987, 1989) for optimal
taxation problems].

To the best of our knowledge, the impact of commodity taxation on the firms’
product selection in an oligopoly has not been considered so far. Yet, thisis an important
issue since changes in product specification brought about by a commodity tax may
affect welfare not only directly, but also indirectly through the determination of the
equilibrium prices. This paper is an attempt to (partially) fulfill this gap. More precisely,
we study commodity taxation in a duopoly model of vertical product differentiation
[see Eaton and Lipsey (1989) for a recent survey about product differentiation]. Our
setting differs in two respects from the existing studies. First, we assume that the firms’
strategic variables are prices.! Second. we allow for endogenous product selection.? As
usual, firms choose the quality of their products prior to making their pricing decisions.
The explicit modeling of the firm’s quality choice allows us to deal with two important
issues. First, there is the question of how, if at all, commodity taxation will affect the
equilibrium product selection. Specifically, one would want to know if the presence of
the tax results in lower or in higher product qualities. Second, and more generally,
it is interesting to investigate how endogenous product selection affects the impact of
commodity taxes on prices and welfare and how this affects the design of an optimal
tax policy.

Our model is based on a specification introduced by Mussa and Rosen (1978). We
concentrate on an industry in which each of the two firms offers a single variant of
a differentiated commodity. Firms choose qualities first and then prices. Production
costs increase in quality. All consumers agree that a higher quality is better so that if
all variants are sold at the same price everyone buys (at most) one unit of the one with
the higher quality. Nevertheless, consumers have different preferences over qualities:

'Gual (1986) also considers price competition but in a different context.

2Kay and Keen (1983) do allow for endogenous product selection but consider different market
structures. They determine the optimal structure of commodity taxes in a competitive environment
where qualities are endogenous and in a horizontal differentiation model of monopolistic competition.



they differ in their marginal willingness to pay for quality. Following Mussa and Rosen,
we assume that preferences are quasi-linear so that the marginal utility of income is
constant and the same for all individuals.® This assumption allows us to neglect issues
related to the distribution of income and to concentrate on efficiency aspects. It also
implies that while our analysis seems to have a strong partial equilibrium flavor, it could
easily be embedded into a simple general equilibrium model.*

Our results are as follows. We first show that a uniform ad valorem tax, where
the same rate applies to all variants of the product, lowers both equilibrium qualities
and distorts the allocation of consumers between firms. More interestingly, we then
establish that a number of familiar properties that emerge in a competitive industry, or
even in a duopoly with exogenously given products, are no longer valid in our setting.
In particular, it appears that the tax lowers the consumer prices of both variants and
that the decrease in consumer prices is larger than the decrease in production costs
brought about by the reduction in qualities. Even more surprisingly, it turns out that
a small uniform ad valorem tax whose proceed are redistributed in a lump-sum way is
always welfare-improving. Hence, the standard result that a small subsidy to a Cournot
oligopoly improves welfare is reversed in our setting.?

Finally, we allow for the possibility of a non-uniform tax with different rates applying
to different variants of the commodity. It turns out that depending on the parameter
values such a differentiation of tax rates may or may not be desirable on welfare grounds.
If a welfare improvement is possible through a non-uniform tax, it is always the high-
quality variant which must be taxed at a higher rate. Hence, with endogenous qualities,
the case for higher taxes on the top variant of a product can be made on efficiency
grounds alone.

While our results are to a large extend at odds with conventional wisdom in the
theory of taxation, they do not appear to be mere model-specific curiosa. Our analysis
indicates that taxation may affect the economy through channels which are not usually
considered in the literature. In particular, it suggests that the impact of taxation on
firm’s quality choices may have unexpected effects. While the relative magnitudes (or
even the signs) of the various effects may to some extend be model-specific, there is
no reason to assume that they would vanish altogether in a different setting—as long,

3This approach to vertical differentiation differs from the specifications used by Gabszewicz and
Thisse (1979) and Shaked and Sutton (1982) who assumes that all consumers have the same preferences
but different income, with richer people being willing to pay more for quality than poor individuals.

*In general equilibrium models with imperfect competition, there is usually a circular relationship
between a firm’s price and quality decisions and its profits and demand, and this complicates the
modeling substantially (see e.g. Hart (1985)). This problem does not arise here. Because preferences
are quasi-linear there are no income effects and the demand for the differentiated commodity will not
depend on firm’s profits. However. not very much would be gained by such an exercise as it would result
in much heavier notation. We therefore focus on a single market.

°See Besley (1989), Konishi, Okuna-Fujiwara and Suzumura (1990), and Besley and Suzu-
mura (1992).



of course, as the model allows for endogenous product selection. Hence, we believe
that the importance of our results goes beyond our specific model. At the very least,
they show that the issue of commodity taxation under imperfect competition deserved
further investigation.

2 The model

We consider a Mussa-Rosen type model of vertical product differentiation. The basic
setting is as follows:

1. There is a continuum of consumers whose types are identified by 6 € [a,b] C R; 8
is uniformly distributed over [a.b]. The (conditional) indirect utility of a consumer
of type 6 is given by:

y—p+k+0qg if he buys one unit of a product of quality ¢
Va(p.q) = at price p

Y otherwise,

where y is the consumer’s income and & a constant large enough for all consumers
to buy in equilibrium.® Note that 8 is the marginal willingness to pay for quality.

2. There are two firms in the industry. Firm ¢ offers a variant of quality ¢; € R4 at
price p; (¢ = 1,2). Without loss of generality, it is assumed that ¢; < g¢5.

3. The marginal cost of firm ¢ is independent of quantity (total cost is linear in
quantity), but quadratic in qualitv: MC(g;) = cg?. Since the unit of quality is
arbitrary it is chosen for b — a to be equal to one.”

4. The government’s instrument is an ad valorem tax (i.e., a commodity tax where
the per-unit tax is proportional to the price level). First, a uniform tax, with the
same rate applying to all the variants of the product, is considered. In section 5,
this assumption is relaxed and the government is allowed to impose a variant-
specific rate, ¢;, which can be negative, as well as positive, so that a subsidy
is also allowed. Formally, the tax rate faced by firm ¢ is ¢, if ¢; < ¢; and t
otherwise. Note that to impose the variant-specific tax, the government does not
have to observe the precise qualities. It is sufficient to observe the ranking of the
qualities.

For simplicity in exposition, income is assumed to be the same for all consumers. The results of
this paper hold true if income differs across individuals. The assumption that all consumers buy in
equilibrium will be discussed in section 6.

"The constraint ¢ > 0 can now be justified as follows. Since cost is quadratic it would be decreasing
in quality for negative values of ¢;, which does not make sense.



5. Let § be the index of the marginal consumer, who is indifferent between buying
variant 1 at price p; and variant 2 at price ps:

7._P2— N
== 1
g2 —q1 ()

Consumers to the left of § buy from firm 1 while those to the right buy from
firm 2. Therefore, the market demand for variant 1 is given by Dy = § — a while
the market demand for variant 2 is Dy = (1+ a) — 8.8 The profit of firm 7 is then
given by

T = [(1 = ti)pi — MC(g:)]|D;.

Define 7; = 1/(1 — t;) and rewrite the profit as:
1
T = ;—U)z - iMC(¢:))D;. (2)

We use 7; instead of t; throughout the paper because this change of variable sim-
plifies the presentation. Note also that equation (2) has an interesting implication.
It shows that if 7 = 72 = 7 the equilibrium with taxes and cost c¢? is the same
as the equilibrium that would prevail without taxes but with a cost function rcg?.
We use this property below, in particular when addressing the issue of existence
of an equilibrium.

Finally, it is often convenient to consider the space of “preferred qualities” rather
than the space of consumer types. The preferred quality of a consumer 4 is defined as
the value of ¢ that maximizes his utility if all potential variants are offered at marginal
cost. Formally,

6
¢’ = arg max(8q — c¢®) = —.
2c

Preferred qualities are uniformly distributed over [a/2¢, (a + 1)/2c¢].
3 First best allocation

We consider a utilitarian social welfare function. In our setting this is equivalent to
using total surplus (sum of consumer and producer surplus).® First, it is readily verified

8We assume @ < 8 < a + 1. This inequality is necessarily satisfied at the equilibrium since each firm
can always choose a quality that guarantees to itself a positive demand. A complete specification of
the payoff functions must, of course take into account the cases where this inequality is violated but
nothing is gained here from such an exercise.

®This equivalence relies on the (traditional) assumption that the owners of the firms are among the
consumers. The distribution of profits does not matter since utility is linear in income (with the same
marginal utility for everyone).
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Figure 1: The interval of preferred qualities, optimal qualities (¢7 and ¢9), and the
no-tax equilibrium (¢j and ¢3)

that an optimal allocation of consumers between firms given ¢, and ¢, requires that all
individuals with § < 8 consume variant 1, while all individuals with 8 > § consume
variant 2, where
§= c(g3 ~ qi)
42— ¢
is the index of the marginal consumer when both variants are sold at marginal cost. The
optimal'® qualities, ¢f and ¢§ can then be obtained by solving the following problem:

=c(q1 + q2) (3)

g a+1
maX/ (8q1 — cqi)db +/g (g2 — cq3)d8,

91,92
The solution is given by:

, _ da+1l o da+3 o1
M= B ety )

where 8° denotes the value of 6 (as defined by (3)) corresponding to the optimal qualities
¢7 and ¢;.

Figure 1 is helpful for understanding the intuition behind this solution. It represents
the optimal qualities in the interval of preferred qualities. The length of this interval is
1/(2c) and. not surprisingly, the optimal qualities are “located” respectively at the first
and third quartiles of this interval.

ONote that the optimum is derived given the number of variants that are supplied.



As a final remark it should be said that the optimum is not only characterized by
the qualities, but also by the appropriate allocation of consumers between firms.!! It
follows that having ¢y and ¢5 as an equilibrium outcome is not sufficient to guarantee
optimality. An additional requirement is that the equilibrium prices are such that the
“right” allocation of consumers between firms is achieved (i.e., = §). This also shows
that, even though total demand for the product is perfectly inelastic, prices continue to
affect welfare since they determine the allocation of consumers between firms.

4 The no-tax and the single tax rate equilibria

In this section it is assumed that m = 79 = T because the government cannot, for
informational or legal reason, use a non-uniform tax. Qualities and prices are determined
at the subgame perfect equilibrium of the two stage game in which firms choose, first,
qualities and, then, prices. As usual, the game is solved by backward induction. The
actual derivation of the equilibrium is standard and is omitted here.!? We derive the
equilibrium for any 7 > 0 that is, for any tax rate less than 1. The no-tax equilibrium
is obtained from these expression by setting 7 = 1. We concentrate on the equilibrium
values of the variables which are relevant for our problem: g, g2 and 8. Prices are also
given. but their impact on welfare is already captured by  which, as known from (1),
depends on prices.

Two cases must be distinguished: ¢ > 1/4 and ¢ < 1/4. The equilibrium values of
the different variables are denoted by *.

Case 1: a > 1/4

The equilibrium of the quality game is unique and given by:!3
ta -1 da+5
= ; (5)

b3 *
Sl Rer 42

Strictly speaking the specification of an allocation should also include the distribution of income
among consumers. This can be ignored here since individual utility is linear in income and the social
welfare function is additive.

12Gee Tirole (1988, ch. 6) for the zero cost case and Moorthy (1988) for the quadratic cost case when
the whole market is not served. There is no taxation in these models, but it can easily be introduced
by using the property that the equilibrium with a tax r and a cost parameter c is the same as the one
with a cost parameter 7c and no tax. The existence issue is discussed below (see footnote 13).

13These qualities are derived by maximizing firm 1’s profits on [0, ¢2] and firm 2’s profits on [g1, +o0o(
(there is only one solution to this problem). To prove that this is indeed an equilibrium one has to check
that firm 1 cannot improve its profits by choosing a higher quality than ¢; and similarly that firm 2 does
not want to choose g2 < gi. For firm 1 this can be done by determining it’s optimal quality given that
g2 = q3 = (4a+5)/8ct and subject to g1 > ¢2. It is a straightforward exercise to show that the solution
to this problem is g1 = (4a 4 7)/8cr. The corresponding profit for firm 1 is 1/144cr? which is less than
3/16cr-. its profit at ¢f. Proceeding along the same lines for firm 2 completes the proof and shows that
(q7.¢3) is indeed a Nash equilibrium. (This also follows directly from Cremer and Thisse (1991)).

et




while the corresponding equilibrium prices are

«_ Lo oa 25 «_ L9 Ba 49
P1= 4cr[a 2 + 16}’ P2 = 4cr[a + 2 + 16]’ (6)
so that .
0 = —.
ats (7)

One striking feature of the equilibrium is that both (consumer) prices decrease with
7 and, hence, with the tax rate. It is tempting to explain the price decrease by the
fact that both qualities decrease, hence reducing unit production costs. This explana-
tion is, however, incomplete since price decreases are larger than cost reductions. The
additional reason is to be found in the narrowing of the quality gap, which intensifies
price competition. In turn, firms choose to narrow their quality gap because the space
of preferred qualities narrows down monotonically with ¢ in the no-tax case, and with
7 in the uniform tax case since the corresponding outcome is equivalent to the no-tax
case when the marginal cost is c.

Figure 1 can be used to compare the no-tax equilibrium (obtained by setting 7 = 1)
to the optimal allocation. In the no-tax equilibrium both qualities are outside of the
interval of “preferred qualities”: the lower quality is too low while the higher quality is
too high. As mentioned in section 3, for given qualities ¢; and ¢, an optimal allocation
of consumers requires the marginal consumer to be at § = ¢(qy +q1) (see (3)). Using (5)
this condition is satisfied if and only if » = 1, that is, if there is no tax. Hence, a
commodity tax distorts the allocation of consumers between firms. Specifically, if 7 > 1
we have @ > 8 = (a + 1/2)/7 which implies that the market share of firm 1 is too large.
A subsidy (7 < 1), on the other hand. results in 8 < 4.

This result, together with the fact that both ¢ and ¢; are decreasing in 7 (see (5)),
imply that a tax affects welfare in three different ways:

1. it lowers the high quality ¢3 (a positive effect),
2. it lowers the low quality g} (a negative effect),
3. it results in a misallocation of consumers between firms (a negative effect).

If qualities were exogenously given. the tax would be necessarily welfare-reducing.
However, with endogenous qualities. the tax has one positive effect and there is some
potential for welfare improvements. To further investigate this possibility, one can
express social welfare as a function of 7:

a+é— =2 atl * *2
5(7)-:—/ (047 — eq; )d0+/+1 (845 — cg3?) db, (8)
a a '2"

-1



where ¢ and ¢; are given by (5).1

Differentiating (8) with respect to .

The function S(7) is strictly concave on R,.

dr 3r3¢ (9)

ds(r) _ 16a%(t — 1)+ 16a(r — 1) + 77 — 13

Setting this expression equal to zero and solving yields the optimal uniform taz rate

_ 16a® + 16a + 13
"~ 16a% 4+ 16a + 7

AU

(10)

The following properties hold:

1. Since dS(1)/dr = 6/(32¢) > 0, a “small” tax is always welfare improving over the
no-tax equilibrium. To understand this result it is useful to discuss the relative
strength of the three effects described above. First, the distortion in the allocation
of consumers between firms (effect 3) is negligible when ¢ rises from zero (i.e.,
T rises from one). This is because the no-tax equilibrium achieves an optimal
allocation of consumers (for given qualities) which implies that the change in 6
resulting from the tax has no first-order effect on welfare.!® Thus, the overall
welfare impact is only determined by the first effect (positive) associated with the
decrease in ¢; and by the second effect (negative) associated with the decrease in
q7. The first effect dominates since. as 7 increases from one, ¢5 decreases faster
than ¢f (see (5)).

This result is quite surprising and it further strengthens our claim that product
differentiation does have a significant impact on the welfare properties of taxation.
In Cournot competition with a homogenous product one typically obtains exactly
the opposite result: a small taz reduces welfare while a small subsidy is welfare-
improving. And, in Cournot models this property appears to be quite robust; in
particular, it continues to hold for two stage games.!®

1*1t is worth emphasizing that the specification of S(r) relies on the assumption that the proceeds of
the tax are redistributed among the consumers.

15To see it, note that the welfare loss resulting from the misallocation of consumers between firms is
given by:

(a+$)1d ) at1
W)= / (047 = cqi?) db + / (645 — ca3?) db — S(r)
. (et 1)

where (a + 1/2)/7 is the value of § corresponding to ¢} and ¢j. It is readily verified that the first two
terms on the right-hand side give the level of welfare that would be achieved if consumers were allocated
optimally between firms (given qualities). Clearly W L(1) = 0 and, because 0g} —cqt? = 0q3 — cq3?, we
also have dW L(0)/dr = 0 so that an increase in 7 from 1 has no first-order effect on WL

16Gee Besley and Suzumura (1992) who consider a two stage, homogenous product setting where
the firms first choose their level of (cost-reducing) R&D investment, and then engage in Cournot
competition.



2. The misallocation effect ceases to be negligible as 7 rises, so that the welfare gain
is reduced (this shows why S(7) is concave). When 7 is large enough this effect
becomes dominant and further tax increases are welfare-reducing.

3. The optimal tax rate, t* = 1—-1/7%, is monotone decreasing in a over [1/4, co[ with
the limit values t*(1/4) = 1/3 and lim,_., t*(a) = 0. Intuitively, this relationship
can be understood as follows. First., the quality misallocation which occurs at
the no-tax equilibrium, (¢; — ¢3) = (¢§ — ¢7) = 1/(4c¢), is independent of a. The
reduction in ¢ achieved by a given tax rate, however, increases with a (see (5)).
The combination of these two facts tends to decrease the optimal tax rate. Second,
the distortion in the allocation of consumers created by a given tax rate, is an
increasing function of a.!” Hence. the combined effect of an increase in a is to
reduce t*

4. Let T = (4a + 5)/(4a + 3) be the value of 7 which would result in ¢ = ¢3
(i.e., the higher quality is “brought down” to its optimal level). Clearly, 7" < 7
and ¢3(7,) > ¢ for all @ > 1/4. so that the optimal uniform tax rate does not
vield the optimal quality for firm 2. This property has an obvious interpretation
which is related to a well-known result in the second best literature (see Lipsey
and Lancaster (1956-7) for a pioneering contribution): The optimal tax is set
by trading-off different distortions and it is not optimal to remove a single one
completely, as this would be too costly in terms of the other distortions.

Case 2: a < 1/4

In this case, (5) is no longer the equilibrium of the two stage game since the value of
the low quality would be negative. The equilibrium is now given by:

(l+2 —x 7(1‘*‘5

=0, a = \ 0 = , 11
“ K 3er 9 (11)
with the corresponding prices
. (A=2a)a+?2) . Sla+2)?
= — = e 12
P 2icr P2 27cr (12)

Note that when a = 1/4 the expression given in (11) coincide with those in (5). For
a < 1/4firm 1 is at a corner solution and the constraint ¢ > 0 is binding.

As in the previous case, we start by comparing the no-tax equilibrium to the opti-
mum. It turns out that ¢} < ¢§ and ¢ > ¢ continues to hold. However, it is no longer

i (s 1) (-2)

1" Formally we have:



true that the no-tax equilibrium results in an optimal allocation of consumers between
firms. Using (11) and the index of the marginal consumer g at the optimum, we see
that 8 = (a+2)/3 > 8 = (Ta+5)/9 for any a < 1/4. Hence, a tax can now improve the
allocation of consumers between firms. This is because the tax reduces 6 while it leaves
6 unchanged. Accordingly, as long as 6 > 8 the tax reduces this distortion. If the tax
becomes “too large” we return to the case f < @ and a further increase in the tax rate
increases the distortion. It thus appears that the welfare implications of a tax are quite
different from those discussed in the previous case: the second effect (the reduction
in ¢7) does not occur, while the sign of the third effect (the allocation of consumers
between firms) is reversed, at least initially.

To determine the optimal tax rate we maximize the social welfare function which
for a < 1/4 is given by:

Tats

S(T)z/a ?

with ¢7 and ¢ given by (11). Differentiating (13) with respect to r yields:

a+l
(67 = cai*)d8 + [ (83 - cg3*) db, (13)
9

(wu)__ﬂa+mu@ﬁ+2m+1@—6m+zf)

= 14
dr 243¢73 ) (14)
so that the optimal tax rate is:
6(a + 2)
Bl o (15)

The following properties are easily obtained:

1. By evaluating (14) at 7 = 1 it is seen that d5(1)/0r > 0. A small tax continues
to be welfare-improving. This is not surprising since such a tax has only positive
effects on welfare.

2. Let us define i ‘
 _ S(a+ 2)
3(da +3)’

that is, the value of 7 for which ¢5 = ¢5. Similarly, we define 79 as the value of 7
resulting in § = 6:18
=0 _ 3(a+ 2).
a+5

One can easily show the following inequality:

o<t < 7

8 Note in passing that 7 < 79 which implies that as the tax increases 9 = 0 is realized before g5 = ¢3.

10



The intuition behind this relation is clear. As long as 7 < 70 a tax increase is
necessarily welfare improving, while for 7 > 77 any tax increase reduces welfare
(since it creates two negative effects). Therefore, the optimal tax rate can only be
in the range [7%,77) where there is a tradeoff between the positive and the negative
effect.

The main results of this section is summarized in the following proposition.

Proposition 1 Consider the vertically differentiated duopoly described in section 2 and
a commodity taz whose proceeds are redistributed among the consumers. Further assume
that both variants are tazed at the same rate. Then,

(i) an increase in the taz rate decreases the qualities of both variants if a > 1/4 while it
decreases the higher quality and leaves the lower quality unchanged if a < 1/4;

(i) an increase in the taz rate decreases the (consumer) prices of both variants for all
values of a;

(i11) a small increase in the tax rate from zero is welfare-improving for all values of a.

5 Non-uniform taxes

We have seen in the previous section that welfare can be improved by imposing a uniform
tax. This welfare improvement arises because the tax can affect the equilibrium product
selection which is inefficient at the no-tax equilibrium. In this section we investigate
whether an additional welfare improvement can be achieved by using a non-uniform tax
and, if ves, which variant should be taxed at a higher rate.

The government now has two instruments, 7; and 7. Therefore, one might be
tempted to think that the optimal policy is trivial and simply consists in choosing 7
and 7, to induce the optimal qualities as an equilibrium. We start by showing that this
is not true. The argument uses the following lemmas which provide the (candidate)
equilibrium qualities as a function of the tax rates for the cases ¢ > 1/4 and a < 1/4,
respectively. Both are proved in Appendix 1.

Lemma 1 Assume a > 1/4. If an equilibrium in pure strategies exist, the equilibrium
qualities are given by

a 311 — 27 VD [
) 6 12 -n) 12 - 170
¢ (m.712) = -IZTl— | et =) eri(r2 = 1) (16)
for T =1
8()1’1
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and

a Ty —4m vD

. - - - form # 1
(. 7a) = bery  12cmy(my— 1) 12cm(my — 1) (17)
da+5 _
8CT2 fOT‘ L = T2,
where
D = 4a*(t} - 2nima + 73) + 8a(21f — 2mimy — T3) + 167% — 11Ty + 475, (18)

Lemma 2 Assume a < 1/4. If an equilibrium in pure strategies ezist, the equilibrium
qualities are given by:
a+2

3ery

77 =0, and ¢; = (19)

These lemmas are then used in Appendix 2 to prove Proposition 2 which shows that
the optimal qualities can never be achieved as an equilibrium.

Proposition 2 Whatever a and c. it is never possible to find 1y and T, such that (¢3,4¢3)
is achieved as an equilibrium.

The idea behind the proof is that the system of two equations in (7, 7;) obtained by
setting (16) equal to ¢ and (17) equal to ¢3 does not have a solution.'® In any event,
even if it were possible to achieve the optimal qualities this may not be desirable if the
tax distorts the allocation of consumers between firms.

Even though the first-best is not achievable with two tax rates, some welfare gains
from using a non-uniform tax can be expected. To see this, consider first the case where
a > 1/4. We have shown that a uniform tax lowers the qualities of both variants, but
that only the decrease in the quality of variant 2 is socially desirable. It seems therefore
reasonable to conjecture that it is optimal to tax variant 2 at a higher rate than variant 1
in order to achieve a more substantial decrease in ¢, relative to the decrease in ¢;. One
may even think of taxing variant 2 while subsidizing variant 1, since this could bring
about both a decrease in g2 and an increase in g;.

In spite of its intuitive appeal, this conjecture might not be true for the following
reasons. First, it has to be shown how a non-uniform tax affects existence of an equilib-
rium. Since the argument used in the previous section does not work with non-uniform
taxes, there is at least some potential for non-existence and, as will become clear below,
this may restrict the ability of the government to differentiate tax rates. Second, a
non-uniform tax is likely to introduce further distortions in prices and, hence, in the
allocation of consumers between firms. Third, it must be checked how 7 # 72 does
affect the equilibrium and whether the expected effects on qualities are obtained. These
arguments call for a more formal analysis, using the expressions provided in Lemma 1.
This is done in the next subsection.

19To be precise, this argument proves the result for @ > 1/4. For a < 1/4 one has to use (19) and the
proof is trivial.



Case 1: a > 1/4

The expressions in Lemma 1 have been derived as follows. The value ¢ is calculated
in such a way that it maximizes firm 1’s profits over [0, ¢;] while ¢5 maximizes firm 2’s
profits over [g;,>[.?® From the fact that these are only necessary conditions and from
a simple examination of (16) and (17), we can see that there are (at least) two reasons
for which a (pure strategy) equilibrium in the quality game may not exist.?!

1. If the difference between the two tax rates becomes large it is possible that ¢ is
only a local maximum and that firm 2 would want to select a lower quantity than
firm 1. In this case, it is readily verified that there is no equilibrium.

2. The two functions are only defined if D > 0. By studying the sign of (18) it is
seen that D is nonnegative if 7,/7 is not “too large”; for instance,ifa =1 D >0
if and only if 1, < (4/3)71.

Clearly, D < 0 implies that the firms’ best reply curves in qualities do not intersect.
It can be seen from Appendix 2 that this problem is responsible for the impossibility
result stated in Proposition 2: the requirement D > 0 prevents a differentiation of tax
rates that would be sufficient to achieve the optimal qualities.

Since either of the two problems can arise if tax rates are sufficiently different, the
ability of the government to differentiate tax rates is restricted. Not surprisingly, this
complicates the optimal taxation problem substantially and the derivation or even char-
acterization of the optimal values of 7 and 7; become (at least analytically) intractable.
However, since an equilibrium necessarily exists when 7 & 72 the possibility of welfare
improving tax changes starting from m, = m, can be investigated without encountering
the non-existence problem. The functions ¢} and ¢; given by (16) and (17) being con-
tinuously differentiable at 7 = 7, we can start by studying their derivatives evaluated
at 71 = 73 = 7.%2 and check whether we get the expected effects of tax changes on
qualities. They are given by

oq; 16a* + 64a — 17

oy 96¢7? <0 (20a)
dq;  16a* +16a -5

— = 20b
Ty 96eT2 >0 (20p)

20More details, including a formal definition of the relevant profit functions, are provided in Appen-
dix 1

2! We rule out the possibility of a quality equilibrium in mixed strategies an the ground of realism.

22These derivatives are calculated by deriving the expression valid for 1 # 7> with respect to r; and
then taking the limit of this derivative for 7y — ;. Since the functions are continuously differentiable
this is a legitimate way to proceed.
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043 16a? 4+ 16a - 5

% = “—W—— <0 (20C)
dq; _ 16a* — 324 — 65 -

ory 96cr2 <0 (20d)

The signs of the expressions are given for a > 1/4. Expression (20a) has the expected
sign. The intuition behind (20b) is less obvious, but it also suggests that the conjecture
could be valid (a decrease in 7y would tend to decrease ¢} and this would be further
reinforced by an increase in 7). The remaining two expressions are more problematic.
Equation (20c) suggests that a decrease in 7; tends to increase ¢; which is not the desired
effect. Finally, the sign of (20d) depends on a. It is negative (and has the expected
sign) if a < 13/4 while it is positive otherwise. To sum up, these results provide some
indication that the conjecture might be valid (at least in the neighborhood of a uniform
tax) but they also show that a more detailed analysis is required.

We redefine the social welfare function as:

5‘ ) a+1
Strum) = [ (067 - ey do + L. (60 - ciz®) o, (21)

where @ is the index of the marginal consumer.?> We can then derive the expressions
for the change in social welfare due to changes in the tax rates. These expression are
in general very complicated and long but they are much simpler when evaluated at

=1 =4

a5 (da({t~ 1)+ 7+ 1)(da — 1)

= 2
o 6dcr3 ’ (222)
0S5  (4a(r = 1)+ 37 - 5)(4a + 5)
ory 64cr3 ’ (220)
It follows that:
a8 da -1
- if 2
0T1<0 : T>4a+l (232)

and

23 The complete expression for 8" as a function of 7, and 7y is very long. For the sake of our calculations
it was sufficient to express it as a function of ¢ and ¢; which depend themselves on the two tax rates.
One has )2 *\2 . * .

7 = c[r2(g3)” — m(g1)] + (2a + 1)(g5 — 41)_
(g3 — )

24 The expressions also reflect the impact of the change in the marginal consumer. This is because if
7 # 1. a change in the marginal consumer does have a (first order) effect on welfare since we start from
a situation where the allocation of consumers between firms is not optimal (see section 4).
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(23b)

a9 4+ 5
— <0 if
0rp hre da+ 3 (23C)
Some simple manipulations lead to:
da -1 da + 5
1 v <
dar1 S ST Sayy (24)

where 7% is the optimal uniform tax as given in expression (10). If a > 1/4, the
last inequality in (24) is also strict. The following proposition then follows directly
from (23a), (23c) and (24)

Proposition 3 Assume a > 1/4. A welfare improvement is achieved starting from
T =Ty =T with

4a -1 4da+5

<7< ,

da + 1 4a + 3
by marginally increasing T2 or decreasing Ty or by a combination of these two policies. In
particular such a welfare improvement is possible starting from 1 = 1, = 1, the no-tax
equilibrium. or from 1 = T = 1%, the equilibrium achieved with the optimal uniform
tax rate.

This proposition shows that local welfare improvements can be achieved starting from a
large set of uniform tax rates by imposing a higher tax rate on the high quality variant.
In particular, this result holds at two interesting points namely, the no-tax equilibrium
and the equilibrium achieved under an optimal uniform tax. Since 7* results in a higher
value of social welfare than any other uniform tax the proposition also implies, that for
a > 1/4 a non-uniform tax scheme is always desirable. Roughly speaking Proposition 3
says that the top variant of a product should be taxed more heavily than the basic
variant. Interestingly, this result arises solely for reasons of efficiency and does not rely
on equity consideration. Recall, indeed. that there are no benefits to redistribution in
our setting.

Thus. our conjecture appears to go through, even though the differential tax may
not have the desired impact on g3 (see expressions (20c)-(20d) and the discussion pro-
vided there). The increase in ¢ (see (20a)-(20b)) turns out to be the dominant effect
on welfare, and its positive impact outweighs any other distortion that a tax rate differ-
entiation might introduce. It remains to be seen whether similar results can be obtained
for a < 1/4.

Case 2: a <1/4

When a < 1/4. a uniform tax does not affect the choice of the low quality since ¢f = 0.
A non-uniform tax could be desirable if it could bring about an equilibrium where ¢g; > 0

-
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(for instance by subsidizing variant 1) or if it could be used to correct the distortion in
the allocation of consumers between firms that exists both in the no-tax as well as in
the uniform tax equilibrium (see section 4).

The candidate equilibrium point for this case is given by (19) in Lemma 2. Note
that this expression is identical to (11), the single tax rate equilibrium, with m playing
the same role in (19) as 7 in (11). Existence can be established for 7, > 7, but when
T9 < 71 non-existence arises when the tax differential becomes large enough for firm 1
to prefer a quality higher than ¢} (for ¢3 given by (19)).

Using Lemma 2. it is easy to show that the marginal consumer in equilibrium (if
any) is given by:

Ta+ 5

9
which is independent of both tax rates. It then follows that the only role played by m
is that it can generate non-existence of a quality equilibrium. When such equilibrium
exists, it is independent of m; and identical to the outcome obtained with a uniform
tax of 7 = 7. Hence, for ¢ < 1/4 no welfare improvement can be achieved by using a

9=

non-uniform tax. and the best the government can do is to adopt the optimal uniform

tax rate 7.2 This establishes the following proposition.

Proposition 4 Assume a < 1/4. The social welfare function (21) is mazimized at
=1 =7%"=6(a+2)/(8a+T7).

Intuitively speaking this result is somewhat surprising, though not completely un-
expected. Recall indeed that with @ > 1/4 the welfare improving impact of a tax rate
differentiation was closely related to its (beneficial) effect on the lower quality. Now, for
small values of a the lower quality under uniform taxation is given by a corner solution:
g7 = 0. So. there is little hope that a increase in ¢ (and hence a positive impact on
welfare) could be achieved through a small tax rate differentiation. The more surprising
part of the result is that this corner solution will prevail (as long as an equilibrium
exists) no matter how large the difference between tax rates is.

6 Concluding remarks

We have so far considered only a particular type of commodity taxation: an ad valorem
tax. Another type of taxation which is empirically relevant and which has been studied
extensively in competitive and monopolistic frameworks. is a quantity tax or excise tax.
This form of taxation is characterized by the fact that the per unit tax is constant
and independent of the price. It is well known that both types of taxes are equivalent
in competitive markets. while they have different implications in a monopoly. The

2*To be precise. a non-uniform tax can do as well as the optimal uniform tax (provided that an
equilibrium exists), but it cannot do any better.

16



following two questions thus arise quite naturally. First, one would want to know how,
if at all, our results would change if a quantity tax were considered instead of the ad
valorem tax. Second, it appears interesting to investigate which of these two types of
taxation is the “best” instrument in our setting. Even though a detailed study of these
issues is too long to be given here, we can gain some insight from the following partial
results.

First, it is easy to show that a wuniform quantity tax has no impact on equilib-
rium qualities and on welfare.?® If the government’s choice is restricted to uniform tax
schemes it is thus clear that an ad valorem tax is better. The welfare-superiority of
an ad valorem tax over a per-unit tax which has been established for monopolies and
Cournot oligopolies (see Suits and Musgrave (1953) and Delipalla and Keen (1992)) thus
continues to hold in our setting. Interestingly, however, the result arises for completely
different reasons. In the monopoly and Cournot oligopoly cases, the ad valorem tax is
better because it creates less distortions. In our setting, the ad valorem tax dominates
because it creates more distortions. It does affect product selection and the allocation
of consumers between firms, while the quantity tax basically acts like a lump-sum tax.

A non-uniform quantity tax on the other hand does affect the equilibrium qualities.
Let u; denote the per unit tax on variety 1 and u, the per unit tax on variety 2. One
can show that the equilibrium qualities depend only on u; — u; and not on the values of
uy and u, independently. In other words, only the difference between the per unit taxes
matters. Assuming a > 1/4 it can then be established that starting from u; = uy = 0,
a local welfare improvement can be achieved by taxing the high quality variant alone or
equivalently by imposing a non-uniform tax with u; > u;. There is thus again a case
for non-uniform taxation. A more precise comparison of non-uniform quantity and ad
valorem taxes is analytically untractable and would in any event go well beyond the
scope of this paper.

Our final comment is about the assumption that every consumer buys the good in
equilibrium. Under this assumption the allocational role of prices is merely to determine
which consumer buys which variant of the commodity. Hence, an increase in both prices
which does not change the index of the marginal consumer has no impact on welfare.
If, however, reservation prices were lower so that some consumers would not buy in
equilibrium, prices would have the additional role to determine the size of the market.
In that case, a price increase that leaves the index of the marginal consumer unchanged
does decrease welfare because it results in less consumers buying the commodity. In-
corporating these considerations into our setting would substantially complicate the
analysis, especially in the non-uniform tax case. However, based on our result that
prices decrease when a tax is imposed, one would not expect this to affect our main re-
sults. Specifically, one may conjecture that the welfare improving property of a uniform

28 Prices do increase. but since both prices increase by the same amount, the allocation of consumers
between firms is not affected.



tax would be reinforced rather than being reversed because the increase in market size
would create an additional positive effect on welfare. While this conjecture provides us
with some confidence in the robustness of our results it is clear that incorporating an
endogenous market size is the natural next step in the study of commodity taxation in
differentiated oligopolies.
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Appendices

A Proof of Lemmmas 1 and 2

As usual, the game is solved by backward induction. We thus start with the second
stage of the game where firms chose prices given qualities. We use the index e to refer
to the values of the different variables at the equilibrium of this stage. Straightforward
algebra shows that the price equilibrium is given by

2rieq} + macql + (1 —a)(g2 — q1)
3 )
T1¢q3 + 272cq% + (a + 2)(q2 — ¢1)
3 9

I’i(Q1-Q2;T1»T2) =

P;(Qh(lz;ﬁﬁz) =

and the index of the corresponding marginal consumer is?”

i m2¢q5 — et + (2a + 1)(q2 — q1)
g2 — 1) ‘

Equilibrium profits are given by

[r2cq5 — Tieqt + (1 - a)(q2 — q1))?

T(qr.q2iT1.T2) = , Al
! ' g2 — 1) (AL
o/ [rieq? — moeqd + (a+2)(q2 — q1))°

(g1, q2: T, T2) = ; . A2
a2 m2) g2 —a1) (A2)

We can now consider the first stage of the game. If both qualities are strictly positive at
a subgame perfect Nash equilibrium they must satisfy d=f/dq; for i = 1,2. Using (A1)
and (A2) these conditions can be written as

2Aqa — 1 )2mieq + (1 = a)] = [reqd — Treq + (1 — a)(g2 — q1)] (A3)
2q2 — q1)[=2meqa + (a+ 2V = [rieqi ~ aeq; + (a+ 2) (g2 — q1))- (A4)

Combining these expressions one can show that if 7y # 7, the system has two solutions
vectors (g1, ¢2), but that only one of them satisfies the second order conditions for both
firms. This solution is given by the first expressions in (16) and (17). Note that if
71 = 7 both sides of (A3) and (A4) can be divided by (g2 — ¢1) and the solution is
considerably simplified.

2"We assume q2 # q1 and @ < § < a + 1. We have, of course, taken the cases into account where
either of these condition is violated. Nothing would be gained by entering into those details here
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It is now easy to check that ¢} as given by (16) is strictly positive if and only if
a > 1/4. Hence. (q7,¢3) given by (16) and (17) is the only candidate for an interior
equilibrium. To complete the proof of Lemma 1 it is now sufficient to rule out the
possibility of a corner solution for ¢ > 1/4. This is easily done by showing that the best
reply of firm 2 to ¢; = 0is ¢2 = (a + 2)/(3cr;) and that the best reply of firm 1 to this
value of ¢, is always strictly positive if @ > 1/4.

Lemma 2 now follows immediately. For ¢ < 1/4 the right hand side of (16) is
negative (zero for ¢ = 1/4). This rules out an interior equilibrium. To complete the
proof, it is the sufficient to show that firm 1’s best reply to ¢ = (a+2)/(3¢3) is ¢; = 0.

B Proof of Proposition 2

If a < 1/4 the proof is trivial and follows directly from Lemma 2. For the case of a > 1/4
we have to show that the system of two equations in (7, 72)

. da +1
(11(7—177-2) = 8C

5 4a + 3 (A5)
42 (TlvT?} = 8¢

obtained by setting (16) equal to ¢f and (17) equal to ¢5 does not have a solution.

We use the fact that (16) and (17) give one of the solution to the system of equa-
tions (A3)-(A4). Hence, a necessary condition for a vector (71,72) to be a solution
to (A5) is that it solves (A3)~(A4) in which ¢;’s are replaced by ¢{’s. Simple algebra
shows that the so-obtained svstem of equations has a unigue solution given by

20a + 1 __ 2a+19
3(da+ 1)’ 7 3(4a+3)

= (AG)
Hence, if there is a solution to (A5) then it must be (A6). A simple substitution then
shows that the 7;'s given in (A6) do not satisfy (A5). It follows that (A5) does not have
a solution and this completes the proof of Proposition 2.



